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Twist analysis of the spin-orbit correlation in QCD

Yoshitaka Hatta1, 2, ∗ and Jakob Schoenleber2, †

1Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA
2RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA

We present a QCD analysis of the twist-three parton distribution functions associated with the
spin-orbit correlation of quarks and gluons in the nucleon. We derive a novel longitudinal momentum
sum rule which may be regarded as the momentum version of the Jaffe-Manohar spin sum rule. The
result is also applicable to spinless hadrons and nuclei with trivial modifications.

I. INTRODUCTION

Quarks and gluons, fundamental constituents of the nucleon, carry angular momentum in the forms of spin and
orbital angular momentum (OAM). These contributions must sum up to the spin of the nucleon, which is 1

2 , through
the process of angular momentum coupling. This simple argument can be precisely formulated in QCD in terms of
spin sum rules

1

2
=

1

2
∆Σ +∆G+ Lq + Lg, (1)

=
1

2
∆Σ + Lkin

q + Jg. (2)

(1) is referred to as the Jaffe-Manohar (JM) sum rule [1] where 1
2∆Σ = 1

2

∑

q(∆q+∆q̄) and ∆G represent the quark

and gluon helicity contributions, and Lq,g are the canonical OAMs of quarks and gluons. On the other hand, (2)
is called the Ji sum rule [2] where Lkin

q is the quark kinetic OAM and Jg is the total gluon angular momentum.
These sum rules shed light on the origin of the nucleon spin, which is one of the main scientific goals of the future
Electron-Ion Collider [3]. Ultimately, one would like to determine the precise numerical values of all the components
in (1) and (2) and understand the intricate QCD dynamics behind them.

Needless to say, the sum rules (1), (2) are relevant only to hadrons with nonzero spin. For a spinless hadron, such
as the pion, all the terms in (1) and (2) are zero. Of course, individual quarks and gluons do carry spin and OAM,
but their averages are zero in a spinless or unpolarized hadron. However, their correlations can be nonzero in general,
and may provide novel insights into the structure of hadrons with or without spin. One such example is a recent
observation [4] that the helicity and OAM of quarks and gluons at small-x are maximally entangled in a quantum
mechanical sense. This has been deduced from an analysis of the quark [5] and gluon [4, 6] spin-orbit correlations Cq,g

which measure how likely the helicity and OAM of individual partons are aligned or anti-aligned. Thus the study of
Cq,g offers a novel platform to discuss quantum entanglement effects inside hadrons and nuclei and their manifestation
in experimental observables.

Motivated by this development, in this paper, we perform a QCD analysis of the quark and gluon spin-orbit
correlations where ‘spin’ and ‘orbit’ refer to those in the JM decomposition (1). (Note that the gluon helicity and
OAM can be defined only in the JM decomposition scheme (1).) We present the rigorous definition of the collinear
parton distribution functions (PDFs) associated with spin-orbit correlations Cq,g(x) and derive their exact relations
to twist-two and twist-three generalized parton distributions (GPDs). Our approach closely parallels that in [7] which
discussed the PDFs for parton OAMs Lq,g(x). In a sense, Cq,g(x) are the parity transforms of Lq,g(x), so their
operator structures are similar. In the quark sector, our results partly overlap with those in [8], but we provide more
explicit expressions for the genuine twist-three terms. The results in the gluon sector are entirely new. In the end,
we will establish a new longitudinal momentum sum rule

1 = ∆Σ(3) +
1

2
∆G(3) − 3C(2)

q −
3

2
C(2)

g + · · · , (3)
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where the superscript (j) denotes the j-th moment of the corresponding PDF. (In this notation, ∆Σ = ∆Σ(1), etc.
in (1).) (3) shows only the ‘Wandzura-Wilczek’ part [9]. The exact formula is given in (66) and includes off-forward
matrix elements of genuine twist-three, quark-gluon-quark and three-gluon light ray operators, as well as a quark
mass term related to certain quark transversity GPDs. This may be considered as the momentum version of the JM
spin sum rule (1), and as such, it is equally fundamental to nucleon structure science.

II. SPIN-ORBIT CORRELATION AND GTMD

In this section, we introduce the spin-orbit correlations for quarks and gluons as moments of certain generalized
TMDs (GTMD). Let us first consider the polarized quark GTMD [10]1

f̃q(x, ξ, k⊥,∆⊥) =

∫

d3z

2(2π)3
eixP

+z−−ik⊥·z⊥〈p′s′|q̄(−z/2)W±γ
+γ5q(z/2)|ps〉

=
−i

2M
ū(p′s′)

[

ǫijk
i
⊥∆

j
⊥

M2
Gq

1,1 +
σi+γ5
P+

(ki⊥G
q
1,2 +∆i

⊥G
q
1,3) + σ+−γ5G

q
1,4

]

u(ps), (4)

where M is the nucleon mass, Pµ = pµ+p′µ

2 =
(

P+, 0⊥,
M2+∆2

⊥
/4

2P+(1−ξ2)

)

and ∆µ = p′µ − pµ =
(

−2ξP+,∆⊥,
ξ(M2+∆2

⊥
/4)

P+(1−ξ2)

)

.

We shall set ξ ∝ ∆+ = 0 (hence also ∆− = 0) throughout this paper and keep only linear terms in ∆⊥ in the limit
p′ → p. The spin vectors s, s′ play no role in this paper and will be suppressed below unless otherwise stated. It is
understood that we simultaneously take the limit s′ → s and average over s. W+ and W− are staple-shaped Wilson
lines in the fundamental representation

W± = W
− z−

2
,±∞

W−
z
⊥

2
,
z
⊥

2
W

±∞, z
−

2

, W
±∞, z

−

2

= Pexp

(

−ig

∫ ±∞

z−/2

dx−A+
a (x

−, z⊥/2)t
a

)

(5)

which connect the two points ±z/2 via light-cone infinity z− = ±∞. The quark spin-orbit correlation is defined as [5]

Cq = −i

∫ 1

−1

dx

∫

dk⊥ǫ
ij ∂

∂∆i
kj f̃q(x, k⊥,∆⊥)

∣

∣

∣

∣

∆⊥=0

=

∫ 1

−1

dx

∫

d2k⊥
k2⊥
M2

Gq
1,1(x, k⊥, 0). (6)

As we shall see, the direction of the Wilson line W+ or W− does not matter due to PT -symmetry [11]. In terms of

the polarized Wigner distribution [12] f̃q(x, k⊥, b⊥) =
∫

d2∆⊥

(2π)2 e
−ib⊥·∆⊥ f̃q(x, k⊥,∆⊥)

Cq =

∫

dx

∫

d2k⊥d
2b⊥ǫ

ijbikj f̃q(x, k⊥, b⊥). (7)

This is a more intuitive formula which features the classical expression of OAM ǫijbikj.

Let us also define the associated parton distribution function (PDF) by undoing the x-integral

Cq(x) =

∫

d2k⊥
k2⊥
M2

Gq
1,1(x, k⊥, 0). (0 < x < 1) (8)

For antiquarks, Cq̄(x) = −Cq(−x) such that Cq =
∫ 1

0 dx(Cq(x)−Cq̄(x)). To find the operator structure of Cq(x), we

convert kj in (6) into a z⊥-derivative acting on the quark bilinear.
∫

d2k⊥k
j f̃q =

i

2

∫

dz−

4π
eixP

+z−

〈p′|q̄(−z/2)γ+γ5(W− z−

2
, z

−

2

Dj
pure −

←−
D j

pureW− z−

2
, z

−

2

)q(z/2)|p〉

∣

∣

∣

∣

z⊥=0

≈ −
i

2
ǫji∆iCq(x). (9)

1 Our conventions are γ5 = iγ0γ1γ2γ3 and ǫ0ij3 = ǫ−+ij = ǫij such that Tr[γµγνγργλγ5] = −4iǫµνρλ. The sign of γ5 is opposite to that

in [7]. The covariant derivative is defined as Dµ = ∂µ + igAµ. We also use the notations
←−
Dµ =

←−
∂ µ − igAµ and

←→
D µ = Dµ−

←−
Dµ

2
. In

this convention, the Yang-Mills equation reads DµF
µν
a =

∑

q gq̄γ
νtaq. Transverse vectors such as ki = −ki (i = 1, 2) are contracted

with the Euclidean signature k⊥ · z⊥ = kizi.
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Here and below, the symbol ≈ means that only the linear term in ∆⊥ is kept. Dµ
pure is the gauge covariant general-

ization of the partial (canonical) derivative ∂µ

Dµ
pure(x) ≡ Dµ(x) + i

∫

dw−K(w− − x−)Wx−,w−gF+µ(w−, x⊥)Ww−,x− , (10)

with K(w−) = ±θ(±w−) corresponding to the two choices W±. The additional term in (10) comes from the derivative
of the Wilson line along the light-cone. We recall that Dµ

pure defines the canonical OAM Lq,g ∼ ǫijbiiDj
pure necessary

for the gauge invariant completion of the Jaffe-Manohar sum rule (1) [11, 13]. The same operator naturally appears
here since we use the staple-shaped Wilson line throughout.

The gluon spin-orbit correlation can be introduced in the same way. Starting from the polarized gluon GTMD

xf̃g(x, ξ, k⊥,∆⊥) = i

∫

d3z

(2π)3P+
eixP

+z−−ik⊥·z⊥〈p′|F̃+µ(−z/2)W±F
+
µ(z/2)|p〉 (11)

=
−i

2M
ū(p′)

[

ǫijk
i∆j

M2
Gg

1,1 +
σi+γ5
P+

(kiGg
1,2 +∆iGg

1,3) + σ+−γ5G
g
1,4

]

u(p),

where W± is the staple-shaped Wilson line in the adjoint representation, we define the PDF of the gluon spin-orbit
correlation as [4, 6]

xCg(x) ≡ −i

∫

d2k⊥ǫ
ij ∂

∂∆i
kjxf̃g(x, k⊥,∆⊥)

∣

∣

∣

∣

∆⊥=0

=

∫

d2k⊥
k2⊥
M2

Gg
1,1(x, k⊥, 0). (12)

Again the direction ± does not matter. Note that Cg(x) is odd under x → −x so the first moment vanishes
∫ 1

−1 dxCg(x) = 0 in contrast to the quark case. (Incidentally, the integral
∫ 1

0 dxCg(x) is divergent.) In terms of
operators we find

∫

d2k⊥k
jxf̃g = −

1

2

∫

dz−

2πP+
eixP

+z−

〈p′|F̃+µ(−z/2)(W
−z−

2
, z

−

2

Dj
pure −

←−
D j

pureW− z−

2
, z

−

2

)F+
µ(z/2)|p〉

∣

∣

∣

∣

z⊥=0

≈ −
i

2
ǫji∆ixCg(x), (13)

where Dj
pure is the same as before except that it is now in the adjoint representation. For simplicity, in the following

we will omit subscripts on Wilson lines (e.g., W
− z−

2
, z

−

2

→ W ). The reader can easily reinstate them considering

gauge invariance.

III. QUARK SPIN-ORBIT CORRELATION

The definition of the spin-orbit correlations in terms of the Wigner/GTMD distributions is intuitive but somewhat
heuristic, as it potentially overlooks the subtleties in properly defining transverse momentum dependent distributions
beyond leading order. In order to avoid this issue, it is more advantageous to work in a purely collinear framework.
In this section we follow the strategy developed in [7] (see also [14]) for the parton OAM PDFs Lq,g(x) and adapt it
to define and analyze the quark spin-orbit correlation Cq(x).
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A. Twist-3 qgq correlation functions

As a preliminary, we introduce the ‘genuine twist-three’ quark-gluon distributions. First, the ‘F-type’ correlators
are parametrized as2

1

(P+)2

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|q̄(−λn/2)γ+γ5gF

+i(τn)Wq(λn/2)|p〉

≈
−i

2
ū(p′)γiγ5u(p)G̃Fq(x1, x2) +

ǫij∆j

2P+
ū(p′)γ+u(p)Ãq(x1, x2)−

i∆i

2P+
ū(p′)γ+γ5u(p)Φ̃Fq(x1, x2)

≈ ǫij∆jΨ̃Fq(x1, x2) + · · · , (16)

where nµ = δµ−/P
+ is a lightlike vector to make λ, τ dimensionless. In the last line we have kept only the linear

terms in ∆⊥ in the limit ∆⊥ → 0 and redefined Ψ̃F (x, x
′) = 1

2 G̃F (x, x
′) + Ã(x, x′). Φ̃F was the focus of [7] which

concerned the parton OAM in a longitudinally polarized nucleon ū′γ+γ5u ≈ 2s+. In the present work, this term
drops out because we average over nucleon spins as mentioned before. Note that G̃F is one of the Efremov-Teryaev-
Qiu-Sterman (ETQS) functions relevant to transverse single spin asymmetry (SSA) [15–17]. It is also familiar in
the context of higher twist effects in polarized Deep Inelastic scattering [18]. This is the only term that survives in
the forward limit and for a transversely polarized proton ū′γiγ5u ≈ 2si. In the present kinematics the same spinor
product gives rise to a linear term ū′γiγ5u ≈ iǫij∆j . It is tempting to assume that Ã = 0, in which case no new
distribution is introduced and one can make a rather unexpected connection to the physics of SSA. However, we do
not see valid reasons to neglect Ã in general.

Another correlator without a γ5 is

1

(P+)2

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|q̄(−λn/2)γ+WgF+i(τn)Wq(λn/2)|p〉

≈
ǫij

2
ū(p′)γjγ5u(p)GFq(x1, x2)−

i∆i

2P+
ū(p′)γ+u(p)Aq(x1, x2) +

ǫij∆j

2P+
ū(p′)γ+γ5u(p)ΦFq(x1, x2)

≈ −i∆iΨFq(x1, x2) + · · · , (17)

with ΨF (x, x
′) = 1

2GF (x, x
′) + A(x, x′). Again ΦF is the same as in [7] and GF is the other ETQS function. Note

that the local matrix element

1

(P+)2
〈p′|q̄γ+gF+iq|p〉 ≈ −i∆i

∫

dx1dx2ΨFq(x1, x2), (18)

looks familiar in the context of the twist-three correction to the g2 structure function for a transversely polarized
nucleon [19]

1

(P+)2
〈ps⊥|q̄γ

+gF+iq|ps⊥〉 = ǫijsj

∫

dx1dx2GF (x1, x2) = 4d2ǫ
ijsj . (19)

However, in general d2 = 1
4

∫

dx1dx2GF is different from 1
2

∫

dx1dx2ΨF because of the A-term.

2 When ∆+ = 0 and hence also ∆− = 0, one has the relations

2P+ǫij ū(p′)γju(p) = −i∆iū(p′)γ+γ5u(p),

ǫij∆j ū(p
′)γ+u(p) = −2iP+ū(p′)γiγ5u(p) + 2imǫij ū(p′)σ+

ju(p),

ū(p′)γ+u(p) =
P+

m
ū(p′)u(p) +

i

2m
ū(p′)σ+i∆iu(p),

ū(p′)γiu(p) = ū(p′)
iσij∆j

2m
u(p), (14)

which follow from the Dirac equation and the Gordon identities. There are thus four independent spinor structures with one transverse
index

i∆iū(p′)γ+γ5u(p), ǫij∆j ū(p
′)γ+u(p), iū(p′)γiγ5u(p), ǫij∆j ū(p

′)u(p). (15)

If we restrict to linear order in ∆⊥, the last one is redundant.
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Next, we introduce the ‘D-type’ correlators

1

P+

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|q̄(−λn/2)γ+γ5W

←→
D i(τn)Wq(λn/2)|p〉 ≈ ǫij∆jΨ̃Dq(x1, x2), (20)

1

P+

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|q̄(−λn/2)γ+W

←→
D i(τn)Wq(λn/2)|p〉 ≈ −i∆iΨDq(x1, x2), (21)

where we have already taken the ∆⊥ → 0 limit. From PT symmetry it follows that

Ψ̃F (x1, x2) = −Ψ̃F (x2, x1), ΨF (x1, x2) = ΨF (x2, x1),

Ψ̃D(x1, x2) = Ψ̃D(x2, x1), ΨD(x1, x2) = −ΨD(x2, x1). (22)

Moreover, by commuting
←→
D i with W ’s, one can obtain the relation between the F,D-type correlators

Ψ̃D(x1, x2) = P
1

x1 − x2
Ψ̃F (x1, x2) + δ(x1 − x2)Cq(x),

ΨD(x1, x2) = P
1

x1 − x2
ΨF (x1, x2), (23)

where P denotes the principal value prescription. Note that we have identified the coefficient of the delta function
with the quark spin-orbit correlation defined in (8). Indeed, a straightforward calculation gives, in the limit ∆⊥ → 0,

P+ǫij∆jCq(x) ≈

∫

dλ

4π
eiλx

{

〈p′|q̄(−λn/2)γ+γ5(WDi −
←−
D iW )q(λn/2)|p〉

+
i

2P+

∫

dτ
(

ǫ(τ − λ/2) + ǫ(τ + λ/2)
)

〈p′|q̄(−λn/2)γ+γ5WgF+i(τn)Wq(λn/2)|p〉

}

, (24)

where ǫ(x) = x/|x| is the sign function. Writing ǫ(τ ± λ/2) = 2θ(τ ± λ/2)− 1 = −2θ(−(τ ± λ/2)) + 1 and removing

the ±1 terms which do not contribute because Ψ̃F (x, x) = 0, we see that (24) agrees with (9). Integrating (24) over
x gives

P+ǫij∆j

∫

dxCq(x) ≈ 〈p
′|q̄γ+γ5

←→
D iq|p〉+

i

2P+

∫

dτǫ(τ)〈p′|q̄(0)γ+γ5WgF+i(τn)Wq(0)|p〉. (25)

In the second term, one can freely replace ǫ(τ)→ ±2θ(±τ) without changing the value. The result then agrees with [8].
This term is due to the difference between the staple-shaped and straight Wilson lines, see [20] for a recent calculation
in lattice QCD. It is an analog of the ‘potential angular momentum’ [11, 21] which accounts for the difference between
the canonical OAM Lq in (1) and the kinetic OAM Lkin

q in (2).

We mention the well-known properties [22, 23] that for operators on the light-cone, as used in the operator definition
of the Ψ’s, the time-ordering is immaterial and hence the ordering of the fields can be changed (respecting Fermi-
statistics). Moreover, their support is always limited to −1 ≤ x1, x2 ≤ 1. This applies equally to the pure gluon
correlators defined later.

B. Equation of motion

We now derive an exact formula which relates Cq(x) to generalized parton distributions (GPDs). We start with an

identity that can be derived from the equation of motion (Dirac equation) (i /D −mq)q = q̄(i
←−
/D +mq) = 0

q̄(−z−/2, 0⊥)γ
iγ5(WD− −

←−
D−W )q(z−/2, 0⊥) = q̄γ+γ5(WDi −

←−
D iW )q + iǫij q̄γj(WD− +

←−
D−W )q

−iǫij q̄γ+(WDj +
←−
D jW )q − 2imqǫ

ij q̄σ+
jWq, (26)

where mq is the quark mass. Taking the off-forward matrix element 〈p′|...|p〉 of this, we find

2
∂

∂z−
〈p′|q̄(−z−/2)γiγ5Wq(z−/2)|p〉 = 〈p′|q̄γ+γ5(W

←→
D i +

←→
D iW )q|p〉+ iǫijD−〈p

′|q̄γjWq|p〉

−iǫij〈p′|q̄γ+(W
←→
D j −

←→
D jW )q|p〉 − iǫij〈p′|∂j(q̄γ

+Wq)|p′〉 − 2imqǫ
ij〈p′|q̄σ+

jWq|p〉, (27)
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where Dµf(−x, x) = limaµ→0
1
aµ (f(−x+ a, x+ a)− f(−x, x)) denotes the translation operator. Since we assume

ξ = 0, D− ∼ ∆+ = 0 can be neglected. Let us now introduce the polarized quark GPDs

〈p′|q̄(−z−/2)γµγ5Wq(z−/2)|p〉 =

∫

dxe−ixP+z−

ū(p′)

[

γµγ5H̃q +
γ5∆

µ

2M
Ẽq + γµ

⊥γ5G̃q + · · ·

]

u(p), (28)

where γµ
⊥ = δµi γ

i. This may not be a standard parametrization and requires an explanation. H̃q and Ẽq are the
usual twist-two GPDs relevant when µ = +. When µ =⊥, there will be additional terms, and we have collected in
G̃q all terms which lead to the spinor product ū′γiγ5u ≈ iǫij∆j by using identities like (14).3 In other words, (28) is
arranged in such a way that the neglected terms do not give rise to the structure iǫij∆j in the ∆⊥ → 0 limit. Lorentz

covariance dictates that
∫

dxG̃q(x) = 0. The quark mass term can be parametrized by a ‘transversity’ GPD

〈p′|q̄(−z−/2)σ+
jWq(z−/2)|p〉 ≈ −i

P+

M
∆j

∫

dxe−ixP+z−

H1q(x), (29)

where again we expanded to linear order in ∆⊥ and redefined the coefficient as H1.
4 Inserting (28), (29) into (27)

and comparing the coefficients of ǫij∆j , we find

x(∆q(x) + G̃q(x)) = q(x) +
1

2

∫

dx′
(

Ψ̃Dq(x, x
′) + Ψ̃Dq(x

′, x)−ΨDq(x
′, x) + ΨDq(x, x

′)
)

−
mq

M
H1q(x)

= q(x) + Cq(x) +

∫

dx′P
1

x− x′

(

Ψ̃Fq(x, x
′) + ΨFq(x, x

′)
)

−
mq

M
H1q(x), (30)

where ∆q(x) = H̃q(x, 0, 0) is the polarized quark PDF. On the other hand, the GPD Ẽq is absent due to the spin
average (otherwise it would also not contribute since its contribution would be O(∆2)). A result similar to (30) was
previously derived in [8] although an exact comparison is difficult due to rather different notations for the genuine
twist-three part.

C. Lorentz invariant relation

We can eliminate G̃q from (30) by utilizing a Lorentz invariant relation which we now derive. For this purpose, we

extend (28) covariantly to off the light cone by replacing γµ
⊥ → γµ − γ·z

P ·zP
µ − γ·P

P ·z z
µ + · · · ,

〈p′|q̄(−z/2)γµγ5Wq(z/2)|p〉 =

∫

dxe−ixP ·zū(p′)

[

γµ(H̃q + G̃q)−
γ · z

P · z
PµG̃q + · · ·

]

γ5u(p), (31)

where the neglected terms do not contribute in the following. Then, recalling that P⊥ = 0 in our frame, we immediately
find

ǫij∆jG̃q(x) =

∫

dz−

2π
(iP+z−)eixP

+z− ∂

∂zi
〈p′|q̄(−z/2)γ+γ5Wq(z/2)|p〉

∣

∣

∣

∣

zµ=δµ
−
z−

. (32)

A straightforward calculation gives

G̃q(x) =

∫

dx′ d

dx
Ψ̃Dq(x, x

′)−

∫

dx′ P
1

x− x′

( ∂

∂x
−

∂

∂x′

)

Ψ̃Fq(x, x
′)

=
d

dx
Cq(x)− 2

∫

dx′ P
1

(x− x′)2
Ψ̃Fq(x, x

′), (33)

where we have used (23) in the second equality. Inserting (33) into the equations of motion relation (30), we obtain
the differential equation

x
d

dx
Cq(x) − Cq(x) = −x∆q(x) + q(x) +

∫

dx′ P
1

x− x′
ΨFq(x, x

′) +

∫

dx′ P
3x− x′

x− x′
Ψ̃Fq(x, x

′)−
mq

M
H1q(x), (34)

3 In the notation of [24], G̃q = G̃2 + 2G̃4.
4 In the notation of [25] H1q = 2H̃q

T +Eq
T .
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With the boundary condition Cq(±1) = 0, this can be solved as5

Cq(x) = x

∫ ǫ(x)

x

dx′

x′2
x′∆q(x′)− x

∫ ǫ(x)

x

dx′

x′2
q(x′)

−x

∫ ǫ(x)

x

dx1

∫ 1

−1

dx2
Ψ̃Fq(x1, x2)

x1 − x2
P

3x1 − x2

x2
1(x1 − x2)

−x

∫ ǫ(x)

x

dx1

∫ 1

−1

dx2ΨFq(x1, x2)P
1

x2
1(x1 − x2)

+
xmq

M

∫ ǫ(x)

x

dx′

x′2
H1q(x

′). (37)

Note that ∆q(x) survives in this relation even though we have systematically averaged over nucleon spins s ≈ s′ as
stated before. For antiquarks, Cq̄(x) = −Cq(−x). The first moment reads

Cq ≡

∫ 1

−1

dxCq(x) =
1

2

∫ 1

0

dxx(∆q(x) −∆q̄(x)) −
Nq

2
−

∫

dxdx′

x− x′
Ψ̃Fq(x, x

′) +
mq

2M
H

(1)
1q , (38)

where Nq =
∫ 1

0 dx(q(x) − q̄(x)) is the number of valence quarks with flavor q and H
(n)
1q ≡

∫ 1

−1 dxx
n−1H1q(x). Using

(23) one can also write

C′
q ≡

∫

dxdx′Ψ̃Dq(x, x
′) =

1

2

∫ 1

0

dxx(∆q(x) −∆q̄(x)) −
Nq

2
+

mq

2M
H

(1)
1q , (39)

in agreement with [26]. Cq and C′
q differ by a genuine twist-three term featuring Ψ̃F , see (25).

Our primary interest in this work is the second moment which reads

C(2)
q ≡

∑

q

∫ 1

−1

dxxCq(x) =
1

3

∫ 1

0

dxx2∆Σ(x) −
1

3

∑

q

(Aq +Aq̄)

−

∫

dxdx′
∑

q

[

x

x− x′
Ψ̃Fq(x, x

′) +
1

6
ΨFq(x, x

′)

]

+
∑

q

mq

3M
H

(2)
1q , (40)

where ∆Σ(x) ≡
∑

q(∆q(x) +∆q̄(x)) and we used the (anti-)symmetry of ΨF , Ψ̃F . Aq =
∫ 1

0
dxxq(x) is the fraction of

the nucleon momentum carried by quarks with flavor q.

Finally, from (30), (38) and (40), it follows that

∫ 1

−1

dxxG̃q(x) = −C
′
q, (41)

∫ 1

−1

dxx2G̃q(x) = −
2

3

∫ 1

0

dxx2(∆q(x) + ∆q̄(x)) +
2

3
(Aq +Aq̄) +

1

3

∫

dxdx′ΨFq(x, x
′)−

2mq

3M
H

(2)
1q , (42)

and
∫ 1

−1 dxG̃q = 0 as mentioned before. (41) agrees with [24, 26]. (42) is consistent with [8] but disagrees with [24]

where essentially the authors assumed
∫

dx1dx2ΨF = 0, see a comment after (19).

5 Alternatively, following [7], one may evaluate the linear combination

zµ
(

∂

∂zµ
〈p′|q̄(−z/2)γiγ5Wq(z/2)|p〉 −

∂

∂zi
〈p′|q̄(−z/2)γµγ5Wq(z/2)|p〉

)∣

∣

∣

∣

zµ=δ
µ
−
z−

. (35)

in two ways, first inserting (31) and second using the equation of motion. This leads to

d

dx
(x∆q) + x

d

dx
G̃q(x) =

d

dx
q(x) +

∫

dx′P
1

x− x′

(

∂

∂x
−

∂

∂x′

)

Ψ̃Fq(x, x
′)

+

∫

dx′P
1

x− x′

(

∂

∂x
+

∂

∂x′

)

ΨFq(x, x
′)−

mq

M

d

dx
H1q(x). (36)

Solving this equation for G̃q with the boundary condition G̃q(±1) = 0 and inserting the solution into (30), one finds the same result
(37).
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IV. GLUON SPIN-ORBIT CORRELATION

A. Twist-3 three-gluon correlation functions

We now repeat essentially the same procedure for the gluon spin-orbit correlation Cg(x). We first introduce the
‘F-type’ genuine twist-three, three-gluon correlator

−1

(P+)3

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|F+i(−λn/2)WgF+j(τn)WF+k(λn/2)|p〉

≈ i
(

N(x1, x2)ǫ
ikǫjl +N(x2, x2 − x1)ǫ

ijǫkl −N(x1, x1 − x2)ǫ
jkǫil

)

∆l, (43)

where the field strength tensor in the middle should be understood as a matrix in the adjoint representation F+j
ab =

F+j
c (T c)ab = −ifabcF

+j
c . (The rest of the color indices are understood to be contracted in the adjoint representation.)

We can eliminate the antisymmetric tensor by using ǫikǫjl = δijδkl − δilδjk. However, the parametrization (43) is
particularly convenient when making a comparison with [7].6 PT and permutation symmetries dictate that

N(x1, x2) = −N(x2, x1), N(−x1,−x2) = −N(x1, x2). (45)

If we contract ik indices antisymmetrically,

−ǫik

(P+)3

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|F+i(−λn/2)WgF+j(τn)WF+k(λn/2)|p〉

=
1

(P+)3

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|F̃+ρ(−λn/2)WgF+j(τn)WF+

ρ(λn/2)|p〉

≈ i (2N(x1, x2) +N(x2, x2 − x1)−N(x1, x1 − x2)) ǫ
jl∆l

≡ iÑF (x1, x2)ǫ
jl∆l, (46)

with ÑF (x1, x2) = −ÑF (x2, x1) and ÑF (−x1,−x2) = −ÑF (x1, x2). Let us also define

NF (x1, x2) = N(x2, x2 − x1) +N(x1, x1 − x2), (47)

with the properties NF (x1, x2) = NF (x2, x1), NF (−x1,−x2) = −NF (x1, x2).

Next introduce the ‘D-type’ correlator

1

(P+)3

∫

dλdτ

(2π)2
ei

λ
2
(x1+x2)+iτ(x2−x1)〈p′|F̃+ρ(−λn/2)W

←→
D j(τn)WF+

ρ(λn/2)|p〉

≈ iÑD(x1, x2)ǫ
jl∆l, (48)

which is symmetric ÑD(x1, x2) = ÑD(x2, x1) = ÑD(−x1,−x2). This is related to the F -type correlator as

ÑD(x1, x2) =
ÑF (x1, x2)

x1 − x2
−

1

2
δ(x1 − x2)x1Cg(x1). (49)

As in the quark case, we identified the coefficient of the delta function with the gluon spin-orbit correlation. One can
readily check that this agrees with the previous definition (13).

6 Having said this, we can still rewrite (43) as

−i
(

δik∆jNF (x1, x2)− δij∆kNF (x2, x2 − x1)− δjk∆iNF (x1, x1 − x2)
)

≈ −
(

δikǫjlNF (x1, x2)− δijǫklNF (x2, x2 − x1)− δjkǫilNF (x1, x1 − x2)
)

ū(p′)γlγ5u(p), (44)

where NF is as defined in (47), in order to emphasize the connection to the three-gluon correlators relevant to transverse single spin
asymmetry [27]. Indeed, for a transversely polarized nucleon in the forward limit, ūγlγ5u = 2sl and (44) agrees with the parametrization
in [28] under the identification NF (x1, x2)↔ N[28](x1, x2). However, again such a connection is obscured by a possible new distribution

at finite ∆⊥ (analogs of Ã, A in (16), (17)).
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B. Equation of motion

The twist structure of Cg(x) can be completely determined by the equation of motion (Yang-Mills equation) and
the Lorentz invariance relation. We first consider the equation of motion and define

J ≡ 〈p′|
∂

∂z−

(

F̃+ρ(0)WF i
ρ(z

−) + F̃ iρ(−z−)WF+
ρ(0)

)

|p〉. (50)

On one hand, this can be expressed in terms of the polarized gluon GPDs generalized to twist-three

〈p′|F̃αρ(−z−/2)WF β
ρ(z

−/2) + F̃ βρ(−z−/2)WFα
ρ(z

−/2)|p〉

= −i

∫

dxe−ixP+z−

ū(p′)

[

H̃gP
(αγβ)γ5 +

P (α∆β)

2M
γ5Ẽg + xG̃gP

(αγ
β)
⊥ γ5 + · · ·

]

u(p), (51)

where A(αBβ) = AαBβ+AβBα

2 . H̃g, Ẽg are the standard twist-two helicity GPDs normalized as H̃g(x) = x∆G(x) in

the forward limit. The twist-three xG̃g is defined in the same vein as G̃q in (28) and satisfies
∫

dxxG̃g(x) = 0. We
find

J ≈ −
(P+)2

2

∫

dxe−ixP+z−

x2(∆G(x) + G̃g(x))ū
′γiγ5u. (52)

On the other hand, by explicitly carrying out the derivative, we obtain

J = F̃+ρ(0)WD+F i
ρ(z

−)− F̃ iρ(−z−)
←−
D+WF+

ρ(0)

= F̃+ρ(0)W(DiF+
ρ(z

−)−DρF
+i(z−)) + (−F̃+

ρ(−z
−)
←−
D i + F̃+i(−z−)

←−
Dρ)WF+ρ(0)

+ǫijDαF
α+(−z−)WF+

j (0)

= F̃+ρ(0)(W
←→
D i +

←→
D iW)F+

ρ(z
−) +Dρ(−F̃

+ρWF+i + F̃+iWF+ρ)

−i

∫ z−

0

dw−F̃+ρ(0)WgF+
ρ(w

−)WF+i(z−) + i

∫ z−

0

dw−F̃+i(0)WgF+
ρ(w

−)WF+ρ(z−)

+
∑

q

ǫij
(

q̄(z−)γ+WgF+
j(0)Wq(z−) + q̄(−z−)γ+WgF+

j(0)Wq(−z−)
)

, (53)

where for simplicity we omitted the symbol 〈p′|...|p〉. (Inside this matrix element one can freely translate the z−

coordinate.) In deriving this, we used the Yang-Mills equation DµF
µν
a =

∑

q gq̄γ
νtaq, the Bianchi identity DµF̃

µν = 0
and its variant

DµF̃νλ = DνF̃µλ +DλF̃νµ + ǫµνλβDαF
αβ . (54)

The second term of the last expression connects to the unpolarized gluon PDF

〈p′|Dj(−F̃
+jWF+i + F̃+iWF+j)|p〉 = iǫij∆j〈p

′|F+µWF+
µ|p〉

= −iǫij∆j(P
+)2

∫

dxe−ixP+z−

xG(x), (55)

where we used an identity ǫikaj − ǫjkai = ǫijak for any two-dimensional vector a⊥. Equating the two results, we
obtain

1

2
x2(∆G+ G̃g) = xCg(x) + xG(x) − 2

∫

dx′ ÑF (x, x
′)

x− x′

−2

∫

dx′P
NF (x, x

′)

x− x′
+ 2

∑

q

∫

dXΨFq (X, x) . (56)

where we abbreviated ΨF

(

X + x
2 , X −

x
2

)

→ ΨF (X, x).
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C. Lorentz invariant relation

We now eliminate G̃g from (56) using a Lorentz invariant relation. As in the quark case, we generalize (51) to off
the light-cone in the following way

〈p′|F̃αρ(−z/2)WF β
ρ(z/2) + F̃ βρWFα

ρ|p〉

= −
i

2

∫

dxe−ixP ·z ū(p′)
(

(Pαγβ + P βγα)(H̃g + xG̃g)− 2
γ · z

P · z
PαP βxG̃g + · · ·

)

γ5u(p). (57)

This immediately gives

ǫij∆jxG̃g(x) = −2

∫

dz−

2π
eixz

−P+

z−
∂

∂zi
〈p′|F̃+ρ(−z/2)WF+

ρ(z/2)|p〉

∣

∣

∣

∣

zµ=δµ
−
z−

. (58)

After a straightforward calculation, (58) takes the form

xG̃g(x) = −2

∫

dx′ ∂

∂x
ÑD(x, x′) + 2

∫

dx′ P
1

x− x′

( ∂

∂x
−

∂

∂x′

)

ÑF (x, x
′)

=
d

dx
(xCg(x)) + 4

∫

dx′ P
1

(x− x′)2
ÑF (x, x

′), (59)

where we have used (51) in the second equality. Inserting (59) into the equations of motion relation (56) we get the
differential equation

x
d

dx
Cg(x)− Cg(x) ≡ −x∆G(x) + 2G(x)− 4

∫

dx′ P
2x− x′

x(x − x′)2
ÑF (x, x

′)

−
4

x

∫

dx′ P
1

x− x′
NF (x, x

′) +
4

x

∑

q

∫

dX ΨFq(X, x). (60)

Solving (60) with the boundary conditions Cg(±1) = 0 we obtain7

Cg(x) = x

∫ ǫ(x)

x

dx′

x′2
x′∆G(x′)− 2x

∫ ǫ(x)

x

dx′

x′2
G(x′)− 4x

∑

q

∫ ǫ(x)

x

dx′

x′3

∫

dXΨFq(X, x′)

+4x

∫ ǫ(x)

x

dx1

∫

dx2P
NF (x1, x2)

x3
1(x1 − x2)

+ 4x

∫ ǫ(x)

x

dx1

∫

dx2
ÑF (x1, x2)

x3
1(x1 − x2)

P
2x1 − x2

x1 − x2
. (63)

The Wandzura-Wilczek (WW) part agrees with the one reported in [6]. As pointed out already, Cg(x) is odd in x, so

the first moment vanishes
∫ 1

−1
dxCg(x) = 0. We define the second moment as

C(2)
g ≡

∫ 1

0

dxxCg(x)

=
1

3

∫ 1

0

dxx2∆G(x) −
2

3
Ag −

2

3

∑

q

∫

dxdx′ΨFq(x, x
′) +

∫

dxdx′ ÑF (x, x
′)

x− x′
. (64)

7 One can derive the same result by evaluating

zµ
(

∂

∂zµ
zβ〈p

′|F̃ iρ(−z/2)WFβ
ρ(z/2) + F̃βρWF i

ρ|p〉 −
∂

∂zi
zβ〈p

′|F̃ ρ
µ WFβ

ρ + F̃βρWFµρ|p〉

)∣

∣

∣

∣

zµ→δ
µ
−
z−

, (61)

in two ways, first substituting (57) and second using the equation of motion. The result is

1

2

d

dx
(xH̃g(x)) +

x2

2

d

dx

G̃g

x
=

d

dx



xG(x) + 2
∑

q

∫

dXΨqF (X, x)





−2

∫

P
dx′

x− x′

(

d

dx
+

d

dx′

)

NF (x, x′)− 2

∫

dx′

x− x′

(

d

dx
−

d

dx′

)

ÑF (x, x′). (62)

Solving this for G̃g and substituting it into (56), one recovers (63). This is similar to the method used in [7].
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where Ag =
∫ 1

0 dxxG(x) is the momentum fraction of the nucleon carried by gluons. Combining (64) with (40), we
finally arrive at a new momentum sum rule

1 =
∑

q

Aq+q̄ +Ag (65)

= ∆Σ(3) +
1

2
∆G(3) − 3C(2)

q −
3

2
C(2)

g

−
3

2

∫

dxdx′

[

∑

q

(

2x

x− x′
Ψ̃Fq(x, x

′) + ΨFq(x, x
′)

)

−
ÑF (x, x

′)

x− x′

]

+
∑

q

mq

M
H

(2)
1q . (66)

where ∆Σ(3) ≡
∫ 1

0
dxx2∆Σ(x) and ∆G(3) ≡

∫ 1

0
dxx2∆G(x). This is the main result of this paper. Let us make a

comparison with the spin sum rules (1), (2) which can be rewritten in the form

1

2
=

1

2

∑

q

(Aq+q̄ +Bq+q̄) +
1

2
(Ag +Bg) (67)

=
1

2
∆Σ(1) +∆G(1) + L(1)

q + L(1)
g , (68)

where Bq,g are the second moments of the GPD Eq,g and Jq,g = 1
2 (Aq,g + Bq,g) are the quark and gluon angular

momenta in the Ji sum rule (2). The correspondence between (65), (66) and (67), (68) is obvious. In accordance
with the existence of two well-known spin sum rules, we have now established the second momentum sum rule (66).
Remarkably, this has been made possible only by introducing the spin-orbit correlations. We however note that,
in contrast to the JM sum rule, genuine twist-three distributions and a mass term explicitly remain in (66). Also,
the physical meaning of individual terms is less straightforward to interpret. Nevertheless, it is a novel and highly
nontrivial way to characterize the partonic momentum structure in the nucleon.

Incidentally, the integral of (56) leads to another formula

∫ 1

−1

dxx2G̃g(x) =
4

3
Ag −

2

3

∫ 1

0

dxx2∆G(x) +
4

3

∑

q

∫

dxdx′ΨFq(x, x
′), (69)

while
∫

dxxG̃g(x) = 0 since xG̃g(x) is odd in x. Compare with (42). We can eliminate ΨF from these equations and
obtain

3

2

∫ 1

−1

dxx2

(

4
∑

q

G̃q(x)− G̃g(x)

)

= 4
∑

q

Aq+q̄ − 2Ag − 4∆Σ(3) +∆G(3) −
∑

q

4mq

M
H

(2)
1q . (70)

The right hand side is expressed purely in terms of twist-two quantities.

V. DISCUSSIONS AND CONCLUSIONS

Spinless hadron—Unlike the Jaffe-Manohar sum rule (1), the new sum rule (66) is meaningful also for spinless
hadrons and nuclei such as the pions and the helium-4 nucleus. The derivation in the previous sections is essentially
unchanged except that the helicity PDFs ∆q,∆q̄,∆G are set to zero everywhere. The resulting formulas are more
concise

Cq = −
Nq

2
−

∫

dxdx′

x− x′
Ψ̃Fq(x, x

′) +
mq

2M
H

(1)
1q , (71)

1 = −3C(2)
q −

3

2
C(2)

g −
3

2

∫

dxdx′

[

∑

q

(

2x

x− x′
Ψ̃Fq(x, x

′) + ΨFq(x, x
′)

)

−
ÑF (x, x

′)

x− x′

]

+
∑

q

mq

M
H

(2)
1q . (72)

The numerical impact of the quark mass term has been studied in [29] for the pion.
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Small-x—From (37) and (63), one can immediately deduce that the small-x limit of Cq,g(x) is dominated by the
unpolarized PDFs

Cq(x) ≈ Cq̄(x) ≈ −x

∫ 1

x

dx′ dx
′

x′2
q(x′) ≈ −

1

2 + c
q(x),

Cg(x) ≈ −2x

∫ 1

x

dx
dx′

x′2
G(x′) ≈ −

2

2 + c
G(x),

(73)

where in the last expression we assumed a Regge behavior q(x) ∼ G(x) ∼ 1/x1+c (0 < c < 1). If c ≪ 1 as suggested
by perturbation theory c ∝ αs, this gives Cq(x) ≈ −

1
2q(x) and Cg(x) ≈ −G(x), in agreement with independent

calculations [4, 30]. Since q(x), G(x) > 0 at small-x, Cq,g(x) are negative, meaning that the helicity and OAM of
individual quarks and gluons are anti-aligned [4]. Related analyses of the OAM distributions Lq,g(x) [31–33] suggest
that the genuine twist-three terms do not change this conclusion, but it is worthwhile to explicitly confirm this.

In conclusion, we have derived exact formulas for the spin-orbit correlations for quarks Cq(x) (37) and gluons Cg(x)
(63) which completely reveal their twist structure and are thus amenable to further first-principle analyses such as
the effect of QCD evolution (cf. [31]). The study of these distributions, especially at small-x, is interesting in its own
right as they can probe quantum entanglement between the helicity and OAM [4]. We have also pointed out that the

new twist-three functions ΨF , Ψ̃F , NF , ÑF are at least partially related to the ETQS functions and the three-gluon
correlators relevant to transverse single spin asymmetry. This should be a subject of more careful scrutiny.

Based on these results, we have derived a novel sum rule (66) which may be viewed as the momentum version of the
Jaffe-Manohar spin sum rule (1). We emphasize that (66) is no less fundamental to the nucleon momentum structure
than (1) is to the nucleon spin structure. We hope our finding further motivates experimental studies on spin-orbit
correlations in the future [6, 34–36].
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