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Abstract

In this second paper of our series we focus on the classical pure gravity sector of spherically symmetric
black hole perturbations and expand the reduced Hamiltonian to second order. To compare our manifestly
gauge invariant formalism with established results in the literature we have to translate our results derived
in Gullstrand-Painlevé gauge to the gauges used in those works. After several canonical transformations
we expectedly find exact agreement with the Hamiltonian given by Moncrief which generates the Regge-
Wheeler and Zerilli equations of motion for the linear axial (often denoted odd) and polar (often denoted
even) perturbations respectively. This confirms the validity of our method which immediately generalises
to higher orders.

1 Introduction

In [1] we developed a framework for the quantum field theory (QFT) of black hole perturbations that
allows for quantum geometry backreaction. Therefore our notion of backreaction differs from the more
common semiclassical notion in which one treats matter quantum fields on a geometry background that
has to self-consistently solve the semiclassical Einstein equations which result from replacing the classical
matter energy momentum tensor by a suitable expectation value of its matter quantised version. Thus this
framework applies to a perturbative regime of quantum gravity proper and goes beyond QFT in curved
spacetimes. The new ingredient as compared to earlier works is a manifestly gauge invariant Hamiltonian
approach [2] which allows to disentangle gauge transformations from perturbation theory and thus can be
unambiguously applied to any perturbative order.

This works as follows: In presence of an exact Killing symmetry, the Einstein equations including
matter often allow for exact solutions. In absence of the exact Killing symmetry but close to it, this
motivates to separate the degrees into symmetric “background” (s) and non-symmetric “perturbations”
(n). In particular the constraints of general relativity (GR) can be separated into symmetric and non-
symmetric. This motivates a second separation of the degrees of freedom into “gauge” (g) and “true” (t).
In the Hamiltonian formulation we then have 4 sets of canonical pairs with qualifiers st, sg, nt, ng. We
then 1. impose gauge fixing conditions (G) on the sg and ng configuration degrees of freedom, 2. solve the
symmetric and non-symmetric constraints (C) respectively for the sg and ng momentum degrees of freedom
and 3. solve the stability conditions (S) on the symmetric and non-symmetric smearing functions of the
symmetric and non-symmetric constraints respectively for the physical lapse and shift functions. This then
defines the central ingredient of this framework, the reduced Hamiltonian H which drives the dynamics of
the remaining st and nt degrees of freedom. All of this can be done non-perturbatively but generically
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only in implicit form which makes this unpractical. To obtain a practically useful explicit form we must
resort to perturbation theory. Thus the solutions to the above 3 conditions G, C, S are expanded with
respect to the remaining st degrees of freedom which are considered first order. By assumption, the zeroth
order, equivalent to solving the Einstein equations in the presence of the exact Killing symmetry, can be
solved exactly which therefore enables to solve all equations G, C, S to any desired order and therefore to
expand H to any desired order. Note that this so-called reduced phase space formulation retains both st
and nt degrees of freedom as dynamical variables and allows upon quantisation for backreaction, not only
between quantum matter and quantum geometry but also between the dynamical “quantum background”
and dynamical “quantum perturbations” and therefore is in spirit very similar to the hybrid framework
of [3] developed for cosmological perturbations.

The most important Killing symmetries for GR are those associated with homogeneous, spherically
symmetric and axi-symmetric spacetimes giving rise to the well known cosmological and black hole solutions.
In [2] the above manifestly gauge invariant formalism was already tested and compared to [3] where exact
match was found at second order. In this paper and the next [4] of this series we consider spherically
symmetric black hole perturbations for vacuum GR and Einstein-Maxwell theory respectively. We develop
the general theory sketched above explicitly for this situation and compute the reduced Hamiltonian to
second order in the nt perturbations. As motivated in [1], in order to explore the interior of the black hole
and to be able to discuss the possibility of singularity resolution and black hole – white hole transitions
(BHWHT) it is important to pick the gauge fixing condition to be compatible with coordinate charts
covering also the black hole and/or white hole interior. This requirement selects the outgoing and ingoing
so-called Gullstrand – Painlevé gauge (GPG) which describes in spherically symmetric vacuum spacetimes
a geodesic congruence of timelike observers whose simultaneity surfaces foliate the spacetime including
the white and black hole respectively. In these coordinates the zeroth order spatial geometry is exactly
flat and the spacetime geometry is asymptotically flat which makes this gauge extremely convenient also
for purposes of QFT in curved spacetime (CST) applications which become relevant when quantising the
reduced Hamiltonian whose second order selects Fock representations that are used for the perturbative
treatment of the higher orders.

Therefore our second order reduced Hamiltonian has to be translated from GP coordinates into the usual
Schwarzschild coordinates in the asymptotic regions in order to compare it with the Hamiltonian derived
in [5] which was shown to reproduce the seminal Regge-Wheeler [6] and Zerilli [7] equations for linear axial
(or “odd”) and polar (or “even”) gravitational and electromagnetic perturbations. We show that after a
suitable combination of canonical transformations we expectedly find exact match with those works. In
another paper of this series [8] we also consider purely geometrical perturbations in generalised gauges in
order to compare our formalism with the general gauge formulations of [9–13].

This paper is organised as follows.

In Section 2 we briefly review the perturbative techniques outlined in [1]. Next, in Section 3 we expand
the constraints of general relativity to second order in the perturbations. Then in Section 4 we review and
expand the reduced Hamiltonian to second order and simplify it using canonical transformations. In Section
5 we compare the results to the ones obtained in the Lagrangian formulation. In the appendices we review
the definition of the spherical harmonics and provide some details on the expansion of the constraints to
second order in the perturbations. Finally, we review some aspects of the Lagrangian perturbation theory
for spherical symmetry.

2 Review of the reduced phase space approach adapted to spherical

symmetry

In this section we detail the general discussion of [1]. In the first subsection introduce our notation applied
to the Hamiltonian formulation of general relativity in terms of ADM variables. In the second subsection,
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we explain the reduced phase space construction using a canonical chart adapted to spherical symmetry.

2.1 Hamiltonian Formulation of General Relativity

For the Hamiltonian formulation of general relativity we follow the ADM approach [14]. We assume space-
time to be globally hyperbolic and foliated into three dimensional hypersurfaces diffeomorphic to σ. The
topology of spacetime is therefore given by R×σ. We choose coordinates (t,x) adapted to the foliation and
use indices µ, ν, · · · = 1, 2, 3 for quantities on σ.

Explicitly, we will split the metric according to

ds2 = −(N2 −mµνN
µNν) dt2 + 2mµνN

µ dt dxν +mµν dx
µ dxν , (2.1)

where N is the lapse function, Nµ is the shift vector and mµν is the induced metric on the hypersurfaces of
the foliation.

Starting from the Einstein-Hilbert action we derive the corresponding Hamiltonian theory. As the
Legendre transformation is singular, we need to use the Dirac algorithm. The Hamiltonian of the theory is
fully constrained. It is a linear combination of constraints and reads

H =

∫

dΣ (NV0 +NµVµ) , (2.2)

where N and Nµ enter as Lagrange multipliers for the constraints V0 and Vµ. These constraints depend on
the variable mµν and its conjugate momentum W µν . V0 is called the Hamiltonian constraint and given by

V0 =
1

√

det(m)

(

mµρmνσ − 1

2
mµνmρσ

)

W µνW ρσ −
√

det(m)R . (2.3)

where R is the Ricci scalar of the induced metric mµν . Vµ is the diffeomorphism constraint and is defined
as

Vµ = −2mµρDνW
νρ. (2.4)

The conjugate variables mµν and W µν satisfy the Poisson brackets

{mµν(t,x),W
ρσ(t,y)} = δρ(µδ

σ
ν)δ(x,y) (2.5)

2.2 The reduced phase approach to Hamiltonian theories with constraints adapted to

spherical symmetry

We follow the general exposition in [1,2] and provide more details for the concrete application to spher-
ical symmetry.

The canonical variables (mµν ,W
µν) and the constraints (Vµ, V0) are spatial tensor fields of density weight

zero and one respectively. Likewise the smearing functions Sµ := Nµ, S0 := N of the constraints are
spatial tensor fields of density weight zero. These transform in corresponding representations of the rota-
tion subgroup of the spatial diffeomorphism group SO(3) which in turn can be decomposed into irreducible
representations labelled by l = 0, 1, 2, .. of dimension 2l + 1. If we denote by µ = 3 the radial direction and
µ = A,B, .. = 1, 2 the angular direction then (m33,W

33), (V0, S
0) can be decomposed into scalar (“ver-

tical”) spherical harmonics Llm =: Lv,l,m, |m| ≤ l ≥ 0. Next, (m3A,W
3A), (VA, S

A) can be decomposed
into polar (“even”) and axial (“odd”) vector spherical harmonics Lα, l,mA, |m| ≤ l ≥ 1, α = e, o. Then
(mAB,W

AB) can be decomposed into polar (“horizontal” and “even”) and axial (“odd”) tensor spherical
harmonics, LAB

h,l,m, |m| ≤ l ≥ 0 and Lα, l,mAB, |m| ≤ l ≥ 2, α = e, o. Finally V3, S
3 can be decomposed

into scalar (“horizontal”) spherical harmonics Llm =: Lh,l,m, |m| ≤ l ≥ 0. See [1] for an explanation for this
particular terminology. More details about these harmonics will be given below and it is understood that
spherical indices are moved with the round metric ΩAB on the sphere.

When present, we single out the “symmetric” (i.e. l = 0) mode of a configuration variable, momentum,
constraint or smearing function and denote it by q, p, C, f respectively. These carry labels α = v, h, e, o
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only. The non-symmetric (i.e. l > 0) scalar and vector modes will be denoted by x, y, Z, g while the
non-symmetric tensor modes will be denoted by X,Y . These carry in addition l,m labels. Note that
automatically qα = pα = Cα = fα = 0 for α = e, o and Xα,l,m = Yα,l,m = 0 for α = v, h. In this way there
is precisely one symmetric canonical pair for each symmetric constraint and precisely one non-symmetric
canonical pair for each non-symmetric constraint. This suggests to solve the symmetric constraints C for
the symmetric momenta p and the non-symmetric constraints Z for the non-symmetric momenta y. Then
it is natural to impose gauge fixing conditions on the corresponding configuration coordinates q, x. The
degrees of freedom (X,Y ) are left untouched. If there was additional matter such as the Klein-Gordon
field considered in [1] then there would be additional symmetric degrees of freedom (Q,P ) (and additional
non-symmetric ones extending the list of the (X,Y )). The (Q,P ), (X,Y ) are therefore identified as the
observable or true degrees of freedom. Altogether we obtain a canonical chart made out of four sets of
canonical pairs displayed in table 1.

gauge d.o.f. true d.o.f.

symmetric (q, p) (Q,P )
non-symmetric (x, y) (X,Y )

Table 1: Decomposition of the variables into symmetric vs. non-symmetric and gauge vs. true degrees of
freedom

Notice that upon imposing the gauge fixing condition on q, x and solving the constraints for (p, y) the
variables q, x have disappeared while p, y are now functions of (Q,P,X, Y ). These exact functions can be
obtained non-perturbatively but only in implicit form as shown in [1]. They can be used to find the reduced
Hamiltonian and the solution of the stability conditions also in exact but implicit form [1]. In this way the
step of extracting the full gauge invariant information of the theory can be considered as being completed
and there are no constraints left over of which we need to verify the first class consistency property (the
unreduced constraints are first class).

To obtain an explicit expressions we now invoke perturbation theory with respect to the true non-
symmetric degrees of freedom X,Y . To do this one expands the solutions p = p∗, y = y∗ of the constraints
C = Z = 0 with the gauge q = q∗, x = x∗ imposed in powers of X,Y , say p∗ =

∑∞
n=0 p

∗(n) and similar for
y∗ where p∗(n), y∗(n) are of n − th order in X,Y . Then we expand the condition C∗(Q,P,X, Y ) := C(q =
q∗, p = p∗, x = x∗, y = y∗, Q, P,X, Y ) = 0 into powers of X,Y and similar for Z. We isolate the n − th
order contributions, say C∗ =

∑∞
n=0 C∗(n) and similar for Z. At this point the adaption of the canonical

chart to the symmetry group becomes crucial: By construction one finds C∗(1) = Z∗(0) ≡ 0 and this leads
automatically to the condition p∗(1) = y∗(0) = 0. Then, since by assumption C∗(0) = 0 is exactly solvable
for p∗(0) one finds that the remaining equations Z∗(1) = 0, C∗(2) = 0, Z∗(2) = 0, .., C∗(n) = 0, Z∗(n) = 0, ..
can be consecutively solved for y∗(1), p∗(2), y∗(2), .., p∗(n), y∗(n). In particular, to find p∗(2) which will be
of central interest for the present paper, we just need to construct y∗(1). See [2] for the detailed proof.

3 Perturbative expansion of the constraints

In this section we present the perturbation theory around a spherically symmetric spacetime in the Gull-
strand Painlevé (GP) gauge. We consider the theory in the Hamiltonian setup. Similar works have been
done before in [5, 12, 13]. In this section we follow these works closely with some generalizations. In the
work [5] Moncrief discusses perturbations in the exterior region of the black hole in the Schwarzschild gauge.
Our formalism uses the Gullstrand Painlevé gauge instead because they are regular at the horizon and can
be used to explore the black hole interior which is a crucial property as we have quantum applications in
mind towards the question of black hole evaporation, see [1].

The works by Brizuela and Mart́ın-Garćıa [12,13] consider the perturbation theory without specifying the
gauge and thus their analysis could be specialised to our GPG. However, their approach does not follow the
manifestly gauge invariant reduced phase space route advertised in this series of works which is applicable
at any order. Since we want to test our approach and compare it at second order with the results of other
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approaches such as [12, 13], we strictly follow our formalism sketched in the previous section and outlined
in detail in [1, 2]. In the course of our analysis we demonstrate that it is possible to simplify the reduced
Hamiltonian in the Gullstrand Painlevé gauge using suitable canonical transformations. The correspondence
between the physical Hamiltonian and the Lagrangian formulation (see Appendix E) is also very clear in
the corresponding canonical chart.

The outline of this section is as follows. First, we recall the parametrisation of the spherically symmetric
“background ”variables (q, p) and the corresponding symmetric zeroth order constraints C(0) with respect to
the gravitational perturbations) following the notation of [1]. We explicitly solve C(0) = 0 in the Gullstrand-
Painlevé gauge which is the zeroth order step in the construction algorithm sketched in the previous section.
In the second subsection we parametrise the gravitational perturbations of this background and expand all
the constraints to second order in the perturbation variables. More precisely it is sufficient to compute the
symmetric constraints C = C(0)+C(2)+ .. to second order and the non-symmetric constraints Z = Z(1)+ ..
to first order.

3.1 The spherically symmetric background

Spherically symmetric spacetimes in the Hamiltonian formulation are studied extensively in the literature
(see e.g. [15, 16]). We review this formalism and recover the basic results using the reduced phase space
formalism. This prepares and sets up the notation for the perturbation theory in the next sections.

In the Hamiltonian formulation of general relativity we have the foliation of spacetime with topology
R × σ. For spherical symmetry we further consider a foliation of the spatial slices as σ = R+ × S2 where
S2 is the 2-sphere, if we have one asymptotic end. If we have several asymptotic ends such as the black
hole white hole transition spacetime discussed in [1] we have correspondingly several copies of R+ together
with gluing prescriptions for the overlapping coordinates charts. The following analysis applies to each
asymptotic end separately as the physical Hamiltonian is a boundary term (there is no boundary in the
overlapping coordinate charts). It will therefore be sufficient to consider one asymptotic end only for what
follows so that the radial variable takes positive values only.

On the two sphere we consider standard spherical coordinates (θ, φ) and for the indices we use capital
letters (A,B,C, · · · = 1, 2). The metric on S2 is denoted by ΩAB and the unique torsion-free connection
compatible with ΩAB is DA. For the radial coordinate we use the notation r and the index 3.

It is well known that in this decomposition the most general form of a spherically symmetric metric is
given by

m33 = e2µ, m3A = 0, mAB = e2λΩAB . (3.1)

The only degrees of freedom are µ and λ. They are arbitrary functions of time τ and r. We use here an a
priori arbitrary time coordinate τ and reserve the label t for the Schwarzschild gauge.

The form of the conjugate momenta W µν is easily read off from the symplectic term
∫

d3x ṁµνW
µν . In

order that (µ, πµ) and (λ, πλ) form symplectic pairs we have

W 33 =
√
Ω
πµ
2
e−2µ, W 3A = 0, WAB =

√
Ω
πλ
4
e−2λΩAB , (3.2)

where
√
Ω =

√
detΩ.

In the literature several gauge choices for the spherically symmetric variables are discussed. Most of
them include the area gauge which sets λ = log(r). For the Schwarzschild gauge we further restrict to
πµ = 0. As it turns out this gauge choice leads to an unphysical divergence of the function µ at the event
horizon of the black hole consistent with the fact that Schwarzschild coordinates only cover the exterior of
the spacetime. A choice of gauge which avoids this problem is the GP gauge which imposes µ = 0. For that
reason we will use the GP gauge in the following. For the many other reasons to prefer that gauge and its
generalised version, see the general discussion in [1].

We insert this form of metric and its conjugate momentum into the expressions for the constraints. The
result is independent of the angular components and we can integrate them out. We obtain the following
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list of symmetry reduced constraints, following the notation of the previous section

(0)Cv =
4π

8r2
(

π2µ − 2πµπλ
)

, (3.3)

(0)Ch = 4π
(πλ
r

− π′µ
)

. (3.4)

In these equations and in the following we denote the radial derivative ∂r by a prime ′.
The next step is the solution of these constraints for the momenta. From the radial diffeomorphism

constraint we obtain
πλ = rπ′µ (3.5)

Inserting this expression into (0)Cv we obtain the differential equation

∂r

(

(πµ)
2

r

)

= 0 (3.6)

The solution of this differential equation is straight forward and given by

π2µ = 16rrs , (3.7)

where rs is an integration constant. Equation (3.4) is easily solved for πλ and we have

πλ =
1

2
πµ . (3.8)

It remains to physically interpret the integration constant rs. As the name suggests it is precisely the
Schwarzschild radius. To see this, we compare the extrinsic curvature calculated in two different ways. For
our ansatz for the metric and its conjugate momentum we have that the only non-vanishing components are

K33 =
1

4r2
(πµ − πλ) , KAB = − 1

4r4
ΩABπµ . (3.9)

For the metric in GP coordinates the extrinsic curvature takes the form K33 =
√
rrs
2r2 and KAB = −

√
rsr
r4 ΩAB.

Inserting the expressions for πµ and πλ we get exact agreement provided that for the square root of equation
(3.7) we take the positive sign. In summary we have the solution

πµ = 4
√
rrs (3.10)

πλ = 2
√
rrs (3.11)

The results of this subsection will be directly relevant for the perturbative expansion of the reduced
Hamiltonian by the iterative scheme sketched in the previous section as they encode precisely the solution
of the corresponding zeroth order equations. Namely the above solutions for πµ, πλ are precisely the zeroth
order solutions πµ(0), πλ(0) of the symmetric constraints.

3.2 Gravitational Perturbations

We now include the non-symmetric perturbations. It is convenient to expand the full metric m and its
conjugate momentum W in terms of tensor spherical harmonics. The definitions that we will use as well as
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some useful formulae are recorded in appendix A. Then in the GPG we have the following expansions:

m33 = 1 +
∑

l≥1,m

xv
lmLlm (3.12)

m3A = 0 +
∑

l≥1,m,I

xI
lmL

I,lm
A (3.13)

mAB = r2ΩAB +
∑

l≥1,m

xh
lmΩABLlm +

∑

l≥2,m,I

XI
lmL

I,lm
AB (3.14)

W 33 =
√
Ω
πµ
2

+
√
Ω
∑

l≥1,m

ylm
v Llm (3.15)

W 3A = 0 +
√
Ω
1

2

∑

l≥1,m,I

ylm
I LA

I,lm (3.16)

WAB =
√
Ω
πλ
4r2

ΩAB +
√
Ω
1

2

∑

l≥1,m

ylm
h ΩABLlm +

√
Ω
∑

l≥2,m,I

Y lm
I LAB

I,lm (3.17)

The various functions L are the spherical scalar, vector and tensor harmonics. They are defined in
appendix A normalised such that they form orthonormal bases on the corresponding Hilbert spaces [6]. The
restrictions on the ranges of l displayed follow from the corresponding completeness relations. The label I
runs over the set {e, o} labeling the even and odd vector and tensor harmonics. We distinguish it from the
label α of the previous section which also includes the v, h labels the dependence on which we have instead
split off in the above decomposition.

Later, we will see that the physical Hamiltonian is given by a boundary term. In the computation it is
therefore necessary to carefully analyse the behaviour of the perturbations close to the boundary. In our
approach we are considering the boundary as r approaches infinity and need to select appropriate fall off
conditions there. These conditions need to be sufficiently general to allow for interesting physical solutions.
In the first paper of the series [1] a specific choice for the boundary conditions is proposed which is adapted
to the GP gauge. In the following we recall them in the present notation. For that we call the perturbations
to the metric δmµν and the perturbations to the momenta δW µν . Then, we have

δm33 ∼ δm+
33r

−1 + δm−
33r

−2

δm3A ∼ δm+
3A + δm−

3Ar
−1

δmAB ∼ δm+
ABr + δm−

AB

δW 33 ∼ δW 33
− + δW 33

+ r−1

δW 3A ∼ δW 3A
− r−1 + δW 3A

+ r−2

δWAB ∼ δWAB
− r−2 + δWAB

+ r−3 .

(3.18)

On the right-hand side, δm±
µν and δW µν

± only depend on the angular coordinates θ, φ and are constant with
respect to the radial coordinate r. We introduced the notation +/− to represent even/odd behaviour under
the parity transformation P̂ respectively. This is different from the conventions in [1] in order to avoid
confusion with the labels even and odd of the vector and tensor spherical harmonics. It is important to note
that the notions of even and odd parity are different from the terms even and odd used to classify vector
and tensor harmonics. In fact, in the literature the vector and tensor harmonics are sometimes split into
axial (odd) and polar (even) modes. The even modes transform in the same way as the scalar spherical
harmonics (P̂ = (−1)l) and the odd modes transform with an additional sign (P̂ = (−1)l+1).

In the variables x, y,X, Y introduced above we expand the non-symmetric constraints to first and the
symmetric constraints to second order. The zeroth order non-symmetric constraints as well as the first
order symmetric constraints vanish identically. Some details and intermediate steps of the computation are
documented in appendix B
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We obtain the following list of non-symmetric first order constraints:

(1)Zh
lm = −2∂ryv +

√

l(l + 1)ye + 2ryh − ∂rπµx
v − 1

2
πµ∂rx

v +
πλ
2r2

√

l(l + 1)xe +
πλ
2r2

∂rx
h (3.19)

(1)Ze
lm =

√

2(l + 2)(l − 1)
(

r2Ye +
πλ
4r2

Xe
)

− ∂r(r
2ye + πµx

e)−
√

l(l + 1)r2yh +
√

l(l + 1)
πµ
2
xv (3.20)

(1)Zo
lm =

√

2(l + 2)(l − 1)
(

r2Yo +
πλ
4r2

Xo
)

− ∂r
(

r2yo + πµx
o
)

(3.21)

(1)Zv
lm =

1

2r2
(πµ − πλ)yv −

1

2
πµyh + 2

(

∂2r −
1

r
∂r −

(l + 2)(l − 1)

2r2
− rs
r3

)

xh (3.22)

−
(

2r∂r + l(l + 1) + 2− 2
rs
r

)

xv + 2

(

∂r +
1

r

)

√

l(l + 1)xe −
√

(l + 2)(l + 1)l(l − 1)

2

1

r2
Xe (3.23)

For simplicity we did not display the labels of the spherical harmonics.
The second order symmetric constraints involve a sum over all the labels l,m. Every quadratic term in

the following equations has an implicit sum over l and m. Explicitly we abbreviated the expression using
for example

xo · ∂ryo :=
∑

lm

xo
lm∂ry

o
lm . (3.24)

In this notation we find after integrating out the angle dependence

(2)Ch = −xo · ∂ryo + Yo · ∂rXo + yv · ∂rxv − 2∂r(x
v · yv)− xe · ∂rye + Ye · ∂rXe + yh · ∂rxh (3.25)

(2)Cv =
1

2
yo · yo +

1

2r2
πµx

o · yo +
1

r2
xo ·

(

4r∂r +
l(l + 1)

2
− 3 + 2

rs
r

)

xo + r2Yo · Yo −
1

4r2
πµYo ·Xo

− 1

r4
Xo ·

(

r2∂2r − 4r∂r +
7

2
− rs

4r

)

Xo − 3

4r2
∂rX

o · ∂rXo − 1

r3

√

(l + 2)(l − 1)

2
xo · (r∂r − 2)Xo

+
1

2r2
yv · yv +

5

8r2
πµx

v · yv + xv ·
(

3r∂r + 1 +
rs
r

)

xv +
1

2
ye · ye +

1

2r2
πµx

e · ye

+
1

r2
xe ·

(

4r∂r − 3 + 2
rs
r

)

xe − 1

2r4

(

−4rxh · ∂rxh + r2∂rx
h · ∂rxh + 4

(

1− rs
r

)

xh · xh
)

(3.26)

+ r2Ye · Ye −
1

4r2
πµX

e · Ye +
1

4r4

(

−3r2∂rX
e · ∂rXe +Xe ·

(

−4r2∂2r + 16r∂r − 14 +
rs
r

)

Xe
)

− yh · yv −
πµ
2r4

yv · xh − 1

4
πµx

v · yh −
3rs
r3

xv · xh − xv ·
(

1

2r2
l(l + 1)xh + ∂2rx

h +
1

r2
xh − 1

r
∂rx

h

)

− ∂rx
h · ∂rxv − 1

2r2

√

(l + 2)(l + 1)l(l − 1)

2
xv ·Xe −

√

l(l + 1)xe ·
(

∂rx
v − 1

r
xv

)

−
√

l(l + 1)xv · ∂rxe +
1

r2

√

l(l + 1)xe ·
(

2
1

r
xh − ∂rx

h

)

+

√

(l + 2)(l − 1)

2

1

r3
xe · (2Xe − r∂rX

e)

This expression has been found analytically and has been checked by computer algebra. On the computer we
used Mathematica with the xAct package [17]. It provides tools to manipulate tensor and spherical tensor
harmonics. Of course it simplifies drastically in the GPG for which xα,l,m := 0 but since the equations
remain managable even before imposing the GPG we keep them in place.

4 Application of the symplectic reduction formalism to second order

In this section we compute pv, ph with W 33/
√

det(Ω) = pv + yv, ΩAB WAB/
√

det(Ω) = ph + yh or equiva-
lently πµ, πλ to second order in X,Y, x by solving the second order symmetric constraints Cv, Ch. This re-
quires the solution to first order of yv, yh, ye, yo using the first order non-symmetric constraints Zv, Zh, Ze, Zo.

The reduced Hamiltonian derived in [1] is a pure boundary term and depends only on pv. To see this
requires a careful definition of the phase space and the decay behaviour of the canonical variables at infinity
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together with a boundary term analysis. The boundary terms ensure that the constraints are functionally
differentiable and they look different than in the standard Schwarzschild coordinates because the information
about the black hole mass now resides in the momenta conjugate to the three metric rather than the three
metric (which in GPG is by construction exactly flat). This requires a careful transcription of the usual
field asymptotics by performing the corresponding boost between the two systems of coordinates.

In the first subsection we compute pα(2), α = v, o which relies on expressions for pα(0), yα(1). We
already computed pα(0) while yα(1), α = v, h, e, o will be computed in the second section which just
requires the already known solutions pα(0). The reason for why we compute pα(2) first is that we can solve
the required radial differential equations without knowing the explicit form of yα(1). As in earlier treatments
the equations for yo, ye decouple so that these cases can be treated separately. Finally we recall from [1] the
reduced Hamiltonian and expand it to second order using the now known terms pv(0), pv(2) .

4.1 Solution of the second order constraints

Before, we already solved the zeroth order constraints explicitly. Furthermore, we assume that we successfully
solved the first order. Given this, we investigate the second order constraints in this section. First, we

consider a splitting of the background momenta as π
(0)
µ + π

(2)
µ and π

(0)
λ + π

(2)
λ . The expressions for π

(0)
µ and

π
(0)
λ were already obtained in the discussion of the spherically symmetric sector. The second order corrections

π
(2)
µ and π

(2)
λ are functions of second order in the perturbations which we determine in the following.

We insert the expressions for πµ and πλ into the full constraints and truncate at second order. We obtain

Cv ∼ 4π

4r2

(

π(0)µ π(2)µ − π(0)µ π
(2)
λ − π(2)µ π

(0)
λ

)

+ (2)Cv = 0 , (4.1)

Ch ∼ 4π

(

1

r
π
(2)
λ − (π(2)µ )′

)

+ (2)Ch = 0 . (4.2)

Note that the zeroth order contributions vanish because π
(0)
µ and π

(0)
λ are solutions of these equations. The

terms (2)Cv and (2)Ch are given by

(2)Ch = Yo · ∂rXo + Ye · ∂rXe , (4.3)

(2)Cv =
1

2
y(1)
o · y(1)

o +
1

2
y(1)
e · y(1)

e +
1

2r2
y(1)
v · y(1)

v − y
(1)
h · y(1)

v

+ r2Yo · Yo −
1

4r2
π(0)µ Yo ·Xo − 1

r4
Xo ·

(

r2∂2r − 4r∂r +
7

2
− rs

4r

)

Xo − 3

4r2
∂rX

o · ∂rXo (4.4)

+ r2Ye · Ye −
1

4r2
π(0)µ Ye ·Xe − 1

r4
Xe ·

(

r2∂2r − 4r∂r +
7

2
− rs

4r

)

Xe − 3

4r2
∂rX

e · ∂rXe .

These are the second order symmetric constraints where we imposed the GPG gauge x = 0 and inserted
the solution of the first order non-symmetric constraints y(1). The functions (2)Ch and (2)Cv are quadratic

in y(1),X,Y and they depend on the zeroth order solution π
(0)
µ and π

(0)
λ .

For the next step we solve the second order constraint equations for π
(2)
µ and π

(2)
λ . From Ch = 0 we

obtain

π
(2)
λ = r

(

(π(2)µ )′ − 1

4π
(2)Ch

)

. (4.5)

Inserting this into Cv = 0 we have

π(0)µ

(

1− π
(0)
λ

π
(0)
µ

)

π(2)µ − rπ(0)µ (π(2)µ )′ +
rπ

(0)
µ

4π
(2)Ch +

4r2

4π
(2)Cv = 0 . (4.6)

From the background we can use the radial diffeomorphism constraint to replace π
(0)
λ . We obtain

(

1

r
π(0)µ π(2)µ

)′
− 1

4πr
π(0)µ

(2)Ch −
4

4π
(2)Cv = 0 . (4.7)
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This equation is solved by integration and we have

π(2)µ =
4r

4ππ
(0)
µ

∫

dr
π
(0)
µ

4r
(2)Ch +

(2)Cv . (4.8)

From Cv = 0 it is straightforward to get the solution for π
(2)
λ as

π
(2)
λ =

1

2
π(2)µ +

4r2

4ππ
(0)
µ

(2)Cv (4.9)

Later we use the expansion for πµ to second order. We have

πµ ∼ π(0)µ + π(2)µ = 4
√
rrs

[

1 +
1

16πrs

∫

dr

(
√

rs
r

(2)Ch +
(2)Cv

)]

(4.10)

The expression (4.10) displays exactly the phenomenon that is responsible for the reduced Hamiltonian
to have a chance to become a well defined operator in the quantum theory indictaed in [1]: Since it is a
boundary term, it is an object not integrated in three but two dimensions only which carries the danger to
be insufficiently smeared in order that the corresponding operator valued distribution becomes an operator.
However, (4.10) automatically carries an additional radial integral when evaluating the boundary term on
a solution of the gauge, constraint and stability conditions.

4.2 Solution of the first order constraints

We will solve the first order constraints in three steps. First, we take care of the special case of the
dipole perturbations (l = 1). The reason for this is that the tensor spherical harmonics are not present and
therefore, there are no true non-symmetric degrees of freedom. Nonetheless these perturbations have physical
significance as they describe how the black hole changes if viewed in an accelerated frame of reference.

Then, we study the odd parity sector. There is only one constraint Zo which involves the odd parity

variables xo, yo and Xo,Yo. We solve this constraint and calculate the second order corrections π
(2)
µ

explicitly using formula (4.8). The result is further simplified using a canonical transformation.
We complete the analysis of the first order with the study of the even parity constraints. In this sector

we study three constraints Zv, Zh and Ze. According to the program, we need to solve them for yv, yh

and ye. We will end up with a solution to π
(2)
µ which only involves the true degrees of freedom Xe and Ye.

However, in this section we will not strictly follow the program and instead take a detour. We first solve

the constraints for the variables xh, ye and Ye and insert the results into the integral for π
(2)
µ . The result is

simplified using some canonical transformations and depends on a pair of true degrees of freedom Qe and
Pe. In order to make contact with the GP gauge discussed in this series of papers we then change the gauge
and relate the variables Qe and Pe to the true degrees of freedom Xe and Ye.

4.2.1 The dipole perturbations (l = 1)

We start the analysis of the first order constraints with the the special case l = 1. In this situation the tensor
spherical harmonics LI,lm

AB are undefined. Therefore, the non-symmetric true degrees of freedom X and Y

are not present. In the analysis we impose the gauge xe = xo = xh = xv = 0 and solve the constraints for
their conjugate momenta.

For the odd parity degrees of freedom, we obtain from the constraint (1)Zo
1m = 0 the solution

y1m
o =

am
r2

, (4.11)

with some integration constant am. This constant is related to the angular momentum of a linearized Kerr
solution. To see this, we relate the function yo to the shift vector in the Lagrangian treatment using the
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stability condition of the gauge fixing xo = 0. We have

ẋo
1m = {xo

1m, N
(2)C0 +N3(2)Cr + r−2δNoZo}

∣

∣

∣

x
o=0,N=1,N3=

√

2M
r

(4.12)

= y1m
o Lo

A + r2∂r(r
−2δNo

1m) = 0 . (4.13)

In this equation we use the solution for the lapse and shift in GP gauge which we will determine in a later
section. The solution of the differential equation is

δNo
1m =

am
3r

. (4.14)

In principle there would be an integration constant. However, the term associated to it would grow quadrat-
ically as r approaches infinity. Thus, if the shift vector should decay as r goes to infinity the constant has
to be equal to zero. An explanation for why the constant am is related to the angular momentum can be
found in [11].

In the even parity sector there are three first order constraints which we will solve for the three momenta
yv, yh and ye. We start by solving the equation (1)Zv

1m = 0 for y1m
h and obtain

y1m
h =

1

2r2
y1m
v . (4.15)

This relation is used in the equation (1)Zh
1m = 0 and we determine y1m

e in terms of y1m
v :

y1m
e =

1√
2

(

2∂ry
1m
v − 1

r
y1m
v

)

. (4.16)

The last remaining constraint equation is (1)Ze
1m = 0. It gives a differential equation for y1m

v :

−2r2∂2ry
1m
v − 3r∂ry

1m
v = 0 . (4.17)

The solution of this differential equation is

y1m
v = Cm

1 +
Cm
2√
r
, (4.18)

with two integration constants Cm
1 and Cm

2 . This equation now fully determines the rest of the momenta:

y1m
h =

1

2r2

(

Cm
1 +

Cm
2√
r

)

, (4.19)

y1m
e = − 1√

2

(

Cm
1

r
+

2Cm
2√
r
3

)

. (4.20)

For the physical interpretation we proceed as in the odd parity case. The stability condition for the gauge
fixing xo = xh = xv = 0 are

ẋe
1m = {xe

1m, N
(2)C0 +N3(2)Cr + r−2δN eZe + δN3Zh + δNZv}

∣

∣

∣

x
o=x

h=x
v=0,N=1,N3=

√

2M
r

(4.21)

=
√
2δN3

1m + r2∂r(r
−2δN e

1m) + y1m
e = 0 (4.22)

ẋh
1m = {xh

1m, N
(2)C0 +N3(2)Cr + r−2δN eZe + δN3Zh + δNZv}

∣

∣

∣

x
o=x

h=x
v=0,N=1,N3=

√

2M
r

(4.23)

= 2rδN3
1m −

√
2δN e

1m − 1

2
π(0)µ δN1m − y1m

v = 0 (4.24)

ẋv
1m = {xv

1m, N
(2)C0 +N3(2)Cr + r−2δN eZe + δN3Zh + δNZv}

∣

∣

∣

x
o=x

h=x
v=0,N=1,N3=

√

2M
r

(4.25)

= 2∂rδN
3
1m +

π
(0)
µ

4r2
δN1m +

1

r2
y1m
v − y1m

h = 0 (4.26)
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The differential equations are solved as follows: First, we solve the first equation for δN3
1m and sum the

second with the third equation multiplied by 2r2. This gives

δN3
1m = − 1√

2

(

r2∂r(r
−2δN e

1m) + y1m
e

)

(4.27)

2rδN3
1m + 4r2∂rδN

3
1m −

√
2δN e

1m + y1m
v − 2r2y1m

h = 0 (4.28)

Inserting the first into the second we derive a differential equation for δN e
1m:

−2
√
2r2∂2r δN

e
1m + 3

√
2r∂rδN

e
1m − 3

√
2δN e

1m − Cm
1 − 4

Cm
2√
r
= 0 (4.29)

The solution of this differential equation is the sum of the general solution of the homogeneous equation
and a particular solution of the inhomogeneous equation. The homogeneous solution grows with r in the
limit r to infinity. Therefore, we need to choose the integration constants to be zero and the full solution is
the particular solution which is given by

δN e
1m = − Cm

1

3
√
2
− 2Cm

2

3
√
2
√
r
. (4.30)

This determines the perturbed radial shift vector δN r and the perturbed lapse function δN . We have

δN r
1m = −C

m
1

6r
+

Cm
2

6
√
r
3 , (4.31)

δN1m = −2Cm
1

π
(0)
µ

. (4.32)

In the work [11] the authors demonstrate that these perturbations are related to the Schwarzschild geometry
in an accelerated frame of reference.

To complete this section we insert our solutions for the dipole perturbations into the equation (4.8). We
obtain

4π

√

rs
r
π(2)µ =

∫

dr

[

1

2
(yo)

2 +
1

2r2
(yv)

2 +
1

2
(ye)

2 − yhyv

]

+Terms with l ≥ 2 (4.33)

=

∫

dr
∑

m





a2m
2r4

+
1

4

(

Cm
1

r
+

2Cm
2√
r
3

)2


+Terms with l ≥ 2 (4.34)

The dipole contributions to π
(2)
µ vanish as r approaches the boundary at infinity. Hence, the dipole pertur-

bations will not be of interest for the final physical Hamiltonian.

4.2.2 Odd Parity

The reduced phase space for the odd-parity non-symmetric degrees of freedom is given by the quantities
Xo,Yo. The fall-off conditions of the true degrees of freedom is read off from the asymptotics in (3.18). We
have that Xo grows at most linearly in r and that Yo vanishes like r−2. In addition to Xo, Yo, we have
the gauge degrees of freedom xo and yo. The degrees of freedom are related by one constraint Zo. We will
work in the gauge xo = 0 and solve the constraint for yo. We get

y(1)
o =

√

2(l + 2)(l − 1)

r2

∫

dr
(

r2Yo +
πλ
4r2

Xo
)

(4.35)

The form of the constraint motivates a canonical transformation. The integral in the above solution for yo

is introduced as a new variable Q̃. Then, the conjugate variable P̃ is chosen such that these variables form
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a canonical pair. We define

Q̃ :=
√
2

∫

dr
(

r2Yo +
πλ
4r2

Xo
)

, (4.36)

P̃ :=
1√
2

(

r−2Xo
)′
. (4.37)

This transformation as well as the solution for y
(1)
o is inserted into (4.8). Then, the odd parity contributions

with l ≥ 2 lead to

4π

√

rs
r
π(2)µ

∣

∣

∣

l≥2,odd
=

∫

dr
1

4r
π(0)µ P̃ · Q̃′ +

1

2

(

r2P̃ · P̃ +
(l + 2)(l − 1)

r4
Q̃ · Q̃+

1

r2
Q̃′ · Q̃′

)

. (4.38)

In the computation we neglected a boundary term which is given by

−
∫

dr
d

dr

(

2r2P̃

∫

P̃ dr̃ +
1

2
(2r + rs)

(
∫

P̃ dr̃

)2
)

. (4.39)

Later, for the physical Hamiltonian, we are interested in π
(2)
µ in the limit as r approaches infinity. From the

orignal variables Xo and Yo we determine that as r approaches infinity Q̃ grows linearly and P̃ vanishes as
r−2. Therefore the boundary term vanishes like r−1 and goes to zero in the limit.

It is possible to further simplify the contribution to π
(2)
µ using a canonical transformation from the

variables (Q̃, P̃ ) to new variables (Qo, Po). We rescale the variable Q̃ by r and shift P̃ to prevent any terms
of the form PoQ

o form showing up. The transformation is given by

Q̃ = rQo , (4.40)

P̃ =
1

r
(Po −

π
(0)
µ

4r2
Qo) . (4.41)

We insert this transformation and after an integration by parts we have

4π

√

rs
r
π(2)µ

∣

∣

∣

l≥2,odd
=

∫

dr
1

4r
π(0)µ Po · (Qo)′ +

1

2

(

Po · Po +Qo′ ·Qo′ + VoQ
o ·Qo

)

, (4.42)

with the Regge-Wheeler potential

Vo =
1

r3
(l(l + 1)r − 3rs) . (4.43)

The boundary term we neglected in the computation is

∫

dr
∂

∂r

(

1

2r2
(r − rs)Q

o ·Qo

)

. (4.44)

The master variable Oo is asymptotically constant and Po behaves as r−1 for r → ∞. The boundary term
then vanishes as r−1 and can be neglected.

4.2.3 Even Parity

For the even parity case we do not follow the general strategy discussed in the rest of this series. Instead
we solve the constraints for the variables xh, ye and Ye. The steps are inspired by the methods that
Moncrief used in his Hamiltonian analysis. The solution of the first order constraints is then inserted into

the integral for π
(2)
µ . We simplify the resulting expression using several canonical transformations and derive

an expression that involves the master variables Qe, Pe. In the end of this section we relate the master
variables Qe and Pe to the variables Xe and Ye when we work in the GP gauge.

We start with the solution of the first order constraints. We proceed in two steps. First, we solve the
diffeomorphism constraints (1)Zh

lm and (1)Ze
lm for the momenta ye and Ye. Then, we apply a canonical
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transformation on the variables (xv,yv) and (xh,yh). This simplifies the first order Hamiltonian constraint
Zv
lm so that it can be solved for xh.
We start by solving the constraint (1)Zh

lm for ye and the constraint (1)Ze
lm for Y e. We use the gauge

xe = Xe = 0 and obtain

ye = − 1
√

l(l + 1)

(

− 2∂r(yv) + 2ryh − ∂r(π
(0)
µ )xv − 1

2
π(0)µ ∂rx

v +
πλ
2r2

∂rx
h

)

(4.45)

Ye = − 1

r2
√

2(l + 2)(l − 1)

(

− ∂r(r
2ye)−

√

l(l + 1)r2yh +
1

2

√

l(l + 1)π(0)µ xv

)

. (4.46)

In the solution for Ye we have to replace ye with the solution for ye.
We are now left with the degrees of freedom (xv,yv) and (xh,yh). Next, we consider the first order

Hamiltonian constraint (1)Zv
lm. We insert the solution of the diffeomorphism constraint and implement the

gauge xe = Xe = 0. The result is

(1)Zv
lm =

1

4r2
π(0)µ yv −

1

2
π(0)µ yh + 2

(

∂2r −
1

r
∂r −

(l + 2)(l − 1)

2r2
− rs
r3

)

xh −
(

2r∂r + l(l + 1) + 2− 2
rs
r

)

xv .

(4.47)

Following Moncrief, we would like to solve this constraint for xh. There is an obstruction because the
constraint depends on first and second derivatives of this variable. A possible solution to this problem is to
introduce another canonical transformation of the variables to remove the derivative terms. We propose the
following general form for the canonical transformation

xv = q1 +Bq2 + C∂rq2 +Dp1 (4.48)

xh = q2 (4.49)

yv = p1 +G∂rq2 (4.50)

yh = p2 −Bp1 + ∂r[(C −DG)p1]− ∂r(Gq1) +Kq2 −BG∂rq2 , (4.51)

with arbitrary functions B,C,D,G and K. We require that the first order Hamiltonian constraint is in-
dependent of the first and second derivatives of q2. This imposes some conditions on the functions C and
B:

C =
1

r
, (4.52)

B =
1

(4r2 − rπ
(0)
µ G)

[

1

2r
π(0)µ G+ 4

rs
r
− 2(l(l + 1) + 2)

]

. (4.53)

Additionally we require the terms proportional to p′1 to vanish. This leads to a condition on D:

D =
π
(0)
µ

rπ
(0)
µ G− 4r2

. (4.54)

The function G is determined by looking at the solution of the diffeomorphism constraint for ye. It
depends on up to two derivatives of q2. We require the second derivative to vanish and obtain

G = −π
(0)
µ

4r
. (4.55)

The terms proportional to q′2 vanish automatically by the background constraint equation (0)Cr = 0. The
condition on G gives a new form for B and D:

B =
1

2r(r + rs)

(rs
r

− (l(l + 1) + 2)
)

, (4.56)

D =− π
(0)
µ

4r(r + rs)
, (4.57)
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For the next steps in the analysis we used the symbolic computation features of Mathematica. The last

function K is determined by looking at the integral for π
(2)
µ in equation (4.8). After applying the canonical

transformation it depends on terms proportional q2q
′′
2 , q

′
2q

′′
2 and (q′2)

2. We can choose K so that all of these
terms vanish. Explicitly we have

K = −
√
rrs
((

l(l + 1)
(

l2 + l + 4
)

− 4
)

r2 +
(

l(l + 1)
(

l2 + l + 9
)

+ 4
)

rrs + (3l(l + 1) + 2)r2s
)

4r4(r + rs)2
. (4.58)

Using the full canonical transformation the first order Hamiltonian constraint is given by

l(l + 1)Λ

r2
q2 +

(

l2 + l + 2
)

r − 3rs

r
q1 + 2(r + rs)q

′
1 = 0 , (4.59)

where Λ = 1
2(l + 2)(l − 1) + 3

2
rs
r . In this form, the first order Hamiltonian constraint is solved for q2. We

obtain

q2 =
r2

l(l + 1)Λ

(

(

l2 + l + 2
)

r − 3rs

r
q1 + 2(r + rs)q

′
1

)

(4.60)

Then, we apply the canonical transformation in the integral (4.8) and replace q2 in terms of q1 and
q′1. For p2 we choose the gauge p2 = 0. To further simplify the integral, we perform a final canonical
transformation. We rescale the variables q1 and q2 by a factor and then shift p1 in order that no cross terms
of the form QeP e show up in the final result.

q1 =

√

l(l + 1)

(l + 2)(l − 1)

Λ

(r + rs)
Qe (4.61)

p1 =

√

(l + 2)(l − 1)

l(l + 1)

(r + rs)

Λ

[

Pe +

√
rrs

8(l + 2)(l − 1)r3(r + rs)2Λ

(

6
(

5l2 + 5l − 31
)

r3s

+ (l + 2)2(l − 1)2
(

l4 + 2l3 + 13l2 + 12l + 3
)

r3 + 3
(

9l4 + 18l3 + 5l2 − 4l + 35
)

rr2s

+ 2(l + 2)(l − 1)(l2 + l + 1)
(

5l2 + 5l + 18
)

r2rs

)

Qe

]

(4.62)

We insert all the above transformations as well as the solutions for Ye, ye and q2 into Equation (4.8). In the
computation we use integration by parts to simplify the resulting expression significantly. The boundary
term is recorded in appendix C. We will show now that it can be neglected. It is sufficient to only consider
the leading contributions in the limit as r approaches infinity. The others will then vanish automatically.

The dominant boundary terms in 4π
√

r/rsπ
(2)
µ are

(

1

2r
+O(r−2)

)

(q′2)
2 +

(

−
(

l2 + l + 2
)

r2
+O(r−3)

)

q2q
′
2 + (2 +O(r−1))q′2q1 − 3

√
rrs
r2

q′2p1

+

(

−3(l2 + l + 2)

2r
+O(r−2)

)

q2q1 +

(

3
√
rrs(l

2 + l + 2)

r3
+O(r−7/2)

)

q2p1 (4.63)

+

(

3l4 + 6l3 + 13l2 + 10l + 16

8r3
+O(r−4)

)

q22 +

(

3r

2
+

(l2 + l + 2)r

l(l + 1)(l + 2)(l − 1)
+O(1)

)

q21

+

(

− 1

2r
+O(r−2)

)

p21 +

(

−6

√

rs
r

+O(r−3/2)

)

q1p1 +

(

− 1

2r
+O(r−2)

)

(Qe)2

From the asymptotics in (3.18) we read off the following boundary conditions on the canonical variables.
The variable xh grows linearly and xv vanishes as r−1. The conjugate momentum yh vanishes like r−2 and
yv behaves as a constant. From this we obtain that q1 vanishes as r−1 and q2 grows linearly in r. The

momentum p1 behaves as a constant and Qe also as a constant. The full boundary term of π
(2)
µ vanishes as

r−1/2 and can be neglected.
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The computation for the even parity contributions to π
(2)
µ lead to the integral

4π

√

rs
r
π(2)µ

∣

∣

∣

l≥2,odd
=

∫

dr
1

4
e−λ−2µπ(0)µ Pe ·Qe′ +

1

2
e−2µ+λλ′

(

Pe · Pe +Qe′ ·Qe′ + V Qe ·Qe
)

, (4.64)

where we introduced the Zerilli potential which has the form

Ve =
l(l + 1)(l + 2)2(l − 1)2 + 3(l + 2)2(l − 1)2 rs

r + 9(l + 2)(l − 1) r
2
s

r2
+ 9 r3s

r3

4r2Λ2
. (4.65)

We end this section by showing that the same result for π
(2)
µ is obtained by working in the gauge

xv = xh = xe = 0 and solving for yv,yh,ye keeping Xe,Ye as the true degrees of freedom. For the
discussion we need some aspects of the reduced phase space quantization program that we recall in the
following.

We consider a system with constraints C(x, y,X, Y ) which as in our calculations depend on two sets of
canonical variables x, y and X,Y . In the following paragraphs we will not display the symmetric degrees
of freedom as they are not important here. According to the reduced phase space quantisation program
there are now two options. Either we consider x, y as the true and X,Y as the gauge degrees of freedom
or the other way around. Hence, we solve the constraint equation C = 0 as Z = Y + H(X,x, y) or as
z = y + h(x,X, Y ). In the first case we will work in the gauge G = X = 0 and in the second case we will
consider the gauge g = x = 0.

Associated to each of the two presentations z and Z there is a projector onto gauge invariant functions
that we denote by O and o. These maps are defined for any phase space function F as

OF := [eVZ(S) · F ]S=−X (4.66)

oF := [eVz(s) · F ]s=−x , (4.67)

where VA is the Hamiltonian vector field associated to the phase space function A. In these equations s, S
are smearing fields. Given a general function F (x, y,X, Y ) on phase space we can determine the action of
O, o explicitly. We have [OF ]X=0 = F (x, y, 0,−H(0, x, y)) and [oF ]x=0 = F (0,−h(0,X, Y ),X, Y ) where we
also implemented the appropriate gauge fixings g,G.

In [1] it is shown that the physical Hamiltonian corresponding to the gauge choice G can be described
as the restriction to X = 0, Y = −H(X = 0, x, y) of a boundary functional B(x, y,X, Y ). We can now
study it in the two gauges G, g. Using the maps O, o we define EX=0 = [OB ]X=0 = B(x, y, 0,−H(x, y, 0)
and e = [oB ]x=0 = B(0,−h(0,X, Y ),X, Y ). In general the relation between E and e is not immediately
clear. Let us therefore not implement the gauge fixing conditions G, g. Then, in general E, e are functions
of X,x respectively and we write E = E(Ox, Oy,X) and e = e(oX , oY , x). The explicit dependence of E, e
on X,x is reflected the fact that the function B is in general not gauge invariant. In fact, if the function
E, e were independent of X,x respectively, the function B would be weakly gauge invariant. Notice that for
non gauge invariant B, there would be no way to recover the gauge variant contributions from the gauge
fixed versions EX=0 or ex=0. We see that a relation between OB , oB can only be established if B is weakly
gauge invariant. Note that a possible difference between oB, OB is not contradictory, this would just reflect
the fact that a Hamiltonian depends on the frame of the observer.

Note that weak invariance of B would be automatic if B was just the boundary term b that one needs to
add to C in order that the smeared constraint H(f) = C(f) + b(f) was differentiable. This is because the
H(f) close among themselves [18] for phase space independent smearing functions f , thus if f corresponds
to a gauge transformation (i.e. H(f) = C(f)) and and g a symmtery transformation (i.e. H(g) 6= C(g))
then {H(f),H(g)} = {C(f),H(g)} = H([f, g]) = C([f, g]) because the bracket [f, g] corresponds to a gauge
transformation when one of f, g is a gauge transformation. This means that H(g) is a weak Dirac observable
for any phase space independent smearing function g which weakly coincides with b(g). However, as shown
in [1], our B is more complicated: The physical Hamiltonian is of the form H = b∗(g∗)/2 where ∗ instructs
to evaluate at the solution of the constraints, gauge conditions G and stability conditions. It can also be
written as χ(j)j=j∗ where j is a function on the full phase space and j∗ its restriction to G = 0 = C. Thus
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while the boundary term B = χ(j) is an extension of the physical Hamiltonian to the full phase space its
weak invariance is not at all obvious due to the fact that G = 0 was used to obtain the extension B.

Assume that nevertheless we can show that B is weakly gauge invariant, at least to second order. Then,
we have that E ≈ e and we compute

E(x, y) = E(Ox, Oy)X=0 = [OB ]X=0 = [OOB
]X=0

= [OoB ]X=0 = [Oe]X=0 = e([OoX ]X=0, [OoY ]X=0)

= e([oX ]X=0,Y=−H , [oY ]X=0,Y=−H) .

(4.68)

In the computation, we used the fact that on the gauge cut G = X = 0, Ox, Oy reduce to x, y respectively.
In the third step we used that OF is a projector and in the fourth step, the weak gauge invariance of B.
For the last step we put the action of the projector O explicitly. The reverse direction expressing e in terms
of E works similarly. This shows that for weakly gauge invariant B we can work in any of the two gauges
because we can always relate the two results.

We now adapt the above arguments to our situation. The analysis consists of two steps. First, we have

to establish that the physical Hamiltonian constructed from π
(2)
µ is weakly gauge invariant to second order.

Then, in the second step, we can express the variables q1, p1 in terms of the degrees of freedom Xe,Ye.

The physical Hamiltonian, as we will see, depends on π
(2)
µ only in the limit as r tends to infinity.

Therefore, it is sufficient to show that the gauge-variant contributions to π
(2)
µ are vanishing in this limit.

The formula (4.8) for π
(2)
µ involves an integral over the symmetric second order constraints. If the only

contributions which are not gauge invariant was in a boundary term which vanishes at infinity the physical
Hamiltonian would be gauge invariant. In the following we will show that this is the case for the even parity
sector.

In the calculations of this section we performed a canonical transformation of the variables xh,yh,x
v,yv

to new variables q1, p1 and q2, p2. In these degrees of freedom we solved the constraints for Ye,ye, q2. In the
following we need the solutions in a slightly more general form where we keep the degrees of freedom Xe,
xe and p2. In this setup the solutions of the first-order even parity constraints are

q
(1)
2 =

r2

l(l + 1)Λ

(
√

(l − 1)l(l + 1)(l + 2)

2

Xe

r2
− 2

r

√

l(l + 1)∂r(rx
e) +

(

(l2 + l + 2)− 3
rs
r

)

q1

+ 2(r + rs)q
′
1 + 2p2

√
rrs

) (4.69)

y(1)
e =

3
√
rrs

√

l(l + 1)r
q1 −

√

l(l + 1)

r + rs
p1 +

√

l(l + 1)
√
rrs
(

(l2 + l + 6)r + 3rs
)

2r3(r + rs)
q
(1)
2

− 2r
√

l(l + 1)
p2 −

√
rrs
r2

xe

(4.70)

Y (1)
e = −

√
rrs
(

(l2 + l + 5)r + 2rs
)

4r4(r + rs)
Xe +

√
rrs
(

(l2 + l + 6)r + 3rs
)

√

2(l + 2)(l − 1)r2(r + rs)
xe′ +

√
rrs((2l(l + 1) + 9)r + 3rs)

2
√

2(l + 2)(l − 1)r3(r + rs)
xe

+
√
rrs

(

3− l(l + 1)(l2 + l + 10)
)

r − 2(l2 + l − 9)rs

2
√

2(l − 1)l(l + 1)(l + 2)r2(r + rs)
q1 +

√

l(l + 1)

2(l + 2)(l − 1)

Λ

r(r + rs)
p1 (4.71)

+

(

l2 + l − 6
)

r − 9rs
√

2(l − 1)l(l + 1)(l + 2)(r + rs)
p2 −

2r
√

2(l − 1)l(l + 1)(l + 2)
p′2

The solutions of the constraints define the projector O onto the gauge invariant phase space functions.
All the constraints are linear in the perturbations, therefore, it is sufficient to terminate the infinite series
after the first order. We have for any phase space function F that

OF = F +

∫

dr̃
[

p2(r̃){q2(r̃)− q
(1)
2 (r̃), F}+ xe(r̃){ye(r̃)− y(1)

e (r̃), F (r)} +Xe(r̃){Ye(r̃)− Y (1)
e (r̃), F}

]

.

(4.72)
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The remaining degrees of freedom q1, p1 are the true degrees of freedom. They are extended to gauge
invariant variables using the map O defined above. This gives the following functions:

Oq1 = q1 −
√

l(l + 1)

(r + rs)
xe +

√

l(l + 1)

2(l + 2)(l − 1)

Λ

r2(r + rs)
Xe (4.73)

Op1 = p1 −
√
rrs

(

3− l(l + 1)(l2 + l + 10)
)

r − 2(l2 + l − 9)rs

2
√

2(l − 1)l(l + 1)(l + 2)r2(r + rs)
Xe + ∂r

(√
rrs
(

(l2 + l + 6)r + 3rs
)

√

l(l + 1)rΛ
xe

)

−
(√

rrs
(

(l2 + l + 6)r + 3rs
)(

(l2 + l + 2)r − 3rs
)

2
√

l(l + 1)r2(r + rs)Λ
+

3
√
rrs

√

l(l + 1)r

)

xe (4.74)

− ∂r

(

2r2(r + rs)

l(l + 1)Λ
p2

)

− r3
(

(l2 + l + 2)− 3 rs
r

)

l(l + 1)Λ
p2

By construction Oq1 , Op1 are gauge invariant and commute with the constraints q2 − q
(1)
2 , ye − y

(1)
e and

Ye − Y
(1)
e .

To show the weak gauge invariance of π
(2)
µ we replace q1 and p1 by their gauge invariant extensions

Oq1 , Op1 respectively. Then, using Mathematica we can show that the terms involving derivatives of q2 is
a boundary term. It is given in appendix D as the quantity A1. Next, we remove q2, ye and Ye using the
solution of the constraints. A symbolic calculation with Mathematica shows that all of the terms involving
the gauge degrees of freedom xe, Xe and p2 are equal to a boundary term proportional to A2 + A3 + A4

where the Ai are defined in appendix D. Therefore, we showed that

π(2)µ =
1

4π

√

r

rs

∫

I(Oq1 , Op1) dr +
1

4π

√

r

rs
(A1 +A2 +A3 +A4) , (4.75)

where I(Oq1 , Op1) is gauge invariant and the gauge dependent terms are all in the Ai. If we show that the
sum of the Ai vanishes in the limit r to infinity the remaining integral is expressed fully in terms of gauge

invariant variables and π
(2)
µ is weakly gauge invariant.

We now provide the leading order in r contribution to the boundary term. We use the following conven-
tion for the asymptotic behaviour of the canonical variables which are based on equation (3.18):

q1 ∼ q01r
−1, p1 ∼ p01, Oq1 ∼ q01r

−1, Op1 ∼ p01, q2 ∼ q02r, p2 ∼ p02r
−2,

Xe ∼ Xe
0r, xe ∼ xe

0 . (4.76)

The quantities q01 , p
0
1, q

0
1, p

0
1, q

0
2, p

0
2,X

e
0 ,x

e
0 are constant with respect to the radius r but are in general still

dependent on l and m. We have

4
∑

i=1

Ai =
1

r

[3l4 + 6l3 − 5l2 − 8l + 8

16
(Xe

0)
2 − 3

4

√

2(l − 1)l(l + 1)(l + 2)Xe
0q

1
0 +

8p02
(

l(l + 1)p01 − 2p02
)

(l − 1)l2(l + 1)2(l + 2)

+
(l − 1)l(l + 1)(l + 2)
√

2(l + 2)(l − 1)
Xe

0x
e
0 −

1

2

(

l2 + l + 4
)

(xe
0)

2 − 2
√

l(l + 1)xe
0q

0
1 −

2
(

l2 + l − 4
)

p01p
0
2

l(l + 1) (l2 + l − 2)

+ q02

(

1

4

√

2(l − 1)l(l + 1)(l + 2)Xe
0 −

1

2

√

l(l + 1)
3
xe
0 −

1

8
(3l(l + 1) + 2)(l(l + 1)q02 − 4q01)−

1

2
q02

)

− 4
(

3l2 + 3l − 8
)

(p02)
2

(l − 1)2l2(l + 1)2(l + 2)2

]

+O(r−3/2) (4.77)

We see that the leading contributions vanish like r−1 as r goes towards infinity. This shows that in this

limit the boundary term vanishes and that π
(2)
µ is weakly gauge invariant. Therefore, it is justified to simply

relate the variables between the different gauge fixings.
We then move on to relate the variables in the two different gauge fixings. The above calculations already

provide some of the necessary formulas. In the main analysis we worked in the gauge xe = Xe = p2 = 0.
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We would like to change this to the gauge xe = xh = xv = 0. Therefore, we take the expression for Oq1 , Op1

and perform the necessary substitutions. For Oq1 we have

Oq1 = Dyv +

√

l(l + 1)

2(l + 2)(l − 1)

Λ

r2(r + rs)
Xe , (4.78)

where we replaced q1 by Dyv and used the gauge condition xe = 0. The relation between q1 and Dyv follows
from reversing the first canonical transformation and using the gauge fixing xh = xv = 0. The momentum
Op1 is given by

Op1 = yv −
√
rrs

(

3− l(l + 1)(l2 + l + 10)
)

r − 2(l2 + l − 9)rs

2
√

2(l − 1)l(l + 1)(l + 2)r2(r + rs)
Xe

− ∂r

(

2r2(r + rs)

l(l + 1)Λ
p2

)

− r3
(

(l2 + l + 2)− 3 rs
r

)

l(l + 1)Λ
p2

(4.79)

where

p2 = yh +Byv + ∂r(Cyv) . (4.80)

We conclude the discussion by providing the solutions of yv and yh in terms of Xe,Ye. This is achieved
by solving the first order constraints for yv while keeping Xe and Ye free. The constraint equation Z

v
lm = 0

gives

yh =
yv

2r2
− 1

r2π
(0)
µ

√

2(l + 2)(l + 1)l(l − 1)Xe . (4.81)

We use this in Zh
lm = 0 to obtain an expression for ye:

√

l(l + 1)ye = 2∂ryv −
1

r
yv +

2

rπ
(0)
µ

√

2(l + 2)(l + 1)l(l − 1)Xe . (4.82)

Then, Ze
lm = 0 reduces to a differential equation of the form:

−2r2∂2ryv − 3r∂ryv −
(l + 2)(l − 1)

2
yv = s(r) , (4.83)

with a “source” term s(r) depending on Xe,Ye

s(r) := −
√

2(l + 2)(l + 1)l(l − 1)

(

r2Y e +
πλ
4r2

Xe +
l(l + 1)− 1

π
(0)
µ

Xe − 2r

π
(0)
µ

∂rX
e

)

. (4.84)

The differential equation for yv is a linear, inhomogeneous second order differential equation. The solution is
the sum of the general solution to the homogeneous equation and a particular solution of the inhomogeneous
equation. The homogeneous solution is

yv = C+r
α+ + C−r

α− , (4.85)

with two integration constants C± and the parameter α± defined as

α± = −1

4
± i

4

√

4(l + 2)(l − 1)− 1 . (4.86)

A particular solution is given by

yv = rα−

∫

dr̃

(

2ir̃α+− 1
2

√

4(l + 2)(l − 1)− 1
s(r̃)

)

− rα+

∫

dr̃

(

2ir̃α−− 1
2

√

4(l + 2)(l − 1)− 1
s(r̃)

)

(4.87)

Therefore we successfully related yv to the true degrees of freedom Xe,Ye. The relation for yh then follows
from equation (4.81). This completes the relation of Oq1 and Op1 to the variables Xe and Ye and shows
that working in our gauge is completely equivalent to working in the GP gauge proposed in the rest of this
series of papers.
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4.3 The physical Hamiltonian

As already mentioned, the reduced Hamiltonian is a boundary term which is derived in [1]. To make this
paper self-contained we will describe briefly how this works.

One needs to impose the decay behavior of the canonical variables in the limit as r tends towards infinity.
This is derived from the ususal decay behaviour by translating it into Gullstrand-Painlevé coordinates.
We showed that in these coordinates πµ and πλ behave as O∞(

√
r) at infinity. The symplectic term of

the action is well defined provided that the conjugate variables vanish according to µ = O∞(r−
3
2
−ǫ) and

λ = log(r) + O∞(r−
3
2
−ǫ) for ǫ > 0. This is certainly satisfied for the Gullstrand-Painlevé gauge conditions

(µ = 0 and λ = log(r)).
We also require the lapse function and shift vector to have appropriate decay behaviours in order that

the symplectic structure and constraints have finite values and are functionally differentiable including the
boundary terms. This in particular turns out to impose that N3 = S3 = O∞(r−1/2) and N = S0 = O∞(1).
The value of lapse and shift are not arbitrary but are dictated by the stability condition of the GPG under
the transformations generated by the constraints including the boundary term which turns them into explicit
expressions S∗ in terms of the true degrees of freedom X,Y and all decay conditions must work consistently
together so that S∗ falls into the allowed class of functions. Thus eventually x = x∗ = 0, y = y∗, q = q∗, p =
p∗, S = S∗ are concrete functions of X,Y .

The physical or reduced Hamiltonian is that function H of X,Y which has the same Poisson brackets
with any function F of X,Y as the function C(f)+Z(g)+B(f, g) followed by evaluation at x = x∗ = 0, y =
y∗, q = q∗, p = p∗, f = S∗, g = g∗ where f is the l = 0 mode of S and S = f + g and B(f, g) is the boundary
term. The analysis of [1] yields the non-perturbative but implicit result

H = lim
r→∞

c

κr

∫

Sr

(W 33)2√
detΩ

dΩ (4.88)

= lim
r→∞

πc

κr
π2µ (4.89)

where κ = 16π is the gravitational coupling constant in units G = 1 and c is an integration constant. It
can be interpreted as the ticking rate of the GP time clock. If one wants the lapse to asymptote to unity
then c = 1/2. In perturbation theory one is instructed to expand H to any desired order relying on the
perturbative construction of πµ.

To second order we find for c = 1/2

lim
r→∞

π

2κr
π(0)µ

(

π(0)µ + 2 π(2)µ

)

=M +
1

κ

∫

R+

dr

√

rs
r

(2)Ch +
(2)Cv . (4.90)

The fact that π
(2)
µ enters only linearly despite the fact that the full expression involves a square is

responsible for the fact that even and odd contributions decouple. Inserting the concrete expressions found
we obtain the reduced Hamiltonian

H =M +
1

κ

∑

l≥2,m,I∈{e,o}

∫

R+

dr [N3P I
lm∂rQ

I
lm +

N

2
((P I

lm)2 + (∂rQ
I
lm)2 + VI(Q

I
lm)2)] (4.91)

where we restored the labels l andm and Q,P are the functionals ofX,Y displayed in the above subsections.
We also have introduced the zeroth order lapse N = 1 and shift N3 =

√

2M/r in the GPG. In the
Hamiltonian, the potential Vo is the Regge-Wheeler and Ve the Zerilli potential.

The method we used to derive the physical Hamiltonian to second order also incorporates the zeroth
order background contribution. The advantage of this is that the relative normalisation between the zeroth
and second order terms is determined. To our knowledge this goes beyond what has been studied in the
literature so far, where only the second order contributions to the Hamiltonian have been considered. For
instance, the previous treatments in [5, 12, 13] do not take boundary terms into account. While boundary
terms are not essential for achieving their results, a more careful treatment has to include them. As pointed
out for example in [15], boundary terms are a necessary ingredient when studying spherically symmetric
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spacetimes. For the Schwarzschild solution one finds that the boundary is given by the Schwarzschild
mass consistent with the above physical Hamiltonian. Neglecting this term we would find no zeroth order
contribution since by definition the background constraints vanish for the Schwarzschild solution.

As in the previous works we had to integrate by parts several times in the derivation of the physical
Hamiltonian. This lead to boundary terms which we proved to vanish under the fall-off conditions for
the canonical variables. Before, to the best of our knowledge such boundary terms were neglected in the
literature without further justification. Our analysis provides the missing details and shows why we are
allowed to drop these terms.

Thus our alternative method to compute the reduced Hamiltonian driving the dynamics of the gauge
invariant perturbations has reproduced the known results to second order. The real virtue of our method is
of course that it immediately generalises to any higher order leading to self interacting graviton X3,X2Y ,
XY 2, Y 3,. . . contributions from third order onwards.

5 Relation to Lagrangian Formalism:

For a check of consistency we compare our result in the Hamiltonian framework with the Lagrangian formu-
lation reviewed in Appendix E. For this we study the Hamiltonian equations of motion. The contributions
to the physical Hamiltonian were all brought to a similar form which differ only by the potential term. The
general form is given by

1

κ

∫

drN3PQ′ +
N

2

(

P 2 + (Q′)2 + V Q2
)

. (5.1)

For the following investigations we set κ = 1. The Hamiltonian equations of motion for the above Hamilto-
nian are

Q̇ = N3Q′ +NP , (5.2)

Ṗ = ∂r(N
3P ) + ∂r(NQ

′)−NVQ . (5.3)

The first equation is solved for P and inserted into the second equation to give

−∂t
(

1

N

(

Q̇−N3Q′
)

)

+ ∂r

(

N3

N

(

Q̇−N3Q′
)

)

+ ∂r(NQ
′)−NV Q = 0 . (5.4)

Notice that the metric on the (t, r) slice is given by

g =

(

−N2 + (N3)2 N3

N3 1

)

g−1 =

(

− 1
N2

N3

N2

N3

N2 1− (N3)2

N2

)

(5.5)

with
√

− det(g) = N . Therefore dividing the equation by N and rearranging the terms we get

1√−g∂t
(√−g

(

gttQ̇+ gtrQ′
))

+
1√−g∂r

(√−g
(

grtQ̇+ grrQ′
))

= V Q . (5.6)

The differential operator on the left hand side is just the Laplace-Beltrami operator associated to g.
Therefore, we obtain the wave equation

�Q = V Q . (5.7)

We now simply compare the potentials and see that they match. In the odd parity sector we obtain the
Regge-Wheeler equation for Qo and for the even parity variables we get the Zerilli equation for Qe.

To complete the comparison of the Lagrangian and the Hamiltonian formulation we relate the master
variables. We need to show that the quantities Qo/e defined in the Hamiltonian setup agree up to some
constant factor with the master variable ψ introduced in the appendices. Let us start with the odd parity
variables. In the Hamiltonian calculation we showed that

Qo =

√
2

r

∫

dr
(

r2Yo +
πλ
4r2

Xo
)

, (5.8)
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satisfies the Regge-Wheeler wave equation.
In Appendix E we derived the same wave equation form linearized gravity. The master variable was

defined as

ψ = r3ǫt3
(

∂t(r
−2h̃r)− ∂r(r

−2h̃t)
)

, (5.9)

where h̃t and h̃r are gauge invariant variables. Their relation to the variables ha and ho is given in the
appendices. We adapt the notation to the Hamiltonian formalism used in the main text of the manuscript.
We have

h̃r = xo − r2
√

2(l + 2)(l − 1)
∂r(r

−2Xe) (5.10)

h̃t = hot −
1

√

2(l + 2)(l − 1)
∂tX

e (5.11)

In the Hamiltonian theory we have the perturbed shift vector. For the odd parity sector the radial component
vanishes, δN3 = 0. The angular components are δNA =

∑

l,m r
−2hot,lmL

A
o,lm. We insert the expressions for

h̃r and h̃t into the master variable ψ. Then, we observe that the terms with Xe cancel. We are left with

ψ = −r3ǫt3∂r(r−2hot ) (5.12)

The shift vector is determined using the stability condition of the gauge fixing xo = 0. We obtain

ẋo =
{

xo, N (2)Cv +N3(2)Ch + r−2ht · Zo
}

∗
(5.13)

= y(1)
o + r2∂r(r

−2ht) . (5.14)

The result of the Poisson bracket is evaluated on the respective gauge cut xo = 0, yo = y
(1)
o . For the lapse

function and shift vector we used the expressions in GP gauge, i.e. N = 1 and N3 =
√

rs
r . The master

variable is then given by

ψ = rǫt3y(1)
o . (5.15)

The final step is to insert the solution y
(1)
o of the first order diffeomorphism constraint. We obtain

ψ = ǫt3
√

2(l + 2)(l − 1)

r

∫

dr
(

r2Yo +
πλ
4r2

Xo
)

(5.16)

Finally, we use the definition of the Levi-Civita pseudotensor (ǫt3 = 1). The odd parity master variable of
the Hamiltonian and Lagrangian approach coincide up to an l-dependent prefactor.

We now move to the even parity master variables. In the main text we constructed the variable Qe in
the Hamiltonian formulation and in Appendix E we studied the master variable ψZ . Both of them satisfy
the Zerilli wave equation. The variable ψZ is defined as

ψZ =
1

l(l + 1)

(

γK +
1

Λ

(

γγaγbkab − γ2γa∇aK
)

)

. (5.17)

Similarly to the odd parity case we replace the variables with corresponding ones in the Hamiltonian for-
mulation. In the appendix we had the following relations for K and kab:

K = r−2xh − 2
√

l(l + 1)r
γaja , (5.18)

kab = hab −
1

√

l(l + 1)
(∇ajb +∇bja) . (5.19)
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By our choice of gauge for the perturbations we set G and jr equal to zero. The variables htt, htr and jt
are related to perturbations of lapse function and shift vector. We take N + δN for the lapse function and
N3 + δN3 and δN eY A

e for the shift vector. Then we have

htt = −2NδN + xv(N3)2 + 2N3δN3 , (5.20)

ht3 = δN3 + xvN3 , (5.21)

h33 = xv , (5.22)

jt = r2δN e , (5.23)

j3 = 0 . (5.24)

Next, we calculate the components of γa. By definition we have γa = ∂a(r). This gives γt = 0 and
γ3 = 1. Raising the index with the inverse metric we obtain

γt =

√

rs
r
, (5.25)

γ3 = 1− rs
r
. (5.26)

We insert the expressions for K and kab into the equation for ψZ and simplify. We obtain

ψZ =
r

l(l + 1)((l + 2)(l − 1)r + 3rs)

[

r−2((l + 2)(l − 1)r + 3rs)x
h + 2rγaγbhab − 2

√

rs
r
∂tx

h (5.27)

− 2
(

1− rs
r

)

∂rx
h +

4

r

(

1− rs
r

)

xh +
1

√

l(l + 1)

(

4r2γb∇b(r
−1γa)ja − 4Λγaja

)]

. (5.28)

In the appendix we showed that γ satisfies the relation

∇a∇bγ =
gab
2r2

rs . (5.29)

Inserting this into ψZ and simplifying we get

ψZ =
r

l(l + 1)((l + 2)(l − 1)r + 3rs)

[

r−2
(

(l2 + l + 2)r − rs
)

xh + 2rγaγbhab − 2

√

rs
r
∂tx

h (5.30)

− 2
(

1− rs
r

)

∂rx
h +

4

r

(

1− rs
r

)

xh − 2
√

l(l + 1)γaja

]

. (5.31)

Then, we still need to determine the time derivative of xh. As in the odd parity sector, we need to
compute the Poisson bracket with the Hamiltonian. We have

ẋh =
{

xh, δN · (1)Zv + δN3˙(1)Zh + r−2jt · (1)Ze +N (2)Cv +N3(2)Ch

}

(5.32)

= −1

2
πµδN + 2rδN3 −

√

l(l + 1)jt +N3∂rx
h −Nyv − 1

4
πµx

v . (5.33)

The hab term is also expanded using the explicit form of γa. The calculation gives

γaγbhab = xv +
1

2r
πµδN

3 − 1

8r2
π2µδN . (5.34)

Finally, combining all the results the Lagrangian master variable turns into

ψZ =
1

l(l + 1)((l + 2)(l − 1)r + 3rs)

[(

(

l2 + l + 2
)

− rs
r

)

xh − 2r∂rx
h +

1

2
πµy

v +
1

8

(

π2µ + 16r2
)

xv
]

. (5.35)

Up to an l-dependent factor this is precisely the even parity variable Qe found in the Hamiltonian treatment.
Thus, not only the wave equations match perfectly but the variables in the two approaches are exactly the
same quantities.
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6 Conclusion

In this manuscript we revisited second order perturbations of spherically symmetric vacuum spacetimes from
the perspective of the reduced phase space formalism and derived the reduced Hamiltonian. It depends
on two pairs of physical degrees of freedom (Qo, P o) and (Qe, P e). In these variables the Hamiltonian
decouples into the odd parity and even parity sectors at second order. The equations of motion derived
from this Hamiltonian match precisely the ones found in a linearization of Einstein’s equations. Our result
generalizes previous works in the Hamiltonian formalism by Moncrief [5] to arbitrary spherically symmetric
backgrounds and arrives at a much simplified version of the physical Hamiltonian found in [12, 13] upon
performing suitable canonical transformations.

The analysis demonstrates the power of the reduced phase space formalism to solve the constraints order
by order in a systematic way. In this paper we started with the first two orders. This gives two effective free
scalar field theories with the Regge-Wheeler and Zerilli potential. In the future the results may be extended
to higher order perturbation theory. Then, the theory will include interactions of the perturbations.

Further extensions of the results are possible. So far only gravitational degrees of freedom were con-
sidered. It would be desirable to include matter fields from the Standard Model of particle physics. Of
particular interest are electromagnetic fields and fermions. For the study of astrophysical black holes an
application of the formalism to spacetimes with axial symmetry, such as the Kerr black hole is necessary.

Additionally, a quantization of the physical Hamiltonian is of interest for the study of quantum gravity
phenomena of black holes. We can use techniques derived for free quantum field theories on curved spacetimes
for the quadratic part of the Hamiltonian and apply usual perturbative quantum field theory techniques for
its interaction part. The quantum theory provides tools to study the quantum stability of black holes. In
particular this is important for a more careful study of the Hawking effect [19]. Especially the final stages
of the evaporation process are not well understood. Quantum gravity is used to study this regime [20, 21].
Several proposals for the fate of the black hole such as the black to white hole transition [22,23] or remnants
[24, 25] are discussed in the literature. The present formalism was developed to address these questions
squarely as it enables to go beyond the semiclassical Einstein equations and to explore the interior of black
holes. See [1] for an outline of our programme.

Acknowledgements

JN thanks the Hanns-Seidel-Stiftung for financial and intellectual support.

A Tensor Spherical Harmonics

In the main text of the manuscript we decompose tensor fields on the 2-sphere S2 into tensor spherical
harmonics. For that we briefly review their definition and collect some useful formulas. As before S2 is
equipped with the usual metric given by ΩAB and the torsion-free, metric-compatible covariant derivative
is denoted by DA. Furthermore, we use the two-dimensional Levi-Civita-pseudotensor ǫAB.

The scalar spherical harmonics Ylm are complex valued functions on S2. For the computations we choose
a real version denoted by Llm. They are eigenfunctions of the Laplace operator on the sphere, i.e. they
satisfy ΩABDADBLlm = −l(l + 1)Llm. The functions satisfy the orthogonality relation

∫

S2

√
ΩLl1m1Ll2m2 = δl1l2δm1m2 . (A.1)
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The tensor harmonics are then defined in terms of these functions. We have

LA
e,lm :=

1
√

l(l + 1)
DALlm (A.2)

LA
o,lm :=

1
√

l(l + 1)
εABDBLlm (A.3)

LAB
e,lm :=

√

2

(l − 1)l(l + 1)(l + 2)

(

DADB +
1

2
l(l + 1)ΩAB

)

Llm (A.4)

LAB
o,lm :=

√

2

(l − 1)(l + 2)
D(AL

B)
o,lm . (A.5)

Here the correct normalizations were chosen so that we have
∫

S2

√
ΩΩABL

A
I1,l1m1

LB
I2,l2m2

= δI1I2δl1l2δm1m2 , (A.6)

∫

S2

√
ΩΩACΩBDL

AB
I1,l1m1

LCD
I2,l2m2

= δI1I2δl1l2δm1m2 , (A.7)

where I1, I2 are labeling the parity of the harmonics (e or o).
We also present the following identities which are very useful in explicit computations:

DMDBL
M
o,lm = LB,o,lm (A.8)

DMDML
A
o,lm = (1− l(l + 1))LA

o,lm (A.9)

DML
MA
o,lm = −

√

(l + 2)(l − 1)

2
LA
o,lm (A.10)

DMD
(AL

B)M
o,lm =

1

2
(6− l(l + 1))LAB

o,lm (A.11)

DMDML
AB
o,lm = (4− l(l + 1))LAB

o,lm (A.12)

DMDBL
M
e,lm = (1− l(l + 1))LB,e,lm (A.13)

DMDML
A
e,lm = (1− l(l + 1))LA

e,lm (A.14)

DML
MA
e,lm = −

√

(l + 2)(l − 1)

2
LA
e,lm (A.15)

DMDML
AB
e,lm = (4− l(l + 1))LAB

e,lm (A.16)

DMD
ALMB

e,lm =
1

2
(6− l(l + 1))LAB

e,lm +
1

2

√

(l − 1)l(l + 1)(l + 2)

2
ΩABLlm (A.17)

B Expansion of the Diffeomorphism and Hamiltonian Constraints to

Second order

In this appendix we present the expansion of the diffeomorphism and Hamiltonian constraint to second order.
As the spherically symmetric background spacetime we use the Gullstrand-Painlevé coordinates explained
in the main text. In these coordinates the spatial metric is flat, i.e. m33 = 1 and mAB = r2ΩAB. The
Christoffel symbols take the form

Γ3
AB = −rΩAB (B.1)

ΓA
rB = r−1δAB . (B.2)

ΓA
BC is the Christoffel symbols on the 2-sphere. All other components of the Christoffel symbol vanish. The

Ricci tensor, Ricci scalar and Einstein tensor of the induced metric mµν vanish.
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In the following we split the metric mµν into background and perturbations. We use the notation
mµν = mµν + δmµν and W µν = W

µν
+ δW µν , where the barred quantities are the background and the

variables with δ the perturbations. In particular ✷ denotes the background Laplacian. In the computations
we raise and lower indices with the background metric mµν . For later convenience we recall the perturbation
formulae for various quantities to second order. We have

mµν =mµν − δmµν + δmµρδmνσmρσ

√
m =

√
m

(

1 +
1

2
δmµ

µ +
1

8

(

(δmµ
µ)

2 − 2δmµνδmµν

)

)

√
m

−1
=
√
m

−1
(

1− 1

2
δmµ

µ +
1

8

(

(δmµ
µ)

2 + 2δmµνδmµν

)

)

Γµ
νρ =Γ

µ
νρ +

1

2
mµσ(∇νδmρσ +∇ρδmνσ −∇σδmνρ)−

1

2
δmµσ(∇νδmρσ +∇ρδmνσ −∇σδmνρ)

Rµν =
1

2

(

2mρσ∇ρ∇(µδmν)σ −�δmµν −∇µ∇νδm
ρ
ρ

)

− 1

2
∇ρ

(

δmρσ
(

2∇(µδmν)σ −∇σδmµν

))

+
1

2
∇ν(δm

ρσ∇µδmρσ) +
1

4
∇σδmρ

ρ

(

2∇(µδmν)σ −∇σδmµν

)

− 1

4

(

2∇(ρδmν)σ −∇σδmµρ

) (

2∇(νδmα)β −∇βδmαν

)

mασmρβ

R =∇µ∇νδm
µν −�δmµ

µ

+ δmµν
(

�δmµν +∇µ∇νδm
ρ
ρ − 2mρσ∇(ρ∇µ)δmνσ

)

−∇ρδm
ρσ∇µδmµσ

+∇ρδm
ρσ∇σδm

µ
µ +

3

4
∇µδmρσ∇µδmρσ − 1

4
∇σδmρ

ρ∇σδm
µ
µ − 1

2
∇ρδmµσ∇σδmµ

ρ

(B.3)

We use these formulas and expand the diffeomorphism constraint Vµ and the Hamiltonian constraint V0
to second order in δmµν and δW µν . Then, we split the spatial indices into the part containing indices of
the sphere A,B, . . . and the part containing the index 3.

The first order correction to the diffeomorphism constraint is given by

(1)Vµ = −2∇ρ

(

δmµνW
νρ

+mµνδW
νρ
)

+W
νρ∇µδmνρ (B.4)

Performing the explicit splitting into the radial and spherical parts we obtain

(1)V3 =− 2∂r
(

δW 33
)

− 2DAδW
3A + 2rΩABδW

AB −
√
Ωπ′µδm33

−
√
Ωπµ
2

∂rδm33 −
√
Ω
πλ
2r2

DAδm3A +
√
Ω
πλ
4r2

ΩAB∂rδmAB

(B.5)

(1)VA =− 2ΩAB∂r
(

r2δW 3B
)

− 2r2ΩABDCδW
BC +

√
Ωπµ
2

DAδm33

− ∂r

(

δm3A

√
Ωπµ

)

+

√
Ωπλ
4r2

(

ΩCDDAδmCD − 2DBδmAB

)

(B.6)

Here and in the following we assume that indices A,B, . . . will be moved with ΩAB.
The second order correction to the diffeomorphism constraint is

(2)Vµ = −2∇ρ(δmµνδW
νρ) + δW νρ∇µδmνρ (B.7)

For the computation in the main text we only need the radial component of this constraint. It is

(2)V3 =δW
33∂rδm33 − 2∂r

(

δW 33δm33

)

− 2δm3A∂rδW
3A

− 2DA

(

δm33δW
3A
)

+ δWAB∂rδmAB − 2DA

(

δm3BδW
AB
)

(B.8)
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This completes the diffeomorphism constraint. We now move to the Hamiltonian constraint V0. The
first order correction is given by

(1)V0 =
1√
m

(

W
ρσ
mµρmνσ − 1

2
mµνW

ρσ
mρσ

)(

2δW µν + 2mµαδmαβW
βν − 1

2
mαβδmαβW

µν
)

+
√
m(−∇µ∇νδmρσm

µρmνσ +�δmµνm
µν)

(B.9)

We split all the indices into their radial and angular parts and get

(1)V0 =
1

2r2
(πµ − πλ)δW

33 − 1

2
πµδW

ABΩAB − 1

16r4

√
Ωπ2µΩ

ABδmAB +
1

16r2

√
Ω(3π2µ − 2πµπλ)δm33

+
√
Ω
[

(DAD
Aδm33 − 2r∂rδm33 − 2δm33)− 2(∂r + r−1)DAδm3A (B.10)

+ r−2
(

DAD
AδmCDΩ

CD −DADBδmAB

)

+
(

∂2r − r−1∂r + r−2
)

δmABΩ
AB
]

The second order corrections to the Hamiltonian constraint are given by

(2)V0 =
1

r2
√
Ω

[

δW µνδW ρσ

(

mµρmνσ − 1

2
mµνmρσ

)

+ δW µνW
ρσ
(4δmµρmνσ − (δmµνmρσ + δmρσmµν))

+W
µν
W

ρσ
(

δmµρδmνσ − 1

2
δmµνδmρσ

)

+
1

8

(

2δmµνδmµν + (δmµ
µ)

2
)

(

W
ρσ
W ρσ − 1

2
(W

ρ
ρ)

2

)

+
1

2
δmρ

ρ(δW
µ
µW

ν
ν +W σ

σW
µνδmµν − 2W µνW στδmµσmντ − 2δW µνWµν)

]

(B.11)

− r2
√
Ω
[

∇µδmνρ∇σδmαβm
µνρσαβ
(1) + δmµν∇ρ∇σδmαβm

µνρσαβ
(2)

]

where we raised and lowered indices with the metric mµν and defined the following tensors:

mµνρσαβ
(1) :=−mµνmρβmσα +mµνmρσmαβ +

3

4
mµσmναmρβ − 1

4
mµσmνρmαβ − 1

2
mµβmναmρσ (B.12)

mµνρσαβ
(2) :=

1

2
mµνmραmσβ − 1

2
mµνmρσmαβ +mµαmνβmρσ +mµρmνσmαβ −mµσmναmρβ

−mµρmναmσβ .
(B.13)

For the computation it is convenient to expand the second covariant derivatives into the radial and
angular components explicitly. We have

∇r∇rδm33 = ∂2r δm33

∇r∇rδm3A = (∂r − r−1)(∂r − r−1)δm3A

∇r∇rδmAB = (∂r − 2r−1)(∂r − 2r−1)δmAB

∇r∇Aδm33 = (∂r − r−1)
(

DAδm33 − 2r−1δm3A

)

∇r∇Aδm3B = (∂r − 2r−1)
(

DAδm3B − r−1δmAB + rΩABδm33

)

∇r∇AδmBC = (∂r − 3r−1)(DAδmBC + r(ΩABδm3C +ΩACδm3B))

∇A∇rδm33 = DA(∂r − r−1)δm33 − 2r−1(∂r − 2r−1)δm3A

∇A∇rδmrB = rΩAB(∂r − r−1)δm33 +DA(∂r − 2r−1)δm3B − r−1(∂r − 3r−1)δmAB

∇A∇rδmBC = DA(∂r − 3r−1δmBC + r
(

ΩAB(∂r − 2r−1)δm3C +ΩAC(∂r − 2r−1)δm3B

)

∇A∇Bδm33 = DADBδm33 + rΩAB(∂r − 2r−1)δm33 − 4r−1D(AδmB)3 + 2r−2δmAB

∇A∇Bδm3C = 2rΩC(ADB)δm33 +DADBδm3C + rΩAB(∂r − 2r−2)δm3C

− 2ΩACδm3B −ΩBCδm3A − 2r−1D(AδmB)C

∇A∇BδmCD = r2(ΩBCΩAD +ΩBDΩAC)δm33 + 2r
(

ΩC(ADB)δmrD +ΩD(ADB)δm3C

)

+DADBδmCD + r
(

ΩAB(∂r − 2r−1)δmCD − 2r−1ΩA(CδmD)B

)

(B.14)
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We now give the decomposition of the second order Hamiltonian constraint into the radial and angular
components in three steps. First we consider the momentum contributions which are the first three lines
(B.11). They are

1

2
(δW 33)2 + r2ΩAB

(

2δW 3AδP 3B − δW 33δWAB
)

+ r4
(

δWABδWAB − 1

2
(δWABΩAB)

2

)

+
1

4
(3πµ − πλ)δW

33δm33 −
πµ
4r2

δW 33ΩABδmAB + πµδW
3Aδm3A − πµ

4
r2ΩABδW

ABδm33

− 1

2
δWABδmAB(πµ − πλ) +

1

4
(πµ − πλ)ΩABΩ

CDδWABδmCD

+
1

64

(

3π2µ + 2πµπλ
)

(δm33)
2 +

1

16r2
(

π2µ + 2πµπλ
)

ΩABδmrAδmrB − 3

32r2
π2µδm33Ω

ABδmAB

+
1

32r4
(

π2µ − 2πµπλ + 2π2λ
)

ΩABΩCDδmACδmBD +
1

64r4
(

π2µ + 2πµπλ − 2π2λ
)

ΩABΩCDδABδmCD

(B.15)

The next term in (B.11) involves first order derivatives. The splitting of this contribution is

− r2
√
Ω∇µδmνρ∇σδmαβm

µνρσαβ
(1) = −

√
Ω
[1

2
∂rδm33∂rδmABΩ

AB − ∂rδm33

(

DAδm3A + 2rδm33

)

+
1

2

(

DAδm33 − 2r−1δm3A

)(

DBδm33 − 2r−1δm3B

)

ΩAB

+
1

r2
(DAδmBC + r(ΩABδm3C +ΩACδm3B))

(

DDδm33 − 2r−1δm3D

)

(

ΩABΩCD − 1

2
ΩADΩBC

)

+
1

r2
(DAδmBC + r(ΩABδm3C +ΩACδm3B))(∂r − r−1)δm3D(Ω

ADΩBC − 2ΩABΩCD)

+
1

r2
(

DAδm3B − r−1δmAB + rΩABδm33

)(

DCδm3D − r−1δmCD + rΩCDδm33

)

×

×
(

3

2
ΩACΩBD − 1

2
ΩADΩBC − ΩABΩCD

)

+
1

r2
(∂r − 2r−1)δmAB

(

DCδm3D − r−1δmCD + rΩCDδm33

)

(ΩABΩCD − ΩADΩBC)

+
1

4r2
(∂r − 2r−1)δmAB(∂r − 2r−1)δmCD(3Ω

ACΩBD − ΩABΩCD)

+
1

r4
(DAδmBC + r(ΩABδmrC +ΩACδm3B))(DDδmEF + r(ΩDEδm3F +ΩDF δm3E))Ω

ABCDEF
(1)

]

(B.16)

Finally we get the last term in (B.11). It consists of the contributions with second derivatives.

− r2
√
Ωδmµν∇ρ∇σδmαβm

µνρσαβ
(2)

= −
√
Ωδm33

[1

2
∇r∇rδmABΩ

AB − 1

2
∇r∇Aδm3BΩ

AB − 1

2
∇A∇rδm3BΩ

AB +
1

2
∇A∇Bδm33Ω

AB
]

−
√
Ωr−2

[1

2
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We now have to carefully insert the definition of the perturbed metric and perturbed momentum. After
integrating out the spherical coordinates we obtain the result shown in the main text.
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C Boundary term even parity

The boundary term for the even parity perturbations is given by
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D Boundary term for proof of weak gauge invariance

We present the boundary term of π
(2)
µ split into different contributions. We will call these contributions

A1, . . . A4. The first one, A1. involves the terms containing q2. Parts of it are already present in the
boundary term in section C. We have
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Next, A2 involves the everything with the variable Xe that is not part of A1:
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The terms with p2 which are not already in A1 or A2 are in A3:
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Finally, the remaining terms are in A4:
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E Perturbation Theory of Spherically Symmetric Spacetimes - Lagrangian

Version

In this section we review the Lagrangian treatment of perturbation theory around a spherically symmetric
background spacetime. This subject has been treated extensively in the literature from different points of
view. In this section we follow closely the references [9, 11].

The plan is the study of the linearized Einstein equations around a general spherically symmetric back-
ground. In the first section we derive the symmetry reduced vacuum Einstein equations. Then, we consider
linear perturbations and expand the Einstein equations to first order. Finally we simplify the equations of
motion for the perturbations and derive a master equation. In the case of a Schwarzschild background these
equations have first been derived by Regge, Wheeler and Zerilli [6, 7]. In the approach presented here we
derive a covariant version of the master equations. In this section we will use a different convention for the
name of some of the indices which are not always compatible with the main text.

E.1 Spherically Symmetric Degrees of Freedom

We follow the formalism outlined in [11] and consider the spacetime to be of product type M2×S2, with an
arbitary 2-dimensional manifold M2 and the 2-sphere S2. On M2 we define a metric g and the associated
Levi-Civita connection ∇ which is torsion-free and compatible with g. For S2 we have the usual metric
ΩAB on the 2-sphere and its associated Levi-Civita connection D. The indices on M2×S2 are Greek letters
µ, ν, . . . , on M2 small letters a, b, . . . and for S2 capital letters A,B, . . . .

For the background degrees of freedom we study a symmetry reduced model compatible with spherical
symmetry. Therefore, we take the ansatz

4gµν dx
µ dxν = gab dx

a dxb + γ2ΩAB dxA dxB , (E.1)

where γ is an arbitrary, real-valued function on M2. Inserting this into the Einstein equations we obtain
the background equations of motion:

2γ∇a∇bγ + gab(1− γaγ
a − 2γ�γ) = 0 (E.2)

γ�γ − 1

2
2Rγ2 = 0 , (E.3)

where we abbreviated γa := ∇aγ. The operator � = gab∇a∇b is the wave operator associated to the metric
gab and R is the scalar curvature of gab.
We now study these equations more carefully. First, we define the quantity f := γaγ

a. Then, the first
equation implies

∇a∇bγ =
gab
2γ

(1− f) . (E.4)

The covariant derivative of the quantity γ(1− f) vanishes because

∇a(γ(1 − f)) = γa(1− f)− 2γγb∇aγb = 0 . (E.5)
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Therefore, we have

f = 1− rs
γ
, (E.6)

where the integration constant turns out to be the Schwarzschild radius. This is seen when expanding f in
some explicit coordinate system for M2 (see [11]). It turns out that the function f is precisely the function
appearing in the Schwarzschild line element in standard Schwarzschild coordinates.

E.2 Perturbation Theory

In the following we extend the previous discussion by including perturbations. We define them as

4gab = gab + hab
4gaB = haB

4gAB = γ2ΩAB + hAB (E.7)

where hab, haB and hAB will be treated as linear perturbations.
In order to formulate the Einstein equations, we need to expand the curvature tensors in terms of the

perturbed metric. The perturbed Christoffel symbols to linear order are given by
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We use the convention that the indeces a, b, . . . are moved with the metric gab and the indices A,B, . . . with
the metric ΩAB . Using the perturbed Christoffel symbols, the perturbed Ricci tensor is given by
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+
1
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(
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δRAB = ΩAB

[

γγm∇n

(

hmn − 1

2
gmnhkk

)

+ (γmγn + γ∇m∇nγ) h
mn

]

− 1

2
DADBh

m
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+
1

2
∇m (DAh

m
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m
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1

γ
γmΩABDMh

mM +
1

2γ2
DM (DAh

M
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− 1

2
�hAB − 1

2γ2
DADBh

M
M +

1

γ
γm∇m

(

hAB − 1

2
ΩABh

M
M

)

− 2

γ2
γmγm

(

hAB − 1

2
ΩABh

M
M

)

The next computations are most easily done in terms of tensor harmonics. For a review of spherical
harmonics see appendix A.

33



E.2.1 Gauge Invariant Variables in Terms of Tensor Harmonics

The perturbed metric is expanded into the tensor harmonics as follows

hab =
∑

l,m

hlmab L
lm (E.17)

haB =
∑

l,m

∑

I∈{e,o}
hI,lma (Llm

I )B (E.18)

hAB = γ2
∑

lm



hh,lmLlmΩAB +
∑

I∈{e,o}
hI,lm(Llm

I )AB



 (E.19)

Here, o stands for the odd, e for the even and h for the trace part of the respective component. In this
section we only consider the modes with l ≥ 2. They are relevant for the derivation of the Regge-Wheeler
and Zerilli equations. The modes with l = 1 are discussed in the literature (see [11]) and we will not repeat
their analysis here.

The Einstein equations simplify dramatically if presented in terms of gauge invariant variables. For
that consider gauge transformations (i.e. spacetime diffeomorphisms) generated by the vector field ξ =
(ξaL, ξA = ξoLo

A + ξeLe
A). The metric perturbations transform according to

hab → hab −∇aξb −∇bξa (E.20)

haB → haB −∇aξB −DBξa +
2γa
γ
ξB (E.21)

hAB → hAB −DAξB −DBξA − 2γγaξaΩAB (E.22)

In the following we suppress the labels of the spherical harmonics. The equations are valid for any allowed
value of l and m. The expansion coefficients of the perturbed metric transform under gauge transforamtion
by the vector field ξ as

hab → hab −∇aξb −∇bξa (E.23)

hea → hea −
√

l(l + 1)ξa −∇aξ
e +

2

γ
γaξ

e (E.24)

hoa → hoa −∇aξ
o +

2

γ
γaξ

o (E.25)

hh → hh +
l(l + 1)

γ2
ξe − 2

γ
γaξa (E.26)

he → he − 2

γ2

√

(l + 2)(l − 1)

2
ξe (E.27)

ho → ho − 2

γ2

√

(l + 2)(l − 1)

2
ξo (E.28)

For the construction of the gauge invariant variables, we form combinations of the perturbations which
transform trivially under gauge transformations. The following quantities are gauge invariant:

kab = hab −
1

√

l(l + 1)
∇aǫb −

1
√

l(l + 1)
∇bǫa (E.29)

h̃a = hoa −
√

2

(l + 2)(l − 1)

γ2

2
∇ah

o (E.30)

K = hh +
1

2
l(l + 1)he − 2

√

l(l + 1)γ
γaǫa . (E.31)
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We introduced the variable ǫa defined as

ǫa := hea −
1

2

√

2

(l + 2)(l − 1)
γ2∇ah

e . (E.32)

It transforms under gauge transformations as ǫa → ǫa −
√

l(l + 1)ξea.

E.2.2 Odd Parity Master Equation

The Einstein equations for the odd parity sector in gauge invariant variables are given by

∇mh̃
m = 0 , (E.33)

1

2

(

∇m∇ah̃
m −�h̃a

)

− 1

γ
(γa∇m − γm∇a)h̃

m − 1

γ2
(γaγm + γ∇a∇mγ)h̃

m (E.34)

+
(l + 2)(l − 1)

2γ2
h̃a +

�γ

γ
h̃a +

γmγm
γ2

h̃a = 0 . (E.35)

As noted by [9], the second equation can be put into the simpler form

∇c(γ4∇[a(γ
−2h̃c])) +

1

2
(l + 2)(l − 1)h̃a = 0 , (E.36)

1

2
ǫac∇c(γ4ǫde∇d(γ

−2h̃e)) +
1

2
(l + 2)(l − 1)h̃a = 0 . (E.37)

From here we can derive the master equation for the odd parity perturbations. The master variable is
defined as

ψ = γ3ǫab∇a

(

γ−2h̃b

)

. (E.38)

Plugging this into the equation and applying the operator ǫba∇b

(

γ−2·
)

gives the odd parity master equation:

−1

2
γ∇a

(

γ−2∇a(γψ)
)

+
(l + 2)(l − 1)

2γ2
ψ = 0. (E.39)

After expanding the derivatives, we obtain

�ψ +

(

− l(l + 1)

γ2
+

1

γ2
(2− 2γaγ

a + γ�γ)

)

ψ = 0 . (E.40)

This is the Regge-Wheeler equation for the odd parity perturbations. Using the solution found for the
background degrees of freedom we obtain

�ψ − VRWψ = 0 , (E.41)

with the Regge-Wheller potential

VRW =
l(l + 1)γ − 3rs

γ3
. (E.42)
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E.2.3 Even Parity Master Equation

We now study the even parity sector. The linearized Einstein equations are given by
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2
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m
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(2∇nk
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mn +
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kmm

− 2�K − 6
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γ
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γ2
K − 2Rmnk

mn
)

= 0 ,

(E.43)

∇mk
m
a −∇ak

m
m +

γa
γ
kmm −∇aK = 0 , (E.44)

γ

2
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∇a(γ∇ak
m
m)− γ∇a∇bk

ab − 2γa∇bk
ab − 2∇a∇bγk
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)

− l(l + 1)

4
kmm + 2R

γ2

4
kmm +

γ2

2
�K + γγa∇aK = 0 ,

(E.45)

kaa = 0 . (E.46)

An interesting identity can be derived by noting that the Einstein tensor on any two dimensional manifold
vanishes. For this consider a perturbed metric gab + hab on M2. Then the Ricci curvature to first order in
the perturbations hab is given by

(2)Rab =
1

2
gab

(2)R(g) +
1

2
(2∇c∇(ahb)c −�hab −∇a∇bh

c
c) , (E.47)

where (2)R(g) is the unperturbed Ricci scalar of g. The vanishing Einstein tensor reads

2(2)Gab = ∇c∇ahbc +∇c∇bhac −�hab −∇a∇bh
c
c + gab(�h

c
c −∇c∇dhcd) +

1

2
(2)R(gabh

c
c − 2hab) = 0 . (E.48)

We use this identity in the first equation. It removes all the terms with second derivatives of kab. In addition,
the last equation forces the trace of kab to vanish. Therefore, we obtain the following system of equations
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= 0 , (E.49)

∇mk
m
a −∇aK = 0 , (E.50)

− γ

2

(

γ∇a∇bk
ab + 2γa∇bk

ab + 2∇a∇bγk
ab
)

+
γ2

2
�K + γγa∇aK = 0 . (E.51)

The second equation can be used to relate ∇aK and∇mk
m
a . Plugging this relation into the third equation

we obtain
∇a∇bγk

ab = 0 . (E.52)

Note that this equation follows from what we observed for the background variables. We showed that ∇a∇bγ
is proportional to gab.

The derivation of the master equation is more involved compared to the odd parity sector. We first
derive three preliminary equations which are then combined to the master equation. We start by taking the
trace of the first equation

�K − λ

γ2
K − 2

γ3
γaZa = 0 , (E.53)

where we defined Za := γ(γbkab − γ∇aK) and λ = (l + 2)(l − 1).
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The second equation is obtained by contracting the first equation with γa. Then use the equation (E.53)
to remove the term proportional to �K. We have

∇b(γ
aZa) +

l(l + 1)

2γ
Zb +

γ

2
3(1− γaγ

a)∇bK +
1

2
λ∇b(γK) = 0 . (E.54)

The last equation is a direct consequence of the original second equation contracted with γa and reads

∇aZa −
γa

γ
Za + γ2�K = 0 , (E.55)

The even parity master equation is now derived by applying the operator ∇b on Equation (E.54).
Together with the equation (E.53) to remove �K and equation (E.55) to remove ∇aZa we obtain the
following equation

�(2γaZa + λγK) +

[

− l(l + 1)

γ2
+

3

γ2
(1− γaγ

a)

]

(2γaZa + λγK) = 0 . (E.56)

Therefore we have a master equation for the master variable ψ = 2γaZa + λγK. The potential is the
same as the one in the odd parity case. In the literature usually a different form of the master equation is
discussed. It uses the covariant form of the Zerilli variable defined as

ψZ =
1

l(l + 1)

(

γK +
1

Λ
γaZa

)

, (E.57)

where Λ = 1
2(l+2)(l− 1) + 3rs

2γ . The Zerilli variable satisfies a wave equation with a different potential. We
have

�ψZ − VZψZ = 0 , (E.58)

with the Zerilli potential

VZ =
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2Λ2r2

(

λ2(λ+ 2) + 3λ2
rs
r

+ 9λ
r2s
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+ 9
r3s
r3

)

. (E.59)

The two master variables are related through a simple transformation, see [26]. We have

ψ = −6rsγ
a∇aψZ +

(

(l + 2)(l + 1)l(l − 1) +
9r2s
γ2Λ

γaγa

)

ψZ . (E.60)

This completes the treatment of linear perturbation theory around a spherical symmetric background
spacetime. We reduced the problem to two wave equations for two master variables

�ψ − V ψ = 0 . (E.61)

The potentials V are the Regge-Wheeler potential VRW for the odd parity case and the Zerilli potential VZ
for the even parity perturbations.
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