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Abstract

This paper investigates the impact of small instanton effects on the axion mass in the
composite accidental axion (CAA) models. These models are designed to address the axion
quality problem, where QCD gauge symmetry is embedded as an unbroken diagonal subgroup of
a product gauge group. These models contain small instantons not included in low-energy QCD,
which could enhance the axion mass significantly. However, in the CAA models, our analysis
reveals that these effects on the axion mass are non-vanishing but are negligible compared
to the QCD effects. This highlights the important role of anomalous but non-spontaneously
broken U(1) symmetries in restricting the impact of small instantons on the axion mass. Our
study provides crucial insights into the dynamics within CAA models and suggests broader
implications for understanding small instanton effects in other composite axion models.
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1 Introduction

The Peccei-Quinn (PQ) mechanism is the most prominent solution to the strong CP problem [1-4].
In this mechanism, a global U(1) symmetry called PQ symmetry, plays a crucial role. This symmetry
is an exact symmetry, except for the axial anomaly of QCD. With the spontaneous P(Q symmetry
breaking, the effective 0—angle of QCD is cancelled by the vacuum expectation value (VEV) of the
axion, so that the strong CP problem is solved.

However, the assumption of such a convenient global symmetry seems to be weakly grounded.
By its definition, the PQ symmetry is an inexact symmetry due to the anomaly. It is also argued
that all global symmetries are broken by quantum gravity effects [5-10]. These arguments suggest
that the presence of (higher-dimensional) operators that violate the PQ symmetry cannot generally



be ruled out. When such operators are present, the resultant effective f—angle easily exceeds the
experimental constraints, and spoils the PQ mechanism [10-12]. This issue is known as the axion
quality problem.

The axion quality problem has motivated various extensions of axion models, so that a PQ
symmetry emerges as an almost exact symmetry. For instance, the accidental PQ symmetry can be
achieved by certain (discrete) gauge symmetries, as detailed in Refs. [12-23]. Alternatively, a high-
quality PQ symmetry may arise from an extra-dimensional setup [24-30]. Models with high-quality
accidental PQ symmetry have been also explored, where the axion appears as a composite state
resulting from new strong dynamics, called axicolor dynamics [31-38].

In many of those extensions, SU(3)qcp is often embedded in a larger gauge group. In such cases,
the models have instanton configurations which do not appear in the low-energy QCD. As pointed
out in Ref. [39], those small instantons can induce a sizable effects on the axion mass compared with
the QCD effects. The small instanton effects are currently subjects of intense interest and debate in
the field [40-43].

In this paper, we discuss small instanton effects on the axion mass in composite axion models
with high-quality PQ symmetry. In particular, we mainly discuss composite accidental axion (CAA)
models proposed by Redi and Sato [34], in which SU(3)qcp appears as an unbroken diagonal sub-
group of the product gauge group due to the axicolor dynamics. Since the axion couples to the small
instantons which do not appear in low-energy QCD, it is important to evaluate the effects of those
instantons on the axion mass.

As we will see, those small instantons do contribute to the axion mass, in addition to the QCD
contributions. We will also find, however, that those contributions are negligibly small compared
with the QCD contributions. To derive these conclusions, accidental chiral U(1) symmetries other
than U(1)pq symmetry play a crucial role.

The organization of this paper is as follows. In Sec. 2, we briefly review the small instanton effects
on the axion potential, in a simple model without fermions. In Sec. 3, we review the composite axion
model in Refs. [44, 45] and the simplest CAA model. In Sec.4, we discuss small instanton effects
in a perturbative toy model mimicking the CAA model. In Sec.5, we discuss the small instanton
effects in the CAA model. In Sec. 6, we also discuss other composite axion models. The final section
is devoted to our conclusions.

2 Small Instanton Effects on Axion Mass without Fermion

In the CAA models, the accidental PQ symmetry is spontaneously broken due to the axicolor
dynamics. This dynamics also breaks a product gauge group, resulting in SU(3)qcp emerging as an
unbroken diagonal subgroup. In this section, we review a model where small instantons not included
in low-energy QCD enhance the axion mass significantly [39, 40].

2.1 Constrained Instanton

We consider a model where the small instantons which are not included in the low-energy QCD
reside in a broken part of the product gauge group. Instanton configurations in the broken phase
are called constrained instanton [46]. The essential points of the constrained instantons can be
understood by considering a spontaneously broken SU(2) gauge theory as an example.



Following Ref. [47], we assume SU(2) gauge symmetry is broken by the VEV of an SU(2) doublet
scalar field H. The Euclidean Lagrangian of this system is given by,!

1 A
Lp = 2—g2Tr(FWFW) + (D, H)(D,H) + Z(HTH —v?)? (2.1)

where the field strength and the covariant derivatives are defined by

F;w = a,u,Az/ - aVA,u —1 [A,uu Al/] )
D, =08, —iA,.

See Appendix A for notations of Euclidean space. Here, g is the SU(2) gauge coupling, A > 0 is the
quartic coupling, v > 0 is a mass dimensionful parameter, and A, = A}7%/2 (a = 1,2,3) with 7¢
being the Pauli matrices. At the vacuum, H obtains a VEV,

(1) - (O) , 22

which breaks SU(2) completely. The physical scalar boson mass is given by my = Vv and the
gauge boson mass is given by m4 = gv/v/2.

For v = 0, i.e., in the unbroken phase, instanton configurations are local minima of the Euclidean
action, which are labeled by winding number w. An instanton configuration with w = 1 is given by,

2%, _
u:m’ruy, H:O, (23)

where p is the instanton size and 7, is defined in Eq. (A.9). In the semi-classical approximation, an
instanton configuration contributes to the path integral, which is suppressed by a factor e=*® with
Sg = 87%/g?, which is independent of the size p.

In the broken phase, where v # 0, no instanton solutions exist in the strict sense as local minima
of the Euclidean action. As discussed in Ref.[46], an instanton-like configuration, whose size is
much smaller than the inverse of the symmetry breaking scale v=!, contributes to the semi-classical
approximation of the path integral, similar to the instantons in the unbroken phase. An instanton-
like configuration with a fixed size is called constrained instanton.

The constrained instanton solution looks like instanton for z < mZ}H while decaying exponen-

tially at = > mZ}H. At z < m}, 'y, the solution behaves as
2

ins 2p —
At = 2, +O(pman) 24

inst _ (ﬁx_jp?)m <2> +O((pman)?) - (2.5)

Note that H has a nontrivial profile and SU(2) symmetry is restored at the origin. Similarly, we
also obtain constrained anti-instanton solution by replacing 7, with 7,,.

!We take the Euclidean metric to be g, = (+,+,+, +)



By substituting the constrained (anti-)instanton into the Euclidean action, we obtain,

2 2 29
Se(p) = 8% + w + %O(p“miﬂ) : (2.6)
g Y Y

where the second term comes from the kinetic term of the scalar field, | D, H|*. Thus, for a sufficiently
small constrained instanton i.e., pmy g < 1, it can play an important role in the semi-classical

approximation as the (anti-)instanton configuration in the unbroken phase.
In this section, we have focused on an SU(2) gauge theory as a simple example. The insights
gained about constrained instantons can be applicable to models that include larger gauge groups.

2.2 Axion Mass Enhancement in Model without Fermion

To see how the small instantons affect the axion potential, let us consider a model where SU(3); x
SU(3)z is broken down to the diagonal subgroup SU(3)qcp [39]. We introduce two axions a; (i = 1,2
which couple to the F'F' terms, i.e.

Y

2
=% {—zig? Tr(F Fi) + 7= ! ( 7 9) Tr(Fi“”FiW)] . (2.7)
i=1 i !
Here, i = 1,2 denotes each gauge sector with the gauge coupling g; and the vacuum angle 6;. The
domains of the axions are given by a;/f; = [0,27), with f; denoting the decay constants of the
axions. In this model, the PQ symmetries are realized as shifts of the axions, which are anomalous
with respect to each SU(3);. In the presence of the two axions, both ¢; and 5 can be set to zero by
the shifts of the axions.
Let us assume that SU(3)1 xSU
(3, 3) scalar field, ¢. (c,d = 1,2,

(3 )2 is broken down to SU(3)qcp by the VEV of a bi-fundamental

<¢f’> =08, . (2.8)

We also assume that SU(3); x SU(3)y is weakly coupled at the scale around v. Below the breaking
scale, the effective QCD coupling is given by,
11 1

B g @)

(2.9)

where we take the renormalization scale ;1 = v. The axions couple to QCD through

L= TE™a,,) + T (Z >Tr(G“”C¥W>, (2.10)

2gQCD

where GG, denotes the field strength of QCD. Through this coupling, QCD contributes to the axion
potential, which is roughly represented by the following expression:

Vaen(ar, ag) ~ A?QCD cos (Z %) : (2.11)



Here, Aqcp is the dynamical scale of QCD. The impact of quarks in the Standard Model (SM) on
the axion potential will be discussed at the end of this section.

We denote the winding numbers of SU(3); and SU(3), sectors by k; and k. Following Ref. [48],
we label them by (&1, k2). In the semi-classical approximation, the constrained instanton with a size
p contributes to the path integral whicis suppressed by e with the action,

872
i) = o
where we consider either (1,0) or (0,1) instantons. Here, we have taken the renormalization scale
of the gauge couplings to be the inverse of the small instanton size, u = p~* [49].
In this simple model, the small constrained instantons generate additional axion potentials, which
are dominated by the contributions from those with p ~ v=!. As a result, the total axion potential
amounts to

+ O(47%p*0?) | (2.12)

a; — a;
Vay,as) ~ AéCD cos (Z E) + ot Z e 9™ cos (E) : (2.13)
Since the dynamical scale of QCD is related to the symmetry breaking scale via
2

_ 1 8m
AQCD = ve *qQcp g2QCD(U) , (214)

the axion potential can be rewritten as

4 8n2 8n2
a; — S a;
V(ay, az) ~ vle " %o cog <) +0t) e 7w cos <—) . (2.15)
25) T e
Here, bgcp is the coefficient of the one-loop S-function of the QCD gauge coupling.
Notably, the additional contributions from the small instantons lead to an increase in the axion
mass. For example, when ¢g; = g5, we find

g (v) = g3(v) = 2¢4¢p(v) | (2.16)

and hence, the additional contributions become comparable to the QCD contribution. If we extend
the gauge group from SU(3); x SU(3)y to [SU(3)]™ (ns > 1), where SU(3)qcp appears as the
diagonal subgroup of [SU(3)]", the gauge coupling constant at each sector can be as large as gZ(v) ~
nsggep(v). In such cases, further enhancement of the axion mass is possible [39].

In this discussion, we have neglected the effects of SM quarks for simplicity. Around (constrained)
instantons of both QCD and the broken part, SM quarks exhibit zero modes. Consequently, instanton
effects are suppressed by Yukawa coupling constants of SM quarks. Despite these suppressions,
however, small instanton effects can still lead to the enhancement of the axion mass, especially in
the cases where ngy > 1 [39, 40].

3 Model of Composite Accidental Axion

In this section, we review the composite axion model in Refs. [44, 45] and the simplest CAA model in
Ref. [34]. A key difference of this model from the example in Sec. 2.2 is the presence of new fermions.
As we will see in Secs. 4 and 5, chiral symmetries of the new fermions reduce the small constrained
instanton effects on the axion mass.
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Figure 1: The moose diagram of the SU(3) x [SU(N)]™ x (4)]™~! composite accidental axion
model. The arrow —> denotes the fundamental representation fermion and the arrow >— the anti-
fundamental representation of the left-handed . We show tables of the model for ny = 2 and 3 in
Tabs. 1 and 2, respectively.

3.1 Composite Axion Model

In the original composite axion model proposed in Refs. [44, 45], a new SU(N) confining gauge
interaction called axicolor is introduced. This model has left-handed Weyl fermions charged under
SU(N) and SU(3)qep as,

(N,3):; @ (N,3),® (N,1) 3 (N,1)_3 . (3.1)

Here, the subscripts indicate the charges under the U(1)pq symmetry, which is imposed by hand.
In the limit of vanishing QCD coupling, this model exhibits a chiral flavor symmetry of SU(4), x
SU(4)rxU(1)y.? Within this framework, SU(3)qcp is embedded in the vector-like subgroup, i.e.,
SU(3)qep € SU4)y € SU(4)r, x SU(4)g. The U(1)pq symmetry is identified as an axial subgroup
of SU(4), x SU(4)g, and is therefore anomaly-free with respect to SU(N). Note that U(1)pq is, on
the other hand, anomalous with respect to SU(3)qcp.

At the dynamical scale of SU(N), A, the confinement occurs and the (approximate) chiral flavor
symmetry is spontaneously broken, i.e., SU(4) x SU(4)g — SU(4)y, which includes the spontancous
breaking of U(1)pq. The corresponding 15 Goldstone modes including the axion are decomposed in
terms of SU(3)qep representations as,

15=8¢303d1. (3.2)

The color singlet Goldstone boson corresponds to the QCD axion. The colored Goldstone modes
obtain masses of O(gqcpA) from the QCD radiative corrections. The key aspect of the composite
axion model is the embedding of QCD and U(1)pq into the SU(4), x SU(4)g flavor symmetry in
axicolor dynamics.

In the original composite axion model, the U(1)pq symmetry is imposed by hand, and therefore,
the model cannot address the axion quality problem. In the following section, we will discuss an
extension of the composite axion model proposed in Ref. [34], where the U(1)pq symmetry emerges
accidentally.

2The flavor symmetry of N fermions is denoted by SU(4)r, and that of N by SU(4)g.



SU(3)w | SU(N)s1 | SUM)w | SUW)sz | UMWSSY | UL | U()s | UL
V4, 3 1 1 N 1 1 1 1
Va, 1 1 1 N -3 1 -3 1
P 3 N 1 1 1 1 —1 —1
P 1 N 1 1 —3 1 —1
h 1 N 4 1 = 1
P 1 1 4 N 0 = 0 -1

Table 1: The minimal model of the CAA with ny, = 2. The subscript “S” denotes the strong
coupling while “w” denotes the weak coupling. The indices A; and Ay of the left-handed Weyl
fermions 1’s are for the representations under SU(N)s; and SU(N)s2. The indices ¢ and p are for
the representations under SU(3),, and SU(4),,. The U(1)pq symmetry is anomalous with respect to
SU(3)w, and the U(1); symmetry is anomalous with respect to SU(3)y, x SU(4),. The global U(1)p
and U(1)’; symmetries are anomaly-free with respect to all the gauge groups. Blue and red columns
highlight weakly and strongly coupled gauge interactions. The green columns highlight anomalous
U(1) symmetries with respect to weakly coupled gauge groups.

3.2 SU(3) x SU(N)™ x SU(4)"~! Model
Gauge Group and Matter Content

In the composite accidental axion (CAA) model in Ref. [34], the axicolor is extended to a product
group, SU(N) — [SU(N)|™ (ns > 2). Each SU(N) gauge sector (labeled as SU(N)g; (i = 1,--+ ,ny))
consists of four pairs of fundamental and antifundamental left-handed Weyl fermions. The maximal
flavor symmetry of each sector is SU(4),, x SU(4)gx U(1)y as in the case of the original composite
axion model. The subgroups of the flavor symmetries are weakly gauged so that the model possess
[SU(N)]™ x [SU(4)]™ " x SU(3) gauge symmetry. The moose diagram of the model is given in
Fig. 1.

Each of n, weakly gauged symmetries corresponds to the diagonal subgroup of the product of the
SU(4),, flavor symmetry in the SU(N)g; sector and the SU(4)g flavor symmetry in the SU(N)g(i41)
sector, respectively. Among those ng weakly coupled gauge symmetries, ny, — 1 of them are gauged
as SU(4) symmetries and the other one is gauged as SU(3) symmetry. Altogether, the model has
[SU(N)]™ x [SU(4)]™ ™" x SU(3) gauge symmetry. Due to the axicolor dynamics, the weakly gauged
symmetry, [SU(4)]™ ™" x SU(3), is spontaneously broken down to the diagonal subgroup which is
identified with SU(?))QCD.

To illustrate how the model works, let us consider the simplest setup of the model with n, = 2.
The left-handed Weyl fermions in this example are listed in Tab. 1. In the table, “w” denotes the
weak coupling. The gauge couplings of the two strong gauge symmetry are given by gs1, gs2, while
those of weak SU(3),, and SU(4),, are given by g3 and g4, respectively. Note that SM quarks are
charged under SU(3),, gauge symmetry which are not shown in Tab. 1.

In the limit of vanishing weak gauge couplings, gs,94s — 0, the global symmetry is enhanced
to the maximal symmetry SU(4), x SU(4)g x U(1)y in each SU(N) gauge sector. Hereafter, we
call them SU(4)r; x SU(4)g; x U(1)y; (i = 1,2), respectively. For g3 # 0 and g4 # 0, the flavor



SUB)w | SUW)s1 | SUMw1 | SUW)s2 | SUMwe | SUM)ss | UWSSY | U@ [ uWs | U@y | U@
v, 3 1 1 1 1 N 1 1 1 1 0
Y as 1 1 1 1 1 N -3 1 -3 1 0
A 3 N 1 1 1 1 1 1 -1 -1 0
A1 1 N 1 1 1 1 =3 1 3 -1 0
W 1 N 4 1 1 1 0 -1 0 1 0
a2 1 1 4 N 1 1 0 0 0 -1 =
2 1 1 1 N 1 1 0 0 0 1 1
o3 1 1 1 1 4 N 0 -1 0 -1 0

Table 2: The CAA model with ny = 3. This model possesses an extra U(1) symmetry U(1),, in
addition to those in the model with ny = 2. Since U(1)y is anomalous only with respect to SU(4)ye
and not broken spontaneously, it can be used to cancel the f—angle of SU(4)y9. Meanings of the
colors are the same with those in Tab. 1.

symmetries are reduced to four U(1) symmetries. Two of them are U(1)y; and U(1)ye. In the
Tab. 1, we rearranged U(1)y1 and U(1)y, into U(1); and U(1)z, where U(1); is anomalous with
respect to SU(3)y, x SU(4)y, while U(1)’; is free from anomaly. The other two are the vector/axial
combinations of U(1) symmetries in the SU(4) 7o x SU(4)g; flavor symmetry which commute with
SU(3)w. The axial combination is anomalous with respect to SU(3),, and is identified with U(1)pq.
The vector combination U(1)p is anomaly-free.

Note that all the U(1) symmetries are realized as accidental ones at the renormalizable level.
Mass terms are also prohibited by the same reason.? Let us also comment on the #-angles of each
gauge groups denoted by sy, Ogo, O3 and 4. As for fg; and s, they can be set to zero by two
global U(1) rotations which are anomalous with respect SU(N)g; and SU(N)ga. The angles 0,3 and
64 can be set to zero by using U(1)pq and U(1); rotations. Therefore, the f—angles in this model
do not spoil the axion mechanism. These arguments can be easily extended for ng, > 2. For example
we show the model contents for ng, = 3 in Tab. 2.

Chiral Flavor Symmetry Breaking and Composite Axion

The dynamics of the CAA model is as follows. We assume that the strong gauge interactions of
SU(N)s; (i = 1,2) exhibit confinement and chiral condensations at dynamical scales A;. The VEVs
of fermion bilinears are assumed to be

<’l/}ilw;541> ~ A? 5pﬁ ?
(Wh, %) ~ A3 67, (3:3)

where SU(3),—colored 14, and SU(3)y-singlet 14, are grouped together as wi = (¢%,,%4,) and
P4 )M are also grouped together as 1%41 = (A1, A1), Hereafter, we take A; = Ay = A for
simplicity. The condensations in Eq. (3.3) spontaneously break SU(3),, x SU(4),, into SU(3) which
is identified with SU(3)qcp. The condensations also break U(1)pq spontaneously, while the other

3We can also consider a more generic weakly coupled gauge group SU(3),, X [SU(m)W]nsfl. To forbid PQ-breaking
mass terms of the fermions, we need m > 4.



U(1) symmetries in Tab. 1 are not broken spontaneously by the condensations.*

As a result, the axion associated with U(1)pq breaking appears as a composite state,

VRN ~ NPT gl gt~ AR

w22¢;2 ~ AS 5cp eiFLa : ¢A2¢;42 ~ A354p 6_37;%1 . (34)

The domain of the axion is given by a/F, € [0,27) with F, being the axion decay constant of O(A).
The U(1)pq symmetry is anomalous under QCD, and hence, a plays a role of the QCD axion.

Let us comment on the other Goldstone bosons associated with the chiral symmetry breaking,
SU(4) ;i X SU(4) g; — SU(4)y (i = 1,2). In the limit of g3, g4 — 0, there are 2 x 15 goldstone modes.
The 15 modes of them are absorbed by the Higgs mechanism associated with the spontaneous gauge
symmetry breaking, SU(3)y % SU(4)wy — SU(3)qep. The other 15 modes including the axion are
massless at the tree-level. Except for the axion, they obtain masses due to the radiative corrections
from SU(3)y x SU(4),, gauge interactions, as in the case of the original composite axion model (see
Eq. (3.2)). As a result, all the composite states made by the axicolor dynamics obtain large masses
of O(A), except for the axion.

Axion Quality Problem

The advantage of the CAA model is that the PQ symmetry appears as an accidental symmetry at the
renormalizable level. This accidental symmetry is, however, explicitly broken by non-renormalizable
interactions. For n, = 2, the lowest-dimensional operators which violate the PQ symmetry are

R

Log ~ —
Mg,

YA g, + hee. (3.5)

where Mp; denotes the reduced Planck scale and « is a numerical coefficient. This should be compared
with the original composite axion model, where the mass terms of the fermions, which are allowed
by any gauge symmetry can break the PQ symmetry explicitly.

The above argument can be extended straightforwardly for ng > 3, where the lowest dimensional
PQ symmetry breaking operators are

/ﬁ; C
5% ~ Ww?1¢211 .. ]Ii::sflwA"s + h.c. . (3.6)
Pl

These PQ breaking terms result in an additional axion potential

Veeg ~ |k ealFatarg(r) L ¢ (3.7)

where we have assumed that the dynamical scales of all the strong SU(NV) sectors are comparable
and of O(A), for simplicity. As a result, the VEV of the axion is shifted from zero to

(8 ~4i(i) () e 59

4As for U(1) g, a linear combination of U(1) 5 and a subgroup of SU(4),, generated by the diag(1, 1,1, —3) remains
unbroken.




where we have used a rough estimate of the low-energy QCD contribution, V' ~ AaCD cos(2Na/F,).
The axion quality problem is solved for ng > 4, where the shift of the QCD #-angle is well below the
current constraints for A ~ 10'° GeV. There are other possible PQ breaking operators which consist
of baryonic composite operators of SU(N). Contributions from these operators are suppressed for
sufficiently large N.

4 Small Instanton Effects vs Chiral Symmetry

The CAA model in the previous section involves multiple broken gauge symmetries, and hence,
constrained instantons potentially enhance the axion mass as we have seen in Sec.2.2. In the CAA
model, however, there are new fermions. In general, chiral symmetries of the fermions coupling to
the axion have significant impacts on the axion mass.

In this section, we discuss the effect of chiral symmetries of the new fermions on the axion mass
by considering a perturbative example which has the same breaking pattern of the weakly coupled
gauge symmetries as well as the same chiral symmetries with the CAA model. We will discuss the
axion mass in the CAA model in Sec. 5.

4.1 Toy Example: SU(3),, X SU(4)y, Model

In the CAA model, the spontaneous breaking of the product gauge group, SU(3),, x [SU(4),]"*
is caused by the strong dynamics. Here, instead, we consider a model with gauge group SU(3),, X
SU(4)y, which is broken by condensations of complex scalar fields

o7 (3@1,4), @O, (3d1,4), (4.1)

with the SU(3),, x SU(4),, representations in the parentheses. Here, p denotes an index of the SU(4)s,
fundamental representation, and p runs the SU(3),, color (p = ¢ = 1,2,3) and the SU(3),, singlet
(p = 4). This model mimics the CAA model with n, = 2, by assuming that the VEVs of the scalars
are given by,

(®57) = v;" <(i)ﬁp> = U(;ﬁp . (4.2)

These VEVs break SU(3),, x SU(4), into the diagonal subgroup SU(3) as in the case of the CAA
model. The unbroken subgroup is identified with SU(3)qcp.
In this toy model, we restrict the scalar potential and its coupling to the fermions as

V= —m?0Td + \(®10)* + ¢ det @ + (& — D) — k|DD|? | (4.3)
Ling = —yélzl@ib - yél/_fﬁ)% +h.c., (4-4)

where A, £, kg and yg ¢ are coupling constants, and the mass parameter is m? = O(v?). We take
all the parameters real positive valued. All the global U(1) symmetries of the toy model are listed
in Tab. 3, which are the same with those in the CAA model in Tab. 1. Note that, unlike the CAA
model, these symmetries are imposed by hand in Eqgs. (4.3) and (4.4).

As in the case of the CAA model, the U(1)pq symmetry and the weakly coupled SU(3)y, x SU(4)y
symmetries are spontaneously broken by the VEVs in Eq. (4.2) simultaneously. The corresponding

10



SUB)w | SUM@w | UWES” | UM | UW)s | U(L)p
o+ | 391 4 (—1,3) 0 | (-1,3)
o7, | 31 4 (—1,3) 0 | (1,-3)
P || 3@1 1 (1,-3) 1 [(1,-3)] 1
v || 381 1 (1,-3) 1 | (-1,3) | -1
Py 1 4 0 —1 0 1
Vap 1 4 0 | 0 ~1

Table 3: The toy model which mimics the CAA model with n, = 2, where the gauge symmetry is
broken by the VEVs of the scalar fields, ® and ®. Meanings of colors are similar to those in the
CAA model.

axion appears in the phases,

drP =vdr e ' Fa , DL =0v04f ¥ Fa ,
P, =wd, e, Bt =it M (4.5)
The axion decay constant is F,, = O(v). As in the case of the CAA model, U(1) symmetries remain
unbroken except for U(1)pq.

Note that there is no additional Goldstone mode other than the axion and the would-be Goldstone
modes associated with the gauge symmetry breaking, SU(3),, x SU(4)y, — SU(3)qcp. Note also that
all the fermions obtain masses of O(v) through the Yukawa interactions and the VEVs in Eq. (4.2).
As a result, this toy example leaves only the axion as a light particle as in the CAA model.

In the following discussion, we will neglect the effects of SM quarks to the axion potential. As
we will see later, those effects are irrelevant when comparing the QCD instanton contributions with
those from the small instantons.

4.2 Suppression of Instanton Effects by Anomalous Symmetry

Let us examine the impact of anomalous chiral symmetries on the axion mass within the SU(3),, x
SU(4)y toy model. The axion mass can be obtained from the vacuum amplitude with a constant
axion background field a,

wwmmwa/Dﬂ@%@ﬂb@p@@%p@@%eﬁwm. (4.6)

Here m and n represent the winding numbers of SU(3),, and SU(4),, gauge field backgrounds,
respectively. See Appendix A for notations of fermions in Euclidean space. The axion dependence
of Sg[1, a] appears through

_ia — 30 —
Lint = — Ypve "Fa w1w2|colored — YpvE "Fa ¢1w2|singlet

_ja - 3o -
— yzve "Fa ¢2w1|colored — Yysve "Ta ¢2¢1|singlet . (47)
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In the broken phase, the U(1)pq transformation is realized by the phase rotations of ’s,

Yo = P, = €1, Py — Yy = e Py
Bt 07 = RSt o G eV

and a shift of the axion,
a a
Fa — Fa —+ apq , (410)

which leaves Sg[1,a] invariant. By using the U(1)pq transformation, we find that the vacuum
amplitude satisfies,

Wi(a+ apqgFu)|mn = eQm"aPQW(a)]m,n , (4.11)

where the phase factor appears due to the anomaly of U(1)pq with respect to SU(3)y,. This confirms
that the non-vanishing axion potential requires m # 0.

However, this is not the end of the story. In this toy model, as well as in the CAA model, there
exists another anomalous symmetry, U(1);, which does not undergo spontaneous breaking. The
U(1); transformation is realized as

1y — @/1115 = €ia¢1ﬁ ) @Ef - J}f, = 7115 ) (4.12)
ap = o, = € gy, Uh = P = e (4.13)
while the axion is not shifted. By using the U(1); transformation, we find that the vacuum amplitude

satisfies, '
W (@)l = "W (@) - (4.14)

The phase factors appear from the U(1); anomalies with respect to SU(3),, x SU(4),,. As a result,
we find that W(a)|m., is vanishing unless m = n. That is, small instantons do not contribute to
the axion mass, unless the winding numbers of SU(3),, and SU(4),, are identical. Notice that this
argument does not contradict with the non-vanishing axion potential from the QCD instantons in
this model, since the QCD instantons have the winding number satisfying m = n.

It is instructive to note that the above discussion also stems from an ambiguity of the U(1)pq
symmetry. For example, we may redefine the PQ) charge assignment from that in Tab. 3 to

Quit)pq = Quirg + 7Quq), (4.15)
with an arbitrary factor x. In this case, Eq. (4.11) becomes,
W (a + apqFy)|my = eXmiorat2eim=—miorayyr(g) (4.16)

which is free from the ambiguity and can be non-vanishing, only for m = n.

4.3 Fermion Zero Modes and ’t Hooft Operator

As we have seen, small instantons can contribute to the axion mass only when the winding numbers
of the SU(3)y, and SU(4),, backgrounds coincide. In the following, we estimate the axion mass from
small instantons satisfying this condition.

12



To determine the non-vanishing effects of the instanton background, we must take into account
the fermion zero modes around the instantons. In general, the Dirac operator /) has normalizable
zero modes in the instanton background. In the case of the constrained instanton in the broken
phase, it is notable that massive fermions also have normalized zero modes when they obtain masses
from the gauge symmetry breaking field ® [47]. More closely, the kinetic operators of those massive
fermions are given by,

i) —y®(x) (4.17)

which have zero modes around the constrained instanton in the broken phase (see Appendix B). In
the present toy model, there are zero modes in the fermions v’s around the constrained instanton
associated with SU(3)y, x SU(4)y — SU(3)qcp, even though they become massive in the vacuum.

't Hooft Operator

To account for the effects of the fermion zero modes, it is useful to introduce the 't Hooft operator [49,

50]. For example, let us consider an SU(N,) gauge theory with N pairs of left-handed Weyl fermions

of the fundamental (¢;) and the antifundamental representations (g). In the following, we omit

the index of the flavor. Around an instanton, @DE and ﬂ% have normalizable zero modes. The effects

of the path-integration over fermion zero modes can be captured by the insertion of a local operator

at the position of the instanton. Such operator is called as 't Hooft operator, (%Vet (leﬁR). That is,
f

we approximate the instanton effects by,
| PuiDsexy {— [ (omin il + zb}zﬁ;“%)} (4.18)
o [uipe [dct (ui)exp |- [ (nitedly+ olibenn)|| . @19

where DLnSt and D, are the covariant derivatives with/without the instanton background (see Ap-
pendix A). The determinant is taken over the Ny flavors, and the gauge and spinor indices of the
fermions are contracted appropriately as in Ref. [49, 50]. Similarly, the anti-instanton contribution

is proportional to (;Vet (@Z)Eqﬂ%)
!
The 't Hooft operators are accompanied by the instanton factor and by the integration over sizes,
that is [40],

C dp p*Ns (8_7r2> 2Nce_SE(pfl) det (Yrvr) , Se(p™') = 8—7T2 (4.20)
p° 9’ Ny ’ 9*(p~)
Here, g represents the gauge coupling constant of SU(N,), and we have taken the renormalization
scale to be the inverse of the small instanton size, p = p~! [49]. The coefficient C is a dimensionless
constant which depends on N, and N;. The 't Hooft operator reproduces the anomaly of the chiral
U(1) symmetry in the presence of an SU(N,) instanton.

’t Hooft Operator in SU(3),, X SU(4),, Toy Model

Let us go back to the SU(3),, x SU(4),, axion toy model. As we have already mentioned, fermions
have zero modes around SU(3),, and SU(4), constrained instantons. Let us first discuss fermion
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zero modes more closely. The fermion kinetic terms in Euclidean space are,

e wl
~ys®  io"Dy’ 0
—ighDY  —yedt | | vy
—ye® io" DY) \Ji

(ﬂ Vo ?/J; &1) , (4.21)

where Df?) and Dl(f) denote the SU(3),, and SU(4),, covariant derivatives, respectively. In the
following, we take yo = yg = y, for simplicity.

Following the discussions in Ref. [47], of which the result is also summarized in Appendix B,
we see how fermion zero modes emerge around small instantons. Around an SU(3), constrained
instanton with a size p < v, fermions ¢! and ¢! have zero modes accompanied by small O(pyv)
contributions of ¥, and 1)y, respectively. When the instanton is at the origin, one of the zero mode
wave functions is roughly expressed as,

(1), 60 (a)) ~ <( p pyY ) (4.22)

22 + p2)327 22 4 p?

for z, p < v~!, while they are decaying exponentially at z 2 v~'. Around an anti-instanton, on

the other hand, fermions which have zero modes can be obtained by exchanging (¢, V9,01, 105) and
(ﬂ, @,ﬂ, w;), in Eq. (4.22). For SU(4),, (anti-)instantons, zero modes are obtained by exchanging
1+ 2.

The model corresponds to the case with Ny = 1 for both SU(3),, and SU(4),, sectors. Thus, the
corresponding 't Hooft operator for the zero modes around SU(3),, instanton is

(% + O(ﬂ@ﬂ))@) @1 + (9(pyv)¢$> : (4.23)

while the 't Hooft operator for SU(4),, instantons is

(wz + O(pyv)d?D (2/32 + 0(pyv)wi) : (4.24)

The gauge and spinor indices are implicit, and the operators are accompanied by the integrations
over collective coordinates in Eq. (4.20). These 't Hooft operators reproduce the anomalies of the
U(1)pq and U(1); symmetries in the presence of the instantons. Notice that the differences of the
U(1)pq charges, for example between 1, and @ in Eq. (4.23), are compensated by those of ®’s.

In the following, we denote the winding numbers m of SU(3),, sector and n of SU(4),, sector
together by (m,n). The 't Hooft operators for (—1,0) and (0,—1) instantons are obtained by
exchanging v’s and ¢!’s in the operators in Eqs. (4.23) and (4.24).

4.4 Non-vanishing Small Instanton Effects in SU(3),, X SU(4)y, model

As we have discussed in Sec.4.2; the small instanton effects can induce the axion potential only
when the winding numbers of SU(3),, and SU(4),, backgrounds coincide with each other. The most
relevant contributions are expected from m = n = +1 backgrounds, and hence, let us first consider
(1,0) and (0, 1) instantons. In this case, non-vanishing vacuum amplitude appears through diagrams
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Figure 2: Non-vanishing contributions to the vacuum amplitude. Two gray blobs denote the 't Hooft
vertices associated with an SU(3),, and an SU(4),, instanton, respectively. The axion dependence
of the vacuum amplitude stems from the Yukawa interaction terms in Eq.(4.4). The black blob
collectively describes the connection between ® and ® through the couplings to the gauge bosons
and the scalar potentials. In the figure, the effects of SM quarks are neglected.

in Fig. 2 where two blobs denote the 't Hooft vertices associated with SU(3),, (i.e., (1,0)) and SU(4)y,
(i.e., (0,1)) instantons, respectively.
The contributions from (1,0) and (0, 1) instantons are accompanied by the integrations over the
sizes
2

d
Ouo(w3) = p,03 pie "5(’”3 )¢1($3)w1($3) . Opy(ze) =

3 p4

pie KD Dy (wa)iha(wa)
(4.25)

dP4

respectively. Here, we omitted O(pyv) contributions in the operators in Egs. (4.23) and (4.24). The
coordinates x3 and x4 are the positions of the instantons. Note that the integration of these operators
over the position of the instanton is dimensionless. In the Feynman diagrams, the ultraviolet (UV)
cutoff on the momentum which goes through a 't Hooft vertex is given by the inverse of its size, i.e.
O(p~'). The infrared (IR) cutoff on the loop momentum is, on the other hand, given by v, below
which the zero modes are exponentially damped. From the loop momentum integration, we find
that the vacuum amplitude is roughly given by,

do=d 8n? 82
W(a)|men=1 ~ VT ></ pp53 pp54p§piv26 Bz e derh X (4.26)
3 Pi
where V'T" denotes the spacetime volume.
Now, let us consider the integrations over the instanton sizes ps,ps < v~!. To extract the

size dependence of the classical actions, we rewrite the running couplings by using the one-loop
coefficients of f-functions, b3 and by for SU(3), and SU(4),,

8 8 1
2 7T—l = zﬂ— +bilog— , (i=3,4). (4.27)
gi(pi ") 9 (v) piv
By substituting these expressions, the vacuum amplitude is given by
_ 82 _ 82 a vl d v 1 d
W (@) mnes ~ VT x e #00 ¢ ok0 2 / 405yt / dos oyt (a8)
P3 P4
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Figure 3: QCD instanton contribution to the vacuum amplitude with size of pqep = O(v™1). A
gray blob denotes the 't Hooft vertex associated with QCD instanton. The axion dependence of
the vacuum amplitude stems from the Yukawa interaction terms in Eq. (4.4) with Eq. (4.5). In the
figure, the effects of SM quarks are neglected.

These integrals are dominated by the contributions from instantons with sizes ps, ps ~ v=! for
b3, by > 1. As a result, the vacuum amplitude is reduced to,

82

W(a)|men=1 ~ VT x vie “aon™ 2T (4.29)
for b3, by > 1. Here, we have used the matching condition,
1 1 1
Geo(®) ~ B0)  A)

, (4.30)

at the symmetry breaking scale.
By adding contributions from a pair of anti-instantons, we find that the amplitude in the small
constrained instanton backgrounds for m = n = +1 ends up with,

82
- 2a
W (@) |menet1 + W(@)|mene—1 ~ VT x v'e %cp® cos (F) . (4.31)
Since e~ /9%cnp(®) g small, we can use the dilute gas approximation, and we obtain the axion
potential,

87‘r2
v<a>’8mallinstantons ~ 1}46 géCD(v) COs (2_a> ) (432)
F,
for b3, by > 1.

Let us next consider the QCD (anti-)instanton effects of the similar instanton size, i.e., pqep ~
v~ Since QCD gauge group is realized as a diagonal subgroup of SU(3),, and SU(4),,, QCD (anti-
)instantons have the winding number (m,m) and automatically satisfy the non-vanishing condition
of the vacuum amplitude in Eq. (4.14). Accordingly, for pgcp ~ v~!, the dominant contribution
from the QCD (anti-)instanton is from m = 1, that is,

87

2
e a—ont 2
L ~wte %op® cog (_a) . (4.33)

Vo -

lpaon~
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A diagram for a QCD instanton contributing to the axion mass is shown in Fig.3. The axion
dependence appears from insertions of Eq.(4.5). This should be compared with Fig.2, where we
needed a scalar loop to obtain non-vanishing contributions. The difference stems from the fact that
the ¢’s have the zero modes of the kinetic terms around the constrained instantons, while they do
not around the the QCD instantons.

The above QCD instanton effects with a size of pqcp ~ v~ can be also rewritten by using Aqcp,

R

where bgcp = 7 is the coefficient of the beta function of the QCD below the symmetry breaking
scale v. Therefore, from Egs. (4.32), (4.33) and (4.34), we find,

VQCD > V(&)|pQCDNU*1 ~ V(a)|smallinstanton57 (435)

where Voep ~ Adep cos(2a/F,). Note that the second equality is valid for bs,by > 1. As a result,
we find that the small instanton effects do not enhance the axion potential unlike in Sec. 2.2.

Several comments are in order. First, the effects of the zero modes of SM quarks are common
to both the QCD instanton contributions and the constrained instanton contributions of the similar
sizes. Therefore, the conclusion in Eq (4.35) are not affected by the presence of SM quarks.

Second, in Eq. (4.26), we have neglected the O(p%AUQ) contributions in the classical action for
the constrained instantons in Eq. (2.6). Since the integration over the instanton sizes is dominated
by ps, psa ~ vt the O(p§,4v2) contributions become sizable. In addition, we have also neglected
the effect of overlapping of two constrained instantons. When two constrained instantons get close
comparable to their respective sizes, i.e. |x3—x4| < p34, the configurations deviate from the isolated
constrained instanton configurations. Thus, we expect that those effects enhance the value of the
classical action, that is,

SE > SEg(U_l) + SE4(U_1) , (436)

where Sps4(ps4) are the classical action for the isolated constrained instanton in Eq.(2.6). Since
the vacuum amplitude is suppressed by e the larger Sg results in a smaller vacuum amplitude.
Therefore, the small constrained instanton contributions estimated in this section should be regarded
as rough upper limits.

Third, in the above discussion, we have assumed b3, by > 1. When b3, by < 1, on the other hand,
the instantons with sizes much smaller than v~! can be dominant and the estimate in Eq. (4.32)
is altered. In the CAA model, we will see that the effects from instantons much smaller than the
dynamical scale of the axicolor dynamics are more suppressed from a dynamical reason.

5 Small Instanton Effects on Composite Accidental Axion

Let us examine small instanton effects in the CAA model. Note that global symmetries and gauge
groups relevant for the discussion of the axion mass are identical between the CAA model and the
toy model in the previous section. In the following, we discuss the small instanton effects in the
CAA model by repeating the arguments in the previous section.
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5.1 Vanishing Small Instanton Effects

Let us consider the ny = 2 model. We can extend the following discussion for n, > 2 straightfor-
wardly. As in the previous section, we do not discuss the effects of the zero modes of SM quarks, since
they are common to both the QCD instanton contributions and constrained instanton contributions
of the similar instanton sizes.

The axion mass can be again obtained from the vacuum amplitude with a constant axion back-
ground field a,

)| = / [[ PANDY Dy e SeliANT (5.1)

where m and n represent the winding numbers of SU(3),, and SU(4), gauge field backgrounds,
respectively. Here, ¢ and 9! collectively denote the fermions, while Ay are the gauge fields of the
axicolor SU(V)g; dynamics. The axion dependence of Eq. (5.1) appears through Egs. (3.4). Note
again that the axicolor dynamics does not break the U(1)pq symmetry, and hence, does not generate
the axion potential by itself.

Now, let us consider the U(1); rotation 1) — ' in Tab. 1,

w/ﬁ _ ez’al/}Z ¢/A1 _ zal/}Al
97

wAl — 6—za Zl’ w/AQ — —wzwAg

Note that the axion is not affected by the U(1); rotation. Under this rotation, the vacuum amplitude
changes its phase as,

a)|mn = /HDAN'D@D/TD@// oSl An]

1 ~aw) . | _
/HDANDwTDz/J exp{2N (/d x3 F3WF3 /d4xWF4ZvF4 : )za] e~ SelAn]

= 2N(m= ")’O‘W(a) mon (5.4)

Here, F3 and Fj represent the field strengths of SU(3),, and SU(4),, gauge fields, respectively, and
the second equality is the result of the chiral anomaly of U(1);. Therefore, as in the toy model, we
find that the vacuum amplitude vanishes unless m = n.

5.2 Non-vanishing Small Instanton Effects

Let us consider the small instanton effects with m = n. In particular, we focus on the effects
from a pair of (£1,0) and (0, £1) instantons, which provide the dominant contribution to the axion
potential.

Let us consider small constrained instantons with sizes p < A~!, around which the fermions
have zero modes of the kinetic terms. The relevant 't Hooft operators which encapsulate the effects
of the zero modes around the (1,0) and (0, 1) instantons in the CAA model are proportional to,

_ [ dps ﬁ A _ [dps sy 2 A
On) = / 5 P 53 ) det WAJ? ), Op,1) = 5 Py € T4 det WAJD ), (5.5)

P3 A1, 42 4
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Figure 4: Non-vanishing contributions to the vacuum amplitude. Two gray blobs denote the 't Hooft
vertices associated with an SU(3),, and an SU(4),, instanton, respectively. The black blob describes
the effective interaction term in Eq. (5.6). In the figure, the effects of SM quarks are neglected.

<.

b

(

where ps, ps < A7! (see Eq.(4.20)). The integration of these operators over the position of the
instanton is dimensionless. The determinants are taken over the axicolor indices.

In the toy model in the previous section, the 't Hooft operators O ) and Oy are connected
through the Yukawa interactions with a scalar loop (see Fig.2). In the CAA model, on the other
hand, the operators O o) and O(g 1) are connected through the effective interactions such as,

Oy ~ M= [l )W,V det (012701%,) det (01 w1,) +he,  (5.6)
1,42 1,42

which are generated by the axicolor strong dynamics. Here, M denotes the Wilsonian cutoff scale

for the effective operator. Let us emphasize that the operators generated by the axicolor dynamics

do not violate the U(1)pq and U(1); symmetries, since those U(1) symmetries are anomaly-free with

respect to SU(N)g;.

With the operator Ogyy,, the fermion zero modes in O o) and O ) are closed up as shown in
Fig.4. The axion dependence appears by inserting Egs. (3.4) to Eq. (5.6). To estimate the vacuum
amplitude, let us assume that the integration over the loop momenta ¢’s in Fig.4 is dominated by
0 ~ Laom, where lgop, is in between A < lgom S P3, }l. In this case, we can crudely estimate the vacuum
amplitude by substituting

4-6N _ pA—6N
M ~ Lo,

(Wb ) (@5, )N ~ AN Niw (5.8)

which results in

dom

A1 d _ 82 A1 d _ 82
W(a)|men=1 ~ VT x / %pg% 935 ") / %pi% desh) w7 x ANe2NE  (5.9)
P3 P4

By noting 7} < A~!, we find that the size of the vacuum amplitude from the small instanton

dom ~~

contributions is limited as,

A_1 d 871'2 A_l 871'2
P3 3N T2t dps 3y~ 6N—4
< VTX/ Fpg e 9303 —py e 7)) x A
3

(@) 4

2 2 ATE ATE
VT x Ade B A / %(pgA)b3+3N_4 / %(m/\)”””“‘. (5.10)

Here, we have used the running gauge coupling constants in Eq. (4.27) to obtain the final expression.
The IR cutoff of the integration over p34 is of O(A™1).
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From this expression, we find that the integration over the instanton sizes is dominated by the
IR contribution, i.e., p34 ~ A™!, for

b374 >4—3N . (511)

As the S-function coefficients in the CAA model are given by,

2 2
bg - bQCD - §N - 7 - gN y (512)
4 2
by =— — =N 5.13
4 3 3 ) ( )

the condition (5.11) is satisfied for both SU(3), and SU(4),, with N > 0. Therefore, in the CAA
model, the crude upper limit on the vacuum amplitude from the small constrained instanton effects
is given by,

2 82

_ 87
‘W(a)|m:n:1‘ SVT x Ae B¢ B® (5.14)

Accordingly, the axion potential from the small instanton effects is at most,

87r2
- 2N
V(a)‘smallinstantons ~ A4€ géCD(A) o8 ( F a) . (515)

Here, we have used the matching condition of Eq.(4.30) at A. Therefore, as in the case of the
toy model, we find that the small constrained instanton effects do not enhance the axion potential
compared with the QCD contributions.

Several comments are in order. First, in Eq. (5.9), we have used Eq. (5.8) regardless of the size
of the dominant loop momentum /4,,. This substitution overestimates the size of the vacuum
amplitudes if fgom > A, since the condensation of the fermion bilinears disappear at the scale
much higher than A. Second, we have also neglected the O(p*A?) contributions to the classical
action for the constrained instantons. Third, we have also neglected the increase of the value of the
classical action due to the overlapping of the constrained instantons. These two effects lead to an
underestimation of the classical action and therefore to an overestimation of the vacuum amplitude.
Putting altogether, the small constrained instanton contributions estimated in this section should
be regarded as rough upper limits.

5.3 Small Instanton Effects for n, > 2

Finally, we mention the CAA models with ny > 2. In the above discussion for ny = 2, the U(1); global
symmetry plays an important role to show that only the m = n instantons contribute to the axion
potential. The crucial feature of U(1); is that it is free from the axicolor anomaly and also not broken
spontaneously by the axicolor dynamics, while being anomalous with respect to SU(3)y, X SU(4)y.
In models with ny; > 2, we have ny, — 1 global U(1) symmetries, U(1); (i = 1,--- ,ns — 1), which
have the same roles of U(1); in the model with ny, = 2. For example, ny = 3 model possesses U(1)y
in Tab. 2, in addition to U(1);.
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In the model with ng > 2, the vacuum amplitudes are labeled by the winding numbers of SU(3),,
SU(4)w1, -+, SU(4)wn,—1 sectors denoted by (m,nq,--- ,n,,—1). Under the ny — 1 anomalous U(1)
transformations, the vacuum amplitude labeled by (m,nq,--- ,n,,_1) changes its phase as

W(a)‘mnl = elar(@m—ni—nn,_1)giaz(nz—n1)  giong-1(ng—1-Nng-2) W(a)‘mnl s (516)
ML, Min g — M1, Ming —

where o; (i = 1,--- ,ns — 1) are the rotation angles of U(1); transformations. Thus, we again find
that the contributions from the small constrained instantons vanish unless

Mm=ng =-="Np,_1 . (517)

As a result, by repeating the discussion in Sec. 5.2, we find that the small instanton effects are
at most

87r2
— = 2N
V(a)‘small instanton ™~ A4€ géCD(A) o8 ( F a) ‘ (518)
Here, the QCD coupling is matched to the gauge couplings of SU(3),, x [SU(4),]™~! via
S S SRR
g(ZQCD(A) g%w(A> ngJ(A) giw,nsfl(A) 7

at the symmetry breaking scale A. Therefore, the axion mass is not enhanced by small constrained
instantons, also in the case of ng > 2.

(5.19)

6 Application to Other Composite Axion Models

As we have learned in the previous section, the small instanton effects do not enhance the axion
mass in the CAA model. In this section, let us extend our discussion to other types of composite
axion models.

6.1 Composite Axion Models with Spectator QCD

Let us first consider a class of composite axion models in which SU(3)qcp does not take part in
the chiral symmetry breaking caused by the axicolor dynamics. Specifically, we examine a model
with gauge symmetry of Gg X Gy x SU(3)qep where Gy represents the axicolor gauge group, and
Gy, is a weakly gauged subgroup of flavor symmetry. In these models, the axicolor dynamics only
spontaneously breaks G,. QCD, therefore, acts as a spectator to the axicolor dynamics. The original
composite axion model in Ref. [45] (see Sec. 3.1) is one of the examples.

In this class of models, extensions have been proposed to solve the axion quality problem by
adding a new chiral gauge symmetry to the original composite axion model [31, 38|, by replacing
axicolor dynamics with chiral axicolor dynamics [37], or by incorporating supersymmetry [36]. Note
that SU(3)qep does not mix with the other gauge groups when PQ breaking occurs. By construction,
the PQ symmetry is only anomalous with respect to QCD. Therefore, in this class of models, there
are no additional instanton effects on the axion potential other than those from QCD. This conclusion
is different from the case in the CAA model discussed in the previous section, where the constrained
instantons have small but non-vanishing contributions to the axion mass.

21



6.2 Axial SU(3) x [SU(IN)]™ x [SU(m)]™ Model

In Sec. 3.2, we discussed the CAA model, which features SU(3) x [SU(N)|™ x [SU(4)]"*~! gauge
groups. In this model, the SU(3) and SU(4) groups are embedded in the vector-like subgroups of
the SU(4), x SU(4)g flavor symmetry, associated with each axicolor SU(N) gauge dynamics. In
contrast, Ref. [34] also proposes another model with SU(3) x [SU(N)]™ x [SU(m)]" gauge groups,
where SU(m) and SU(3) are embedded in the axial part of the flavor symmetries of the axicolor
[SU(N)]".

For n! = 1, for example, the model includes left-handed Weyl fermions with the following gauge
charges:

(N,m,1) @ (N,m,1)® (N,1,3) ® (N,1,3) ® (N,1,1) x 2(m — 3), (6.1)

where the first, second, and third entries in the parentheses denote the representations under the
SU(N), SU(m), and SU(3) gauge groups, respectively. The fundamental and anti-fundamental
fermions of SU(N) exhibit SU(2m), and SU(2m)g flavor symmetries, respectively. The 2m funda-
mental fermions are decomposed into m @ m representations of SU(m) C SU(2m)., while the
2m anti-fundamental fermions are decomposed into 3 & 3 @ (1 x 2(m — 3)) representations of
SU(3) € SU(2m)g.

This model can be derived by deforming the SU(3) x [SU(N)]™ x [SU(4)]"~! model in Sec. 3.2,
with ngy = 2n. Specifically, we pair i-th SU(N) with (ng—i+1)-th SU(N) (i = 1---nl), and identify
one of the SU(N) symmetries with the complex conjugate of the other. In Fig.5, we illustrate this
deformation with moose diagrams of the SU(3) x [SU(N)]" x [SU(4)]"*~! model and the axial
SU(3) x [SU(N)]™ x [SU(4)]™ model, specifically for n, = 2.

In this model, the low energy QCD emerges as the diagonal subgroup of SU(m)’s and SU(3)
as in the case of the model in Sec.3.2. The composite axion appears as one of the Goldstone
modes, resulting from the spontaneous breaking of the generators of SU(2m)z which commute with
SU(3)qep-

Since SU(3)qcp appears as the diagonal subgroup of SU(m) x SU(3), constrained instantons can
contribute to the axion potential. Similar to the CAA model in Sec. 3.2, we find that the model
possesses U(1) symmetries that are free from the axicolor anomaly but are anomalous with respect to
SU(m) and SU(3). For example, consider the U(1) symmetry with the charge assignment indicated
by the subscripts:

(Nm,1)_, @ (N,m,1) ;& (N,1,3); ®(N,1,3); & (N,1,1); x 2(m — 3) . (6.2)

This U(1) symmetry remains unbroken and is anomalous with respect to SU(m) and SU(3). Note
that this anomalous but unbroken U(1) symmetry corresponds exactly to U(1); as discussed in
Tab. 1 in the previous section.

By revisiting the discussion in Sec. 5.1, which is based on U(1);, we find that small constrained
instantons affect the axion potential only when the winding numbers of SU(m)’s and SU(3) are iden-
tical. Furthermore, the arguments in Sec. 5.2 using 't Hooft operators demonstrate that constrained
instantons which are significantly smaller than the inverse of the dynamical scale are irrelevant for
the axion potential. Consequently, we again find that the small instanton effects contribute to the
axion potential at most as follows:

87

2
oy 2N
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Figure 5: The moose diagrams for the SU(3) x [SU(N)]"s x [SU(4)]"=~! model in Sec.3.2 (see
Tab. 1), and for the axial SU(3) x [SU(N)]™ x [SU(4)]™ model when n, = 2 and m = 4. An arrow
— represents the fundamental representation, and an arrow >— represents the antifundamental
representation. From the SU(3) x [SU(N)]? x SU(4) model, the axial SU(3) x SU(N) x SU(4) model
is derived by identifying the upper SU(/N) with the complex conjugate of the lower SU(N), which is
indicated by flipping the arrow heads colored in red. Extending these models to cases with n/, > 1
is straightforward.

which is subdominant compared with the axion potential generated by low-energy QCD.

7 Conclusions

In this paper, we have discussed the small instanton effects in the composite accidental axion (CAA)
models proposed in Ref. [34]. In those models, SU(3)qcp emerges as an unbroken diagonal subgroup
of the product gauge group along with the spontaneous breaking of PQ symmetry by axicolor
dynamics. The models have instanton configurations which do not appear in the low-energy QCD.
In general, those configurations could significantly enhance the axion mass compared with the QCD
effects. Indeed, the axion mass can be significantly enhanced by the small instanton effects in
models where the axion directly couples to the product gauge groups from which QCD appears as
the unbroken subgroup [39].

In the CAA models, we have confirmed that small instantons in the broken part of the product
group do contribute to the axion mass independently from those in QCD. However, we have also
found that those contributions to the axion mass are negligibly small compared with the QCD
contributions. As a result, the axion mass is not enhanced by the small instanton effects in the CAA
models.

The absence of the enhancement of the axion mass stems from the fact that the models possess
global chiral U(1) symmetries which are not broken spontaneously but are anomalous with respect
to the weakly coupled gauged groups, such as SU(3),, X [SU(4)y]™ 1. As we have seen in Eq. (4.14),
SU(3)y instantons contribute to the axion potential only when the winding number of each SU(4),,
background coincides with that of SU(3),,. Furthermore, the effects of small constrained instantons
are dominated by those with sizes around the inverse of the breaking scale, A. As a result, we find
that small constrained instanton effects on the axion mass are at most comparable to the effects of
QCD instantons of the same size, pqgop ~ A~'. Therefore, they are negligible compared with the
low-energy QCD effects.

We emphasize that the presence of anomalous U(1) symmetries which are not spontaneously
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broken restricts the small instanton effects on the axion potential significantly. This observation is
valuable in discussing how small instantons might affect the axion potential in other axion models
as well.
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A Notation and Remarks on Euclidean Space

A.1 Notation in Euclidean Space

We adopt the following notation for coordinates and derivatives in Minkowski spacetime and Eu-
clidean space related via

rh=a2", Oh=0;, wp=1i2", Of=—idy, (A.1)
for i = 1,2,3. The metric tensors are defined by,
G = (+1,-1,-1,-1) | (A.2)
in Minkowski spacetime and
G, = (+1,41,4+1,+1) (A.3)

in Euclidean space. The gauge potentials are also related via

AL =A;, Ap=—idy. (A.4)
In Minkowski spacetime, we use
(Ohaa = (L2,0) . (@) = (12, —0) ., (1=0,1,2,3), (A.5)
while we use
(0h)ac = (0,i12) , (%) = (0, —ils) . (n=1,2,3,4) (A.6)

in Euclidean space as in Ref. [47]. Here, o denote Pauli matrices. The generators of the Lorentz
group, 0y, are defined by

1 _ _ 1, _
O = E(O'MO'V —0,0,) , O = 4—2,(0#01, —0,0,) . (A.7)
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We also define the corresponding generators in Euclidean space similarly from of and .
For the generators of the SU(2) gauge group, we use the Pauli matrices 7. To describe the
instanton solution, we use

(") =(7m,13), (") =(r,—1ly), (n=1,2,3,4), (A.8)

and

1, _ _ 1, _
Ty = E(TMTV - TVTM) v Tw = E<T#Tl’ - TVT#) : (A9)
Finally, we use the following notation for the two-dimensional anti-symmetric tensors,

12 21:1

€° = —¢ . Eepp=—eg=—1, g’=—e'=1. (A.10)

A.2 Remarks on Fermions in Euclidean Space

We make some remarks on the relationship between fermions in Minkowski spacetime and Fuclidean
space. As an example, we consider the Lagrangian in Minkowski spacetime,

Lot = (x0)5i(080)* 0u(x)a + (TR) 608 )ac Fu(TR)'™ = m(x1)a(7R)™ = mx)§ (R (A1)

Here, both (x1)a and (7g)* are left-handed Weyl spinors. We follow the conventions of the spinor
indices in Minkowski spacetime in Ref. [51].

In Minkowski spacetime, XI; and ﬁL are the hermitian conjugates of x; and 7g. In Euclidean
space, on the other hand, (XTL, 7712) and (xr, 7r) should be translated into independent fermions,
respectively. We introduce the subscripts A and B to distinguish the dotted and undotted spinors in
Euclidean space, which are related to the left-handed and right-handed Weyl fermions (i.e., undotted
and the dotted fermions) in Minkowski spacetime via,

(x0)h = (s (e = (XB)a s (18)™ = (@) (18)" = (78)" . (A.12)

This notation is following Ref. [47]. In the main text, L/R, A/B and M/E subscripts are omitted
since they should not cause any particular confusion.

Let us comment on this notation. In Euclidean space, the space rotation is SO(4) ~ SU(2)4 x
SU(2)p. The subscripts A or B of the fermions indicate which subgroup of spatial rotation is
associated with the fermion, SU(2)4 or SU(2)p. Note again that fermions labeled with subscripts A
and B are not related by Hermitian conjugation, and the { symbol should be considered as part of
the fermion’s name rather than denoting a conjugate.

In this notation, the Minkowski Lagrangian (A.11) corresponds to the Euclidean Lagrangian,

Lo = ~(XWai(@8)* uxB)a + (15)"i(0%)aa Ou(Th)* —mxs)*(5)a = m(x)a(@)® . (A.13)

Here, raising and lowering indices o and ¢ are defined by multiplying the antisymmetric epsilon
symbol as in Minkowski spacetime. An extra minus sign in front of g is relevant to reproduce the
Minkowski propagators by Wick rotation.

We use the following notation,

éE = —5'gau > aE = O'ga'u y (A14)

and also @E and Dy for the covariant derivatives in gauge theories.
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B Zero Modes of Massive Fermions around Constrained In-
stanton

We briefly summarize the features of fermion zero modes around the constrained instantons. As in
Sec. 2.1, let us consider an SU(2) gauge theory in Euclidean space. We introduce two pairs of SU(2)
singlet fermions (&', é5) and (7!, 75), and a pair of SU(2) doublet fermions (¢!, ¢3). Note that each
pair (fip fB) is mapped to fz and its conjugate fr in Minkowski spacetime (see Eq. (A.12)). Here,
following the notation in Ref. [47], the fermions are named like the SM leptons (and the right-handed
neutrino), although they are not related to the SM leptons.

We consider the following Lagrangian,

1 A
Lg = Q—gQTr(FWFm,) + (D, H) (D, H) + Z(HTH —v?)?
— 04i5,D,lp + Egic,d,E + Upic 0,0

—y '\ He', — yeepH g — y, 01, (eH) 0!, — y,05(eH) 5

(B.1)

where y., denote the Yukawa coupling constants, and € denotes the two-dimensional anti-symmetric
invariant tensor with respect to SU(2) gauge group. At the vacuum, the scalar obtains a VEV,
H = (0, v)T, and all the fermions obtain masses, m. = y.v and m, = y,v, respectively. The fermion
kinetic terms can be rewritten as

L= uhip, v, ot = (e;,éB,pB) cu=|é |, (B.2)

where we have defined the derivative operator,

_ia.uDLnst _yeHinst _yy<€Hinst)T
iDy=| —yH™  i5,0, 0 : (B.3)
_yu(eHinSt) 0 iauau

Here, the superscript “inst” denotes the constrained instanton background (see Egs. (2.4) and (2.5)).
Note that the off-diagonal elements give the mass terms for the fermions at far from the instanton,
ie, H™, . — (0,0)7.

As discussed in Ref. [47], i[); has a normalizable zero mode in the anti-instanton background
which behaves as

P @
(Bai(7) = (0 )ac NWG it O((IOmA,H,e,V)2) ) (B.4)
L i 1,
el (z) = —§Npmem5 1+ O((pmane)?) (B.5)
. i 1 .
v (x) = +§N/?muxg—+p25a2 +O((pmany)?) (B.6)
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at © < my'y; .. They decay exponentially at x > m}', . Here, i denotes the gauge SU(2) index
of the doublet fermion, and N is a finite normalization constant. In the instanton background, on
the other hand, there are zero modes in [L‘ with O(pm.,,) contributions of e% and I/TB. In Minkowski
spacetime, the zero mode around the constrained anti-instanton appears in ¢, (with é}z / D;r%) and the
zero mode around the constrained instanton in ¢} (with éz/7g).
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