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The plastic deformation of crystalline and other heterogeneous materials often manifests in
stochastic intermittent events indicating the criticality of plastic behavior. Previous studies demon-
strated that the presence of short-ranged quenched disorder modifies this behavior disrupting long-
range static and dynamic correlations consequently localizing dislocation avalanches. However, these
observations were mostly confined to relaxed materials devoid of deformation history. In this work
our focus is on how straining affects static and dynamic correlations, avalanche dynamics and local
yield stresses. We demonstrate that the interplay between severe straining and confining quenched
disorder induces critical behavior characterized by dislocation avalanches distinct from those at
lower stresses. Namely, near the flow stress many avalanches, even if triggered locally, evolve into
events affecting a larger region by exciting small clusters of dislocations all around the sample. This
type of avalanches differ from the ones at low strains where plastic events typically consist of one
compact cluster of dislocations which is either local or it is already quite extended at the onset of
the avalanche. Furthermore, we examine the impact of avalanches on local yield stresses. It is shown
in detail in this work that while some statistical features of the local yield thresholds are robust to
straining, others are significantly affected by the deformation history.

I. INTRODUCTION

Previous experimental results revealed that the plas-
tic behavior of micron and sub-micron scale crystalline
specimens fundamentally differ from that of their bulk
counterparts. In this regime size-related hardening is ob-
servable [1–3], the deformation manifests as stochastic
sequence of strain bursts [4, 5] that are often also ac-
companied by acoustic emission [6–9]. This stochasticity
results in unpredictable plasticity and a zig-zag pattern
in the stress-strain curves in contrast with the smooth
behavior of bulk samples. In crystalline materials these
fluctuations are results of sudden rearrangements of dis-
locations known as dislocation avalanches. Similar be-
havior characterizes other heterogeneous materials such
as amorphous materials or foams in which the fluctua-
tions are related to shear transformation zones [10, 11]
and T1 events [12–14], respectively.

Despite the stochastic and seemingly unpredictable na-
ture of plasticity of heterogeneous materials, several at-
tempts have been made to establish a direct connection
between the features of the microstructure and the emer-
gent plastic response [15]. One of the most powerful pre-
dictor of the plastic behavior is the the so-called local
yield stress, that is, the critical stress at which the ma-
terial yields during local probing. This descriptor was
first showed to be a powerful tool of predicting the loci
of plastic events in model amorphous solids [16] and then
its applicability was demonstrated in crystalline materi-
als modeled by discrete dislocation systems as well [17].
Numerical studies on metallic glasses revealed that the
statistics of local yield stresses strongly depend on the
preparation protocol [18]. In the case of crystalline ma-
terials it was shown that global plasticity is related to
the local yield stresses through the weakest-link princi-
ple, however, this weakest-link picture is fundamentally

different depending on whether long- or short-range inter-
actions dominate the dislocation dynamics [17]. Namely,
in systems dominated by long-range elastic dislocation-
dislocation interactions plastic events are spatially ex-
tended which leads to a weakest-link behavior of mod-
erate consistency. If, however, a significant extent of
short-ranged quenched disorder (e.g., point defects) is
introduced, the plastic events get localized and a more
rigorous traditional weakest-link picture is realized. This
is related to the concept of the wild to mild transition
which explains the empirical observation that depending
on the interaction involved a material my exhibit very
intense or very mitigated acoustic emission fluctuations
during deformation [8].

As it was discussed above, the local yield stress is a
very important indicator of the plasticity of materials and
it connects the plastic behavior with structural proper-
ties through the weakest-link principle. This makes lo-
cal yield stresses very important ingredients of mesoscale
models because they can be utilized to introduce local
strength fluctuations characteristic to heterogeneous ma-
terials [19, 20]. While it was shown for amorphous solids
that the local yield thresholds correlate with plastic ac-
tivity even after several plastic rearrangements it is still
unknown how local yield stresses evolve if materials are
exposed to significant deformation. Its importance from
the mesoscopic modeling point of view comes from the
need to understand how the local strengths have to be
updated as the system evolves and deformation occurs
and how their statistics is influenced by the deformation
history. In this work we investigate these questions as
well as the effect of deformation history in the frame-
work of 2D discrete dislocation dynamics (DDD). One
of the other foci of this work is how static (structural)
and dynamic correlations and avalanche dynamics are af-
fected by straining (nearly up to the phase transition to
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sustained plastic flow) as well as by subsequent unloading
of the sample.

The paper is structured as follows. After a summary
of the model applied, the static correlations are inves-
tigated, then the focus is moved to the dynamic corre-
lations. This is followed by an analysis of the plastic
events carried out on the level of individual dislocations,
and three distinct regimes of avalanche behavior are iden-
tified. Finally, local yield stresses are studied and the
paper is concluded with a discussion and an outlook.
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FIG. 1. The phase diagram of 2D discrete dislocation systems
with quenched disorder. σext and N are the external stress
and the number of dislocations, respectively. Q is the ratio
of the number of point defects and dislocations characterizing
the extent of quenched disorder in the system. The markers
indicate the four scenarios that are investigated in this pa-
per. The relaxed Q = 0 system (scenario I) is governed by
long-range dislocation-dislocation interactions and the case
of dislocation jamming is realized. The Q = 10 systems are
dominated by the short-range point defect - dislocation in-
teractions, that is, it lies in the pinning regime. Besides the
relaxed Q = 10 configurations (scenario II) two other types
of Q = 10 systems were studied. The configurations were
first strained close to the phase transition to sustained flow
(scenario III). Then, the configurations areunloaded to zero
external stress (scenario IV). The errorbars indicate the nor-
malized stress at which the configuration enters the state of
sustained plastic flow.

II. SIMULATION METHODS

In order to study the issues outlined in the introduc-
tion a 2D discrete dislocation dynamics (DDD) model is
applied. This model, despite its simplicity, has proven
to capture the main features of the criticality of crys-
talline plasticity since it was shown to be statistically
consistent with experiments in terms of strain burst dis-
tribution, time distribution of dislocation avalanches, etc.
[5, 9]. Additionally, the relatively simple setup (to be
discussed in the next paragraph) allows us to study the

large-strain regime (even close to the phase of sustained
plastic flow) which is immensely more challenging with
more complex 3D DDD models or lower scale molecular
dynamics (MD) approaches that are typically limited to
small strains and/or system sizes.
In the model a square-shaped (L×L sized) simulation

cell is considered that contains N = 1024 edge disloca-
tions with line directions perpendicular to the xy plane of
the simulation cell. Half of the dislocations have a Burg-
ers vector of b = bex and the other half have b = −bex
where b is the magnitude of the Burgers vectors and ex
is the unit vector in direction x. The motion of the dislo-
cations is restricted to slip motion in the direction x and
they interact via a shear stress field of

τd(r) =
µb

2π(1− ν)

x
(
x2 − y2

)
(x2 + y2)

2 (1)

where r = (x, y) is the relative position with respect to
a dislocation and µ and ν are the shear modulus and
the Poisson’s ratio, respectively. We note that in the pa-

per stresses are normalized by stress units τ0 =
µb

√
ρ

2π(1−ν)

where ρ = N/L2 is the dislocation density. Besides dis-
locations, the configurations may contain point defects
introducing short-ranged quenched disorder to the sys-
tem. The point defects are immobile but they interact
with the dislocations via their shear stress fields of

τv(r) = −2Axy

1−exp[−K2r2]
r2 −K2exp

[
−K2r2

]
r2

(2)

where r = (x, y) is the relative position with respect to
the point defect, A and K are constants characterizing
the strength and the range of the stress field of the point
defect. Based on Ref. [21] these parameters were cho-

sen as A = 0.0016 τ0L
2/
√
N and K = 103.125

√
N/L.

The extent of quenched disorder is quantified by the ra-
tio Q = Np/N of the number of point defects Np and
the number of dislocations N . In our simulations Q is
either 0 (no point defects) or 10 (10240 point defects in
each configuration). While several novel methods have
been developed to handle boundary conditions [22–24],
surface effects are outside of the scope of this work, there-
fore, periodic boundary conditions (PBC) are applied for
simplicity. PBC was implemented according to the pro-
cedure described in Ref. [25]. The dynamics of disloca-
tions is governed by the dislocation-dislocation interac-
tions, point defect - dislocation interactions and poten-
tially homogeneous external stress acting on the disloca-
tions. The emerging stiff system of differential equations
is solved with an efficient implicit numerical scheme de-
scribed in detail in Ref. [25] that provides a solution with
practically no error beyond numerical precision.
The configurations are prepared in the following way.

The dislocations (and point defects) are positioned ran-
domly according to a 2D uniform distribution. Then,
the configuration is let to relax and find a metastable
configuration while no external stress is applied. This
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relaxation may be followed by subsequent loading as de-
scribed later. In our work we studied the ensembles of
100 configurations of each type (see examples of relaxed
configurations in Fig. 2). The states at which the behav-
ior of the configurations are investigated are summarized
in Fig. 1. In total four different scenarios are studied
(which are referred to as scenario I, II, III and IV later
in the paper).

(I) Configurations without point defects (Q = 0) re-
laxed at zero external stress.

(II) Configurations with point defects (Q = 10) relaxed
at zero external stress.

(III) Configurations with point defects (Q = 10) that are
strained close to the state of sustained plastic flow
by applying a spatially homogeneous external stress
σext = 1.875τ0

√
N . The strained state is achieved

by instantaneously increasing the external stress
from zero to the desired value and then letting the
system to find a new equilibrium state.

(IV) Prestrained configurations with point defects
(Q = 10) that are obtained from scenario III by in-
stantaneously unloading the systems (that is, de-
creasing the external stress to zero) and letting
them to relax. These configurations only differ from
scenario II in their prestraining history.

The dynamical behavior and local yield stresses of these
four scenarios listed above were studied by examining
the avalanches triggered by quasi-static loading with a
spatially homogeneous external stress. An avalanche is
considered to have started when the mean dislocation
velocity exceeds a predefined threshold vthr = 10−4v0.

v0 =
µb2

√
ρ

2π(1−ν)B is the unit of velocities in our simulations

where µ is the shear modulus, b is the length of the Burg-
ers vector, ρ is the dislocation density, ν is the Poisson
ratio and B the dislocation drag coefficient characteriz-
ing dislocation mobility. When the mean velocity drops
again below this threshold, the avalanches are considered
to have ceased (see Fig. 5). For more details of the load-
ing and avalanche detection protocol during local yield
stress measurements see the corresponding section on lo-
cal yield stresses and Ref. [23].

III. RESULTS

A. Static correlations

The static correlations of the dislocation configurations
are studied by computing the two-point correlation func-
tion

ds(∆r) =
ρ
(2)
s (∆r)〈
ρ
(2)
s

〉 − 1 (3)

Q = 0 Q = 10

FIG. 2. Two representative configurations of relaxed discrete
dislocation systems for cases Q = 0 and Q = 10 where Q
is the ratio of the number of point defects and dislocations.
‘T’ shaped markers indicate the positions of edge dislocations
red and blue ones corresponding to dislocations with Burgers
vectors pointing to the positive and the negative x direction,
respectively. The small gray markers denote the position of
the point defects.

where ∆r is the relative position of two dislocations of

the same sign and ρ
(2)
s is the two-point density of same-

signed dislocations. d > 0 means that the relative posi-
tion is more frequent than in a completely random con-
figuration and d < 0 corresponds to a relative position
which is less likely. The correlation maps are shown in
Fig. 3. It is obvious that horizontally and especially ver-
tically there is a strong correlation of dislocations (that
is, a dislocation favors a position below or above another
one of the same sign). We note that the correlation of
opposite-signed dislocations was previously shown to be
shorter-range [26], therefore, we only focus on the same-
signed correlations in this work. In order to characterize
the range of static correlations, the spatial dependence
of the correlation function was computed in the verti-
cal direction within a narrow cone of central angle of
φ = 2 · tan−1(1/10) ≈ 11.4◦. The correlation functions
in the vertical direction obeys

ds(∆r) ∝ (∆r)−αexp

[
−∆r

ξs

]
(4)

where α ≈ 1.5 (as derived in Ref. [27] using a variational
approach) for all four distinct scenarios investigated but
the static correlation length ξs is affected by the extent
Q of quenched disorder and the straining history (see
Fig. 4). The correlations are the strongest Q = 0 sys-
tems (scenario I) and the data suggests data the ds(∆r)
has no cutoff or the cutoff length is large (ξs ⪆ L).
However, long-range correlations are disrupted by the
quenched disorder leading to a static correlation length of
ξ ≈ L/4 in scenario II. One could expect that these cor-
relations get stronger and the static correlation length
diverges during straining as the system approaches the
phase-transition to the sustained flow state. The pref-
actor of the dislocation-dislocation correlation, however,
gets smaller as the system gets severely strained (sce-
nario III) and it remains small as the system is unloaded
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(scenario IV). Meanwhile, the correlation length indeed
seems to diverge due to the straining with no apparent
exponential cutoff in ds in scenarios III and IV.
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FIG. 3. The two-point correlation ds of same-signed disloca-
tions (for the definition see Eq. (3)). In the horizontal and
vertical directions (in the latter, in particular) the dislocation
configurations are strongly correlated especially in systems
without quenched disorder (Q = 0).
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FIG. 4. The two-point correlation ds of same-signed disloca-
tions in the vertical direction (for the definition see Eq. (3)).
∆r/L is the distance of dislocations normalized with the sim-
ulation box size. The correlation decays with an exponent of
1.5. In scenario II the correlation has an exponential cutoff
characterized by the static correlation length ξs ≈ L/4. In
the other three scenarios the data suggest that either there is
no cutoff or it is much larger (ξs ⪆ L).

B. Dynamic correlations

In the previous section the static (configurational) cor-
relations were studied. In this section we address the is-
sue whether and how the deformation state and deforma-
tion history affects the dynamics of the system. To this
end we define the two-point velocity correlation ⟨vivj⟩ as,

⟨vivj⟩(∆r) =

〈
Nd∑
i=1

Nd∑
j=1,
j ̸=i

δD(∆r − ri + rj)vivj

〉
(5)

where Nd, r and v are the number of dislocations, their
position vector and magnitude of velocity, respectively.
δD denotes the Dirac delta generalized function. In a
similar fashion the two-point displacement correlation
⟨∆xi∆xj⟩ is defined as

⟨∆xi∆xj⟩(∆r) =

〈
Nd∑
i=1

Nd∑
j=1,
j ̸=i

δD(∆r − ri + rj)∆xi∆xj

〉

(6)
where ∆x is the displacement of an individual disloca-
tion.
⟨vivj⟩ is computed for instantaneous velocities of indi-

vidual dislocations and ⟨∆xi∆xj⟩ is evaluated for their
displacements during given time intervals. Dislocation
positions are evaluated at the moment at which the in-
stantaneous velocities are considered or at the beginning
of the studied interval in the case of displacement corre-
lations. In the following ⟨vivj⟩ is evaluated at the trig-
gering of the first avalanche (that is when the mean dis-
location velocity exceeds the a predefined threshold vthr)
and ⟨∆xi∆xj⟩ is evaluated during the avalanche (i.e., for
the interval starting at the triggering and ending when
the mean dislocation velocity drops below vthr, see Fig.
5). In this section the long-range asymptotic behavior
of ⟨vivj⟩ and ⟨∆xi∆xj⟩ is under inspection. We note
that the instantaneous velocity and displacement corre-
lations can be also interpreted as correlations of plastic
strain rate and correlations of accumulated plastic strain
contributions of individual dislocations, respectively.
At the onset of the first avalanche (during triggering)

the asymptotic behavior is

⟨vivj⟩(∆r) ∝ ∆r−δtrg (7)

where ∆r = |∆r| is the distance of two dislocations. Fig-
ure 6 shows that in the critical Q = 0 case (scenario I)
the triggered dislocation clusters are very extended al-
ready upon the onset of the avalanche with a low value
of δtrg ≈ 1.0 (see inset). In the presence of point de-
fects (scenario II), however, the decay of ⟨vivj⟩ is much
faster with δtgr ≈ 1.8. Perhaps contra-intuitively dur-
ing straining (scenario III) and approaching the phase of
sustained flow the triggered cores are not getting more
extended, on the contrary, they are even more localized
with δtgr ≈ 2.1. After unloading (scenario IV) the system
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0 tstart tend
0

vthr

v
avalanche

triggering

FIG. 5. The schematic illustration of how the correlations
⟨vivj⟩ or ⟨∆xi∆xj⟩ are evaluated. ⟨vivj⟩ is computed at
time tstart, that is, at the onset of the avalanche, when the
mean dislocation velocity v exceeds a predefined threshold
vthr. ⟨∆xi∆xj⟩ is computed for the duration of the avalanche.
This is the time interval starting at tstart and ending at time
tend when v drops below vthr.
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r/L
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v i
v j

/v
2 0

d/L
I
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III
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I II III IV

0
1
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3

trg

FIG. 6. The velocity correlation ⟨vivj⟩ normalized with v20 at
the triggering of the first avalanche. For the definition of v0
see the main text. The inset shows the exponents δtrg defined
in Eq. 7. The dashed line indicates d/L which denotes the
average dislocation spacing normalized with the linear box
size L.

again has the ⟨vivj⟩ behavior seen in the relaxed Q = 10
state.

The displacement correlation ⟨∆xi∆xj⟩ is computed
based on the displacements during the first avalanche. It
also exhibits an asymptotic powerlaw dependence on ∆r
with an exponent δava. That is, the asymptotic behavior
reads as

⟨∆xi∆xj⟩(∆r) ∝ ∆r−δava . (8)

As it clear from Fig. 7 the picture that emerges about
the spatial extension of avalanches only partly matches
the one seen for the activation cores. Similarly to the
case of triggered cores, the avalanches are also quite ex-
tended in dislocation systems without quenched disorder

(scenario I) characterized by an exponent δava ≈ 0.5. A
significantly higher value of exponent of δava ≈ 1.4 at the
relaxed Q = 10 case (scenario II) indicates that the intro-
duction of point defects localizes not only the activation
cores but the emerging dislocation avalanches as well.
This exponent remains high (in fact, even grows) in the
prestrained configuration (scenario IV) as well. However,
for severely strained systems (scenario III) δava ≈ 0.7
shows that as the system approaches the transition to
sustained plastic flow, it starts to behave similarly to the
critical Q = 0 case (scenario I) in terms of the spatial
extension of the avalanches.

10 2 10 1

r/L

10 14

10 12

10 10

10 8

10 6

x i
x j

/L
2

d/L

I
II

III
IV

I II III IV

0
1
2

av
a

FIG. 7. The displacement correlation ⟨∆xi∆xj⟩ for displace-
ments of individual dislocations during the first avalanche.
The inset show the exponents δtot defined in Eq. 8. The
dashed line indicates d/L which denotes the average disloca-
tion spacing normalized with the linear box size L.

In this paragraph the tendencies in the dynamical cor-
relations are summarized. The exponents δ of scenario
I and II are quite consistent. In the former case the
exponents are low (0 < δ < 1) indicating that the dy-
namically affected regions of the system are quite ex-
tended in space. In the latter case the exponent are sig-
nificantly higher (around 0.8 − 0.9 higher in each case)
corresponding to a much more localized dynamic behav-
ior. The strained (loaded) Q = 10 systems (scenario
III), however, exhibit a more complex dynamic pattern.
Activation cores (where the triggering of the avalanche
happens) are still localized (surprisingly even more than
in the relaxed systems) but the dynamical correlations
in whole avalanches is much longer-ranged (such as in
scenario I). This is consistent with what one would ex-
pect being close to the phase transition to sustained flow
since correlations lengths near phase transition tend the
diverge (e.g. near the Curie point in the context of mag-
netization). The prestrained systems (scenario IV) have
similar dynamical correlations to its relaxed counterpart
without any straining history (scenario II), in fact, our
simulations show that their behavior at the onset of the
first avalanche is practically indistinguishable based on
distance dependence of ⟨vivj⟩. We note that both for
the triggering and for the whole avalanches the pow-
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erlaw regime quantified by the exponent δ was preva-
lent over the normalized characteristic dislocation spac-
ing d/L = 1/

√
ρL = 1/

√
N . Below d/L typically we

obtained roughly constant (distance-independent) veloc-
ity and displacement correlations. This indicates that
the dislocations that contribute the most to these corre-
lations (i.e. the ones at the very core of the avalanche)
typically have comparable velocities irrespective of their
actual distance.

C. Participation number

In the previous section the spatial range of dynamic
correlations was examined. In the following the number
of dislocations involved in the (first) avalanches is stud-
ied by introducing the participation number (PN). PN
characterizes the number of moving dislocations [28] and
is defined as

PN(v) =

(∑N
i=1 |vi|2

)2

∑N
i=1 |vi|4

. (9)

Analogously, if the aim is to quantify the dynamic behav-
ior integrated for a time interval instead of an instanta-
neous dynamic state, the displacement-based version of
the participation number can be defined as

PN(∆x) =

(∑N
i=1 |∆xi|2

)2

∑N
i=1 |∆xi|4

. (10)

Here vi and ∆xi are the velocity and the displacement
of the ith dislocation, respectively. In the special case
of N ′ dislocations moving with the same velocity and
N − N ′ dislocations being still PN simply takes on the
value of N ′. In a general case (potentially all disloca-
tion velocities being different) PN is typically non-integer
but stays within the bounds of 1 and N and character-
izes the number of dislocations having significant veloci-
ties/displacements (compared to the other ones).

The probability density functions P of PN(v) and
PN(∆x) are shown in Fig. 8. The results clearly show
that more dislocations are involved in both the triggering
and the whole avalanche in the Q = 0 systems (scenario
I) than in the Q = 10 ones (scenarios II, III and IV) ir-
respective of the deformation history. It can be observed
that different straining history does not yield a strik-
ing difference between the average behavior of Q = 10
systems in terms of the participation number (neither
at triggering nor for the whole avalanches). It is some-
what contradictory with the more pronounced differences
that were shown in the case of dynamic correlations. In
the following section the structure of the avalanches is
studied (on the level of individual dislocations) and it is
demonstrated that strained configurations (with short-
range quenched disorder) can produce avalanches that
are spatially quite extended despite having a relatively

small number of dislocations involved (which resolves the
above mentioned seeming contradiction).

100 101 102

PN(v)

10 3

10 2

10 1

100

P(
PN

(v
))

100 101 102

PN( x)

10 3

10 2

10 1

100

P(
PN

(
x)

)
I
II
III
IV

I II III IV
0
5

10
15

PN
(v

)

I II III IV
0

10

20

PN
(

x)

FIG. 8. The probablity density function P of the participa-
tion number PN based on velocities (PN(v)) or displacements
(PN(∆x)). For the definition see Eqs. (9) and (10). (Top):
The PN based on the instantaneous velocities at the onset of
the first avalanche. (Bottom): The PN based on the accu-
mulated displacements during the first avalanche. The insets
show the mean PN values and their uncertainty estimated
with the Jackknife method.

D. Avalanche structure

As it was mentioned previously, when comparing the
data in terms of participation numbers and spatial dy-
namic correlations, the results might seem somewhat
contradictory in the case of strained Q = 10 systems
(scenario III). Namely, while during the avalanches the
asymptotic ⟨∆xi∆xj⟩ behavior of these systems tends
towards the same exponent as for the critical Q = 0 con-
figurations (scenario I), in terms of PN the strained sys-
tems are still much closer to the relaxed Q = 10 case
(scenario II) which contains much more localized events
than scenario I. That is, while the avalanches in strained
configurations show longer-range dynamical correlations
the number of dislocations involved certainly do no seem
to grow proportionally. In order to address this discrep-
ancy, in the following the plastic events are analyzed on
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the level of individual dislocations.

FIG. 9. Left: The dislocation velocity v at the triggering
at three typical events. Right: The displacement ∆x accu-
mulated during the same events. The participation number
PN (based on either the velocities or the accumulated dis-
placements), the exponent δ characterizing the decay of ei-
ther ⟨vivj⟩ or ⟨∆xi∆xj⟩ at large distances and the number of
avalanche cores Nc are also shown for each event. For the def-
inition of these quantities see the main text. Note: the point
defects are not indicated in the figure for visibility purposes.

The visual inspection of the avalanches revealed that
the events can be categorized into three classes that are
presented in Fig. 9. Some events are already quite ex-
tended at their onset and naturally the accumulated plas-
tic activity also covers a large portion of the simulation
cell (see top row of Fig 9). Other events are triggered
very locally and remain small during the avalanche (see
middle row). The probably most interesting type of event
is the third one where the triggering occurs locally and
then small clusters of dislocations (or even single disloca-
tions) are drawn into motion from remote regions of the
sample (see bottom row). That is, instead of the growing
of a single core of active dislocations a ‘sea-islands’ type
picture emerges.

In order to statistically quantify the differences of
events in the four scenarios a simple algorithm is intro-
duced to detect clusters of active dislocations and classify
plastic events into the three casts presented in Fig. 9.
To this end, the accumulated dislocation activity during
the avalanches is considered. First, all dislocations with
a total displacement below 1% of the largest individual
dislocation displacement are discarded and only the ones

with displacements above this threshold are kept. Then
all dislocation that are within the distance of 3d (where

d = L/
√
N is the average dislocation spacing) are vir-

tually connected. The connected clusters of dislocations
are considered the cores of the avalanche. Finally, the
number of clusters consisting of more dislocations than
the third of the size of the largest core are counted and
is denoted by Nc (for examples see Fig. 9). Additionally,
PN(∆x) is computed (including all N dislocations). The
classes are then determined as follows. If Nc > 2, the
event is categorized to have ‘many cores’. If not, that is
if it only has 1 or 2 cores, and PN(∆x) > N/100 = 10.24
then the event is classified as having a ‘large core’, other-
wise, it has a ‘small core’. We note that while the choice
of thresholds for the number of cores and for the partici-
pation number is arbitrary, the same conclusions can be
drawn within a sensibly wide range of thresholds.

The execution of this classification on the four scenar-
ios reveals the following picture that is visualized in Fig.
11. As it was shown, the behavior of relaxed Q = 0
and Q = 10 systems (scenario I and II) is fundamentally
different. In Q = 10 configurations practically all plas-
tic events are quite small while in the Q = 0 samples
their is a wide selection of events ranging from the mo-
tion of single dipoles (PN ≈ 2) up to events well above
our threshold of N/100 = 10.24 (see also Fig. 8). It
is the same, however, in both cases that the core of the
avalanche is typically one spatially compact active region.
The picture is more complex as the Q = 10 configuration
is strained and approaches the phase transition to the
state of sustained flow (scenario III). While the growth
in terms of PN is incremental, the activation of many
small and spatially disjoint parts of the sample during the
avalanche is significantly (c. four times) more frequent
than in the relaxed case. Individual dislocation velocity
data suggests that remote dislocation clusters are drawn
into the avalanche by subsequent chain-triggering (see
Fig. 10 for an example). This explains the conundrum
how the long-range dynamical correlations appear in the
strained systems even though the size of the avalanches
(in terms of the number of participating dislocations)
does not increase proportionally at all. It can be also ob-
served that upon unloading Q = 10 systems (scenario IV)
return to the same behavior characterizing their relaxed
counterparts (scenario II) despite their pre-deformation
history.

It was demonstrated in previous works that at small
strains pure (point defect free) dislocation systems (sce-
nario I) and the ones also containing a great extent of
short-range quenched disorder (in the form of, e.g., point
defects or precipitates, scenario II) belong to two dis-
tinct classes [21, 29]. This has been observed here as
well: in both scenarios I and II the avalanches have a
single compact core, however, while in scenario I local-
ized and extended events coexists, in scenario II prac-
tically all avalanches are localized. The current results
imply that the avalanche behavior of immensely strained
systems with quenched disorder (scenario III) belong to a
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FIG. 10. Comparison of the dislocation velocity evolution
during avalanches for the two types (single-core and multi-
core) of spatially extended plastic events. Each curve de-
notes the magnitude of the velocity v (normalized with the
avalanche detection threshold vthr) of an individual disloca-
tion. Time ∆t starts at the onset of the avalanche and is mea-
sured in simulation unit t0. (Top): A typical single-core event
(corresponding to the ‘large core’ example in Fig. 9) which
has a relatively smooth and uniform velocity evolution. (Bot-
tom): A typical multi-core avalanche (corresponding to the
‘many cores’ example in Fig. 9) characterized by the chain-
triggering of remote dislocations (or clusters of dislocations)
resulting in an intermittency of the evolution of dislocation
velocity.

third, different regime. In these systems there is diversity
of events affecting very local and very extended regions of
the sample, but even in the latter case the avalanches con-
sist of a small number of dislocations which are, however,
from clusters scattered along the specimen. The pro-
posed phase diagram supplemented with the new regime
is schematically shown in Fig. 12 with caption briefly
summarizing the nature of avalanches in each regime. It
should be stressed that the figure is strictly schematic
and the actual shapes of different regimes can not be ob-
tained from the current data.
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FIG. 11. The classification of the first avalanches of the 100
configurations of each type. Relaxed Q = 0 systems exhibit
a diversity between of small and large typically single-core
avalanches. Relaxed and prestrained Q = 10 configurations
almost exclusively produce small single-core avalanches while
a significant minority of multi-core but typically relatively
low-PN events emerges in strained systems. For the details
of the classification method and the definition of the three
classes see the main text.
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FIG. 12. The regimes of dynamic behavior during avalanche
activity. At low external stress in systems dominated by
long-range dislocation-dislocation interactions avalanches oc-
cur due to the unjamming of dislocations in form of compact
events that come from a very wide size-range. At low external
stress in systems dominated by short-range interactions upon
depinning small localized avalanches occur. At larger stresses
however, a significant minority of delocalized avalanches ap-
pear which consist of small clusters of moving dislocation scat-
tered across a large area. At large enough stress (which is
dependent on the extent of short-ranged quenched disorder)
the system reaches the state of sustained plastic flow.

E. Yield stresses and local yield stresses

After studying the correlations and the avalanche be-
havior now we turn to one of the main questions if this
work: how are the local yield stresses affected by the
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avalanches and the deformation of the model sample.
Firstly, the long-term, global impact of the deformation
is studied. That is, the effect of severely straining and
then unloading the system on the statistics on the yield
stresses. Then, the short-term, local impact is inves-
tigated. Namely, how the local yield stress landscape
evolves due to individual avalanches in the four different
scenarios.

The local yield stress associated with a given sub-
region of the sample (referred to as box in the rest of the
paper) is assumed the be determined by the strength of
the weakest of the activable substructures (links) within
the box. (If the local yield stress is assigned to the
whole simulation cell, we will simply refer to it as the
yield stress or yield threshold). Thus, one may expect
the local yield stress τy to obey an extremal probabil-
ity distribution, in particular, a first order statistics (i.e.,
minimum) distribution. Namely, if in the small strength
limit the link strength τlink is powerlaw distributed as
Flink(τlink) ∝ τklink, Flink being the cumulative distribu-
tion function (CDF) of τlink, then the emergent extremal
distribution is of Weibull type [30–34] with a CDF

F (τy) = 1− exp

[
−
(τy
λ

)k
]
. (11)

Here λ and k are the so-called scale and shape param-
eters, respectively. The former is proportional to the
mean value of the variable and the latter describes the
asymptotic behavior at the τy → 0 limit. Here we con-
sider τ ′y = τy − τinit where τinit is the initial external
stress which is zero for all scenarios except scenario III.
The statistics of yield thresholds τ ′y (corresponding to
the whole simulation cell) were obtained during loading
the sample with a quasi-statically increasing spatially ho-
mogeneous external stress, τy being the critical stress at
which the first avalanche occurs. The event is detected
based on thresholding: the avalanche is considered to
have started when both the mean dislocation velocity and
its derivative w.r.t time exceed a predefined value. As it
is shown in Fig. 13 the statistics of the yield thresholds
τ ′y indeed obeys the Weibull distribution with a shape pa-
rameter k ≈ 1.1± 0.1 robust to the change of the extent
Q of quenched disorder and to the deformation history
of the sample. The scale parameter λ, however, depends
on Q and the deformation history. The most significant
effect is that prestraining (scenario IV) immensely in-
creases the yield stress values due to the elimination of
weak substructures that are easy to trigger during the
loading stage.

Above it was shown that while some features (e.g. the
shape parameter) of the yield threshold distribution is
robust, the straining history can affect the statistics of
local yield stresses. Now let us focus on the short-term
changes of local yield stresses (corresponding to smaller
subsystems) after individual dislocation avalanches. To
this end the following procedure is applied. Each con-
figuration is divided into 8 × 8 square shaped disjoint
boxes. Then the local yield stress of each box is probed

10 3 10 2 10 1
′y/ 0
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100

CD
F(

′ y/
0)

I II III IV0
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FIG. 13. The cumulative distribution functions (CDFs) of the
corrected yield stress τ ′

y = τy − τinit where τy and τinit are the
yield stress and the initial external stress, respectively. The
latter is non-zero only in the strained (green) case. The inset
shows the scale (k) and shape (λ) parameters of the fitted
Weibull distributions. τ0 is a constant defined the main text
and N = 1024 is the number of dislocations.

by quasi-statically increasing spatially homogeneous ex-
ternal stress while keeping the dislocations outside the
box fixed. The computation of local yield stresses is
done with the thresholding-based detection of avalanches
described above. The local yield stresses are first com-
puted for all boxes based on the first avalanches. Then,
quasi-static global loading is applied to the relaxed con-
figurations. That is, all dislocations are affected by the
homogeneous external stress and all are mobile. The
configurations are loaded until the first avalanche occurs
(that is, until the yield threshold of the whole simulation
cell). This, naturally results in the spatial redistribution
of dislocations which leads to the change of the local yield
stress of each fictitious box. The local yield stresses are
measured after this global loading as well. The change
of τy is denoted with ∆τy. For each configuration a map
of ∆τy is created. The box with the largest change (in
terms of absolute value) is considered the be the core of
the avalanche was. Each map is rearranged by moving
the core box into the center while keeping the relative po-
sitions (quantified by coordinates ∆x and ∆y) of boxes
(taking into account the PBC). These re-centered maps
are than averaged (and symmetrized in order to decrease
noise) over the ensembles of configurations of each of the
four scenarios. The so obtained maps of |∆τy| and ∆τy
are shown in Figs. 14 and 15, respectively.
The maps indicate that at the core box (that is, where

the dislocation avalanche emerged) ⟨|∆τy|⟩ is signifi-
cantly larger than in any other box and ⟨∆τy⟩ > 0, that
is, an immense hardening is observed. This is not sur-
prising since after the activation of the first avalanche
the next activable link is probably significantly harder
to trigger. This can be explained by the assumption
(consistent with the numerically obtained Weibull dis-
tributions of τy) that the low-strength asymptotic distri-
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bution of link strengths obeys a power-law. This is the
part of the distribution that matters during weakest link
activation. Since at the low-strength tail of the distri-
bution the probability density is low, independently of
the redistribution of dislocations, one’s intuition would
be that the second avalanche in this core box is signif-
icantly harder to trigger than the first one. The other
boxes are also affected by the avalanche but to a smaller
extent and typically softening can be observed instead of
hardening. The probability density functions of ∆τy are
shown in Fig. 16. The core boxes almost always (with
more than 93% probability in each scenario) harden with
∆τy approximately obeying an exponential distribution.
The non-core boxes typically soften (with more than 76%
probability in each scenario) due to the increased exter-
nal stress and the change of internal stresses resulted by
the dislocation rearrangements.
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FIG. 14. The average of the absolute value of the change of
the local yield stresses ⟨|∆τy|⟩ in the boxes. ∆x and ∆y are
the relative coordinates measured from the middle of the box
where |∆τy| is the largest. Lbox is the edge width of the boxes
and τ0 is a constant defined in the main text.

Figure 17 shows the dependence of ⟨|∆τy|⟩ on the dis-
tance ∆r =

√
∆x+∆y measured from the avalanche

core. In every scenario the impact of the avalanche on
the local yield stresses decay according to

⟨|∆τy|⟩ ∝ (∆r)−β . (12)

As in relaxed Q = 10 systems (scenario II) the dynam-
ical correlations are weaker and shorter-ranged than in
their Q = 0 counterparts (scenario I), not surprisingly,
the same can be observed in terms of the magnitude of
⟨|∆τy|⟩ and the exponent β. More surprisingly, β remain
the same during severe straining (scenario III), although,
the avalanche impact is stronger (comparable with sce-
nario I) indicated by the increase in the magnitude of
⟨|∆τy|⟩. In the prestraining case (scenario IV) β ≈ 0,

-4

-2

0

2

4

y
/L

b
o
x

Q= 0 relaxed (I) Q= 10 relaxed (II)

-4-2024
x/Lbox

-4

-2

0

2

4

y
/L

b
o
x

Q= 10 strained (III)

-4-2024
x/Lbox

Q= 10 prestrained (IV)

100

10 1

10 2
0
10 2

10 1

100

y
/

0

avalanche core

FIG. 15. The average of the change of the local yield stresses
⟨∆τy⟩ in the boxes. ∆x and ∆y are the relative coordi-
nates measured from the middle of the box where |∆τy| is
the largest. Lbox is the edge width of the boxes and τ0 is a
constant defined in the main text. The middle box (where
the avalanche core is) exhibits a significant hardening while
the surrounding boxes show softening on average.
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FIG. 16. The probability density function P of the change
of local yield stresses ∆τy in core boxes (where the core of
the avalanche is) and non-core boxes. The core boxes almost
always exhibit strong hardening and the non-core ones typ-
ically show weak softening. τ0 is a constant defined in the
main text and the dashed line underscores ∆τy = 0.

that is, the softening is comparable in all boxes. This
is the results of the first avalanche being triggered af-
ter an increment of external stress much larger than in
any other scenarios which leads to a larger extent of re-
arrengement (in the form of drifting dislocation motion)
prior to the avalanche. This is probably related to the
elimination of substructures that are easy to trigger dur-
ing the prestraining (which was also suggested in Ref.
[35]).
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FIG. 17. The average of the absolute value of the change of
the local yield stresses ⟨|∆τy|⟩ in the boxes as a function of
the distance ∆r of their middle from the middle of the box
that contains the core of the avalanche (that is, where |∆τy| is
maximal). ‘+’: box horizontally or vertically aligned with the
core box, ‘×’: box diagonally positioned in comparison to the
core box, ‘◦’: every other box. The inset shows the exponent
β characterizing the powerlaw decay with the distance from
the core box. L and τ0 are the linear size of the simulation
cell and a constant defined in the main text, respectively.

It is generally true (regardless of the scenario) that
the boxes that are vertically or horizontally aligned with
the core box are more impacted by the avalanche while
the diagonally positioned boxes are less affected. This
angular dependence can be related to the stress field in-
duced by the rearrangement of the dislocations by the
inspection of the Eshelby stress field of a displaced dislo-
cation [36]. The shear stress field of a dislocation dis-
placed with an infinitesimally small ∆x changes with

∆τ = ∂xτd∆x = cos(4φ)
r2 ∆x where φ is the angular po-

lar coordinate and τd is the shear stress field of a dis-
location (see Eq. (1)). If it is assumed that (i) during
an avalanche the displacement of dislocations is typically
small, (ii) most of the dislocations move in the direction
consistent with the external stress and (iii) the disloca-
tion motion is the most intense in a relatively local and
compact inner core of the avalanche, the change of the
internal stress field has roughly a cos(4φ) type angular
dependence (consistently with the results in Ref. [29])
which strengthens the effect of the external stress in the
vertical and horizontal directions and weakens it diag-
onally. This leads to the observed enhanced softening
vertically and horizontally and the mitigated softening
diagonally.

IV. CONCLUSION AND OUTLOOK

In this work we studied the static and dynamic length
scales, avalanche dynamics and local yield stresses in
2D DDD framework in configurations with and without

short-range quenched disorder and with different defor-
mation history. As the pure systems driven exclusively
by long-range elastic interactions exhibit criticality al-
ready at zero external stress, our focus was on whether
and how the behavior of systems with quenched disorder
(dominated by short-range interactions) tend to the crit-
icality characterizing the pure systems. Therefore, while
using the relaxed systems (with or without short-ranged
quenched disorder) as references we examined the be-
havior of systems with quenched disorder after severely
straining (loading) them and also after subsequent un-
loading.

In terms of static dislocation-dislocation correlations
it was found that the straining, despite making the cor-
relation weaker, also makes it longer-range which effect
persisted after unloading the sample as well. Similarly,
the severely strained systems (despite avalanches being
triggered very locally, in contrary to pure systems) exhib-
ited longer-range dynamic correlations than their relaxed
counterparts (unlike the unloaded/prestrained configura-
tions). However, further analysis of the data revealed
that this avalanche behavior, despite exhibiting similar
asymptotic dynamic correlations compared to pure sys-
tems, fundamentally differs from the nature of plastic
events in the systems dominated by long-range inter-
actions. Our results imply that apart from the regime
of sustained plastic flow at very large stresses at least
three distinct regimes of avalanche behavior exist in this
framework. Namely, (1) when long-range dislocation-
dislocation interaction dominate the dynamics, localized
and extended plastic events coexist and they occur as a
result of dislocation unjamming. In systems dominated
by short-range interactions (2) at low external stress plas-
tic events are localized and happen due to depinning of
dislocations, however, (3) at larger stresses, in addition
to localized events, another type of avalanche appears.
These events are typically also triggered locally but the
triggering is followed by a delocalized sequence of depin-
ning of small, spatially isolated and often quite remote
clusters of dislocations. That is, while in this regime the
extended dynamic correlations indeed appear similarly to
the pure systems these correlations are not the result of
the correlated motion of a large and compact dislocation
cluster but the chain-triggering of a lower number of dis-
locations scattered across a quite extended region of the
system.

Besides the correlations, the yield stress (correspond-
ing to whole configurations) and local yield stresses (cor-
responding to subsystems) were studied. The results
showed that the yield stresses (consistently with the
weakest-link principle) obey Weibull distribution with a
shape parameter robust to the introduction of quenched
disorder and to the deformation history. It was observ-
able, however, that the loading and subsequent unloading
of a configuration results in a remarkable hardening (that
is, a shift of the scale parameter of the yield stress distri-
bution). The analysis of local yield stresses indicate that
the local hardness of the material changes significantly
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when an avalanche occurs due to the rearrangement of
dislocations. At the core of the avalanche an immense
hardening is observable. In the more remote vicinity,
however, the material is (on average) softening and the
impact is significantly weaker. The softening effect di-
minishes as the distance from the core of the avalanche
is increased. More precisely, the mean change of the local
yield stress decays according to powerlaw with an expo-
nent dependent on the extent of quenched disorder and
the straining history and it exhibits an angular depen-
dence consistent with the Eshelby stress field.

We note that our results were performed in a rela-
tively simple 2D DDDmodel which as such can reproduce
statistical features of crystalline plasticity in single-slip

setup (such as in appropriately oriented HCP materials)
but it cannot account for more complex behavior preva-
lent in multi-slip scenarios, e.g., junctions, cross-slip, etc.
It still remains to be challenging, however, to study the
high-strain regime for sufficiently large samples in the 3D
DDD framework due to the immense computational cost.
This computational barrier and the easier interpretabil-
ity of the 2D model led us to employing 2D DDD for
this particular study. Nevertheless, it would be an inter-
esting question in the future to see how severe straining
affects the static and dynamic correlations and local yield
stresses in more complex 3D DDD models and whether a
similar picture emerges in terms of the prevalent regimes
of avalanche behavior.
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