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Abstract

We demonstrate that the Schwarzschild black hole can be “resolved” into bound states
of Reissner-Nordström black holes in four dimensions. These bound states closely resemble
the Schwarzschild geometry from the asymptotic region up to an infinitesimal distance
away from the Schwarzschild horizon. Below this scale, the horizon is replaced by novel
spacetime structures supported by intense and entrapped electromagnetic flux. The flux
originates from collinear black holes that can be brought arbitrarily close to extremality.
We find that the charge distribution follows a universal pattern, with magnitudes scaling
proportionally to the total mass and alternating in sign. Moreover, the bound states always
have an entropy that constitutes a fraction of the Schwarzschild entropy. Constructed in
four dimensions, the black holes are kept apart by struts, for which we analyze tensions
and energies. These solutions pave the way for analogous constructions in supergravity
and for a brane/anti-brane description of the Schwarzschild black hole in string theory.
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1 Introduction

Black holes inevitably break down matter into its most fundamental components, whether viewed
in general relativity or as a strongly-coupled quantum entity in quantum gravity. In string
theory, this is often described in terms of strings and branes. In the 1990s, pivotal studies
provided a microscopic formulation of extremal black holes [1–4]. This involved counting brane
configurations with identical charges to these black holes at weak coupling, where gravity is
turned off, and relying on supersymmetry to extrapolate to the semiclassical regime where the
brane configurations backreact and are described by the black hole geometry.

Despite these advancements, two significant questions persist. First, the fate of individual
microstates upon transitioning to the black hole regime remains unclear, necessitating an exact
description of brane configurations at strong coupling. While not all states are expected to
admit a supergravity description, the microstate geometry program [5–7] have made significant
progress in interpreting the relevant degrees of freedom in supergravity to provide description
of some atypical states. These are brane bound states forming smooth horizonless geometries.
In this frame, branes correspond to gravitational sources carrying electromagnetic charges, and
the smooth geometries resolve the horizon into novel topological structures supported by elec-
tromagnetic flux, thereby introducing new physics at the horizon scale.

The second question concerns extending the microscopic description to non-extremal black
holes. Without supersymmetry, the number of states is not protected, and strong coupling effects
ruin the extrapolation from the weakly-coupled stringy regime to the semiclassical regime, where
the black hole picture prevails. Nonetheless, studies near extremality or under the assumption
of non-interacting brane systems suggest a brane/anti-brane formulation of black hole entropy
away from extremality [8–11]. Despite these advancements, a thorough description of brane/anti-
brane configurations that can fully account for the entropy of non-extremal black holes, with
the Schwarzschild black hole as the quintessential example, remains elusive.

In [12, 13], a new approach has been proposed that combines insights from both aforemen-
tioned questions. On one hand, it uses tools from the microstate geometry program to build
neutral configurations of branes and anti-branes in supergravity. These configurations form
regular clusters of extremal (BPS and anti-BPS) black holes, with zero net charge, and their
entropy accounts for a fraction of the Schwarzschild entropy [12]. On the other hand, the gravita-
tional constraints on these geometries establish a link between their entropy and the microscopic
counting of states in the weakly-coupled brane and anti-brane systems. In essence, they provide
a microscopic description of a subset of (atypical) Schwarzschild states in terms of branes and
anti-branes, while also providing an illustration of the geometries in supergravity.

Remarkably, the solutions in [12,13], despite corresponding to wide distributions of charged
black holes, yield a spacetime that is indistinguishable from a vacuum solution. Termed “elec-
tromagnetic entrapment” in [13], this phenomenon arises from the property of ultra-compact
configurations of self-gravitating charges to “entrap” their own electromagnetic field such that
they are indistinguishable from a single monopole source. This property is crucial for describing
non-extremal black holes in supergravity by inducing novel brane and anti-brane structures at
their horizons without affecting the spacetime outside.

However, a major drawback of the solutions presented in [12, 13] is that they are not indis-
tinguishable from a Schwarzschild black hole but rather a distorted version, known as the δ = 2
Zipoy-Vorhees spacetime [14–17]. To validate the approach initiated in [12,13], it is necessary to
demonstrate that electromagnetic degrees of freedom can be activated in the near-horizon region
of Schwarzschild and that the latter can be resolved into bound states of charged black holes.
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By “resolve, ” we mean that the bound states are neutral and cannot be distinguished from the
Schwarzschild black hole from the asymptotic region up to an infinitesimal scale away from its
horizon. Then, by embedding the bound states in supergravity and smoothing out the region
between the black holes, these solutions would provide a microscopic origin for the Schwarzschild
black hole in terms of branes and anti-branes that localize at its horizon, replacing it with a
novel spacetime structure supported by intense electromagnetic flux.

In this paper, we take the first essential step towards this objective. We demonstrate that
the Schwarzschild black hole can be resolved by activating relevant electromagnetic degrees of
freedom in its vicinity. We achieve this without relying on the full supergravity framework
and field content, instead using a simpler four-dimensional theory of gravity coupled with an
electromagnetic U(1) gauge field.

In this framework, we construct bound states of N collinear Reissner-Nordström black holes
that cannot be distinguished from a Schwarzschild black hole, except in the near-horizon region.
Our solutions represent a specific subset of the broader class of solutions derived from the Ernst
formalism and the Sibgatullin method in [18–20]. To ensure indistinguishability, a significant
number of black holes is required, such that deviations manifest only at a scale below 2M(1+ϵ),
where ϵ = O(N−1). This approach aligns with the supergravity perspective, where the charged
black holes correspond to configurations of branes/anti-branes: breaking down the Schwarzschild
horizon into multiple sources is necessary for a comprehensive description of its microstructure.

Crucially, the extremality of the individual black holes does not affect our construction and
can be arbitrarily adjusted. We demonstrate that the key criterion lies in the distribution of
charges among the black holes. By alternating the signs, we establish a universal distribution,
|Qi| ∼ 2

√
xi(2M − xi), where 0 < xi < 2M denotes the position of the ith black hole within

the bound state of size 2M . This distribution results in a spherical shape for the magnitude of
charges, independent of the extremality properties of the black holes, with small values at the
edges and a maximum of order 2M in the middle.

We conduct a detailed analysis of the thermodynamic properties of the bound states. First,
we demonstrate that their entropy constitutes a fraction of the Schwarzschild entropy, reaching a
minimum value of approximately 0.35SSchw when the black holes are extremal. Second, despite
differing temperatures compared to the Schwarzschild black hole, the bound states exhibit an
effective temperature derived from the mass/entropy formula that is comparable in magnitude.

Furthermore, due to the four-dimensional construction, the microscopic black holes are held
apart by struts, which are strings with negative tension and energy [21]. Despite their singularity,
these struts carry important physical characteristics of the bound state. We demonstrate that
their properties, in terms of tensions and energy, remain within reasonable bounds despite the
ultra-compact nature of the solutions. This suggests that they could be resolved into smooth
topological bubbles in supergravity, as illustrated in previous studies [22–25,12,13].

In Fig.1, we summarize the main properties of the solutions. The left figure provides a
schematic description of the resolution process, illustrating how the Schwarzschild horizon has
been replaced by a cluster of N ≫ 1 collinear charged black holes. The right figure highlights the
deviation from Schwarzschild by plotting the two-sphere as we approach a bound state composed
of N = 20 black holes.1 They clearly illustrate the transition from a Schwarzschild geometry at
r ≳ 2M(1+O(N−1)) (a round sphere) to a nontrivial electromagnetic spacetime structure. This
structure consists of N microscopic horizons squeezed tightly by gravitational contraction, and

1These plots represent the parametric two-dimensional surface R(r, θ), derived from the two-sphere line element
ds22 = R(r, θ)2

(
dθ2 + sin2 θ dϕ2

)
.
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Figure 1: The bound states of N Reissner-Nordström black holes that are indistinguishable
from the Schwarzschild black hole. The left figure corresponds to a schematic description of
the spacetime and how the geometries differ below r < 2M(1 + ϵ) where ϵ = O(N−1) is the
resolutions scale. On the right, the figure corresponds to the two-sphere at three different radii
for N = 20 black holes. The first is in a region where the geometries are indistinguishable and
the sphere is round. The middle is in the intermediate region when deviations appear and the
third is at the bound state locus corresponding N microscopic horizons held apart by struts.

separated by “empty” regions where the struts are located. Remarkably, the entire structure
maintains a spherical shape, crucial for preserving a total area that scales with M2.

The results presented in this paper can be viewed as an effective four-dimensional description
of Schwarzschild microstructure. It paves the way for the next step, which involves embedding
the solutions in supergravity, resolving the struts into topological bubbles to form regular bound
states of branes and anti-branes. This approach promises a microscopic formulation of (a frac-
tion of) the Schwarzschild entropy and insight into the manifestation of its microstructure at
the horizon scale. Furthermore, the construction raises intriguing questions for future explo-
ration. Firstly, the bound states exhibit an effective temperature not associated with Hawking
radiation from the microscopic black holes but possibly arising from similar quantum pair cre-
ations in between the black holes. Secondly, the emerging structure in the near horizon region
of the Schwarzschild black hole could provide new observables beyond the conventional picture
of black holes in general relativity. In this regard, investigating the response under perturba-
tion, gravitational waves, imaging, and particle scattering could reveal potential deviations from
Schwarzschild. We aim to address these questions in future research.

In Section 2, we review some established results concerning the Ernst formalism in four
dimensions and introduce a new concept of indistinguishability between Ernst solutions. Sec-
tion 3 provides a brief overview of the general solutions corresponding to N collinear Reissner-
Nordström black holes derived in [18], along with the construction of a subclass of solutions that
closely resemble a Schwarzschild black hole at large N . We analyze the spacetime structure of
these bound states in Section 4. Finally, in Section 5, we refine the class of solutions to derive
bound states that do not necessitate excessively large N to resolve the Schwarzschild black hole.
Section 6 concludes with reflections and future outlook.
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2 Electrostatic solutions in four dimensions

In this section, we lay the groundwork for constructing four-dimensional spacetimes composed
of multiple charged sources. First, we detail the four-dimensional classical theory of gravity,
alongside the static Ernst formalism. This formalism allows for analytic derivations of static and
axially-symmetric solutions from an integrable system of equations. Subsequently, we provide
an overview of Ernst solutions in four dimensions, and we develop key concepts such as “axis
data” and the indistinguishability between solutions.

2.1 Ernst formalism

The Ernst formalism has been developed for solutions possessing two commuting Killing vectors
in four-dimensional Einstein-Maxwell theory given by the action [26,27]:

S4 =
1

16πG4

∫
d4x

√
−g

(
R− 1

4
FµνF

µν

)
, (2.1)

where G4 is the four-dimensional Newton constant, R is the Ricci scalar, and F is a two-form
field strength. Its static formulation consists in restricting to static axially-symmetric solutions
characterized by ∂t and ∂ϕ as the timelike and spacelike isometries, and the fields depend on a
two-dimensional plane in Weyl-Papapetrou coordinates, denoted as (ρ, z):

ds24 = −dt2

Z2
+ Z2

[
e4ν
(
dρ2 + dz2

)
+ ρ2dϕ2

]
, F = −2 cos η dA ∧ dt+ 2 sin η dH ∧ dϕ . (2.2)

The functions A and H are the electric and magnetic potentials respectively, Z is the gravita-
tional redshift function, and ν determines the three-dimensional base. The magnetic and electric
potentials must be related by electromagnetic duality:

⋆2dH = ρZ2dA , (2.3)

where ⋆2 is the Hodge operator in the flat (ρ, z) space. As such, F corresponds to a dyonic field
with magnetic and electric sources, and η serves as a dyonic parameter controlling the electric
charges relative to the magnetic charges. Having only electric (resp. magnetic) charges yields
η = 0 (resp. η = π/2).

The Einstein-Maxwell equations lead to

∆ logZ + Z2∇A.∇A = 0 , ∇.
(
ρZ2∇A

)
= 0 , (2.4)

∂zν

ρ
= ∂ρ logZ ∂z logZ − Z2∂ρA∂zA,

2∂ρν

ρ
= (∂ρ logZ)2 − (∂z logZ)2 − Z2

(
(∂ρA)2 − (∂zA)2

)
,

where we have defined the gradient and Laplacian, ∆ ≡ 1
ρ ∂ρ (ρ ∂ρ) + ∂2

z and ∇ ≡ (∂ρ, ∂z).
Those equations correspond to the electrostatic limit of the Ernst equations with the following
Ernst potentials: Ψ = A and E = Z−2 −A2.2

2More precisely, the equations (2.4) can be written in the generic Ernst form

(Re(E) + Ψ∗Ψ)∆E = (∇E + 2Ψ∗∇Ψ)∇E , (Re(E) + Ψ∗Ψ)∆Ψ = (∇E + 2Ψ∗∇Ψ)∇Ψ ,

(Re(E) + Ψ∗Ψ)R
(3)
ij =

1

2
∂(iE ∂j)E∗ +Ψ ∂(iE ∂j)Ψ

∗ +Ψ∗ ∂(iE∗ ∂j)Ψ− (E + E∗) ∂(iΨ ∂j)Ψ
∗ , (2.5)

where R(3) is the Ricci tensor of the three-dimensional base ds23 = e4ν
(
dρ2 + dz2

)
+ ρ2dϕ2.

6



z

ℓ

(ρ, z)
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α1 α2 α3 α4 α2i−1 α2i α2N−1 α2N

Figure 2: Schematic description of N rod sources placed on the z-axis in the (ρ, z) plane.

2.2 Solutions and rod structure

In Weyl-Papapetrou coordinates, solutions of static Ernst equations are sourced by segments
on the z-axis (ρ = 0), denoted as rods. Each source induces a mass term in Z, and potentially
an electric (resp. magnetic) charge in A (resp. H). A generic rod diagram has been depicted
in Fig.2 with some conventions. The ith rod is delimited by the rod endpoints, z = α2i−1 and
z = α2i. We have introduced ℓ as the length of the configuration,

ℓ = α2N − α1 , (2.6)

where N corresponds to the total number of rods. The distances to the rod endpoints, ri are
given by

ri ≡
√
ρ2 + (z − αi)

2. (2.7)

Occasionally, we prefer to express the solutions in spherical coordinates centered around the
configuration:3

ρ =
√
r(r − ℓ) sin θ , z =

(
r − ℓ

2

)
cos θ +

α1 + α2N

2
. (2.8)

In this coordinate system, we have r ≥ ℓ and 0 ≤ θ ≤ π, and the rods are located at r = ℓ
for various ranges of θ, τ2i−1 ≤ θ ≤ τ2i, where cos τk = 1− 2(α2N−αk)

ℓ . Moreover, the metric (2.2)
reads:

ds24 = −dt2

Z2
+ Z2

(
1− ℓ

r

)[
G

(
dr2

1− ℓ
r

+ r2dθ2

)
+ r2 sin2 θ dϕ2

]
, (2.9)

where G ≡ e4ν
(
1− ℓ cos2 θ

2
r

)(
1− ℓ sin2 θ

2
r

)(
1− ℓ

r

)−1
. We have depicted a typical profile of an

Ernst solution in Weyl or spherical coordinates in Fig.3.

3The transformation from Weyl-Papapetrou coordinates to spherical coordinates gives

r ≡ r1 + r2N + ℓ

2
, cos θ ≡ r1 − r2N

ℓ
, dρ2 + dz2 =

(
1−

ℓ cos2 θ
2

r

)(
1−

ℓ sin2 θ
2

r

) [
dr2(
1− ℓ

r

) + r2 dθ2
]
.
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Weyl coordinates Spherical coordinates

𝑟
𝜃

ℓ

𝜙 𝜙

𝑧

𝜌

ℓ

Figure 3: Description of an Ernst solution of length ℓ in Weyl coordinates (2.2) and in spherical
coordinates (2.9). The coordinates are related by (2.8).

2.3 Axis data and indistinguishability

One of the remarkable aspects of Ernst solutions is that their entire structure can be deduced
from the Ernst data along the symmetry axis. This means that by fixing the values of the metric
tensor and electromagnetic field tensor on the axis of symmetry, one can construct the solutions
without needing further information. The Sibgatullin method [19, 20] is a powerful solution
generating technique of Ernst’s equations, allowing for the extraction of analytic solutions from
what is called the axis data of the Ernst potentials.

A particularly significant solution, corresponding to an axisymmetric configuration of N
Reissner-Nordström black holes, was derived using this method in [18]. This solution, which
will be discussed later in this paper, has a complex form that makes its analysis quite intricate.
However, it is uniquely defined by its axis data, which consist of two functions on the z-axis:

e(z) = 1 +
N∑
i=1

ei
z − βi

, f(z) =
N∑
i=1

fi
z − βi

, (2.10)

where (βi, ei, fi) represent 3N parameters that determine indirectly the positions, charges and
masses of theN black holes. For example, the rod positions, αk, are the 2N zeroes of e(z)+f(z)2.

The key properties of these axis data are:

• They correspond to the values of the gravitational and electromagnetic fields on the z-axis
above the rod configuration:

Z(ρ = 0, z ≥ α2N )−2 = e(z)+f(z)2, A(ρ = 0, z ≥ α2N ) = f(z), H(ρ = 0, z ≥ α2N ) = 0.
(2.11)

• There is a one-to-one correspondence between an Ernst solution, (Z,A,H, ν), and its axis
data, (e, f). Therefore, two solutions with identical axis data are necessarily identical
throughout the whole space.

• All gravitational and electromagnetic multipole moments of an axisymmetric solution can
be obtained by expanding the axis data at large z [28–30].
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Figure 4: Description of the property that two Ernst solutions, A and B, with the same config-
uration size, ℓ, match everywhere for r > ℓ(1 + ϵ) if and only if they match on their symmetry
axis for z > ℓ(1 + ϵ).

Thus, the axis data of an axisymmetric solution provide significant insights into the entire so-
lution. This leads to the “indistinguishability” property between Ernst solutions illustrated in
Fig.4:

Indistinguishability property: if two Ernst solutions have the same configuration size, ℓ, and
their axis data match on the symmetry axis from the asymptotics up to a small scale above
their last rod, then the solutions will match similarly everywhere. By “similarly,” we mean that
there exists a small scale, ϵ ≪ 1, for which the two solutions match when r ≳ ℓ(1 + ϵ), where r
is the radial coordinate centered around the rod configuration (2.8).

The property serves as a powerful tool, enabling us to establish a connection between the
spacetimes of two Ernst solutions, A and B, through a simple analysis along their symmetry
axis. Throughout the remainder of this paper, we will predominantly rely on this property,
particularly when comparing a single-rod vacuum solution for solution A, the Schwarzschild
black hole, with a more complex solution B, featuring multiple charged sources.

2.4 Schwarzschild black hole

The Schwarzschild metric can be derived as a single-rod solution of the static Ernst formalism
with trivial electromagnetic gauge field:

Z−2 =
r2 + r1 − ℓ

r2 + r1 + ℓ
= 1− ℓ

r
, A = H = 0 ,

e4ν =
(r2 + r1)

2 − ℓ2

4r2r1
=

1− ℓ
r(

1− ℓ cos2 θ
2

r

)(
1− ℓ sin2 θ

2
r

) ,
(2.12)

where ℓ is the length of the rod, ℓ = α2 − α1. The rod diagram of the Schwarzschild black hole
has been depicted in Fig.5 where we have indicated which dimension is shrinking on the z-axis.
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z
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(ρ, z)
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α1 α2

ϕ degeneracy ϕ degeneracyt degeneracy

horizon

Figure 5: Rod diagram of the Schwarzschild black hole in the (ρ, z) plane.

In Weyl-Papapetrou coordinates, the rod, at ρ = 0 and α1 ≤ z ≤ α2, corresponds to the
horizon of the Schwarzschild black hole, r = ℓ. Note that in this coordinate system, the spherical
symmetry of the solution is not manifest, and it only emerges once the coordinates are changed
to the spherical coordinates (2.9) with G = 1.

The ADM mass, temperature and entropy of the black hole are (in units G4 = 1):

M =
ℓ

2
, SSchw = 4πM2 , TSchw =

1

8πM
. (2.13)

In terms of axis data (2.10), the Schwarzschild solution is uniquely given by the functions:

e(z) =
z − α2

z − α1
, f(z) = 0 , (2.14)

which corresponds to β1 = α1, e1 = −ℓ and f1 = 0 in (2.10).

3 Bound states of Reissner-Nordström black holes

In this section, we review the Ernst solutions corresponding to N collinear Reissner-Nordström
black holes [18], and construct a subclass where the bound states are ultra-compact and indis-
tinguishable from a Schwarzschild black hole. This limit can be associated with an entrapment
limit discussed in [13], where neutral configurations of self-gravitating charges become suffi-
ciently compact so that they generate a high-redshift that entraps their own electromagnetic
field. As such, they look like vacuum solutions right outside the charge locii.

3.1 Ernst solution

The Ernst solution corresponding to N Reissner-Nordström black holes has been derived in
[18] as the static limit of N Kerr-Newman black holes [20]. The metric and electromagnetic
field is given by the generic ansatz (2.2) in Weyl-Papapetrou coordinates and (2.9) in spherical
coordinates, and the fields (Z,A,H, ν) are sourced by N rods on the z-axis as depicted in Fig.6.

The solutions are given in terms of 3N parameters. They can be chosen to be the 2N rod
endpoints αk, and N parameters, denoted βk, that give indirectly rise to the charges at the black
holes. One can take the extremal limit for one or multiple black holes in the chain by simply
considering that the rod shrinks to a point:

The ith black hole is extremal ⇔ α2i−1 = α2i. (3.1)

10



If we take the extremal limit for each black hole, we end up with a bound state of N extremal
Reissner-Nordström black holes as in [13], given by 2N parameters. Note that this does not lead
to the linear Majumdar-Papapetrou solutions [31], or BPS multicenter solutions, as the charges
can have different signs (so BPS and anti-BPS).

The fields (Z,A,H, ν) are intricated functions of the spacetime coordinates (ρ, z) and the
parameters (αk, βk),

Z =
E−√

E+E− + F 2
, e4ν =

E+E− + F 2

K2
∏2N

k=1 rk
, A =

F

E−
, H = − I

E−
, (3.2)

where E±, F , I, and K are involved matrix determinants depending on ρ, z, αk and βk and
detailed in the Appendix A, in Eq.(A.3) and (A.4).

As outlined in Section 2.3, our analytic derivations will rely on the axis data, denoted as
(e(z), f(z)), which uniquely define the solution and are given by:

e(z) = 1 +

N∑
i=1

ei
z − βi

, f(z) =

N∑
i=1

fi
z − βi

, (3.3)

where fi and ei are expressed in terms of αi and βi as:

f2
i =

∏2N
k=1(βi − αk)∏
k ̸=i(βi − βk)2

, ei =
d

dz

(∏2N
k=1(z − αk)∏
k ̸=i(z − βk)2

)∣∣∣∣∣
z=βi

− 2fi
∑
k ̸=i

fk
βi − βk

. (3.4)

The axis data also correspond to the values of the metric tensor and electromagnetic fields on
the z-axis above the rods:

Z(ρ = 0, z ≥ α2N )−2 = e(z) + f(z)2 =

∏2N
k=1(z − αk)∏N
k=1(z − βk)2

,

A(ρ = 0, z ≥ α2N ) = f(z), H(ρ = 0, z ≥ α2N ) = 0.

(3.5)

Note that the signs of the fi are completely unrestricted. This will be crucial for constructing
solutions where A is nearly zero on the axis just above z ≳ α2N .

The gravitational and electromagnetic multipole moments can be derived by expanding the
axis data at large z [28,29]. For instance, the total mass, total dyonic charge, and dyonic dipole
moment are respectively given by:4

M = −1

2

N∑
i=1

ei =

N∑
i=1

(
α2i−1 + α2i

2
− βi

)
, Q =

N∑
i=1

fi, J = MQ+

N∑
i=1

fiβi. (3.6)

It is important to note that ei and fi do not represent the individual masses and charges of
the black holes. Unfortunately, these parameters, as well as the βi, are not directly related
to physical observables but to mathematical structures behind the Sibgatullin method [19, 20].
The charges for instance are derivable only using the values of the fields at the rods, which are
mainly obtainable in a case-by-case manner using (3.2).
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Figure 6: Spacetime structure of N dyonic Reissner-Nordström black holes.

3.2 Spacetime structure

The solution is regular for ρ > 0 and approaches R1,3 asymptotically. On the symmetry axis at
ρ = 0, either the Killing vector ∂t or ∂ϕ shrinks regularly. Three distinct structures are observed:

• Regularity above and below the bound state: For z > α2N and z < α1 on the z-axis,
ν = 0, and the ϕ-circle degenerates as the cylindrical angle:

ds22 ∝ dρ2 + ρ2dϕ2 , (3.7)

which is a regular origin in R2 under the assumption of ϕ being 2π periodic.

• A charged black hole at each rod: For z within the range α2i−1 ≤ z ≤ α2i, the behavior of
the functions Z and e4ν as ρ → 0 indicates the locus of a black hole horizon. Specifically,
Z scales as ρ−1 and e4ν scales as ρ2 near ρ = 0. As a result, the local metric near the rod
resembles that of a horizon, characterized by:

ds24 ∼
(
Z2e4ν

) ∣∣
ρ=0

−κ2i ρ
2dt2 + dρ2 + dz2 +

(
ρ2

e4ν

) ∣∣∣∣∣
ρ=0

dϕ2

 , (3.8)

where κi is the surface gravity of the black hole. The temperature Ti and area Ai of the
horizon, Ai ≡

∫ 2π
ϕ=0

∫ α2i

z=α2i−1

√
gzzgϕϕ

∣∣
ρ=0

, are expressed in terms of the field values as:

Ti =
κi
2π

=
1

2π

(
1

ρZ2e2ν

) ∣∣∣∣∣
ρ=0

, Ai =
α2i − α2i−1

Ti
. (3.9)

Consequently, the Bekenstein-Hawking entropy Si of the black hole takes a simple form:

Si =
α2i − α2i−1

4G4 Ti
, (3.10)

where the only quantity requiring derivation from the intricate field values (3.2) is ρZ2e2ν

on the axis.

4The total dyonic charge is defined as Q =
√

Q2
m +Q2

e, where Qm and Qe represent the net magnetic and
electric charges, respectively. These charges are determined using the conventions Qm = (8π)−1

∫
F and Qe =

(8π)−1
∫
⋆F , where the integrals are taken over the two-sphere at the boundary. Similarly, the dyonic dipole

moment is expressed as J =
√
J 2

m + J 2
e , with Jm and Je corresponding to the magnetic and electric dipole

moments, respectively.
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Additionally, the black hole carries electromagnetic charges under the field strength F .

The electric and magnetic charges, denoted as Q
(i)
m and Q

(i)
e respectively, are related by

the dyonic parameter η through electromagnetic duality (2.3):5

Q(i)
m = Qi sin η , Q(i)

e = Qi cos η, (3.11)

where Qi is the dyonic charge at the black hole, given in terms of the field values as

Qi =

√
Q

(i)
m

2
+Q

(i)
e

2
=

1

2
[H(0, α2i)−H(0, α2i−1)] . (3.12)

Closed-form expressions of the local charges in terms of the parameters (αi, βi) cannot be
obtained due to the complexity of the magnetic gauge potential, H (A.6). Determining
these charges must be done on a case-by-case basis when dealing with specific examples.

• A strut in between the rods: Between the black holes, within the range α2i ≤ z ≤ α2i+1

and at ρ = 0, the fields have finite positive values, resulting in a region where the ϕ-
circle degenerates as the cylindrical angle. However, the base function ν becomes negative
(ν < 0), causing the local two-dimensional (ρ, ϕ) space to be described by:

ds22 ∝ dρ2 +
ρ2

γ2i
dϕ2 , γi ≡ e2ν

∣∣
ρ=0

< 1 . (3.13)

Consequently, the degenerating angle, ϕ/γi, exhibits a periodicity greater than 2π (2π/γi >
2π). This segment characterizes an origin in R2 with a conical excess. This structure is
well understood and corresponds to a string with negative tension, known as a strut, which
prevents the collapse of the black holes [32,21]. Struts are essential components that arise
in four-dimensional theories of gravity where there are insufficient degrees of freedom
to counteract gravitational attraction and maintain the staticity of multiple gravitational
sources. However, it is known that struts can be replaced by smooth topological spacetime
bubbles in higher dimensions with compact dimensions [33,22–25]. Therefore, struts can be
viewed as four-dimensional effective descriptions of more intricate yet regular topological
structures in higher dimensions.

A strut corresponds to a conical singularity, for which an energy-momentum tensor can
be associated, localized at ρ = 0 and α2i ≤ z ≤ α2i+1. As established in [21,23], the strut
tension Ti and energy Ei are given by:

Ti =
γi − 1

4γiG4
< 0 , Ei =

γi − 1

4G4
(α2i+1 − α2i) < 0 . (3.14)

Hence, the strut exerts the necessary negative pressure to keep the black holes apart. As
the black holes approach each other, γi → 0, resulting in the divergence of the strut tension
while the strut energy tends towards zero.

In summary, the solutions constructed in [18] correspond to arbitrary bound states of
N Reissner-Nordström black holes along a line. These black holes, carrying electromagnetic
charges, are held apart by struts. The rod structure and geometry along the axis of symmetry
are illustrated in Fig.6. In Weyl coordinates, the black holes are distributed along a segment of
length ℓ at ρ = 0, while in spherical coordinates they are spread at the coordinate boundary,
r = ℓ, as shown in Fig.3.

5We use the convention Q
(i)
m = (8π)−1

∫
F , Q

(i)
e = (8π)−1

∫
⋆F , where the integral is along z and ϕ at the rod.
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Figure 7: Rod structure and β parameters for a bound state of N microscopic Reissner-
Nordström black holes. The scale of the pattern is δ = ℓ

N(1− a
N
) .

3.3 Chain of microscopic black holes

In this section, we specify to a subclass of bound states made of a large number of small black
holes. For that purpose, we consider solutions with a rod configuration consisting of N identical
patterns of infinitesimal length δ, so that the length of the configuration is ℓ ∼ Nδ. Each pattern
contains one black hole and a value of βk, lying midway between the segments separating the
black holes:

α2k−1 = (k − 1) δ, α2k = (k − a) δ , βk =
(
k − 1− a

2

)
δ , k = 1, . . . , N , (3.15)

where 0 < a ≤ 1 is a parameter that fix the position of α2k in each pattern as shown in Fig.7.
Thus the length configuration is given by

ℓ = N
(
1− a

N

)
δ. (3.16)

The parameter a can be associated to the extremality parameter of the black holes, which
gives the length of the black hole rods, α2k−α2k−1 = (1−a) δ. Moreover, two interesting values
have to be noted:

• a = 1 and the extremal limit: The black holes are extremal as the sources become point-
like.

• a → 0 and the vacuum limit: The black holes are merging into each other, forming one
single rod of length ℓ with zero net charge as βk → α2k−1. Thus, the single rod is a
Schwarzschild black hole..

The solutions define a family of electrovacuum geometries corresponding to a bound state of
dyonic black holes, held apart by struts, as shown in Fig.6. The solutions are parametrized by
three parameters: N the number of black holes, δ the length of the microscopic elements, and a
which is associated to the extremality of the microscopic black holes.

Moreover, there are other degrees of freedom in the solutions that do not materialize in
terms of parameters but in terms of sign choices for the quantities fi in (3.4). As we will see in
a moment, these signs are associated to the sign of the black hole charges.

The total mass and dyonic charge of the bound states (3.6) are given by

M =
Nδ

2
=

ℓ

2
(
1− a

N

) , Q =

N∑
i=1

fi , (3.17)

where the fi are given by

fi = ±
√
a(2− a) δ

2

N∏
k ̸=i

√(
1 +

a

2(k − i)

)(
1 +

2− a

2(k − i)

)
, (3.18)
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and the “±” reflects the sign freedom in the choice of fi.

3.3.1 Indistinguishability from the Schwarzschild black hole

The metric tensor and electromagnetic fields of the solutions are generally given by (2.2) with
the corresponding fields from (3.2). However, these expressions pose challenges for analysis when
dealing with a large number of black holes, as they involve determinants of matrices with a rank
of order 2N , (A.3) and (A.4).

Nevertheless, we can analyze the behavior of the solutions outside the rods by using the
indistinguishability property of Ernst solutions discussed in Section 2.3. This consists in study-
ing the solutions along their symmetry axis above the rod configuration, which encapsulates
information about the solutions everywhere outside the sources (refer to Fig.4).

On the symmetry axis, the solutions are characterized by two axis data (e(z), f(z)), as
introduced in (3.3). The gravitational and electromagnetic fields are then expressed in terms of
this data in (3.5):

Z(ρ = 0, z ≥ ℓ)−2 =

∏2N
k=1(z − αk)∏N
k=1(z − βk)2

, A(ρ = 0, z ≥ ℓ) =

N∑
k=1

fk
z − βk

, (3.19)

where the norm of fk is given in (3.18).
In the limit of a large number of black holes (N ≫ 1), the αk and βk represent infinitesimal

steps, allowing us to simplify the above expressions using Riemann sum approximations when z
is slightly above the rods. For detailed derivation, we refer the reader to Appendix B.

• Gravitational axis data:

In Appendix B.2, we demonstrate the existence of an infinitesimal scale ϵ = O(N−1) such
that

Z(0, z ≳ ℓ(1 + ϵ))−2 =
z − ℓ

z

(
1 +O(N−1)

)
. (3.20)

Consequently, the gravitational data on the symmetry axis directly above the chain of
black holes becomes indistinguishable from the Schwarzschild axis data provided in (2.14).

• Electromagnetic axis data:

Although the solutions exhibit the same gravitational axis data as a Schwarzschild black
hole, the property discussed in Section 2.3 applies only if the electric axis data, f(z) =
A(0, z), also match. Schwarzschild being a vacuum solution, it has f(z) = 0. Therefore, the
bound states of Reissner-Nordström black holes are indistinguishable from Schwarzschild
only when their electric axis data are almost zero above the bound state.

Estimating A(0, z) is more intricate than Z(0, z) due to the expression of the fi parameters
(3.18). In Appendix B.1, we demonstrate that, in the large N limit,

fi ∼ ±F
(
i− 1 +

sin(π2 a)

π

)
, F(x) ≡

δ sin(π2 a)

π

√
N − x

x
. (3.21)

If all fi have the same sign, the solutions exhibit non-negligible electromagnetic fields, and
their electromagnetic axis data above the black holes is given by

A(0, z ≳ ℓ(1 + ϵ)) =
2Q

ℓ

(
1−

√
z − ℓ

z

)
+O(N−1), (3.22)
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where Q is the total dyonic charge, Q = ℓ sin(π2 a) (1 + O(N−1)). This is negligible only
when a → 0 which is not an interesting limit as the black holes are trivially merging into
a single Schwarzschild rod in that limit.

To produce solutions with negligible electromagnetic fields above the rods, one must change
the signs of the fi so that their contribution in f(z) cancels out. In Section 4.1.1, we will
show that the signs of fi are associated to the signs of the local charges Qi at the black
holes (3.12).

Although the fi do not have constant norms, they are slowly varying except for the first few
elements.6 By alternately changing the signs of the fi, “+−+− . . .,” the electromagnetic
axis data can be made infinitesimal in the large N limit, with the primary contribution
coming from the first few terms.7 In Appendix B.2, we demonstrate that

A(0, z ≳ ℓ(1 + ϵ)) =
Q

z

(
1 +O(N−1)

)
, Q = O

(
M√
N

)
, (3.23)

where Q is the infinitesimal net charge of the bound state. The total charge is paramet-
rically smaller than the mass, it tends to zero in the large N limit, and the electric axis
data approaches its vacuum limit:

A(0, z ≳ ℓ(1 + ϵ)) = O
(

1√
N

)
. (3.24)

Thus, we have shown that both the electric and gravitational axis data of the bound states
understudy match the Schwarzschild axis data right above the sources z ≳ ℓ(1+ ϵ), where
ϵ is of order N−1.

The convergence of the electric axis data towards the vacuum value is slower compared to
the gravitational axis data and requires a significantly largeN for the electromagnetic fields
to be negligible above the configuration. However, this is a consequence of specializing to
solutions with fixed internal parameters. By adjusting the parameters of one black hole in
the chain, we could cancel the infinitesimal net charge and make the bound states much
closer to a vacuum solution. This will be made more precise in Section 5.

To conclude, the analysis of the solutions on the symmetry axis above the sources has revealed
the existence of an infinite subclass of solutions sharing the same axis data at leading order in
N as the Schwarzschild black hole (2.14),

Z(0, z)−2 ∼ z − 2M

z
, A(0, z) ∼ 0 , (3.25)

for z slightly above the sources z ≳ 2M(1 +O(N−1)).8

Based on the argument presented in Section 2.3, these solutions are indistinguishable from
the Schwarzschild spacetime within the range 2M(1 +O(N−1)) ≲ r < ∞, where r denotes the
spherical coordinates centered around the configuration (2.8). By indistinguishable, we mean
that they are identical at leading order in large N . Moreover, due to the residual net charge of
order M/

√
N , we expect 1/

√
N corrections as we approach r ∼ 2M(1 +O(N−1)).

6Indeed, one has |fi+1|−|fi| = O(N−2) except for the few first elements where we have |fi+1|−|fi| = O(N− 1
2 ).

7Note that other sign patterns can be chosen, as “+ − − + + − − . . .”. However, we will consider only the
simplest case in this paper.

8We used (3.17) to substitute the configuration length ℓ with the ADM mass.
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Figure 8: Schematic description of the spacetime structure of N microscopic Reissner-Nordström
that are indistinguishable from a Schwarzschild black hole up to the horizon scale.

The interested reader can find an explicit construction of N = 100 Reissner-Nordström black
holes with a = 1/2 and its comparison to a Schwarzschild black hole with the same mass in Ap-
pendix B.3. We illustrate the result by analyzing the fields entering the metric and gauge field
in the whole spacetime. We show that they are indeed equal to the Schwarzschild values with
infinitesimal corrections for r ≳ 2M(1 +O(N−1)).

Thus, our analysis demonstrates that the Schwarzschild black hole can effectively be “re-
solved” into chains of microscopic Reissner-Nordström black holes. This resolution implies that
the solutions are indistinguishable from Schwarzschild from the asymptotics up to an infinitesi-
mal distance away from the Schwarzschild horizon. The latter is replaced by nontrivial structures
of microscopic black holes held apart by struts. These novel structures, closely resembling the
Schwarzschild metric, are depicted in Fig.8.

Remarkably, the Schwarzschild metric can be matched while maintaining the a parameter
entirely free, thereby defining an infinite family of solutions. The fact that the solutions are
indistinguishable when a → 0 is not really surprising, as it is the limit where all black holes
merge into one single uncharged rod. This limit is like removing infinitesimal segments in
favor of one big single Schwarzschild rod. However, the result is much more impressive when
a takes finite values when the separation between the black holes is the same order of their
size. More precisely, for a = 1, the black hole are extremal point charges, so we can form
bound states arbitrarily close to extremality that generates a spacetime indistinguishable from
the Schwarzschild metric.

While we gain a good understanding of the spacetime structure outside the sources solely from
the axis data, we still lack information about the internal structure replacing the Schwarzschild
horizon. This includes details such as the internal charges at the black holes, their entropy and
temperature, and the energy of the struts holding them apart. These characteristics can only be
derived by studying the metric tensor and electromagnetic fields using the intricate expressions
(3.2), which will be the focus of the next section.

4 Schwarzschild resolution into a large number of black holes

In the preceding section, we constructed bound states of Reissner-Nordström black holes on a
line. These solutions closely resemble the Schwarzschild metric slightly away from its horizon,
at r > 2M(1 + ϵ) where ϵ = O(N−1). This result highlights the possibility to turn on vast
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electromagnetic degrees of freedom near the Schwarzschild horizon, effectively replacing it with
novel spacetime structures.

In this section, our objective is to provide a more detailed description of theses internal
structures: at ρ ∼ 0 and 0 = α1 ≲ z ≲ α2N = ℓ. In the spherical coordinates, (2.8), this cor-
responds to the region where the solutions differ significantly from the Schwarzschild geometry:
ℓ ≤ r < 2M(1+O(N−1)). This region encompasses the near-horizon vicinity of the microscopic
black holes and the regions near the struts as we move along z (or equivalently θ). Hence, our
analysis of the microstructure will consists in:

• Black hole properties: This involves determining the internal charges of the microscopic
Reissner-Nordström black holes (3.12), their entropy (3.10), and their temperature (3.9).

• Strut properties: This involves analyzing the tension and energy of the struts in the bound
states (3.14).

• Geometric characterization: This involves studying how the internal topology differs from
the Schwarzschild geometry, which is described by a spherical S2 and a degenerating time-
like Killing vector. To achieve this, we analyze the properties of the S2 around the bound
states up to where the black holes and struts are, r = ℓ.

Unlike the previous section, where we relied on axis data, accessing these characteristics requires
the full expressions of the fields across the entire spacetime, as given by matrix determinants
(3.2), (A.3) and (A.4). However, obtaining analytic expressions from the intricate matrix de-
terminants is challenging. Therefore, we will concentrate on specific examples to estimate these
quantities in the large N limit.

4.1 Properties of the microscopic black holes

We examine the solutions involving N Reissner-Nordström black holes, as described in Section
3.3, where the fi alternate in sign. The solutions are characterized by two parameters: a,
representing the internal extremality parameter of the Reissner-Nordström black holes, and N ,
the number of black holes.

4.1.1 Charge distribution

We start our analysis of the internal structure by deriving the dyonic charges of the Reissner-
Nordström black holes. To compute these charges, we use the expression (3.12), requiring the
evaluation of the magnetic gauge potential H at each black hole, (3.2) and (A.4).

Through analysis of various solutions with differing a and N , we found:

• The charges alternate in sign, following the signs of the fi. Consequently, all even-
numbered black holes possess positive charges (resp. negative), while all odd-numbered
black holes have negative charges (resp. positive).

Thus, when the black holes are extremal (a = 1), the bound state represents a chain of
BPS and anti-BPS black holes separated by struts in four dimensions.

• The magnitudes of the charges, in the limit of large N , can be approximated by:

|Qi| ∼ 4M

√√√√ i− 1 + sin(πa2 ) + 1
π

N

(
1−

i− 1
π

N

)
, i = 1, . . . , N . (4.1)
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Figure 9: The black hole charges (3.12) for a bound state made of N = 100 black holes and a = 1
2

(3.15). The y axis represents the charges normalized by the ADM mass. The x axis denotes
the black hole position within the bound state. The red dots and lines are the numerical values,
while the blue curve is the large-N approximation (4.1).

In Fig.9, we plot the charges for a bound state with N = 100 and a = 1
2 , along with the

large N approximation above.
Several notable implications arise from the expression of the local charges. Firstly, the local

charges are significantly large compared to the microscopic scale of the bound state. Indeed,
these charges naturally scale with M , the ADM mass, rather than δ (3.17). One might question
how microscopic black holes can carry macroscopic charges while still satisfying the extremality
bound for each black hole. This can be explained by the tightly bound nature of the solutions.
A substantial portion of the energy of the elements in the bound state is used as binding energy,
with only a small fraction contributing to the total ADM mass.

For the extremal limit (a = 1), we expect the energy of each black hole to be on the order
of their charges, resulting in a total energy of the order NM when unbounded. However, when
bounded and in the critical limit where they resemble the Schwarzschild black hole, the black
holes are gravitationally squeezed up to a microscopic size. A significant portion of their energy
is used in binding energy, while their initial macroscopic charges remain. This characteristic is
similar to the neutral bound state of two extremal black holes constructed in [12], where the

local charges were of the order M
4
3 .

Secondly, the charges have minimal dependence on the extremality parameter a, which
emerges at the N−1/2 subleading order and affects only the first few charges. This suggests
that the charge distribution derived here follows a universal profile that electromagnetic degrees
of freedom must satisfy in order to replace the Schwarzschild horizon with nontrivial electro-
magnetic structure. This profile indicates distributing large charges with alternating signs over
the Schwarzschild horizon, and with a magnitude of order ∼ 2

√
x(2M − x), where x denotes

the position of the charge along the horizon of size 2M .9 Consequently, the charge distribution

9By horizon size, we mean the rod size ℓ = 2M of the Schwarzschild black hole (2.13).
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is contained in a circle where charges are smaller at the poles and larger towards the equator,
as shown in Fig.9.

Moreover, it is evident that the infinitesimal net charge remaining upon summing all charges
(3.23) is a consequence of having fixed beforehand all parameters of the black holes in the class of
solutions considered. Slight modifications in one charge, by an amount on the order of M/

√
N ,

would cancel out the total charge without affecting the main physics.
Lastly, it is noteworthy that substantial charges spread across the horizon of a Schwarzschild

black hole can be activated without inducing significant electromagnetic effects on a large scale.
Indeed, the solutions are indistinguishable from a Schwarzschild black hole for r > 2M(1 +
O(N−1)). This implies that the electromagnetic flux, while intense at r = ℓ ∼ 2M to generate
the charges, is almost vanishing just above r = 2M . This phenomenon, termed “electromagnetic
entrapment,” has been studied in [13]. It illustrates the capacity of ultra-compact, neutral,
and highly-redshifted geometries to entrap their own electromagnetic flux, resulting in almost
zero electromagnetic field outside the high-redshift region, regardless of the internal charge
distribution. The current construction further exemplifies this phenomenon through a direct
application to the Schwarzschild black hole.

4.1.2 Entropy and temperature

The entropy Si, and temperature Ti, of each black hole are determined by the generic formulas
(3.9) and (3.10). Given that the microscopic black holes are fixed beforehand, we do not an-
ticipate them to be in thermal equilibrium, leading to different temperatures among the black
holes. However, in the large N limit, the system’s symmetry imposes that the black holes have
temperatures very close to the average temperature, T , expressed as:

T ≡ ⟨Ti ⟩ =
1

N

N∑
i=1

Ti . (4.2)

Specifically, we have found that all black holes exhibit a temperature Ti = T with corrections of
order N−1, except for the first few and last few black holes in the configuration, which deviate
by a few percent. This implies that the black holes are nearly in thermal equilibrium, and slight
adjustments to their positions could result in a fixed temperature for each black hole.

Additionally, we introduce the entropy of the bound state, given by the sum of the black
hole entropies:10

S =

N∑
i=1

Si =

N∑
i=1

(1− a)δ

4Ti
∼ 1− a

T

M

2
. (4.3)

This suggests that, like the Schwarzschild black hole, the entropy of the bound state increases
linearly with the mass at a fixed temperature.

In Fig.10, we plot the entropy S and average temperature T of the bound state for N = 100
black holes as a function of the extremality parameter a. Unlike the local charges in the previous
section, we were unable to find a satisfactory approximation using sin(πa2 ) as we would have
expected. Instead, we found an approximate fit at large N , also plotted in Fig.10:11

T ∼ (1− a)

(
1 + a+

3

8
a2 +

1

2
a4
)

TSchw , S ∼ SSchw

1 + a+ 3
8a

2 + 1
2a

4
, (4.4)

10For the second equality, we have simplified (3.10) by using that Ti = T (1 + O(N−1)) for most of the black
holes in the bound state.

11It is worth noting that the coefficient “1 + a+ 3
8
a2 + 1

2
a4” is simply a polynomial fit and other polynomials

matching the values could have been found.
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(a) Entropy of the bound state.
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(b) Average temperature of the black holes.

Figure 10: Entropy and average temperature of the bound states as a function of a and nor-
malized by the Schwarzschild values (2.13). The plots show the values for bound states with
N = 100 black holes and the approximated values (4.4).

where TSchw = (8πM)−1 and SSchw = 4πM2 are the temperature and entropy of a Schwarzschild
black hole with the same mass.

Firstly, the extremality parameter significantly influences the temperature of the bound state
as expected. The temperature is zero when the Reissner-Nordström black holes are extremal
(a = 1), while it matches the Schwarzschild temperature when the black holes merge into each
other to form a single Schwarzschild rod (a = 0). However, it is noteworthy that, for all values of
a from 0 to 1, the entropy remains a fraction of the Schwarzschild entropy, ranging from SSchw

when they merge to 8
23 SSchw ≈ 0.35SSchw when they are extremal. Thus, the bound states

develop an effective temperature from the relation between their entropy and mass:

2M = Teff S , Teff ∼
(
1 + a+

3

8
a2 +

1

2
a4
)

TSchw . (4.5)

Consequently, all bound states exhibit a similar mass/entropy relation to the Schwarzschild
black hole, even at extremality when the temperature is zero. The effective temperature ranges
from the Schwarzschild temperature when the Reissner-Nordström black holes merge, to approx-
imately 2.9TSchw at extremality. Future research may explore whether this effective temperature
can be associated with radiation from the bound state through (charged) particle pair creation,
akin to the Hawking process [34,35].

This concludes the analysis of the microscopic black holes that have replaced the horizon
of the Schwarzschild black hole. First, we observed that the charges at the black holes follow
an apparently universal distribution, mainly independent of the extremality parameter a, and
necessitating the charge distribution to take the form ∼ 2

√
x(2M − x), where x is the position

of the black holes in the bound state of size ∼ 2M . Second, we demonstrated that despite
having a temperature that differs significantly from the Schwarzschild temperature, especially
at extremality when a = 1 and T = 0, the bound state exhibits an effective temperature, entropy,
and mass/entropy relation closely resembling the Schwarzschild thermodynamic properties.
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(a) Strut tensions for a = 10−3.
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(b) Strut tensions for a = 1− 10−3.

Figure 11: Tensions of the struts (3.14) in a bound state with N = 100 black holes and for two
illustrative value of a (in units G4 = 1).

4.2 Strut properties

The internal structure is described not only by Reissner-Nordström black holes but also by
struts. Struts are well-understood physical conical singularities that naturally emerge in four
dimensions when dealing with black hole bound states [21]. They correspond to strings with
negative tension and energy, necessary to counterbalance the lack of repulsion between the black
holes and prevent the bound state from gravitational collapse [32, 21, 23]. As argued in [22, 23],
struts are features of four-dimensional classical theories of gravity and can be classically resolved
into smooth topological bubbles, a point we will discuss in the Section 6.

Despite being singular, struts carry physical features of the bound state. In this section, we
analyze their characteristics in terms of energy and tension and how they evolve as we change
the internal extremality parameter a.

In Fig.11, we present the strut tensions, Ti (3.14), of the N − 1 struts for two bound states
made of N = 100 Reissner-Nordström black holes with a = 10−3 (close to merging) and a =
1− 10−3 (close to extremality).

First, the strut tension is indeed negative and reaches its extremum in the middle of the bound
state where gravitational contraction is most intense. Moreover, the strut tension oscillates
slightly, especially close to extremality, following the pattern of alternative signs of the charges.

Furthermore, as the black holes approach their merging limit a → 0, the strut tensions
generally increase. The Fig.12(a) show a logarithmic plot of the maximal tension in the bound
state as a function of a. As a → 0, the black holes are on the verge of merging, necessitating the
strut tension to diverge to withstand the intense attraction between them. However, for a ≳ 0.2,
the strut tensions do not undergo significant changes, and the maximal tension is of order (in
units G4 = 1):

max(|Ti|) = O(N) , 0.2 ≲ a ≤ 1 . (4.6)

This is because the separation between the black holes remains a fraction of their overall size as
long as a is not close to 0. Consequently, strut tensions do not need to be extreme and simply
increase linearly with the number of black holes in the bound state.

Finally, we derive the energy of the struts, Ei (3.14). We find that the struts along the

22



0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

(a) Maximal strut tension in the bound state.
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(b) Total strut energy in the bound state.

Figure 12: Maximal strut tension and total strut energy (normalized by the ADM mass) in the
bound state as a function of a.

bound state have the same energy with N−1 corrections:

Ei ∼ −a δ

4
. (4.7)

In Fig.12(b), we plot the total energy of the struts Estruts ≡
∑N−1

i=1 Ei. We find that the energy
is mainly given by the following large N approximation:

Estruts ∼ −aM

2

(
1− 1.84

N

)
. (4.8)

Thus, the negative energy carried by the strut reaches a maximum magnitude of M/2 when the
black holes are extremal, and approaches zero when the black holes are almost merging.

Therefore, despite the bound states being in their ultra-compact limit and indistinguishable
from a Schwarzschild black hole, the characteristics of the struts to prevent total collapse are
not as extreme as one might have expected. Their negative energy scales with the ADM mass,
while their negative tensions are not extremely high when the black holes are significantly far
from their merging regime a ≳ 0.2. These are good indicators that the struts can be resolved
in higher dimensions by topological bubbles that will provide the necessary pressure to replace
the strut tension and energy without singularities. Examples of such resolution can be found
in [22–24,36,37,13,12].

4.3 Deformation of the two-sphere

In this section, our objective is to describe the geometry of the bound states and compare it to
that of the Schwarzschild black hole. Thus, we analyze the two-sphere for r ≥ ℓ ∼ 2M . In the
spherical coordinates (2.8), we remind that the metric is given by

ds24 = −dt2

Z2
+ Z2

(
1− ℓ

r

)[
G

(
dr2

1− ℓ
r

+ r2dθ2

)
+ r2 sin2 θ dϕ2

]
, (4.9)

where G ≡ e4ν
(
1− ℓ cos2 θ

2
r

)(
1− ℓ sin2 θ

2
r

)(
1− ℓ

r

)−1
. The two-sphere is described by the line

element:

ds2S2 = r2 Z2

(
1− ℓ

r

)[
Gdθ2 + sin2 θ dϕ2

]
. (4.10)
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(a) Radius of the two-sphere, normalized by 2M ,
as a function of r.
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(b) Axisymmetry factor of the two-sphere as a
function of r.

Figure 13: Global characteristics of the two sphere as a function of the radial coordinate r ≥ ℓ.

For a Schwarzschild black hole, Z−2 = 1 − ℓ
r and G = 1, resulting in a round two-sphere

described by ds2S2 = r2
(
dθ2 + sin2 θ dϕ2

)
, with a radius r ranging from infinity to ℓ = 2M at

the horizon.
Since the bound states of N Reissner-Nordström black holes are indistinguishable from a

Schwarzschild black hole from the asymptotic up to r ≳ 2M(1 +O(N−1)), we expect the two-
sphere to be similarly round in this range of values, and significantly deformed below, up to the
location of the black holes and struts at r = ℓ.

In Fig.13, we provide the global characteristics of the two-sphere for N = 100 black holes
and a = 1

2 . We introduce the radius of the two-sphere, denoted as RS2 , its meridian length LNS ,
and its equator length LWE as follows:

RS2(r)2 ≡ 1

4π

∫
√
gθθgϕϕ dθdϕ , LNS(r) ≡

∫ π

θ=0

√
gθθ dθ , LWE(r) ≡ π

√
gϕϕ|θ=π

2
. (4.11)

Moreover, we have defined the axisymmetry factor, LNS/LWE , which indicates how much the
two-sphere is stretched along its poles by comparing its meridian and equator lengths.

The Figure 13 notably illustrates that despite the bound state beginning to deviate from
Schwarzschild around r ∼ 2M(1 + O(N−1)), its global characteristics remain closely aligned.
Specifically, the radius of the S2 matches that of Schwarzschild up to r ∼ ℓ(1+10−4) for N = 100
and a = 1/2. Below this distance, it abruptly drops to approximately 0.8, which aligns with
the value of the bound state entropy given in Fig.10(a). Additionally, axisymmetry begins to
manifest at the same range of radius r.

Therefore, despite significant local deviations with the Schwarzschild black hole at r ∼
2M(1 + O(N−1)), these discrepancies have minimal impact on global quantities such as the
overall sphere radius or axisymmetry factor.

To provide a more detailed description of the two-sphere, we derive the two-dimensional
surface corresponding to the sphere and described by the line element (4.10). We follow the
procedure outlined in [21], which involves changing the angular coordinate to:

ds2S2 = R(r, θ̃)2
[
dθ̃2 + sin2 θ̃ dϕ2

]
. (4.12)

Subsequently, we plot the two-dimensional surface of radiusR(r, θ̃), parameterized by 0 ≤ ϕ < 2π
and 0 ≤ θ̃ ≤ π, to represent the geometry of the two-sphere at the radial coordinate r.
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Figure 14: The two-sphere of a bound state with N = 100 Reissner-Nordström black hole and
a = 1

2 . The two-sphere is given for three values of r from left to right: at r ≳ 2M(1 + ϵ)
where the bound state is indistinguishable from a Schwarzschild black hole (round sphere), at
r ∼ 2M(1+ ϵ) where the geometry starts to deviate from Schwarzschild and at the sources r = ℓ
corresponding to N black holes held apart by struts.

The first two plots in Fig.14 illustrate the two-sphere at radii very close to 2M . The first
plot corresponds to r = 2M(1 + 10−1), within a range where the bound state closely resem-
bles a Schwarzschild black hole. As expected, the plot indicates a spherical shape with minor
corrections.

The second plot, for r = 2M(1+10−3), falls below the range where significantN− 1
2 deviations

should occur. Notably, it reveals noticeable local deviations, manifesting as oscillations atop the
spherical shape. These oscillations are imprints of the internal black holes which start to manifest
at this scale. Moreover, having oscillations explains why the macroscopic features of the sphere,
such as its radius and axisymmetry, remain nearly identical to those of a round sphere.

The final plot depicts the two-dimensional space at the coordinate boundary r = ℓ, where
the microscopic black holes and struts are located. This region is not topologically S2 due to
the presence of struts, which cause the ϕ circle to degenerate across entire ranges of θ. However,
each black hole has a S2 horizon. Therefore, following the same methodology outlined in [21], we
derive the two-sphere at each black hole, providing the shape of their horizons. Subsequently,
we stack them together. The distances that we use to separate the two-spheres are the physical
distances between the black holes (the length of the struts), given by

∫ α2i+1

z=α2i

√
gzz.

This plot shows the microscopic structure that has replaced the Schwarzschild horizon. The
black holes experience significant compression within the intense gravitational environment sur-
rounding the bound states. With the exception of the black holes located at the extremities, their
horizons are significantly flattened at their poles and extended along the ϕ direction, resulting
in an elongated direction.

Remarkably, when all black holes are put together, these elongated directions follow the
shape of a sphere with lengths approximately of ∼ 2M sin θ, where θ corresponds to the angular
position of the black hole within the bound state. We believe that this striking sphere-like shape,
which is necessary for having an area that scales as (2M)2, arises from an interplay between
strong gravitational contraction at the equator and the specific charge distribution of the black
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holes derived earlier.
Moreover, despite the pronounced differences in shape, the black holes have very close horizon

areas. Furthermore, the presence of the struts within the bound state is not visually apparent;
they exist as segments situated between the black holes where the two-dimensional space degen-
erates as the cylindrical coordinate degeneracy.

5 Schwarzschild resolution into a small number of black holes

In the preceding section, we provided a detailed analysis of the class of solutions introduced
in Section 3.3. These solutions correspond to bound states of N ≫ 1 microscopic Reissner-
Nordström black holes separated by struts. They offer the advantage of providing a clear tech-
nique for generating solutions that highlight important internal parameters. A crucial parameter
in this context is the extremality parameter a, which allows for tuning the temperature from
zero (where the black holes are extremal) to the Schwarzschild temperature (where the black
holes merge into a single black hole), while maintaining indistinguishability from Schwarzschild
and an entropy that remains a fraction of the Schwarzschild entropy.

However, a significant drawback is that the solutions retain a negligible net charge of the
order M/

√
N , resulting in different conserved charges compared to the Schwarzschild black hole.

Moreover, this charge induced a slow convergence towards Schwarzschild as N becomes large.
In this section, we modify slightly the class of solutions to construct bound states with zero
net charge, while remaining indistinguishable from Schwarzschild in a range r ≳ 2M(1 + ϵ).
The absence of residual charge enhances the efficiency of achieving indistinguishability from
Schwarzschild, enabling consideration of bound states with a smaller number of black holes.

In the examples analyzed in this section, we primarily focus on bound states composed of
N = 10 black holes. We first elaborate on the class of solutions, demonstrating their indistin-
guishability from a Schwarzschild black hole. Finally, we explore the internal structure of the
bound states, mirroring the approach taken for the previous solutions.

5.1 Ernst solution

The solutions under consideration also belong to a subset of the Ernst solutions correspond-
ing to N collinear Reissner-Nordström black holes [18]. These solutions are described by the
four-dimensional metric and electromagnetic fields, as expressed in (2.2) in Weyl-Papapetrou
coordinates and (2.9) in spherical coordinates. Further details regarding these fields can be
found in Section 3.1 and Appendix A.

In Section 3.3, we constructed a family of solutions by fixing the positions of all black
holes, αk, along with the parameters βk, in microscopic patterns of length δ. Consequently, the
parameters fk (3.18), which contribute to the electromagnetic axis data, were fully determined
except for their signs. The resulting solutions carried a residual net charge of order M/

√
N .

In this section, we adopt a different approach and construct a class of solutions, similar to
the previous one, but characterized by zero net charge and possessing a less predictable internal
structure. The generic solutions of N collinear Reissner-Nordström black holes [18] are given by
3N parameters. Instead of fixing all the black hole positions and parameters βk, we will fix the
fk, and have a greater control on the electromagnetic properties of the solutions.

First, we maintain the same values for the parameters βk and for N − 1 edges of black hole
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rods:

β1 = −a

2
δ , βk =

(
k − 1− a

2

)
δ , α2k−1 = (k − 1) δ, k = 2, . . . , N . (5.1)

Thus, δ represents similarly the microscopic scale of the bound state, and a adjusts the distance
between the βk and α2k−1. Then, we fix the fk in pairs of alternative sign:

f2i−1 = −f2i = F
(
2i− 3

2
+

sin(π2 a)

π

)
, F(x) ≡

δ sin(π2 a)

π

√
N − x

x
, i = 1, . . . ,

N

2
.

(5.2)
Therefore, the remaining N rod endpoints, α2k, are determined to fulfill the constraints on the
norm of the fi (3.4):

f2
i =

∏2N
k=1(βi − αk)∏
k ̸=i(βi − βk)2

, (5.3)

and α1 is determined so that the ADM mass of the bound state equals half the rod configuration,
ℓ = 2M = α2N − α1, like the Schwarzschild solution (2.13):

M =
N∑
i=1

(
α2i−1 + α2i

2
− βi

)
=

α2N − α1

2
. (5.4)

It is worth noting that these constraints cannot be solved analytically and must be addressed
on a case-by-case basis. However, fixing the fi rather than the α2i provides better control over
the electromagnetic properties of the bound state.

Primarily, the choice (5.2) ensures that the total charge, Q =
∑

fi (3.6), is zero, rendering the
bound state with the exact same conserved charge as the Schwarzschild black hole. Additionally,
it can be demonstrated that all electromagnetic multipole moments scale proportionally to
Mn/N . Consequently, we anticipate the bound states to be in their entrapment limit, as defined
in [13], and to resemble the Schwarzschild black hole.

Moreover, we deliberately selected the fi (5.2) to be near the values obtained from the
previous solutions (3.21). This ensures that the values of α1 and α2k, obtained after solving
the constraints (5.3) and (5.4), are equal to those of the previous class of solutions with N−1

corrections:
α1 ∼ 0 , α2k ∼ (k − a)δ , k = 1, . . . , N . (5.5)

Therefore, the class of solutions presented here can be viewed as a refinement of the previous
solutions, ensuring:

• The charges and positions of the microscopic black holes are slightly modified to ensure
that the bound state is neutral and that all higher electromagnetic multipoles vanish at
large N as Mn/N .

• The size of the rod configuration strictly corresponds to twice the ADM mass, ℓ = 2M , as
a Schwarzschild solution. Moreover, the configuration still splits in microscopic patterns
of length δ containing one microscopic Reissner-Nordström black hole so that

δ ∼ ℓ

N
=

2M

N
. (5.6)

These two properties enhance the comparability of the new class of bound states with the
Schwarzschild black hole. Consequently, solutions with smaller N can be constructed and ana-
lyzed. In Fig.15, we depict the rod structure and parameters of the new class of solutions.
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z

aδ/2 ∼ (1− a)δ
δ

ℓ = 2M

β1 β2 β3 βNα1 α2 α3 α4 α5 α6 α2N−1 α2N

Figure 15: Rod structure and β parameters for a bound state of N microscopic Reissner-
Nordström black holes. The scale of the pattern is δ ∼ ℓ

N = 2M
N .

5.2 Indistinguishability from the Schwarzschild black hole

In this section, we demonstrate that the solutions closely resemble a Schwarzschild black hole
for r ≳ 2M(1 + ϵ), where ϵ = O(N−1). To achieve this, we follow a similar approach to that
outlined in Section 3.3.1. First, we show that the solutions match the Schwarzschild values along
the symmetry axis just above the rod configuration z ≳ 2M(1+ϵ). As elaborated in Section 2.3,
this correspondence implies that the indistinguishability extends throughout the entire spacetime
within the radial range specified above. We illustrate this result with a concrete example.

On the symmetry axis, beyond the rod configuration at z ≥ ℓ = 2M , the gravitational and
electric fields express in terms of the axis data (3.5):

Z(ρ = 0, z ≥ 2M)−2 =

∏2N
k=1(z − αk)∏N
k=1(z − βk)2

, A(ρ = 0, z ≥ 2M) =

N∑
k=1

fk
z − βk

. (5.7)

Given that αk and βk represent small steps of order δ (5.1) and (5.5), we can approximate
the gravitational field using a Riemann sum approximation, as done in Section 3.3.1, for z ≳
α2N +O(δ) ∼ 2M(1 +O(N−1)). Similarly, we found that

Z(0, z ≳ 2M(1 + ϵ))−2 =
z − 2M

z

(
1 +O(N−1)

)
, (5.8)

where ϵ = O(N−1). Thus, we match the values of a Schwarzschild black hole as expected.
As for the electric potential, the fk terms cancel each other in pairs, while the βk are separated

by an infinitesimal distance δ ∼ 2M/N , ensuring that the electric potential also vanishes at large
N just above the configuration. Using the Riemann sum approximation (refer to Appendix B.2),
we find that, for z ≳ 2M(1 +O(N−1)),

A(0, z) ∼
sin(πa2 )

N

M2

z2

√
z

z − 2M
, (5.9)

which is, in the worst case, of order O(N−1) when z ≳ 2M(1 + O(N−1)). Moreover, this
demonstrates that the solution is indeed neutral.

Hence, the gravitational and electric fields are identical at leading order in large N to the
Schwarzschild fields on the symmetry axis for z ≳ 2M(1 +O(N−1)). As argued in section 2.3,
this is sufficient to establish that the solutions are indistinguishable from a Schwarzschild black
hole throughout the entire spacetime up to the locations of the sources, r ≳ 2M(1 +O(N−1)).

To illustrate this assertion, we compare the fields entering the metric and gauge field with
the Schwarzschild fields. We choose a bound state with N = 10 black holes and a = 1

2 . In
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Figure 16: Comparison of the gravitational field, Z, electric potential, A, and base function,
G with the Schwarzschild values for a bound state made of N = 10 black holes and a = 1/2.
The contour plots are given in the polar (r, θ) plane from the coordinate boundary r = ℓ = 2M
where the microscopic black holes are to r = 3M . From left to right: the deviation of Z, ∆Z
(5.10), A, and the deviation of G, ∆G (5.10).

Fig.16, we plot the following functions in the (r, θ) plane,

∆Z(r, θ) ≡

∣∣∣∣∣Z−2 −
(
1− 2M

r

)
1− 2M

r

∣∣∣∣∣ , ∆G(r, θ) ≡ |G− 1| , (5.10)

which measure the deviations of the main functions from the Schwarzschild values.
The plots clearly demonstrate that the bound state is indeed indistinguishable from a

Schwarzschild black hole up to infinitesimal distance to the Schwarzschild horizon, as expected.
It is noteworthy that the precision is even higher than anticipated, as we are already achieving
a very good match even with just N = 10 black holes.

Furthermore, we provide a plot of the electric gauge potential in Fig.16. The potential

exhibits a dipole structure as expected from (5.9), and we find A(r, θ) <
sin(πa

2
)

4N for r ≳ 2M(1 +
O(N−1)). This is quite remarkable considering that at the coordinate boundary r = 2M , we
have Reissner-Nordström black holes distributed over the surface with charges of order the ADM
mass. This illustrates the concept of electromagnetic entrapment, introduced in [13], allowing
neutral ultra-compact charge configurations to entrap their electromagnetic flux, thus resembling
vacuum solutions slightly away from the sources.

Note that we did not analyze the magnetic gauge potential H in our discussion. This is
because its characteristics are intricately linked to the electric potential through electromagnetic
duality (2.3). Consequently, all the properties found for the electric flux and charges are directly
applicable to the magnetic flux.

5.3 Internal structure

We have demonstrated that the spacetime produced by the bound states introduced in Section
5.1 are indistinguishable from a Schwarzschild black hole from the asymptotic region up to an
infinitesimal scale away from its horizon. Consequently, they resolve the Schwarzschild horizon
into a novel structure supported by intense electromagnetic flux. This flux is generated by
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dyonic black holes that can be made arbitrarily close to extremality, along with struts. In this
section, our focus is directed towards describing this structure.

The solutions are determined by two internal parameters: N , the number of black holes,
thus defining the size of the microscopic patterns δ ∼ 2M/N ; and a, the extremality parameter
of the black holes. It is worth noting that a no longer directly controls the size of the black hole
rods, as the α2k are fixed by constraints on the fk (5.3). Consequently, the rod lengths are only
approximated by α2k − α2k−1 ∼ aδ, with N−1 corrections, so that a only provides an average
extremality parameter.

These solutions are refinements of the bound states extensively studied in Section 4. There-
fore, we mainly refer to the comprehensive analysis conducted in that section. Here, we provide
a concise summary, emphasizing the differences, and focus on the novel aspect: the ability of
the new solutions to be Schwarzschild-like with a relatively small number of black holes.

• Internal charges:

The black hole charges exhibit a very similar profile to those studied in Section 4.1.1,
with slightly more sensitivity to N−1 corrections to ensure neutrality,

∑N
i=1Qi = 0. The

charge signs alternate from a black hole to another, and once again, their magnitude is
independent of the extremality parameter a at leading order in large N . More precisely,
we found:

|Qi| ∼ 4M

[
i− 1 + sin(πa2 ) + 1

π

N

(
1−

i− 1
π

N

)] 1
2
+ 5a−2

2N

, i = 1, . . . , N . (5.11)

The distinction with the charge distribution (4.1) lies only in N−1 corrections in the
power. This further reinforces the notion that this charge distribution serves as a universal
replacement for the Schwarzschild horizon.

• Temperature and entropy:

Similarly, the temperatures and entropies of the microscopic black holes closely match
those discussed in Section 4.1.2 at leading order in large N . The average temperature, T ,
and the entropy of the bound state, S, can be expressed in terms of the ADM mass and
extremality parameter as in (4.4):

T ∼ (1− a)

(
1 + a+

3

8
a2 +

1

2
a4
)

TSchw , S ∼ SSchw

1 + a+ 3
8a

2 + 1
2a

4
, (5.12)

where TSchw = (8πM)−1 and SSchw = 4πM2 are the temperature and entropy of a
Schwarzschild black hole. Hence, the entropy of the bound states always remains a frac-
tion of the Schwarzschild entropy. Moreover, this shows that the bound states develop an
effective temperature that relates the ADM mass to the entropy as in (4.5), 2M = Teff S
with Teff ∼

(
1 + a+ 3

8a
2 + 1

2a
4
)
TSchw.

• Strut properties:

The properties of the struts also match those of the bound states analyzed in section 4.2.
The strut tensions are relatively mild when a ≳ 0.2, meaning when the black holes are not
too close to merging. The maximum tension and and the total strut energy are given by

max(|Ti|) = O(N) , Estruts ∼ −aM

2

(
1− 1.84

N

)
. (5.13)
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(a) Radius of the two-sphere, normalized by 2M ,
as a function of r.
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Figure 17: Global characteristics of the two sphere as a function of the radial coordinate r ≥
ℓ = 2M for a bound state of N = 10 black holes with a = 1

2 .

Thus, despite forming an ultra-compact geometry with intense redshift, the struts do not
need to be extreme to prevent the bound state from gravitational collapse. This becomes
even more noteworthy with the present solutions, which can approach the Schwarzschild
limit with a relatively small number of black holes, N ∼ 10.

• Deformation of the two-sphere:

We describe the geometry of the solutions by analyzing the two-sphere around the bound
state as in Section 4.3, and we focus on bound states with a small number of black holes.

Firstly, Figure 17 provides a description of the global characteristics of the two-sphere
in terms of radius and axisymmetry factor, RS2 and LNS/LWE (4.11). These plots are
obtained for bound states with N = 10 black holes with a = 1

2 .

The plots demonstrate that the macroscopic properties of the two-sphere closely match
the Schwarzschild expectation, even more so than anticipated. In fact, the radius and
axisymmetry factor deviate from the Schwarzschild values by only 1% below r < 2M(1 +
10−2). This close resemblance can be attributed to two main factors. First, as observed in
Section 4.3, the deformations induced by the black holes result in local oscillations along
the two-sphere, which do not significantly impact macroscopic quantities such as overall
lengths and area. Second, the present solutions are refinements with stronger similarities
to the Schwarzschild solutions. In these solutions, the number of black holes is not the
sole factor determining the resolution scale. Other factors, such as the net neutral charge
distribution and positions of the black holes, also likely influence this scale.

Figure 18 provides a local description of the two-sphere for three illustrative radii r. The
two-sphere is described as the two-dimensional surface derived from the line element of
the (θ, ϕ) space at these radii, as detailed in Section 4.3. The first plot on the left, at
r = 2M(1 + N−1), illustrates that the two-sphere is spherical at this radius, identical to
the Schwarzschild two-sphere. The second plot, at r = 2M(1+8×10−3), depicts the region
where the internal structure of the bound state begins to manifest, significantly deforming
the S2.

The last plot shows the structure of the bound state at the coordinate boundary r = ℓ =
2M , where the black holes and struts are located. This reveals the profiles of the ten
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Figure 18: The two-sphere of a bound state with N = 10 Reissner-Nordström black hole and
a = 1

2 . The two-sphere is given for three values of r from left to right: at r ≳ 2M(1 + ϵ)
where the bound state is indistinguishable from a Schwarzschild black hole (round sphere), at
r ∼ 2M(1 + ϵ) where the geometry starts to deviate from Schwarzschild and at the sources
r = ℓ = 2M corresponding to N black holes held apart by struts.

horizons, while the empty regions between them correspond to the struts. Despite the
high degree of deformation at the black hole horizons, as a whole, they closely resemble
the shape of a sphere, even with few black holes, ensuring that the total area still scales
as the Schwarzschild horizon area.

This concludes our analysis of the second class of solutions introduced in Section 5.1. We have
demonstrated that the solutions are refined versions of the bound states studied in Section 4,
such that they have very similar properties with small N−1 corrections to cancel the infinitesimal
net residual charge. Consequently, they do not necessarily require a large number of black holes
to be indistinguishable from the Schwarzschild black hole up to a small distance above its
horizon. As a result, they “resolve” the Schwarzschild horizon into a novel structure generated
by electromagnetic degrees of freedom. These electromagnetic degrees of freedom account for
a fraction of the Schwarzschild entropy and manifest as Reissner-Nordström black holes held
apart by struts in four dimensions.

6 Discussion

In this section, we provide a summary of the results and some directions for future research.

6.1 Summary

We have demonstrated that the Ernst formalism enables the construction and analysis of neutral
bound states of Reissner-Nordström black holes in four dimensions, which are indistinguishable
from the Schwarzschild geometry from the asymptotic region up to an infinitesimal scale above
the Schwarzschild horizon. Below this scale, the latter is replaced by a novel structure supported
by intense electromagnetic flux generated by a chain of microscopic Reissner-Nordström black
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holes held apart by struts. Through a comprehensive analysis of this novel structure, we have
identified the following properties:

• The extremality properties of the internal black holes can be arbitrarily adjusted, allowing
for instance the resolution of the Schwarzschild black hole into a neutral bound state of
extremal black holes.

• The crucial condition for resolving Schwarzschild lies in the charge distribution of the in-
ternal black holes. We have demonstrated that all bound states adhere to a fairly universal
charge distribution.12 This distribution requires that the charge at each internal black hole
has a magnitude of |Qi| ∼ 2

√
xi(2M − xi), where 0 < xi < 2M is the position of the ith

black hole replacing the Schwarzschild horizon of rod size 2M .

• The entropy of the bound states always represents a fraction of the Schwarzschild entropy,
with a minimum of S ∼ 0.35SSchw when all black holes are extremal. Thus, the degrees
of freedom within the microscopic charged black holes accounts for a significant portion of
the degrees of freedom in the Schwarzschild black hole.

• The temperature of the bound state differs significantly from the Schwarzschild temper-
ature and is always smaller. For example, the temperature is strictly zero when the
microscopic black holes are extremal. However, the bound states exhibit an effective tem-
perature determined by the relation between its entropy and mass, 2M = TeffS, where Teff

scales between TSchw and 2.9TSchw, even at extremality.

• The horizons of the internal black holes are highly deformed due to the intense gravitational
environment near the bound states. The black holes in the middle of the bound states
are completely flattened at their poles, with one extended direction. Remarkably, this
extended direction has a length such that the horizons, when combined, maintain the
shape of a sphere, as shown in Fig.14 and 18. We believe that this property is also a
prerequisite for achieving a Schwarzschild-like geometry, and that this property emerges
from the specific charge distribution and positions of the black holes.

• Despite the ultra-compact nature of the bound states, the struts, which are necessary in
four dimensions to prevent the gravitational collapse of Ernst solutions, do not become
extremely tense as one might expect. Remarkably, the maximum strut tension remains of
the order −N , where N is the number of black holes in the bound state, and the total
strut energy is of the order −M/2.

6.2 Embedding in supergravity

One major limitation of the solutions developed in this paper lies in the presence of struts.
Struts are unphysical singularities that prevent us from regarding the bound states as genuine
and regular configurations of black holes. However, previous studies in the literature have shown
that struts, which are features of four-dimensional constructions, can be classically replaced when
considering higher-dimensional theories of gravity [33, 22], particularly supergravity theories
[23–25,36,38–40,13,12].

First, it has been observed that the addition of extra compact dimensions does not alter
the integrable structure of Einstein’s equations when assuming staticity and axial symmetry

12This distribution applies to bound states with alternating signs of charges only (e.g., ”+−+−. . .”). We believe
that another universal distribution could be found for a different pattern of signs, such as ”+−−++−−+ . . .”.
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[33]. This observation has been extended to solutions with electromagnetic fields and the Ernst
formalism [25].

Second, deformation of extra compact dimensions can be used to replace a strut with a
smooth Kaluza-Klein bubble, where an extra compact dimension degenerates. This approach
imposes constraints on bound states of black holes, fixing the distances between the black holes
in terms of the radius of the extra dimension [22,12,13]. While struts can have arbitrary tension
to prevent collapse, a Kaluza-Klein bubble possesses a specific topological pressure for a given
size, necessitating precise tuning to counterbalance gravitational attraction. Given that the
characteristics of the struts in the bound states constructed in this paper are not extreme, we
believe such a resolution is achievable without altering the main properties of the bound states
in a similar manner as in [12,13].

Moreover, these gravitational constraints offer significant insights into the bound states.
First, while families of solutions with struts are described by continuous parameters, the con-
straints lead to a discrete number of solutions [13]. Secondly, when embedded in suitable string
theory frameworks where charges emerge as branes and anti-branes, these constraints establish
a connection between microscopic degrees of freedom in brane/anti-brane systems derived at
zero coupling [1–4] and bound state entropy derived in supergravity, as shown in [12].

A similar scenario is anticipated for our bound states. In future research, our aim is to em-
bed the solutions in supergravity, where electromagnetic charges correspond to localized branes
and anti-branes generating (near)-extremal black holes. Subsequently, by resolving the struts
through Kaluza-Klein bubbles, we can offer a more physical description of the spacetime struc-
tures constructed here in four dimensions. The entropy derived in gravity and the similarity to
the Schwarzschild black hole up to the horizon scale will remain unaffected. Moreover, resolving
the struts will provide crucial constraints to relate this entropy to the microscopic entropy of
the branes and anti-branes at weak coupling.

If successful, each bound state could provide an exact description of a distinct subset of
states within the Schwarzschild black hole. Each subset will contribute to a fraction of the
total Schwarzschild entropy. Additionally, the solutions will offer a clear microscopic origin in
terms of branes and anti-branes and a classical description as a geometry indistinguishable from
Schwarzschild, where the Schwarzschild horizon resolves into a chain of charged black holes
separated by smooth Kaluza-Klein bubbles. The resolution scale is expected to depend on the
number of black holes N as well as the infinitesimal Kaluza-Klein scales of the internal compact
dimensions used to generate the topology.

Thus, our current results represent an initial step towards a fundamental understanding of
the microstructure behind the Schwarzschild black hole and a brane/anti-brane description of
the Schwarzschild black hole in string theory.

6.3 Thermodynamic description of the bound states

In this paper, we have derived thermodynamic quantities of the bound states, such as tempera-
ture, entropy, and strut tensions, in terms of the ADM mass and some internal parameters. The
most intriguing quantity was undoubtedly the temperature. While the entropy always scaled
as a fraction of the Schwarzschild entropy, proportional to M2, the temperature could be made
arbitrarily close to zero by making the microscopic black holes extremal. This change did not af-
fect the macroscopic properties of the bound states, allowing an effective temperature to emerge
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from the relation between mass and entropy (4.5):

2M = Teff S , Teff ∼
(
1 + a+

3

8
a2 +

1

2
a4
)

TSchw , (6.1)

where a is the extremality parameter, ranging between 0 (merging point) and 1 (extremal).
This relation prompts many questions about the thermodynamic properties of the bound

states. Firstly, it would be interesting to delve deeper into these properties by deriving the first
law of thermodynamics for the class of solutions presented in this paper. This involves deriving
the variation of the total mass in terms of a selected set of independent observables, typically
containing entropy. This has been accomplished for various solutions consisting of collinear
black holes by deriving the variation of the ADM mass in terms of internal parameters and
relating them to variations in entropy, local charges, and strut tensions [41, 42], or by deriving
the Euclidean action [43] as in [44,45].

Secondly, it would be interesting to investigate whether the effective temperature can be
associated with radiation from the bound states akin to Hawking radiation [35]. Hawking
radiation describes the decay of a black hole through the separation of virtual pairs that nucleate
near the horizon from quantum fluctuations. The spectrum and characteristics of this effect
follow a thermal profile with the same temperature as the value obtained from the surface gravity.
While the black holes in our bound states should also radiate through the Hawking process near
their horizon, another radiation channel could follow a thermal profile given by Teff. This channel
could involve the spontaneous creation of charged pairs not in the near-horizon region of the
black holes but in the regions between the black holes. In these regions, the redshift is also
very large, with intense electromagnetic fields. Thus, virtual pairs of charged particles could
separate there, following the Schwinger mechanism [46], and one or both elements of the pairs
could fall into nearby black holes, decreasing their charges and consequently reducing the energy
of the entire bound states. Determining the emission rate for this decay channel could provide
a physical interpretation of the effective temperature derived in this paper and a comprehensive
thermodynamic description of the bound states.

6.4 Gravitational signatures

The bound states of Reissner-Nordström black holes introduce novel spacetime structures at
the Schwarzschild horizon, which could manifest in observables. Therefore, investigating the
gravitational signatures of these bound states is of great interest.

Concerning light scattering and imaging, the Schwarzschild black hole is primarily defined
by its unstable photon ring at r = 3M , where light rays crossing this boundary inevitably reach
the horizon and are absorbed. Since the bound states are indistinguishable from Schwarzschild
around r = 3M , we anticipate a similar outer photon ring with equivalent scattering properties.
However, incoming photons will intersect the region around r ∼ 2M and experience different
trajectories compared to Schwarzschild, as they orbit around the microscopic black holes. Some
photons may be absorbed by the black holes, while others might escape after an extended period
due to the high redshift within the internal structure. Consequently, it would be interesting to
apply techniques similar to those in [47–53] to illustrate the effect of the internal structure at
the horizon scale on photon scattering, directly comparing it with the Schwarzschild black hole.
Additionally, further exploration could involve simulating the imaging of an accretion disk and
the effect of internal structure using various techniques found in the literature (see [54–56] for
a non-exhaustive list). Moreover, analyzing the scattering of charged particles that could be
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affected by the intense electromagnetic field entrapped around r ∼ 2M is another intriguing
avenue.

Another research direction to explore is the quasi-normal modes and linear response of the
bound states under perturbations. This involves deriving the quasi-normal mode spectrum of
scalar and, ultimately, gravitational perturbations. Initially, we might expect a spectrum very
similar to the Schwarzschild spectrum, with additional echo modes from the internal structure as
discussed in [57–60], or cavity effects in the damping time as explored in [61]. These derivations
can provide insights into the potential impact of new physics emerging near the horizon of
astrophysical black holes.

Acknowledgements

We would like to thank Ibrahima Bah, Iosif Bena, Bogdan Ganchev, Marcel Hughes, Samir
Mathur and Madhur Metha for useful discussions. The work of PH is supported by the Depart-
ment of Physics at The Ohio State University.

A Collinear Reissner-Nordström black holes

In this appendix, we review the solutions corresponding to N collinear Reissner-Nordström black
holes, first derived in [18] as the static limit of collinear Kerr-Newman black holes [20]. The
solutions are uniquely defined by their axis data (2.10),

e(z) = 1 +

N∑
i=1

ei
z − βi

, f(z) =

N∑
i=1

fi
z − βi

, (A.1)

which correspond to the field values above the last rod on the symmetry axis (2.11), but they
also fix the solutions across the entire spacetime. Thus, the solutions are determined by 3N real
parameters (βi, fi, ei). However, as pointed out in [18], it is more relevant to work with the 2N
zeroes of the gravitational field, denoted as αk, which satisfy the algebraic equation:

e(z) + f(z)2 = 0, (A.2)

and extract the values of (fi, ei) from the αk and βi as in (3.4). As such, the αk correspond to
the rod endpoints and therefore to the positions of the black holes on the z-axis.

In Weyl-Papapetrou coordinates, the solutions can be expressed in terms of four matrix
determinants dependent on the 3N parameters and the coordinates (ρ, z), as shown in [18,20]:

E± =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1

±1 r1
α1−β1

. . . r2N
α2N−β1

...
...

. . .
...

±1 r1
α1−βN

. . . r2N
α2N−βN

0 h1(α1)
α1−β1

. . . h1(α2N )
α2N−β1

...
...

. . .
...

0 hN (α1)
α1−βN

. . . hN (α2N )
α2N−βN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, F =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 f(α1) . . . f(α2N )

−1 r1
α1−β1

. . . r2N
α2N−β1

...
...

. . .
...

−1 r1
α1−βN

. . . r2N
α2N−βN

0 h1(α1)
α1−β1

. . . h1(α2N )
α2N−β1

...
...

. . .
...

0 hN (α1)
α1−βN

. . . hN (α2N )
α2N−βN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (A.3)
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and

K =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
α1−β1

. . . 1
α2N−β1

...
. . .

...
1

α1−βN
. . . 1

α2N−βN
h1(α1)
α1−β1

. . . h1(α2N )
α2N−β1

...
. . .

...
hN (α1)
α1−βN

. . . hN (α2N )
α2N−βN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, I =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∑N
k=1 fk 0 f(α1) . . . f(α2N )

z 1 1 . . . 1

−β1 −1 r1
α1−β1

. . . r2N
α2N−β1

...
...

...
. . .

...

−βN −1 r1
α1−βN

. . . r2N
α2N−βN

e1 0 h1(α1)
α1−β1

. . . h1(α2N )
α2N−β1

...
...

...
. . .

...

eN 0 hN (α1)
α1−βN

. . . hN (α2N )
α2N−βN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (A.4)

where we remind that rk =
√
ρ2 + (z − αk)2 are the distance to the rod endpoints, and we used:

f(αk) =

N∑
n=1

fn
αk − βn

, hk(αi) = ek + 2fkf(αi) . (A.5)

The fields entering the metric and gauge field (2.2) are given by:

Z =
E−√

E+E− + F 2
, e4ν =

E+E− + F 2

K2
∏2N

n=1 rn
, A =

F

E−
, H = − I

E−
. (A.6)

The solutions correspond to N non-extremal Reissner-Nordström black holes on a line, and
we refer the reader to Section 3.2 for an analysis of the geometries. As a side note, the limit in
which one or several black holes become extremal (i.e., α2k−1 → α2k if the k

th black hole becomes
extremal) is non-trivial because all the determinants become zero. Therefore, deriving such a
solution requires reapplying the Sigbatulin method from scratch. The fields corresponding to N
extremal Reissner-Nordström black holes can be found in [13].

B Black hole bound states and Schwarzschild limit

In this appendix, we provide details on the derivations outlined in Section 3.3.1 and Section
5.2. These sections demonstrate that the two classes of bound states constructed in the pa-
per, each consisting of N small Reissner-Nordström black holes, are indistinguishable from the
Schwarzschild black hole. To achieve this, we used the indistinguishability argument introduced
in Section 2.3, which allows us to focus on the axis data of the solutions.

In this section, we first demonstrate how to approximate the intricate values of the fi (3.18),
which are part of the electric axis data. Then, we show that the axis data of the bound states
constructed in this paper match those of Schwarzschild using a Riemann sum approximation.
Finally, we provide an illustrative example showing that the analysis on the symmetry axis
indeed extends to the entire spacetime.

B.1 Approximation of the fi

In Section 3.3, we introduced bound states of N ≫ 1 small black holes, for which the positions
and parameters βk are entirely fixed in infinitesimal patterns of length δ as follows:

α2k−1 = (k − 1) δ, α2k = (k − a) δ , βk =
(
k − 1− a

2

)
δ , k = 1, . . . , N . (B.1)
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This fixes the parameters fi (3.4) to be:

f2
i =

a(2− a) δ2

4

∏
k ̸=i

(
1− a

2 (i− k)

)(
1− 2− a

2 (i− k)

)
. (B.2)

To obtain a large-N approximation of the fi, we first consider the ratio:

f2
i+1 − f2

i

f2
i

=
N

(i−N) i
+O

(
N−2

)
. (B.3)

This can be interpreted as a discrete differential equation by introducing yi = i/N :

f2
i+1 − f2

i

f2
i

=
yi+1 − yi
yi(1− yi)

, ↭
d(f2)

f2
=

dy

y(1− y)
. (B.4)

By integrating the relation, we find, at leading order in large N :

f2
i ∼ F (i+ c1)

2 , F(x) ≡ c2

√
N − x

x
. (B.5)

where (c1, c2) are integration constants that we need to fix. By matching the large N expression
of f2

1 and f2
N
2

from (B.2), we obtain:

c1 = −1 +
sin(π2 a)

π
, c2 =

δ sin(π2 a)

π
, (B.6)

which leads to the approximation given in (3.21):

fi ∼ ±F
(
i− 1 +

sin(π2 a)

π

)
, F(x) ≡

δ sin(π2 a)

π

√
N − x

x
. (B.7)

B.2 Approximation of the axis data

For both classes of solutions introduced in Sections 3.3 and 5.1, the parameters (αk, βk) can be
interpreted as infinitesimal steps of order k

N ℓ, where ℓ is the configuration size of order 2M . Thus,
the axis data (A.1) can be approximated at large N using the Riemann sum approximation,
which states that for any function g slowly varying between 0 and 1,

1

N

N∑
k=1

g

(
k

N

)
≃
∫ 1

0
g(x) dx . (B.8)

This can also be expressed in terms of a product:

N∏
k=1

g

(
k

N

)
≃ exp

[
N

∫ 1

0
log(g(x)) dx

]
. (B.9)

This approximation technique was first used in a similar context in [24], and we refer interested
readers to Appendix C of that paper for more details.

To approximate the axis data, we will not directly apply the Riemann sum approximation
to e(z) and f(z), but rather to:

e(z) + f(z)2 =

∏2N
k=1(z − αk)∏N
k=1(z − βk)2

, f(z) =

N∑
i=1

fi
z − βi

. (B.10)

These quantities correspond to the gravitational and electric fields on the symmetry axis above
the last black hole (2.11).
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B.2.1 For the first class of solutions

We analyze the first class of solutions defined by the parameters (B.1).

• Gravitational axis data:

First, we simplify the gravitational axis data13

e(z) + f(z)2 =

N∏
k=1

(
z
ℓ −

k−a
N−a

)(
z
ℓ −

k−1
N−a

)
(

z
ℓ −

k−1−a
2

N−a

)2 . (B.11)

The argument in the product represents a slowly varying function of x = k/N if and only
if z/ℓ is not too close to a zero or a pole. By restricting to values of z above the rod
configuration, z ≥ ℓ, this requires z ≳ ℓ(1+O( 1

N )) where “≳” means an order larger than
the right-hand side.14

Thus, in this range of the z coordinate, we can apply the Riemann sum approximation
(B.9), which leads to

e(z) + f(z)2 ∼ 1− ℓ

z
, (B.12)

at the leading order in the large N limit. It has to be pointed out that this expression is not
a large z expansion. This is valid for any values of z slightly above the rod configuration,
z ≳ ℓ(1 +O( 1

N )).

Using the relation (2.11), this shows that the gravitational redshift function Z is identical
to that of a Schwarzschild black hole on the symmetry axis right above the last black hole
in the chain:

Z
(
ρ = 0, z ≥ ℓ (1 +O( 1

N ))
)−2 ∼ 1− ℓ

z
.

• Electric axis data:

The electric axis data (B.10) involves the parameters fi, approximated at large N by (B.7),
for which the sign can be arbitrarily chosen.

By first assuming all fi to be positive, we have

f(z) ∼
sin
(
π
2a
)

π(N − a)

N∑
k=1

√
N−k−c1
k+c1

z
ℓ −

k−1−a
2

N−a

, (B.13)

where c1 is given in (B.6). As before, the argument in the sum is a slowly-varying function
of x = k/N if we consider z ≳ ℓ(1+O( 1

N )). By applying the Riemann sum approximation
in that range, we find

f(z) ∼ 2 sin
(
π
2 a
)(

1−
√

z − ℓ

z

)
. (B.14)

Thus, the electric axis data is far from zero for a ̸= 0, differing from the Schwarzschild axis
data. Such a bound state of Reissner-Nordström black holes will therefore significantly

13We used the relation (3.16) between δ and ℓ to make the k/N dependence manifest.
14For instance, z = ℓ(1 +Nh−1) where h > 0 is sufficient.
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deviate from a Schwarzschild black hole, despite having the same gravitational axis data.
This could have been expected, as the fi are associated with the charges of the black holes,
and having all the fi positive implies that the charges have the same sign, resulting in a
nonzero net charge (3.17) given by Q =

∑
fi = sin

(
π
2 a
)
ℓ(1+O(N−1)), which aligns with

the above expression.

To have a negligible electric axis data right above the last black hole, the charges need to
change sign between two neighboring black holes, meaning the fi should alternate in sign.
By doing so, we have

f(z) ∼
sin
(
π
2a
)

π(N − a)

N∑
k=1

(−1)k+1
√

N−k−c1
k+c1

z
ℓ −

k−1−a
2

N−a

. (B.15)

To apply the Riemann sum approximation, we need to split the sum for even and odd
values of k and apply the approximation twice. We find that the leading order terms of
both sums (of order N0) cancel out, leaving a subleading N−1/2 contribution:

f(z) ∼
2 sin

(
a
2

)
ℓ

√
N

1

z
, z ≳ ℓ(1 +O( 1

N )) . (B.16)

This corresponds to the axis data of an infinitesimal monopole charge in the large N
limit. However, it is important to note that this expression is not precise. It arises as the
subleading contribution in the large N expansion, which could be corrected by subleading
contributions in the approximated values of fi (B.7).

Nevertheless, this demonstrates that when the signs of the fi alternate, the electric axis
data is given, for z ≳ ℓ(1 +O( 1

N )), by

f(z) ∼ Q

z
, Q = O

(
ℓ√
N

)
= O

(
M√
N

)
, (B.17)

at the leading order in the large N expansion. The electric axis data also corresponds to
a monopole charge, but this time, the charge is negligible and parametrically smaller than
the mass.

Thus, such a solution has the same gravitational and electric axis data as a Schwarzschild
black hole at leading order in the large N expansion and for z ≳ 2M(1 + O( 1

N )). This
allows us to apply the indistinguishability property discussed in Section 2.3 that shows
that the solutions are indistinguishable in the whole spacetime for a similar range of radial
distance r ≳ 2M(1+O( 1

N )). We will analyze a specific example illustrating this extension
to the whole space in Section B.3.

B.2.2 For the second class of solutions

In Section 5.1, we introduced a second class of solutions consisting of N ≫ 1 small Reissner-
Nordström black holes arranged along a line. This class serves as a refinement of the first family
of solutions, ensuring they have no negligible net charge of order M/

√
N . To achieve this, we

fix 3N parameters: the configuration length ℓ = 2M , the fk (5.2), the βk, and N − 1 rod
edges, α2k−1 (5.1). However, because these parameters are close to those of the first class, the
remaining α1 and α2k are also similarly close for large N (5.5).

40



The analysis of the axis data for these new solutions closely follows the previous one. For
instance, the argument for the gravitational axis data remains identical, and we find similarly
that

Z
(
ρ = 0, z ≥ ℓ (1 +O( 1

N ))
)−2 ∼ 1− ℓ

z
.

However, the electric axis data changes significantly due to the alternation in sign of the fk:

f(z) =
sin
(
π
2a
)

N π

N∑
k=1

(−1)k+1

√
N−2⌊k+1

2 ⌋+1
2−c1

2⌊k+1
2 ⌋−1

2+c1

z
δN − k−1−a

2
N

. (B.18)

Similarly, one can apply the Riemann sum approximation by splitting the sum into even and
odd values of k, and for z not too close to the poles in the argument, z ≳ δN(1 + O(N−1)) =
2M(1 +O(N−1)). We find:

f(z) ∼
sin(πa2 )

N

M2

z2

√
z

z − 2M
. (B.19)

This clearly indicates that the monopole term has been strictly canceled, as expected, and we
are left with a function that is, at worst, of order O(N−1) when z ≳ 2M(1+O(N−1)). Moreover,
the leading multipole moment is the dipole of order M2/N , while all higher multipoles scale like
Mn/N .

This demonstrates that the second class of solutions have axis data that match those of
Schwarzschild even more closely than the first class of solutions for z ≳ 2M(1 + O(N−1)).
Moreover, one does not necessarily need N to be very large to achieve close values. The indis-
tinguishability property discussed in Section 2.3 shows that the solutions are indistinguishable
in the whole spacetime for a similar range of radial distance r ≳ 2M(1 +O( 1

N )). This has been
illustrated through a specific example in Fig.16.

B.3 Illustration out of the axis

In the preceding section, we used the property of Ernst solutions to be entirely determined by
their behavior on the axis of symmetry. Thus, by analyzing the field values on the symmetry axis
just above the rod configurations, we demonstrated that configurations of N aligned Reissner-
Nordström black holes are indistinguishable from a Schwarzschild black hole from the asymptotic
region up to an infinitesimal distance from the Schwarzschild horizon.

At first glance, the extrapolation from the axis of symmetry to the entire spacetime might
seem dubious. Clearly, this notion is fundamentally wrong for arbitrary solutions of Einstein’s
equations: one cannot obtain information about the entire spacetime solely by examining the
field values on a single axial slice. However, the arguments outlined in Section 2.3 establish that
this holds true for any axially-symmetric and static solutions.

In this appendix, we support this argument by analyzing a specific solution and comparing
it with a Schwarzschild geometry across the entire spacetime. We focus on a solution made of
N = 100 black holes, given by the parameters (B.1) with a = 1

2 . The infinitesimal length δ is
determined by the ADM mass and N in (3.17).

To compare the solution with a Schwarzschild black hole of the same mass, we introduce the
functions:

∆Z(r, θ) ≡

∣∣∣∣∣Z−2 −
(
1− 2M

r

)
1− 2M

r

∣∣∣∣∣ , ∆G(r, θ) ≡ |G− 1| , (B.20)
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Figure 19: Comparison of the gravitational field, Z, electric potential, A, and base function,
G with the Schwarzschild values for a bound state made of N = 100 black holes and a = 1

2 .
The contour plots are given in the polar (r, θ) plane from the coordinate boundary r = ℓ ∼ 2M
where the microscopic black holes are to r = 3M . From left to right: the deviation of Z, ∆Z,
A, and the deviation of G, ∆G = |G− 1|.

which measure the deviations of the metric fields from their Schwarzschild counterparts. Re-
garding the electromagnetic gauge field, we focus solely on the electric potential A, as A = 0 for
Schwarzschild. The magnetic potential H does not require specific attention as it is related to
A by electromagnetic duality (2.3).

We present three distinct plots in Figure 19. Each plot is depicted in the polar plane (r, θ),
where the radial coordinate r ranges from r ≥ ℓ ∼ 2M , the coordinate boundary, up to r = 3M .
According to our analytical derivation, we anticipate the solution to deviate from Schwarzschild
below r ∼ 2M(1 + 10−2), with corrections of order N−1/2 = 0.1 at that radius.

The first plot, on the right-hand side, displays the difference with the Schwarzschild gravita-
tional field ∆Z. The discrepancy between our solution and Schwarzschild indeed becomes less
than N−1/2 at a proper distance from the horizon greater than M

N .
The second plot illustrates the electric potential. A residual monopole contribution is clearly

manifest, as expected. However, in line with equation (B.17), the asymptotic charge is of order
M√
N
, resulting in the electric potential being, at worst, of order N−1/2.

Finally, the last plot corresponds to G, which determines the three-dimensional base (2.9).
The function aligns more closely with the Schwarzschild solution compared to the other plots.
This can be attributed to the fact that a single Reissner-Nordström black hole has G = 1,
akin to a Schwarzschild black hole. Hence, our bound state closely resembles a single Reissner-
Nordström black hole with an infinitesimal charge of order M√

N
, with its primary deviation from

a Schwarzschild black hole arising from this residual charge. This underscores the reason behind
the second class of solutions, which are constructed to have a zero total charge by design, thereby
better aligning with the Schwarzschild geometry, as illustrated in Fig.16 for N = 10.

As a final observation, it’s worth noting that during our investigation, we observed that as
the bound states approach extremality (a = 1), the deviation from Schwarzschild becomes more
pronounced. However, it still remains a relatively accurate approximation overall. This implies
that a physical quantity scaling as 1

N for a solution with small black holes far from extremality
will continue to scale as 1

N in the near-extremal or extremal case. Nevertheless, the order-one
constant is larger when we are closer to extremality.
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[37] M. Astorino, R. Emparan, and A. Viganò, “Bubbles of nothing in binary black holes and
black rings, and viceversa,” JHEP 07 (2022) 007, arXiv:2204.09690 [hep-th].

[38] I. Bah and P. Heidmann, “Non-BPS bubbling geometries in AdS3,” JHEP 02 (2023) 133,
arXiv:2210.06483 [hep-th].

[39] P. Heidmann and A. Houppe, “Solitonic excitations in AdS2,” JHEP 07 (2023) 186,
arXiv:2212.05065 [hep-th].

[40] I. Bah and P. Heidmann, “Geometric Resolution of Schwarzschild Horizon,”
arXiv:2303.10186 [hep-th].

[41] R. Gregory, Z. L. Lim, and A. Scoins, “Thermodynamics of Many Black Holes,” Front. in
Phys. 9 (2021) 187, arXiv:2012.15561 [gr-qc].
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