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Abstract

In this paper we extend reduced phase space approach to black hole perturbation theory to Maxwell
matter. We expand the resulting reduced Hamiltonian to second order in the graviton and photon
perturbations and find that the corresponding equations of motion match the ones derived in the literature.
Accordingly our approach reproduces previous results at second order. Its real virtue lies in the fact that
it extends to any order in perturbation theory in a manifestly gauge invariant fashion.

1 Introduction

In [1] a reduced phase space approach to treat perturbation theory of theories with respect to highly
symmetric “background” solutions of the classical field equations in the presence of gauge redundancies
was proposed. An application of high interest concerns General Relativity (GR) and its black hole solutions
where the symmetry group S corresponds to spherical or axi-symmetry and the gauge group is the spacetime
diffeomorphism group G of which § is a tiny subgroup.

The idea of [1] is to split the degrees of freedom into four sets as follows: The canonical pairs naturally
split into two sets coined “symmetric” and “non-symmetric” where the symmetric part is invariant under
the action of S. We then perform a second split of the canonical pairs coined “gauge” and “true” where
the symmetric and non-symmetric constraints (C, Z) respectively are solved for chosen symmetric and non-
symmetric gauge momenta (p,y) respectively. The conjugate symmetric and non-symmetric gauge configu-
ration variables (g, x) respectively are then subjected to suitable gauge conditions G. The left over canonical
pairs then consist of true (i.e. observable) symmetric and non-symmetric canonical pairs (@, P), (X,Y") re-
spectively. Their dynamics is driven by the reduced Hamiltonian H = H(Q, P, X,Y") which is obtained as
follows: One solves the gauge stability conditions S := {C(f) + Z(g) + B(f,g9),G} = 0 for the symmetric
and non-symmetric smearing functions (f, g) respectively where B is a possible boundary term (if there is a
boundary) that ensures that the Poisson bracket is well defined. Then for any function F' on the reduced or
“true” phase space with coordinates (P, @, X,Y") one requires S := {C(f) + Z(g9) + B(f,9), F }« = 0 where
the notation means that after computing the Poisson bracket we evaluate on the joint solutions gy, x, of
G = 0, the solutions (p*,y*) of C' = Z = 0 and the solutions f,, g« of S = 0. This ensures that the equations
of motion for F' driven by C(f)+ Z(g) + B(f, g) restricted to the reduced phase space are the same as that
of H.

In this way one can rigorously and non-perturbatively remove all gauge redundancy at the classical level.
The caveat is that for sufficiently complicated systems these steps cannot be carried out explicitly because
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one needs to solve PDE’s and non-linear algebraic equations. This is the point at which perturbation theory
comes into play: We consider X,Y as first order and @, P as zeroth order fields and expand the non-
perturbative but implicit expression H in powers of X,Y. Now the function H by construction depends in
managable and explicit form on @Q, P, X, Y, p*,y* and it is only due to the intricate dependence of p*, y* on
Q, P, X,Y that H is not explicitly known. It turns out that the expressions p*, y* however can themselves be
expanded into powers of X, Y and solved for by an iterative scheme where only ODE’s and linear algebraic
equations have to be solved. Therefore H can be explicitly computed pertubatively to any order in the true
degrees of freedom and no higher order notions of gauge invariance ever have to be invented.

In this way, the reduced system can be treated by the usual methods of perturbative Quantum Field
Theory where H is truncated at the desired perturbative order prior to quantisation. For instance the
second order contribution can be used to select Fock representations while the higher order terms define the
interactions. This has the attractive feature that interaction or backreaction between the true background
Q, P and true perturbative degrees of freedom X, Y is faced squarely, at least in a perturbative fashion.

The application of [1] to black hole physics was outlined in [2]. The framework is designed to potentially
shed new light on the questions of backreaction, the mechanism of Hawking radiation, black hole evap-
oration, singularity resolution and the corresponding information paradox beyond the usual semiclassical
approximation in the sense that this is a proper quantum gravity framework where the observable part of
the metric, encoded among the degrees of freedom @, P, X, Y is an operator valued distribution rather than
a classical field.

As argued in [2] a particularly useful gauge condition G is the so called Gullstrand-Painlevé gauge (GPG)
since 1. it corresponds to a foliation of spacetime by equal proper time hypersurfaces of free falling observers
which therefore come as close as possible to define a locally inertial system, 2. the coordinate system is
regular across the horizon, 3. the intrinsic three metric is exactly flat and 4. the spacetime metric is asymp-
totically flat. In our first concrete application of [3] we considered the pure vacuum (i.e. no matter) sector
of the theory for spherical symmetry and expanded the reduced Hamiltonian H to second order in X, Y. In
that case the degrees of freedom (@, P) are absent in the sense that they reduce to the black hole mass M
considered as an integration constant while X, Y describe tracefree (with respect to the sphere metric) axial
(or odd) and polar (or even) gravitational field polarisations. We found that the Hamiltonian equations of
motion agree with the second order gauge invariant results found preciously in the literature. This confirms
the validity of our method whose real virtue lies of course in the ability to unambiguously provide the higher
order contributions to H.

In the present paper we extend [3] by Maxwell matter also in the GPG. Besides gravitational waves covered
by [3] electromagnetic waves provide another important messenger of black hole radiation for astrophysical
observation. For black holes we have access to the region close to the event horizon [4] and by the usual
semi-classical argument the non-vanishing Hawking temperature of the black hole suggests that black holes
emit Hawking radiation. Electromagnetic radiation is an important component of the emitted spectrum [5]
both by primary and secondary (via particle-antiparticle annihilation) effects.

The problem of the Maxwell field coupled to gravity has been studied in the literature before. For
the spherically symmetric background we obtain the charged black hole solution, the Reissner Nordstrgm
solution. Zerill first studied the perturbation theory on the level of the equations of motion [6]. The
Hamiltonian theory was first considered by [7, 8, 9] in Schwarzschild coordinates. A rigorous treatment can
also be found in the book by Chandrasekhar [10].

We demonstrate that we recover the results in the literature from our formalism. In contrast to Mon-
crief we study the Hamiltonian formulation in the Gullstrand-Painlevé coordinates. Therefore, there is no
divergence in the degrees of freedom across the horizons. In the restriction to the spherically symmetric
background we recover the Reissner Nordstrgm solution. For the perturbations we obtain a physical Hamil-
tonian describing the dynamics of the gravitational and electromagnetic degrees of freedom. The equations
of motion for the perturbations match the results found in the literature.

The outline of this manuscript is as follows. In section 2 we present the Hamiltonian framework of Ein-
stein — Maxwell theory. Its exact solutions are derived in section 3 in presence of exact spherical symmetry.
In section 4 we consider linear perturbations of the exactly symmetric background. In section 5 we perform



the symplectic reduction and derive the reduced Hamiltonian for the observable degrees of freedom. Finally,
in Section 6 we compare our findings with the ones obtained by Chandrasekhar [10] in the Lagrangian
formulation. In the appendix we give explicit formulas for some boundary terms that are discussed in the
main text.

2 Hamiltonian Formulation of Einstein — Maxwell Theory

The objective of this manuscript is the extension of [3] to include electromagnetic radiation. We use the
notation of [3] for the gravitational degrees of freedom and implement the electromagnetic field with the
vector potential.

As in the previous paper we work in the Hamiltonian formulation of general relativity. Thus, we study
the problem in the ADM approach. We split the metric according to

ds® = —(N? — m,,, N*N¥) dt* + 2m,,, N* dt dz” + m,, dz! dz"” (2.1)

where N is the lapse function, N* is the shift vector and m,,, is the induced metric on the hypersurfaces of
the foliation.

As matter content we consider electromagnetic radiation. We introduce it in the form of a vector
potential, i.e. a one-form A. For the Hamiltonian formulation we split the vector potential according to
A= Apdt+ A, dx". Classically, we describe the dynamics using the Einstein-Hilbert-Maxwell Lagrangian.

The starting point for the model is the full Hamiltonian of the system. It is obtained via a Legendre
transformation from the Lagrangian formulation. As in the case for pure gravity this transformation is
singular. The Dirac algorithm shows that the quantities Ag, N and N* enter the Hamiltonian theory as
Lagrange multipliers. Next to the momentum WH" conjugatre to m,, we also have the electric field E¥
which is conjugate to A,,.

Compared to the pure gravity case, the Hamiltonian has a similar structure. It is a linear combination
of modified diffeomorphism and Hamiltonian constraints. Furthermore, we obtain the Gaufl constraint from
the electromagnetic field. Explicitly, we have

H= / A% (NVp + N*V, + AgVa) (2.2)

where Ag, N and N* enter as Lagrange multipliers for the constraints Vg, V,, and V. It will be sufficient
to consider one asymptotic end so that we can focus on the case ¢ = Ry x S2. There is a new contribution
to the Hamiltonian constraint Vj:

1 1 . 1/ ¢? vm

ﬁ (mupmyo - §mpympo'> WHWPT — \/ER(m) + 5 (WmuyE“E” + @F;UJF“V , (23)

where /m := y/det(m) and g is the coupling constant for the electromagnetic field. We introduced the field
strength tensor F),, := d,A, — 0,4, and the Ricci scalar R(m) of the three metric m. The diffeomorphism
constraint also gets a new contribution:

Vo =

Vi =—2mu,D,W"" + F,,E" — A, Vg (2.4)
Finally, the Gaufl constraint Vi is defined as
Vo = 0, B" (2.5)
The conjugate variables m,,,, and W# as well as A, and E* satisfy the Poisson brackets

{mpu (t, ), WP (t,y)} = 67,07)0(x, y), {AL(t, ), EX(t,y)} = 0,0(x,y) (2.6)

From here on our analysis parallels exactly that of [3].



3 Spherical Symmetric Background Solution

The parametrization of the spherical symmetric background is unchanged. We use radial 23 = r and angular
! =0, 22 = ¢ coordinates and denote the metric on S% by Qup, A, B = 1,2 with det(Q) = sin?(9). We
use

2 2\
mg3 = e, msa =0, map = e~ Qap, (3.1)

with two degrees of freedom p and A. The conjugate momentum is defined as

W33 — \/5%6_2”, W34 — 0, WAB — \/ﬁ%e—%QAB. (3.2)
As in the previous paper, we work in the Gullstrand-Painlevé gauge. It is characterized by setting p = 0
and A = log(r). In this gauge the spherically symmetric degrees of freedom are regular at the horizon.

The electromagnetic degrees of freedom are also reduced to spherical symmetric ones. Since there are
no spherically symmetric vector fields on the sphere S?, the only non-vanishing component of the vector
potential is As. It is an arbitrary function of Gullstrand — Painlevé time 7 and r. Similarly the only
non-vanishing component of the electric field is E3.

Consider first the Gaufl constraint V. It reduces to 0,E> = 0. Therefore, E? is equal to a constant
with respect to the radial coordinate. We set E® = v/Q¢. Another simplification comes from the fact that
the constraints only depend on the vector potential A, through the field strength tensor F),,,. However, F},,
vanishes in spherical symmetry due to its anti-symmetry. In other words, the Hamiltonian is independent
of As. This implies through the Hamiltonian equations of motion for E? that £ is time-independent. As we
will see, £ is related to the electric charge.

Since the field strength tensor is independent of Az we can freely set it to zero without modifying the
equations of motion. For reasons of consistency A3z = 0 needs to be preserved under time evolution. This
can be achieved by appropriately choosing the Lagrange multiplier field Ag.

Inserting the gravitational and electromagnetic degrees of freedom into the constraints we obtain a
structure for the zeroth order symmetric constraints very similar to the vacuum case. Following the notation
of [3], )¢, gets modified by a new term proportional to the square of the electric charge &:

47 g°
0 _ 2 2
( )CU = W(ﬂ-‘u’ - 271'”7'(')\) + 471'?6 s (33)
1
(O)Ch = 47T<;7T)\ — 7TL> . (34)

The plan is to solve these equations for m, and 7). The method is very similar to the vacuum case. First,
we solve (D), for my. It is unchanged and reads

T =T, (3.5)

This can be used in the equation for (VC, to obtain a differential euqation for Ty

d 2¢2
wi — 2rmym, — 4r% — <g ¢ ) =0, (3.6)

dr r

For the solution of the equation we multiply by an integrating factor and rewrite it as a total derivative in
the following way

d
dr

T2 2¢2
T 4ﬁ] ~0. (3.7)
T T

In this form the solution is straight forward and we obtain

w2 = 16rry — 4g°¢% (3.8)



where 74 is an integration constant which as before is the Schwarzschild radius. As in the vacuum case we
can obtain the solution for 7y from the Hamiltonian constraint (9C,:

1677,

1
My = o (n 477 =
o

o (3.9)

These formulas provide the zeroth order solutions TLO), 7T§\0) of the symmetric constraints. In the following

we will iteratively construct the solution up to second order of the symmetric constraints.

4 Perturbations of Einstein — Maxwell Theory

We follow the notation of our companion paper [3] and expand the non-symmetric (I > 0 modes) into
spherical tensor harmonics

ms3z3 = 1+ Z m}’lem (4.1)
>1,m
maa =0+ > @f,[Liimla (4.2)
1>1,m,1
map =" Qs+ Y 2+ > X [Limlas (4.3)
>1,m 1>2,m,I
m
ARl KT S (4.4)
>1,m
1
wr—valorl Sy, (45
1>1,m,I
T 1
WAB — \/Q mQAB +5 DTSSR i i 4 (4.6)
>1,m 1>2,m,I

The label I takes the values e, 0 for the even and odd harmonics respectively. See [3] for the details. We
assume the perturbations 6W#", ém,, to follow certain fall-off conditions at infinity. For completeness we
recall them here:

omsg ~ 5m§'37‘_1 + 5m§37‘_2
Omsa ~ 5m§rA + (5m§A7’_1
omap ~ 5mng7’ +omyp

SW3 ~ W3 4 sWir~!
SW34 ~ WA 4 g
SWAP ~ SWAB =2 4 sW AP P—3

The quantities dW4", 5miy on the right hand side are independent of the radial coordinate r but still have
angular dependence through [, m. The sub-/superscript &+ stands for the behaviour of the variables under
parity transformations. Details on this and the relation to the notion of parity in the rest of the manuscript
can be found in [3].

Similarly to the gravitational degrees of freedom we expand the perturbed vector potential A, and the



perturbed electric field E* into tensor harmonics . We use the convention

Ag = Z le\?le (48)
[>1,m

Ap = Z X]I\/’[lm[Ll,lm]B (4.9)
[>1,m,I

B =VQle+ ) yihLim (4.10)

>1,m
B VA Y YL, (@)
[>1,m,I

The sub- or superscript M denotes “Maxwell” degrees of freedom and x,y as before denote non-symmetric
gauge degrees of freedom while X,Y denote non-symmetric true degrees of freedom.
We choose the fall-off conditions of the electromagnetic perturbations as

§Az ~ SAFr~ 4 6A 2
§Ap ~ 6AL + 5A5r !
SE® ~ 0E® 4+ 6E3r™!
SEP ~ GEBr=! 4 6EfLr?

(4.12)

As in the gravitational case the variables 5A/f and 0E" are constants with respect to r but are still allowed
to vary with [, m. The sub-/superscript & stands again for the parity of these perturbations.

In the next step we expand the Hamiltonian, diffeomorphism and Gauf§ constraints to second order and
extract the symmetric and non-symmetric contributions.

4.1 Perturbations and exact solutions of the Gauf} constraint

Before studying the diffeomorphism and the Hamiltonian constraints we consider the Gaufl constraint.
Similarly to the spherically symmetric background it simplifies the analysis to first solve this constraint. It
only has a first order correction which is given by

(DVe)im = V(i) = VIT+ DY) (4.13)

The gauge degrees of freedom are @7, y™ while the true degrees of freedom are X7, YM. Hence, we solve
the Gauf constraint for y* and have

yM = /1l + 1)/1@% dr . (4.14)

We fix the gauge of the electromagnetic field by setting wﬂ\’ff = 0. Since there are no higher order corrections
to the Gauf} constraint we have solved V7 = 0 to all orders.
4.2 Second order perturbations of spatial diffeomorphism and Hamiltonian constraints

As in the vacuum case we only need the first oder, automatically non-symmetric, and second order sym-
metric constraints in order to compute the reduced Hamiltonian to second order.



The first order non-symmetric constraints are

Wzh = 20,4y, + VIl + V)ye + 2ry, — dpmx’ — ma x’ + —\/ (I+ 1)z + %arwh (4.15)
Wze — 20+ 2)0—1) <T2Y'e + ;%X) — 0, (r?ye + mua®) +/1(1+ 1) (79[; - r2yh) —£0,X¢, (4.16)
Wzo — 0+ 2)0 1) (ﬁYO + %X) — 0, (r2yo + mux) — €0, X, (4.17)
) 1 T 1 I+2)(+1DI(1—1) .,
(I)Zlmzﬁ(w“—m\)yv— <2r@—|—l(l—|—1)—|—2—2r)az ~ 5 uYh 7"2\/( I 5 L )X 1s)
1 I+2)(1-1) g N . 4 '
+ 2(83 -0 - (2)# - ﬁ>wh +24/1(1 + 1)(& + ;)w + 55\/1(1 +1) /Yl% dr

The second order symmetric constraints are given by

(2)Ch =—x°- 87‘yo + Y‘O . arXO + Yy - 8va - QOT(mU : yv) -z a?“ye + Y; : 87‘X6 +yn - armh

4.19
+Y M (X5 + Y (X )
1 1 1 l(l+ 1) r
2 S o 2
()Cvziyo'yo 227ruw y0+r_ <4r8—3+ 5 +2?>w +7rY,- Y,
1 1 7 72 3
o . Y(-)'XO——XO' 202 —4 s XO——TXO- 71){0
5,2 (7 — ) 1 <r Oy — 4ro, to+ T 4rrs> 4r28 0,
1 /+2)(1-1) , o
1 1 v v 92 § v 1
+wyy'yy+ﬁ(3ﬂ'u—ﬂ')\)w Yy - 37’8 +1+7_F w+§ye-ye+22ﬂuw *Ye
1 s 1 s
e (47‘8,, -3+ 2T—>aze R — (4(1 — r—)wh a2 — drzh . 0,2 + 1?0, 2" &,wh)
r2 r 2r4 r
+r?Y, Y—i( — ) X® Y, - L xe 292 — 48+7+L Xe (4.20)
e te T 92T T A <t " " G262 — drry ’
3 e e Ty h 1 [ v
_EarX -0, X _yh'yv_2_r4yv'm _Zﬂ',um 'yh_arm O
2¢2
— iaz r2o%x — ro.ah + wmh y3lsgh &mh VIl + 1)z’ 0.x°
r2 2 r 2r2
1 [+2){+ DI -1 1
_ﬁ\/( +2)( +2 ) )w”-Xe— l(l—i—l);we-(—w”—kr&wv)
1 e h h (l+2)(l_1)1 e e e
+ 3 I+ 1)z <2:1: —ro.x > + #T—gm - (2X° —r0. X°)
2 2
- 29—2 (2:;;0 YM 11+ 1) <:c” - —th> . /Y;M d + 2z - Y;j”)g (4.21)
r r
+l(l+1)/Y;Mdf-/Y;Mdf+r2(YeM-Y;3M+Y;M-Y;M)]
1 o o e
g L0+ 1)X3 - X3 +r2(X5 - X5+ X5, - X5/)]

5 Reduced phase space formulation

We are now fully prepared to analyse the constraints and to obtain the physical Hamiltonian. The procedure
is similar to the vacuum case with some changes of the transformations due to the electromagnetic field.
As before we start with the analysis of the second order constraints. After that, we use the first order
constraints to obtain the reduced Hamiltonian. For the odd parity first order constraints we follow the



programme and solve the constraint Z° for the gauge degrees of freedom x°,y,. For the even parity we
proceed differently. In an intermediate step we solve the constraints for ”, y¢ and Y in the gauge ¢ = 0,
X¢ =0 and p2 = 0, where po is a new variable that we will introduce. The reason for this is that for this
setup the calculation is easier. In the end of the section we shopw that this is equivalent to solving the first
order constraints in the other gauge (z¥ = " = ¢ = 0) and keeping X ¢ and Y, as true degrees of freedom.
As in our companion paper [3] the final description drastically simplifies after performing suitable canonical
transformations.

5.1 Solution of the second order constraints

We solve the second order Hamiltonian and diffeomorphism constraints exactly the same way as in the
vacuum case. We assume that the first order constraints are solved and we split the symmetric momenta
into the background and the contributions second order in the perturbations: W,S) + 7'('(2) and w ( ) (2)
Then, the symmetric constraints to second order are

4
Cy ~ 4—7; (W(O)Wff) - WELO)W§2) — WEL2)W§\O)> +@¢, =0, (5.1)
Ch ~4W<T ) — ( }E>)’+<2>Ch> ~0. (5.2)

The terms D€, and D}, are the contributions to the constraints which are of second order in the
perturbations X,Y. They will be studied in detail later after we solved the first order constraints and
are given by inserting into (4.19) the first order solutions y*(1) to the first order constraint equations for
y*, a = v,h,e,o0 in terms of X,Y. They do not depend on TEL2),ﬁ§\2) and 7Tl(}) = 7T§\1) = y*(0) = 0 by
construction.

The structure of the second order constraints is precisely the same as in [3]. Therefore, we can use the

results obtained there and have

(0)
4r T
(2 _ _4r /d T @0, 4 @
T r h+ v (5.3)
: 4777T,S0> [ 4r
We use the equation C, = 0 to get the solution for 7T§\ )Tt is given by
(0) 2
2 _ ™ 2 4re (o
Ty 4rmy,
For the physical Hamiltonian we need the second order expansion for m,. We have
1 s 2
( ) (2 — (011 _9 (2
S A R drm(drs — g*€2/r) /dr < Ar? W+ Pe ) (5:5)

5.2 The dipole perturbations ([ = 1)

We treat the dipole perturbations separately because the spherical tensor harmonics are not defined for [ = 1.
In the previous paper [3] we saw that the constraints can be solved explicitly for the gravitational degrees
of freedom. There was no dynamics for the dipole perturbations. In the computation appeared integration
constants that we related to viewing the Schwarzschild metric in an accelerated frame of reference.

In the presence of matter such as the electromagnetic field we have true degrees of freedom already
for [ = 1. In fact for our model these degrees of freedom are X,; ¢/o YJ}/I Later we expect the physical
Hamiltonian to depend on these degrees of freedom and to describe the dynamics of the [ = 1 modes of the
electromagnetic field. Additionally, we anticipate to see some integration constants describing the charged
black hole solution in an accelerated frame of reference.



In the following we solve the constraints for the even and odd parity sector separately and derive the
(2)

solution for 7, ’. For the odd parity sector we have one first order constraint, Z°. The solution of the
differential equation in the gauge x° = 0 is given by

ylm = T—12<am + SXX/’Ilm> . (5.6)

Exactly as in the gravitational case we introduced an integration constant a,,. The solution y.™ is now

plugged into the formula (5.3) for TL) The odd parity contribution for [ =1 is

(0) g2 242 -2
v 1 1 2—!—957‘ 1
|y = 3 [0 [V XN (GO0 g (O PR oy

r 2g2 r2

olm

+a + 2€a,, X )]

2r4

(5.7)

We will discuss the physics of the odd [ = 1 modes of the electromagnetic field later when we have access
to the physical Hamiltonian.

For the even parity perturbations we have three first order constraints Zv. Zh Z¢ that we solve for
Yn, Yu, Ye- The true degrees of freedom are the modes X;’[lm and Y, of the electromagnetic field. We
start with the solution of Z¥ = 0 for y;. This gives

elm

2v/2¢%¢
im im M
1-—= + Y dr .
yh 7,2 < M>yv 72 3 e,lm (5 8)
Then, the solution of Z" = 0 for y, gives
1 2 T 4g%¢
im Im A im g M
=—| 20, ——(1-—= — Y d .
Ye \/§< Yy 7‘( u>yv > T, e,lm r (59)

The last constraint Z¢ together with the solutions for y; and y. leads to a differential equation for y,,:

V2r(6rr, — g2€2) 2v/2¢2E%rr
2221771 S Tlm_—s 1m: 1
\/_T aryv + drrg — 9262 0 Yy (47‘7‘5 — 9262)2 Yy S(T) ) (5 O)
with a “source” term s(r) depending on the electromagnetic field:
Ag*&rrs / M 29°¢r M
— 0, X5 — yM dr Y : 5.11
S(T) g M (47’7’ — 9262 3/2 e,lm + drry — g 62 e,lm ( )

For an uncharged black hole ({ = 0) the source term vanishes. In the discussion of the solution of the
differential equation in the following paragraphs we are not displaying the labels [ = 1, m.

The differential equation for y, is an inhomogeneous second order linear differential equation. The general
solution of this equation is given by a general solution of the homogeneous equation and a particular solution
of the inhomogeneous equation. The homogeneous solution is a linear combination y, = Cry! + Crryl! of
two independent solutions y!, y!! given by

y, = — (5.12)
2
yll=1— Tif arctan<2ﬂ£> (5.13)

We use the information about the homogeneous solution to derive a particular solution of the inhomo-
geneous equation. We will use the method of variation of constants. In the computation we consider the
constants C7 and Cjy to be functions of r, i.e.

Yot (r) = Cr(r)yy(r) + Crr(r)y, ' (r) (5.14)



We insert this ansatz into the differential equation including the source term s(r). Then, we have the
equation

\/_T’(G’r”r's g*€?)

V2r}(Clyl + 201yl + Oyl + 20yl + drry — g2€2

(Cryy + Cryyy’) = s(r). (5.15)

The terms with no derivatives of C; and Cj; vanish because y! and y!! are solutions to the homogeneous
equation. The above equation is satisfied if C; and Cjy satisfy the differential equations

C + CHyH = 0 (516)
V2t (Cry + Crpyy') = s(r). (5.17)

The first is used to replace y!! in the second equation
Varicy ( o 5;} y{,f’> = 5(r) (5.18)

Therefore

Cr _/fr ( s(r) Hy{,I') dr . (5.19)

Similarly we obtain

Oy = / 5(r) —_dr. (5.20)
2r? (yif ' %yi’)
Then the particular solution is

s(r)

= / \/§T2<y{)/ y{)I/)

part __
Yy

s(r) dry!?. (5.21)

/ I
Var (yl — Yryl)

dry{, +

The solution is now inserted into the equation for TEL) We obtain

(0) 2
T Z 1 1, 1o 2\/59 3 M 1 X 1 2
7’# Tr” ‘l 1,even N / e 1m ]ew m)/ * §(yem) - ( 7’27'('# }fe im 47 292 |: ]6\/[ m/]

+—< ( Y%mdr> YA, ) (5.22)

where we need to replace y. and y, by the corresponding solutions of the differential equation. It is conve-
nient to remove the integral of Y} and the derivative of X, with the following canonical transformation
where we introduce new variables A® and II% defined as

Ae,lm — g2/y'el’\14m dr , (523)
5" =g720,X5™. (5.24)

In the new variables we have

(0) 2
Ty (2)‘ _ /d Tupe.tm geims 1o imye 2\/_§Ae lmy, 1m 9_ %12
T 7'('# l=1,even Z T47’ A + 2(ye ) 7’271'” 2( A ) (5 25)
1

* 29212

(Z(Ae,lm)2 + T2(Ae,1m/)2) .
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5.3 Solution of the first order constraints - odd parity

In the odd parity sector there is one first order constraint which we are now using to eliminate the gauge
degrees of freedom x° and y,. We are left with two pairs of true degrees of freedom. In the electromagnetic
sector we have X9, YOM and in the gravitational sector we have X°,Y,.

The solution of the constraint equation Z° = 0 for y, is

wm_1 N L 0
o) = [ VR BT (Y X0 ) - co.xz | ar (5.26)

This is all that needs to be done at first order. The solution for y, is now inserted into the formula for
ﬂ,&z) in equation (5.3). However, the resulting function is still lengthy but can be simplified using canonical
transformations. This is the goal of the rest of this subsection.

For the electromagnetic sector the canonical transformation is trivial. However, to unify the notation
with the treatment in the even parity sector we redefine A° = X§, and II9 = Y M. In the gravitational
sector we define new quantities @), P which are defined as

P = ia (r2x°) (5.27)

(0)
Q= \/_/dr <7‘2Y + —X°> (5.28)

This transformation has the same structure as in the case without any electromagnetic field. The only
difference is that now m) depends on the background electric charge &.

Everything we have developed so far in this section is now inserted into equation (5.3). That is we replace
Y, by its solution ygl) and fix the gauge by setting x° = 0. We also substitute the variables X°,Y, and
X3, Y M by the new quantities Q, P and A,, [T respectively. The resulting expression is further simplified

using integration by parts. We end up with

4r
o (2)‘
W;(LO)% 1>2,0dd

= [ar AP+ 1) 4 g (PP L0420~ D@+ Q)

(5.29)
2 2
+%<92(H?4)2+gi2<l(l+1) N Tf +(4%)? >> (Hf)( Yeoao

r2

The boundary term that we dropped in the computation is given by

/drdi<2r2P/Pdr+ 2(2T+7’5)</Pd7‘>2>. (5.30)

For the physical Hamiltonian that we introduce later we are interested in the limit 7 to infinity of WL) We
will now show that in this limit the boundary term is not contributing. From the fall-off behaviour of the
canonical fields in equation (4.12) we deduce that @ grows at most linearly in r and P decays as r~2. Then,
the boundary term behaves as #—!. This means that it vanishes in the limit and the boundary term can be
dropped.

We implement another canonical transformation to change the factors of r in ﬂf?) and to introduce the
equivalent of the Regge-Wheeler potential into the Hamiltonian. For this we introduce Q° and P°¢ defined

by a rescaling of () and P by r and a shift of P. We have

Q=rQ° (5.31)
1
P=- (PO - %QO) (5.32)

(2)

Inserting this into the solution for 7’ we obtain

11



I+ 2)(l 1)

4T 1 o o\/ (0] o\/ o A0
mﬁf)‘lzz,odd :/dr @Wﬁo)(P (Q°) +115(4°)) — = £Q°A
I
+5((P7 + Q7 + 10+ 1) = 37+ 2E)(Q°)) (53)
G (O (PR 9252)<A°>2>)] .

In the calculation we used integration by parts to simplify the resulting expression. The boundary term

that we dropped is given by
d (1 252 .

We showed earlier that ) grows at most linearly in r. Thus, @° will approach a constant as r tends to
infinity. Then, the boundary term vanishes as 7—! in the limit r — oo.
In view of the results for the even parity degrees of freedom, we introduce the gravitational potential

Virav, the electromagnetic potential Vi3, and the coupling potential Vi .
o 1 o 37’5 o
Varay = 2 <U o —W ) (5.35)
o 1 o 3T8 o
Voo = 32 <U + ?W > (5.36)
98w
VCoup Tg (537)
The potentials depend on the quantities W and U° defined as
We=-1 (5.38)
3 < 2 2
Ue _l(l+1)+2i+—g (5.39)

We use the potentials in the integral for the odd parity variables. Then, we have the first intermediate result
for the odd parity sector:

4r 1
i ) — = (0)poroy 0 [ A0V
ol s = [ A O P@ ) + 1 (47)) (5.40)

# 5 (P 4 210+ (Q) 4 (AP V(@ + Va4 4 2T 2= DV QA7)

5.4 Solution of the first order constraints - even parity

The even parity sector is significantly more complicated compared to the odd parity. We have to solve three
first order constraints. Due to this complexity we employ the computer algebra system Mathematica. It
helps with performing the symbolic manipulations necessary to achieve a managable final result for wfl ) In
the course of this subsection we mention the steps for which we used the help of the computer.

The procedure is analogous to the one in the vacuum case. Some modifications are necessary due to the
presence of the electromagnetic field. First, we study the first order diffeomorphism constraints mZ{;n and

(1)me. The solutions for y. and Y, are

ye - l(l + 1) T yU Tyh 7‘7T/J, €T 271-“ r& 27"2 r&L .

1
2(1 + 2

Y = — )(1_1)< Ay (r2yMy + z<z+1)< Oz’ —r yh+§a>> (5.42)

12



where we have to substitute yél) in the solution for Ye(l)

work in the gauge X¢ = x° = 0.
For the analysis it is convenient to introduce some notation. The following combinations of variables
will show up multiple times in the computations of this section:

. Here and for the rest of the computation we will

n e %(z +)(I—1), (5.43)
2¢2
1 Ts 9
A=1-—4 75 (5.44)
L 3rs 9252

There is one more constraint left. It is the first order Hamiltonian constraint (Y Z - The plan is to solve
this constraint for . Similar to the vacuum case we use a canonical transformation of the gravitational
sector to simplify Z¥. The transformation removes the derivatives of " from the constraints. In addition
the transformation helps with putting the final solution for 7@(?) into a more compact form.

The transformation is very similar to the one in the pure gravity case. The difference is that now 7,

also depends on the charge of the black hole £&. We define new variables ¢, p1, g2, p2 by

5.46

5.47
5.48
5.49

' =q + Bg2+ COrq2 + Dpy
zh = q2
Yy =Dp1 + GarQ2

)
)
)
Yn = p2 — Bp1 + 0,[(C — DG)p1]| — 0-(Gqr) + Kq2 — BGO,qa, )

(
(
(
(

where we introduced the functions C, D, G, B and K. They are defined as

1
¢=3 (5.50)
(0)
- T
b= 4r2(A —2) (5.51)
. 4r :
1 s
b= _m<7 (1 +2)). (5.53)
The function K is longer and given by
(A —2)2r2x,
~Daroaag 2)) : (5.54)
r

In the electromagnetic sector it is convenient to remove the integrals of the momentum Y. To achieve
this we introduce new variables A, Il 4 with a canonical transformation. We define

A= —/Y;M dr (5.55)
M= —0,X5,. (5.56)

We insert both transformations into the first order Hamiltonian constraint Z¥. We simplify the expression
using Mathematica and solve for the variable ¢o. We obtain

o = m [2r (A + 28— 27((A — 2)a0) + VT T DgeA| (5.57)
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This completes the solution of the first order constraints. The last step of the computation is to insert
the expressions for qél), ygl) and Yg(l) into the solution for w,(f) in equation (5.3). The result will be a
function of the true degrees of freedom (q1,p1) and (A,I14). Using Mathematica for the computation we
obtain a result which is still not in a tractable form. It would be desirable to also write it in terms of
potentials similarly to the odd parity sector.

To achieve this goal we apply two additional canonical transformations. The first transformation is
scaling the variable ¢; and shifting the variable p; by contributions proportional to degrees of freedom of the
electromagnetic field (A,I14). The goal of this shift of p; is to remove the coupling between the momentum

p1 and the electromagnetic field degrees of freedom (A,114). The transformation is given by

@ +2)-1)r(A—-2) £
p1L= 30 0 <P+r (l+2)(l_1)ﬂA+FA) (5.58)
B I(1+1) A
CENTri- DAY (5.59)
g 3
A=4 /(1 2) (1 — 1)Q (5.60)
My =104 +1Q (5.61)
where we define the function I' as
I = g€ (ﬂ‘g (16r7A(1 — A)) — 81(1+ 1) (2A% — 11A +9)
8/ UT+2)0—ra(A —2)m? N 97 (5.62)

+16AL(+1)(1 — A) + 16 (—4A% + A +3)) .

With the help of Mathematica we verify that this transformation successfully scales the solution such that
P? and (Q')? appear both with a factor of 1/2 in the solution for 7T£2). As mentioned before all the coupling
between the electromagnetic and the gravitational field are removed except for a term of the form QA.

In the solution we still have couplings between position and momenta of the form ¢;p; and AIl4. The
next transformation is removing these terms using shifts of the momentum variables I14, P. We define the
new quantities Q°, P¢ and A° II% as

Q=Q° (5.63)
P = P+ Ay Q° (5.64)
- 1
My = ¢°T14 + Aemg—er (5.65)
- 1.
A= g_2A (5.66)
In the transformation we introduced two functions, Aem and Agray. The first is defined as
4¢2_(0)
g &
Aem = - ) .
SréA (5.67)

The second one is more complicated and given by
1

21— 1)(1 + 2)r4A (= )3(A — 2)

— 519100 4 2)(1 = 1) + 3201 — (I 4+ 2)rTrs (A1 4+ 11+ 1))(A8 4 511 4+ 1))r2 — g2€2(1 = D)1 +2)(B + 11+ 1) (12 + 11 + 1))

+ 29% €431 (4(—934 + 2351(1 + 1))r2 — g2€2(252 4 511 4 1)(24 4+ 171(1 + 1)))) + 2¢°¢%+2((914 — 2851(1 + 1))r2

+ 292628 + 311+ 1) (2 + 11 +1)))) + 8r°rs(48(=31 + 5I(1 + 1))r? — 8g2€2(113 + L(1 + 1)(7 + 321(1 + 1)))r2 (5.68)

+g* et 1+ 2)(1 = 1)(82 + 17U+ 1)(6 + (1 + 1)))) + 475 (48(35 + 1(I + 1)(—1 + 31) (4 + 30))r?

—8g2e2(1 — 1)1 +2)(1 +1(1 + 1))(69 + 161(1 + 1))r2 4+ g*e*(1 +2)2(1 — V2@ + 11+ 1) (12 + 11 + 1))

+ 4622 (—8(—469 4 951(1 + 1))rd + g%€2(724 + 1(1 + 1) (184 + 2231(1 4 1)))r2

— gt I+ 2)(1— 1)(16 + (1 + 1)(20 + 31( + 1))))] _

Agray = . [64(l + 2201 = 1)2@+ 11+ D)2+ 11+ 1))rSr2 + g8¢8(—218 + 851(1 + 1))rrs
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(2)

Mathematica provides us with the solution for 7;;’. We start with the integral in equation (5.3). Then,
we insert the solution of the first order constraints and insert all the canonical transformations explained
above. The last simplifying step is an integration by parts. The boundary term is recorded in appendix A.
For now we ignore this term and present the final expression. The Hamiltonian depends on three potentials;
one for the gravitational field V,,,, one for the electromagnetic field V5, and one for the coupling term

grav>
Veoup:
The potentials are defined analogously to the ones in the odd parity sector:

Viup = %We (5.69

e . e 37"5 e
Vray 1= r2 U W (5.70)

e . e 3T8 e
Ve 1= ﬁ U°+ W (5.71)

The difference is in the definition of the functions W€ and U€. In the even parity case they are more
complicated and defined as

. A 3rs 1 Ts
we A2<2 + 3 >+K<n+§) (5.72)
S\ 2nA
Ue <2 +3—>We (A—n—%)—nT (5.73)

(2)

In terms of these definitions the solution for 7, reads

L (2) — i e(Ney / 1 e\2 e/ e e\2
7T7T;(;0) Tr” ‘l2270V0n /dT Ll?‘ﬂ-u(P (Q ) * 14 ) + 2 ((P ) + (Q ) * Vgrav(Q ) ) (574)
1 1 1 l+2)(1—-1
+5 <92H2 + g—z(A’)2 + g—2Ve$nAz> VA g)( ) Ve pAQE ] (5.75)

We now consider the boundary term in appendix A. For the analysis we use the asymptotic expansion
found in equations (4.7) and (4.12). They imply the following asymptotic behaviour of the variables defined
in this section:

q1 ~ q?r_l P~ p(l) qa ~ qgr A~ Agr A ~ AGr Q° ~ Qf. (5.76)

The quantities with sub-/superscript 0 are radial constants but are allowed to vary with respect to I, m.

(2)

Using these definitions the boundary term of 7, behaves as

1 L o2, 3, 002 (> +1+2) 0\2 00 SWPHI+2) 54 1 450
Wﬂﬁ0)<_§(pl) +§(Q1) (l+2)(l+1)l(l—1)(q1) +2q1¢5 — 3 4192 5((12)
2 02, Lo 3 2 012 (P +1+2)¢ 0
— (1" +142)(q) +§(3l +60° + 131° + 10l + 16)(g5)” + l(l—l—l)(l—|—2)(l—1)A0q1 (5.77)
—1 2 L €y2 925 ene -1
SPEVTTT Do — 5(Q6)° + ST a1+ =A%) + o0

We observe that the leading contributions vanish like #~1/2 in the limit » — oco. This shows that the
boundary term is not relevant and we are allowed to drop it in the calculation.

In the rest of this series of papers we are interested in working in the Gullstrand-Painlevé gauge. In this
gauge we require ' = z = 2¢ = 0 and have X¢,Y, and X9/, Y. M as the true degrees of freedom. In the
following we show that it is possible to work in this gauge as well. As it turns out we have the same solution
for 71,(12) but now Q¢, P¢ will be functions of X€¢ and Y ¢ instead.
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As shown in paper [3] we have to first establish weak gauge invariance of the physical Hamiltonian. This
is equivalent to showing that the gauge variant contributions to 71,(12) are a boundary term which vanishes in
the limit r to infinity. In this paper we will take a slight variation of this approach which is based on the
fact that in both gauges we have ¢ = 0. Since in the end we set ¢ = 0 anyways we only have to worry
about the contributions due to X¢ and ps.

The solution of the first order constraints leaving X ¢ and ps unfixed is

(1) _ 1 — e 2 2 2,02
Q=0+ DA (\/2(l +2)(+ DI - 1) X +2((12+1+2)r° = 3rrs + g% ) -
(42 4 drrs_g?€); + 210+ 1)g*A + 177y )
a _ VITF DT (P +1+6) % + 37, — 6°€%) ) L IO Dr L 2(g% —6rr)
ve 2r3 (4r2 + drrs — g2€%) 2 472 4 drrg — g2£2p1 10+ 1)T7T/SO) « (5.79)
o '
TS
v _ (27"3 (—9252 + 2 (12 + 1+ 5) r? 4+ 47"7"3) — g (12 + 1+ 2) 527") xe
‘ 37T,SO) (g2€2 — 412 — 4rry)
8
- 0 |9 (2 +1-6)¢°
20/2(1 +2)(1 + 1)I(l — 1)r2(mp ) (9262 — 4r2 — 4rry)
—2g"1(L+ 1) (P +1+10) &% + drrg(22 — 31(1 + 1)) g€
+16 (I(1+ 1) (17 + 1+ 10) — 2) rPryg€? (5.80)
+ 16722 (g*(31(1 + 1) —25)% =2 (11 + 1) (P +1+10) = 3) r* =4 (12 +1—9) rry) }ql
201+ 1)A - 8 (12 +1+43)rrs —2 (12 +1+2) g?¢? A
1
(I+2)(1 = 1) (g2 + 4r2 + drry) 200+ 2)(1 — 1)r2 (g2€2 — 4r2 — 4rry) W,SO)
13 I 4 (29252 + (12 +1— 6) r? — 97’7*5)
20+ 2)( D2 Rl DIU T D) £ 2) (g2 1 42 1 drry)

The solutions are then used to define the observable map O which projects the variables A,I14 and ¢, p1
onto gauge invariant functions. The first order solutions qé ), y(l) e( ) are by definition of first order in the
perturbations. Hence, the infinite series in the observable map terminates after the linear order. We define

for any function F":

O = F + [ 47 [ {aa() - a8 (7), F} + () (w.7) ~ 5 (9. F0)) + X O{Y.() — YO0, 7).

(5.81)
The gauge invariant extensions of A,II4 and g1, p; are
Oa=A— 3 Xxe (5.82)
20+ 2)(1 —1)r?
S(P+1+3)rrs —2(124+1+2) g% 2
Oty =gt LD 2B 0 e, 0 (5.53)
200+ 2)(1 — 1)r2 (g2€2 — 4r2 — drry) 77“ I+ 1A
2000+ 1) 2A
= Xe€ .84
Op =@+ (1+2)(1 —1) (—g?&2 + 4r2 + 4rry) (5:84)
8
Op, =p1 — 9° (P+1-6)¢°
" 2,/2(0+ 2)( + DIl — Dr2(xi )3 (9262 — 492 — drr,) [ ( )
—2g"1(L+ 1) (1P +1+10) €42 + drrg(22 — 31(1 + 1)) g*¢*
+16 (I(1+1) (1> + 14 10) — 2) rPryg*€? (5.85)
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+ 16022 (Bl +1) = 25)E2 =2 (10 + 1) (1P + 1+ 10) —3) 12 — 4 (1> +1—9) rry) }Xe

T (9252 — 4?2 — 4rr8) 2r2 272
+a’“< aa+nr - 2) s A

We are now fully prepared to investigate the gauge-variant contributions to 7T£2). In formula (5.3) we
replace A,I14 as well as q1,p1 by their gauge invariant extensions O4, Oy, and Oy, O,,. The variables go,
Y., Y. are replaced by the solutions of the first order constraints. We work in the common gauge x¢ = 0.
The result is of the form

T

o

Ty,

n(2) = / I(Ogy, Opy, O, Or1, ) dr + Ay + Ag + As, (5.86)

where 1(Oy,,Op,,04,0r1,) is a gauge invariant integrand. A, Ay and Aj are gauge variant boundary terms
and involve X°€, py and ¢o. The dependence on ¢o of A; is due to the fact that we simplified the integral
for 7T,S2> before inserting the solution for ¢s. The A; are shown explicitly in appendix A. The asymptotics of
the boundary term is determined through the asymptotic behaviour of the canonical variables. The leading

contributions based on equations (4.7) and (4.12) are

0,.—1 0 —=0,.—1 =0 0 0,.—2
qr ~qr -, P1~ P1, Oq1 ~qir -, O;D1 ~ D1, g2 ~ qsT, P2 ~ par

X~ Xgr, A~ Apr, Op ~ Apr. (5.87)

As before the quantities with sub-/superscript 0 on the right-hand side are independent of . In this notation
the leading order contribution to the boundary term is

3 3[4 + 613 — 5[2 — 8l + 8 o1 9251(1 + 1) .
Z:: o = L NEI (] 10+ 2) X2}~ A e A
2 0.0 4 .
R L R T Ty el +q2< V20-DI0+ D)+ 2XE  (5.88)

- é(?’l(l + 1) +2)(1(1+ 1)g) — 4q7) — §q8 + 5\/1(1 ¥ 1)g2§A0)] O3

This vanishes as 7~! in the limit 7 to infinity and it is justified to simply express Q¢, P¢, A°, II% in terms of
X€ Y€ A/ 1l4. The computation will then yield the same solution for 71,(12) as before.

We start with the electromagnetic variables. In the analysis of this chapter we defined A® 119 in terms
of the gauge invariants O 4, O, using a canonical transformation. To relate to the new gauge we use the

explicit formula of the observable map and obtain

Oq=A— 3 xe (5.80)
2(1+2)(l — 1)r?
S(P+1+3)rrs —2(124+1+2) g% 2
On, =4+ ( ) ( ) o gEXE + Lm : (5.90)
2004+ 2)(1 — 1)r2 (¢?82 — 4r? — drr) m, I+ 1A
where
p2 = yn + By, — 0, (Cyy) . (5.91)

If we express yp, Yy, in terms of X° Y., A, 114 we completed the relation of the electromagnetic variables.

For the gravitational perturbations we need to relate Q¢ P¢ to X Y., A,1l4. We already have the
relation of Q¢ P¢ to O, and O, from the canonical transformation of the main analysis of this chapter.
Using the observable map we found

2(1+1) 2A

O, = Dy, xe
o =P TN T 0= 1) 42 + drr, — 28

(5.92)
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8

Op, =p1 — (12 +1-6)¢k

S 2,20+ 2+ DI — Dr2(mf”)3 (9262 — 4r2 — drry) [g (F+i-6)¢
—2g"1(L+ 1) (1P +1+10) &% + drrg(22 — 31(1 + 1)) g€
+16 (I(1+ 1) (I + 1+ 10) — 2) rPryg€? (5.93)
+1m%§@%mk+m—2@8—2aa+1mﬂ+l+un—ar?ﬂqﬂ+l—mmg}xe

242 2 2 2
r(g°&” —4re — drrg 2r 2r
+&<( )m>—< +—vm-

20(1 + 1A Il+1) A

where pj is given by equation (5.91).
The last step is to determine the formulas for expressing ¥y, and yj in terms of X Y., A, 1I4. Let us
start with the solution of Z¥ = 0 for y; we have

1 T 20-DI+ 1)1 +2 295
%:31—%;%—¢( M@)( ) x \/HlA (5.94)
r " 27,
The solution of Z" = 0 for y, is
1
e — —F—— —27" + 287‘ ) 595
y W+M Yn Yo) (5.95)

In this equation we have to replace y; by its solution. The last constraint Z¢ gives a differential equation
for y,:

(0)
Or(r2ye) — VI + Dy, — €0, X5, + V2(1 + 2)( L—1<2Y¥+——x?>:0, (5.96)

where we have to replace y. and yj, by the above equations. Performing the computation and inserting the

explicit formulas for TELO) and 7T§\0) we obtain

2r(6rrs — g2¢%) 81+ 2)(1 — 1)r?r2 — 2(—=4 + 311 + 1))rrsg?2 + (1 +2)(1 — 1)g*¢?

22024, _
Ty + drry — g2£2 (4rrg — g2£2)? s(r)
(5.97)
with a “source” term s(r) depending on the variables A, 114 and XY,
24/2(1 — 1 1 2
s(r) = — 2V ﬂ%j)a+)fxﬂ+¢up4ﬂu+nu+mﬂn
Ty
4320 = DT+ DI +2) (— (12 +1-2) g?2r — 262 r, +4 (12 + 1 — 1) rPrg + 8112
n \/( )(+)(+)( ( + )g(g)r g &rs + ( + )rr+7‘rs)X6 (5.98)
(T )3
44/1(1 2 8+ 1) (L +2(1 - Dg* —4 (P +1-1)rrs
u Ty

The differential equation is linear and of second order with with an inhomogeneity given by s(r). The
solution of this differential equation consists of the sum of a general solution of the homogeneous equation
(which is a linear function of r) and a particular solution of the inhomogeneous equation. A particular
solution to this differential equation can be found simply by quadrature. Without writing the solution
explicitly, we have succeeded in expressing the quantities Q¢, P¢ and A II% in terms of X, Y, and A,114.
This shows that the result will be the same in both gauges provided we perform the appropriate canonical
transformations.
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5.5 Decoupling of the equations

For the even and odd parity sector we reduced the physical Hamiltonian to two coupled scalar field Hamil-
tonians. The potentials are given by Vg(g/vo), V;(ne]/ %) and V;(Oeu/g). In the following we decouple the oscillators
through a “rotation” of the canonical variables.

The analysis is completely analogous for both sectors and we drop the labels e, 0 in this section. We

propose the following canonical transformation
pelo cos 0 sin 0\ [ Pe/°
efo | — <_l ind g 9) 1e/o (599)
1y} 5 sin cos Py

Qo/e cosf  Lsinf i/o
- g
Ace/o —gsinf cosf ;/o
The parameter 6 of the transformation is assumed to be a constant depending only on the constants [, 7,

(2)

g and ¢. This transformation gives for the solution of 7, for one of the sectors even or odd:

r 1
(0) 7T‘(‘2)‘l>2 B /drﬂﬂx(to)(PlQll + PQ5)
Ty, z

+ 5 (PR PP+ Q0+ (@ + ik + 5508 + VT DT~ )Va@u@a)
(5.100)

with the potentials

V= %(U — <32L7‘ cos(20) ++/(1+2)(I —1) —sm )W) (5.101)

1 3r

—2<U—|—<—cos (20) + (1 +2)(1—-1) —sm >W> (5.102)
1 3rs .

Vig i= 2 <\/ (1+2)( - 1 = cos (20) — o Sln(29)>W (5.103)

The coupling term Vjs vanishes provided that

<

Vo

2 _ o}
cos(20)° = 0T A0+ 2)( — g2’ (5.104)
Al +2)( - 1)g%¢
9r2 + 4(1 + 2)(1 — 1)g2€2

For taking the square root we need to be careful with the signs. We require that the transformation reduces
to the identity when the electric charge vanishes, i.e. when & = 0. This can be achieved by using the positive
sign for the cosine. The coupling term then only vanishes if we also choose the positive sign for the sine.
Thus, 6 is implicitly given by the relations

sin(20)* = (5.105)

3rg
VOrZ+41+2)(1 - 1)g2e2’
2/ (1+2)(1-1)
sin(20) = i Jot (5.107)
VOr2 +4(1+2)(1 — 1)g2€2
In summary, we decoupled the scalar fields in the solution for 7T,S2> in the even and odd parity sector into
two independent ones. The potentials for the oscillators are specified by the value of 6 implicitly defined in
the above equations. The value of 6 simplifies the potentials V; and V5 to

cos(20) = (5.106)

Vi= :2 <U — —\/97"2 +4(1+2)(1—1)g 2§2W> (5.108)
Vo = : <U+ VIOrZ+4(1+2)(1—1)g 2§2W> (5.109)

We now have four sets of decoupled scalar fields with potentials Vle/ ? and V;/ ‘.
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5.6 Reduced Hamiltonian

The expression for the reduced Hamiltonian is an explicit expression in terms of gravitational variables
only. It therefore depends only implicitly on the matter content of the theory through the solution of
the constraints (which depend on the matter content) for the gravitational variables. Therefore we can
immediately use the results of [2, 3] and just have to use the matter modified solutions of the constraints.
We find to second order

e T
H = Jim o= Jim o ()2 + 20f0m?) (5110)
1 1

Writing out the contributions explicitly we have

N

1
H=M+Ho+ Y [ deN*PLOQL + 5 (Ph) + @@ )P+ Vi@)D) . (112

1>2,m,1 7 RF

where H;—; are the contributions due to the dipole perturbations. We restored the labels [ and m. I stands
for the labels even and odd as well as 1 and 2 from the previous chapter. The potentials V7 are the decoupled

potentials and N =1, N3 = 471;80) /r are the non-vanishing background lapse and shift functions. The dipole
part of the physical Hamiltonian is

1 g° 1
H_, —— d [N3yM N< yM 2 2 [ xolmn2
=1 K/%:/ r o,lm olm + ( 7lm) + 292 ( M ) +
o,1m
a2, +28anm X1,
2r4
1 2
3176:1m ge,1m/ S Imy2 , 9 e, imy2
;/dr[NHA AN (S (™) S AT g

1
2g2r2

_l’_

+ (241 + rz(Ae’lm’F))} (5.113)
The first integral is from the odd parity and the second integral from the even parity contributions. We
start with the interpretation of the odd parity sector and set the integration constant a,, = 0. We obtain
the following integral

2 2¢2,.—-2
—Z/d N3Y X +N( (Y ,)? +2—12<(X§jm’)2+#(xﬁm)2>}. (5.114)

This is the same shape as the other Hamiltonians with [ > 2. The potential is given by

02 4 g2e2
=0 (5.115)
r
which is just the evaluation for [ =1 of V2.
For the even parity we restrict to the uncharged black hole case. Then, the particular solution of y, is
absent. If furthermore the homogeneous solution is ignored we can remove vy, and y. in the integral and

obtain

(2(Ae,1m)2 n rz(Ae,lm/)2))] 7

2
dr |:N3He,lmAe,1m/ + N(g— He,lm 2 +
;/ 4 2 (L) 2g27r?
The potential in this part of the Hamiltonian is
Vlil‘g:o -5 (5.116)

It is also obtained by considering V)7 for the case { =0 and [ = 1.
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6 Relation to Lagrangian Formalism:

For a check of consistency we compare our result in the Hamiltonian framework with the Lagrangian for-
mulation discussed in [10]. The Hamiltonian equations of motion need to match the perturbed Lagrangian
equations of motion. The part of the physical Hamiltonian which depends on the perturbations is of the
form

N
/ dr N*PQ' + ) (PP + Q) +VQ?). (6.1)
In the pure gravity case, we proved that the equations of motion are a wave equation

0Q =VvaQ, (6.2)

where O = ¢g** D, Dy, is the Laplace operator for the (7,7) part of the metric in Gullstrand-Painlevé coordi-
nates. V' is the relevant potential of the Hamiltonian formulation.

In [10] Chandrasekhar derives the wave equation for the odd and even parity perturbations. He works
in the diagonal Schwarzschild coordinates. In order to match the equations of motion we found, we have to
perform a change of coordinates. We are in the fortunate situation that the wave equation in (6.2) is written
in a covariant form using the Laplace operator [1. A change of the coordinate system is straight forward
simply by expressing the Laplace operator in the correct coordinates. In the Schwarzschild coordinates the
metric takes the form g = diag(—A, A1) where A is the function of r; and ¢ defined in the section before.
Thus, the wave operator [J in Schwarzschild coordinates is given by

0Q = —A™'97Q + 0,(A0,Q) = A~ (=07 + 07.)Q, (6.3)
using the tortoise coordinate defined by Ad, = 0,+. The wave equation becomes
(0} +02)Q = AVQ. (6.4)
In his analysis Chandrasekhar finds the wave equations

(=02 +02)Z2H) = v 75 (6.5)

In the equation Zi(i) is the master variable for the odd (—) and even (+) parity perturbations. i = 1,2
()

labels to the two independent master functions. V;'™ are the corresponding potentials.
For the odd parity perturbations Chandrasekhar finds

V‘:A[l(l;n—%<l+(l_lﬁ—;+2)rﬂ (1. = 1,2,i #j), (6.6)

2

with g1 + g2 = 3rs and —q1g2 = (14 2)(I — 1)g?&%. Plugging the expressions for q; and g2 we find agreement
with our odd parity potential V°.
The even parity potentials are given by

V=5 U g0 - )] (6.7)
Vi = % {U - %(m - Q2)W] ) (6.8)

where ¢; and ¢o are defined as in the odd parity case. Inserting ¢; and g2, we match the result of our
calculations. This shows that we recover the known equations in the Hamiltonian formulation.
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7 Conclusion

This paper extended the analysis of [3] to include first of all Maxwell matter because electromagnetic
radiation is one of the most important astrophysical messengers next to neutrinos and gravitational waves.
Our formalism delivers the reduced phase space and reduced Hamiltonian perturbatively. At second order
the Hamiltonian decouples and splits into effectively four decoupled free scalar field theories with different
potentials (i.e. position dependent mass terms). Our results match the results obtained previously in the
literature.

The analysis was performed in the Gullstrand-Painlevé gauge. In the companion paper [11] we show
how to extend the analysis to generalised gauges at second order. In the future we will extend the formalism
to include the other matter species of the standard model, higher orders in the perturbations and most
importantly quantum effects.

A Boundary terms of the even parity computations

The boundary for the calculation of the even parity solution of w,(f) is given by the following expression:

2
e +8i22 A G J:j) T s + (—% + 2:5 + 2) a1ds + —7‘9’@17111'2
((P+142)r—r) (9262 +12r% — drry) @I+ 1)E -
B 2r2 (—g2€2 + 4r2 + 4rry) = 273 aA
n 2 ((l2 + 1+ 2) r— rs) m (—gzﬁ2 +12r2 +4rrs)p1q2
r2 (—g2&2 4+ 4r2 + 4rrg) 2
N Varrs — g2€2 (9252 —4r (rs + 37’)) _— g%¢ (9252 + (l2 +1+ 2) r— 37“7“5) on

7 (4r (rs + 1) — g26%)
3 3273 5
(5~ e e

1
TS PE TR e [— LU+ 1) + g* (112 + 110+ 2) €*rrs + 8I1+ 1)rt (2 (P + 1+ 12) 72 — g% (12 + 1+ 8) €7)

+8r% ((61° 4 61+ 4) 12 — g% (1" + 21% + 1417 + 131 4+ 2) £2r5) + 2 (¢*1 (17 + 2% 4 151 + 14) ¢* — 8¢ (51° + 51 4 2) £2r2)
—16 (31" + 61 + 131% + 101 + 16) 75 4 16 (21* + 413 + 2517 + 231 + 18) 7«57«3] (g2)* (A1)
N 1
200+ D)7 (—g2€2 + (12 +1—2)r2 + 3rry)
—g2&%r? (211 + V(A + 1) — 9) — 2)r% + (BLU(L + 1) + 14)rrs + 30r2)
+r3 (=) +2)AC+1)BI+1) —4) +4)r® + (1 — D)1+ 2)(29(1 + 1) + 10)r2rs + 3(191(1 + 1) + 10)rr2 + 2773) ] (q1)?
N gO¢t +4g%€3r (r — rs) (A2 G085 —gi&3r (2(1P+1—4)r+3rs) +492 (12 +1—5) &rdr,
8r3 (—g262 + (12 +1 — 2) 72 + 3rrs) 2 +1—2r2 (4r (rs +71) — g262) (—g%€2 + (2 +1—2) 72 + 3r7s)

1 10 10
A= DU+ 29 (drrs — 92€2) (9262 — dr (rs £ 1)) ® (—02€ + (B + 1 —2) 72 + 3r7s) [97°(6 — 5t + 1)z

+ g5 (851(1 + 1) — 174)%rrs + 25512 (2% (1(L + 1)(BL(L + 1) + 7) + 6)€2 — 3(951(I + 1) — 278)r2)
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VIVTF I (—g2€2 4 (12 + 1 — 2) 72 + 3r715)

5 [— g%e8 + 2% 211+ 1) + 5r5 4+ 1)

QEAE

We also analysed the partial gauge invariance of the physical Hamiltonian in the main text. We argued
that the gauge variant contributions are equal to a boundary term. With the help of Mathematica we find
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three different contributions A;, As, As. The first one has terms proportional to ¢s and its derivatives:

3g%€2 3 1 rs— (P+14+2)r g?&2  or 37
A1=<— b2 2 ()2 ( ) G2 + | =55 + 5 2 da — 5 dom

493 r2 3 2r2
I—DIl+1)(I+2 . Pi+2)r—r) (g%62 +12r% — dorry 79
VI, o (4142) =) (€ 122 aem) )
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(A.2)
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The terms involving X¢ are captured by As and given by
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+48¢2(1(1 +1)(51U(1 + 1) — 1132) — 10858)rag? — 1728 (I* +1 — 81) rf)rG
+ g2&%r, <g4(l(l + )31 + 1)(151(1 + 1) + 268) — 11212) — 18176)¢*
+12¢%(27416 — 1(1 + 1)(1151(1 4 1) — 2213))r2€2 4+ 432(71(1 + 1) — 570)r;1)r5
+g0¢" (= g" (2 +1-10) (310 +1) (12 +1+29) +182) ¢!
+ g2 (11 4 1)(3871(1 + 1) — 6302) — 101256)72¢2 — 12(1831(1 + 1) — 14857)r§)r4
+ g%€%5 (29 (7620 — (1 + 1)(271(1 4+ 1) — 362))€2 + 7(121U(1 + 1) — 9720)r2) +®
+g%€® (g2 + 1)(3I(L + 1) — 32) — 900)£2 — 3(611(1 + 1) — 4816)r2) 12 + 3¢*0(71(1 + 1) — 540)X0rer — g*2 (12 +1 — 75) 512] (p2)?
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