arXiv:2404.18907v1 [hep-ph] 29 Apr 2024

Studies of T Decays and Transverse-Momentum-Dependent J/i Production Using
Effective Field Theory

by
Reed Hodges

Department of Physics
Duke University

Defense Date: March 25, 2024

Approved:

Thomas C. Mehen, Supervisor

Roxanne Springer

Mark C. Kruse

Harold U. Baranger

Michael A. Troxel

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Physics
in the Graduate School of Duke University
2024



ABSTRACT

Studies of T Decays and Transverse-Momentum-Dependent ]/ Production Using
Effective Field Theory

by
Reed Hodges

Department of Physics
Duke University

Defense Date: March 25, 2024

Approved:

Thomas C. Mehen, Supervisor

Roxanne Springer

Mark C. Kruse

Harold U. Baranger

Michael A. Troxel

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Physics
in the Graduate School of Duke University
2024



Copyright (©) 2024 by
Reed Hodges
All rights reserved except the rights granted by the
Creative Commons Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

We describe the application of effective field theories for quantum chromodynamics
(QCD) to two bound states involving heavy quarks: the T exotic meson and the J/p. We
study the decay of the T in an effective theory for hadronic molecules, and find agreement
with experiment. We also use the nonrelativistic QCD (NRQCD) factorization formalism
to derive the leading-order transverse momentum dependent fragmentation functions (FFs)
for quarks and gluons fragmenting to J/¢p. We then make use of these TMD FFs to
compare the J/¢ production mechanisms of light quark fragmentation and photon-gluon
fusion, where the conclusions we draw can motivate future experiments at the Electron Ion
Collider, shedding light on the inner structure of nucleons and testing ideas from NRQCD
factorization. These results showcase the utility of effective field theories in explaining

experiments and testing key concepts in nuclear/particle physics.
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1

Introduction

All of the known elementary particles in the universe, as well as three of the four
fundamental forces describing their interactions, are described by the Standard Model of
particle physics. The matter particles are all spin-1/2 fermions, and are divided into two
types — quarks and leptons — of three generations each. The interactions are mediated
by “force carriers”, which are bosons of either spin-0 or spin-1. Both quarks and leptons
participate with the electroweak interaction — the unified description of electromagnetism
and the weak force — which is mediated by the massive vector bosons Z and W* and the
massless photon . Quarks are the only matter particles that participate in the strong
interaction, mediated via the exchange of gluons, which are massless and spin-1. The
massive particles get their mass through interactions with the Higgs boson, a massive spin-
0 particle. All of these particles are summarized in Fig. 1.1.

The equations of motion of a physical system are generally obtained from the principle
of least action g% = 0. The action S[¢;] = §ds L(¢;, g—g;,sj) is a functional dependent on
the degrees of freedom ¢; of the system, where s represent some generalized coordinate(s).
The function £ is the Lagrangian density, or simply the Lagrangian,! and it contains all of
the physics of the system. The Standard Model is a quantum field theory (QFT), which
means the degrees of freedom in its Lagrangian are quantum fields: quantum-operator-
valued objects that are a function of space and time, and the generalized coordinates are

the coordinates of spacetime. The fundamental particles are excitations of these quantum

1 This is a mild abuse of language, as the Lagrangian is technically a separate object equal to the Lagrangian
density integrated over the spatial coordinates.
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FIGURE 1.1: Elementary particles of the Standard Model. Figure from Ref. [1].

fields. More precisely speaking, the Standard Model is a gauge QFT, which means the
Lagrangian is invariant under certain local gauge transformations. This restriction leads
the matter fields, which are described by Dirac spinor fields, to be coupled to gauge fields
which are associated with the vector bosons. The symmetry group of these interactions is
SU(3) x SU(2)r x U(1). The SU(3) portion describes the strong interaction, where the
fundamental particles carry a color charge. The SU(2); x U(1) portion is the electroweak
interaction, and this symmetry group is spontaneously broken to a different U (1) symmetry
group by the Higgs mechanism, where the coupling to a scalar field for the Higgs boson
causes the Z and W* to have nonzero mass. Electric charge is a quantum number derived

from the electroweak sector of the Lagrangian; quarks have fractional electric charge while
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the leptons have integer electric charge.

The sector of the Standard Model describing the strong interaction is called quantum
chromodynamics (QCD). It is the theory that describes nuclear matter, and therefore is
something that underlies all the atoms and molecules that make up the things we encounter
in everyday life. Despite its ubiquitous nature, QCD has many interesting properties and
quirks that make it difficult to perform predictive calculations, and physicists are constantly
learning new things about systems described by QCD. This dissertation deals exclusively
with such systems.

Equally important to theoretical descriptions of elementary particles are the experi-
mental endeavors which measure them. Both aspects can influence and help the other:
theorists can predict new phenomena and inspire experimentalists to look for them, and
experimentalists can make discoveries that require theorists to revise their explanations
or come up with new ones. Experiments that probe the physics at small distances re-
quire enormous amounts of energy. This is achieved at particle accelerators, which produce
beams of particles and accelerate them to high speeds, before smashing them together and
detecting the remnants. Perhaps the most famous particle accelerator is the Large Hadron
Collider (LHC), a machine over 26 kilometers in circumference straddling the border be-
tween Switzerland and France, which can achieve collision energies of 13.6 TeV. Researchers
at the LHC have discovered, among many other things, the T exotic meson, whose theo-
retical description is a major topic of this dissertation. Physicists often aim to build new
accelerators that they hope will shed light on aspects of particle physics that are poorly
understood. Omne such future accelerator is the Electron Ion Collider (EIC), which will
be built at Brookhaven National Laboratory over roughly the next decade. The EIC will
hopefully teach us more about the inner structure of protons and neutrons. This prospect
is the primary motivation behind some of the other research projects discussed in this work.

The outline of this dissertation is as follows. The current introductory chapter provides
the basic information about quantum chromodynamics, and discusses two frameworks which

aid in calculation: effective field theory and the parton model. Chapter 2 discusses an ef-
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fective field theory which is used to calculate the decay of the exotic meson T.t. Chapter 3
outlines the derivation of spin- and transverse-momentum-dependent fragmentation func-
tions for [/ production, and in Chapter 4 these fragmentation functions are utilized in
comparing different [/ production mechanisms, which can inform future experiments at
the Electron Ion Collider. Concluding remarks are given in Chap. 5. In places in the Chap-
ters where a particular topic (e.g., a lengthy derivation) would be too distracting from the
main discussion, the extra information is provided in an Appendix.

The research projects presented in this dissertation were initially published in four
papers |2-5]; the author contributed to the entire analysis and writing of each paper. Their
relevance to the field can be understood in the context of the interplay between theory
and experiment. Using effective field theories can allow us to calculate concrete theoretical
predictions for the results of collider experiments. In doing so, the validity of the theories

are tested, and the underlying systems are better understood.
1.1 Quantum chromodynamics

The physics of quarks and gluons is described by a non-Abelian gauge QFT with sym-

metry group SU(3) called quantum chromodynamics (QCD), whose Lagrangian is:
-, 1
Locp = Y, Pga i7" 0ubas — 867"t A — Mgda g — TFFM (1.1)
q

The ¢ fields are Dirac spinors which create and annihilate quarks of flavor g and mass
mg; there are six flavors of quarks divided into three generations. The A, fields create
and annihilate gluons. Their kinetic term is written in terms of the field strength tensor
F}ﬁ/ = (%Af — 8VA;? - gsf. ABCAﬁAE. The coupling constant between the quarks and gluons
is s, and the Dirac matrices are denoted by #.

Quarks and gluons both carry what is called color charge, which is analogous to the
electric charge of electromagnetism. The information about color is contained in the color

indices on the fields. The quarks transform in the fundamental representation of SU(3),



and so their color indices, indicated by a and b in Eq. (1.1), run from 1 to 3.2 The gluons
transform in the adjoint representation of SU(3), and so their indices, represented by A,
B, and C in Eq. (1.1), run from 1 to 8. The eight 3 x 3 matrices represented by tacb in the
Lagrangian are the generators of SU(3) color. The commutation relation for the generators
is [t4, 18] = ifapctC.

1.1.1 Feynman diagrams

Calculations in a quantum field theory usually involve computing a matrix element of
an operator. If one is interested in scattering amplitudes, the LSZ reduction formula [6]
relates the S-matrix elements to correlation functions, which are vacuum expectation values
of a product of field operators. More generally, we are interested in a matrix element with

arbitrary in and out states:
(out| T O exp [— ifdt Hint] lin) , (1.2)

where T indicates time ordering. The fields in O are in the interaction picture, and Hiyy is
the interaction Hamiltonian. Wick’s theorem [7] then tells us that the time-ordered product
of fields is equal to the normal-ordered sum of all possible contractions of the fields. In the
case of a vacuum expectation value of the time-ordered product of two fields, the statement

of the theorem is

1

To(x)p(y) = Ne(x)¢(y) + N ¢(x1)p(x2) - (13)

The contraction indicates that we replace the fields with the Feynman propagator appropri-
ate for the type of field, and it has a diagrammatic interpretation as a particle propagating
from y to x. Matrix elements like in Eq. (1.2), then, have pictorial representations in the
form of Feynman diagrams, examples of which are shown in Fig. 1.2. Each has an associ-
ated mathematical value with it, and scales as a particular power of the coupling, which

for QCD is a5 = gg/ 47, If the coupling is small, then we can utilize perturbation theory

2 The fundamental indices are often suppressed in the notation.
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(b)
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FIGURE 1.2: A simple (a) tree-level and (b) one-loop Feynman diagram.

and compute the observable to the desired accuracy, where each further order in &5 brings

with it more Feynman diagrams.

1.1.2 Renormalization

Beginning at O(as), loop diagrams can contribute, e.g., the quark self-energy correction
in Fig. 1.2b. In these instances, to evaluate the Feynman diagram one must integrate over
the momentum flowing through the loop. These integrals are often divergent in d = 4
dimensions. These divergences can be ultraviolet (UV) divergences, arising when the loop
momentum is large, or infrared (IR) divergences, arising when it is small. A common way
to regulate the divergences is to use dimensional regularization, where the loop integral is
evaluated in an arbitrary number of spatial dimensions. One of the simpler integrals that

can arise has the following answer in dimensional regularization:

(e g () e D)

It is common to write the number of spacetime dimensions as d = 4 — 2¢, in which case the

divergences appear as poles that go as inverse powers of €. Here y is the renormalization
scale associated with the modified minimal subtraction (MS) scheme.

The final answer for a physical observable must not be divergent, so when a Feynman
diagram contains a divergence, something must be done to remedy the situation. The pro-

cedure by which these “infinities” are absorbed into the theory is called renormalization. To
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simplify the discussion, here we turn to the case of quantum electrodynamics (QED), with
one fermion and gauge boson. We contend that the fields and couplings in the Lagrangian

are bare quantities, which we now denote with a superscript (0):
£ = i3, — igl QA )pO — @GO y©) i FO O | (1.5)

We then introduce a “renormalized” version of each of these quantities that is related to the

bare by an overall constant: [§]

I o 1 0
Ay=—AD -y,
M /ZA M lp /lelp
(1.6)
R R () _ 1 o
dem = Zg‘u dem m = me

The Lagrangian can then be written to look like the original Lagrangian but in terms of

the renormalized fields, plus a set of counterterms.
_ - 1
L= ipy"(O0y — igemAp)p — mipyp — 1PMVPW + counterterms . (1.7)

Then, order-by-order in the coupling, whenever there is a divergence arising in a loop
diagram involving a renormalized quantity, there is a corresponding diagram associated
with a counterterm, and the value of the renormalization constant(s) can be fixed so that
the divergence cancels in the final answer. In this way, the bare quantities are indeed
divergent, but infinite values for the renormalization constants are chosen to compensate,
yielding finite renormalized quantities, which are the ones that we actually measure. For
example, at O(g2,), there is a one-loop diagram for the fermion self energy, like in Fig. 1.2b,

but with a photon in place of the gluon. It evaluates to the divergent expression,

1 1
m(‘lggm) ( —2m + 57 P) , (1.8)

The counterterms contribute a tree-level diagram to this process,

7



Adding the two contributions and requiring that the answer be finite fixes two of the

renormalization constants:

2
gem
Zp=1—
4 1672’
(1.10)
2
gem
I =1— .
" 3167‘[26

The bare quantities, which are the original fields and parameters of the theory, must
be independent of the subtraction scale p, since that is an arbitrary parameter in our
regularization scheme. The renormalized quantities, however, do scale with yu. Returning
from QED back to QCD, the evolution of the coupling gs with u is described by the beta

function of QCD:

_ 08 & 2 5

Here Ny is the number of quark flavors, which is equal to 6 in our current understanding
of the Standard Model. This means that the beta function is negative, and therefore the
coupling gets weaker as the energy scale increases (Fig. 1.3). This phenomenon is called
asymptotic freedom; it was predicted by Gross, Wilczek, and Politzer [9, 10|, and is one of
the key characteristics of QCD.

We can solve Eq. (1.11) to obtain the value of as = g2/47 at one scale as a function of

its value at another:

11 ;4%)
wGn) ~ a(m) +,Boln< 2, (1.12)

for Bg = (33 —2Ny)/127. Defining a scale Agcp = pe~ 1/ 2Poxs(W] and taking the logarithm

of both sides, we see:

2
%gw = Boln <A§‘ ) . (1.13)

QCD
Equation (1.13) implies that Agcp is the scale at which the coupling constant diverges
and thus perturbation theory breaks down. The experimental value of Agcp, derived from

measurements of «g, is about 200 MeV.
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FIGURE 1.3: Measurements of a; showing the running coupling. Figure from Ref. [11].

1.1.3 The quark model and bound states

So far the discussion has been about the fundamental particles of QCD — quarks and
gluons — and their treatment as quantum fields. However, these particles are not observed
individually. Nature only allows physical states which are color singlets, a fact called color
confinement; therefore all the states we observe are bound states of multiple quarks and
gluons. These bound states are called hadrons, and are further divided into mesons and
baryons, which are bosons and fermions, respectively.

All of the hadrons can be neatly organized using the quark model, which utilizes the fact
that there are six flavors of quarks along with their antiparticles, and delineates combina-

tions of them by appealing to their quantum numbers. The multitude of quantum numbers



Table 1.1: Quantum numbers of the quarks.

] Symbol \ Name \ d \ u \ 5 \ c \ b \ t ‘

Q electric charge -1/3 | +2/3 | -1/3 | +2/3 | =1/3 | +2/3
I isospin 1/2 | 1/2 0 0 0 0

I z component of isospin | —1/2 | +1/2 0 0 0 0

S strangeness 0 0 -1 0 0 0

C charm 0 0 0 +1 0 0

B bottomness 0 0 0 0 -1 0

T topness 0 0 0 0 0 +1

for each flavor are summarized in Table 1.1. The electric charge is related to the others by

B+S+C+B+T

Q=1+ > , (1.14)

for isospin z component I, baryon number B (1 for baryons and 0 for mesons), strangeness
S, charm C, bottomness B, and topness T. Another quantum number of note is the hyper-
charge Y =B+S—(C—-B+T)/3.

The quark model is independent of the fact that the quarks can be described by quantum
fields, and in fact predates QCD. In order for the hadron to be colorless, the simplest mesons
consist of a quark/antiquark pair g4, and the simplest baryons consist of three quarks ggq4.
As Chaps. 3 and 4 deal primarily with the |/, which is a bound state of c¢, g7 mesons are
the most relevant hadron for this dissertation. Including up to the charm quark, they can
be organized in 16-plets according to their hypercharge, charm, and z component of isospin
(Fig. 1.4). Anything that does not fit into the simplest g4 or gqq categories of hadrons is
called an exotic hadron [11]. The T, which is the primary focus of Chap. 2, is an exotic

meson which is a possible tetraquark state cciid.

1.2 Effective field theory

Calculations in a QFT often involve physics that is irrelevant to the problem at hand.
It can be of interest, then, to use an approximation to the full theory that only includes
the necessary ingredients to solve a particular problem. This is the idea behind effective

field theory (EFT). The key elements to constructing an EFT Lagrangian are the degrees
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FIGURE 1.4: Diagram showing the 16-plets of pseudoscalar (a) and vector (b) mesons of u,
d, s, and ¢ quarks, organized according to isospin I, charm C, and hypercharge Y. Figure
from Ref. [11].

of freedom and the symmetries. The degrees of freedom are all of the quantum fields that
are applicable to the problem, or, conversely, none of the fields that will have a negligible
affect on the dynamics of the system. The desired symmetries determine the variety of
operators in the Lagrangian. A common maxim is that to write down an EFT, one writes
down all the operators involving the relevant degrees of freedom that are consistent with
the symmetries of the system.

Another crucial idea behind EFTs is that of power counting. All EFTs have a parameter
(or set of parameters), called the power counting parameter, that is small in the considered

energy regime. The EFT can be thought of as a series expansion in this parameter, and
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the desired accuracy can determine the number of terms in the Lagrangian, the number
of Feynman diagrams calculated, etc. As an example, if an EFT takes a full theory and
removes the physics at the high-energy scale M, and keeps the physics at the low-energy
scale m, the power counting parameter is the ratio m/M.

Broadly speaking, there are two types of EFTs: top-down and bottom-up theories. In
top-down EFTs, the full theory is known, but heavy particles are removed from the theory
to simplify the calculations. This removal is known as “integrating out” the heavy particles.
This results in an EFT with different operators than the full theory. The couplings (also
known as Wilson coefficients) associated with the new interaction terms are fixed through
a process called matching, where a particular scattering process is studied in both the full
theory and the EFT, and the results are forced to agree in the low-energy, or infrared (IR),
region where the theories are designed to coincide. The EFT couplings, then, contain all
of the information regarding the high-energy, or ultraviolet (UV), physics. Non-relativistic
QCD, which is an EFT we use in Chaps. 3 and 4, is a top-down EFT.

In bottom-up EFTs, the full theory is unknown, or else unsuitable to match onto the
low-energy theory, and the effective theory is constructed by writing down all possible
terms with the desired degrees of freedom that obey the required symmetries. Here, the
couplings are not matched to any other theory, but rather fixed to experimental or numerical
results. Chiral perturbation theory, which will underly the theories discussed in Chap. 2,

is a bottom-up EFT.

1.2.1 Example: Fermi weak theory

As an example of a top-down EFT, consider an EFT for low-energy weak interactions,
called Fermi weak theory, which is a frequent example in introductory material on the
subject [12-14]. Here the full theory is the Standard Model, whose W boson interaction

terms with quarks and leptons are given by a coupling to a weak current:

]g\/ = Vl](L_ll’)/HPLd]) + (17(’)/HPL€) , (1.15)
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where u; € u, ¢, t are the 2/3 charge quarks, d; = d, s, b are the —1/3 charge quarks, and V};
is the CKM matrix [15, 16|, which parametrizes the strength of the flavor-changing weak
interaction.? The amplitude for the decay of a bottom quark to a charm quark through the

exchange of a W boson with an electron neutrino, b + v, — ¢+ e, is given by:

—18 ~ DV — 18w

Fermi weak theory applies at momenta much lower than the W boson mass, p « My. In

this regime, the W boson propagator can be expanded in pz/ M%v

1 1 0 pZn
=— . 1.17
M W M 17
Keeping only the n = 0 constant term for the propagator gives an amplitude that is the
same as would be yielded by the effective Lagrangian,

2
S . v 1
L= —7Vb(C’)f‘uPLb) (K’)/ PLl/g) +0 <> . (118)
2M2, € My,

Now the effect of the W boson exchange is approximated by a four-fermion contact operator,
as in Fig. 1.5; the W boson has been integrated out. The other light particles in the theory
have been kept, and the power counting parameters are considered to be the ratios of the
light particle masses to that of the W, e.g., m./ M.

This was a simple example of a matching calculation: we could have started by writing
down the operator (¢y*Ppb) (£~ PLvy) with an arbitrary Wilson coefficient, as that operator
contains all the degrees of freedom we need for the problem. By expanding the full theory
propagator in the limit we are interested in, as in Eq. (1.17), we can see that the Wilson

2
coefficient must be —ZgWVcb for the EFT to agree with the results of the full theory in the
w

p < My regime.

3 When neglecting neutrino masses, there is no mixing matrix for the leptons.
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FIGURE 1.5: Bottom quark decay in (a) the full theory (the Standard Model) and (b) the
effective theory.

1.3 The parton model

A key goal of nuclear /particle physics is to understand the inner structure of nucleons.
This was pioneered experimentally at the Stanford Linear Accelerator Center (SLAC) with
a process called deep inelastic scattering (DIS), e+ p — ¢ + X [17, 18|. Here, an electron
e scatters off of a proton p, causing it to break apart and result in a final state X. The
DIS experiments showed that the interactions were as if the electron were scattering off
of point-like particles in simple quantum electrodynamics processes [19]. Moreover, rather
than detecting a scattered proton in the final state, X included an abundance of hadrons.
This suggests that the proton is a composite particle, made up of smaller constituents
collectively known as partons, an idea originally proposed by Feynman [20]. The partons
are now identified with quarks and gluons. Nucleons, then, are composite hadrons of quarks
and gluons interacting via QCD. The quarks are asymptotically free at high energies, which
means they almost free particles inside the nucleons.

If the proton is a collection of quasi-free partons, one might suppose that to calculate
some differential cross section doe,_,.x for DIS, we can instead calculate the differential
cross sections do for the partonic processes and sum over them, weighted according to some

probability distributions f for the partons.

daep—»e/X ~ Z f dg fz/p(g) A0i e - (1.19)
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FIGURE 1.6: Unpolarized parton distribution functions for various parton types, at two

different energy scales, obtained by the NNPDF collaboration [22]. Figure from Ref. [23].

This is a statement of the QCD factorization theorem. The f are known as parton distri-
bution functions (PDFs), and ¢ is the fraction of the proton’s momentum carried by the
parton. Equation (1.19) takes advantage of the separation of scales in the problem. The
partonic processes involve the exchange of a highly virtual photon with Q% » AZQCDv where
the strong coupling is small and thus the ¢ can be calculated in perturbation theory. All of
the nonperturbative physics is contained in the PDFs, which in principle are universal can
be extracted from experiment. See the PDFs for unpolarized partons plotted as a function
of the momentum fraction in Fig. 1.6. Because it allows us to write down cross sections
for otherwise nonperturbative processes, factorization is a powerful tool in understanding
the physics of nucleons, and for DIS it has been rigorously proven [21]. It will be discussed

more explicitly in Sec. 3.2 when we apply it to [/ production.
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2

Decays of the exotic meson ch‘

The! LHCb collaboration announced the discovery of an exotic state in the DD+
mass spectrum in July 2021 [24-28|. It was observed as a narrow resonance close to both the
D*D* and D** D thresholds (Fig. 2.1), consistent with a tetraquark with quark content
cciid and quantum numbers J¥ = 1F. The resonance is named T:. This discovery was simi-
lar to that of the x.1(3872) [29-32], originally known as the X(3872), a possible tetraquark
state with quark content ccuii and quantum numbers J'¢ = 1t+. Both resonances lie
extremely close to D*D thresholds and can be regarded as hadronic molecules.

The decays of the x(3872) have been studied with an EFT called XEFT (“effective
field theory for the X”), initially developed in Ref. [33]. The similarities of that state with
the T, as well as the fact that there are more experimental observables with which to
compare to theory, motivated a generalization of XEFT to apply to the T.f. In this chapter
we discuss this EFT for the T, and its predictions for the total decay width and differential
decay width distributions, which are in excellent agreement with the LHCb results and were

first presented in Refs. [2, 3]. We begin by reviewing the theories that underpin XEFT.

! The work presented in this chapter was initially published in Refs. [2, 3]. The contributions of each author
are listed below.
* R. Hodges: analysis and writing for both papers
¢ L. Dai: checking calculations and editing manuscript (Ref. [3])
¢ S. Fleming: checking calculations and editing manuscripts for both papers
¢ T. Mehen: analysis and writing (Ref. [2]), checking calculations and editing manuscript (Ref. [3])

16



SOET T T :
~ Z i E
= o 5
-] C | .
50 :
= - | -
= 40F 1
- . 4 data _ _ .

30 :_ i El gigr?ig”+ MpOpos+ [GeV/c?] _:
205— ﬁ e ! | _
D S

! ! , | . . . =

mMpop0+ [GGV/CQ}

FIGURE 2.1: Distribution of D’D°7r" mass, with a resonance corresponding to the T
state. Note the closeness to the two D*D thresholds. Figure from Ref. [28].

2.1 Background for XEFT

XEFT, as a theory of the interactions between heavy mesons and pions, is built from
heavy hadron chiral perturbation theory [34-36|. This, in turn, is an extension of chiral

perturbation theory.

2.1.1 Chiral perturbation theory

The QCD Lagrangian when only considering light quarks is:

1 .
L= —E(F]ﬁ,)erq(le—mq)q, (2.1)
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where g = (u d S)T is a vector of light quark fields, and m,; = diag(my, my, ms) is
the light quark mass matrix. Each of these masses is small compared to Agcp, so it is

interesting to consider the Lagrangian in the chiral limit m; — 0.
Ly — Gildg = qrilPqr + qrilPqr, (2.2)

where q; = %(1 —s5)q and gr = %(1 + 95)g. In this limit, there is a chiral symmetry
SU(3)r x SU(3)r where the left- and right-handed fields transform independently: q; —
Lgr and g — Rqg, with L € SU(3); and R € SU(3)x [8]-

Let us investigate the vacuum expectation value (vev) of the light quark bilinears in
the chiral limit, with the flavor indices i and j explicit: (0| 7g/ |0) = (0| ((TRq]L + lTLq]R) |0>.
For simplicity consider only one of these terms and define v = (0| q%qu |0) [8]. Making a

SU(3)L x SU(3)g transformation, the vev of the transformed fields is:

(O gR(R")¥ L g1, |0y = (RT)N LI <0| gRqy |0y ,
— (RT)le]l Z)dkl ,
2.3
=70 (RT)le]k , ( )

= o (LR,
The vev is unchanged under the transformation if (LRT)/ = §% i.e., if L = R. Therefore,

the vev breaks the chiral symmetry to a single SU(3)y subgroup. Each of the eight broken

generators has a corresponding Goldstone boson, which can be written in a matrix M:

M= 4 —5 e K| (2.4)
K= K —\/37

These eight fields are identified with the pions, kaons, and eta mesons. Chiral perturbation

theory (xPT) attempts to write down an EFT for these fields.

When only considering the two lightest quarks g = (u d) T, M reduces to a two-by-two
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matrix of only the pion fields:

L0 gt
M— | V2 L ol =7 (2.5)
7T —%T[

The EFT developed with these fields is SU(2) xPT. Its power counting parameters are even
smaller than for SU(3) xPT due to the smaller quark masses. Since we are not interested
in the strange quark for the discussion of XEFT and the T, we will be dealing with SU(2)
xPT moving forward.

The combination ¥ = exp(2irt/ fr) transforms under the chiral symmetry transforma-
tions as ¥ — LY.RT. As X1 = 1, the most general leading-order Lagrangian you can write

down that is invariant under this transformation is:
f 72r U T
L= gtr 0 Z&HZ . (2.6)

If we want to include the effects of the light quark masses, we can proceed with a spurion
analysis. The mass terms in the QCD Lagrangian appear as —qpmgqr — q‘Rm,qu, which is
not invariant under q; — Lqr, gqr — Rqr. We have used the fact that the mass matrix
is diagonal and real. Inspecting these operators, one can imagine introducing a fictitious
spurion field S which transforms as S — LSRT; then the operators —7;Sqr — grSqr are
invariant under SU(2); x SU(2)r. Replacing S — m,; would make this the mass term.
We can add the most general dependence on S that obeys the symmetry to our chiral

Lagrangian:
2 Bf2
L= f87f tr 0"%o, " — g’ftr(szT +35'5). 27)

Explicitly breaking the symmetry, the dependence on the light quark masses can then be

expressed as:
2 B 2
L= J;Ttr oMro,xt — gﬂ tr(m 2+ mgxt) (2.8)

The interpretation of B can be seen as follows. Consider a path integral Z = {d¢ expl[i §d*x L(¢)],

where ¢ represents all the fields in the given Lagrangian. If we consider the derivative

19



iZ_laz/é’(mq)ij in both QCD and xPT, we see

— = | d*x (0|33 |0 ,
Zoco ()7 0l 7'7' 10y

(2.9)
i 6ZXPT

Zypr 0(mg)Y

- Bg%fd‘lx O (£ +£ 0y .

To lowest order in the pion fields, the expectation value in second line reduces to 67, and

so we see that the constant B is directly related to the vev discussed in Eq. (2.3).
Breaking the chiral symmetry gives masses to the pions, now making them pseudo-

Goldstone bosons. Expanding out the X matrices to write the Lagrangian in terms of the

pion fields themselves, we get:
Lr=tr(oM'rlo,m—minin). (2.10)

This is the relativistic Lagrangian for the propagation of pions that we will use in our EFT
for the T;g . The power counting is in pz/ A?C and m%/ Ai, where p is a typical momentum
for a pion and Ay = 47 is the scale of chiral symmetry breaking, which is near the charm
quark mass at around 1.6 GeV. It can be shown that the masses of the pions are related to

the vev by: [37]

3 = fim +my) (0] 3q10) - (2.11)

2.1.2 Heavy hadron chiral perturbation theory

To eventually study the interactions of pions with the x.(3872) and T, we need to
couple the pions to heavy meson fields. Heavy hadron chiral perturbation theory (HHYPT)
[34-36] does this by incorporating into YPT mesons of the type QF”, where a is a light
quark flavor index. In the charm sector these are the pseudoscalar mesons DY, DT, D,
and the vector mesons D*0, D**, and D¥*. Again, we are uninterested in strange quarks
for the purposes of XEFT and the T, so we neglect D and D*.

The pseudoscalar and vector mesons are degenerate in the heavy quark symmetry limit

mqg — o [8]. Therefore, it is convenient to combine the pseudoscalar meson fields P, and
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the vector meson fields P;H into a new field H,,, where a is an index for the light quark in

the meson, and v is the four-velocity of the mesons.

1+

Ha,v )

(P7 = Pavs) - (2.12)

In the rest frame with v* = (1,0,0,0), this reduces to:

0 —-P*¥-0o—-P
Hy» — (0 a 0 ”) . (2.13)
Then we can define 2 x 2 matrix fields H, = P} .o + P,, which transform under the

SU(2)r x SU(2)r chiral symmetry as H, = HbVTa, where V is a matrix which gives a
nonlinear realization of the symmetry, and under the SU(2) heavy quark spin symmetry as

H) = SH,. The Lagrangian for HHYPT in this context is then: [3§]
A , ,
L:umﬂm%wm—gmmmw»MA+mewﬂmm (2.14)

Here g is the axial coupling of the heavy mesons to the axial vector field A = %(CTVC —
EVED), where & = v/ = exp (imr/ fx). The scale A is the hyperfine splitting of the heavy
mesons; its term in the Lagrangian breaks heavy quark spin symmetry.

We also need to couple to photons, and the interaction terms with the magnetic field B

are given by: [39]
_ B i ¢ O te(H!
EEM - 7 tr(HaHba ' BQab) + WQ tI‘(HaO' : BHa) . (215)
Q

The matrix Q,, = diag(2/3,—1/3) is the light quark charge matrix, and Q' is the heavy
quark charge, which is 2/3 for the charm quark. The parameter § is a coupling with mass
dimension —1; it needs to be fit to experimental results for partial widths of D* decays [39,
40].

2.2 XEFT

XEFT was initially developed in Ref. [33], and has been further utilized or expanded

upon by many authors [41-56]. As a first step, it takes HHYPT and adapts it to apply to a

21



particular weakly bound molecule of neutral charm mesons, consistent with the properties
of the x.1(3872). Initially known as the X(3872), the exotic state was discovered in e*e™
collisions by the Belle Collaboration in 2003 [29], and further confirmed by the CDF, D@,
and BaBar collaborations [30-32]. Its mass averaged from these experiments is myx =
3871.65 + 0.06 MeV [11]. This is close to the D*D threshold: Ex = mp + mp« — myx =
0.04 + 0.09 MeV, which suggests a molecular bound-state interpretation. Furthermore,
the D*-D hyperfine splitting is only 7 MeV higher than the neutral pion mass of 135
MeV, and so any pions produced in a D* decay are non-relativistic. These facts invite
an effective field theory description, first developed by Fleming et. al [33] to study pion
interactions with the bound state. They consider the resonance a weakly bound molecule
of D’D*® and D*DP, in a state which is positive under charge conjugation: |DD*) =
(|D°D*% + |D*DO%) /4/2. The starting point for deriving the XEFT Lagrangian is the
two-component HHYPT Lagrangian, together with kinetic terms for pions from the yPT
Lagrangian, both of which were discussed in the previous section. A key difference between
XEFT and HHYPT is that XEFT includes a kinetic energy term for the heavy mesons. In
HHYPT this term is subleading in the power counting in 1/my, but in XEFT it is leading

in the power counting in the relative velocity of the heavy mesons v [33|. Several field
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redefinitions then lead to the initially-posited XEFT Lagrangian:

2 2
>D+DT <z’80+2V )D

L =D (iao+ ZV

MmMp=* mp
2 2
+ D' (iog+ —~—\D+D' (ico+-")D
ZmD* ZmD
2
+ 7t <i60+ v +5>n
2my
8 1 T ST 7 T (2.16)
+ DD'" - Vn+D'D-Vr')+ H.c.
(ﬁfn) ¢2T1n< )+ He
Co St }
—T(DD—FDD) - (DD + DD)

Co . - _ _ 3
+2(DD +DD)'- (D(‘V)ZD +D(V)D) + He.
c B 1 (DD + DD)'-DDVn+ He +---

NGB . .

The fields that annihilate the D*0, D*0, D? D° and ¥ are denoted D, D, D, D, and 7,2
respectively. The residual mass § = 7 MeV is the difference between the D*D hyperfine
splitting and the neutral pion mass. The coupling to pions ¢ = 0.54 is the axial coupling
from HHYPT [34-36], and the pion decay constant is f; = 132 MeV. The two-directional
derivative is V = ¥V - V.

Other key additions in XEFT are the contact interactions mediated by Cpy, Cp, and By,
which involve the interpolating field for the bound state, X' = (DODO*i + DODO*i)/\@.
We will see that these are the interactions that are responsible for the bound state. To
derive the decay rate for the x.1(3872), Fleming et. al consider a two-point function of the
interpolating field.

iZ(—Ex)

— 217
E+Ex+il'/2 @17)

G(E)o' = J dhx e=TE O] T[X (x) XT(0)] |0) = o

We see that this has a pole at the location of the bound state, whose imaginary part is the

2 This rr field is a nonrelativistic representation for the pion, and is different from the 7 field in HHYPT.
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decay width, and whose residue is the wave function renormalization for the interpolating
field. The Cy interaction is treated nonperturbatively, and in terms of the Cp-irreducible

graphs contributing to G(E), collectively represented by —iX(—Ex), this can be written as:

—i%

G= =
1+ G

(2.18)
—iReL+Im¥

1+ CyReX +iCoImX "’

From Eq. (2.17) we see that the real part of the denominator must vanish at the location
of the bound state, so we have 1+ CoReX(—Ex) = 0. The value of Cy is therefore tuned
to the location of the bound state. We can expand the real part about E + Ex, but not the

imaginary part since it arises from the NLO diagrams and is thus already small.

i i

G= - —. 2.19
C3(E + Ex)ReX/(—Ex) +iCiImX(—Ex) Co 219)
Ignoring the irrelevant overall constant, we can read off:
P S
CjReX/(—Ex)
(2.20)
_ 2ImX(—Ex)
~ ReXY(-Ex) '

All that remains is to compute the decay rate is to calculate the graphs that contribute
to ReX and ImX. We do not quote the full result here, as it is essentially the m, = my
case of the computation for the T decay rate, which will be discussed in detail later in the
chapter. The original prediction for the decay rate of the x.(3872) as a function of the
binding energy is shown in Fig. 2.2. Recall that, using the most recent value of the mass
of the x1(3872), Ex = mp + mpx — myx = 0.04 £ 0.09 MeV.

Reference [53| revisits the decay studied in Ref. [33] and includes contributions from

final-state rescattering, introducing two new interaction terms at NLO:

L= Zcm—”(DTnTDn +D'n'Dr) + CopD'DIDD . (2.21)
70
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FIGURE 2.2: Original XEFT prediction for the decay rate of the x.1(3872) as a function of
the binding energy Ex. The solid line is the LO prediction, and the shaded band is the
range of the NLO prediction. Figure reused with permission from Ref. [33].

These new interaction terms can have a substantial effect on the decay rate, as evidenced
in Fig. 2.3. The authors argue that, since the NLO interactions can change the predicted
decay width by as much as about 50%, the decay width alone is not a good observable
through which to extract the binding energy of the x.1(3872). Instead, the authors look at
the decay width differential in the final state pion energy, as in Fig. 2.4. The distribution
is sharply peaked, and the location of the peak is insensitive to the NLO effects; they
only change the overall magnitude. The magnitude also decreases as the binding energy
increases, and so this differential distribution may be a better observable to extract the
binding energy.

Another key result of Ref. [53| is that XEFT provides a strong prediction regarding the

molecular nature of the x(3872). The sharpness of the differential decay distribution is
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FIGURE 2.3: Updated XEFT prediction for the decay width of the x.(3872) as a function
of the binding energy Bx. The solid line is the LO prediction, the green band is the original
NLO prediction from Ref. [33], and the orange is the updated NLO prediction including
the new final state interaction terms. Figure from Ref. [53].

a direct consequence of the virtual D* propagator, arising in the tree-level decay like in
Fig. 2.7a, in the decay width. If the propagator is replaced by a constant, the distribution
becomes flat, a fact which holds true for each binding energy considered (Fig. 2.5). An
experimental measurement of the differential distribution yielding a sharp peak thus would

support a molecular interpretation for the x.1(3872).
2.2.1 Summary of the couplings in XEFT

There are many couplings in the XEFT Lagrangian, and here we discuss how each are
determined. This will carry over to the corresponding couplings for the T...

¢ the pion-charm meson coupling g: fit by comparing tree-level D* decays in XEFT

to data from the PDG.

¢ the contact interaction coupling Cp: tuned to the location of the bound state.

26



Bx = 0.05 [MeV] Bx = 0.1 [MeV] Bx = 0.5 [MeV]

0.09 T T T 0.09 T T T 0.09
0.06 4 0.06} 4 0.06-
k
S
<
>~
=~
=
003+ 4 003F 4 0.03F
0'OOO é 4 (I) 8 0'00() é 4 é 8 O'OOO 2 4 EI’ 8
E, [MeV] E, [McV] E, [McV]

FIGURE 2.4: Decay width for the x.(3872), differential in the final state pion energy E,
for three different binding energies Bx. The band colorings are the same as in Fig. 2.3.
Figure from Ref. [53].

¢ the derivative contact interaction coupling C,: the NLO calculation includes a cor-
rection to the LO width proportional to C,, and which depends on a cutoff used to
regulate the divergent integrals. In effective range theory, this correction arises from
a modification to the normalization of the wave function for the bound state [33]; the
modification depends on the effective range rp, which is an unknown quantity that
must be estimated. The value of C; is fixed both to cancel the dependence of the
cutoff and reproduce the effective range theory prediction.

¢ the five-point contact coupling B;: all terms in the NLO calculation dependent on
B; are also proportional to Cp, and after the value of C; is fixed, the value of By is
fixed accordingly to cancel all cutoff dependence.

¢ the final state D7t coupling C,: fit to lattice calculations of D7t scattering lengths
[53].

¢ the final state DD coupling Cop: this coupling is proportional to the D meson
scattering length [53|, about which little is known, so an educated guess is made for
its range.

We will discuss the explicit values for these couplings in the context of the T/, in Sec. 2.4.3.
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FIGURE 2.5: Leading-order yx.1(3872) decay width differential in the final state pion en-
ergy E, for different binding energies Bx. The solid line is the XEFT prediction, and the
dotted line is the XEFT prediction with the D* propagator replaced by a constant, normal-
ized to the same total width. Figure from Ref. [53].

2.3 An EFT for the Tt

Describing the T with an EFT essentially involves generalizing XEFT to allow for
positively charged charm mesons, accounting for the fact that it is now a coupled channel
problem because the resonance is near to two thresholds, and dealing with the idiosyncrasies
that appear as a result. The publications |2, 3] that write down this EFT were influenced by
the timing of the announcements by the LHCDb collaboration, and their fits of the resonance

profile.
2.3.1 Remarks on the T, experimental fits

The initial announcement of the observation of the T resonance was at the European
Physical Society Conference on High Energy Physics in July 2021 [24, 25]. These talks refer
to a fit of the resonance profile to a relativistic P-wave two-body Breit-Wigner function with
a Blatt-Weisskopf form factor [57, 58|, which yielded the following values for the binding
energy and decay width:

Smpw = —273+61 5 11 keV,

(2.22)
Tpw = 410 + 165 + 43" 8 keV .
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In the weeks following this announcement, a flurry of theory papers [2, 59-78| rose to the
task of predicting various properties of the T.. In particular, Refs. [59, 62, 65, 66, 72, 73]
attempted to predict the decay width. One of these papers was our initial analysis with the
extension of XEFT [2]|, where we found decay widths an order of magnitude smaller than
that in Eq. (2.22). This motivated us to understand the discrepancy, and we investigated
the possibility of a decay to other shallow bound states of two pseudoscalar charm mesons
which would enhance the width; this is discussed in Sec. 2.4.5.

Additional information regarding the fits of the resonance profile was provided in two
publications by the LHCb collaboration |27, 28|, posted on the same day in September
2021. Reference [28| argues that the “relativistic P-wave two-body Breit-Wigner with a
Blatt-Weisskopf form factor . .. while sufficient to reveal the existence of the state, does not
account for the resonance being in close vicinity of the D*D threshold.” Instead, they fit
the resonance to a unitarized Breit-Wigner profile, which yields a substantially lower value
for the decay width:

Smy = — 360 + 4075 keV,
(2.23)
Iy =48+2") keV.

Since this fit accounts for the closeness to the D*D threshold, we deem it more appropriate

for comparison with theoretical results.

2.3.2 Adapting the XEFT Lagrangian

There are several key differences between XEFT and the EFT for the T. Instead of
only D° mesons and their antiparticles, we now also have bound states involving positively

charged D mesons, and we put them in an isospin doublet:

ne(5) 029

We also need to include the charged pions. These facts complicate the derivation of the La-
grangian and the decay width, as now we have to deal with matrices of fields and couplings.

The other difference with XEFT is that, for the T.t

o, we treat the pions relativistically, since
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the addition of the charged pions complicates the definition of a residual mass term for the
pions. The interaction terms are written down by constructing isospin invariants out of the
charm meson and pion fields. For a detailed explanation of this process, refer to App. A.1.

The LO Lagrangian is as follows.

) 2 ) 2
Lio = H* (i + v —5* |H* + HT ia°+v——5 H
2mH* ZmH

- G (H T o) (H T oH) — G (H o H) (H o H) - (229)

. 1 .y
+ J;"HTalnH*l + 5 H'upB'H + Hee..
7T

Here 6 and 6* are diagonal matrices that contain the residual masses of the D mesons;
their entries are 51.(1.*) = ml(*) — mgp. The subscripts on the masses indicate the charge of
the charm meson. The magnetic field is denoted by B. The matrix yp contains transition
magnetic moments, up = diag(puo, 4 ), where the entries are fixed to give the partial
widths T(D*" — D*) = 1.33 keV and ['(D*® — D%) = 19.9 keV at tree level; refer to
App. A.2 for details on these values.

The NLO interaction terms are constructed from isospin invariant combinations of the

H fields and 7t fields; their derivation and their range of values are covered in App. A.l.

They are:

cl 2
Le, = 2 (HToH) (H 1,V H)

2T Ty
(2.26)
C(l) 2
+ %(H*TTQT,ZH)T(H*TTQTQV H)+ Hec.,
Lo =CPDY A Dt — cVDH A% DOt 4+ Hee.
+ CP DOt R0t D070 4 P Dt 70t pt 0 (2.27)

+ C7(T3) DOT 7T+TDO7T+ ,
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FIGURE 2.6: The diagrams that contribute to —iX to NNLO. Bold solid lines are D*
mesons, regular solid lines are D mesons, and dotted lines are pions. NNLO diagrams
arising from concatenating two NLO diagrams are not shown. Figure from Ref. [3].

‘CB1 — Bil)(D+D*O)T(D+DOVﬂO) +B§2)(DOD*+)T(D+DOV7TO)

5 e (2.28)
+ %(DOD*Jr)T(DODOvn.Jr) + %(D+D*O)T(DODOV7T+) + He.,
c "
,CCOD = %(DODO)T(DODO) + COD(D+DO)T<D+DO). (2.29)

We will discuss these couplings in more detail once the decay widths have been discussed.

The relativistic pion kinetic term is the same as discussed in Sec. 2.1.1:

L= tr(Mrtoum —min'n). (2.30)
2.4 Leading and next-leading order decay widths

In adapting the XEFT formula for the decay width, Eq. (2.20), to the T.., we have to

cco

account for the coupled channel problem. The two-point function G in Eq. (2.17) needs to
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be generalized to a matrix:

G — J dhx e B O T[X (x) XT (0)][0)
(2.31)

=ix(1+Cx) !,

where the interpolating field is the appropriate combination of D*D fields for the T.

DOD*+
X = <D +D*0> : (2.32)

The second line of Eq. (2.31) arises from writing G as an infinite sum of the Cop-irreducible
two-point function X, like in Appendix A of Ref. [79], but with 2 x 2 matrices Cy and 2. The
diagrammatic representation of —i is given to NNLO in Fig. 2.6. The diagonal elements
of —iX contain the graphs where the channel is the same at the initial and final insertion
of Cy, and the off-diagonal elements are the graphs where the channel swaps. Any other
diagrams contributing to X that you can write down at this order have a pole structure
so that you could evaluate the loop integral dly by enclosing only a pion pole. These are
“radiation pions”, and are their diagrams are suppressed compared to those in Fig. 2.6 [80].

A feature of this matrix representation for G is that we can project out either the

isospin-0 or the isospin-1 channels, each with its own residue and decay width:

T
1 A 1
oo <¢1> G<¢1>

(2.33)
Lo
T 2E4Ep 4+ T’
The full expression for Gy is:
1 (1)
—5X1-9 — 2C; 'det X
—iGy = 22120 7o 9€ (2.34)

1+ %o+ V2 +4cVcVdets

where X7_g/7—1 = X11 + 222 F X2 F g1 is either the isospin-0 or isospin-1 combination of

the diagrams. Taking the T to be an isospin-0 state, we treat C(()l) perturbatively and
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expand to LO.
1 X

— - 2.35
27 +C(()0)ZI:0 (2.35)

Now the expression above is problem is of the same form as Eq. (2.18), but with the single-
channel X replaced by the isospin-0 combination 2;_g for the coupled channel. The analysis
then proceeds in the same way as in Sec. 2.2, and the wave function renormalization and

decay width are:
_ 1
= 5 ,
(CY*Re X! _,(~Er)

(2.36)
T — ZImZIZ()(—ET)
07 ReX|_,(—Er)

We now split g into its LO and NLO contributions, and expand in the NLO ones. The

LO diagrams in X are only on the diagonal, since at LO we cannot swap channels.

NLO( NLO[
ry~Tho(1- Re X NP (—ET) 2Im X5 (—Er) , (237)
Re tr ¥O(—Er) Retr¥MO(—Er)
where
Lo 2ImXi9 (—Er) (238)

O 7 RetrZIO(—Er) "

The Re ZNEO(—E7) term in Eq. (2.37) is a correction to the LO decay width from NLO
D*D self-energy corrections, which are the diagrams on the second row of Fig. 2.6. The
self-energy diagrams to NLO are:

e the LO self-energy diagram, —iX;

e the one-pion exchange diagram, —iXo

e the Cp contact diagram, —iX3
The Im ZII\I:LOO(—ET) term in Eq. (2.37), by the optical theorem, is related to products of
NLO decay diagrams resulting from the cuts of the graphs on the third and fourth rows of

Fig. 2.6.3 These decay diagrams are shown in Fig. 2.7.

3 Im NLO is from self-energy diagrams of one higher order than in Re ZN'C because the LO self-energy

graph has no imaginary part below threshold.
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FIGURE 2.7: T} decay diagrams to NLO. Figures from Ref. [3].
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2.4.1 LO calculation

The LO decay width arises from the tree-level decay in Fig. 2.7a, where the dotted line

can either be a pion or a photon. The results for the differential partial widths are:

T o[T+ — DODO 2 9 1 \?
to[T 22 2 2701)3#0829( PR R 2> ’
dpi dp; (4t fr)* 3 PI1+7% P2t
dlio[T,t - DDA ¢ 2, <\/%c059 T sin@)2 (2.39)
dp? dpj (Anfr)23" "\ pL+92  pa+13 )’ '

dlio[TE — DTD%]  Ej (myo cosf Vit sine)z
dpidpg 6\ pi4af  pitrt )
Here the v; are the binding momenta and the y; are reduced masses for a particular channel,
where the subscript refers to the charm meson which is the pseudoscalar meson in the
channel, e.g., ’y(z) = 2uo(mo + m* — my). The mass mr is the mass of the T, which is
derived from the binding energy extracted by LHCb. The three-momenta are the momenta
of the final state particles, where the p, is for a final state pion, p4 is for a final state
D™, po is for a final state D°, and p; and p, are for the two final state neutral charm
mesons in the first decay. The angle 0 parametrizes the isospin state of the T.; it depends
on X/(—E7) and for a pure isospin-0 state is 6 ~ —32.4°. Note that if we take the isospin
limit mg = m, which makes 79 = 74 and cosf = —sinf = 1/+/2, we get the expression

for the decay width of the x.1(3872) from Ref. [33].

2.4.2 NLO calculation

To improve the readability of this section, the expressions for the self-energy diagrams,
decay diagrams, and differential decay widths to NLO are provided in full in App. A.4.
Here we discuss one decay diagram, for illustrative purposes. Consider the one-loop decay
with a C; vertex in Fig. 2.7c. Let the mass of the pseudoscalar charm meson be m, the
vector charm meson be m*, and the pion by m,. Label the momentum of the external D
meson which does not have the C, vertex on its line as p with momentum m’. Work in

the rest frame of the T, so that pr = (Er,0), and route the loop momentum [ clockwise

35



through the loop. The diagram has the following components, arising from the Feynman

rules derived from the Lagrangian:

i

¢ the virtual D* t
e virtua propagator: i

ZO_ Zm*

i

e the virtual D propagator: ————
ptopag —lg+Er—L2 _stie’

e the virtual pion propagator: m
e the D*Drr vertex: (p —1)igx,
e the C,; vertex: iC,

* a polarization vector €. for the T.-, which must contract with the (p —1)'g, term

® an integration over the loop momentum: S—(zd l)d

The appropriate ¢, and C; will depend on the charges of the particles. The full integral

written out is:

ﬂz 1 1
= ¢nCr
m——f—5W+w—b+Eprf—5+w

(2.40)
1

U pEonkvie

(p—1)-e
The [y integral can be evaluated by contour, enclosing the pole at l[p = Et — % — 0+ ie.

In terms of the reduced mass p and binding momentum < for the diagram, the result is:

d?-11 1
27)4-112 + 42 —je

= 2iug,Cr f

1
« (p—1-er.

2
I r——

(2.41)
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Simplifying the part of pion propagator denominator that is in large parentheses, using

ET:mT*2mo,(5=mfmg,andpo:m’—l—zp—nj/fmo,wehave:4
12

Ere — _§5_

T 2m 0= po
=m —2m—£—(m—m)— m’—l—p—z—m (2.42)
— mT 0 m 0 ! 0 .

12 p2

) .
= T 2m  2m’

All the terms in the equation above dependent on 1 and p will be suppressed by factors of

2

the charm meson mass compared to (1 —p)*, so we drop them.

d11 1
2m) 3112 4 92 —ie

IC” = 2l;lg7-[c7-(f (
(2.43)
1

X (I_P)Z—(mT—m—m’)2+m%_i€(l—P)'ET.

We now see that these are the basis integrals from App. A.3; their evaluation is discussed
there. They are evaluated in the power divergence subtraction (PDS) scheme [81], which

makes linear divergences explicit with the use of a hard cutoff Apps. We get:

Ie, = 2iug=Crer - p[I (p) — I(p)] . (2.44)

where the parameters c1, ¢, and b (which are defined in the appendix) are

61272,
¢ = p— (mr —m— P+ i, (2.45)
b=1.

The other diagrams proceed with similar analyses.

4 Recall that the energies of the D mesons are measured with respect to the D® mass 1.
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2.4.3 Uncertainties in the NLO couplings

Evaluating all of the self-energy and decay diagrams for use in the formula for the NLO
decay width yields a lengthy answer with complicated dependence on the NLO couplings.
We discussed the determination of the couplings in XEFT in Sec. 2.2.1; the analysis will
be similar here.

While the couplings Co, &, #p, and Cy are fixed by either experimental or lattice values,
we have to estimate reasonable ranges for the other couplings to see their effects on the
decay width. The coupling Cyp is related to the D meson scattering length a; in XEFT
the bounds on the magnitude are chosen so that Cop ~ —4ma/my [53|, which is about
Cop ~ —(1.3 fm)a. Assuming the D meson scattering length to be of the order its size,
which we take to be no larger than the size of the proton at O(fm), here we vary Cop in
the range [—1,1] fm?, which is also what is done in the XEFT papers.

The dependence of the decay width on the C; and By couplings is simplified by defining
the parameters B;, defined in App. A.5. To see their significance, we can take the isospin
limit my = my, and we see that:

acy py

—— (7 — Arps)”, (2.46)

B2, Bs — —

In XEFT this term is proportional to the effective range in the isospin-0 channel [33],
B2 = Ba = —yro. We pick the value of the effective range for nucleons, ry ~ 1/(100 MeV),
as an upper bound of that for the charm mesons. For the binding momentum -, we plot
the results for both v = 79 and v = 74 in Sec. 2.5. These values are used to provide
error bound estimates on B, and B4. The values for By are then chosen to cancel the Appg
dependence in the decay width after the Cp; have been fixed by Eq. (2.46). The values
for the partial widths in Table 2.1 are with the couplings chosen to give upper and lower
bounds.

In the same isospin limit, the rest of the B; parameters become:

B1=Ps=Ps = %(7 — Apps) <b°é{ T _oc y) . (2.47)
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Table 2.1: T partial widths to NLO. The central value is the LO result, and the error bars
give bounds to the NLO corrections.

Partial width (keV)
[T+ — D°DOr] 28126
T[T+ — DTD'70] 13%%,
Tstrong T2 ] 4175
Tstrong [Tet] + T[T 4715

This is where the dependence on B; appears, as by is an isospin-0 simplification of B,
introduced in App. A.1. Here you can see that the B; couplings must be fixed to cancel
the Apps dependence in B135. The effective range can again inform an appropriate range
through which to vary these Bs, however we find that the differential distributions are

negligibly affected in the range, so we will not show plots regarding them.

2.4.4 Results for partial widths

We can integrate the LO and NLO differential distributions over phase space to get
the partial widths (Table 2.1). The total predicted LO decay width of 47 keV is already
in excellent agreement with the experimental value I'y = 48 + 2J_r(1)4 keV. There are no free
parameters at LO; the coupling Cy is merely tuned so that the two-point function Gg has
a pole at the location of the bound state, and the rest of the couplings are fixed from D*
decays. The NLO contributions can add significant uncertainty, yielding I' = 471';;22 keV,

which arises due to the uncertainties in the NLO couplings.

2.4.5 Decay to another bound state

We mentioned in Sec. 2.3.1 that the initial T. decay width quoted by the LHCb collab-
oration (I'gyw) was orders of magnitude larger than the value obtained by the early theory
calculations, including our initial value of I' = 52 keV. To attempt to provide an expla-
nation for this discrepancy, in Ref. [2] we explored the possibility of a decay of the T
to a hypothetical bound state T.. of two pseudoscalar D mesons, either DYD? or DTDY.

Predictions for such I = 1, J® = 0% doubly-charm tetraquarks are anywhere from a few
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FIGURE 2.8: Triangle diagram for the decay of the T to a final state with a T.. Figure
from Ref. [2].

to a few hundred MeV above the DD threshold [27, 82, 83|, and given uncertainties it is
reasonable to investigate the existence of these T, states.

We consider three decays at one-loop level: T} — Trn% Ton+, and Tfv. The cor-
responding triangle diagram is shown in Fig. 2.8. The partial widths can be written in
terms of an integral of the form of I(p) from App. A.3; we quote the result here with a

parametrization specific to these decays.

E(my, m, mz, mz) = 4 | 1213 [tanl <C2_C1>

b? 2 Czbzp%[

(2.48)
2.2 .
+tan~! ( 2b7pr o1 - o )] ,
24/0?p%(c2 — b?p3)
where the parameters are:
Y12 = \/—21412("’1T —my—my), Y3 = \/—21413(ET —my —m3),

(2.49)

_ H13 o

! = —Px —I—’Y%g/ b= piz/ms.
ms

-1 _ -1 - A2
;41.]- = m; +m]- , €1 =97, C
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In terms of the unknown mass m+ of the hypothetical T.c state, the partial widths are then:

2
. [Prlmy
T[Tt > Tinl = 677'I’mTT \/é;fn | cos 0 F(mo, mps+, my, my)

) 2
—sinf F(m+,m6k,m0,mf)| ,

7 [Prlms ? 2
F[TCt - Té)cn+] = g:l,:iﬂ/l;" fgn- |C089F(m0,mD*+,m0,mT)| , (250)
- M~
T[T - Tlq] = |3p71’mTT‘V+ cos 0 F(mq, mps+, m., my)

+ posin @ F(m., m§, mo, mg) |2

We can then plot these partial widths in Fig. 2.9 as a function of the T, binding energy
from 0 to 5 MeV. The pion decays have widths that increase linearly for most of the domain,
and the photon decay has a width that approaches 10 keV as the binding energy increases.
In all, these processes could increase the total width of the T by as much as 150 keV for
a T, binding energy of 5 MeV, and by about 80 keV if the binding energy is the same as
that of the TL. This is far above the experimental value I'y & 48 keV; this is evidence that

the T.. bound states do not exist.

2.5 Differential decay distributions

In this section we plot the differential distribution dI"/dmpp, where mpp is the invariant
mass of the charm mesons in the final state, mpp = (p1 + p2)?, and compare to the LHCh
experimental data for the total yield, which is shown in Fig. 2.10 for comparison.> The
normalizations of the curves are fixed by performing a least-squares fit of the LO distribution
to the data.

In the plots, the solid lines represent the LO curves, and dotted or dashed lines repre-
sent bounds on the NLO contributions. The LHCb data is overlaid with the background

subtracted. We show three plots that include a subset of the NLO terms:

5 Thanks to M. Mikhasenko for providing the data for use in our plots.
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FIGURE 2.9: Partial widths for the T} decay to a T, and a pion or photon. Figures from
Ref. [2].

e Figure 2.11: includes non-Cp-dependent NLO self-energy corrections (the first diagram
on the second line of Fig. 2.6), and decays like Fig. 2.7b. These increase the magnitude
of the differential distribution by a small, but noticeable amount.

e Figure 2.12: the contributions from Cop are shown, varying it in two ranges: [—1,1]
fm? and [—0.25,0.25] fm?. The change in the neutral pion decay is twice that of the
charged pion decay, due to the coupling of charged pions to charm mesons being larger

by a factor of v/2. The magnitude of the peak is sensitive to the couplings magnitude;
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FIGURE 2.10: LHCb fits to data for the total yield as a function of the invariant mass of
the final state charm meson pair. Figure from Ref. [28].

for |Cop| =1 fm? the peak is either too high or too low for the neutral pion decay.
¢ Figure 2.13: the parameters B, and B4 are varied together so as to maximize the effect
on the distribution. The magnitudes of the peaks are even more sensitive to these; for
B2 = B4 = —0.59 the peaks are far too high. Clearly the appropriate choice for the
binding momentum and the effective range are important for obtaining reasonable
values for these parameters. Both choices for B = B4 serve to increase the partial
widths.
The C,; diagrams, as well as terms proportional to B1, B3, and Bs, contribute negligibly to
the distributions, so we do not plot their contribution individually.

The total NLO contributions to the differential distribution are plotted in Fig. 2.14.
The parameters are varied between —1 fm? < Cop < 0.25 fm? and —0.25 < B2,B4 <0. An
important observation is that while the magnitude of the distributions can vary significantly
with the choices for the NLO couplings, the qualitative nature of the plots remains the same:
the peak stays at the same invariant mass, and the charged pion decay remains larger than
the neutral pion decay. As in XEFT, the shape of the differential distributions are a result
of the amplitudes being dependent on a virtual D* propagator, 1/ (p2 + ’yz). The binding

momentum is a small number, and so the distributions are sharply peaked at small p. If we
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were to instead replace the propagator with a constant, the curves would be much flatter
(Fig. 2.15) and would not be in good agreement with the LHCb data.

An interesting future direction would be to perform a careful fit of the experimental
data to obtain values for the NLO couplings, since there is not much known about several
of them at this time. This would increase the predictive power of the EFT, putting tighter
constraints on the couplings. Such an analysis could be further improved by having even

more precise experimental data to which to fit.
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FIGURE 2.11: Differential decay width at LO (solid lines), and NLO contributions from non-C,-dependent self-energy terms and
Fig. 2.7b. Figure from Ref. [3].
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Contributions from Cjp interactions
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FIGURE 2.12: Differential decay width at LO (solid lines), and NLO contributions from Cyp. The legend shows the absolute value

of Cyp; the positive values increase the width and the negative values decrease it. Figure from Ref. [3].
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3

Spin-dependent TMD fragmentation functions for
J /¥ production

In' this chapter we derive the spin-dependent TMD fragmentation functions (FFs) for
J /¢ production in the framework of NRQCD. These FFs are fundamental objects describing
the hadronization of a hard parton, and can be utilized in different scattering processes.
Before discussing the FFs themselves, we review the properties of the J/¢, as well as
the theoretical background for the production mechanism we consider, semi-inclusive deep

inelastic scattering.
3.1 J/¢¥ meson

The J/1 meson was discovered independently by Ting et al. [84] at Brookhaven Na-
tional Lab (BNL) and Richter et al. [85] at the Stanford Linear Accelerator Center (SLAC)
in 1974. The discovery confirmed the existence of the charm quark, posited by Bjgrken
and Glashow [86] in 1964. The J/¢ was the first of so-called charmonium states to be
observed. The charmonia are bound states of charm-anticharm with different quantum
numbers 251L J, where S is the spin, L is the orbital angular momentum, and | is the total
angular momentum. They can also be described in terms of JPC, for parity P = (fl)L+1

and charge conjugation parity C = (—1)L*5. The J/¢ has quantum numbers 3S; and

1 The work presented in this chapter was initially published in Ref. [4]. The contributions of each author are
listed below.
* R. Hodges, M. Copeland, S. Fleming: analysis and writing
¢ R. Gupta: analysis
¢ T. Mehen: checking calculations and editing manuscript
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FIGURE 3.1: Mass spectrum of charmonium states. Black indicates conventional quarko-
nium states, red indicates exotic isoscalars, blue indicates exotic isovectors, and green
indicates candidates for exotic states. The DD threshold is shown in pink. Figure from
Ref. [11].

177 and a mass of 3.1 GeV. Many other charmonium states have been measured as well
(Fig. 3.1).

Consider the [/ decay modes in Table 3.1. The strong decays, in particular the 3¢
decay, are more predominant than the leptonic deacys. The relative proportion of 3¢ decays

to leptonic decays can be understood by looking at the powers in the couplings: 3¢ decays

will go as a ~ 1073, whereas the leptonic decays will go as a2, ~ 10~%. However, the
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Table 3.1: J /¢ decay modes from the Particle Data Group [11].

Mode Fraction
J/¥ — 3¢ (64.1+1.0)%
J/¢Y — g8 (8.8+1.1)%

J/¢ — v* — hadrons | (13.50 4+ 0.30)%
J/ —y* —>efem | (5971 +£0.032)%
T/ —4* = utu= | (5.961 +0.033)%

lepton decays have considerably higher branching fractions than for other hadrons, for
example, corresponding branching fractions for the neutral rho meson po are smaller by a
factor of 107> [11]. Indeed, the initial BNL discovery was in decays to e*e™, and the SLAC
discovery in decays to pTu~. This can be attributed to the fact that the J/¢ lies below
the DD threshold of about mpp = 3.74 GeV, so there are fewer hadronic decays that are
kinematically allowed.

The relatively high proportion of leptonic decays makes the J/¢ an attractive subject
for experiment; muons in particular are readily measured, since they are charged particles
that are not absorbed as often as electrons, and obviously do not lead to hadronization,
so their momentum can be resolved without many other complications. It is important to
have theoretical predictions for |/ production to go along with experimental observations.
In this work we consider ]/ production via a process called semi-inclusive deep-inelastic

scattering.
3.2 SIDIS and factorization

In Chap. 1, we discussed deep inelastic scattering (DIS), e(l) + h(p) — €' (I') + X(px),
where an electron e scatters off of a hadron h (usually a proton), which hadronizes to a
final state X. The momentum transfer of the electron to the proton is parametrized by the
virtuality of the exchanged photon, g> = (I’ —)?> = —Q?. DIS is best described in a frame
where the proton moves fast, and so the partons move in a mostly parallel direction with

momentum k ~ §p ~ Q [87]. The transverse momentum is small, kt < Q. The DIS cross
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FIGURE 3.2: Diagram for semi-inclusive deep inelastic scattering. Figure from Ref. [4].

section can be approximated using QCD factorization:
dU—ehﬁe’X /dUel—>e’X N
FET Z 4 fim @) B=g51— =2 fim®di. (3.1)
i

Here, the full cross section o is factorized into a product of a probability distribution
fi/n(&), which describes the probability density to find a parton of type i with momentum
fraction ¢ inside the hadron, and a partonic cross section ¢, which is the cross section for
the corresponding partonic process. The distribution f;/, is called a parton distribution
function (PDF), and is extracted from experiment.

Consider now that we will measure a hadron H of momentum P in the final state along

with the electron; this is semi-inclusive DIS (SIDIS). We can define the kinematic variables

=
g

X =

Q? p-q

, (3.2)
2p-q

<

I

H

N

I
==

]

The parameter x is the usual DIS Bjorken scaling variable, and in the proton rest frame, y
is the fractional energy loss of the electron, and z is the ratio of the energy of the hadron
to that of the photon [87]. At leading order, we can glean the significance of Bjorken x

by considering the O(aem) partonic process where the photon is absorbed by a quasi-free
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quark inside the proton of mass m, and initial momentum k. We then have

2 2 2 Q? Q?

This implies that at LO, x ~ ¢, i.e., Bjorken x is the fraction of the proton’s momentum
carried by the parton. This need not be true at higher orders where more particles are
involved in the partonic process and thus Eq. (3.3) does not hold.

The cross section for SIDIS still factorizes: [88-91]

d 1 1 doi(E, A2
Lo d‘; == j ch dZ fiyn(&) Dayji(2) dfjéjf_ﬁ [HO( 53‘”)} (3.4)
)

Here the partonic process is for an electron and a parton of type i going to an electron and a
parton of type j: e~ (I) +i(k) — e~ (I') + j(k') + X. The parameter ¢ is still the fraction of
the hadron h’s longitudinal momentum carried by the initial parton, and { is the fraction of
the scattered parton’s momentum carried by the hadron H, k' = P/{. The function Dy /j
is a fragmentation function (FF), and it describes the likelihood for a parton of type j to
fragment to a hadron H.

If we also want to be sensitive to a small transverse momentum of the final state hadron,
Aqcp < Pr « Q, then we get the transverse-momentum-dependent (TMD) version of the
SIDIS cross section: [87]

do -

e o IMD 2. 2 Q) (p.. B
dx dy dz d*Pr Zi:d% (Q,x,y)fd prd-kr 67 (Pr —zkr — pr)

(3.5)

P} Adep
x fin(x,kr) Dhyi(z, pr) [1 + (9(sz o ﬂ

The integrations over ¢ and ¢ have been performed, and the parton is now the same type
after exchanging a photon with the electron [87]. The procedure to obtain a SIDIS cross sec-
tion, then, is to perturbatively calculate the partonic cross section ¢™P | and utilize it with

expressions for the TMD PDF and FF in Eq. (3.5). In practice, we can use experimental
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fits for the PDFs, and for hadrons with light quarks the FFs must also be determined exper-
imentally. However, for quarkonium, the FFs can be calculated. We will use nonrelativistic

QCD to do this.
3.3 Non-relativistic quantum chromodynamics

Non-relativistic quantum chromodynamics (NRQCD) is an effective field theory devel-
oped by Bodwin, Braaten, and Lepage [92], to provide rigorous predictions for quarkonium
decay and production cross sections. The EFT has a power counting in v « 1, the relative
velocity of the heavy quarks in the bound state. For charmonium, v> ~ 0.3. There are
three energy scales involving this velocity that are relevant: the heavy quark mass mg, its
three-momentum mgov, and its kinetic energy va2. The size of the quarkonium system
is of the order 1/mgv, and its binding energy is of order vaz. The QCD scale Agcp is
taken to be on the order of vaz.

The NRQCD of Bodwin, Braaten, and Lepage separates the physics of the large scale
mg from the smaller scales mgo, vaz, and Aqcp. As is standard in EFT, the effects of
high energy are incorporated into the Wilson coefficients of the operators; since as(mg) ~
0.24 « 1 for charmonium, the coefficients can be calculated perturbatively. The operators

themselves scale with v, and so the cross sections are double expansions in ag and v.
3.3.1 Lagrangian and power counting
The NRQCD Lagrangian can be derived by starting with full QCD and diagonalizing

the theory with the transformation Q — e*imQt(lp x)T, to decouple the heavy quark and

antiquark fields.?

L= Qi —mg)Q
(3.6)
— pliDgyp + x1(iDg + 2mq)x — ¢lio - Dy — xTio - Dy .
The equation of motion for the antiquark field is:
(iDo + 271’!Q))( =io-Dy, (3.7)

2 This can also be done with a Foldy-Wouthuysen-Tani transformation [93, 94], Q — exp (—iv-D/2mg)Q
[95].
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which can be solved for x to integrate out the antiquark field from the Lagrangian.

L = ¢'iDyy — ylic - D ioc-Di. (3.8)

iDy + 2mg
By assumption the heavy quark mass is large, so we can expand in powers of 1/mg.

2
L=yl (iDoJr;nQ)lerO(mlz) . (3.9)
Q

Doing this procedure with the equations of motion for the quark field ¢ would give an

analogous kinetic term for the antiquarks, leaving us with:

, D? : D?
Eheavy = IPT (ZDO + 21’]’1Q> lp + XT (lDO — 2]’]1Q>X . (310)

The light degrees of freedom are described by full QCD in the massless limit:

1 .
Elight = _Etr Fyva/ + Z q_ZDC] . (3.11)
q

The interaction terms relevant to quarkonium production are: [92]

Ling = % (¢! (D*)?p — (y = x)]

Q
2
m

+ —5 [¢'(D-gE—gE-D)p + (¢ = x)]

o
foLN

(3.12)

+8%W(mxgE_gExiD-mer(lpﬁx)}

Q

+ oo (B )y — (0 = 0]

The chromomagnetic and chromoelectric fields are E' = F% and B! = %eiijjk .
We can infer the v scaling of the operators using several observations: [95, 96|
¢ the normalization of a quarkonium bound state |H) is unity,
¢ the expectation value of the quark number operator, N = Sd3x l/JTl[J, for the quarko-

nium bound state is O(1),
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Table 3.2: Power counting for the NRQCD fields.

Operator Velocity scaling

¥, X (mgv)®’?
Dy mov?
D mgou
gE mév?’
¢B mpot
gAo (Coulomb gauge) szvz
gA szv3

* the size of the bound state is {d®x ~ (mgv) 3.

From these we can immediately deduce that the quark field scales as ¢ ~ (va)3/ 2. The
kinetic term of the Lagrangian should scale as vaz, so from that we know Dy ~ mQ02
and D ~ mgou. The latter aligns with the intuition that D should be associated with the
three-momentum. We summarize these scalings, along with the fields associated with the
gluons, in Table 3.2.

An erratum to the original Bodwin, Braaten, and Lepage formulation of NRQCD [92],
which is the formulation discussed up to this point, attempts to clarify some issues with
the velocity scaling of the gluon fields, and how that pertains to quarkonium production.
Rather than delve into this erratum, we instead turn to vNRQCD, which is a formulation

that has more clarity in the velocity scaling.
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3.3.2 yNRQCD

vNRQCD was developed by Luke, Manohar, and Rothstein [97], and arises from ac-

counting for the following v scalings for a four-momentum k = (ko, k) to O(v?).

hard: (ko k) ~ (mg,mq),

soft:  (ko, k) ~ (mgv, mqv),
(3.13)
potential: (ko k) ~ (mgv?, mqv) ,

ultrasoft:  (ko, k) ~ (mgv?, mqo?) .

The hard modes are integrated out of the full theory. The remaining modes are the scalings
that could put a virtual quark or gluon on-shell. Looking at the kinetic term in Eq. (3.10),
it is clear that on-shell fluctuations of quarks must be in the potential regime. The soft
momenta are treated as discrete variables, and the ultrasoft as continuous, so that the
quark three-momentum P = p + k has a discrete component p and continuous component
k. Therefore the soft momenta are indicated as indices on the two-spinor fields: §p(x).
The decomposition P = p + k is invariant under the redefinitionk - k+q,p - p—q,
for q ~ mquv?, which is equivalent to p(x) — €9%¢Pp_q(x) [97]. This is known as
reparametrization invariance. Derivatives on this redefined field act as De'dXy,_q(x) =
¢'4%(iq + D)p_q(x), so for the Lagrangian to be reparametrization invariant, the deriva-

tives must be of the form (ip + D) [98]. The kinetic term is therefore

I P iD)?
»Cheavy Z lpp iDg zmQ lpp + (l/) = X) : (3.14)
P

Gluons can be either soft or ultrasoft, and vNRQCD divides the gluons into two degrees
of freedom, one for each scaling. The covariant derivative D¥ only involves the ultrasoft

gluons, to preserve the scaling of the quark kinetic term. The full effective Lagrangian
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Table 3.3: Power counting in for the vINRQCD fields.

Operator | Velocity scaling
lpp, Xp v3/2

Al v
Dy v?
D v?
Al v?

o

ot

involving all the fields is:

1 : —iD)?
L= = F"Fu+ 1P A, — PP AL + 3 4 [’DO B (pZmQ | }”*’
p p

1
i Y {%¢;, (A, A%y

9.9 p.p’

L8 p - p ) 8"~ q) (3.15)

(p'—p)?

0
vy AL ALy,

+(p=x,T=T)

47t _
+ Z (_75)21/)IITAIIJPXT_qTAX—p + e
pq ‘P4

The new considerations regarding the velocity scaling means the operators in vNRQCD
have a different scaling than in the NRQCD of Bodwin, Braaten, and Lepage. The new

counting is summarized in Table 3.3.
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3.3.3 Quarkonium production

The production of quarkonium H in NRQCD is governed by a 4-fermion production

operator®, with the generic form

o = chnlp(EE H(A) + X) (H(A) + X] )wT/c;x
X A (3.16)

= X" Kuyp(alam)p K x -

The sums are over other particles X in the final state, which are soft in the quarkonium
rest frame, as well as over the spin states A. The operators K, and K, are products of
color matrices, spin matrices, and/or derivatives.

The v scaling of the operators depends on how many chromoelectric (A - V) or chromo-
magnetic (B - o) dipole transitions must be inserted into the matrix element for its quantum
numbers to match those of the relevant hadron [92]. The former operator arises from the

3

D? term in the Lagrangian, and scales as v° since the gluon field in the covariant derivative

is ultrasoft, while the gradient acts on the quark fields and is thus soft. The latter operator

4

scales as v* since it involves ultrasoft gluons, and the curl acting on an ultrasoft field scales

as v

The J/¢isa 3 SE” configuration, which according to the power counting in Table 3.3 will
have a matrix element that scales as (v3/2)%v~3 = v3: a factor of v3/2 for each of the four
spinors, and a factor of v=3 for the normalization to the volume of the hadron. For a matrix
element with orbital angular momentum number L and requiring E chromoelectric dipole
transitions and M chromomagnetic dipole transitions, the scaling of the matrix element
goes as v>T2LH2E+4M Thig can be broken down for a single bilinear xT/C,¢p as follows:

e a factor of (v3/%)2 = v from the two heavy quark spinors,

e a factor of v for each increment in the angular momentum quantum number, since

they involve a derivative D acting on a heavy quark field,

3 At this stage we return to the Bodwin, Braaten, and Lepage notation where the heavy quark spinors do
not have soft momentum labels, while retaining the knowledge of the v scaling of the fields gained from
vNRQCD.
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-2

e ecach chromoelectric dipole transition contributes v®v~2 = v; the v® is from the chro-

moelectric dipole operator, and the v~2 is from the necessary virtual heavy quark

propagator,

4,,—2

e cach chromomagnetic dipole transition contributes v*v=2 = v?; the v* is from the

2 is again from the virtual heavy

scaling of the chromomagnetic field, and the v~
quark propagator.
Then since there are two bilinears in a matrix element this cumulative v scaling is squared,
and combined with the factor of v=3 for the normalization to the volume of the hadron,

leading to the p3T2L+2E+4M

rule. The NRQCD operator associated with ¢¢ production
via light quark fragmentation (LQF) at leading order in a, is in a color octet 3Sq, with

K, = 0;T*. Two chromoelectric operators must be inserted to bring the state to a color

singlet [92, 99, 100|, which in the process takes it to a P-wave and then back to an S-wave.
]

This means the 3S£8] matrix element scales as v”. Beyond 3S£1] and 3S£8 , two other matrix

elements that appear at leading order in J/¢ production are for 15([)8} and 3P(£8]; these will
be covered in the next chapter when a different production mechanism is discussed.
In terms of these NRQCD matrix elements, the quarkonium production cross sections

have a factorized form of:*

o(H) =), ’; Y 0/ 0F(A) [0y
n Q
(3.17)
- Fy OH (2s+1p 1
= Z W< ( [
L,s,c mQ
where dp is the mass dimension of the operator. This is a sum of terms involving pertur-
bative short-distance coefficients F,;, and non-perturbative NRQCD long distance matrix
elements (LDMEs) <OH(25+1LEC])>.

The general procedure for utilizing this NRQCD factorization approach is as follows:

4 This equation is valid in the collinear limit; in the TMD regime it is an approximation. This will be dis-
cussed further in Sec. 3.3.4.
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1. Write down the full QCD Feynman diagrams appropriate for the production problem
at hand.
2. Perform a nonrelativistic expansion on the Dirac spinors u# and v for the heavy quarks,
taking dependence on u and v and turning it into dependence on the two-spinors ¢
and 7.
3. Match the color and spin structure of the resulting two-spinor bilinear to the appro-
priate 4-fermion operator in NRQCD, of the form in Eq. (3.16).
4. Be sure that you are accounting for all relevant terms at the order in a5 and v you
are considering.
The matching from full QCD Dirac spinors onto NRQCD LDMEs for the most relevant
bilinears is outlined in App. B.1. We will be using this procedure to calculate the J/¢ FFs
using NRQCD.

3.3.4 TMD factorization in NRQCD

As we are considering the transverse momentum in the problem, we will be using a
factorization conjecture analagous to Eq. (3.17).

Ai—>]/l/1(zl ki) - Z dgz)w‘(z/ kL) <O]/¢<25+1LEC])> ’ (3.18)

L,s,c,m

The matching coefficient describes the production of a c€ pair by a parton i. Its superscript
(m) refers to the power in the strong coupling, d™) ~ a.

Reference [4] argues that Eq. (3.18) is an approximation, and that the LDME should
in fact be replaced by an operator that itself is transverse-momentum dependent. This is
because it is possible for the emission of soft gluons to alter the transverse momentum of
the produced c¢ pair. The collinear momentum, with P™ » m,, is unchanged, but soft
gluon emissions like in Fig. 3.3 could change the transverse momentum p; ~ m.v of the
quarks by O(m.v), giving the J/¢ a different transverse momentum than the c¢. In this
work we will use Eq. (3.18) as an approximation, as has been done in a previous study [101]

on |/ production via TMD fragmentation, since a full TMD treatment of the NRQCD
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FIGURE 3.3: A soft gluon exchange in a c¢ production diagram, which can alter the trans-
verse momentum p| ~ m.v of the c¢. Figure from Ref. [4].

factorization formalism has yet to be developed.

3.4 Light quark fragmentation

We now have the theoretical background to derive the fragmentation functions. In
this chapter, we will be working in a reference frame where the J/¢ has no transverse

momentum; all of the transverse momentum dependence will be in the fragmenting partons.

pi— pran s M2 (3.19)
2p

where the light-cone coordinate vectors are defined to be:

n' = —-(1,0,0,-1),

(3.20)

—_ _
S

A = —=(1,0,0,1).
7 )

Using these, any vector v can be written as v = vti# + v n# + v?, for v* = n-v and

v n-0.

In position space, the field-theoretic definition of the quark TMD FF is: [87]

A 1 b= e
Doy gz b1 PH/2) = 5 0 T J e Y Taw
X

x QO| W,y (b)|]/(P), X) (3.21)
< (J/9(P), X| ¢ (0)Wn |0)
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Here we have allowed the parton to have an arbitrary polarization. At leading twist,
the initial parton can be unpolarized, longitudinally polarized, or transversely polarized,
corresponding to projection operators T € {y* /2, 7T y5/2,i0P*v5/2}, respectively. The W
objects are Wilson lines — objects inserted into an operator to preserve gauge invariance.

They are

W, =W, (4oom; by, +00) W, (b; 0, +00)

(3.22)
Wq = Wn(0;+oo,O)WBT(+oon;+oo,O) .
where the Wilson line along a single direction is
b
Wy (x#;a,b) = Pexp [igsf ds v- A°(x +sv)t°|. (3.23)
a

In the TMDFF, these connect the quark fields that are separated by b = (0,b~,br), with a
transverse separation by = brbr. Refer to App. B.2 for a more detailed discussion of these

Wilson lines.

3.4.1 Enumerating the diagrams

To see how to write down the Feynman diagrams contributing to the quark TMD FF,
look more closely at one of the matrix elements in the definition, (O W ¢(b) [J/¢, X). In
NRQCD factorization, the FF will be broken down into a piece to produce a c¢¢ pair and
an LDME, so we can instead work with (0] W 9(b) |c¢, X). The Wick contractions will be

done in the interaction picture, where the matrix element is:

O|W i (b) exp < - ifd‘lx ’Him> lce, X) . (3.24)

The interaction Hamiltonian density for QCD is Hint = gsl/}’y”Aﬁ T"y. Expanding the time
evolution operator and the Wilson line in gs, one of the resluting terms has the following

Wick contraction contribute to the matrix element:

{ T % 1 ]
& [t [t QL pOPE) AL )T PPl 7 AT (x2) [0, X) . (625)
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FIGURE 3.4: Diagrams at leading order in s contributing to the quark TMDEFFE. The double
lines represent the Wilson lines. Diagram (b) has a mirror diagram. Figures from Ref. [4].

This clearly corresponds to the left half of Fig. 3.4a. The only other contribution of the
matrix element (O] W 1 (b) |c¢, X) at this order in as corresponds to the left half of Fig. 3.4c;
combining two such matrix elements in the full expression for the TMD FF yields four

possible diagrams contributing to Ay, one of which is a mirror image of another.

3.4.2 Quark diagram amplitudes

Applying the replacement rules for the contractions, the expressions we get for the

diagrams in Fig. 3.4 are:

4 D
8s d”k J — ib=P*/z —ib(k+P)
Aa) = 4zMAN, f (2m)b db-e ¢

(3.26)
K+ P K+ P

. k+P ATy 2
x Tr [k’)f} (k+P)2~|—i€( XP“/) (k+p)2+i€7 ()
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d _ S5 d"k db— it P /zp=ib(k+P)
(b)+mirror - 4ZM4NC (27_L,)D e e

n K+p
x Tr |:k (P+ _ ierXpw (k T P)2 T Z.e')’ (3.27)

K+ P n’ 2
—_ M
l (k+P)2+ierX””P++ie)]5(k)

4 D
_ 8 d”k f _ ib=P*/z —ib(k+P)
0 = LMiN; f @mp J A0

(3.28)

v

nt n >

The delta function 6(k?) arises from the cuts of the light quark propagator in the diagrams,

where we have taken its mass to be zero. Here the spinor structure is

Xpv = 2(P) 1T o(p)o(p' ) T u(p). (3.29)
This has the following nonrelativistic expansion.

X ~ MPAMAY[E o' Ty [Tl T (3.30)

The integration over dPk is trivial due to the delta function arising from the b~ integral.

At this stage we begin to match onto NRQCD operators.

3.4.3 NRQCD matching and |/ polarization

The nonrelativistic expansion of the QCD spinors u and v yields answers in terms of
the two-spinors ¢ and #, which match onto the NRQCD heavy quark and antiquark fields
p and x. A projection operator P}y (1) projects out the J/i bound state with a particular

helicity A. In this instance we have a color octet 3S; state, where the matching is:
M o T8 E 0T < I Py $To T %) - (3.31)

Spin symmetry implies that the matrix element on the right-hand side be proportional to

€}€ja (no sum over A), where € is the polarization three-vector of the J/¢ [102]. The
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helicity can take values A = +1, 0. The coefficient of this tensor structure is then defined

to be the NRQCD LDME:
i a T a _ 2M ® ]/ 3cl8 2
KaT Py 1o T80 = —-€xiep (O S, (3.32)

The polarization tensor for the J/¢ can be decomposed in terms of a parametrization

appropriate for a spin-1 particle [103, 104].

i

1
€;k\i€j/\ = 751']' + 5

3 €iixSk — Tij, (3.33)

where the vector polarized piece is in terms of:
S =1Im (e} x €)) = (S},57,51) , (3.34)

and the tensor polarized piece is:

1
Tjj = 30 — Re (€}i€))
—2S11 + SE STt STt (3.35)
= 1 Syx _gs — §xx Sy
2 TT 3°LL = 21T  °LT
SIr S%T %SLL

The choice of a particular helicity A fixes the values of the parameters in § and Tj;. Refer
to App. B.3 for interpretations of these parameters.

Boosting to a frame where the [/ has arbitrary momentum P yields:

1 pPHrpv i
AyiAVje;-ke]‘ = —g (g]’”/ — M2 ) + meyvaﬂp(;‘sg —TW , (336)
where
_ _ S
S’B = (P+Tlﬁ —P 1’1/3) ML + STﬁ , (3.37)

5 The boost matrices are discussed in App. B.1.
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+12 2
THY — 1{ |:4 (P ) atiav — gﬁ{yﬁv} _|_1 M

S N I Sl oV
2\ |3 M2 3 st }SLL

(3.38)

1 M?2 {n 2
-= (P*ﬁ — 2P+n> SLVT} + §SLLg];V + S?T} ,

We consider the production of unpolarized, longitudinally polarized, and transversely po-
larized J/1. Experimentally, this is measured by looking at the angular distribution of the
lepton pair to which the J/¢ decays; we will look at this distribution in more detail in

Sec. 4.1.1. The polarization tensor in the unpolarized case is the usual result:

PHPY
pol
The polarization vector for a longitudinally polarized J/¢ is simple to deduce. It needs

to have a Cartesian component that lies along the three-momentum of the J/¢, eoxP.

Combined with the constraints €; - P = 0 and €], - €, = —1, the result must be

1 A
ﬁ:MUHWm. (3.40)

The transversely polarized |/ tensor can be obtained from the relation e;ﬂ € = ei” €] +

G;H €7, so it is sufficient to study only the unpolarized and longitudinally polarized case.
Comparing Eq. (3.40) with Eq. (3.36) reveals that longitudinal polarization corresponds to
Srp = —1, with all other parameters vanishing.

After matching onto NRQCD and plugging in an arbitrary polarization for the [/,
the full expression for A, ,j/y is quite large. However, its terms can be classified according
to their dependence on the polarization parameters of S# and T*', and the polarization
of the initial light quark [103]. The coefficients of these structures are also referred to as

fragmentation functions. The possible FFs depending on the quark and hadron polarization

are given in Table 3.4. Their relations to the full FF A,_,;/ are provided in App. B.4.
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Table 3.4: Quark TMD Fs for different parton polarizations, organized according to the

J /¢ polarization parametrization.

Quark polarization

Unpolarized Longitudinal Transverse
c D; (unpolarized) Hll (Collins)
% G (helicity) HliL
E:s Dji; (polarizing FF) Giy Hy, Hi;
§~ LL || DiL Hi,
'% LT || Dirr Girr Hijr, Hypp
= TT Dipr Gurr H}LTT (transversity),

Hirr

At this order in a4, the only nonzero TMD FFs are:

202(p) K3z%(z% —2z+2)+2M?(z - 1)

2
@S,

Di(z krip) = 97TNM3z 2212 + M2(1 — 2)]2
o 20} (u) KEZA(22—2z+2) —4M*(z—1)? 179 3 cl8]
DlLL(Z/ kT/ ]’l) - 97TNCM3Z [sz% + Mz(]. _Z)]z <O ( Sl )> s
v 203(p) (2-2)(1-2) 179 (3 cl8)
Dur(z ki) = 320 M 221 + M2(1—2))2 OFFCSTD
(3.41)
203 (1) z(z—-1) /9 (3c[8)
Durr (2 kri i) = 3TNM [22k2 + M2(1 —z))? ©OICSTY)
¢ T
o (1) kiz*(2 - z) /i (3c[8)
Gz krib) = SN g + Mz O L)
¢ T
202 z(z—1
Gz ki) = sl EE ) coimves),

"~ 37NM [22K2 + M2(1 - z)]

The function D; was first calculated in Ref. [101]; the rest are results new to Ref. [4].

These are ready to be utilized in an expression for a J/¢ production cross section.
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7

FIGURE 3.5: The lone diagram at LO in &, contributing to the gluon TMDFF. Figure from
Ref. [4].

3.5 Gluon fragmentation

The procedure for obtaining the gluon TMD FFs are the same as for the quark. In
terms of Wilson lines in the adjoint representation, W, the gluon TMD FF is: [87]

1 (db-
By p(zbr, Prz) = oo | 5 e P*/22<0|G+“ W 1]/ 9(P),X)

(3.42)
< {J/p(P), X| G (0)Wn [0) .

The spin indices are left free. There is only one diagram at leading order in g, shown in

Fig. 3.5. Its amplitude is:

2 -
dmx/ _ g 1) Jdb el(b Pt /z—P-b) <P¢x _P+g >X]/t1/

8 222P+ (N2 — (2m) p2 p2
(3.43)
+ 8
().
Fourier transforming to kt space yields two delta functions:
db d bT —l(kT bT) (b7P+/Z—b7P++PT~bT) (Zz)zzl 2
= 5(1—2)6@ (kr) . 3.44
f (27_[) (271,)26 P+ ( Z) ( T) ( )

The amplitude thus reduces to:

dzm’ — 8 2

2(PTMR2(NZ - 1)

5(1—2)0® (kr) (P*n, — P+g;‘l))(1‘v(P”‘/nv —Pig¥). (345
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Table 3.5: Gluon TMD FFs for the unpolarized, antisymmetric, and symmetric combina-
tions of gluons, along with the parametrization of the J /¢ polarization.

Gluon operator polarization
Unpolarized gjﬂiﬁg:ﬂti_ Helicity 2
g . HlL € (linearly polar-
g 8) Dy (unpolarized) ized)
< GS, (helicity) | H;f
%oi D# G# H‘lgT (transversity), H#
g LL | Dfy, HigL
E‘S LT | Dfyy Giir HlLLgT’ Hitr
TT || Diry Girr H#Tr Hifr

We then need to match onto NRQCD and project out the various polarizations of the gluon

and /9. The resulting TMD FFs can be organized in a table like in the quark case (Table

3.5).

The nonvanishing TMDFFs are:

Df(z,kr; ) =
D$,, (z kr; p) =

Gip(z kr; ) =

Hipp(z kr;p) = —

Notice that the transverse momentum dependence is trivial.

s (1)

s (011 Cs))0(1—-2)6? (k) ,
ngjis) O (s 6(1 - 2)6@ (ker)
(3.46)
- T 011y sy 601 - 2)6® kr)
ngiﬁe)) O (1)) 6(1 - 2)6® (kr) .

Nontrivial kt dependence

appears at one loop, and has been calculated recently for the unpolarized case by Echevarria

et al. [105].
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3.6 Phenomenology

We can now turn to making some predictions utilizing the derived TMD FFs. As their
TMD FFs have more interesting transverse momentum dependence at this order in ag, as

well as the fact that quark PDFs are better understood, we focus only on LQF.
3.6.1 Cross section expressions
We established in Sec. 3.2 that the SIDIS cross section can be factorized into a convo-

lution of a PDF, a FF, and a partonic cross section. Here we write the expression more

explicitly. The full QCD cross section is given by: [101, 103, 106]

do ol M
dxdzdQ2dP3  2Q%xzs

LMW, (3.47)

for the kinematic variables:

, Q? p-q p-P
Q*=—-=—(1-1)? x= , Y= , z="—, (3.48)
I =0 2p-q VT p p-q
and the hadronic and leptonic tensors:
Ly = e 2 Ju(0) [ AN TT0) 1) - (349)
W,y = o2 [ AX g f(x) |P, X5(P, X| J,(0 3.50
w =¢ 2t ZXKPM’C) , X)(P, X|].(0) |p) (3.50)

The lepton charge is e, J, = EII_JA;mlP is the electromagnetic current, and s = Q?/xy is the
center-of-mass energy. At leading twist, the hadronic tensor factorizes into a convolution

of a TMD PDF & and a TMD FF A: [103]

WH = 2zjd2kT d*pr 62 <pT —kr+ P;) Tr [Y*®(pr, x) 7' A(kT, 2)] (3.51)

We saw in the previous section that the full expression for the TMD FF, for a polarized par-
ton and polarized ]/, can be organized according to those polarizations to yield multiple

coeflicient functions. The same can be done for the TMD PDFs in terms of the nucleon and
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Table 3.6: Quark TMD PDFs organized according to quark and nucleon polarization.

Quark polarization

Unpolarized (U) | Longitudinal (L) | Transverse (T)

g 1

ke . hy (Boer-
§ U f1 (unpolarized) Mulders)

E

i)

Q ..

g L g1 (helicity) hllL (Worm-gear)
<

5

Z

hy (transversity),

L (G L }
T fi7 (Sivers) 817 (Worm-gear) h- (pretzelosity)

parton polarizations. The resulting coefficient functions, also called PDFs, are summarized
in Table 3.6 for quarks and Table 3.7 for gluons.
Consider the case of LQF with an unpolarized lepton and unpolarized target. There

are only two surviving convolutions,

dogu(l+H — I X) 4ma? 2
ouu(l + +]/p+X) _4ma’s <1_y+y2> {I[f1D1]+SLLI[f1D1LL]},

dx dz dy d°P, Q4
(3.52)
where we have defined the convolution integral
I[f D] =2z fdsz d*pr 52 (PT —kr+ P;) f(pr)D(kr) . (3.53)

This clearly has an unpolarized parton; the polarization of the [/ is obtained by sum-
ming over appropriate values of the parameter Syr. For unpolarized /¢, the sum is over
Srr € {1/2,1/2,—1}, and for longitudinally polarized [/, it is over Sy € {—1}. Trans-
verse polarization can be obtained by taking the difference between the unpolarized and

longitudinally polarized cases.
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Table 3.7: Gluon TMD PDFs organized according to gluon and nucleon polarization.

Gluon operator polarization
Unpolarized Helicity 0 anti- Helicity 2
symmetric
S lg .
kel g . hi° (linearly polar-
E U fi (unpolarized) ized)
E
£
s L &, (helicity) | byf
<
5
z lg lg th (transversity),
T 1T 81T ne
1T

Similarly, for a polarized lepton beam and longitudinally polarized target, the cross

section is: [103]

dot(I+H—-1+]/9p+X)  4na’s

y
dx dz dy d2P = —gi S y(l - 2)x{1[g1LD1] + SLLI[glLDlLL]}'

(3.54)
The parameter A, is the beam helicity, and Sy is the polarization parameter for the quark.
This is not a physical cross section; rather, it is instead a difference of physical cross sections.
In terms of a basis where superscripts represent the helicities of the target and subscripts

represent the helicities of the virtual photon, dopy is: [106]

1
dopp = E(daj[i —do 7). (3.55)
3.6.2 Transverse momentum dependence of the PDFs

In plotting the cross sections, we use numerical values for the PDFs that have been fit
to experiment. The TMD PDFs are poorly constrained and are a topic of ongoing research

in the field [87, 107-111]. It is common to use a parametrization where the transverse
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momentum dependence is in the form of a Gaussian:

®i/n(x,P1) = Dy (x)e PH P (3.56)

1
TPt
where (p%) is a small parameter and ®;,n(x) is the collinear PDF. However, when applied
to our cross sections in Eqs. (3.52) and (3.54), using the Gaussian in the range (p3) €

[0.2,0.8] GeV? is not sufficiently different from simply using the first-order result in the

TMD expansion:
®;/n(x, pr) ~ ®iyn(x)0P (pr) (3.57)

Using a delta function for the transverse momentum dependence also avoids computational
difficulties associated with highly oscillatory integrands. Therefore, here we use Eq. (3.57)

to produce the plots of the cross sections.

3.6.3 Discussion of the phase and parameter spaces

We plot the cross sections in eight regions of phase space, corresponding to dividing
the variables x, z, Q, into two bins each and integrating over those subsets of the domains,
and plotting as a function of P, . This is done for the sake of comparison with the plots
in Ref. [101], who were the first to derive the TMD FFs for |/ production in the case of
unpolarized partons and J/¢. The bins are x € [0.1,0.5] & [0.5,1],z € [0.1,0.4] & [0.4,0.8],
and Q (GeV) € [10,30] & [30,50], and P, is constrained to be in the TMD regime P, €
[0, Z[bin min] Qbin min]/2] [101].

There are several parameters in the full expressions for the cross sections. Here we list
them and justify the values we choose for the plots.

e the center-of-mass energy s: we choose 4/s = 63 GeV to be within the capabilities

of the future Electron Ion Collider [112], as well as to be consistent with Ref. [101],
¢ the PDF energy scale y: the PDFs are associated with an energy exchange of Q, so
we choose y = 30 GeV ~ Q,
e the collinear PDFs: we choose the numerical fits of Ref. [113]; we have to evolve the

polarized PDF gqr to the scale p = 30 GeV,
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¢ the TMD FF renormalization scale y: as the matching of the TMD FF from full
QCD to NRQCD is done at the scale ~ M, the FFs are evaluated at 4y = M = 3.1
GeV,

* the color-octet °S; LDME <(9]/¢(3S£8] )): chosen to be the fit from Ref. [114], <O]/¢(3S£8] )
=03x1072 GeV,°

¢ the beam helicity A.: we use A, = —1, corresponding to a purely left-handed beam,

* the quark polarization parameter S, : we use S;p = —1, which means the target
spin is parallel to the photon momentum [106, 115],

* an arbitrary normalization factor V: chosen by hand to allow the different plots to

be shown with the same vertical axis.

3.6.4 Plots

We plot doyyr for the case of transversely and longitudinally polarized [/, in Figs. 3.6
and 3.7, respectively. In each case we show the full differential cross section, as well as the
individual contributions from the two TMD FFs D; and Dq;;. For transversely polarized
J/ ¥, the D111 contribution suppresses the total cross section and is of roughly equal mag-
nitude to the Dq contribution, such that near [P | = 0 the total cross section is essentially
zero in all bins. It follows that for longitudinally polarized ]/, the Djrp contribution
enhances the total cross section, since the Sy parameter has a sign flip.

The two polarization cases are plotted alongside the unpolarized case in Fig. 3.8. Lon-
gitudinal |/ polarization dominates at smaller P, , and transverse polarization takes over
around |P | = 2 GeV. The same is true when considering the cross section dopr. Here, in
the larger x bin, all contributions to the cross section are negative, which occurs because
the polarized PDF g1 goes negative. In light of Eq. (3.54), this suggests that the negative

helicity photon cross section dominates for higher x.

6 Choosing an LDME fit is non-trivial; this will be discussed in detail in the next chapter, where a greater
variety of LDMEs are utilized.
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FIGURE 3.6: SIDIS cross section for an unpolarized beam and target, producing transversely polarized J/¢. Figure from Ref. [4].
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FIGURE 3.7: SIDIS cross section for an unpolarized beam and target, producing longitudinally polarized /. Figure from Ref. [4].
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FIGURE 3.8: SIDIS cross section for an unpolarized beam and target, producing different polarizations of | /1. Figure from Ref. [4].
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4

Competing production mechanisms for polarized /1
in SIDIS

We! established in the previous chapter that PDFs and FFs are fundamental objects
regarding the internal structure of nucleons and hadrons. Furthermore, the dependence
of PDFs and FFs on the transverse momentum of the partons is a research area where
much is yet to be understood. We derived, for the first time, the polarized TMDFFs
for J/¢ production in SIDIS. Fragmentation is not the only production mechanism for
J/ ¢, however: there can also be direct production via photon-gluon fusion (PGF). This
mechanism is sensitive to gluon PDFs; and also to different NRQCD LDMEs than light
quark fragmentation (LQF). Due to the fact that little is known about spin-dependent
gluon TMDs [116], and the uncertainty surrounding the NRQCD polarization puzzle and
the LDME values (discussed in Sec. 4.1), we are motivated to find kinematic regimes where
different ]/ production mechanisms dominate the cross section. Identifying these regimes
would allow for the uncertain quantities to be extracted more readily in future experiments.

TMD direct production of quarkonium has been studied in many papers [101, 117-141].
However, all but one [101] of these papers neglect LQF, which we find to have a significant
contribution, and only a couple [128, 140]| consider polarized J/¢. Our research, initially

presented in Ref. [5], is intended to extend the analysis of Ref. [101] to account for polarized

! The work presented in this chapter was initially published in Ref. [5]. The contributions of each author are
listed below.
¢ R. Hodges, M. Copeland, S. Fleming: analysis and writing
¢ R. Gupta: analysis
¢ T. Mehen: checking calculations and editing manuscript
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FIGURE 4.1: Schematic of the EIC at BNL. Red is the new electron beam facility, and blue
is the existing RHIC hadron beam. Figure from Ref. [112].

J/¢ and color octet PGF.

The energies we consider will be accessible at the future Electron-Ion Collider (EIC)
at Brookhaven National Lab (BNL), which will make use of the existing facilities of the
Relativistic Heavy Ion Collider (RHIC), including its tunnel and polarized proton and
nuclear beams, along with a new electron beam facility. A schematic of the EIC design
is shown in Fig. 4.1. According to the EIC White Paper [112], some of the most relevant
characteristics the new EIC will aim to have are:

¢ highly polarized (~ 70%) electron and nucleon beams,

e center of mass energies from 20 to 100 GeV, upgradable to 140 GeV,

e collision luminosity of ~ 10373 em=2s~1
The EIC will be able to access both higher Q? and smaller x than previous experiments at

CERN, DESY, JLab, SLAC, PHENIX, and STAR (Fig. 4.2). Relevant to this chapter is
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Current polarized DIS data:
0 CERN ADESY ¢ JLab oSLAC

Current polarized BNL-RHIC pp data:
® PHENIXT® ASTAR 1-jet

T T T T
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FIGURE 4.2: Plot showing the range of Q% and x the future EIC will be able to access in
e + p collisions, compared to existing experiments. Figure from Ref. [112].

that it will access Q* > 100 GeV?, for which there is no data for polarized DIS. This will
allow us to distinguish between different |/4 production mechanisms, which have different

hierarchies as Q? increases.

4.1 Uncertainties in NRQCD

In addition to giving an avenue to access polarized TMD PDFs, a key motivation behind
this research project is to provide an opportunity to shed light on various uncertainties
surrounding the NRQCD factorization formalism. While LQF is only sensitive to the color
octet 3S; LDME, at the same order in a5 and v, PGF (whose leading contributions are
shown in Fig. 4.3) has contributions from three more LDMEs: <(9]/‘/’(3S£1])>, <O]/¢(3P$8])>,

and (OJ / ¢(1S([)8])>. According to the velocity scaling rules, these scale as v3, v”, and v/,

)
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pa P/2 pa
bx

(a) (b)

FIGURE 4.3: Diagrams at LO and NLO in a5 contributing to |/ production via photon-
gluon fusion. There is a crossed diagram for (a), and permuting the vertices yields five
other graphs like (b). Figures from Ref. [5].

respectively, while (OJ/ ”’(35%8}» also scales as v”. The contribution from (O// ll’(35£1])> is
at roughly the same order as the others in our double power counting, since an extra factor

of a5 (as in Fig. 4.3b) is required to produce a c¢ with those quantum numbers.

4.1.1 Polarization puzzle

One of the key points of tension between the NRQCD factorization formalism and the
experimental results is that NRQCD predicts that the ]/ is transversely polarized at high
Pr, but the data indicates it is unpolarized in that region. This is called the “polarization
puzzle”.

The polarization of the final state J/i can be measured by looking at the angular
distribution of the decay to a lepton pair £T¢~. The coordinate system for this distribution
can be confusing and there are a number of different conventions for the z axis. We use the
helicity convention, which can be defined as follows.

e Start in the center of mass frame of the two beams, and let the direction of the J/¢

momentum be the z axis.

¢ Define the x axis such that the x-z plane is the production plane, i.e., the plane formed

by the incident beams.

® Boost to the [/ rest frame. The x-z plane is preserved, but now the momenta of
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the beams are no longer back-to-back.
This coordinate system is illustrated in Fig. 4.4. Define the angles according to the £*
momentum vector’s orientiation. The polar angle 0 is the angle the /T momentum makes
with the z axis, and the azimuthal angle ¢ is with respect to the production plane. Then

the probability distribution for the £T¢~ decay is: [142]

1
W(0,p) = 31, (14 Agcos® @ + Ay sin® 0 cos 2¢ + Aggsin20 cos ) . (4.1)

Most studies average over ¢ and measure only the 6 dependence. The parameter of interest
is the polar anisotropy parameter Ay, which can be written in terms of the cross sections

for unpolarized and longitudinally polarized ]/ production:

1-3%&
Ao ~ —& (4.2)
1+ %
From this one can clearly see that pure longitudinal polarization corresponds to Ay = —1

and pure transverse polarization to Ag = +1.
To see why NRQCD predicts transverse polarization for the J/¢ at high Pr, consider
the following facts:

1. Prevailing wisdom indicates that the color octet >S; mechanism is dominant for [/
production.?

2. The color octet 3S; configuration of the c¢ pair must undergo two chromoelectric
transitions A -V to attain the quantum numbers of the J/¢. This operator preserves
heavy quark spin symmetry, i.e., it is insensitive to the transformations of the spin of
the heavy quark, unlike the chromomagnetic transition B - o.

3. On-shell gluons must be transversely polarized, i.e., p-& = 0.

These support the following argument: at high Pr, the virtual gluon that produces the c¢

is almost on-shell, and therefore is mostly transversely polarized. Because the operators

that take the c¢ to the J/¢ quantum numbers preserve heavy quark spin symmetry, the

2 This will be discussed in more detail in Sec. 4.3.
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FIGURE 4.4: The conventions for the z axis (we use the helicity convention, zyx) and an-
gles 0, ¢. The b; are the incident beams and Q is the quarkonium. Figures from Ref. [142].

J/¢ inherits the polarization of the virtual gluon. Therefore, at high Pr, the ]/ should
be mostly transversely polarized. However, this is not at all consistent with data from the
Collider Detector at Fermilab (CDF); see Fig. 4.5. This figure shows the polar anisotropy
parameter & = Ag as a function of Pr for the production of the charmonium states ¢ and
J/¢. For the /¢ plot, it shows several curves predicted by NRQCD. The blue band is
prompt [/ production, which is all the production that does not arise via the decay of
a B meson. This is further divided into direct production and feed-down production, the
latter of which is e.g., production from the decay of a higher-mass charmonium bound state
like the ¢’ or xq. The partonic processes we consider in this dissertation are an example

of direct production.
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FIGURE 4.5: Plot showing the disagreement between NRQCD and data for the polariza-
tion of the (a) ¥ and (b) J/¢ at high transverse momentum. Here, the parameter « is our
Ag. Figure reused with permission from Ref. [143]; experimental data from Ref. [144].

4.1.2 LDME fits

The LDMEs are nonperturbative objects that need to be fit to experiment; however,
there is significant disagreement between the three fits most commonly quoted in the lit-
erature [114, 145-147]; see Table 4.1. The color singlet 3S; has a mostly consistent central
value between the three fits, but the rest can vary by as much as a factor of 5, and the
uncertainties are large in all cases.

References [145, 146], by Butenschon and Kniehl, are global fits to the world’s data at
NLO in NRQCD. These authors were the first to show that the color octet mechanisms
are crucial for aligning the NRQCD predictions for the /¢ production cross sections to
data from many collaborations [148-157], and that the color singlet model alone is an
underprediction. Refer to Fig. 1 of Ref. [145] to see the agreement. The main difference
between the work of Butenschoén and Kniehl and the fits of Refs. [114, 147] is that the latter
attempt to account for the NRQCD polarization puzzle, and only fit to the larger values
of Pr, arguing that NRQCD factorization is not valid at small Pr. It is worth noting that
despite their disagreement between fits, the relative magnitudes of the different LDMEs are
consistent with their v scaling predicted by NRQCD.

By deriving new observables that are sensitive to all these matrix elements and the [/

polarization, we hope that comparison to experiments at the future EIC can help resolve
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Table 4.1: Fits of NRQCD LDMEs.

019Gy [ 0193y [ (0170 (1sPh)y [ COTP(CRyY)) /m?

x GeV® | x1072GeV® | x1072 GeV? x1072 GeV?

B & K [145, 146] 1.32 +0.20 0.224 + 0.59 497 +0.44 —0.72 +0.88
Chao et al. [114] 1.16 £ 0.20 0.30 +0.12 8.9 +0.98 0.56 +0.21
Bodwin et al. [147] 1.32 +0.20 1.1+1.0 99+22 0.49 +0.44

the NRQCD polarization puzzle and further constrain the LDMEs. Before delving into
which production mechanisms are dominant in which regions of phase space, first we derive

the cross sections themselves.

4.2 Cross section expressions

In this section we outline the cross sections for [/ production via LQF and PGF,

before their properties are discussed in the next section.

4.2.1 Light quark fragmentation

The cross section for production via light-quark fragmentation was discussed in Chap. 3.
We quote the results here for convenience. For an unpolarized beam and target, and

considering only unpolarized and longitudinally polarized |/¢, we found

d I+H->VU X) 4ra? 2
UUU(dj;dZ sz—;z{a/:/H_ ) - gl: <1—y+y2> {I[f1D1]+SLLI[f1D1LL]}. (4.3)

The convolution integral is:

I[f D] = dePT dkr 6% (pr —kr +P1/z) f(pr)D(kr), (4.4)
and the relevant FFs are:
202 z?k3(z2 -2z +2) +2M?(z — 1)?
Dy = o THE I IIILLEZD ot
27mzM [22k7 + M?(1 —z)]
(4.5)
202 Z2k3 (22 —2z+2) —4M?(z —1)?
DlLL — T( ) ( ) <O]/¢(3S£8])> '

27tz M3 [22k% 4+ M2(1 —z)]?
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Recall that for unpolarized ]/, one sums over Sy € {1/2,1/2,—1}, and for longitudinally

polarized [/, Spp = —1.
4.2.2 Photon-gluon fusion

Collinear [/ production via PGF has been studied in the NRQCD factorization for-
malism has been studied in previous literature [158]. Here we extend the analysis to have
transverse momentum dependence.

The reference frame we use for this production mechanism is different than the one we
used to derive the fragmentation cross sections. Define p, pa, g, and P to be the proton,
parton, virtual photon, and | /1 momenta, respectively. We work in a reference frame where

the photon has zero transverse momentum, and the photon and proton are back-to-back.

qy = (OIOIOI_Q) 7

p o Q
Pa= 2y (1,0,0,1), (4.6)
1 /P2 4+ M? P2 + M?
p_ t(frT MM Tt
P 2( 20 +2Q,2P,0, -0 zQ).

This is therefore a quasi-TMD framework, where the transverse momentum dependence of
the parton is taken to be negligibly small, and so the transverse momentum dependence of
the final state [/ arises in the hadronization process.

Recall from the previous chapter that the |/ longitudinal polarization vector is:
&:iﬂmwm. (4.7)
LM

This is frame-independent, and allows us to easily project out the desired polarizations of

the J/1.
We consider two diagrams contributing to PGF: the O(a;) diagram in Fig. 4.3a and the

O(a?) diagram in Fig. 4.3b. The former is proportional to two color octet NRQCD LDMEs,
<0]/‘/’(1S([)8})> and <(’)]/‘/’(3P(£8})>, while the latter is proportional to the color singlet LDME
ol ¢(3S£l])>. Here we state the results for the cross sections in the limit Q* » M?, PZ.
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The full expressions are lengthy, and are provided in the Github repository [159] associated

with the initial publication of these results [5].

dau(15([)8])  32mPzad s <1 s y2>
dxdzdQ2dPL ~  9MQ63 YT
4.8)

x 8(2)8 (Pr) fy (x2) OV (*s)y + O <g g) '

8 8
doy ('S5 1 doy('s)) O<MZP2T> , (4.9)
dxdzdQ?dP2  3dxdzdQ?dP2 Q%' Q2

doy (3P 643z02, - -
- dgc(ngdi’z — 9M3Qe625 s [yz (8+2z(3z2—-8))+8(1—y)z—2(1- y)zz2]
T

(4.10)

x 5(2)6@ (Pr) fo (x2) (O (plhyy 4 O(gj, g%) ’

dUL(3P(£8}) 647132302, s ’
= mTs [0 —y)2 —2z(1—
dxdzdQ?dPZ ~  9M3QEL5 2=y -22(1-y)] @11)

x 5(2)8) (Pr) fo(x2) OV (PP .

d‘Tu(3S£1]) 512mza2,, 02 y2 5 .
= 1—y+2 ) [P2+22M2(2— 22
dxdzdQ2dPZ  243MQ6z22 (P2 + 22M2)2 ( y+ 2) [PF + 22M?(2 - 22)]

(4.12)

2 2
% fo(x) 0¥ (sl + 0 (]‘Qﬂ g) ,

do (3sly 51271202, a2 <1 P > -
dxdzdQ2dP2  243MQ6z22(P2 + z2M?2)2 y+5 ) Pr
(4.13)

2 p2

1 M= P
S0 @75y + (G b
Here, Zz=1—2z and Z = 2 —z. The color octet and color singlet PGF contributions can
clearly be differentiated according to their dependence on z. Recall that in the proton rest

frame, z is the ratio of the energy of the J/¢ to the energy of the photon. Therefore z — 1

is the limit where none of the c¢¢’s energy is lost via the emission of a hard gluon, and so
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we would expect Fig. 4.3a to dominate. Away from z = 1, Fig. 4.3b should dominate. This
is reflected in the delta function in (1 — z) present in the color octet cross sections.

When plotting the color octet PGF cross sections, we need to decide how to handle
the delta functions. The delta function in Pt arises because we are doing an expansion in
Pr to leading order, and we replace it with a Gaussian centered at Pr = 0 in the plots.
Similarly, we can identify the delta function in (1 — z) as the leading order term of a shape
function [160, 161]. Effects from higher order in the a; and v expansions would yield a
more complicated z dependence, having the effect of “smearing out” this delta function.
The resulting z dependence is contained in a so-called shape function that describes the
physics near the endpoint. We model these higher order effects as a Gaussian.

5O (Pp) > LB/
7 (PE)

(4.14)
o~ (1-2)2/@)

6(1—2) > —

VD
We choose the parameters to be (P2) = 0.25 GeV? and (Z) = 0.04. The former corresponds
to the smallest of the |P7| upper bounds for the bins we consider in the next section. The
latter ensures we have non-negligible contributions from z € [0.7,1], which is a range we
choose in reference to J /¢ production in e*e™ collisions, where the NLO contributions have
logarithms (1 —z)~'log (1 —z) that become large around z ~ 0.7 [162]. In practice these

parameters are somewhat arbitrary and would need to be extracted from experiment.
4.3 Determining dominant production mechanisms

Echevarria et al. [101] were the first to compare the relative contribution to [/ pro-
duction of LQF and PGF, using TMD factorization. Our unpolarized J/¢ cross sections
presented in the preceding two sections are consistent with theirs. However, Echevarria et
al. notably do not consider color octet PGF in their plots, as they work in the region z « 1,

and do not take into account shape function effects as described above. In the Q% » M?, PZT

limit, they compare their expressions for the (OJ/ ¢(3S£1])> PGF and LQF cross sections,
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denoted by do(y*g) and do(y*q), respectively, and estimate the relative contribution of

one to the other: [101]

do(vy'g) (M)
iy~ (07) —

For charmonium, v?> ~ 0.3 and M ~ 3 GeV, so this reduces to:

do(y*g —ce) 100 GeV?
do(y*q — cc) Q-

(4.16)

In other words, after about Q ~ 10 GeV the contribution from PGF should rapidly diminish

compared to LQF. This is indeed reflected in the plots of do/ dPZT when only considering the
<(9]/¢’(3S£1])> contribution to PGF. However, in our results we find that the <(9]/4’(1S([)8])>

and (O/ /¢ (3P$8] )) contributions are non-negligible when replacing the delta function in
(1—z) with a Gaussian to account for shape function effects. This is to be expected from the

power counting. The cross sections for production via PGF are evaluated at ag (yz = Qz),
and for the large Q2 accessible at the EIC, as(Q?) ~ 0.1. Since the <O]/1/’(1S([)8})> and

<(9]/‘P(3P£8])> LDMEs scale as v/ and <(’)]/’7”(3S£1])> scales as ©3, the diagrams in Fig. 4.3
are roughly the same order in the double power counting. Therefore, Eq. (4.15) should still
hold for the color octet process, albeit with an exponential suppression away from z = 1.

As in the previous chapter, we plot the differential cross sections in eight bins to be con-
sistent with Ref. [101], for unpolarized and longitudinally polarized |/ 1/).3 For unpolarized
J/¥ (Fig. 4.6), PGF is most significant in the smaller x bin, x € [0.1,0.5]. In particular,
PGF is most dominant over LQF in the bin x € [0.1,0.5], z € [0.4,0.8], and Q € [10,30] GeV.
This fact would be unchanged if using the LDME fits that increase the LQF contribution
by a factor of four. The color octet PGF contribution only becomes noticeable at larger z,
which is to be expected due to the presence of the 6(1 —z) in those cross sections.

These observations about which mechanisms are dominant in which bins are mostly

unchanged when looking at longitudinally polarized J/¢ (Fig. 4.7). However, it is notable

3 For the LDMEs, we will use the fits from Ref. [114]. The fits of Ref. [147] would increase the LQF curves
by a factor of about four.
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that the color singlet mechanism now goes to zero as Pt — 0, which is clear from the

expression in Eq. (4.13).
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4.4 Angular distributions & asymmetries

Earlier we mentioned that the final state leptons have an angular distribution according
to [142]

W(o,¢) ~ 34})\9(1 + Apcos? 0 + Ag sin® 6 cos 2¢ + Apgsin26 cos ¢) . (4.17)

Recall that the polar anisotropy parameter Ag is a measure the polarization of the J/¢.
We can plot the contribution to Ag from each of the bins (Fig. 4.8), and we see that
most contribute to a longitudinally polarized /1. However, at larger Pt the contribution
tends towards transverse polarization, which is consistent with previous conclusions from
NRQCD.

The cos 2¢py, azimuthal asymmetry is a frequent subject of research [128-135|. This angle
¢y, is distinct from the ¢ in Eq. (4.17); ¢y, is the angle between the J/¢ production plane
and the lepton plane. The asymmetry is defined by projecting out the cos2¢y, contribution

from the cross section:

~ §d¢ docos2¢y,

Acos2g, (Pr) = Sd(p—dtr . (4.18)

The LQF cross sections have no azimuthal dependence, so they do not contribute to the
numerator of this expression. This suggests that Acos2g, is a good avenue to extract gluon
TMDs. However, the inclusion of LQF in the denominator greatly suppresses the asymme-
try (Fig. 4.9). The suppression is smallest in the bins where LQF is less dominant compared
to PGF, and the bin with the largest magnitude asymmetry is z € [0.4,0.8], Q € [10,30]

GeV, x € [0.1,0.5].
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Conclusion

Quantum chromodynamics is a sector of the Standard Model that has plentiful inter-
esting research areas. Beyond the everyday realm of protons and neutrons, it also describes
bound states with heavier quarks, like the T exotic meson and J/¢. A crucial element
of learning about these systems is the interplay between theory and experiment. This
dissertation has focused on theoretical methods that attempt to predict the outcomes of
experiments at particle colliders — including both explaining past experiments and motivat-
ing new ones. In this way we hope to gain greater insight into QCD and nuclear matter.

In Chap. 1 we framed QCD in the context of the Standard Model that describes most
of what we know about particle physics. We also gave the background on effective field
theory: a formalism that can make calculations easier by taking what we know about a
system, and re-organizing it in a systematic way that highlights the physics we care about.
Furthermore, we discussed how the parton model and factorization can be useful tools in
describing scattering experiments that probe the inner structure of nucleons.

Chapter 2 delved into an EFT for the T developed out of an earlier theory for the
Xc1(3872). We showed how the theory correctly predicts the total decay width and differ-
ential decay distributions, as measured by the LHCDb collaboration. The findings reinforce
the view of the T/ as a weakly bound molecule of a D*D pair, and showcase the remarkable
utility of EF'T models in explaining experimental results. Future directions in this research
could be to perform statistical analyses of the data to further constrain the NLO couplings

and thereby make the predictions of the effective theory more precise.
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Chapters 3 and 4 both dealt with transverse momentum dependent |/ production in
the formalism of NRQCD factorization. Chapter 3 was mostly a theoretical endeavor that
explained our efforts to write down, for the first time, all of the polarized TMD quark and
gluon fragmentation functions. These FFs were then used in Chap. 4 to look at production
via both light quark fragmentation and photon gluon fusion for large Q?. No current
measurements exist in this regime, but we made a case for /¢ production to be studied
at the future Electron Ion Collider as a way to learn about gluon TMDs and extract the
NRQCD LDMEs. Further constraining the TMDs and LDMEs would allow for more precise
theoretical calculations in nuclear physics. Future directions in this research could be to
compute the TMD FFs to further orders in &g and v, and to develop a TMD version of

NRQCD factorization.
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Appendix A

Supplementary material: T, decays

A.1 D meson-pion interaction terms

Here we see how to write down terms in the T interaction Lagrangian by constructing
isospin invariants. The charm mesons are an isospin-1/2 field, and the pions are an isospin-1

field; represent them with ¢ and v, respectively.

Dt 1 ™
Yo = Do , v = \7@ | - (A1)
70

By simple addition of angular momentum, to construct interaction terms between one
charm meson and one pion, we can get either isospin-1/2 or isospin-3/2 terms. For the

isospin-1/2 terms, we need to have one free spinor index. We can write down

O1/2 = V-0t = vi0,55 . (A2)
For the isospin-3/2 term, we need to have a free vector index.
i oiw— Lo A
32 =09 = 30012, (A.3)
where the second term is necessary to make Oé P orthogonal to O7,;. The appropriate
terms in the Lagrangian are then
Lc, = 1720} ,,01/2 + 320,05 5 . (A4)

We can then multiply out these operators to get the interaction terms in terms of the charm

meson and pion fields themselves. Redefining the couplings as linear combinations of the
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c1/2 and c3/p, we get:
Lo — CIDY D+ = — cW D+ % DO+ L He,
+ CP POt 0t 00 | ) it 0T Pt 770 (A.5)

+ CS?)DOTN+TD07T+ ,

where
c_ V2. V2,
7T 3 3/2 3 1/2 7
2 1
c = 3%/2F 30172, (A.6)
1 2
C7(T3) = §C3/2 + §C1/2 .

For the By terms we proceed similarly, but with two pseudoscalar charm mesons and a pion

on one side of the vertex, and a vector and pseudoscalar charm meson on the other.

Lp, = bosfxﬁ(IIJ;l/Jﬁ)Tll’p(‘TZ‘Ti)pT‘/’TUi

(A.7)
+ b1 [ (20 )apipp] e o (070" ) o0 + Hee,
which in terms of the charm meson and pion fields becomes
Ly, — BY(D*D*)1 (D D'V %) + B (D°D*)T (D D'V n?)
(A.8)

g B
+ %(DOD*’L)T(DODOVNJF) + %(D*D*O)T(DODOVNJF) + Hec. .

Here there are four By couplings instead of the two in Eq. (A.7); this is because for the
T.., isospin is only an approximate symmetry, so we need isospin-breaking terms in the

Lagrangian to properly renormalize. In the isospin limit we would have

BV — — B — _\2p,,
B%B) =2(by +bo), (A9)

BY = 2(by — by) .
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The Cop terms merely need two pseudoscalar charm meson fields.

Ley, = CO(%B%IPB)TEPT%EUT +a [%(Uzgk)aﬁlPﬁ]Tlpp(Uz‘Tk)pr’#r . (A.10)
In terms of the charm meson and pion fields:

(1)

C

Lc,, — %(DODO)T(DODO) I Cég(D+DO)T(D+DO) , (A.11)
where Cég = 4¢q.

A.1.1 Obtaining numerical values for the C,

This analysis was first presented in Ref. [53].

We can write down the charm mesons and pions as vectors n the isospin |I, m) basis.

|7T+> = -11), |7TO> =110y,
A.12)
11 1 1 (
|D+>: YA YA |D0>: =~ = .
2°2 2" 2
Then, using Clebsch-Gordan coefficients, we can write
213 1 1|11 1
DO0 :\/> > - |z _z
Dm0 =32 2>+\@2’ 2>’
2131 1|11
Dt Y :\/> =, = — |z, = Al
D™ 32,2>+\/§2,2>, (A.13)
2111 1131
Dty = -y 2L DRI
ID°™ 32’2> \@2’2>
This implies that the scattering lengths are related by:
2 1
Apo00 = Ap+,0 = gﬂ%/nz + ga%)/i,
(A.14)

1 2
aonme = S+ Zay2
Lattice calculations in Ref. [163] give ab/ﬁ = 0.37f8:8§ fm and a%/i = —(0.100 £ 0.002) fm.

We can then use C = 471(1 + my/mp)apy [53] to get values for Cg) and C;@, and from
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(1)

there solve for ¢y, and c3/, to obtain Cx .
ct = —3.010%2m,
C¥ = —076+ 0 fm, (A.15)
C¥ =29t03fm.
A.2 Transition magnetic moments
At tree level the emission of a photon by a D* meson is given by the amplitude
A =ipep-k, xe,, (A.16)

for transition magnetic moment p. The corresponding decay width is then

1
[(D* - Dy) = — 2.

croiod L S1R (A17)

We can then use the kinematics for a two-body decay to write

mz _mz
k,|=-2_Db Al
151 ST (A.18)

and solve for y using known or derived values for the decay widths. The value I'(D*" —
DTy) = 1.33 keV is known from the Particle Data Group (PDG) [164], and T(D** —
D%y) = 19.9 keV can be obtained by using isospin symmetry to relate I[D* — D%79]
to T[D** — D*7%), then writing in terms of the branching ratios Br[D*® — D%y] and

Br[D*® — D%7%] from the PDG. We get:

2.80 x 1074 7.34 x 1072
Hpo = T Mev UDp+ = T Mev (A.19)
In HHYPT, these couplings have the form [39, 40|
2e 2e e 2e
_ 2 , _ ¢ . A20
R L PR . (A.20)

Our values are consistent with these in sign and relative magnitude.
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A.3 Power divergence subtraction scheme

These integrals were first evaluated in Ref. [165].
The primary integral for which we use the PDS scheme is the following integral over a
Cartesian momentum:

4111 1

Zdim reg(C — le) = f (27_[)‘171 12 T T . (A21)

Here the integral is regularized using dimensional regularization. The integral clearly has a
linear divergence in d = 4, since the radial integrand goes as d|1| 12/ (12 + ¢ — i€). However,
using dimensional regularization yields a finite result for d = 4:

c— i€
47

Ldim reg(c - i(—:) =14 = — (A.22)

It can be a useful to ensure that all divergences cancel as a consistency check that the
effective theory is properly renormalized. We therefore use the PDS scheme to make the
linear divergence explicit. However, the result is not finite in d = 3. We start by introducing

a new dimensionless scale to keep track of the divergence.

4-d _
. Apps di-11 1
Ypps(c —i€) = < 5 ) J i (A.23)

Evaluating in d dimensions, we see the integral has a pole at d = 3. Expanding the result

around the pole yields:

A
Ypps(c —i€) = —417_[(;7]3_53) -+ finite . (A.24)
We now redefine Xppg to have a counterterm which cancels this divergence in d = 3,

Ypps — Zpps + Apps/47(d — 3). This redefined integral, when then evaluated in d = 4,

gives

. 1 .
Zst(C — l€) ’d:4 = E (APDS —VC— 16) . (A25)
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There is now a linear divergence in Appg which must cancel in our final answers for observ-
ables.

The other integrals in our calculation for which the PDS scheme is relevant are as

follows.
di-11 1 1

I = A.26
(p) f(27r)d—1 124 c; —iel2—2bl-p+cy —ie’ (A.26)

: =11 1 1
ir(1) _ i A27
P (p) f(Zﬂ)d_ll12+C1—i€12—2b1-p—|—C2—i€, (8-27)

d-1

i jr(2) ij 27(2) :J d1 i 1 1 A28
PPl () + 0 P) = | G e pr e O

The scalar integral I(p) is finite in both d = 3 and d = 4, and so no counterterm is needed.

1 1 _ Cr — (1 ) 1 < szp2 +c1—0 >]
I = |tan! + tan . A.29
(P)=gn \/b?p? [ <2\/bzp72(:1 2¢/b?p*(c; — b°p?) N

To evaluate the linear tensor integral I m(p), one contracts both sides of Eq. (A.27) with
pi, and algebraic manipulation of the numerator on the right-hand side yields two integrals
of the form of Eq. (A.23). The two have an opposite sign for the linear divergence in Appg,

and so IV (p) is also finite.
11 : 1 .
pIV(p) = % E«/cl —ie— e - b?p? —ie + (c2 — cl)I(p)} . (A.30)

The quadratic tensor integrals Iéz) (p) and 11(2) (p) have a subtlety in the PDS scheme. After
using Feynman parameters to combine the propagator denominators, it is necessary to per-
form the numerator algebra in d = 4 before evaluating the momentum integral. Otherwise,
one obtains a different coefficient for the subtraction scale Appg, and its dependence does
not cancel in the final expression for the T decay width. Likewise, algebraic manipulation
of the numerator, like the method used to solve for IV (p), leads to a distinct incorrect

coefficient for Apps. The correct procedure yields the following intermediate steps after
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evaluating the momentum integral:

(2) B bZ J*l x2
I = | dx——,
0 (p) 87T 0 xm
1 [2 1
P12 (p) = o [ Sars — [ dx /)]

In our effective theory for the T, all dependence on Appg cancels in the limit pg = p,

(A.31)

which is an approximation we make in the cutoff-dependent terms.

The final answers we obtain are:

22 _ 1 22 e G 3c2—c1
I,” = T cp — b?p z€+21(p)+4 2 I(p),
(A.32)
2,2 _ Aeps 1 T ! _la—aq
b =0 “1en Ve P —ie— S lp) - = 1(p)

A.4 Expressions for T,f amplitudes and differential decay widths

Here we give the expressions for the diagrams on the first two lines on the right-hand side
of Fig. 2.6, and the decay diagrams in Fig. 2.7. We have neglected terms in the propagators
that go as p*/m? or (§m)p?/mpy, where H is a charm meson and 8m ~ m,, since they are
small compared to p?.

iy (m, m*)

5 [Apps = y(m,m")], (A.33)

—iX(m,m*) = —

- ES *
— iXp(my, my, my, m3, My, g1, 82)

4 . NE * *
= — %V(ml, my)p(ma, m2){167T2[APDS — y(my, m3)][Apps — v (mp, m3)]
A.34)
(m% —mp)? —m% [1 . (
= (87)2 . g+2—410g y(my, m3) + y(my, m3)

—i(mj — ml)2 + imi) —4logy} },
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—iXa(my, my, my,m3, Ca) = Caly? (m, m3) + 4* (ma, m3) | (m, m3)

b
472
x (o, 105) [Aps — 7 (i, )] (4.3
x [Apps — 7y (ma, m3)] .
The integrals involved in X and X3 can be evaluated using a Fourier transform method
described in Ref. [166]. The 1/€ pole that appears in X, is irrelevant to the T decay
width because it will drop out when taking the derivative with respect to E. The reduced
mass is defined as p(mq, mp) = mymy/(my + my) and the binding momenta are defined as
Y2 (my, my) = 2u(my, mo)(my + mo — mr).
The combinations of these self-energy diagrams that we need in the expression for the

T decay width are:
Retr 20 = Re X/ (mg, m* ) + Re X (m, mg),
R Z/NLO _ R Z/ * *
eXy " lc,0 = Re| Xy (my, mg, my, my, My, 8/ fr, 8/ frr)

+Z/2(m01 mj—/m()/ mirmn+1g/f7r/g/f7r) (A36)

+ Z/Z(m+rm(>)k/m0/ Tﬂi,mno, *g/\fzfn/g/\/ifn)

+ Z‘/2(77/10/ mirm-l—/ma‘/mno/g/\/ifﬂ/ _g/\/ifﬂ)

The amplitudes A for the decay diagrams have a subscript that labels to which sub-
diagram of Fig. 2.7 they correspond. If there is a single pion/charm meson vertex in a
diagram, its coupling is labeled g, and if there are more than one such vertex, the cou-
plings are indicated with a numeric subscript. The basis integrals are defined in App. A.3.
The parameters ¢ and ¢, are provided where appropriate, b = 1 unless otherwise specified,

and the momentum arguments for the integrals are p unless otherwise specified.

- « \_ 2igrer - pap(m,m*)
1Az (p,m,m*, gn) = T2 () (A.37)
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dip(m, my ) p(mext, m3)
P2 + ')’2 (mext/ m;)

/ * *
iA(2.70) (P, 1, Mext, M, 15, M3, 81,82,83) =

X 818283 [GT ‘PPxP
x (1% =210 4 1)
+ €T - p,rpzll(z)] ,

¢, = 2 (m,m}),

CZIPZ_(mT_m_meXOZ‘f’m%T-

iA(2.7C) (m, Mext, My, m*/gn', CT() == 21;1(1’}’1, m*)gncneT . p[[(l) — I] ,
c1 =y (m,m*),

CZZPZ_(mT_m_mext)z‘Fmi-

lA(2-7d) (m’ Mext, mikl ms, 8 CZ) = EZCZgTEET ) pﬂ]/t(m, mik )V(mext/ m;)

p2 _ 72(7/”/ mik)
pZ + '72(mext/ m;)

[v(m, m}) — Apps] -

. iB \ .
1A ge)(m,m*,By) = — T;GT'pny(m,m Yy (m, m*) — Apps] .

iA (75 (m1, ma, m*, %, &, Cop) = 4ipt(my, ma) p(ma, m*)
x g=Coper - prl(pr),

1= ’)’Z(mz,m’k) ’

cy = —2p(my, ms) (mT —m
2
— iy — py— ;ﬂ;) ,
p = 1lm, m2)
mq ’
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Using the expressions defined therein, the differential decay widths for the two strong
decays of T} are below. The subscripts on y and < indicate which charm meson is a

pseudoscalar in that channel, e.g., uo = p(mo, m¥).

dFNLO(T N D+DO O)
dPodP+

2
~ Retr2LO(—Er)

Re [«4(2.7@ (P, me, m, —/V2fr)

X («4(2.71;) (po, m, mo, Mo, m, m*, —/N2fr,8/V2fr,8/V2fr)

+ Ay (P4, M, My, M my, mi, 8/ fr, 8/ fr, —g/V2fr)

— A.zw) (po, mo, mo, e, m*,m%, 8/ fr, 8/ frr 8/ 2f )

— A@p) (P+,mo, My, Mo, m7, m, g/ N2fn, —8/V2fr, —8/V2fx)
+ A(27¢)(po, M, mo, m 0, mg, ~9/V2fx, C7(Tz))

— A(27¢) (Po, Mo, mo, My, m%, &/ fr, c)

. A .43
+ Az (mo, my, my, —g/ V2fr, C(ng)) ( :

— Apzp) (e, mo,m*, g/ 2fr, cé}})) +(D° » DY, 1t o 77)

1
~ Retrx/LO

BB 02
% (| Aza) (P, ey, m§, —g/ V2 )
— Aa) (Po,m0, 1%, 8/ V2 fr) Aly 70y (P4, 14,5, =8/ V2 7))
+ [Ba(p8 + 78) + Bal (1A 270) (Po, 10, 1%, 8 /V2f0)
— A (P 1, 5, —8 /5 2fre) Al 7y (P, 0, 125, 8/ 2f )

dr5O(T,. — D*D°n%) Re NLO
dp3dp% Re tr X/1O Cy—0,E=—Er /
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dINLO(TL — DODO7t)

dpidp;

1 *
- Retr Z’LO(—ET) Re [A(2.7a) (p2/ mo, M, g/fn)

. (A@m(pl,mo, o e, 05, 10,8 s 8 Frr 81 )

+ Az (P2, mo, mo, M+, my, m%, 8/ fr,8/ fr, 8/ fr)

— Az (p1,m, mo, mo, mi, m%, —8 /N2 fr, 8/ V2fr, 8/ fr)

— Azp) (P2, 114, 1m0, M0, m§, 1%, — /N2, §/N2f 7, 8/ fr) (A.44)
+ Az (p1,mo, mo, M, Mm%, 8/ fr, Cgrz))

- A(2.7c) (p1, M, mo, My, mg, —g/\@fn, C,(Il))
+ A(2.7f)(m0/ mo, m*, 8/ fr, CSB/Z)) +(p1 < p2)
2.2
_<2guo> px 5( 1 )}
fr ) 3T\PiH PG

drgO(Tf - D°D°xt) N Re ZNLO
dp3dp3 * 7 Retr 21O

Cz—>0,E——ET> .
The parameters B; depend on the C; and the By, and are defined in App. A.5.
A.5 B; expressions

Here we give the expressions for the p; parameters.

fr ), 1) 1 () Apps— 70 )
= (A - B,/ + —C - —C — ], A.45
B1 = (Apps —7+) (ﬁng e e B P, (A.45)
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1 1 -
P2 = [HC£+)V+(_2’)’3—)(APDS —7+) - ;C( 'Ho(=% = 72) (Arps — 70)

= ! [PRES)
+ 27T<70 + %> [— ) 13 (7+ — Apps) (274 — Apps)

1
— —C 3 (70 — Apps) (2770 — Apps) (A.46)

B Cy (2 + V) o (

o ﬁ(APDS_'YO) + ,P;i(APDs—%r))

Yo

C{ s po (s + o)

+ (Apps — 7+)(Apps — ’Yo)” ,

2
fr o2 1) 1 () Apps— 7+
= (Apps — — B —C - -C — 7
B3 = (Apps ’Yo)( \@ng 1 +7r > Mo 2 M+ Arbs — 70 ) (A47)
ﬁ _ lc(ﬂ (_2 2)(/\ _ _lc(—) a2 A2 (A
4 T2 Ho Y5) (Apps — 70) T2 P (=75 — %) (Apps — 7+)

W ML B T ()
+2n(’¥0+7+> {_nzcz 13 (v — Apps) (274 — Apps)

— —C5 W3 (0 — Apps) (290 — Apps) (A.48)

Cy (V2 + V) o
— 2 +27TO * (l,;)_(APDS_'YO)‘i',‘I;J(i(APDS_')’-F))

CS o (. + o)

+ g

(Apps — 7+) (Apps — ’YO)H ,

1 1
Bs = EC§+)P[O(APDS —Y0) — ;Cé )V+(APDS —74)

(A.49)
B fr
4rtg

(3)
By fr
+in£<’YO—APDS) -

(7+ — /\PDS)H;r .
Ho
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In the isospin limit m, = mg these become:

(A.50)
B2 =PBs= —

Since we are dropping isospin-breaking interactions in this limit, the isospin-1 couplings

drop out. Equation (A.50) is consistent with the dependence on Appg in XEFT [33].
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Appendix B

Supplementary material: [ /¢ production

B.1 NRQCD matching

The content of this appendix follows the results of a paper by Braaten and Chen [99].
Define the momentum of the ¢ and ¢ to be p = g +gand p = g — g, respectively, where

q" = A¥jq/ is a boosted relative three-momentum. The boost matrix is: [99]

A% = zlEqu ,
' ‘ (B.1)
These satisfy the relations:
pP,LY; =0,
gu'iN = — by, (B.2)
PrpY

Ayi./\v]' = — g”” +

PZ

The nonrelativistic expansions of the QCD spinors, to linear order in g, are given by:

ia(p)o(p) = —28'(q- o)1,
i(p)y'v(p) = MAF&toly

a(p)5[v", 7 Jo(p) = i(P*AY; — PYAF)E ol — 20F A e ¢y, (B.3)

N |

a(p)y"ys0(p) = Prety —2iAM & (q x ol)yp

a(p)ysv(p) = MZTn .
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These two-spinors then match onto vacuum matrix elements of NRQCD operators: [99]

My i8Sl < o Py vlon

P P
=5 D) T Prryny ¥loj (= 5 D) 00
(B.4)

My o T T o o T Y Py 1o Tx)

M2 qun o T E i T (o (

MITEE T o TPy 91T %)

which in turn can be decomposed into the [/¢ polarization vectors and NRQCD LDMEs

using rotational symmetry and tensor analysis:

2M
Ao Prypon ¥op0 = el @0

o= 5 D) TPy gy 9103 = 5 D) %0 = 2Mef €0, (OVY CRYY))
(B.5)

2M
QT Pyrgin 91970 = el e O CST)
KT Py 91T = 2M OV (153
B.2 Wilson lines

To present an introduction to Wilson lines, we will briefly turn to the Abelian case of
QED. Consider an operator with two Dirac fields at different spacetime points: P(x)p(y).
This is not invariant under local gauge transformations ¢(z) — V(z)¢(z), where V(z) =

expligemf(z)], since VT(x)V(y) # 1. However, if we could construct an object W(x,y)

which transforms as W — V(x)W(x,y)V1(y) and insert it into the product as ¢(x)W (x, y)(y),

then that object would be gauge invariant. The gauge field transforms as A,(z) —

Ay(z) 4 0,0(z). Consider, then, the ansatz

W(x,y) = exp [igem L dz! Ay(z)} , (B.6)

115



where P is a path connecting y and x. Changing from z to a variable that s that parametrizes

the path, we get
Sy U
W(x,y) = exp {igemf ds d;SAP, (z(s))] , (B.7)
Sy

where the bounds of the integration domain have been transformed according to y = z(s,)

and x = z(sy). Under the local gauge transformation, this becomes
W(x,y) — exp zgemf ds —A z(s)) —I—zgemj ds —é’ L0(z(s ))]

~ oxp lgemf ds A (2(s)) +zgemf ds 70( (s ))} 55)

= exp zgemf ds z(s)) + igemf(x) —igemG(y)]

= V(@OW(x,)V'(y) .

Therefore this Wilson line W(x,y) has the desired transformation property to let the op-
erator be gauge invariant.
The half-staple-shaped Wilson lines in Eq. (3.21) are products of two Wilson lines along

straight line segments:

W, = WBT(+oon; br, +0)W,(b;0, +0)

(B.9)
Wa = WH(O;—i—oo,O)WBT(—Foon;—i—oo,O) .
Here, the notation convention used is
b
Wy (x#;a,b) = Pexp [igsj ds v- A°(x +sv)t°|. (B.10)
a

This is a Wilson line for a field that starts at x and travels along the direction specified
by v. The path ordering P is needed because we have returned to the non-Abelian case

where the gauge fields are gluons. The gauge transformation property of the Wilson line
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holds, so the Wilson line in Eq. (B.10) is analogous to the QED Wilson line in Eq. (B.7)
with z#(s) = x# 4 sv*. We find
Wy (x¥;a,b) — V(z(b)) Wo(xt;a,b) VT (z(a))

(B.11)
= V(x4 bo)W,(x*;a,b)VT(x + av) .

The half-staple-shaped Wilson lines, together with the light quark fields, then transform

as:

W lp(b) — V(—I—OO?I + oolAJT)WI;T(—i—oon; br, —|—OO)VT (bT + OOH)

x V(b4 con) Wy (b;0, +0)VT(b)V (b)p(b)
= V(+oon + ooBT)WJw(b)

F(0)Wa — $(0)VT(0)V(0) W, (0; +0,0) VT (+a0m) (B.12)

x V(+oon) Wy (+oom; +o, 0) VT (+oon + oobr)

= §(0)WA VT (+oon + aobr)

The combination of these is then gauge invariant.
B.3 Interpretation of J/i polarization parameters

This analysis of the polarization parameters for a spin-1 particle follows from Appendix
A of a paper by Bacchetta and Mulders [103].
The general construction of the density matrix of a spin-1 particle is written in terms

of the three-dimensional generalization of the Pauli matrices, .

1/. 3 . . L
o= 3<1+ SS'x +3T”Z”> . (B.13)

The tensor ¥¥ is symmetric and has zero trace:

) 21 .
yij _51(51] + §2{12]} . (B.14)
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The coefficients of the operators are the spin vector S and the spin tensor T#. In the rest

frame of the hadron, Ref. [103] parametrizes them as:

S = (S%,57,5L) ,

_%SLL +St7 S?T STt (B.15)
| sp Bsu-sw s
Str Sir 351
The spin vector operator is:
L. A =2X"cosbcosg+XYcosbOsing+ X*sinf, (B.16)

for polar and azimuthal angles 6 and ¢. Let \m(9,¢)> be the eigenstates of this operator

with magnetic quantum number m. The probability associated with one of these states is

P(mg,g)) = Tr pmg,p)) (me,p)| - (B.17)

It follows then that the tensor polarization parameters can be written in terms of proba-

bilities:

S%T = P(O(—%,g)) - P(O(%,%)) , (B.lS)

(B.19)
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B.4 Projection operators for TMDFFs

Below are listed the projection operators for the quark TMDFFs [103, 167]. The notation

Al

pol

is the part of the quark FF with parton polarization projector I', proportional to the

J /¢ polarization parameter Spol-

N
A[J ](X,kT) =Dy,

A (xkr) =0,

+ 1
AT, kr) = S STokruDir
- (B.20)
A7 ' (x,kr) = SpDirt,
+ 1
A[LAYT ](X, kr) = MSLT -krDirr,
+ 1
A[TWT](X,RT) = WkT -Str-krD1irr,
AT (x,kr) =0,
+
A[Ly 75](36, kr) = S.Gir,
+ 1
A[T"Y 75](3(, kr) = MST ‘krGir,
(B.21)

Al (2 kr) =0,
[ s] 1w
Apr Pl(x kr) = MET Strvkr wGirr ,

.
A% (2, kr) = el Strvpklkr uGirr

1
M2
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1

iy
A (x, k) = M

€l]]"kT]I_Ilj_ ’
. 1‘ 1 .
A%g +'ys}(xl kT) = MSLkITHﬁ ,

it j 1 '
A (1, k) = SipHir + S ke Hiy,

(B.22)
[io™* 5] _ 1 ij L
App (v kr) =5iSierke jHipp ,
AT ) kp) =€S1r Hl g+~ Sur - kpelk H
e (x k) =€7Sr 1LT+M2 LT - Kr€pKr jHirT,

- L , ;
AT (2, k) zﬁ#STTﬂleH{TT + oy pkr St krefkr Hirr -

The gluon FF Ag’i ]y as no kt dependence at leading order in ag, so the only non-vanishing

P
FFs at this order are:

af 1 ap
Au - EgT Df ’
i
st = Se516f,

AP =0,
(B.23)

af

ALT—O’

A“.B _ 15"‘/5Hg
TT_E TT-1TT *
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