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Twist analysis of the spin-orbit correlation in QCD
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We present a QCD analysis of the twist-three parton distribution functions associated with the
spin-orbit correlation of quarks and gluons in the nucleon. We derive a novel longitudinal momentum
sum rule which may be regarded as the momentum version of the Jaffe-Manohar spin sum rule. The
result is also applicable to spinless hadrons and nuclei with trivial modifications.

I. INTRODUCTION

Quarks and gluons, fundamental constituents of the nucleon, carry angular momentum in the forms of spin and
orbital angular momentum (OAM). These contributions must sum up to the spin of the nucleon, which is %, through
the process of angular momentum coupling. This simple argument can be precisely formulated in QCD in terms of
spin sum rules
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(@) is referred to as the Jaffe-Manohar (JM) sum rule [1] where IAY =1 >_4(Ag+ Ag) and AG represent the quark

and gluon helicity contributions, and L, 4, are the canonical OAMs of quarks and gluons. On the other hand, (2)
is called the Ji sum rule E] where Lf;i“ is the quark kinetic OAM and J; is the total gluon angular momentum.
These sum rules shed light on the origin of the nucleon spin, which is one of the main scientific goals of the future
Electron-Ton Collider [3]. Ultimately, one would like to determine the precise numerical values of all the components
in (@) and (@) and understand the intricate QCD dynamics behind them.

Needless to say, the sum rules (), @) are relevant only to hadrons with nonzero spin. For a spinless hadron, such
as the pion, all the terms in ([Il) and () are zero. Of course, individual quarks and gluons do carry spin and OAM,
but their averages are zero in a spinless or unpolarized hadron. However, their correlations can be nonzero in general,
and may provide novel insights into the structure of hadrons with or without spin. One such example is a recent
observation @] that the helicity and OAM of quarks and gluons at small-z are maximally entangled in a quantum
mechanical sense. This has been deduced from an analysis of the quark ﬂﬂ] and gluon M, ] spin-orbit correlations Cy 4
which measure how likely the helicity and OAM of individual partons are aligned or anti-aligned. Thus the study of
Cy,4 offers a novel platform to discuss quantum entanglement effects inside hadrons and nuclei and their manifestation
in experimental observables.

Motivated by this development, in this paper, we perform a QCD analysis of the quark and gluon spin-orbit
correlations where ‘spin’ and ‘orbit’ refer to those in the JM decomposition (). (Note that the gluon helicity and
OAM can be defined only in the JM decomposition scheme (Il).) We present the rigorous definition of the collinear
parton distribution functions (PDFs) associated with spin-orbit correlations Cy 4(x) and derive their exact relations
to twist-two and twist-three generalized parton distributions (GPDs). Our approach closely parallels that in [7] which
discussed the PDFs for parton OAMs L, 4(x). In a sense, Cy4(z) are the parity transforms of Ly (x), so their
operator structures are similar. In the quark sector, our results partly overlap with those in B], but we provide more
explicit expressions for the genuine twist-three terms. The results in the gluon sector are entirely new. In the end,
we will establish a new longitudinal momentum sum rule
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where the superscript (j) denotes the j-th moment of the corresponding PDF. (In this notation, AY = AYD | ete.
in [@).) @) shows only the ‘Wandzura-Wilczek’ part [9]. The exact formula is given in (66 and includes off-forward
matrix elements of genuine twist-three, quark-gluon-quark and three-gluon light ray operators, as well as a quark
mass term related to certain quark transversity GPDs. This may be considered as the momentum version of the JM
spin sum rule (), and as such, it is equally fundamental to nucleon structure science.

II. SPIN-ORBIT CORRELATION AND GTMD

In this section, we introduce the spin-orbit correlations for quarks and gluons as moments of certain generalized
TMDs (GTMD). Let us first consider the polarized quark GTMD [10]!
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where M is the nucleon mass, P* = p“+p (P+, 01, %) and At = p't —pt = (—2§P+7 Ay, %)'

We shall set £ oc AT = 0 (hence also A = 0) throughout this paper and keep only linear terms in A} in the limit
p’ — p. The spin vectors s, s’ play no role in this paper and will be suppressed below unless otherwise stated. It is
understood that we simultaneously take the limit s’ — s and average over s. W, and W_ are staple-shaped Wilson
lines in the fundamental representation

+o0
We=W_.- W =0 =W W, .- =Pexp| —ig de~ Al (x7, 2. /2)t° (5)
— %5 ,Fo0 Fo0, 25~ Fo0, 55~ )2
which connect the two points +z/2 via light-cone infinity 2~ = f+o00. The quark spin-orbit correlation is defined as [3]
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As we shall see, the direction of the Wilson line W, or W_ does not matter due to PT-symmetry [11]. In terms of
the polarized Wigner distribution [12] f,(z, k. ,by) = ‘Z;f)é e UALF (2 k1, AL)

Cq
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This is a more intuitive formula which features the classical expression of OAM €7 bik7.

Let us also define the associated parton distribution function (PDF) by undoing the z-integral
Cy(z) = /d?kL =G (x,k1,0).  (0<z<1) (8)

For antiquarks, Cz(x) = —Cy(—x) such that Cy = fo dz(Cy(z) — Cz(x)). To find the operator structure of Cy(x), we
convert k7 in (@) into a z, -derivative acting on the quark bilinear.
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L Our conventions are v5 = i7°y'v2~3 and €993 = ¢~ = € such that Tr[y*y” Py y5] = —4ie#¥P>. The sign of 5 is opposite to that
< —
in |7]. The covariant derivative is defined as D¥* = 0¥ + igA*. We also use the notations Dr=9n igA* and DH = D‘L%Bu In
this convention, the Yang-Mills equation reads D, F." = Zq gGy’t%q. Transverse vectors such as k! = —k; (i = 1,2) are contracted

with the Euclidean signature k| -z = k*z?



Here and below, the symbol ~ means that only the linear term in A, is kept. D . is the gauge covariant general-
ization of the partial (canonical) derivative O*

Diure(2) = D*(2) +i/dw_/C(w_ — 2 )Wo- - gF (W™, 2 1) W o, (10)

with K(w™) = £6(£w™) corresponding to the two choices W... The additional term in (I0) comes from the derivative
of the Wilson line along the light-cone. We recall that Df,,. defines the canonical OAM Ly 4 ~ €7b% D], necessary
for the gauge invariant completion of the Jaffe-Manohar sum rule () |11, [13]. The same operator naturally appears

here since we use the staple-shaped Wilson line throughout.

The gluon spin-orbit correlation can be introduced in the same way. Starting from the polarized gluon GTMD
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where W is the staple-shaped Wilson line in the adjoint representation, we define the PDF of the gluon spin-orbit
correlation as |4, l6]
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Again the direction £ does not matter. Note that Cy(x) is odd under x — —z so the first moment vanishes

f_ll dzCy(z) = 0 in contrast to the quark case. (Incidentally, the integral fol dzCy(z) is divergent.) In terms of
operators we find
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where DJ___ is the same as before except that it is now in the adjoint representation. For simplicity, in the following

pure
we will omit subscripts on Wilson lines (e.g., W .- .- — W). The reader can easily reinstate them considering

2072
gauge 1nvarilance.

III. QUARK SPIN-ORBIT CORRELATION

The definition of the spin-orbit correlations in terms of the Wigner/GTMD distributions is intuitive but somewhat
heuristic, as it potentially overlooks the subtleties in properly defining transverse momentum dependent distributions
beyond leading order. In order to avoid this issue, it is more advantageous to work in a purely collinear framework.
In this section we follow the strategy developed in [7] (see also [14]) for the parton OAM PDFs L, ,(z) and adapt it
to define and analyze the quark spin-orbit correlation Cy(x).



A. Twist-3 ggq correlation functions

As a preliminary, we introduce the ‘genuine twist-three’ quark-gluon distributions. First, the ‘F-type’ correlators
are parametrized as?
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where n# = ¢ /PT is a lightlike vector to make A, 7 dimensionless. In the last line we have kept only the linear
terms in A} in the limit A, — 0 and redefined ¥p(z,z') = %C:'F(x,x’) + A(z,2'). ®p was the focus of [7] which
concerned the parton OAM in a longitudinally polarized nucleon @'yTysu ~ 2s. In the present work, this term
drops out because we average over nucleon spins as mentioned before. Note that G is one of the Efremov-Teryaev-
Qiu-Sterman (ETQS) functions relevant to transverse single spin asymmetry (SSA) |15-17]. It is also familiar in
the context of higher twist effects in polarized Deep Inelastic scattering [18]. This is the only term that survives in
the forward limit and for a transversely polarized proton @' ~y*ysu ~ 2s’. In the present kinematics the same spinor
product gives rise to a linear term u/'y'ysu ~ i€/ A;. It is tempting to assume that A = 0, in which case no new
distribution is introduced and one can make a rather unexpected connection to the physics of SSA. However, we do
not see valid reasons to neglect A in general.

Another correlator without a s is
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W/We 2 (mbm) bir (o) (4 |g(— An/2)y P W g FH (mn)Wq(An/2)|p)
~ a0 (P G, 22) — (0 Yy u(p) Ag s 2) + Lty )y () g (a1, 2)
~ 5 uP )75 P) S Fe (1, T2 op+ WP )T UP)Ag( L1, T2 op+ NP )Y U P) PR\ T, T2
~ —Z'Al\I/Fq(JJl,JJg) + - (17)

with Up(z,2') = 1Gp(z,2’) + A(z,2"). Again ®p is the same as in [7] and G is the other ETQS function. Note
that the local matrix element

(P2 'laytgF* alp) = —iN/dIldzz‘I’Fq(%xz), (18)

looks familiar in the context of the twist-three correction to the g structure function for a transversely polarized
nucleon [19]
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However, in general dy = if dz1dzoGr is different from %f dz1dzo ¥ p because of the A-term.

2 When At = 0 and hence also A~ = 0, one has the relations
2P a(p )yjulp) = —id'a(p v rsulp),
eI nuap I Tulp) = —2iPTap)y ysu(p) + 2imeda(p’)ou(p),
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a(p' y'ulp) = u(p') u(p), (14)

which follow from the Dirac equation and the Gordon identities. There are thus four independent spinor structures with one transverse
index
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If we restrict to linear order in A |, the last one is redundant.



Next, we introduce the ‘D-type’ correlators
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where we have already taken the A — 0 limit. From PT symmetry it follows that

Up(w1,22) = —VUp(22,21), U (21, 22) = Vp(r2,71),
Up(z1,22) = Yp(xa, 21), Up(z1,22) = —Vp(z2,21). (22)

.
Moreover, by commuting D* with W’s, one can obtain the relation between the F, D-type correlators

~ 1
\I/D(ftl,ftg) = P

pra— Up(z1,22) + 8(x1 — 22)Cy (@),

1
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\IJD(.Il,.IQ) =P \IJF(Il,IQ), (23)
where P denotes the principal value prescription. Note that we have identified the coefficient of the delta function
with the quark spin-orbit correlation defined in (8)). Indeed, a straightforward calculation gives, in the limit A; — 0,
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where €(z) = x/|z| is the sign function. Writing e(7 & A/2) = 20(7 £ A/2) — 1 = —=20(—(7 £ A/2)) + 1 and removing
the +1 terms which do not contribute because ¥ p(z,z) = 0, we see that ([24]) agrees with ([@). Integrating ([24) over
T gives

PTeIA; / deCy(w) ~ (|77 Diglp) + == | dre(r)(p/|7(0)y s W g F+ (rn)Wg(0) p). (25)
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In the second term, one can freely replace e(7) — £26(+7) without changing the value. The result then agrees with [§].
This term is due to the difference between the staple-shaped and straight Wilson lines, see [20] for a recent calculation
in lattice QCD. It is an analog of the ‘potential angular momentum’ |11, [21] which accounts for the difference between
the canonical OAM L, in (1) and the kinetic OAM L™ in ().

We mention the well-known properties |22, 23] that for operators on the light-cone, as used in the operator definition
of the W’s, the time-ordering is immaterial and hence the ordering of the fields can be changed (respecting Fermi-
statistics). Moreover, their support is always limited to —1 < x1,29 < 1. This applies equally to the pure gluon
correlators defined later.

B. Equation of motion

We now derive an exact formula which relates Cy(z) to generalized parton distributions (GPDs). We start with an

$—
identity that can be derived from the equation of motion (Dirac equation) (i) — mg)g = @(i ) +mg) =0
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where my is the quark mass. Taking the off-forward matrix element (p'|...|p) of this, we find
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where D, f(—,2) = limguo == (f(—z + a,2 + a) — f(—z,z)) denotes the translation operator. Since we assume
£ =0,D_ ~ A" =0 can be neglected. Let us now introduce the polarized quark GPDs

<p’|§(—z_/2)v“V5Wq(z_/2)|p>:/dxe_mpufﬂ( )l Hoys Hy + 2]@ Ey 4+ 9G + - |ulp),  (28)

where 7/ = o/ ~%. This may not be a standard parametrization and requires an explanation. flq and E’q are the
usual twist-two GPDs relevant when p = +. When p =1, there will be additional terms, and we have collected in
G, all terms which lead to the spinor product @~ysu ~ i€ A; by using identities like (I4)).> In other words, 28] is
arranged in such a way that the neglected terms do not give rise to the structure i€’ A; in the A; — 0 limit. Lorentz
covariance dictates that f dwéq(ac) = 0. The quark mass term can be parametrized by a ‘transversity’ GPD

+ L
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where again we expanded to linear order in A, and redefined the coefficient as H 1.4 Inserting 28), 29) into ([27)
and comparing the coefficients of €'/ A;, we find

P(Bg(a) + Cyle)) = alo) + 5 / Ao’ (¥pq(w,2') + Wby (') = Wpy(a',2) + Wpy(w,a)) = TLH1y ()

My
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where Ag(z) = ﬁq(:zr, 0,0) is the polarized quark PDF. On the other hand, the GPD Eq is absent due to the spin
average (otherwise it would also not contribute since its contribution would be O(A?)). A result similar to ([B0) was
previously derived in [g] although an exact comparison is difficult due to rather different notations for the genuine
twist-three part.

C. Lorentz invariant relation

We can eliminate Gq from (B0) by utilizing a Lorentz invariant relation which we now derive. For this purpose, we
extend (28) covariantly to off the light cone by replacing 7/ — y#* — F=P* — L= P —2H 4

(ﬁq + éq) -

W'a(—z/2)7"vsWaq(2/2)|p) = / dze™ " a(p) | 4* Ysu(p), (31)

where the neglected terms do not contribute in the following. Then, recalling that P, = 0 in our frame, we immediately
find

id 4 dz~ —\ T z- a =
AGya) = [P ) L a2 /2 W 2)p) (32)
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A straightforward calculation gives
- d - 1 9] 0\ =~
o / el ! _ / i !
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d 1 -
= @Oq(l‘) -2 / dI/ Pm\lj}?q(z, I/), (33)

where we have used ([23)) in the second equality. Inserting (B3] into the equations of motion relation (B0), we obtain
the differential equation

/

I%Cq(ac) — Cy(x) = —2Aq(z) + q(x) + /d:v P—— \prq(ac ')+ /dw P—— — \prq(ac z') — %qu(x), (34)

3 In the notation of 24], G4 = G2 + 2G4.
4 In the notation of [25] H14 = 2H% + EZ.



With the boundary condition C,(+£1) = 0, this can be solved as®

(@) go! (@) go
Clo) = o [ aate) —a [ et

T
. /E(I) dxl/ dx \IJF(] .Il,.IQ)P 23$1 — T2
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e(x) 1 xmy e(x) dz’ )
—z : dzq 9 dI2\IJFQ($1’$2)Px%(x1 — ) + e ﬁqu(I ). (37)

Note that Ag(z) survives in this relation even though we have systematically averaged over nucleon spins s =~ s’ as
stated before. For antiquarks, Cg(x) = —Cy(—z). The first moment reads

1 1 /
1 N, dxdx’ -

Co= [ Cute) = 5 | deatato) - dat@) - 3 - FUrg(e o) + L), (33)

—1 0 T —x
where N, = fol dx(q(x) — @(x)) is the number of valence quarks with flavor ¢ and H f dzz" 1Hy,(z). Using

([3) one can also write
Cl = /dwdw'\if (x,2) = 1/1 drx(Aq(z) — Ag(x)) — Ny + e g (39)
.= pat™ 2 Jo 2 oM

in agreement with [26]. C; and Cj differ by a genuine twist-three term featuring U, see (20).

Our primary interest in this work is the second moment which reads

! 1! 1
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—J-

0 q
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q

where AX(z) = 3° (Aq(z) + Ag(z)) and we used the (anti-)symmetry of Up, Up. A, = fol dxzq(x) is the fraction of
the nucleon momentum carried by quarks with flavor q.

Finally, from @30), (38) and (@0, it follows that

/1 drxGy(x) = -Cy, (41)

-1

(2 )7 (42)

1 1
/ dzx’Gy(z) = —2/ drx®(Aq(z) + Aq(x)) + g(Aq + Az) + l/Cl:lccl:zc'\prq(:10, z') —
3/, 3 3 3M

-1

and f_ll dzG, = 0 as mentioned before. (@I agrees with [24, 26]. [@2) is consistent with [§] but disagrees with [24]
where essentially the authors assumed f dx1dzaVUp = 0, see a comment after (I9).

5 Alternatively, following [1], one may evaluate the linear combination

1o} 0
2 ( #'la(==/2)7"vsWa(z/2)Ip) — —(p’\ri(—Z/2)“m'Y5Wq(Z/2)\p>) : (35)
Ozt 0z; 2h=5H" 2~
in two ways, first inserting (31I]) and second using the equation of motion. This leads to
d d - o\ =
—(zA —G = dz' P —— — |V ,
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1 0 0 mq d
!
+/dm Px—x’ (%4'%) \I’Fq(mvw)_ﬁd_qu(w) (36)

Solving this equation for éq with the boundary condition éq(:l:l) = 0 and inserting the solution into (30)), one finds the same result

BD).



IV. GLUON SPIN-ORBIT CORRELATION
A. Twist-3 three-gluon correlation functions

We now repeat essentially the same procedure for the gluon spin-orbit correlation Cy(x). We first introduce the
‘F-type’ genuine twist-three, three-gluon correlator

-1 dXdT A , . .
3 (mrtao)+iT(za—21) /)| i _ + +k
s [ T e [P A 2 WP () WE (i 2)]p)
~ 1 (N(xl, z2)e* el 4 N(xg, 20 — 21)e9 e — N(zy, 21 — xg)ejkeil) JAVS (43)
where the field strength tensor in the middle should be understood as a matrix in the adjoint representation F, (;zj =
F(T€)ay = —ifapeF.H7. (The rest of the color indices are understood to be contracted in the adjoint representation.)
We can eliminate the antisymmetric tensor by using e*e/! = §%6* — §67%. However, the parametrization ([@3) is
particularly convenient when making a comparison with [7].° PT and permutation symmetries dictate that

N(,Tl,xg) = —N(,Tg,wl), N(—Jil,—xg) = —N(l‘l,wz). (45)

If we contract ik indices antisymmetrically,
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with Np(arl,:zrg) = —Np(z2,21) and NF(—xl, —xg) = —Np(xl,xg). Let us also define
NF(J,'l,LL'g):N(LL'Q,JJg—l‘l)—f—N(JJl,iL'l —Jig), (47)

with the properties Np(z1,22) = Np(z2,21), Np(—z1, —22) = —Np(z1, 22).

Next introduce the ‘D-type’ correlator

1 dAdrt 02 (z1+xo)+iT(zo—21 [ =g
W/(%)Qe 2 (@1+@2)ir( V! [FT(=An/2)W DI (rn)WFT,(An/2)|p)

~ ZND(%, z2)ell A, (48)

which is symmetric Np (z1,22) = Np(xe,z1) = Np(—x1, —x2). This is related to the F-type correlator as

Np(xl,xg) = M — %5(1‘1 — $2)$1Cg($1). (49)

T1 — T2

As in the quark case, we identified the coeflicient of the delta function with the gluon spin-orbit correlation. One can
readily check that this agrees with the previous definition (I3]).

6 Having said this, we can still rewrite {@3) as
—1 <5ikAjNF(:L‘1,:C2) — (5ijAkNF(:C2, xro — :Cl) — (SjkAi]\fF(:lrl7 xr1 — :(:2))
~ — <5ik6leF(£E1,£E2) - 5ijeklNF(m2,m2 —z1) — éjke“NF(xl,xl — m2)> ﬁ(p')'yl%u(p)7 (44)

where N is as defined in ({7), in order to emphasize the connection to the three-gluon correlators relevant to transverse single spin
asymmetry [27]. Indeed, for a transversely polarized nucleon in the forward limit, @y vsu = 2s! and (@) agrees with the parametrization
in [28] under the identification Np(x1,22) < Njgg) (w1, x2). However, again such a connection is obscured by a possible new distribution

at finite A (analogs of A, A in (@3], (D).



B. Equation of motion

The twist structure of C,(z) can be completely determined by the equation of motion (Yang-Mills equation) and
the Lorentz invariance relation. We first consider the equation of motion and define

9 (= i (- Fi -
J = lg— (FHOWEF, ) + F2(=27)WF™,(0)) |p). (50)
On one hand, this can be expressed in terms of the polarized gluon GPDs generalized to twist-three

(P |FP (=27 [2)WF (27 /2) + FPP (=27 [2)WFS, (27 /2)Ip)

- plapaB)
_ /daj izPT 2 a(p )[H ple v )754_ 51 ——sE, +zG P(a,}/ﬁ),}/ + - } u(p), (51)

where A(®B#) = w. H,, E, are the standard twist-two helicity GPDs normalized as H,(z) = *AG(x) in

the forward limit. The twist-three G is defined in the same vein as G, in @8) and satisfies [ dzaG,(z) = 0. We
find

(P*)? —izPT 27 2 A T
J~— 5 dze 2 (AG(z) + Gg4(2))u' v vysu. (52)

On the other hand, by explicitly carrying out the derivative, we obtain

J = FH WD (:7) - F'(—2) DYWE*(0)
— PHOWDF( >—DpF+l<z )+ (—Ey(=27) D + EH(=27) D, )WEH(0)
+e Do FOF (=27 )WF%(0)
= FYO)WD' + DW)Fh(=7) + Dy (~FPWE 4 FHWF)
i / " dw P OWgFT (w WE () i / © PO WgE®, (w WE()
0

+Z ZJ( +W9F+ (0 )WQ(Zi)+Q(—27)7+W9F+j(0)Wq(—27)>, (53)

where for simplicity we omitted the symbol (p'|...|p). (Inside this matrix element one can freely translate the z~
coordinate.) In deriving this, we used the Yang-Mills equation D, F}*" = Zq 9qv”t%q, the Bianchi identity D, F*" = 0
and its variant

DHFUX :DVFH)\"i_D)\FuH'i_EHV)\BDaFQﬁ' (54)
The second term of the last expression connects to the unpolarized gluon PDF
(' [Dj(=FHWE + FYWEY)|p) = i A (p'|FHWEF |p)

= —ieijAj(P+)2/dxe_iwp+z7xG(I), (55)

where we used an identity €*a’ — e/*a’ = €7a* for any two-dimensional vector a,. Equating the two results, we
obtain

NF(IaI/)
Tz —x

—2/d pNE@ ) +2Z/dX\I/Fq (X, ) (56)

where we abbreviated Up (X + £, X — £) — Up(X, ).

—22(AG +G,) = xCy(z) + 2G(x) — 2 [ da’
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C. Lorentz invariant relation

We now eliminate ég from (B6) using a Lorentz invariant relation. As in the quark case, we generalize (EI) to off
the light-cone in the following way

(P[P (—2/2)WF" (2/2) + FPPWF|p)

= —% /dwe @Pzy(p') ((PO‘W'B + PPy (H, + 2G,) — ;.'ZPO‘P[B:ECN?Q + - ) Ysu(p). (57)
This immediately gives
4 % dz” pempt — O =y +
eINjxGy(z) = -2 | —e 2T =— ' |FT°(=2/2)WF™ (2/2)|p) (58)
: 27 0z; P J
After a straightforward calculation, (B8)) takes the form
~ 0 - 1 0 0\ ~
_ = _ !/
zGy(z) = 2/da: 8$ND(3:,3:) /d Px—:z: (833 83:’)NF($7$)
d 1 -

where we have used (&) in the second equality. Inserting ([B9) into the equations of motion relation (B6l) we get the
differential equation

xicq(:v) — Cy(z) = —zAG(2) + 2G(x) — 4/d$/P72NF($,$/)

dx
4
__/ o
T

(z,2') + %Z/dX Upg(X, ). (60)

e(x) diL'/ e(x) drz’ e(x) dz’
Cylz) = :v/ 2 AG( )—2x/ —G(a) - 4x2/ —5 [ dXWrg(X,a")

N, N 2r —
+43:/ dxl/dng £, 73) j +da / dxl/dxg 3F (21,22) p221 — 2. (63)
3 (z1 — x2) (1 —x2) m — 2

The Wandzura-Wilczek (WW) part agrees with the one reported in [6]. As pointed out already, Cy(x) is odd in z, so
the first moment vanishes fil dzCy(xz) = 0. We define the second moment as

1
2) —
C'é ) = /0 dzzCy(x)
1t 2 2 ,Np(z,2')
= - | dea?AG(z) — A, — = drdx'Vpy(z, © drdr’ ———=. 64
3‘/0 ( ) 3 ) 3 ; Fq( ? ) —I/ ( )
7 One can derive the same result by evaluating
9 i 8 Boyy i 9 B 4 B
z# zg(p’ |FiP(— z/2)WF%(2/2) + FPPWF D) — —zB(p \F PWE', + F PWF.,|p) , (61)
a s 0z zh— 62—
in two ways, first substituting (57]) and second using the equation of motion. The result is
1d, - 22 d G d
——(zH —— 3 = — |G 2 /dX\I/ X,
S (@) + 5T = (z @)+ 2} [ dxXVur x))
d dz’ d d -
-2 | P N 2 — — — | Np(z,2). 62
/ z—x (dm dm) Gt /w—x’ (dm dw’) r(@,a) (62)

Solving this for G and substituting it into (58], one recovers (B3). This is similar to the method used in [d].
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where A, = fol dxxG(x) is the momentum fraction of the nucleon carried by gluons. Combining (64)) with (0), we
finally arrive at a new momentum sum rule

1 = ZAquzi"'Ag (65)

q
1 3

— 3 3 2 2

AY®) 4 2AG( ) 3C¢§ ) 2C§ )

3 2r - Np(z,z') m,
-3 /d:vd:v' Z (m\ﬂpq(x,x') + \prq(ac,:v')) -+ Z ﬁqu(z)' (66)
a

T—x
q
(3) = 1 2 (3) — 1 2 P . .
where AX®) = [Fdra?AX(z) and AG®) = [ drz*AG(x). This is the main result of this paper. Let us make a
comparison with the spin sum rules (), 2)) which can be rewritten in the form

1 1 1
3= 3 Z (Ag+q + Bg+q) + 5(149 + By) (67)
q
1 1 1 1 1
= 5Az<>+AG<>+Lg>+L§,>, (68)

where By, are the second moments of the GPD Eg 4 and Jgy = 3(Aq 4 + By4) are the quark and gluon angular
momenta in the Ji sum rule ([2). The correspondence between (Gh), (66) and (@), (G8) is obvious. In accordance
with the existence of two well-known spin sum rules, we have now established the second momentum sum rule (GG]).
Remarkably, this has been made possible only by introducing the spin-orbit correlations. We however note that,
in contrast to the JM sum rule, genuine twist-three distributions and a mass term explicitly remain in (G6]). Also,
the physical meaning of individual terms is less straightforward to interpret. Nevertheless, it is a novel and highly
nontrivial way to characterize the partonic momentum structure in the nucleon.

Incidentally, the integral of (Bf) leads to another formula

! . 4 2
/ drz®Gy(r) = §Ag 3/ dez’ AG(x Z/dzdz Upg(z,2), (69)

-1

while [ dwxég (z) = 0 since :vég(:v) is odd in z. Compare with [@2]). We can eliminate ¥ from these equations and
obtain

3 / daz® (4 3Gl ) =4 Agrg — 24, — 4030 + AGY 37— Amy —ig?), (70)
q

q

The right hand side is expressed purely in terms of twist-two quantities.

V. DISCUSSIONS AND CONCLUSIONS

Spinless hadron—Unlike the Jaffe-Manohar sum rule (), the new sum rule (G6) is meaningful also for spinless
hadrons and nuclei such as the pions and the helium-4 nucleus. The derivation in the previous sections is essentially
unchanged except that the helicity PDFs Aq, Ag, AG are set to zero everywhere. The resulting formulas are more
concise

N, dadx’ - 1
Cq:_7q_ x—;p/\I]F )+—qH()

1q »

(71)

3 3 2r =~ NF (x, 2’
1= 30— 56’52) - g/da:da:’ lz (mlllpq(x,x’) +\Iqu(:17,a:/)> — ] Z qH(2 . (72)
q

r—a

The numerical impact of the quark mass term has been studied in [29] for the pion.
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Small-z—From (B7) and (G3)), one can immediately deduce that the small-z limit of Cy 4(z) is dominated by the
unpolarized PDFs

,da’
o) = Oty [ gy L)
- c
(73)
N Vode N 2
Cy(x) = —2x ) dxFG(x ) & 57 CG(J:),

where in the last expression we assumed a Regge behavior ¢(z) ~ G(z) ~ 1/2'1¢ (0 < ¢ < 1). If ¢ < 1 as suggested
by perturbation theory ¢ o< a, this gives Cy(z) ~ —3q(x) and Cy(z) ~ —G(z), in agreement with independent
calculations [4, 130]. Since ¢(z), G(x) > 0 at small-z, Cy 4(x) are negative, meaning that the helicity and OAM of
individual quarks and gluons are anti-aligned [4]. Related analyses of the OAM distributions Lg 4(z) [31-33] suggest
that the genuine twist-three terms do not change this conclusion, but it is worthwhile to explicitly confirm this.

In conclusion, we have derived exact formulas for the spin-orbit correlations for quarks Cy(x) (B1) and gluons Cy(x)
([©3) which completely reveal their twist structure and are thus amenable to further first- prlnc1ple analyses such as
the effect of QCD evolution (cf. [31]). The study of these distributions, especially at small-z, is interesting in its own
right as they can probe quantum entanglement between the helicity and OAM [4]. We have also pointed out that the
new twist-three functions Wy, ¥p, N, Np are at least partially related to the ETQS functions and the three-gluon
correlators relevant to transverse single spin asymmetry. This should be a subject of more careful scrutiny.

Based on these results, we have derived a novel sum rule (66) which may be viewed as the momentum version of the
Jaffe-Manohar spin sum rule (). We emphasize that (66) is no less fundamental to the nucleon momentum structure
than () is to the nucleon spin structure. We hope our finding further motivates experimental studies on spin-orbit
correlations in the future [6, [34-36].
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