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ABSTRACT: The strongly interacting matter created in relativistic heavy-ion collisions
possesses several conserved quantum numbers, such as baryon number, strangeness, and
electric charge. The diffusion process of these charges can be characterized by a diffusion
matrix that describes the mutual influence of the diffusion of various charges. We derive
the Kubo relations for evaluating diffusion coefficients as elements of a diffusion matrix. We
further demonstrate that in the weak coupling limit, the diffusion matrix elements obtained
through Kubo relations reduce to those obtained from kinetic theory with an appropriate
identification of the relaxation times. We illustrate this evaluation in a toy model of two
interacting scalar fields with two conserved charges.
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1 Introduction

The computation of transport coefficients in relativistic systems holds significant importance
across various fields, such as relativistic astrophysics, cosmology, and high-energy heavy-
ion physics. In the context of heavy ion collisions, the strongly interacting medium that is
produced in such a process shows collective motion and its space-time evolution has been
described successfully using relativistic dissipative hydrodynamics along with a modelling
for the early stage and the freeze out for the hadrons [1-3]. The dissipative effects like the
shear and bulk viscosity play a significant role in the evolution of QGP and influence various
observables like flow coefficients [4, 5] and the hadron transverse momentum spectra, the
hadron transverse momentum spectrum [6, 7|. Besides the viscosity coefficients, the other
transport coefficient that has become relevant in the context of heavy ion collisions is the
electrical conductivity of the strongly interacting matter. This has been discussed in the
context of charge fluctuations [8], the evolution of electromagnetic fields |9, 10]. Further,
it has been suggested that it can be extracted from the flow parameters in heavy ion
collisions [11]. There has been a recent interest in the diffusion of conserved charges due
to temperature and density gradients, particularly for low energy collisions[12-16]. As



a dissipative phenomenon, diffusion emerges whenever variations in a conserved quantity
occur.

Let us note that the fluctuations of conserved charges play an important role to find the
critical point of QCD [17-20]. In this context, the process of diffusion plays an important
role as the time evolution of conserved charges can be caused by such process. When dealing
with a system with multiple conserved charges, such as electric charge, baryon number, and
strangeness, the diffusion processes associated with these charges are not independent [21].
Instead, they must be described through a set of coupled diffusion equations. To account for
this phenomenon, the conventional diffusion coefficients corresponding to each conserved
charge are replaced by a diffusion coefficient matrix [12-16]. This matrix quantifies the
coupling between the various conserved quantum numbers. The diagonal elements of the
matrix represent the familiar charge diffusion coefficients, while the off-diagonal elements
characterize the diffusive coupling between different charge currents.

To estimate the transport coefficients, it must be kept in mind that these coefficients
capture the dynamics of the underlying microscopic theory. Thus, any first principle cal-
culation must include the challenges of strong coupling. In the context of diffusion matrix,
the initial estimation of the matrix elements of this matrix have been derived within the
ambit of kinetic theory, both with Chapman Enskog (CE) expansion|[12, 13, 16] and a re-
laxation time approximation (RTA) [13, 15]. Although the relaxation time approximation
allows one to use a much simpler collision kernel for the Boltzman kinetic equation, it is not
possible to have a control on the systematic degree of accuracy of the method. Moreover,
RTA, with momentum dependent relaxation time, is in contradiction with the macroscopic
conservation laws although novel approaches have been proposed to overcome them [22, 23].
Due to its simplicity of estimating the transport coefficients, the RTA has been used widely
both for hadronic and partonic matter [24-33]. On the other hand, CE approach is a vari-
ational approach that allows one to obtain solutions with arbitrary accuracy depending
on the order of approximation used. The CE method is also consistent with macroscopic
conservation laws.

In contrast to kinetic theory approach, the other often used method to estimate the
transport coefficients is the Green-Kubo correlator approach. Using the linear response
theory, the Green-Kubo formula relates the transport coefficients to the spectral functions
of the relevant current-current correlators. For example, the shear and bulk viscosities
are related to energy-momentum correlators, the electrical conductivity corresponds to the
vector currents correlators of the light quarks and the heavy quark diffusion to the color
electric field correlators. If the temperature is sufficiently high or the theory is weakly
coupled, transport coefficients can be computed in a perturbative expansion using the Kubo
relations. On the other hand, such relation is also valid, in general, for strong couplings.
This, therefore, opens up the possibility of applying lattice QCD at finite temperature as a
nonperturbative tool to compute transport coefficients provided the analytic continuation
from eucledian correlators to spectral functions can be done reliably. Indeed, shear and
bulk viscosity coefficients have been obtained within the ambit of lattice QCD and Green-
kubo relations [34]. The electrical conductivity has also been estimated for a 2+1 flavor
system in Ref. [35] using maximum entropy method. Keeping in mind the importance of



cross diffusion coefficients and the nonperturbative features of Green-Kubo formulation, we
attempt here to derive the Green-Kubo relations for the diffusion matrix elements.

In Kubo approach, the equilibrium correlation functions can be utilized to compute
the response, offering the advantage of evaluating transport coefficients using equilibrium
Green’s functions formulated in imaginary time. In the present investigation, we employ the
correlation-function method developed by Zubarev to derive transport coefficients of a rel-
ativistic fluid [36]. In particular, we obtain Kubo formulas for diffusion matrix for a system
with multiple conserved charges, such as electric charge, baryon number, and strangeness.
The Zubarev method is founded on the concept of a non-equilibrium statistical opera-
tor (NESO), which extends the equilibrium Gibbs statistical operator to non-equilibrium
states. By expanding the operator using small gradients of the thermodynamic parameters,
this approach allows us to derive kinetic transport coefficients from correlation functions.
Typically, the state of the system can be described by fields of temperature, chemical po-
tential, and momentum, which may vary in space and time. The specific parameter set
required for a complete system description depends on the problem at hand. The trans-
port coeflicients are obtained by perturbing the non-equilibrium statistical operator linearly
around its equilibrium value. This allows to relate the transport coefficients to retarded
equilibrium correlation functions of the microscopic theory. Such an approach has been
successfully applied to compute viscosity coefficients of strongly interacting matter [37] also
in the presence of magnetic field [38, 39]. We follow a similar approach to estimate diffusion
matrix elements for a system of two complex interacting scalar fields.

This paper is organized as follows: In Sec. 2, we review the basics of Zubarev’s method
of non-equilibrium statistical operators to derive transport coefficients and derive Kubo
formulas for transport coefficients, including the diffusion matrix. In Sec. 3, we employ
Kubo relations to derive the diffusion coefficient matrix for two interacting charged scalar
fields coupled to each other and with self-interaction. We summarize our results in Sec. 4.

We use natural units (¢ = h = kp = 1) and mostly negative metric sign convention
n* = diag (+1,—1,—1,—1). The bold font denotes three vectors. The scalar products for
three- and four-vectors are denoted by a dot, i.e., a-b= a8’ —a - b.

2 Non-equilibrium statistical operators and Kubo relations

Hydrodynamics is an effective field theory to describe the collective behaviour of a sys-
tem, and its universal features are based on conservation laws. Zubarev’s method of non-
equilibrium statistical operator (NESO) provides a suitable framework for describing sys-
tems in the hydrodynamic regime while incorporating thermodynamic parameters such as
temperature and chemical potential, which can be defined locally. In this method, the rel-
evant NESO, which characterizes the nonequilibrium state of the system, can be expressed
as [36]

8(t) = L exp {— / d3xz?(x,t)} , (2.1)



where @ = Trexp [— [ d3x g(x,t)} is the normalization factor. The operator é(x,t) in
Eq. (2.1) has the form [36]

t
Z(x,t) :8/ dty eft1=1) [ﬁ” (x,11) To,, (x,11) Zaa x,t1)J; (x,t1) | (2.2)

—00

where ¢ tends to zero after taking the thermodynamic limit.
The operators 7" and J¥ correspond to the energy-momentum tensor and the charge
currents, respectively. They satisfy the conservation equations given by

0T =0, 9,J" =0. (2.3)

The quantities 8*(x,t) and aq(%,t) in Eq. (2.2) are related to temperature, chemical po-
tential, and fluid velocity as

BH(x,t) = B(x, ) ut(x,1), (2.4)
t) = anA aA(X7t) = /8(X7t) ZQGA pa(x,t), (2'5)
A

A

where [(x, t) represents the inverse temperature, u*(x, t) is the fluid velocity, and p,(x,t) =
Y A daA fta(X,t) is the chemical potential associated with the species labeled by a. In
general, each species can have multiple conserved charges g,4 with the associated chemical
potential p4(x,t). For instance, in the context of heavy ion collision, a € (u,d, s) while A €
(B,Q,S). Here (u,d, s) represents up, down and strange quarks, respectively, and (B, @, S)
corresponds to baryon number, electric charge and strangeness. Performing integration by
parts in Eq. (2.2), we obtain,

Z(x,t) = BY (x,t) Ty, (x,t) — Zaaxt (x,1)

t
—6/00 dtles(tl —t) d [ﬁy (X tl T(],/ X, tl Zaa X, tl X tl)] . (26)

Using the conservation equations given in Eq. (2.3) in the above equation, one can write
the NESO of Eq. (2.1) as

8(t) = —exp [A - B] . (2.7)
In the above equation, we have

A= /d3 [ﬁ” X, 1)To, (x, 1) Zaa x,1)J0(x, t)] ) (2.8)

B = /d3 / dt e C(x, 1) , (2.9)
and

Clx,t1) =T (X, t1) DBy (X, t1) — D JH (%, t1) Opara (X, 11) (2.10)



where Bitl — 0, has been performed by adding a surface term.

The expression A in Eq. (2.8) having terms without any gradient of temperature and
chemical potentials corresponds to the equilibrium part of the NESO whereas the operator B
in Eq. (2.9) corresponds to the non-equilibrium part, with the expression of C in Eq. (2.10)
containing gradient of temperature and chemical potentials representing thermodynamic
forces. The statistical operator in Eq. (2.7) can then be used to derive transport equations.
To this end, we will treat the non-equilibrium part B as a perturbation. We will keep
up to linear order in B so that the relations between the thermodynamic processes and
dissipative currents are linear. Expanding up to linear order in B, i.e., first-order gradient
of thermodynamic variables, the NESO can be written as

0= [1 + /01 dA (BA - (Bxhﬂ a , (2.11)
where we have used the shorthand notation for any operator X as
Xy = e My (2.12)
Here, g; is the equilibrium part of NESO given as
au(t) = Q exp| - A, (2.13)

with @ = Tr exp {—fl] . Further, in Eq. (2.11), (O>l is the average over the local equilibrium

that is (O) = Tr<él(t) o).
Using Eq. (2.11) we can write down the deviation of the statistical average of any

arbitrary tensor operator from its equilibrium value as
A 1 A~ A ~ A~
6 (Omrebn (x,1) ) = Tr [@1/ dA By, OF#z:-tin (x,t)} T o1 (By)y Ot (x, 1)
0
(2.14)

Substituting the expression for the non-equilibrium part of B from Eq. (2.9) in Eq. (2.14),

we can write the operator deviation as

t
5<(’j“1“2"'“n(x,t)> :/d3x1/ dtpest—t)
1
dX (OF2-tin(x 1) |Cy (x1,t1) — (Ch (%1, .(21
< [ an{@mmen ) [6 ) = (GGt ), (219

Compactly, the off-equilibrium contribution of a hydro variable O is connected with the gra-
dient forces through the Kubo-Mori-Bogoliubov (KMB) inner product between the operator
O and C ,

t
5<@ﬂ1“2___ﬂn(x7 t)> _ /d3X1/ dtl es(tlft) (@HlﬂQ...Hn(X’t)’CA(Xl’t1)> , (216)



where the Kubo-Mori-Bogoliubov (KMB) inner product is given by,

(@a(x,t),@b(xl,tl)) E/Old)\ <@a(x,t) [@% (xl,tl)—<©2A (xl,t1)>l]>l . (217)

We shall use Eq. (2.16) to define the transport coefficients in the calculation of dissipative
contributions. To do so, one needs to distinguish between the equilibrium and dissipative
contribution.

To separate the dissipative contributions in conserved hydrodynamic currents, we de-
compose the energy-momentum tensor and the charge currents. In general, we construct
the operator, T, J! in the form

T = eu'u’ — PAM + QMY + QVul + T, (2.18)

with w,, being the fluid velocity and the dissipative operators TH OM and N¥ are orthog-
onal to u,, and TH is traceless [38, 40, 41]. For further computation it is convenient to
decompose the operator ¢ containing the thermodynamic forces into different dissipative
processes as in Eq. (2.18),

C=¢eDB—PBO— iaDag+ 9, (ﬁDu“ + 8“5) = NuVuaa+ BTV, (2:20)

where we used the notation D = u#9,, 0 = J,u”, V, = Aagaﬁ with Ang = Nag — Uaug
being the projector orthogonal to u,. One can eliminate the derivatives D3, Do, and Du#
using the equations of ideal hydrodynamics. From the conservation of energy-momentum
tensor and currents of ideal hydrodynamics 3MT(’6§ =0, 9,J", =0, we have

De = —hb, (2.21)

Dng = —ng0, (2.22)
1

Dug = VP, (2.23)

where, 8 = J,u® is the expansion scalar and h = e 4+ P is the enthalpy. One can choose the
energy density € and number density n, as independent thermodynamic variables to write

(0B op
bp = ( Oe > Na bet ; <8n“>67nb¢na Pra 224
B o3 0B
B _9 [ (({“)6)”@ h + ; <8na>5,nb¢na na] , (225)
oo ooy,
Da, = ( o >n De + ; ( 3na>e,nb¢na Dny, (2.26)

ooy, da.
) ) L e



Next, we use the Gibbs-Duhem relations in thermodynamics, 8dP = —hdf+), nqdag,

which leads to
P P
h:—5<3—> ,na:5<a > . (2.28)
op o Oay, BinpEne

Substituting the above equation into Eq. (2.25) and (2.27), one can write

oP
DﬂzﬁhzﬁH(E) | (2.29)
Da, = 8,80 =30 <g§> . (2.30)
¢/ enpFEnc

Similarly, using the Gibbs-Duhem relation in Eq. (2.23), we have

n
Du, = —Tvuﬁ%—Tza: E+“P A (2.31)
Substituting the expression for the differentials in Eqgs. (2.29), (2.30) and (2.23) into Eq. (2.20),
one obtains the operator C at first order in gradients in a compact form as

C=—BOP +8T"0,, -3 ThV,a (2.32)

Here, 0, = 1 [AfjAf + AIO,‘AE - (2/3)A045AW} Vaug and, the operators P* and J} are

defined as'!
Pr=P—vé=) b4ha, (2.33)
Jh = Nt — % o, (2.34)

In the present work, we perform our calculation with the above quantities which are valid in
generic fluid frames. Since, hydrodynamic modes need to be subtracted as given in second
expression with a proper definition of number density and enthalpy in equilibrium.|[40, 43—
46|

Let us note that J% and the corresponding density 7, is defined for the particle species
basis. To calculate the cross-conductivity matrix elements (or the diffusion matrix in charge
basis), we need to go to the conserved charge basis [47]. The chemical potentials in the
basis of species are i, = D 4 ¢aa pta Where g,4 is the corresponding matrix of charges of
the species ‘a’. Here, we refer to the capital alphabet ‘A’ for conserved charge quantum
numbers. It is easy to check using the fact that ), paftq = Y 4 ftafo 4, the number densities

!By matching condition, one can locally demand the densities of thermodynamic parameters to match
its expectation value with respect to the local relevant statistical operator. But the relevant statistical
operator as a function of non-uniform thermodynamic parameters gives an additional shift; that term has
been absorbed into P* [41]. Moreover, one can define a combination of energy flux and the particle flux,
J%, which remains invariant under any first-order transformation in choosing fluid frame u*.[42]



in the species basis are related to those in conserved charge basis as ng, = ) 4 q;jn A 47].
Accordingly, the diffusion current J i in the conserved charge basis can be written as

TR = aua It = N = 52 Q~ (2.35)

a

In the present work, we are interested in evaluating the diffusion matrix in the conserved
charge basis, so for that, one needs to employ the transformation matrix g, 4, which connects
the particle basis to the charge basis.

Now, using Eqgs. (2.16) and (2.20), one can extract the off-equilibrium correction to each
conserved current. Therefore, we notice that a similar correction to the particle diffusion
currents in particle basis, i.e., the linear response of the particle diffusion current can be
defined as

T (x:1) :< T, /d3x1/ dty et (j“(x t),C (xl,t1)> . (2.36)

Keeping terms till linear order in gradients, we obtain

t
f (7" = — 3 e(t1—t)
JH(x,t) <ja(x, t)>(1) Eb /d X1 /_OO dty e Voay (x,t)
x (Thx0),J7 (x1,10)) + OV, (237)
The above equation can be expresses in the form

TH(x,t) ZIC V,o(x, 1), (2.38)

where the diffusion tensor is defined as
t
,CZ;; = —/d3x1/ dtlee(tlit) <jZ(X, t), jby (Xl,tl)) . (2.39)

In order to construct the form of ICZ Il; tensor, we note that heat flow O and particle
current N Z satisfy the orthogonality with the time-like vector g, i.e., S* Qu = BN, u=0.
This is satisfied by demanding

u, KM = 0. (2.40)

Furthermore, the KMB inner product must satisfy the Onsager reciprocal relations which

is expressed as?
Kcr = K (2.41)
Using the properties of diffusion tensor in Egs. (2.40) and (2.41), we can express it as

KM = A gy, (2.42)

2The proof of this relation is discussed in details in Refs. [38, 42]



which leads to the expression for diffusion matrix as
1 v L[ [ c(ti—t) 4 5

The above expression of diffusion matrix can be converted in the conserved charges basis
by employing the conversion matrix as

KAB _——/dgxl/ dty e#1=) (jA(x t), jB,u X1,751> Z%A%B%b (2.44)

This matrix is symmetric subject to the symmetry conditions of the diffusion matrix ele-
ments in species basis kqp. In the present work, however, we shall confine our discussion to
the diffusion coefficient k,; in particle basis respectively. In the next section, we evaluate
these diffusion matrix elements in species basis for a system of two complex interacting
scalar field theory. We then employ Eq. (2.44) to translate this diffusion matrix into charge
basis.

The computation of the dissipative diffusion coefficients boils down to the evaluation
of the KMB product of the dissipative diffusive currents. We give a detailed derivation of
this evaluation in Appendix-A.2. This leads to the diffusion coefficients getting related to
the corresponding retarded Green’s function G%, R resulting in

a b
T 0 R
Fap = 5 5-Im <Gjti,jub) (0,0) . (2.45)
Using Eq. (A.9) one can further relate g, to the spectral function as,
T p4,4w,0)
= _ e 24
Rab 3 w ) ( 6)
w—0

Thus the diffusion coefficients are determined by the small frequency limit of the zero
momentum spectral functions of corresponding composite operators. These two point cor-
relators are to be evaluated at constant values of thermodynamic parameters, i.e. as if the
system is in global thermal equilibrium. In the next section, a similar condition helps to
set the thermal field theory with uniform temperature T and chemical potentials p, for
particle and then extract the transport coefficients.?

For the sake of completeness, we also extract the off-equilibrium contribution to the
trace-less and trace part of the energy-momentum tensor. A similar linear response correc-
tion to the energy-momentum tensor can be written as

T (x, 1) = <7'“”(x,t)>(1) L T(x 1) = (P*(x,8)) ) - (2.47)

3Here, one may think of uniform values of thermodynamic parameters as an average over a local patch
of the fluid cells. The deviation due to the non-uniform profile has been absorbed in the higher order
gradient correction than the transport coefficients at a given gradient order and discarded by changing the
local equilibrium distribution to a global one. This non-locality in the thermodynamical forces is crucial
for causal transport equations of hydrodynamics[40, 44, 48, 49].



Further, up to linear order in gradients, the above relations can be expressed as

T (x,8) = B (%,1) 0 por (%, 1) / &Bx, /_ " et (%W(x,t),%”” (xl,tl)) +O(V?),
(2.48)
I (x,t) = — B (x,1) 0 (x,1) / d3x, / " e (P*(x,t),ﬁ* (xl,tl)) +O(V?).
(2.49)

From this equation, one can extract the coefficient of shear and bulk viscosity by comparing
with the Navier-Stokes equation, which is

T (x,t) = 2not” (x,t) (2.50)
II(x,t) = —CO(x,t) (2.51)

In the isotropic medium, one can expect to calculate the shear and bulk viscosity coefficient
from KMB correlation function Eq. (2.17),

t
7 :% Px, /OO =D (%W(x,t),’ﬁw (xl,t1)> : (2.52)
t
¢ :ﬁ/dgxl/ dt st <P*(x, t), P (X1,t1)> ) (2.53)

Employing Egs. (A.1) and (A.8), one can represent these two KMB correlators in terms of
the corresponding spectral functions (See Appendix-[A.2]) which can be evaluated in global
thermal equilibrium.

3 Cross diffusion in a toy model: scalar field theory

Having defined the matrix of diffusion coefficient kg, in Eq. (2.46) we shall next estimate
this perturbatively from field theory using the spectral function p 7., 88 given in Eq. (C.20).
We shall explicitly outline this derivation for scalar field theory with quartic interaction for
simplicity. We note here that the transport coefficients, such as the viscosity coefficients,
have been studied earlier for single component scalar field [50]. On the other hand, in the
present work, we discuss the cross-diffusion matrix with multiple conserved charges for mul-
ticomponent systems. The dissipative coefficients for diffusion have not been investigated
so far. We shall consider a system of two complex interacting scalar fields with a Lagrangian

given as
L(z) = 09196 + 0€19¢ — V(9,€), (3.1)
where, the potential part is given by
A T 1\2 A teV2
V(6.6 = milo + miele + dtoete ¢ MUOOL  QERN )

Here, mg and mg are the masses of the scalar fields ¢ and &, respectively, while A; and
Ao are the coupling for the self-interaction of these two fields, g is the mutual interaction

,10,



coupling. In the following, we shall evaluate the spectral function at finite temperature T
and chemical potentials 1, using the imaginary time formalism as outlined in Refs. [51, 52].
Henceforth, we denote Minkowskian space-time coordinates by X = (¢,x) and momenta
by K = (k% k), whereas their Euclidean counterparts are denoted by X = (7,x) and
K = (kpn, k). Scalar products are defined as K- X = k% —k-x and K - X = k,7 —k-x in
the Minkowski and Euclidean manifold, respectively. Moreover the integral measures are
[y = [dt [dxand [, = [ dr [ d®x.

We shall assume the Lagrangian is invariant under two global U(1) symmetry having
corresponding chemical potential u, with (a = ¢,&). We also take the chemical potentials

for conserved charges as puq with (A = 1,2). These two pairs of chemical potentials are
o) _ [ 991 992 M1 (3 3)
1223 ge1 ge2 M2

[eNg + peng = priny + pong, (3.4)

related as pq = qaa pta, ie.,

Using the condition 4

the number densities of the fields can be related to the charge densities as
Ng = q;jnA. (3.5)

We shall calculate here the spectral function in the species basis and relate it to the diffusion
matrix K4p by employing the Eq. (2.44). Consistent with the Kubo-Martin-Schwinger
(KMS) condition with finite chemical potential, the field operators can be Fourier expanded
in the Eucledian space as

ha(X) = Z:eipnf—ip'X&a(P), (3.6)

P

where, we have used the notation

Z:T%/%:T%/dp, (3.7)

and p,, are the Matsubara bosonic frequency p,, = 2nnT.
The two-point Eucledian correlation function can be written as

G5,() = (0 () ) 0)) = Yoo (3,2 3(Q) (38)
PQ

4Under such transformation, this condition ensures the invariance of energy due to the presence of
finite chemical potentials in either particle or charge basis. One may infer that free energy for the Grand
canonical partition function is invariant under such transformation, i.e., Z(T, pe, pe) = C [ DPDE e 5B =
Z(T, pa, p2).

— 11 —



where, p,, = pp + itq.” The free propagator can be expressed as

(P -Q)
(P + itta)? + P2 +m2’

(6a(P)S}(Q))" = bap (3.9)

where, ‘f” in the superscript denotes the free propagator and & (P — Q) is defined as

- , CR ,
(P —-Q) :/ lP=Q)X :/ dr e’(p”_q”)T/d?’x e~ P> = 3 (21)35%(p — q) bp 4. -

X 0
(3.10)
The two-point Eucledian correlation function can be expressed as
ePnT+ipix'
Gap(X) =20 z . : 3.11
a,b( ) ab (pn—i-wa)z-l-ﬁz—i-mg ( )
P
and the two-point function in Eucledian momentum space can be written as,
B A A
GENK) = / dr / elthntua)T=ikx gEL(X), (3.12)
0 X

The Euclidean correlator is time-ordered by definition (0 < 7 < ).
The two-point function gfb(K ) can also be represented in terms of the single free
particle spectral function®, i.e.,

710 pf (/{:0 k)
Ef _ a )
Gap(K) = ab/ o = il — ] (3.13)

—0o0
where free particle spectral function has the form [51, 53, 54|

k
pg(kmk) = |k0|7{'5(k8 - Egk)
0

o ™
~ 2E.p

[5(% — Bap) — (ko + Eap)], (3.14)

with E,x = /k? + m2. The expression of the Euclidean free Green’sfunction in Eq. (3.13)
can be generalised in the presence of the interaction with the single particle free spectral
function (FSF) getting replaced by single particle resummed spectral function (RSF) given

as,

© 40 pa(k k
G2y (K) = 5ab/ pa(i, k)

— . d
oo T KO — ik — ipg) (3.15)

Here, p,(k° k) is the single particle RSF which contains the information of interaction
through the self-energy contribution. From this definition, one can invert the relation to
obtain [51, 52, 54]

1
pa(K) = 5; Disc GLy [i(kn — ip) — K° 407 K] (3.16)

1
= o | Gaali(kn —ip) = K 40" k) = GF (i(kn —ip) = K —i0" k)|, (3.17)

® Additional term e™*" in the Fourier transformation with respect to 7 helps to satisfy the KMS relation
(pa(t —iB,%x)¢(0,0)) = e (41(0,0)pa(t,x)) at t = 0 for commuting bosonic fields.
SFourier transformation of the commutator of ¢(X) and ¢'(0) is defined as spectral function: 2p(k) =

Ly €% [6(X),67(0)].
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where, Disc denoted discontinuity of the Green’s function.

The relation between the spectral function and the two-point correlation function for
single fields ¢, can be generalized for composite Hermitian bosonic fields. If 01,0, are two
composite bosonic fields which commute with the charge operator, the two-point correlation
functions can be written as (See Eq. (A.23))

8 . > k0 pg, 6, (k%5 k)
E _ tknT—ik-x o E _ 010 ’
G6,0,K) —/0 dT/xe 96,0,(X) —/ S T (3.18)

o T

where, ggl o (X) = (01(X )O; (0))g is the Euclidean coordinate correlation function for

the set of composite hermitian operators @1, ©®,. The difference between the Fourier
representations in Eqgs. (3.15) and (3.18) may be noted. The reason for this difference lies
in the fact that the single fields do not commute with the total charge operator. This is
shown explicitly in Appendix-A.1. Further, similar to Eq. (3.17), the above equation can
be inverted to obtain the relation for the composite operators as

1 . .
Po,6,(K) = 5; Disc G5, 6, (ikn = K +i07 k). (3.19)

We shall next use this expression to calculate the diffusion coefficient kq, as given in
Eq. (2.46). The diffusion current-current correlation can be computed by plugging this
set of two operators O = J*, Oy = jbﬂ, into Eq. (3.19).

Now, we can compute the thermodynamic dissipative coefficients with the aid of the
Kubo formulas given in Sec-(2). As a toy model, we can take a set of two fields, namely ¢
and & with conserved currents under Ug(1) x Ug(1) as

i = =i(0"6l 60 — 010" 5a) (3.20)
while the conserved charge currents are
Jh=>"qaaldt, (3.21)
a
and the energy-momentum tensor is
T =" 0"'¢Ld" da — g L(z). (3.22)

a

Using Eq. (2.18), one can write down the dissipative heat current and the dissipative number
current operators Qu and N, w as

Q, = ua g7, (3.23)

Nau = A;mi?, (324)

where the presence of projector A*” = n* — y*u” makes these operators orthogonal to the
fluid velocity u*.

It is convenient to calculate the correlation function of interest, like Eq. (2.45) which

can be evaluated using the thermal equilibrium Green’s function within the imaginary-time
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Matsubara technique. In order to do so, one needs to convert corresponding operators into
their Euclidean counterparts via Wick rotation. In the fluid rest frame u, = (1,0,0,0),
AP = diag(0,—1,—1,—1), performing a Wick rotation ¢ — —i7, the current operators

become
OF =Ty =iy, (9,610:60 + 0i6}0r0n ). (3.25)
Nfi = —i( 010k - eloion ). (3.26)

Now, to calculate the required retarded Green’s function in Eq. (2.45), one can perform
an analytic continuation process ik, — kg + i€ to the thermal Green’s function of desired
operators O = Aaf, Oy = jb] as given in Eq. (3.18). Therefore, one can write the Euclidean
correlation function g‘% % (X) for diffusion currents as

Q?ajb(X) = Aij<jai(X)jbj(O)>

l

- [<mi<wai<o>>l S ACACILITN)

_ 7<Qi(Xij(0)>l + nng <Q¢(X)Qj(0)>l] : (3.27)

which will be used to calculate the different contributions to the spectral function given in
Eq. (3.18) and eventually for estimating the diffusion coefficient given in Eq. (2.46).

A few comments here are in order. Firstly, it is important to note that while the
expression for the dissipative coefficients is estimated using linear response, i.e., restricted
to linear order in the gradient for the off-equilibrium correction, the Green’s function that
appears in Eq. (3.27) is, in general, non-perturbative and not restricted to weak coupling
only. We will try to estimate this correlator for the present Lagrangian. The detailed
evaluation of these correlators using thermal field theory is given in Appendix-C. The
Fourier-transformed correlation function gga % (L) of Eq. (3.27) is given by

G4 (L) =baGE, . (1) — (DGE o(1) + T2GE (1)) + 2GE (D). (3:28)

The different components of the correlation function on the right hand side are given in
Egs. (C.10), (C.13), (C.14) and (C.15) respectively in Appendix-[C]. Let us note that the
retarded Green’s function are related to the Euclidean Green’s function by analytic contin-
uation, as shown in Appendix-[A.1]. The former Green’s functions are used to define the
transport coefficients as in Eq. (2.45), which are evaluated using the corresponding spectral
function Eq. (2.46).

Further, one needs to take appropriate limits of vanishing of three momentum and
of frequency for the spectral function p i (w,1). The spectral function in the limit of
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momentum 1 — 0 in Eq. (C.20) leads to

Ny n NgNy
P 7.5, 0) = davpy, i, (W, 0) = 57py, 0w, 0) — fﬂﬁbg(wao) + ;2 Po6(w,0)

duw’ 9 2 NaNp 9
= /dp/7 ZC: P [46(11,5%— 7 (na6cb—|— nb6ca) (2w +w) + (2w + w)

2
X pr(w', p) pe(w + w, p) [fc(w’ +w)— fc(w/)} . (3.29)

Finally, taking the limit w — 0 in Eq. (2.46) leads to the diffusion coefficients as”

/ /

4 dw’ 2
Rab = g/ dp/ % Z p2 |:5ab60a - %(na(;cb + nbéca) + nanb(%) ]pc(w/a p)2

X Fel)[14 folw)] . (3.30)

Hence, the evaluation of the diffusion coefficients reduces to the determination of the one-
particle spectral function of the fields.

However, this changes if the spectral function has a finite width. Here, we shall con-
sider the quasi-particle spectral function with a finite width to calculate these diffusion
coefficients. The re-summed single-particle spectral function can be calculated from the
analytically continued Euclidean propagator’s discontinuity as described in Eq. (3.17). In
an interacting theory, transport coefficients are finite due to the finite mean free path.
This leads to a nonzero broadening of the spectral function around the peak of the quasi-
particle excitation. The width of such broadening is inversely proportional to the lifetime
of the excitation. In a weakly interacting thermal medium, the spectral function can be
approximated by Lorentzian form given as [53]

Im(%,(ko, k))

a(ko, k) =
pa(ko, k) kg — k2 — M2 + |Im(3,(ko, k))|?

(3.31)

The origin of such a form of spectral function can be cast from the re-summed propagator.
These resummed propagators carry information of the quasi-particle (of species a) interac-
tion with the medium theough the self-energy function ¥, = Re(3,(ko, k)) —iIlm(3, (ko, k)).
One can show that the real part of the self-energy has the leading order contribution from
the tadpole diagram which is momentum independent (See Appendix-[B.1]). This spectral
function in the weak coupling limit has a peak at k3(k) = k*+m2+X% =k*+ M2 = E?, .

The width of the spectral function is connected to the imaginary part of the self energy by
Lo — ImCa (koK)
ak — 2F, .

For sufficiently small coupling, the frequency dependence of the self-energy can be
neglected over the width of the spectral function. Therefore, the single particle spectral
function can be approximated with |E, x| ~ w, and we have

2wl yp
T B+ ATy

pa(w,p) = [ (3.32)

PTeTy (w,0)

"To have a non-zero and finite result while taking limg, o ( L

), the numerator should have a

term proportion to w. Such term in this case is lim, o (M) = —Bfew)(1+ fu(w)).
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Further in the small width approximation, p,(w,p) can be written by a difference of two
Lorentzians 50, 52],

1 1 1 r
pa(w, P) =~ 5 5 — - 1+0<#>
(@ = iTpa) = B2 (w+iTpa) — E3 ap
o
= % Ag1(w,p) — Aga(w,p)|. (3.33)

Here, I'pq is the thermal width, which is the consequence of the scattering with con-

stituents of the thermal bath. The validation of ignoring the (’)gg‘:’;) can be justified
at weak coupling limit as to the lowest order, the imaginary part of sel

-energy iy, arises
at the quadratic power of coupling constants. We explicitly compute the self-energy for
the Lagrangian (3.1) in the (See Appendix-|B.1]). In passing, we note that the propagators
Ay1(w,p),Ag2(w,p) correspond to the resummed retarded and advanced propagators of
Ref [50].

With the form of the single-particle spectral function Eq. (3.33), one can extract the
diffusion coefficients using Eq. (3.30). A few comments in this regard are in order. Let us
note that in the expression for the diffusion coefficient, Eq. (3.30), the spectral function
pa(ko, k) occurs in quadratic order of the integrand. This will involve squared terms like
A2 (w,p), A2,(w,p) and cross-term Ay (w,p)Ag2(w,p). In each of the squared terms,
A2 (w,p), AZ,(w,p), the integrand in Eq. (3.30) will have second-order pole on the same
side of the real axis, i.e., £ Ep+il'4p, £ E.p—il'4p, respectively. Using the residue theorem
for integration over frequency in Eq. (3.30), one can show that the squared terms lead to

k
contributions which are proportional to a polynomial of order O(Fap /E, p) with £ > 1.
On the other hand, the dominant contribution of the mixed term A, (w,p)Aq2(w, p) lead
to a contribution which is of the order (9<1 /TapEq p) and other contribution is suppressed

by O(Fap/Eap)k with k& > 0. Therefore, the cross terms give a dominant contribution
in the small width approximation, which corresponds to the pinching pole approximation
of Ref. [50]. Hence, by plugging the spectral function of Eq. (3.33) into Eq. (3.30) and
performing the integration over w’ by closing the contour in the upper half plane, we have

1 2 E. 0cFep )
Kab = 6 / dpz ﬁ [6ab50a - ach(na(;cb + nb5ca) + Nanp (Tp> ]

X |Fel Bep = Ocpte) (1+ fol Bep — Bupie)) | (3.34)

Here 0, = +1 for particles and antiparticles, respectively, for each given species ‘c’. The
method of this calculation within the pinching pole approximation is given in Appendix-|D],
explicitly using Eq. (D.2).

The different components of the diffusion matrix in the species basis are explicitly given
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= 099 (1 ) (14 ) (122
X f¢(E¢p)<1 + f¢(E¢p)> + 2F§iE§ <n£f£p>2
1Y
< | felBep) (1+ fe(Bep)) + Fe(Bep) (1+ fe(Bep)) ) : (3.35)
Keg = é/ dp p* <m (1 - Lfgp)Qfs(Egp)(l + f&(Egp)> + <1 + L%[’)Z
X fg(Egp)(1+f§(E§p)> + 2F¢iEq25 (n¢fj¢p>2
P

% | So(Bsp) (14 folBop)) + Fo(Ep) (1+ fo(Eop))

) . (3.36)

ngi%p <n¢>f¢p _ 1) fo(Epp) (1 + f¢(E¢p))

The symmetric off-diagonal elements are given by

1/d o 1
I = K = —
e =3 ) PP ar, B2

+ nfd)p <n¢f¢p +1) FoEsp) (14 Fo(Eop)) 1

MepBZ

+

%fap (”ﬁfﬁp _ 1)

). (3.37)

In the above, f,(w) = (e#@=re) — 1)~1 and f,(w) = (eP@FHa) — 1)~ correspond to the
particle and anti-particle distribution respectively. We might note here that we also have

Je(Bep) (1+ fe(Bep)) + %fgp (%fzgp +1) fe(Bep) (1 + fe(Bep) )

non-diagonal coefficients in the particle basis. Such a mixing term has its origin from the
heat current Q° contributing to the diffusion current as in Eq. (2.34) and Eq. (3.23). Both
species contribute to the heat flow within the single fluid frame.

To translate the above results for elements of the diffusion matrix into the charge basis,
we employ the transformation matrix as given in Eq. (2.44) to obtain

1 1
=—[dp|p|? E —

1
2lp Egp

MAER Y (g5~ "R £ (Bop) (14 ful )

). (3.38)

It is interesting to see that in this weak coupling limit, the charge diffusion coeflicients
are identically the same as derived in Ref. [15] using the kinetic theory approach with the
identification of relaxation time 7, = 1/2I'; and including Bose enhancement factor. Such

<QaA -

+

(QaA + nAfap) <QaB + anap)fa(Eap) <1 + fa(Eap))
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an expression for diffusion coeflicients has the desirable features that k 4 g is symmetric w.r.t.
A < B consistent with the Onsangar reciprocal relation. Furthermore, k44 is manifestly
positive and definite. For the sake of completeness, we have also evaluated the thermal
width T’y to the lowest order, which is explicitly shown in Appendix-[B.2].

4 Summary and outlook

In this paper, we have presented the derivation of the diffusion matrix elements in terms of
Kubo relations. For the same, we have used Zubarev’s non-equilibrium statistical operator
method to derive the Kubo formula for the diffusion coefficients for systems with multiple
conserved charges, for e.g., baryon number, electric charge and strangeness in the context of
heavy ion collisions. The diffusion matrix elements are given by the zero momentum spectral
functions of the diffusive currents in the small frequency limit as in Eq. (2.38) and Eq. (2.45).
Such expressions are rather general and can be used for estimating the diffusion coefficients
using nonperturbative methods like lattice QCD or using any effective models of strong
interactions like Nambu-Jona-Lasinio (NJL) model [55], quasi particle models [14, 56, 57],
or sigma models coupled to quarks [58, 59]. This can also be written down in terms of the
single particle spectral functions as in Eq. (3.30) along with other thermodynamic quantities
like enthlapy density and number densities of the thermodynamic equilibrium systems and
can be evaluated within any effective model as above.

As an explicit example, we have applied this correlator method to obtain the charge
diffusion coefficients in a toy model of two coupled charged scalar fields having two charges
that are conserved. It may be mentioned here that, for scalar fields other transport coef-
ficients like the viscosity coefficients and electrical /thermal conductivity has been derived
using Kubo relations while diffusion has not been considered. We have also presented here,
in some details, the calculations for the the lowest order thermal decay width that enters
in the Kubo formula. Such a width that arises from the sunset diagram in the lowest order
had earlier been considered [60] but with vanishing chemical potential. The expressions
given here for the diffusion coefficient can be applicable to other models involving scalar
fields with multiple conserved charges for hot and dense matter both in QGP as well as
in nuclear astrophysics and cosmology [61]. The present work is especially relevant in dis-
cussions concerning the physics of compressed baryonic matter at forthcoming FAIR and
NICA facilities, or for interpreting recent findings from the isobar run at RHIC.

In the context of neutron stars, it will be interesting to investigate the effects of diffusion
on the oscillation of neutron stars as a result of an internal instability or an external
perturbation. It may be noted that whether an oscillation mode is excited or not depends
upon the interplay of the excitation rate and how efficiently the dissipative mechanisms in
the stellar matter counteract this excitation. Much attention has been given on the viscous
effects |62, 63| while the effects of diffusion on neutron star oscillations has only been looked
into recently for the neutron proton electron matter [64|. In this context, for neutron stars
with a hyperon core [65] or a quark matter core [66] the effect of diffusion of particles will

be relevant and important to give insight into the structure of stellar matter. Moreover, a
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reaction of three distinct species of particles can be viewed as a bulk viscous fluid, which
may have important consequences for neutron star physics [67].

It will be interesting to apply this method for diffusion within a three flavor NJL model
or different quasi-particle models to discuss the importance of the off-diagonal elements of
the diffusion matrix. It will also be interesting to examine, through diagonalisation of
the diffusion matrix, which combination of hadrons will diffuse faster giving an insight to
the diffusive process that will be relevant for low energy heavy-ion collisions. Further, in
the context of off central heavy-ion collisions, where strong electromagnetic fields can be
produced [68], the effect of strong electromagnetic field in the diffusion of different charges
could also be interesting and relevant. Some of these problems will be investigated in future
works.

A Appendix-A

A.1 Retarded Green’s function and spectral some relations.

Our interest here is to estimate the two-point correlation functions of elementary and com-
posite operators to calculate the response function at linear order in the thermal force as in
Eq. (2.37) or Egs. (2.48) and (2.49). This expression is written regarding KMB inner prod-
uct as in Eq. (2.17). We shall show in the following subsection that KMB inner products
are related to the retarded Green’s functions and spectral function. Here we shall discuss
some useful relations involving this Green’s functions.

The retarded Green’s function up to arbitrary bosonic operators {@a, @Z} in Minkowski
space X = (x,t) is defined as [42, 51]

G o, (X) =i <H(t) [@a(x, t), 0} (o, 0)] > . (A.1)

l

In addition, we define Green’s function called the spectral function, which is essentially the
Fourier transform of the commutator of these operators as

po,0,0) =3 | =¥ ([0un).000]),. (A2)

where K = (k°,k). Using the integral representation of the theta function,

. 2 dw e—iwt
0(t) _Z/wﬂﬁriow (A.3)

one can show that these two Green’s functions are related as

GE o () = i /0 Tt / P ciot—ilex <H(t) [@a(x,t),ég (0,0)} >l (A1)

N / *dp®  Po,0,(P)

o T K0T (A.5)

Therefore, we see that the retarded Green’s function G®(K) can be obtained from the

spectral function p(P) through analytic continuation in the upper half plane of p°.
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Furthermore, if the operators O, and O, are hermitian, one can show that GE . (X)
alYp
is real. Moreover, for the Hermitian operators, the retarded correlation function in the
momentum space satisfies the relations

Re(Gga@b(lC)) :Re<Gga@b(—K)>, Im<Gga@b(lC)) :—Im(Gga@b(—IC)>. (A.6)

Similarly, for the spectral function, one can show using the definition Eq. (A.2) that
Po,0,K) is an odd function of K

16,0,(K) = =pp,6,(=K). (A.7)

Further, if one assumes the spectral function to be real, one can identify the imaginary part

of the retarded Green’s function as®

R _
Im(G@a @b(n)) = pe, 0, (K) - (A.8)
The above equation relates the imaginary part of the retarded Green’s function to the

spectral function. With the help of Eq. (A.7), one can show using L’Hopital’s rule that

li =1
wliﬁ) w Oow m

ro.o™ _ ( A(;c)>‘ , (A.9)

The above relation helps us to express Eq. (2.45) in the form of Eq. (2.46).

Next, we discuss some other relations in the presence of finite chemical potentials in the
context of Kubo-Martin-Schwinger (KMS) relations while considering the thermal averages
of operators. The commutator of the operators corresponding to the total number operator
Qa (spatially integrated number density operator) is given by

[@am,c}b] = 0upOa(X). (A.10)
The KMS relation for such an operator can be written as [51]
<@a(t - iﬂ,x)@g(o,0)>l — ¢~ Pha <@g<o, O)@a(t,x)>l , (A.11)

where, Eq. (A.10) has been used. Such relations are valid for operators which are odd in
powers of fields ¢,. In particular, for equal time, Eq. (A.11) reduce to

<@a(—z‘ﬁ,x)©b(0, 0)>l S <@a(o,x)@b(o,0)>l (A.12)

The exponential factor e ##e thus spoils the periodicity of this correlation function. The
corresponding Euclidean correlator is defined as

A 4 , R .
G5.6,() = [ [ htmrien (0,(3)04(0)), (A13)

8This identification can be made by making use of this mnemonic expression AilT = P(x) Fins(A)

and where P denotes the principle value of the integral.
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The additional term in the Fourier transform with respect to 7 cancels the multiplicative
factor e PHe at 7 = /8 so that the 7 integrand remains periodic, leading to the bosonic
Matsubara frequencies k,.

Further, for the operators which commute with the total number operator, i.e.,
[0u(2), Q] =0, (A.14)
the KMS relation is given by
(Oult = 8,%)05(0,0)) = (04(0,0)0u(t.%)) . (A.15)

with no extra chemical potential dependent suppression factor, which may be noted. In
particular, for equal time, Eq. (A.15) reduce to

<@a(—z‘ﬁ,x)©b(0,0)>l - <@a(0,x)@b(0,0)>l , (A.16)

which is a periodic function with respect to imaginary time. Therefore, in contrast to
Eq. (A.13), the Fourier transformation of the Euclidean two-point function can be defined
as
E iK-X [ A A
GE o (K) = /X KX (0,(0)0[(0)), (A.17)
Here K = (ky, k) is the Euclidean momentum and this correlation function is time-ordered
by definition (0 < 7 < ). Since Green’s function Qg & (X) is periodic, we conclude that
aYb
ky, is a bosonic Matsubara frequency.
Similar to the retarded Green’s function G

0,0,
has different momentum space representations for the two cases. To evaluate the spectral

(K), the spectral function pgs o, (K) also

function representation of the Euclidean Green’s function, one needs to make a connection
between the Euclidean Green’s function (O, (X )@g (0)); and the Wightman Green’s function
(Ou(X )@Z(O)h which are functions of Minkowski coordinates and Euclidean coordinates,
respectively. This is possible by performing the analytic continuation t — —i7r, with 0 <
7 < f, on the Wightman function (@G(X)@g(0)>l = [ em'XG@a@b(lC). Therefore, the
Matsubara Fourier transformed Euclidean Green’s function, as given in Eq. (A.13), can be

expressed as

8
b oo (K) = / d / (i tpa) 7~k / PrGh 4 : A8
g(’)a(’)b( ) 0 ’ xe { ’Pe O“Ob(P) it—T ( )

Here, the exponential factor e#«™ appears for those non-commuting operators as given in
Eq. (A.10). To explore the relation between Euclidean Green’s function and the spectral
function, one needs to employ the spectral function representation of the Wightman function
as [51]

Go,0,(K) = 2<1 + fa(k? = ua))p@a@b(ic) . (A.19)
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Using this equation into the Eq. (A.18), one can show that
B o 0
E . (ikn+10) P~ _p0 0 _ (.0
g@a@b(K) - /0 dr eltkn )T /_OO 5c P T2(1 + fa(p ua))poaob(p . k)

®© ( 0 B .
= / iQ(l + fa(po _ Ma))p@a@b(p07 k)/ dr e(lkn+ﬂ_p0)r
0

oo 2m

: B
00 dpo e(lknJﬁu*pO)T
= / —2(1 + fa(p° - Ma))p@a@b(po, k)

oo 2T ikp +p—pY .
< dpY 0 0 elu=p"8 _ 1
Y AT PR it
/_oo 2w + falp” = o) poaob(p ikn + p —p°
o0 g0 0 1 e’ =) elb=p")B _ 1
N /_OO 7/)@@@(1) k) e®=mB — 1| | ik, + p — p°
A0 o0, k
:/ ——poa(’.)b( ) . (A2O)
oo T KO —ilky, —ip]
One can invert the above relation by using the Sokhotski-Plemelj theorem as
s 5 () = 2DiscGE . (kn — in — ik, k A21
poaob( )= 5 1scg(§a@b( n — i — —ik”, k), (A.21)

where the discontinuity is defined in Eq. (3.17).

Similar to Eq. (A.20), one can also derive the relation between the Euclidean Green’s
function and spectral function for those bosonic operators, which satisfies the the commu-
tation relation with the total charge operator as given in Eq. (A.14). To do so, one needs
to employ a similar relation between the Wightman function and the spectral function as

Go,0,(0) = 2(1+ f5(k) ps,6, (). (A.22)

where fp(k°) = W is the bosonic distribution which does not carry the chemical
potential, as opposed to Eq. (A.19). Therefore, one can derive the relation between the

Euclidean Green’s function to the spectral function as follows

% Jk0 pe, o, (K, k)
FE 0,0
65 6,10 = [ TEO0 (A.23)

—o0
Here, it is important to note that the absence of the chemical potential in the denominator
gives a contrasting representation compared to Eq. (A.20). Moreover, the above relation
can be inverted to obtain

1. )
P6,6,(K) = 5;Disc Go. 0, (kn — —ik". k). (A.24)

A comparison to the description in Section-(3) can be made if one identifies ¢ and ¢ as those
operators which satisfy Eq. (A.10), that reflects in the spectral representation of the Eu-
clidean Green’s function Eq. (3.15) with a resemblance to Eq. (A.20). Similarly, recognising
the operators like particle (charge) diffusion current, J2' (J%), as those operators which
commute with the total charge operator, as given in Eq. (A.14), leads to the resemblance
between Eq. (3.18) and Eq. (A.23).
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A.2 The KMB inner product and the Retarded Green’s function.

In this appendix, we show the relation between the first-order transport coefficients written
in terms of KMB inner product, e.g. in Eq. (2.43), and retarded Green’s function which is
defined in Sec-(2). A similar calculation can also be found in Ref. [38, 44]. The KMB inner
product is given by

((9 (x,1), Ob X1,t1 5/ d’T [Ob(xl,tl +iT) — <(9b(xl,t1 +”)>J >l'
) ) (A.25)
Here, (’jb(xl, t1+iT) = e*TH(’jb(xl, t1)e™ | with H= uup“ — >4 HaTlq being the Hamilto-

nian.

To extract the transport coefficients from the definition, for e.g. Eq. (2.16), the values
of these transport coefficients are computed at the global equilibrium instead of the local
equilibrium. Therefore, this global equilibrium distribution is defined with average ther-
modynamic parameters, like temperature 7 = 37! and the chemical potentials i (14) in
particle (charge) basis. In equilibrium, with proper definition of thermodynamic parame-
ters, one can define the global grand-canonical statistical operator g, in fluid rest frame
with the time-independent Hamiltonian H = uula“ — >, MaTq in particle basis or equiva-
lently H = uup“ — > 4 HATr4 in charge basis, with pr being the operator for 4-momentum.
A comparison with Eq. (2.8) leads to the recognition that A = SH. Therefore one can
re-parameterize Eqgs. (2.12) and (2.17) by 7 = S to obtain

<@ (X t) Ob Xl,tl ,8 / dT {(’A)b(xl,tl + iT) - <@b(X1,t1 + ZT)>l]>
l
A ) (A.26)
Here, Oy(x1,t1+i7) = e ™M Oy(x1,t1)e™ | which can be interpreted as the operator Op(x, t)
evolving in Heisenberg picture under a time displacement 6t = ¢7. Further, by performing
analytic continuation, one can arrive at the relations

(Oy(x,t + 7)) = (Op(x,1))1, (A.27
(Ou(x,)0p(x', ' +iB))1 = (Op(x',') Ou(x, 1)) (A.28)
The last relation is known as Kubo-Martin-Schwinger (KMS) relation.
If we consider that the correlation vanishes in the limit ¢ — —oo, i.e., [38, 44]
lim (O (x, )0y (x',t' 4+ i7)) = lim (On(x,1))(Oy(x, ' +iT))1, (A.29)

t/——o00 t'——o0
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then we can rewrite the Eq. (A.26) by using Eqgs. (A.27), (A.28) and (A.29) as

(@a(x,t),@b (xl,tl)) = %/OB dr <@a(x,t)@b (x1,t1 +i7')>l

_ <(§a(x,t)>l <(§b (x1,t1 + ¢7)>l]

t1
d dt’
B / T/ dt’

- <(§a(x,t)>l <(§b (x1, 1 +¢7)>l]. (A.30)

a(x t)Ob (x1,t1 + z7’)>l

Here, one needs to use the Heisenberg equation of motion of an operator @(X t).
The Heisenberg equation of motion can be derived if it is evolved using (’)b(x t+ir) =
*TH(’)b(x t)e TH , leading to

d d 4 .
%O(x t+it) = —ZE(’)(X,IH—ZT). (A.31)

Using the above relation, along with Eqs. (A.27) and (A.28), one can turn the KMB inner
product of two operators, Eq. (A.26), into a commutator of two operators

(0ulx.0). 0y (x1. 1)) = % / t; ' < [@a(x,t),@b (x1,t') ] >l (A.32)

In order to take into account the causality constraint, ¢, < t; < ¢, one needs to write the
last equation in terms of retarded Green’s function as,

o o 1 t1
<Oa(x, £), Oy (x1, t1)> =3 dGh o (x—xi,t—1), (A.33)

where two-point Retarded Green’s function for uniform medium can be written as

Gga@b (x —x1,t —t') = —if(t — t') < [@a(x, t),0p (x1,t) ] > . (A.34)

l

In order to calculate the transport coefficients, one needs to compute the integral such
as those appearing in Eq. (2.16). In the following, similar integrals are computed with a
set of operators {O,, Oy}
I[0,0,] = lim | dx, / at' e (0,(x,6), 0, (x1,1) ) | (A.35)
e—0

Now, using Eq. (A.33), one can compute the integral

t/
I[(’A)a(;)} = —lim [ d®x // dt'e Ettﬁ/ dsGR X—X',t—s). (A.36)

e—0
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This can be conveniently done by taking the Fourier transformation GR(W, k) of the retarded
Green’s function G(x, ), leading to

\A . dw 1 . R
I[oaob} - —E%T/ o o T 1 G6,0,00) (A.37)

The right-hand side can be rewritten using partial fraction of the integrand and using the
residue theorem. This leads to

. T
I[oaob] — —lim ~ lim lim [G@ (W) =GR o (kw+ ie)]. (A.38)

e—0 € w—0k—0 OaOp

Eventually, one needs to take the limit € — 0 of the integral 7 [@a@b} , as mentioned in the

definition of relevant statistical operator, Eq. (2.2), leading to
A A . R
z[oaob] —iT lim 0.GE 5 (0.w). (A.39)

Let us consider Gg 5, (W, k) as given in Eq. (A.4). We have,
aYb

Gga@b(w,k) = —i /O Tt / dBx eiwt—ikex <0(t) [@a(x, t), Oy (0,0)} > . (A.40)

l

It is clear from the above equation that

(C:(I:;a(/jb(o’W)>>'< - G(I;a@b(o’ —UJ) ’ (A41)

Using this, one can write for the diffusive current-current correlation as
7 Tl = =Tl R
I{jajb} — T lim 0,Im (G 2 jb(O,w)>. (A.42)
Using Eq. (A.42) in Eq. (2.43), one obtains Eq. (2.45).

B Self Energy

B.1 Real part of the self-energy to the lowest order: tadpole diagrams

In this Appendix, we compute the self-energies Y, of the fields ¢ and £ with the Lagrangian
given in Eq. (3.1). For this purpose, we note that the Euclidean two point function for these
fields can be written in terms of the single particle RSF p,(ko, k), as given in Eq. (3.15).
When the imaginary part of the self-energy vanishes, the spectral functions are given by

™

pa(ko, k) = Yoo (K)

(ko — wa(k)) = O(ko + wa(K))] (B.1)
where, w, (k) are the quasiparticle energies, given by

wi(k) = k? + m? + Re(Zq(wqe(k), k) = k? 4+ M2 (B.2)
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N

(pn7 p) (pnv p) (pTw p) — > (pnv p)
A1 g

Figure 1. Tadpole diagram for ¢ field with self/mutual-coupling depicts in left/right side.

Figure 2. Tadpole diagram for ¢ field with self/mutual-coupling depicts in left /right side.

On the other hand, when there is non-vanishing imaginary part of the self energy, the
spectral functions take the form

Im (3, (ko, k))

a(ko k) = '
pa(ko, k) w2 — k2 — M2 + [Im(3q(ko, k)2

(B.3)

The lowest order contribution to the self-energy comes from one-loop tadpole diagrams
as shown in Fig. 1 and Fig. 2. These tadpole diagrams do not lead to imaginary part of the
self energy and these contributions do not depend upon energy or momentum. From the
tadpole diagrams in Fig. 1, contribution to Re(34) is given by,

2, = Sobw)+ 4 ot (B4)
P P

Using the single particle RSF in Eq. (3.14) and summing over the Matsubara modes, we
have [54, 69|

A > d b
e (3) [
4 0 ™ Jo

+ar (2) /0 i /0 N (;ff)gp? [+ Feloo) + o) (0. ). (B.5)

(26511-))3]92 {1 + fo(po) + qu(po)}%(po,p)

where, fu(po) = (66 (Po—pa) 4 1)_1 is the equilibrium bosonic particle distribution function
with chemical potential 1 and fy(po) = (eﬁ(po-i—ua) + 1) s the corresponding anti-particle
distribution function.
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(Pn + by —ipe, p+1)

(pn—qu,p) m (pn—ilhz:ap)
S

(sn — lp —ipg,s — 1)

Figure 3. Sunset diagram for the ¢ field with self coupling.

(pn +ln - iﬂd)ap"{'l)

/”—»_\\\

‘ /// ( Z',u,g, ) \\\ )
(pn_Z,UqS,P) 4>—%4—/H (pn_Z,Uqﬁap)
AL e AP
N N

(Sn —ln —ipe,s —1)

Figure 4. Sunset diagram for the ¢ field with mutual coupling.

Similarly for the £ fields the contribution to the X is calculated for tadpole diagrams
in Fig. 2, and is given by

- % igf(m +2 igf(p
— 4r <)‘2>/ dpo/ dp 2 +fg(po)+fg(po)} ¢(Po,p)

d
+47T / po/

Since the real part does not depend upon energy and momentum, they only modify the
masses of ¢ and & fields. The thermal parts of the self-energies in Eqs. (B.5) and (B.6)
~ fa(po) and are ultraviolet finite. On the other hand, vacuum parts (~ 1) and are divergent

21+ fo(po) + folpo) | ps(po.p).  (B6)

which need to be renormalized [51, 54|. Note that these are coupled equation for the self-
energies Y, which need to be solved self-consistently. For O(N) sigma model these has
been investigated in [69].

B.2 Imaginary part of the self-energy to the lowest order; sunset diagram

In the following, we compute the lowest order contribution to the imaginary part of the
self-energy that appears at two-loop from the sunset diagrams, given in Figs. 4 and 3. For
the ¢ fields this contribution is given by

Ez)unset(K) — ?z;lget(K) + E?g)anet (K) (B?)
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(Pn + ln —ipe, p +1)

IR
o (sn —ipg,s)
(Pn — g, P) - B¢~ -~ < -----=-» (pn —iptg,p)
PYRRN Y

Figure 5. Sunset diagram for the ¢ field with self coupling.

(Pn + ln —ipe, P +1)

(Pn — ipg, P) --»-- > (pn — ipig, P)
g 9

(8n —ln —ipg,s —1)

Figure 6. Sunset diagram for the £ field with mutual coupling.

where, E?g;;et ~ \? arises from Fig. 4

2
E?Eﬁ;et(p) = —Z:\W Z: (8 X gf(P + L)Qf(S)gf(S — L)), (B.8)
LS

and E?})‘)n(;et ~ ¢ arises from the Fig. 3

2

S (p) = _mxgw Zﬁ (G£(8)9E (s - )GE (P + 1)). (B.9)
LS

Representing these sunset contribution of the self-energy in terms of the single particle RSF
can be done using Eq. (3.15), i.e

Esunset(P) _ I/H dwl P¢ w1, P + l) pf(w2as)
¢ 22 x 2! w1 = i(pp +lp —ipg) | \ wo +i(sp +ipe)
pe(ws,s —1) B I/H dwi po(wi,p +1)
wi +i(sp — by +ipe) 42><2' wi — i(pn + Iy —ipg)

p¢(w27s) p¢(w3,s —1)
<W2 +ilsn + %)) <wl +i(sn — ln + W))] ' (B.10)

In what follows, without loss of generality, we assume that the self-coupling A\; to be much

smaller than the cross-coupling g, and consider only the first term of Eq. (B.10).
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Before proceeding further, we shall show a general identity that will be useful to perform
the Matsubara frequency sums in Eq.(B.10). A double Matsubara sum,

S(Wl, wW2,Ws, Pn — Z':U’a)

— 72 1
snyln <w1 —i(pn +In — Wa)) <W2 + i(sn + iMb)) (ws +i(sp — ln + iMb))
1
=T X In(wa, w3, In, o), (B.11)
In (Wl - i(pn + ln - Z',U'a))

can be evaluated by performing two successive summation with respect I, and s, respec-
tively. The summation over s, is performed as

1

In(w27w37lnaﬂb) :TZ (B12)

o <w2 +i(sn, + iub)> (wg +i(sp —ln + iub)> .

This can be calculated by using 36;, ;, = foﬁ dr e'™n=ln) and rewriting the above equation
as

1S, T

B ) e*iSnT e
L, (wo,ws, Iy, = dre'"™ [T : - T - -
n(W2, w3, In, f1v) /0 < §w2+z(sn+zub)> < ;w3+2(3'n+11ib)>

’
n

= <fb(w2) _fb(w3)> X <m> (B.13)

A similar technique can be repeated while summing over [, of Eq. (B.11). Doing this, we

3~

obtain

S(Wl, W2, W3, Pn — Z,U'a)

<1 + fa(w1)> <1 + fb(W3)>fb(w2)

N w1 — wa + w3 — i(py — i) [1_6XP<_ﬁ(wl—ﬂa+w3—w2)>]. (B.14)

Further, by applying the identities in Eq. (B.14), performing the analytic continuation
i(pn —ipy) — w + 10T in Eq. (B.10), and taking the imaginary part, we obtain

Im(2¢(w,p)) :229752!0 —e_ﬁ(w_“d’))/dl/ds/%/%

X |1+ elwn)] [1+ felwon)] po(w — wa = wi, 0 +1) pe(en, ) pelus,s - 1>].

(1 + folw —way — wg))

(B.15)

Moreover, using the fact that the spectral functions do not depend on the direction of the

three momentum, angular integration can be carried out by using the identity

1 e}
[ a0 F (k= b0 (lpl) = G [ A baF(0)6)
X @(‘ll — 12‘ < ‘k‘ <l + lg), (B.16)
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resulting in the expression for Eq. (B.15) as

g 1_eﬁWﬂ¢ dwgdW3 &
I [S(w, )| = 2(2 TET / [ dis Ol — 15| <l <+ )

Xy lals qu(w —wz —ws, [P+ 11|) pe (w2, l2) pe(ws, I3)
X [1 + folw — wo — w,)] [1 n fg(m)] [1 n fg(w?,)] (B.17)

Here, one can think that [1,lo and [3 are the magnitude of the three momentums 1,15 and
I3 respectively. The above form reveals the domain of momentum integration through the
step function in this expression. A similar calculation can be done for £ fields (See Fig. 5
and 6), which leads to the following result

Im<2§(w, p)) - Im<2¢(w, p)) ( . (B.18)
P
The expression as given in Eq. (B.17) and Eq. (B.18) can be written as a sum of different

physical processes contributing to imaginary part of the self energy, which we discuss next.
For this purpose, we rewrite Eq. (B.15) as with the four vectors l; = (w;,1;) and p = (w, p)

““<E¢“n>::%§<l“eﬁw““)<2”Yi/<iﬁ4<i%4<ig4

xﬁ+ﬁwﬂﬁ+ﬁwﬁ%w@m%w%m%w&m#@+&+@—ml

(B.19)

<1 + f¢(w1)>

We next note the following relation for the bosonic distribution functions with finite chem-

ical potential

(1 - e*ﬁ(“’ﬁ“’?*%*%)) (1 + f¢(w1)) <1 + fg(wz)) <1 + ff(w3))

@+mw@@+km0@+m%ﬁammmwmwm] (B.20)

We then substitute the expression for the spectral function as given in Eq. (B.1) and use
the identity Eq. (B.20) in Eq. (B.19). The two delta functions in each of the three spectral
functions occurring in Eq. (B.19) leads to eight different processes that contribute to the
imaginary part of the self energy. Therefore we have

Im<2¢(w,p)> - ilm(z¢(w, p))a, (B.21)
a=1

Im<2§(w, p)) = 28: Im(Eg(w, p))a. (B.22)
a=1
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For instance, one can write the first process as

9271.4

2 dly dly dlz 53(1; + 15 4+ 13 — p)

Im(Z4(w,p)), (14 fo(E0))

1 EyEs

x (14 Fe(B2)) (1+ fe(By)) — foB) fe(Es) fe ()

X 5(W—E2—E3—E1), (B23)

where, Fy = /12 + mi and Fs, F3 are \/1§ + mg, \/l?,, + mg respectively. This term can be

interpreted as the probability for the (¢ — ¢&€) with a corresponding bose enhancement
factor (14 f4)(1+ fe)(1+ f¢) minus the probability for (¢€€ — ¢) with the weight fyfe fe.

Second process can be interpreted as the anti-particle counterpart of the first process
and given as,

24

Im(qu(W, p))2 = gTﬂ dlydlpdlz 6°(l; +1; + 13 — p) Jo(En) fe(E2) fe(E3)

1
X J—
E1E>E;

- (1 + f¢(E1)) <1 + fg(E2)> (1 + fg(Es)) X 6(E1 + By + E3 4+ w).

(B.24)

Both these processes contribute in the zero temperature limit (7" — 0 and f, — 0) due to

the presence of statistical weight (1+ f)(1+ fe)(1+ f¢). Further, in the third process, the

contribution arises from the probability of annihilation of a particle-antiparticle pair of ¢

fields and creation of a particle-antiparticle pair of ¢ fields (¢¢ — £€) minus the probability

for the reverse process (£€ — ¢¢)
2,4

Im<2¢(w,p)>3 - % dly dlodly 83(11 + 1y + 13 — p) x

LR FoEn) (1+ fe(B2) )

% (14 fe(Bs)) = (14 FolB0) ) fel o) fel(Es) | % 8(Es + Bz — By —w).

(B.25)

Fourth term is due to the scattering process between ¢ and & particles from different
energy states (o€ — ¢&). The fifth process is different from the fourth one, by changing
€ — ¢ in the same scattering channels (¢¢ — ¢¢). We have

24

Im<2¢(w,p)>4 - % by dly dls (1 + 1z + 15— p) X (14 Fo(E0))
(1 + fé(Ez))fé(Es) — fo(En) fe(E2) (1 + JE&(E3)>
X 5(E3 — FE3+ FE — w), (B26)
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and

Im<2¢(w,p)>5 = % /dl1 dlodly 83 (1, + 1, + 15 — p) x EJ;QE?’ (1 + f¢(E1)>
Fe(Ba)(1+ fe(By)) = Fo(E) (1 + fe(Bo)) fe(Ba)
X 5(E3 — E2 — E1 — w), (B27)

Similarly, the sixth term arises from the probability of three body inelastic collision of
dpE — € minus the probability & — ¢€¢ process, and the seventh one take place with a
replacement of particle to anti-particle of £ field of the same inelastic process.

2.4
Im<2¢(w,p)>6 - % dly dlodly 83(11 + 1y + 13 — p) x B | Tt (1 + fg(EQ)>
x fe(Bs) — (1+ Fo(Bn)) Fe(B2) (1 + fe(Fy))
X 5(E2 — Eg — E1 — w). (B28)
and
2.4
Im(2¢(w, p))7 - gT” dl dlydly 831 + 1o + 13 — p) x E1;2E3 Fo(E1) fe(E2)

(14 Fe)) = (14 FolB0)) (14 fel2)) fe(Bs)

X 5(E3 — E2 — E1 — w). (B29)

The eighth term comes from the difference of the probability of (¢¢€ — ¢) and it’s reverse
processes (¢ — ££¢)

2,4

Im<2¢(W,P)>8 = QT dly dlpdlz 6°(1y + 13 + 13 — p) x BBy Fs <1 + f¢(E1)>f£(E2)
Fe(Bs) = fo(B0) (1+ fe(B2)) (1+ Fe(By)
X 5(E1 — E2 — Eg — w). (B?)O)

But this process is different than the first term due to the difference of processes that takes
place in internal lines of sunset diagram Fig. 3, which leads to a distinction in statistical
weight of internal lines.

Next, we determine the region of k% = w? — p? where all the eight physical processes
contained in Eq. (B.17) are contingent according to the kinematic constraints, i.e., the
integral over l; in Eq. (B.17) survives. Kinematically first and second term survives if
k2 > (mg + M§¢)2, where Mgy is the invariant mass of the ¢ and £ Therefore, the
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processes are possible when k% > (2me + m¢)2 since Mgy > mg +mg. The third and eighth
terms are allowed when it satisfies the condition k? > (Mg — mg)? > (2mg — my)? since
M¢e > 2mg. The similarities of kinematical conditions between third and eighth processes
can be understood by changing external incoming/ougoing ¢-line to outgoing/incoming ¢-
line in any one of the process. Similarly, fourth, fifth, sixth and seventh term needs to satisfy
the same kinematic condition, which is k% < (Mgs — mg)?. The similitude of fourth and
fifth processes happens because these processes involve particles and anti-particle of £ fields,
respectively. Furthermore, an equivalence with sixth and seventh processes can be made
by changing external incoming/outgoing ¢ by its outgoing/incoming ¢. Therefore,these
four scattering processes take place at arbitrary k2. A similar calculation can be performed
for the £ field by changing each ¢’s propagator to £’s propagator, and resulting in similar
processes can be occurred as described in Eq. (B.23)-(B.30) with an appropriate changes
in physical parameters under ¢ <> £.

Thus, the thermal width of the quasi-particle profile of the spectral function can be es-
timated, which is I'q(E,p, P) = W and at the weak coupling limit its contribution

start from g2 order.

C Euclidean Green’s function for the arbitrary bilinear Hermitian bosonic
operator.

In this section, we provide some details of the computation of the Euclidean Green’s function
for two arbitrary bilinear Hermitian bosonic operators @1 and @2. We consider two such
operators,

O1(X) = Z¢T D 10(X) b, (1)
Z <75b 26 (X ) Po, (C.2)

where, each operator can carry Lorentz and/or particle indices, and that is taken care of by
the indices of this D ang D 5. In general, D ,’s can be expressed as polynomials of left and
right partial derivative, d x and 0 x, which acts on ¢,(X) and (an( ), respectively. For
example, if g}e consider an %perator ./\/ ¢ and the operator’s structure as given in Eq. (3.26),
we obtain D g = i), Opal

current 7/ and the heat flux Q7 as given in Eq. (2.34) and Eq. (3.25), respectively.

bk ). Similar construction can be done with the diffusion
Next, we calculate the Equilibrium Green’s function for @ = j; and Oy = jbj , as
required in Eq. (3.27), i.e

Aij<jai(X)jbj(X/)>l =AY [<Nai(X)ij(X/)>l - %<Nai(X)Qj(X/)>

l

nanb

=G QOOR(0) + 555 (X0, <X’>>l]7 (©3)

where, a, b are the indices for particle types. Nevertheless, we present a calculation with
a generic set of composite bosonic and bilinear operators Oy and O,. If these operators
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contain the differential operator as given in Egs. (C.1) and (C.2), then in the Euclidean

momentum space it will be a function of Matsubara frequency and the 3-momentum,”.

Therefore, the two-point Euclidean Green’s function of these generic operators can be writ-

ten as
(01(X)0a(X")) = 37 B 1x(X) Bar(X') (04 (X)x(X) ] (X)n (X))
kl
=3 D 1) Du(X)GH(X — X)GH(X' — X). (C.4)
kil

Here, one needs to define the action of <5>1(X ) and <5>2(X ') on the Euclidean correlation
function (¢q(X)é) (X)) = GE(X',X) = GE(X — X'). This can be obtained from the
distinctive action of the differential operator 0 x and 3 X on ¢L and ¢,. Hence, the left
and right partial derivative 0 and d acts on the left and right variable of the arguments
of two-point particle Euclidean correlation function gﬂ(X "' X), respectively.

Functionally, we can show these properties with an example. For instance, a differential
operator which contains a linear combination of left and right derivatives, D (X) = J x —

%
0 x, operates like

DX)GF (X, X) = 0xGF (X', X),

B (X)GF (X, X) = —9xGP (X, X'),

D(X)G" (X, X) = —0x G (X', X),

D(XNGE (X, X') = 9 GF (X, X). (C.5)

Here, 0x = (0-,0,:) = (0-,0x) and Ox’ = (0r+,0,:) = (0, 0x). Using these properties of

left /right towards derivative, one can simplify the following correlation functions.

(a) To evaluate the Euclidean N-Nj correlation function, which is first term of Eq. (C.3),
we can express Eq. (C.4) by using Egs. (C.1), (C.2). This leads to the identification

> . —
D 1a(X) :zz(ska@xi— 9.) (C.6)
k
> ) —
DQb(X,) = ZZ(Slb(gxli — axlz) . (C?)
I
Using these differential operators, one can write
AT (N i (X)NG (X7
(N XN 5(X))
= A (T i = 0,) (T — 0. ) GE(X', X)GE (X, X')
— A (9 G (X, X0,y G5 (X, X') + 0,5 G (X', X) 0,0 G5, (X, X)

= 00 Gl (X, X) G (X, X') = (X', X)0s 0 G (X, X) ). (C.8)

9By applying the Euclidean Fourier decomposition of fields as Eq. (3.6) one can show that the
differential operator becomes a function of Euclidean momentum, ie. O1(X) = >, (25:;(5)1,1(;5,1 =
> QXD (P,Q)dl(P)da(Q). If we again take same example O1(X) = Ni(X), one can show that
Dia(P,Q) = (' +a').
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Moreover, introducing the Fourier decomposition of two-point Eucledian correlation func-
tion, Egs. (3.11) and (3.15), one can further simplify it as
AN . 4 ) S S dwn d
AN (XN (X)) = dan gj XD Ay (27 —V)(2p" - 1) [ =22

™ s
PL

Pa(w1, P)pa(wi, P —1)
(w1 +n) (w2 +iBn = 1)) | o

where the chemical potential dependence is hidden in the variable p, defined as p, =

X

Pntite. We now sum over the Matsubara frequency p,, by using the identities in Egs. (B.12)
and(B.13), leading to the Euclidean correlation function G§; . of Eq. (3.28) as

d d fa B fa
N (L) = = /dP(2P —1)° %%pa(wl,p)pa(wz,p— 1) w(;i)wl +(i;f)'

(C.10)

Here, fo(w) = (expﬂ(w — fa) — 1)71 is the thermal distribution function of ’a‘ type particle.

(b) Similar calculation can be done for the second mixed correlation function of particle and
heat current correlation function Ng-Q of the Eq. (C.3). With the help of the Egs. (C.1)
and (C.2), it is easy to identify

<5>1(X) = 1(3331 — %xz
%

)
D(X) = i(0r T+ 0,:071). (C.12)

x’ x’

(C.11)

With these differential operators, one can compute Euclidean Green’s function in a similar
manner as

dw1 dwg

Ghro(L) Zg%kﬁij/dp TT[Wl(pz’—li)+W2pz] <2pj —lj)

Jr(wr) — fk(w2)} '

wo —wy +ily

X [Pk(w2,P — 1) pr(w1,p) (C.13)

Likewise, the third mixed correlation function of Eq. (C.3) can be written as
i dw; dw
Gow, (L) = ;‘iﬁcN] /dP 7172 {Wl(Pj -1+ W2Pj] <2pi - 1@')

Jr(wr) — fk(wz)] .

wo — w1 + iy,

y [pm, p 1) pr(w1.p) (C.14)

Owing to the symmetry properties of the A%, the second and third N,-Q mixed correlation

functions are equal.

(c) The last Q-Q correlation function can be written in a similar manner
P dw1 dw2
ggg(L) = Z AW / dp TT [wl(pi — li) + WQpZ‘] [wl(pj — lj) + wgpj]

3
Jr(wr) — fu(ws)

wo —wy +ily

X [pk(ua,p—l) pr(w1,P) } . (C.15)
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With the help of Eq. (3.19), we evaluate the spectral function of each of the above-mentioned
Euclidean Green’s functions and the spectral function of J,-J,. As mentioned in Eq. (3.19),
one needs to employ the Disc function on all of these Green’s functions in Egs. (C.10),
(C.13), (C.14) and (C.15). The operation of the Disc function will act on the part which
contains a discontinuity of these Green’s functions while taking the limit il,, — w #+i0".

Such part in these Green’s function is ( >, which makes them discontinuous across

1
w2 —w1+iln
the real w axis

1 1 1
Disc( - ) = — — -
wy — w1 + i, wy — w1 +w+10t  wy—wy +w—1i0F
= —2imd(w2 — w1 +w). (C.16)

Applying this identity, we derive the spectral functions for all of these Green’s functions,
which are given by

NN, (w,1) = = 0 Ai; [ dp(2p’ —V)(2p° — 1 )/7 pa(w’ +w,p) pa(w’,p —1)

x [fa(w’ Fw) - fa(w’)}, (C.17)

PNLQ ZékA]/dp/ (@' +w)(pi 1)+w'pi]<2pj—lj)
x [pkw, P —1) (e’ +w,p) (file +w) - mm)] . (C1y)
pog(w,1) ZA”/ / (W' +w)(pi — L) +w'pi) (W +w)(pj — ;) +w'Pj)

X [pk(w’, p—1)pr(w +w,p) (fk(w’ +w) — fk(w')>] . (C.19)

Adding these spectral functions according to the Eq. (C.3), we obtain the J,-J, spectral
function as

np o
P7a7 (W, 1) Z0abpnina (@, 1) = Z=pnaow, 1) — = e s o(w.1) + h2 ~Lpog(w,l).  (C.20)

These results are used in Sec-3 to obtain the diffusion coefficient in Eq. (2.46).

D Pinching Pole Approximation

To extract the transport coefficients, Eq. (3.34), from Eq. (3.33) with the help of repre-
sentation of the particle RSF as given in Eq. (3.33), we consider the finite thermal width.
Physically that corresponds to a transport coefficients arising due to a finite mean free path
(or lifetime) in the presence of interactions. On the other hand, transport coefficients are
ill-defined in the free theory due to the vanishing lifetime of the quasi-particle excitation. In
the weakly coupling limit with non-zero but small (by ignoring the terms of O(I'yp/Eqp))
thermal width, one can approximate the spectral function as Eq. (3.33) which is written as
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a difference of the propagators A, (ko, k) and A,2(ko, k). Therefore, the dependency on
the single-particle spectral function in a quadratic form needs to be evaluated, and finding
the dominant contribution is termed as pinching pole approximation. The quadratic term
of the spectral function consists of two kind of terms, A2, (ko,k) and A2, (ko,k) having
poles of order two on the same side of the frequency kg-axis. These lead to contribution
smaller than the contribution coming from mixing term Agq(ko, k)Ags2(ko, k) which has
symmetrically distributed simple poles across the real kg axis. In the computation of the
transport coefficients in Eq. (3.30), the opposite lying poles with respect to the kg-axis gives

rise to the pinching of the contour and has dominant contribution

dk
/2—7;] al(kO,k)Aa2(k0,k)F(k0,k) = (D]_)
1 F(E,x —ilqxk, k) F(—Eak — iy, k
8Ea kPak Eak B irak Eak + Z.Fak i Z RGS k07 7k Ckn)

Here, «;, is the position of the pole of the function F'(kg,k) on the complex plane of k.
Hence, we can expand the last result around small values of thermal width for weakly
coupled system and are able to write Eq. (D.1) as

dkg 1
MO N1 (ko k) Aga (ko K) F ko, K) = ————— | F(Ey 1, k) + F(—Eqi, k
| G200 19850, ) P10 = g [F(Fuko 40 + F(~Fu )]
DIV (D2)

For weakly coupled theory one can ignore terms of the form O(I'yp/E.p)" for n > 0
compared to the first term due to the presence of pinching pole contribution O(1/T;).
Similar calculation can be performed for Eq. (3.30) and one can show the result as given in

Eq. (3.34).
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