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We consider, in Minkowski spacetime, higher-order Maxwell Lagrangians with terms
quadratic in the derivatives of the field strength tensor, and study their degrees of free-
dom. Using a 3+1 decomposition of these Lagrangians, we extract the kinetic matrix for the
components of the electric field, corresponding to second time derivatives of the gauge field.
If the kinetic matrix is invertible, the theory admits five degrees of freedom, namely the
usual two polarisations of a photon plus three extra degrees of freedom which are shown to
be Ostrogradski ghosts. We also classify the cases where the kinetic matrix is non-invertible
and, using analogous simple models, we argue that, even though the degeneracy conditions
reduce the number of degrees of freedom, it does not seem possible to fully eliminate all
potential Ostrogradski ghosts.

I. INTRODUCTION

In a recent article [1], we have classified a large family of higher-order Einstein-Maxwell theories
in 4 dimensions whose action S[g,., A,] couples a metric tensor g,, with a U(1)-gauge field A,
in a non-minimal derivative way. More specifically, the corresponding Lagrangians, which are
invariant under spacetime diffeomorphisms, include terms linear in the curvature tensor R, s
and terms quadratic in the covariant derivatives of the field strength tensor F),, = 9,4, — 0, A,.
Examples of such theories can in principle be constructed from disformal transformations of the
usual Einstein-Maxwell action [2, [3].

As these Lagrangians involve second derivatives of A, which cannot be eliminated by integra-
tions by part in general, they could lead to potentially dangerous Ostrogradski ghosts. To avoid
this problem, one needs to look for degeneracy conditions, similar to those that have been intro-
duced in DHOST (Degenerate Higher-Order Scalar-Tensor) theories [4-7], in order to ensure that
the theory does not propagate an extra degree of freedom even though the equations of motion
are higher order. However, the problem of finding necessary and sufficient degeneracy conditions
to get rid of these extra degrees of freedom is much more complex here than in higher-derivative
scalar-tensor theories for the reason that the gauge field A, is a vector. For instance, while higher-
order scalar-tensor Lagrangians can lead to at most one extra degree of freedom, higher-order
Einstein-Maxwell theories could contain up to three extra degrees of freedom, which would require
more constraints to eliminate all of them.

In this article, we study the degeneracy conditions in the much simpler limit where the metric is
flat. Hence, higher-order Einstein-Maxwell theories reduce to higher-order Maxwell theories S[A,,]
which are Lorentz and U(1)-invariant. Particular examples of such theories have already being
studied in different contexts such as the effective actions of quantum electrodynamics [8-13] and
the Bopp-Podolsky generalized electrodynamics [14-19]. Higher-order theories that lead to second-
order field equations in Minkowski spacetime reduce to the usual Maxwell theory, as implied by
the results of |20]. This result has been partially extended to arbitrary spacetime dimension in
the more recent article [21]. Here we go further by allowing equations of motion with order higher
than 2 and argue that one cannot find higher-order Maxwell theories, at most quadratic in the
derivatives of F},,, without ghost-like degrees of freedom.

Our analysis proceed as follows. First, we decompose the most general Lagrangian in Minkowski
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with terms at most quadratic in 0, F),,, on an explicit basis of 17 elementary Lagrangians. We then
use a 3+1 decomposition, compute the kinetic Lagrangian which is quadratic in the second time
derivatives of the gauge field, and extract the corresponding 3-dimensional kinetic matrix. We
show that, when the kinetic matrix is non-degenerate, the theory admits 5 degrees of freedom: 2
of them are associated with the usual polarisations of the photon, while the remaining 3 degrees
of freedom behave as Ostrogradski ghosts.

It is interesting to note that two of these extra degrees of freedom are the Ostrogradski ghosts
associated with the usual two polarisations of A, while a kind of “longitudinal” mode “arises” due
to the presence of higher derivatives in the action. This is the reason why these extra degrees of
freedom are sometimes interpreted as those of a massive photon (see for e.g. |17, 18] and references
therein). Therefore, requiring the degeneracy of the kinetic matrix is necessary to preserve the
degrees of freedom of the Maxwell theory and evade the potential instabilities related to these
extra ghosts!. As expected, we show that imposing the degeneracy conditions reduces the number
of degrees of freedom. However, we argue (with the help of toy models and using explicit examples)
that, even if the kinetic matrix is degenerate, any higher-order Maxwell theory seems to always
propagate at least one Ostrogradski ghost. We illustrate this result with some examples.

The paper is organised as follows. In the next section, we present the most general class of
higher-order Maxwell Lagrangians that depend quadratically on the derivatives of the field strength
tensor, in Minkowski space. The field equations are derived and the Hamiltonian analysis of the
non-degenerate theories is carried out. The case of degenerate higher-order Maxwell theories is
investigated in section [Tl We classify these theories into three classes according to the rank of
their kinetic matrix. All seven theories with rank zero (corresponding to quasi-linear theories) are
constructed and it is shown that there are 3 degrees of freedom for generic coupling functions. When
the rank is one, we find that imposing some conditions on the linear piece in the second derivative
of the gauge potential reduces the number of degrees of freedom to 3 as well. The resulting subclass
of rank 1 theories can be further restricted to yield at most two degrees of freedom, one of which
being a ghost. Finally, we conclude in section [V] and add some technical details in appendices.

II. HIGHER-ORDER MAXWELL THEORIES

In this section, we present the 4-dimensional Higher-Order Maxwell theories that we consider in
this work and carry out a 3+1 decomposition of their action in order to perform their Hamiltonian
analysis. This enables us not only to count the number of degrees of freedom but also to see
whether Ostrogradski ghosts are propagating in these theories.

A. Action and equations of motion
In the present work, we consider actions of the form
5m¢:/¢%@%+%wmmaﬂw%ng::/&af, (2.1)
where F),,, denotes the field strength tensor associated with the U(1) gauge field A,

Fu = 0,4, — 0,4, (2.2)

1 Although these instabilities could be fatal, in some situations higher order derivatives do not produce quantum
instabilities, see for example |22]. From this perspective, the theories we obtain in the following could be worth
investigating, despite their ghost-like degrees of freedom.



While the six-index tensor % depends on the field strength tensor, the scalar function .# is assumed
to depend only on the two electromagnetic scalar invariants available in four dimensions, namely

1
F?=F"F,,, ~ P=*F,F" = 5 Empa FPTE (2.3)

where * denotes the Hodge dual defined from the fully anti-symmetric tensor €, in four dimen-
sions.

The above family of theories thus contains the Maxwell action as a particular case with .Z =
F?/4 and % = 0. The action (2] can also be seen as the flat space limit of higher-order Einstein-
Maxwell theories studied in our previous paper [1]. As a consequence, we know that the tensor %2
can be decomposed, without loss of generality, into 17 elementary tensors, with coefficients that
depend on the two scalars F2 and P, as summarised in Appendix [Al

The equations of motion derived from (2I) can be written in a form similar to the vacuum
Maxwell equations 0, F** = 0, namely

O, H" = 0, (24)
with
0% 0%
po _ -
T <aaaFW> 2
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Note that the “modified” Maxwell tensor H*" in general does not obey the Bianchi identity
OnF =0, (2.7)

satisfied by the field strength. The equations of motion (24 involve, in general, up to third
derivatives of F},,, hence they are fourth order in the gauge field itself A,,.

The action (210) yields higher order field equations and thus contains additional degrees of
freedom for generic couplings compared to the usual Maxwell theory which describes the dynamics
of 2 degrees of freedom associated with the 2 polarisations of the electromagnetic field. As these
extra degrees of freedom are associated with higher derivatives in the action, one can expect them
to be Ostrogradski ghosts, as we confirm below.

B. Hamiltonian decomposition of the action

Similarly to the case of higher order scalar-tensor theories (where the Lagrangian involves second
derivatives of a scalar field), the Lagrangian must be degenerate in order to evade problematic
Ostrogradski ghosts. A systematic way to identify the degrees of freedom consists in performing a
Hamiltonian analysis of the action in order to extract the constraints and see whether or not they
are sufficient to eliminate the extra degrees of freedom.

1. Equivalent formulation to eliminate higher derivatives

As a first step, it is convenient to replace all second-order derivatives in the action by first-order
derivatives, using the equivalent action

1
Seq Fpvy Aps Auw] = /d4:17\/—g [2 + 5/\’“’ (B — 0, A, +0,A,) |, (2.8)



where the Lagrangian density .% is the same as the one in (2.1),
LNFw) = M+ BP0 F,, O5F (2.9)

but it is now viewed as a functional of F},,,, which is a dynamical anti-symmetric tensor on its own,
a priori unrelated to the gauge field A,. It is only as the consequence of the equation of motion
obtained by varying the action with respect to the antisymmetric tensor A, that F},, turns out
to be, on-shell, the strength field associated with A,. Proceeding in this way enables us to recast
higher derivatives in the action as first order derivatives and then use a standard Hamiltonian
analysis.

In this formulation, the equations of motion are obtained from the variation of the action with
respect to F,,,, A, and M, yielding respectively

0L 0L 1
— — Oy - —‘uV: V“V: s Fl/: Al/_ I/A' 21

9F 9) <88aFW>+2)\ 0, O\ 0 W Oy 0A, (2.10)
Taking the divergence of the first equation above enables us to eliminate the new variable A,

(which is given by A = —2H) and thus recover the equation (24]), which confirms the equivalence
between the actions (2.I]) and (2.8]).

2. 3+1 decomposition of spacetime

Working in Minkowski coordinates, where the metric reads 7, = diag(—1,+1,+1,+1), it is
convenient, for the 3+1 decomposition of the action, to distinguish spatial indices with latin letters
(4,7, k,---) from spacetime indices denoted by greek letters (u,v, p,---).

We first decompose the gauge field into A, = (Ap, A;) and the field strength F),, into its electric
and magnetic components,

. 1 . .

Ei = FOi = Az — 82140 s Bz = §€iij]k = sijkﬁjAk s (211)
where ;5 is the fully antisymmetric 3-dimensional symbol. Similarly, the antisymmetric tensor
A introduced in the action (28] can be decomposed into two spatial vectors,

1 e
T, = )\O’i7 )‘z = §Eijk)‘] . (212)
From the definitions of £ and B, one can immediately write the various components of the
higher-derivative tensors J,F),, in terms of the electric and magnetic fields, obtaining in particular

8()F0i = EZ' N ajF()i = ajEi s 8ka = EijmakBm . (2.13)

For the time derivative of the spatial components or, equivalently, of the magnetic field, it is
convenient to use the Bianchi identities (2.7)) to transform them into space derivatives of the
electric field so that

00Fy; = 0,E; — 0, . (2.14)

As a consequence, no time derivatives of B remains in the action.
Substituting all the above formulas into the action (28], one obtains its 3+1 decomposition
which, after a few integrations by parts, takes the form

Seq = /dt/d3l‘ <§é&wEiEj +9G'E; + 7' A; —7TZEZ'+A0G—|—)\Z‘XZ—7>, (215)



where the symbols &, ¢4 and ¥ are defined as follows. The kinetic matrix & and the vector field
& are given by

& =850 g =P 0,E + Y. 9,87, (2.16)
with
SP = (B0 4 gOVip0iy YPU = 4l ; BOVPRL (2.17)

The explicit form of the potential ¥ is
¥V = VM OB, 0pEy + V5% 0,B; 0B + VM 0,E; 0B, — M (2.18)

where ¥;, are the following combinations of the components of A,

%z’jkl _ _4(%0ij,0kl 1 Bi0GKOL | gpi0j.0KL | %Oij,kol)’ (2.19)
4//2ijkl _ _Ejrs Elmn %irs,kmn 7 (2.20)
%’ijkl _ 4€lnm(r@i0j,knm + e%Oij,knm) ) (221)

Finally, we see that Ay and ); are Lagrange multipliers which enforce respectively the constraints?
G=0m ~0, xi=DBi—epdA" ~0. (2.22)

We recognise the Gauss contraint G which generates the U(1) gauge transformations.

3. Phase space and constraint analysis

From the 3+1 decomposition, we see that we can parametrise the phase space with the following
3 pairs of conjugate variables,

{(Bi(z), mh(y)} = {Bi(x), m)(y)} = {Ai(2), 7 (y)} = 6(z —y)d] (2.23)

as it is clear from (ZI5) that 7’ and A; are canonically conjugate variables. Since Ag and ); are
Lagrange multipliers, as noticed above, it is not necessary to introduce their conjugate momenta.

There is no time derivative of the magnetic field in the action, hence we get, in addition to the
constraints ([2:22]), three additional primary constraints,

Y= 1l ~ 0. (2.24)
Finally, the expressions of the conjugate momenta of the electric field components are given by
Ty = §VE; + ¢, (2.25)

These relations can be inverted only if the matrix of coefficients &% is invertible, i.e. of rank 3. We
discuss this case in the next subsection. Otherwise, we obtain additional primary constraints, whose
number depends on the rank, rk(&’), of the three-dimensional kinetic matric &, whose expression
is given in Appendix [Bl These degenerate situations will be discussed in the next section.

2 We are using the standard notation ~ for the weak equality, which is defined as an equality up to constraints.



4. Non-degenerate theories

When k(&) = 3, the matrix &% is invertible, and we can then express F; in terms of the
momenta by inverting (2.25]). In this case, the total Hamiltonian is of the form
1 o , . , .
Hiot = /d?’x <§é‘;] Yrly =4 (nh, —99) + ¥ + 7' E; — AgG — Ny, + M?/)Z) , (2.26)
where &1 denotes the inverse of & and we have introduced the new Lagrange multipliers u’ to
enforce the primary constraints (2.24]).

Let us discuss the different constraints. We know that the Gauss constraint is first class as it
generates the U(1) gauge symmetry. The other constraints y; and 1); satisfy the Poisson relations

{xi(@), ¥ (1)} ={Bi(x) — cam0 A™ , 75 (y)} = Sz —y) o], (2.27)

which shows that they form a subset of second class constraints. As a consequence, requiring the
time invariance of these constraints does not lead to new constraints, but rather enables to fix the
Lagrange multipliers A’ and p’ in terms of the other phase space variables. In practice, this implies
that x; and 1’ can be set to strongly vanish, thus eliminating the pairs of variables (B;, 7TiB), which
amounts to explicitly solve B; in terms of A; and to fix 7leB =0.

In conclusion, the canonical analysis is completed with 6 second class constraints and 1 first
class constraint, which results in (18 =6 —1x2)/2 = 5 degrees of freedom. In addition to the usual
two electromagnetic field polarisations, we now have three extra degrees of freedom. The latter
can be seen as Ostrogradski ghosts since the Hamiltonian is linear in the three momenta 7;, thus
unbounded from below and from above in the three directions spanned by the ;.

Interestingly, the fact that we have second time derivatives in the action leads not only to
the emergence of the two expected Ostrogradski ghosts associated with each of the polarisations,
but also to a ghostly longitudinal mode. Somehow, the gauge degree of freedom acquires an
Ostrogradski ghost which becomes physical. Notice that this has been advocated as a mechanism
to generate a massive gauge field from the higher order self-interactions of a massless one in the
context of the Bopp-Podolsky theory, see for instance |17, 19].

In the next section, we explore the possibilities to eliminate all or some of the extra degrees of
freedom by assuming the degeneracy of the kinetic matrix, i.e. the non-invertibility of the matrix
&, leading to additional constraints in the phase space.

III. DEGENERATE HIGHER-ORDER MAXWELL THEORIES

In this section, we study degenerate higher-order Maxwell theories and explore how many ad-
ditional constraints can be obtained, thus eliminating some or all the extra degrees of freedom
identified in the previous section.

A. Quasi-linear theories: rk(&) = 0.

We first consider the case where the kinetic matrix vanishes, i.e.
&Y =0. (3.1)

When this condition is satisfied, the action is said to be quasi-linear, i.e. at most linear in the
second derivative of the electromagnetic potential (which is similar to General Relativity or more
generally Lovelock-Lanczos gravity in higher dimensions).



1.  General Lagrangian for quasi-linear theories

Requiring (B.I]) drastically restricts the number of independent terms in the action (2.1), as
it can be seen from the explicit expression of the kinetic matrix written in Appendix Bl Instead
of 17 independent Lagrangian terms quadratic in the derivatives of the field strength, only seven
independent combinations are allowed,

7
S[A,] = / o (M +3 0y %) (3.2)

p=1

where «,, are seven arbitrary functions of the two U(1)-invariants (Z3)). The seven independent
combinations .Z}, can be chosen as

L = Fz3—Fs5= F;”8[0|FM" 8\7}F1ﬂa
LH = Fo+Fg = F’“’FPUE?[V‘FW 8MFU'Y,

1 v
Ly = Fr—Fy = PO, 0y F,), (3.3)
Ly = Fro+Fu = FUET O E" O Fyp
P? F?

R7N R N
5 16 Fi 5 Fg —2F11 + Fus,
1
Ly = Fua— Fi5 = gF“VngUG[H|F2 o1 Fup
Ly = Fiz = F* Y F} 0 Fup 05 Fory

where the basis Lagrangians F, are defined in equations (A9AT4) of the appendix [Al
Interestingly, all the above combinations can be rewritten in the form

Ly = BP0\ Fruy O Fpo = B0 0L B 05 F (3.4)

with different tensors Z,. To obtain this manifestly antisymmetric expression for %3, %5 and .#7,
we used the Bianchi identity (2.7]), whereas for %5, we needed a dimensionally dependent identity
(see 1] for details) to rewrite it in the form

- 1
L = F’Wng <6[VF0,Y 6|p]Flﬂ + a[V‘FM) 8MFU'Y — 58[V|F‘u’y OMFM — 8qu’Y &,FU«/> . (3.5)

In the general expression (3.4)), one sees that the antisymmetry property applies to the two indices
of the derivatives, which makes transparent the fact that these Lagrangians cannot give terms
quadratic in Fy;, as required for quasi-linear theories.

2. Constraint analysis

We now apply the Hamiltonian analysis of the previous section to our general quasi-linear
action (B.2]). Because of the condition (3.I)), the theory admits, in addition to (2.22]) and ([2.24]), 3
additional primary constraints given by

¢i = TEi—% ~ 0, (3.6)

as a consequence of (2.25]). The total Hamiltonian is now given by

Hiot = / Bz (7 — AoG — Nix' + pit' + v’ + E'm;) (3.7)



where we have introduced the Lagrange multipliers v; to enforce the new constraints ¢; >~ 0. The
constraints y; and ; still form a subset of second class constraints and requiring their stability
under time evolution does not lead to new constraints but, instead, fixes the Lagrange multipliers
A; and p; in terms of the phase-space variables.

Studying the time evolution of the constraints ¢; is more subtle. In order to compute q'ﬁi, we
recall that %; is of the form (2.I6]) where Efj and Tfj depend on the components of E (and also
B) but not on its derivatives. Then a direct calculation shows that

¢i(x) = {¢i(x), Hiot} = Digv () — mi(w) + {o(w), HY, (3-8)
where we have introduced

ﬁ:/fo>A&u&V+mW) (3.9)

and where A;; has to be understood, in general, as a differential operator acting on any vector
field v*(z) as follows,

By = (@) o]} where 0] = [ P26,(0)(a). (3.10)

Since ¥%; is of the form (2.I0]), we see that the operator A;; can be decomposed into two parts,
according to

Aij = A}~ S50y, (3.11)

with

oxt. ox? Xt oxP
0 _ Jk k k jk k k P P _ P P
Ay = ( p Z?EZJ' 0pB" + By Z?EZJ' OpE" — 8p2ji, Sij =X+ X5 (3.12)
Moreover, the quasi-linear theories have the nice property that Slpj vanishes identically. This is
a direct consequence of the antisymmetry between the derivatives (of the field strengths) in the
Lagrangian (3.4)). Indeed, Efj can be shown to be given by

5
P _ Zap (%SOi,pOj _ ﬂgoj,pm n %£0j,00i _ %£Oi,00j) ’ (3.13)
p=1
which is antisymmetric in the indices (i, j), so that Sfj = 0. Hence, requiring the time invariance of
¢; leads to algebraic relations between the Lagrange multipliers v;. To go further in the analysis,
we need to study the properties of the matrix A;; = A?j.
If A?j vanishes identically, then we get three additional (secondary) constraints

& = mi—{¢i, HY ~ 0, (3.14)

which enable us to solve the momenta 7; in terms of the other phase space variables. Thus, these
momenta disappear from the Hamiltonian which implies that there is no Ostrogradski instability.
In fact, it is easy to see that the combined maximal degeneracy conditions

£ =0, A =0, (3.15)



are equivalent to the condition that the equations of motion for the gauge field A® are (at most)

second order. Indeed, the equations of motion for A; take the form

o0&k o0&k 9&Y > o&*
2

— — EE, —2——B;E,+ AVE; + R = 1
o8, 2oE,  oE, ) e~ i Dtk F AVE HR=0, 0 (3.16)

—&Y E] + <
where
E; = A; — 9; A, (3.17)

and the “rest” R’ is at most second order in A;. Therefore, the conditions (3.I5) imply that all
second and third time derivatives of E* disappear in the equations of motion, leaving only terms
at most second order in time derivatives of A’. As originally shown in [20] and more recently in
[21], these theories correspond to non-linear electrodynamics where %7907 = (),

This result is of course consistent with the absence of extra degrees of freedom: the extra
constraints ¢; ~ 0 and & ~ 0 enable us to kill (at least) 3 additional degrees of freedom and then
the theory contains (at most) 2 degrees of freedom, the expected two polarisations. If some of
these extra constraints are first class or if they lead to new tertiary constraints, one could even get
1 or 0 degree freedom.

If A;; does not vanish then the analysis becomes more involved and it is difficult to see how one
could get enough constraints to eliminate all the extra degrees of freedom. As A;; is antisymmetric
and odd-dimensional, it admits one null direction, which we denote «;. This implies that the time
invariance of ¢; leads to a secondary constraint given by

Kidy = K (—m(a;)+{¢,~(x),ﬁ}) ~0. (3.18)

This constraint enables us to solve x'm; in terms of the (regular) phase space variables. The next
step would be to impose the time invariance of this new constraint and see whether it provides
new constraints, and so on, until no new constraint appears.

If the complete Hamiltonian analysis does not provide any other constraint after (B.I8]), we
end up with 4 second class constraints, which leaves 3 degrees of freedom. In practice, the rest
of the analysis can become quite involved since H is already complicated and the expressions of
the constraints themselves become more and more burdensome. This is why we have not tried to
pursue the analysis further. However, we do not expect to find Lagrangians where all the extra
degrees of freedom can be eliminated. Our expectation relies on an analogous toy model, studied
below, which captures the essential features (although not all) of the theories characterised by
@.m'j =0 and Aij 75 0.

3. A toy model for quasi-linear theories

We now introduce a toy model that retains the main features of the theories discussed above,
but without the presence of cumbersome spatial derivatives.

This analogous model describes the interactions between three point particle-like degrees of
freedom, denoted A; for i € {1,2,3}, and is defined by the action

StoylAi] = / dt (cyA’i - V) , (3.19)
where C; and V' are generic functions of the variables (Ai, A;). It is equivalent to

Stoy,oq[Eia Ai7 7ri] = /dt <CZEZ -V + WZ(AZ — Ez)) . (320)
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This model is similar to the action (ZI5]) with &¥ = 0 (in the quasi-linear case) but it is much
simpler to analyse since it contains no spatial derivative, no magnetic field and is not U(1)-invariant.
To further simplify the action (3.20), one can add the boundary term

dJ 0J
/dt T such that OB, —C3, (3.21)

where J is a function of (E;, A;). In this way, we can formally eliminate C3, up to a redefinition of
Cq, Cy and V. Hence, without loss of generality, we can replace the action (3.20]) by the following
one,

Stoy[Ei,Ai,ﬂ'i] = /dt (ClEl + CQEQ -V + 7T1(A1 — El) + 7T2(A2 — Eg)) , (3.22)

where now C; and V are generic functions of the variables (F1, E2), (41, Az, A3) and As.
As in the full theory, we get two primary constraints associated with the momenta 7g, and 7g,,
canonical conjugates of Fy and FEs respectively:

1 =1, —C1 ~0, po=mp, —Co~0. (3.23)

The conjugate momentum of Ag is given by

ac, . 9Cy . OV
= B+ 2B ——. (3.24)
dAs3 dAs DAs

The condition A;; # 0 translates here into

™3

0Cy  0C

A ={¢1,¢2} = OB, OB, 0. (3.25)

Therefore, requiring the time invariance of the constraints ¢; cannot lead to secondary constraints.

Hence, the only way to get another constraint is to require that (3.24]) is also a primary con-
straint, which means that w3 should not depend on velocities. This is the case if the C; do not
depend on Ag and if V' is linear in Ag. This corresponds to an initial action of the form

Stoy = / dt (Cl Ay + Cy Ay +C5 A5 — W) : (3.26)
or, equivalently,

Stoy.cq = / dt (CLBy + CoBy +Cody —W 4 m(Ai— B) +ma(de — Bn)) . (327)

where C; and W do not depend on Ag. This leads to a new primary constraint 73 — C3 ~ 0, but
it turns out that this eliminates a regular degree of freedom, instead of one of the extra degrees of
freedom. Indeed, the change of variable

Az — 1213(143, Al, Ag, Aq, Ag) such that % =Cs, (328)
3
transforms the action (3.20)) into
Stoy = /dt <C~'1 Al + ég Ag — W) R (3.29)

up to boundary terms. There is no need to go further to understand that the theory propagates
Ostrogradski ghosts [23]. We expect a similar scenario to happen when considering the full theory.

As a conclusion, this toy model strongly suggests that, when rk(&) = 0, the only way to avoid
Ostrogradki ghosts is to require second order equations of motion, i.e. A;; = 0. In this case, there
are no higher order terms in the quasi-linear Lagrangian (3.2)), which means that o, = 0 and the
Lagrangian reduces to the non-linear electrodynamics term . .
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B. Degenerate theories: rk(&) =1

We now examine the case where & is still not invertible but non zero. Let us start by considering
the case rk(&) = 1. The theories satisfying this condition are classified in Appendix [CIl Given
our previous result regarding quasi-linear theories, which propagates at most 3 degrees of freedom,
it is clear that we need to make additional restrictions for higher ranks to ensure as many or fewer
degrees of freedom. Thus, in the following, we are going to restrict our study to theories involving
overall only one component of the second time derivative of the gauge field.

1. Higher-order Mazwell theories with tk(&) =1

As shown in [CT], the higher-order Maxwell Lagrangians whose kinetic and linear parts are non-
trivial but involve only one component of the second time derivative gauge field can be written in
the form

1
L = 5 (A" + TR OE0E + A (3.30)

where ., A, Z and T are functions of the two invariants (A2]) or, equivalently, of the two combi-
nations

1 .
X:§(E2—Bz), Y =E-B, (3.31)

which we will prefer in this subsection®. For simplicity, let us start by assuming that T = 0. Instead
of using the equivalent formulation (2.8]), it is simpler here to consider the following equivalent
action

SeqlAu, ¢, A = /d4x [—%A(X,Y)ama%Jr///(X,Y) +)\(<;5—E(X,Y))] = /d4xL, (3.32)

where X and Y depend on the gauge field A, itself. We have added the two scalars A and ¢ in
order to eliminate second derivatives of A,,.

For the Hamiltonian analysis, we proceed as usual and start by parametrising the phase space
by the following six pairs of conjugate variables

{Ai7ﬂ-i} ) {A077T0}7 {¢7 7Td>} ) {)‘77T)\} . (333)
The conjugate momenta are computed from the action (332, giving

. oL
=0, m=0, my=A¢, ﬁi:@ELi:Lin—l—LyBi, (3.34)

with Lx = 0L/0X and Ly = 0L/0Y. We immediately get two primary constraints:

T ~0, mo ~ 0. (3.35)

3 As showed in the appendix[C] the terms involving time derivatives of E; are of the form %, = %(.S’EZ)2 +v EE;,
where £ is a linear combination of E* and B® while v is a function of X, Y and B2 The theory leads to two
primary constraints C1 = E X B -7 and C2 = £, - g, where £, belongs to the plane (E, B) and normal to £.
The two constraints weakly commute and thus generate two secondary constraints. Without more constraints, the
theory would contain 3 degrees of freedom. In the rest of the section, we follow a simpler method to further study
the constraints.



12

If the last two expressions in (3.34) can be inverted, thus allowing to express the velocities (b
and A; in terms of the momenta 7, and 7;, then there is no further primary constraint and the
total Hamiltonian takes the form

Holms, 7, Ay 6, N + / P (~ Ao B + oo + i) (3.36)

where pg and p) are Lagrange multipliers which enforce the primary constraints. As expected,
requiring the time stability of 7y ~ 0 leads to the Gauss constraint G = 9;n* ~ 0: these two
constraints are first class and they are the generators of the gauge symmetry. The stability under
time evolution of m, ~ 0 leads to a secondary constraint as well, that we denote S ~ 0, which
depends on A (in general) as shown in Appendix[Cl These two constraints do not commute, they are
second class and the Dirac analysis stops there. Finally, the theory propagates 3 degrees of freedom,
one more than the usual two polarisations. This extra degree of freedom is an Ostrogradski ghost.

If, by contrast, the last two expressions in ([3.34]) cannot be inverted, i.e. if they form a de-
generate system, then there exists at least one additional primary constraint and one can hope to
eliminate more degrees of freedom. This degeneracy is equivalent to the degeneracy of the kinetic
matrix, which reads

2L &L
K — 3552‘? ag?fi . (3.37)

0¢OE! OLEIOL;

As shown in the appendix[C3], the above kinetic matrix turns out to be degenerate only if Lx = 0.
As a consequence, the theory (8.32]) is degenerate when

AX,Y)=AY), E(XY)=EY), AXY)=H(). (3.38)

When T # 0, the expression of the kinetic matrix ([8.37)) is more involved and one finds that
the kinetic matrix cannot be degenerate if there is a non-trivial T, as discussed in Appendix [C3l

2. Euxistence of an Ostrogradski ghost
Let us now study the theories satisfying (3.38]). Because of the simple relation
1 1
L = GAREVEF M = —§AE’2 .Y MY + M (3.39)

we can fix Z = Y without loss of generality. We prefer to work with the associated equivalent
action

SeqlAp, ¢, A] = / d*z (—%A(@ O O ¢+ M (¢) + N — Y)> , (3.40)

which admits 5 primary constraints: the first two relations in (3.34]) as well as
Xi = T+ AB; ~0, where B; = eijk8jAk . (3.41)

The total Hamiltonian is then given by

Hyw = Ho+ / d*x (pomo + pamy + p'xa) (3.42)
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where we have added to the canonical Hamiltonian

2
_ 3 o A(¢) i . . i

the primary constraints with their respective Lagrange multipliers.

The next step consists in computing the time evolution of these primary constraints. As usual,
mo ~ 0 leads to the Gauss constraint and both constraints, associated with the U(1) gauge sym-
metry, are first class. Computing the time evolution of the other primary constraints requires the
calculation of their Poisson brackets, which are given by

The associated Dirac matrix Alx] whose coefficients are defined by the Poisson brackets, i.e.
(AlX])uw = {xu> xv} (using the notation xo = m) for convenience) is a 4 x 4 antisymmetric matrix,
whose determinant is

det(A[x]) = (B 9:)\)? . (3.45)

Since Alx] is invertible generically, requiring the time stability of these constraints determines the
Lagrange multipliers p; and p) and therefore does not lead to new constraints.

This completes the Dirac analysis, which has given 2 first class constraints (m9 ~ 0 and G ~ 0)
and 4 second class constraints (y; >~ 0 and 7y ~ 0). Since we started with a 12-dimensional phase
space ([B.33)), we conclude that the theory contains 2 degrees of freedom. The extra degree of
freedom can be seen as an Ostrogradski ghost, since the Hamiltonian (8:43)) is linear in A, thus
unbounded neither from above nor from below.

In summary, degenerate theories with rk(&) = 1, and linear part in F in the same direction as
the image of &, usually contains 3 degrees of freedom. With some restrictions for the Lagrangian
[B38), it is possible to eliminate one more, but it eliminates a safe degree of freedom, leaving an
Ostrogradski ghost in the theory and a single polarisation.

C. Partially degenerate theories: rk(&) = 2.

Let us finally discuss the case rk(&’) = 2. It is instructive to introduce an analogous toy model,
such as

1 . 1 . . .
SQ[EZ', Ai,ﬂ'i] = /dt (551 E% + 552 ES + Cz Ez -V + WZ(AZ — E2)> , (346)

which mimics some of the properties of the full theory. For simplicity, we assume V' to be quadratic
in the variable E5. We note that the term proportional to F3 can be eliminated by adding to the
action a boundary term [ dt C such that the function C satisfies C'/OFE? = —C3. We thus assume
that C3 = 0 in the following.

The part of the Lagrangian that involves time derivatives is thus of the form

1 ) ) . ) ) .
/dt [5 ((flE%—i-@@gE%—i-JZfA%)+ClE1+C2E2+CgA3 , (3.47)
as there are no higher derivatives of Asz. If o7 # 0, there are no constraints and the theory contains

Ostrogradski ghosts. If @ = 0, there exists a constraint on the conjugate momentum of Az, but
such a constraint cannot lead to the elimination of Ostrogradski ghosts. On the contrary, it leads
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to the elimination of a regular degree of freedom. This simple analysis supports the idea that there
is no healthy theory when rk(&) = 2.

To illustrate this, let us consider the simple example
1 1
£ = —§A1(X,Y) X o'X — §A2(X,Y) oY oY + . #(X,)Y), (3.48)

where Ay, Ay and .# are arbitrary functions of (X,Y). The kinetic matrix can be read immediately
and corresponds to

1
6ij = 5 (MEiE; + M2 B;Bj) (3.49)

which is manifestly a matrix of rank 2.
To count and analyse its degrees of freedom, we proceed as usual and introduce the equivalent
Lagrangian

Foq = —5Ma(01,02) 91 901 — 3 Mo(1,02) D 0"
+ M (D1, $2) + Ai(dr — X) + Aa(d2 —Y). (3.50)

The parametrisation of the phase space is similar to the previous case (3.33]) with the difference
that we now have two scalar fields ¢; and ¢9 and two Lagrange multipliers, \; and Ao, which gives
a 16-dimensional phase space. One can identify three obvious primary constraints,

T~ 0, T ~0, T, 0. (3.51)
Moreover, the kinetic matrix is diagonal, since

O Log 0 Leq

e R N N
Do Oy ’ OF; OE;

2

—A16ij O Zeq =0, (3.52)
0¢pq OF;
and therefore invertible if Ay # 0, which means that there is no further primary constraint.
The rest of the analysis is straightforward: mg ~ 0, together with the Gauss constraint, suppress
four phase space degrees of freedom, while the two other primary constraints lead to two secondary
constraints, the four of them being second class and eliminating four phase space degrees of freedom.
We thus end up with an 8-dimensional phase space, corresponding to 4 degrees of freedom: the
usual two polarisations of the electromagnetic field and two extra degrees of freedom, which behave
as Ostrogradski ghosts.

IV. CONCLUSION

To summarise, we have studied the most general higher-order Maxwell action (2Z.I) quadratic
in 0,F,, and we provided strong indications that they all propagate Ostrogradski ghosts unless
they reduce to a non-linear Maxwell theory (where the tensor # = 0 vanishes identically). Even
though the gauge field has several components A,, one cannot combine them to absorb higher
derivatives into a redefinition of variables, which is the case in higher-order scalar-tensor theories for
instance. This result is very similar to what has been observed for higher-order metric theories (in
4 dimensions) which have been shown to propagate extra degrees of freedom (which are generically
Ostrogradski ghosts) as well, unless they reduce to the Einstein-Hilbert action with a cosmological
constant |24].
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We have studied this problem according to the rank of the 3-dimensional kinetic matrix & which
is obtained by performing a 3+1 decomposition of the action (2.I5]). When rk(&) = 3, the theory is
non-degenerate and admits 5 degrees of freedom: the usual two polarisations of the electromagnetic
field and three Ostrograski ghosts. When rk(&) < 3, the theory is more complicated to analyse
(at least at the Hamiltonian level) and we often introduced simpler toy models whose properties
mimic some of the main properties of the full theory. We saw that the primary constraints coming
from the fact that & is degenerate are not sufficient to get rid of all the Ostrograski ghosts.

More precisely, we saw that quasi-linear theories, i.e. imposing rk(&’) = 0, enables to eliminate
all but one of the Ostrogradski ghost. It would be interesting to understand whether these theories
can be recast as non-linear scalar-vector theories, with phantom kinetic term for the additional
mode, as it is the case in the usual Ostrogradski model. Without further assumptions, theories
with rk(&”) > 0 would a fortiori contain more additional degrees of freedom than the previous cases.
Thus, we imposed for rk(&) = 1 the additional assumption that the linear term in E’ be in the
same direction as the kinetic term. As we saw, this yields a family of theories parametrised by 3
functions of the electromagnetic invariants, with at most 3 degrees of freedom. Imposing further
that these functions depend solely on P = *F,, ', reduces the number of degrees of freedom to at
most two, one of which, if it exists, being a ghost. Although the existence of ghosts usually imply
some instabilities, it is not completely clear at this stage how such instability would manifest itself,
so that a deeper understanding of degenerate higher-order Maxwell theories seems important.

Finally, it would be interesting to extend our analysis to higher-order Yang-Mills theory in flat
space, and to U(1) theories in curved space-times, i.e. to the quadratic higher-order Einstein-
Maxwell theories which have been classified in |1]. In particular, following the example of scalar-
tensor theories [4], it should be possible to systematically investigate the degeneracy conditions
and degrees of freedom of these higher-order degenerate gauge theories.
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Appendix A: Higher Order Einstein-Maxwell theories
In this appendix, we recall some results of [1] where we considered higher-order Einstein-Maxwell

theories. The corresponding action is linear in the Riemann tensor R,,,, and quadratic in the
covariant derivatives VF),, of the strength field, i.e.

1
Slgu, Aul = /d4x\/—g <//l + Z«Q{WWRWM + ,@WV"SPUVVFWV(;FPJ> , (A1)

where .# is a scalar function which depends on the two electromagnetic invariants available in four
dimensions,
1
F2 = FMVFMV, P = *FMVFMV = §EuupanUFuV7 (A2)

where * denotes the Hodge dual defined from the Levi-Civita tensor €,,,, in four dimensions.



16

The tensors /"7 and ZB7*9P7 are constructed from products of the metric g and the field
strength F),,, i.e.

AP = (FFy)Hveo RBVHdpT (FIFJFK)’YMV5PU ’ (A3)
where the indices on the matrices F; are such that,
= (FhHm,  1€{0,1,2,3}, (A4)

where Fy = g.

By definition, the symmetries of &7#*P? and ZB7*%P7 are respectively those of the Riemann
tensor R, ,, and of the product of the two covariant derivatives V,F,, VsF,,. They have been
fully classified up to the Bianchi identity,

Vb, +ViEy +V,Fu =0, (A5)

to dimensionally dependent identities (DDIs) and to boundary terms in [1].

The decomposition of the action (AI)) into terms linear in the Riemann tensor and terms
quadratic in the covariant derivatives of F),,, is not unique as one could transform terms of the
first kind into terms of second kind (and vice versa) using integrations by parts. We found a basis
such that @/#P? can be decomposed according to

3
A" Rypo = Y 0t Ry (A6)

n=1

where the elementary Lagrangians R, can be chosen as follows
R() =R s Rl = FMVFUPRMVJP 5 Rg = F;VR/W s (A?)

while the functions <7, depend on the two invariants (F2, P) defined above (A2]).

The tensors Z7*°P7 are much more complicated to classify because not only we have to take
into account an important number of dimensionally dependent identities but also boundary terms
in order to carefully analyse the equivalences between such terms. Given the basis of the Riemann
type elementary Lagrangians (A7), we found that the most general tensor 27 9p7 entering in the
action above ([Adl) can be decomposed into a 18-dimensional basis,

18
,@Pﬂw’épo vfyFuuchFpU = Z /Bn Jtn ’ (A8)

n=1

where 3, are still functions of the two invariants (F?, P). This classification have been done in [1]
and an explicit choice for the basis elements JF,, has been proposed. In this basis, the elementary
Lagrangians can be classified according to their weight, i.e. the number of derivatives minus the
four of VFVF. There is one Lagrangian of weight 0,

Jtl = VuFuaquaua (Ag)
7 Lagrangians of weight 2,

Fo = FI"N,FuNOF,f, F3=F"NoFE,VE,°, Fy=F"V,F,V,F
Fs = F"VoF,°VF,, Fo=F"FFN,E,NF,,,
Fr = FWFPN,F, NoF,", Fs = F*"FPY,F,,VF,", (A10)
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1 Lagrangian of weight 3,
Fo = F' LV, F,, V. F,7 (A11)
6 Lagrangians of weight 4,
Fio = F“"F?f)ov,,FmV“’Fup, Fii = F“"F?fUV“F,,pVﬁ/FU“’,
Fio = FIF{N,F, Vo F,", Fis = F{" FYV,F,,V F, |
Fia = FFFP )N, V5Fyy , Fis = F'YFP Y, Fn Vo Fs (A12)
2 Lagrangians of weight 5,
Fie = F4¥ FL°N  F, N FyY , Fig = F'YFY F)°V,, F Vs Fyry (A13)
and one last Lagrangian of weight 6,
Fig = F'F )V Fy Vo Fs - (A14)

When the space-time is flat, the Riemann curvature vanishes and the tensors &7#**? thus become
irrelevant. Furthermore, the term /5 in the previous basis becomes redundant because it can
be shown to be equivalent (up to boundary terms) to a combination of the other elementary
Lagrangians and the term F* F{° R, ,, which obviously vanishes when the metric is flat, as it can
be seen from Eq. (6.8) of [1] .

Appendix B: Kinetic Matrix in the flat case

One can explicitly compute the kinetic matrix (2ZI6) which can be shown to decompose as
follows,

E9 = EB'B + &E'E + &EBY) + &hV7 4+ &BUIY) + &ECIY) (B1)

where we have defined the Poynting vector II; = (E x B),; = EijkEj B*. The coefficients & depend
on the functions f,, introduced in the Lagrangian (AS)), according to

& == (F? —2B?%) B2 — (B3 + B5) ,
2

2

52:—(53-1'55—56-1'57-1-58)-1-%(2(—5104-511-1-5134-5144-515)—Fzﬁls) ;

2 F?
- B <ﬂ12 + B4+ Bis — 7/818> ,

2
&3 =E.B (% (Bro — Bi1 — B*Bis) + Pra — PBis + %518) ; (B2)

2 2
& = —B1 + B <ﬁ3 — Ba+ G5+ F?ﬂm) + Fz (284 + F212) + (E.B)* (—Bu2 + Br3)

1
&5 = §E-B Bi6

1
4

Notice that we have used P = —4FE - B but we have kept F2. Let us also remark that we could
have replaced h¥ by its expression in terms of II'TIV in order to express &% in the six-dimensional
basis of 3 x 3 symmetric matrices associated with the vectorial basis {E, B, II}.

&6 (289 — F?Big) .
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Appendix C: More on the analysis of theories with rk(&) =1

In this appendix, we study in more details theories such that rk(&) = 1. We first propose a
classification of these theories (with supplementary conditions that we are going to describe below)
and then give more details on their constraint analysis.

1. Classification of theories with rk(&) =1

Requiring that the kinetic matrix (BI) has rank 1 amounts to find two vectors of the form
V=uuE+vwB+uExB (C1)
such that &% V; = 0. This results in the following system of equations,
&+ E.B&+ E*6  E.B&+ B (B*E?—(E.B)*) &)\ /[
E.B& + E2& &+ B26 + E.B& (B*E*— (E.B)?) & | | v2| =0- (C2)
E.B& + E*& B2&; + E.Bé& & v

It is convenient to write the previous matrix in the form (Zl, Zg, Zg) where the vectors ZZ are

obviously proportional to each other as the matrix is of rank 1. Thus, all the determinants of the
minors of the matrix should vanish. For instance

Wia Wi\ o E.B 2 9,2\2 6566
det <W13 W33> = B*6,6, — 5 (EB& + &1) 61+ ((E.B) B’E ) =0, (C3)
where we introduced the following vectors for simplicity,
- - FE.B_- - - E? - - -
Wl—Zl—?Zg, Wg—Zl—ﬁZQ, W3 =Zs. (C4)

All these equations are viewed as polynomials of B? whose “coefficients” are in fact functions of
X and E.B which must vanish.

Imposing all these conditions fixes 7 functions among the 17 available ones. Hence, the resulting
theory can be written as a sum of the 7 quasi-linear Lagrangians (of vanishing rank) and a 3-
functions-family of theories with non-vanishing kinetic term, i.e.

7
S[A,] = / o (M +3 ap 2+ 2), (C5)

p=1

where the quasi-linear theories are defined by (3.3) while the part with a non-vanishing kinetic
terms can be written in the form,

L =& (mTs +1Fis) — 46 (nFu +Fis) + & (mF + 12F2) (C6)
with
F1=2(EB)* (F2F, +2(Fs + Fs — Fs) — F? (F*Fs + 4F11)) ,
Ty = —4(E.B)" Fi +2(E.B)? (F* (Fy + Fs) + 2 (2Fu1 + Fiz — Fis)) — F2 (F2Fi5 + 4Fs) (,07)

where v, and &,,, with m = 1,2, are functions of the electromagnetic (EM) invariant. Notice that
one out of the two functions v; and 7, is redundant.
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It is straightforward to obtain the kinetic term of this model,
.. L.\ 2
L= — (11 + nE?) ((gl V) BB — 2§2E.BBZE,~) + Lhin + Lot (C8)

where %}, and £, are respectively linear in the velocities and without velocities. In order to
guarantee the absence of Ostrogradski ghosts associated with the two components of the velocity
which are absent from the kinetic term, we impose these to be absent from the linear term as well,
which implies that .Z;, is of the form

Lin < E; (&1 + &Fy) E' — 26,E.BBY) . (C9)

Let us present an explicit 3-parameter family of theories which satisfy the required properties?,
1
2 = 16 (£10,F2 4 £0,Fy) (719" + 1 F3") (£10,F? + €0, F) (C10)
where
=t (P2+2(F%)?) . (C11)
4

We see that both conditions (C8) and (C3) are satisfied. As a consequence, we obtain the most
general theory® which can be equivalently reformulated as (3.30),

1
L = —5(AgY +TH")0,E05 + M, (C12)

where .#, A, = and T are functions of the two invariants (A2]) or, equivalently, of the two combi-
nations

1 S o
X:a(E2—B2), Y=E-B, (C13)

Finally, notice that many other theories admitting a rank 1 exist, but they involve higher powers
of OF. For instance, it is possible to generate a rank 1 quartic theory applying the following non-
invertible transformations to the Maxwell action, A, — A, + PO, F 2 while applying it on the
other invariant P yields a quadratic quasi-linear theory classified by ([B3]). More generally, it is
clear that the square of any theory with rank 0 is a theory with rank 1.

* It is not simple to classify theories with this property. One of the reasons is that there are boundary terms relating
this linear term to the potential and we should take all of these into account. For example, it is clear that the
velocity in E.0 x B can be traded for spatial derivatives of the electric field using the Bianchi identity. Moreover, as
they involve a time derivative, these boundary terms must be covariant. As shown in [1], there are 5 independent
such terms in four-dimensions. It is quite cumbersome and not particularly illuminating to obtain the conditions
that the theories must satisfy from this perspective.

The independence of these terms implies that this theory is the one we look for. Indeed, this independence can
be understood from the following argument : the dimensionally dependent identities in four dimensions impose
that there are two independent EM scalars, so that F2 and Fy, and thus also O F 2 and 0, F4 can be considered
independent. Given the high symmetry in £, there are no more dimensional identities that could be used to reduce
these 3 terms. It is clear that instead of choosing a basis of EM invariants {F27F4}7 it is possible to consider
alternatively {X,Y}, where X and Y are two different functions of the invariants.

w
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2. Constraint analysis

We consider theories whose dynamics is governed by the action ([B.30), or equivalently (B3.32)),
where we fix T = 0 for simplicity,

SeqlAp, ¢, A] = /d4x [—%A(X, Y)0up0td + 4 (X,Y) + N — E(X,Y))] . (C14)

All the notations have already been introduced in the paper. We have started the analysis in
section [[ITBT] but we have not given neither the form of the canonical Hamiltonian Hy in (3.36))
nor the expression of the secondary constraint S ~ 0 which comes when one study the stability of
the primary constraint 7wy ~ 0. Here, we fill this gap.

a. Completing the canonical analysis

In order to compute the canonical Hamiltonian Hy, we assume that the theory is not degenerate
in the photon sector which means that the relation

m; = LxFE; + Ly B;, (015)

is invertible and then one can express the “velocities” E; in terms of the momenta ;. In general,
such an inversion cannot be done explicitely and one obtains an implicit expression for FE;,

EZ’ = Ui(ﬂ'j,ﬂ'(b). (016)
At this stage, one can compute the canonical Hamiltonian which is given by
3 ; T 1 2 =
Hy = /d v |7t 22+ DM@ — M~ Mo~ F)| (C17)

Notice that the Hamiltonian should be defined with a canonical term 7TiAZ' instead of 7'U; =
m(A; — 9;Ag). However, the term m'd; Ay leads (after an integration by parts) to the Gauss
constraint which has already been taken into account in the expression of the total Hamiltonian
(B236).

Now A, = and .# (and also U;) are viewed as functions of the momenta and they also depend
on \ because the function L in (CI6) depends on A. Therefore, requiring the stability under time
evolution of the primary constraint 7y ~ 0 leads to a secondary constraint S ~ 0 where

5=t _ i "o L0)2) oA — 0y + A0yE 1 2 C18
=5n Tt —W+§(i¢) M A = O\AM +ANE+Z=— 0. (C18)
Using the property
oA ; i
A = aE'a)\Ui = (AxE + Ay B )8)\Ui, (019)
that holds also for the functions Z and .#, we immediately see that
S=(r"-QxE" — LyB")O\U; +E—¢p=E— ¢, (C20)

where we have used the expression of m; (CI5]). As expected, we recover that requiring the stability
under time evolution of m) ~ 0 leads to the constraint = — ¢ ~ 0 which is the Euler-Lagrangian
equation for A\. The main difference is that now Z is viewed as a function of the momenta and no
more on the velocities. When one inverts (C15]), one gets (CI6) where U; depends non trivially on
A. As a consequence, S depends non trivially on A and then the Dirac analysis closes here, as we
claim in in section [IIB1l
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b. An alternative analysis

The previous class of theories with k(&) = 1 can be alternatively described by an action of the
form

/ diz {_% (AL(X, V)0, X + As(X,Y)D,Y) (AL (X, V)" X + Ay(X,Y)"Y) +.4(X,Y)|(C21)

where the functions A; and Ag are related to the functions A and = entering in (3.30) by
AP =AZ%, A3 =AE}, (C22)

i.e. we have assumed that A > 0 (which is natural if one wants to avoid ghosts).
This new action is equivalent to

/d4ﬂf [—% (A10, 01 + N20yup2) (M10"P1 + N0 o) + M + M (d1 — X) + Xa(d2 — V)| (C23)

where now the Ay, Ay and .# are viewed as function of the scalar fields ¢ and ¢s.
Its analysis is similar to the previous one. We start with a parametrisation of the phase space
in terms of the following pairs of conjugate variables

{Aimi} =05, {Ao,mot =1, {¢a,7ms,}=1, {Xa;m\}=1, (C24)
where a € {1,2}. The only non-trivial momenta are given by,
mi=-ME; — MB;, s, = Aa(Aid1 + Aago). (C25)
Therefore the theory admits the following primary constraints,
T~ 0, T, =0, X = Aoy, — Ay, ~0. (C26)

At this stage, one can compute the total Hamiltonian which takes a form similar to (3:36]),

Ho + /ds!l? (= Ao Oi" + pomo + fx,Tag + HaX) (C27)

where the Lagrange multipliers 119, py, and 1, enforce the primary constraints while the canonical
Hamiltonian is given by

T 1 2 2007 B + (A} + \3) B2
Hy = /dgilj 2K12 T3 (A19spr + Aadin)? — = 2 o\ Wi+ A)B7 A1d1 — Aago
1 1

Requiring the stability of 7y leads, as usual, to the Gauss G ~ 0 constraint and both are first class.

Following the same method as in the previous subsection, we can show that studying the stability
under time evolution of the two constraints 7y, ~ 0 leads to the expected two secondary constraints
S, ~ 0 with,

72 + 207 B + (A3 — \?) B2
2)2 ’
7B+ X\ B?
A ’

S1 = g1 —X=¢1— (C28)

Sy = ¢ =Y =g+ (C29)
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Taken together, m), and S, form a set of second class constraints as their corresponding Dirac
matrix is invertible. In other words, we can use these four constraints to eliminate A, and their
momenta by expressing them in terms of the remaining phase space variables.

Finally, we are left with the constraint x ~ 0 whose stability leads to a secondary constraint
¥ ~ 0 and, in general, the Dirac analysis stops here. Hence, the theory admits 2 first class
constraints and three pairs of second class constraints. As we started with 8 pairs of variables in
the phase space, we conclude that the theory admits 3 x 2 physical degrees of freedom in the phase
space. This is consistent of the result of the analysis of the theory when formulated in terms of

the action (3:32]).

3. Degeneracy of the kinetic matrix in the case rk(&) =1

The kinetic matrix associated with the rank 1 theory ([3.30) is given by

%L %L .
_ | 9606 0doE; | _ (A oA
K=1 9L &L _<¢Aj L (C30)
d¢oE: OEIOE;
where
Ai = AxE; + Ay B, (C31)
Lij = Lx0ij + LxxE;E; + LyyB;Bj + Lxy(E;Bj + E;B;) , (C32)

and indices are lowered and raised with the Kronecker delta 5? .

The kinetic matrix is degenerate if it admits at least one null direction (vg, V;). Because of
the covariance, we know that the “spatial” component of V' can be decomposed according to (CIJ).
Then, the condition KV = 0 decomposes into a single equation for wvs

Lxvs = 0, (C33)
and a more involved system of equations for (vg, vy, v2),

A d(2XAx + YAy + B?Ax) (Y Ax + B?Ay) o
PAx Qx +2XQxx +YLxy + B’Lxx  YLxx+ B?Lxy v ] =0, (C34)
dAy YLyy +2XLxy + B?’Lxy Lx +YLxy + B?Lyy/ \v2

where we have used the relations E? = 2X 4 B? to eliminate the terms E? from these equations.
If Lx = 0, the kinematic matrix is clearly degenerate and admits at least one nul direction
defined by vg =0 and V = Ex B.
Another possibility is that the sub-system (C34)) is itself degenerate and therefore admits a non
trivial solution. This happens if the associated three dimensional matrix (C34) has a vanishing
determinant which can be expanded as follows

Det = (CJ + C2B* + C3B*Y) + $*(CY + C3B* + C4BY), (C35)

where the functions C/(X,Y’) can be expressed in terms of A, L and their derivatives with respect
to X and Y. As a consequence, requiring the degeneracy leads to the 6 relations

C;zr)L(X7Y) =0, p6{072}7 n€{07274}7 (036)
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which is a system of non linear partial differential equations. Interestingly, the relation C¢ = 0 is
particularly simple and reduces to the Monge-Ampere equation for the function L,

LxxLyy — L%y =0, (C37)

assuming that A # 0. This equation is reminiscent from the fact that the kinetic matrix is nothing
but a Hessian matrix. When one substitutes this relation into Cg, one obtains

Lx(Lxx + Lyy) = 0, (C38)

which leads to two branches of solutions a priori. If we assume that Lx = 0, then all the remaining
conditions C}'(X,Y’) = 0 can be shown to be trivially satisfied. In the second branch, the condition
Lxx + Lyy = 0 together with the Monge-Ampeére equation (C37) leads to the fact that he Hessian
matrix of the function L vanishes identically, i.e. Lxx = Lyy = Lxy = 0. When one substitutes
these conditions into C§(X,Y) = 0, one gets Lx = 0 and all the remaining conditions CJ/(X,Y) = 0
are satisfied as in the first branch.

When T # 0, the expression of the kinetic matrix (337 is more involved. Hence the conditions
for it to be degenerate are also more complicated but it is possible to check that the kinetic matrix
cannot be degenerate if there is a non-trivial Y.

Let us give an argument to explain this result. First we compute the momenta which are now
given by,

Ts = (M +2XY + B>T)¢ — Y(E - Bxd¢), (C39)
|
m = L — [T;(E - Bx0¢) — Y(Bx0¢)] ¢ — §Ti(E -0¢)* = T(E - 0¢) 0. (C40)
If we proceed as we did above, we express (b in terms of 74 and we substitute its expression into
m;. Then, we notice that the momenta m; involve, the following three components of £
F-B, E-Bx0¢, E-00¢. (C41)

Therefore, even if T and L depends only on Y, we could in principle express three independent
components of F in terms of the momenta which would make the system invertible and thus the
kinetic matrix non-degenerate.
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