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Abstract

We discretize Chern-Simons couplings in gauge invariant way. We obtain (p+ q)-forms repre-
senting Chern-Simons couplings on (p+ q)-simplexes from wedge products of p- and q-forms
on p- and q-simplexes, respectively, where p- and q-simplexes form (p+q)-simplexes by having
a common vertex. We show that the Chern-Simons couplings on simplicial complexes reduce
to Chern-Simons couplings on the manifolds in a continuum limit. Moreover, we prove that a
typical discretized Chern-Simons term that has the Chern-Simons coupling is gauge invariant.
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1 Introduction

Superstring theory is a promising candidate for a unified theory including gravity. One of the
recent main problems in string theory is to determine a true vacuum among extremely large
numbers (> 10500) of perturbatively stable vacua, which are called the string theory landscape.
If this problem is solved, string theory predicts physical phenomena, which can be captured by
experiments and observations. One of the most reasonable ways to determine a true vacuum
in string theory is to formulate string theory non-perturbatively, derive its effective potential for
string backgrounds, and find the minimum. Because string backgrounds are the expectation values
of the bosonic fields in the supergravities and the D-brane effective theories, the effective potential
is a functional of these bosonic fields. Actually, such an effective potential for string backgrounds is
derived from string geometry theory, which is one of the candidates of nonpertubative formulations
of string theory [1–9].

The potential energies of manifolds and fields on them are difficult to compare in usual general
relativity because they are defined by patching local coordinates. On the other hand, if we discretize
general relativity by Regge calculus [10] or causal dynamical triangulation [11], we can globally
define manifolds and the fields, and then we can compare the potential energies of them.

So far, discretization has been performed on the Einstein-Hilbert action and gauge theories
in the standard model, which do not have Chern-Simons couplings. On the other hand, because
the supergravities and the D-brane effective theories have Chern-Simons couplings, we need to
discretize Chern-Simons couplings. Although there are many quantization proposals in [12–16] by
discretizing the three-dimensional Abelian Chern-Simons theory, which is a special theory where
the Chern-Simons coupling becomes topological, our purpose is to just evaluate the values of the
effective potentials and actions. Then, it is enough that discretized effective potentials and actions
are gauge invariant and reduce to the continuum ones in the continuum limit. In this paper, we will
discretize Chern-Simons couplings and show that the discretized Chern-Simons couplings are gauge
invariant and reduce to continuous Chern-Simons couplings in a continuum limit. This enables us
to perform Regge calculus and causal dynamical triangulation not only on all the bosonic terms in
the supergravities and the D-brane effective theories but also on the effective potentials for string
backgrounds in superstring theory.

The organization of this paper is as follows. In section 2, we review field strengths of p-form
fields on simplicial complexes. In section 3, we formulate Chern-Simons couplings on simplicial
complexes and show that they reduce to Chern-Simons couplings on manifolds in a continuum
limit. In section 4, we prove that a typical discretized Chern-Simons term that has a Chern-
Simons coupling defined in the previous section is gauge invariant. In appendixes, we summarize
properties and their proofs of the discretized Chern-Simons couplings defined in the main text.

2 Field strengths on simplicial complexes

In this section, we review discretization of the field strength Fp+1 of a p-form field Cp on a simplicial
complex. Cµ1µ2...µp

is discretized by a link variable ΓCp
(T p

012...p) defined on a p-simplex T p
012...p,

where 0, 1, 2, . . . , p correspond to vertices T 0
0 , T

0
1 , T

0
2 , · · · , T 0

p . After we define a relation between
the continuous variable Cµ1µ2...µp

and the link variable ΓCp
(T p

012...p), we will show that Fµ1µ2...µp+1
is

obtained from a plaquette variable on a (p+1)-simplex made of ΓCp
(T p

012...p) in a continuum limit.
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The relation between Cµ1µ2...µp
and ΓCp

(T p
012...p) is defined by

ΓCp
(T p

012...p) = exp

[

iV
(p)
012...pC

0
12...p

(

a

p+ 1
(~v1 + ~v2 + · · ·+ ~vp)

)]

, (2.1)

which corresponds to exp
[

i
∫

T p
012...p

Cµ1...µp

]

. On the (p + 1)-simplex, we have set 0-coordinates xi

where the origin is T 0
0 and the basis vectors are ~vi =

1
a

−−−→
T 0
0 T

0
i (i = 1, 2, . . . , p+1). The upper index 0

on Cp indicates that Cp is defined on the 0-coordinates. a is an infinitesimal parameter that gives

a continuum limit a → 0. a
p+1

(~v1 + ~v2 + · · ·+ ~vp) is the centroid of T p
012...p. V

(p)
012...p represents the

volume of T p
012...p.

The plaquette variable ΓFp+1
on T p+1

012...p+1 corresponding to Fp+1 is defined by

ΓFp+1
(T p+1

012...p+1) ≡ exp






i

√
p+ 2

√

2(p+ 1)

∑

T p⊂∂T p+1

012...p+1

log ΓCp
(T p)







= exp

[

i

√
p+ 2

√

2(p+ 1)

p+1
∑

q=0

(−1)q

i
log ΓCp

(T p,q̂
012...p+1)

]

, (2.2)

where the orientations of the boundaries are defined by

∂T p+1
012...p+1 =

p+1
∑

q=0

(−1)qT p,q̂
012...p+1, (2.3)

and we have used Γ(−T ) = Γ−1(T ). T p,q̂
012...p+1 is a p-simplex obtained by omitting a vertex T 0

q from

T p+1
012...p+1.
From now on, we will show that field strengths are obtained from the plaquette variables in a

continuum limit. In the following, we will evaluate the exponent of the plaquette up to the leading
order in a, corresponding to the continuum limit. First, we consider the q 6= 0 case in (2.2), where
we set 0-coordinates on the (p+ 1)-simplex. The link variables in (2.2) are given by

ΓCp
(T p,q̂

012...p+1)

= exp

[

iV
(p)
01...q−1q+1...p+1C

0
12...q−1q+1...p+1

(

a

p+ 1
(~v1 + ~v2 + · · ·+ ~vq−1 + ~vq+1 + · · ·+ ~vp+1)

)]

=exp

[

iV
(p)
01...q−1q+1...p+1C

0
12...q−1q+1...p+1

(

~np+1 −
a

p+ 1
~vq

)]

=exp

[

iV
(p)
01...q−1q+1...p+1

(

C0
12...q−1q+1...p+1 −

a

p+ 1
∂qC

0
12...q−1q+1...p+1

)

(~np+1)

]

, (2.4)

where

~np+1 ≡
a

p+ 1
(~v1 + ~v2 + · · ·+ ~vp+1). (2.5)

Next, we consider the q = 0 case. On the (p+1)-simplex, we set 1-coordinates yi whose origin
is T 0

1 and which are spanned by vectors ~w1, ~w2, . . . , ~wp+1 given by

~wk =







1
a

−−−→
T 0
1 T

0
k (k 6= 1),

1
a

−−−→
T 0
1 T

0
0 (k = 1).

(2.6)
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The link variable in (2.2) is given by

Γ(T p,0̂
123...p+1) = exp

[

iV
(p)
123...p+1C

1
23...p+1

(

a

p+ 1
(~w2 + ~w3 + · · ·+ ~wp+1)

)]

. (2.7)

We transform 1-coordinates to 0-coordinates because we need to calculate in single coordinates
to evaluate (2.2). A general point P in T p+1

012...p+1 is written as

P 0 = x1~v1 + x2~v2 · · ·+ xp+1~vp+1, (2.8)

in 0-coordinates and

P 1 = y1 ~w1 + y2 ~w2 · · ·+ yp+1 ~wp+1, (2.9)

in 1-coordinates. The difference of the origins gives a relation between P 0 and P 1 as

P 1 = a~w1 + P 0. (2.10)

From the relation between ~vi and ~wi;

~v1 = − ~w1 (2.11)

~v2 = ~w2 − ~w1 (2.12)

~v3 = ~w3 − ~w1 (2.13)

...

~vp+1 = ~wp+1 − ~w1, (2.14)

we obtain

P 1 = (a− x1 − x2 − · · · − xp+1)~w1 + x2 ~w2 + x3 ~w3 + · · ·+ xp+1 ~wp+1. (2.15)

By using 2.10), we obtain a coordinate transformation,

x1 = a− y1 − y2 − · · · − yp+1 (2.16)

xn = yn (2 ≤ n ≤ p+ 1). (2.17)

By using this, we obtain (2.7) in 0-coodinates,

Γ(T p,0̂
123...p+1)

= exp

[

iV
(p)
123...p+1

∂xa1

∂y2
∂xa2

∂y3
· · · ∂xap

∂yp+1
C0

xa1
xa2

...xap

(

a~v1 +
a

p+ 1
(~v2 + ~v3 + · · ·+ ~vp+1 − p~v1)

)]

=exp
[

iV
(p)
123...p+1

(

C0
23...p+1 − C0

13...p+1 − C0
21...p+1 − · · · − C0

23...1

)

(~np+1)
]

. (2.18)
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To summarize, (2.2) becomes

ΓFp+1
(T p+1

012...p+1)

= exp

[

i

√
p+ 2

√

2(p+ 1)
V

(p)
123...p+1C

1
23...p+1(

a

p+ 1
(~w2 + ~w3 + · · ·+ ~wp+1))

]

× exp

[

−i

√
p+ 2

√

2(p+ 1)
V

(p)
023...p+1C

0
23...p+1(

a

p+ 1
(~v2 + ~v3 + · · ·+ ~vp+1))

]

× exp

[

i

√
p+ 2

√

2(p+ 1)
V

(p)
013...p+1C

0
13...p+1(

a

p+ 1
(~v1 + ~v3 + · · ·+ ~vp+1))

]

× · · · × exp

[

(−1)p+1i

√
p+ 2

√

2(p+ 1)
V

(p)
012...pC

0
12...p(

a

p+ 1
(~v1 + ~v2 + · · ·+ ~vp))

]

= exp

[

i

√
p+ 2

√

2(p+ 1)
V

(p)
012...p

(

{

C0
23...p+1 − C0

13...p+1 − C0
21...p+1 − · · · − C0

23...1

}

(~np+1)

−
{

C0
23...p+1 −

a

p+ 1
∂1C

0
23...p+1

}

(~np+1) +

{

C0
13...p+1 −

a

p + 1
∂2C

0
13...p+1

}

(~np+1) + · · ·

+(−1)p+1

{

C0
12...p −

a

p+ 1
∂p+1C

0
12...p

}

(~np+1)

)]

= exp

[

i

√
p+ 2

√

2(p+ 1)

a

p+ 1
V

(p)
012...p

{

∂1C
0
23...p+1 − ∂2C

0
13...p+1 + · · ·+ (−1)p∂p+1C

0
12...p

}

(~np+1)

]

= exp

[

i

√
p+ 2

√

2(p+ 1)

a

p+ 1
V

(p)
012...pF12...p+1(~np+1)

]

= exp
[

iV
(p+1)
012...p+1F12...p+1(~np+1)

]

. (2.19)

Note that we have taken a continuum limit where the length of all the edges is a in the second
equality and used

V (p+1) =

√
p+ 2

√

2(p+ 1)

a

p+ 1
V (p) (2.20)

in the last equality. As a result, we have obtained Fp+1 from the plaquette variable ΓFp+1
in the

continuum limit a → 0.

3 Chern-Simons couplings on simplicial complexes

In this section, we formulate Chern-Simons couplings on simplicial complexes. Explicitly, we
display discretization of H3 ∧ Cp−2 on a (p + 1)-simplex T p+1. The field strength H3 of a 2-form
field B2 is defined on a 3-simplex T 3 that is a 3-subsimplex of T p+1, whereas a (p− 2)-form field
Cp−2 is defined on a (p− 2)-subsimplex T p−2. The placement of these subsimplexes is

T 3 ∪ T p−2 = T p+1 (3.1)

T 3 ∩ T p−2 = T 0
i , (3.2)
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analogous to the cup products of cochains1. In this placement, T 0
i is a vertex in T p+1 which is

necessarily overlapped by the T 3 and T p−2 because the p+ 2 vertices that consist of the T p+1 are
less than the p + 3 vertices that are the 4 vertices that consist of the T 3 plus the p − 1 vertices
that consist of the T p−2.

We define a link variable ΓH3∧Cp−2
on T p+1 corresponding to H3 ∧ Cp−2 as

ΓH3∧Cp−2
(T p+1

012...p+1)

= exp





iV
(p+1)
012...p+1

p+ 2

∑

0≤µ0<µ1<µ2<µ3≤p+1

∑

0≤k≤3

∑

ν0∈{µ0,µ1,µ2,µ3}

× (−1)k

iV
(3)
µ0µ1µ2µ3

√

4

6
log
(

ΓB2
(T 2,µ̂k

µ0µ1µ2µ3
)
) 1

iV
(p−2)
ν0ν1...νp−2

log
(

ΓCp−2
(T p−2

ν0ν1...νp−2
)
)

sgn(σ)

]

(3.3)

where,

0 ≤ ν1 < ν2 < · · · < νp−2 ≤ p+ 1, (3.4)

ν1, ν2, · · · , νp−2 /∈ {µ0, µ1, µ2, µ3}, (3.5)

and

σ =

(

µ0 µ1 µ2 µ3 ν1 ν2 . . . νp−2

0 1 2 3 4 5 · · · p+ 1

)

. (3.6)

The summation over k implies the summation over the 2-simplexes on the boundary of the 3-
simplex, including their orientation. T 2,µ̂k

µ0µ1µ2µ3
is a 2-simplex obtained by omitting the vertex T 0

µk

from the 3-simplex T 3
µ0µ1µ2µ3

. The coefficient 1/(p + 2) comes from the number of choices of a
common vertex between the 3-simplex and the (p−2)-simplex where the H3 and Cp−2 are defined,
respectively, among the p+ 2 vertices of the (p+ 1)-simplex.

In the following, we will see that this link variable gives the wedge product H3 ∧ Cp−2 in the
continuum limit. As an example, we take a continuum limit when p = 4. First, on a 5-simplex
T 5
012345, we set six coordinates where the vertices T 0

0 , T
0
1 , T

0
2 , T

0
3 , T

0
4 , T

0
5 are the origins, respectively.

The coordinates with origin T 0
i are spanned by vectors ~vi,1, ~vi,2, . . . , ~vi,5 given by

~vi,k =







1
a

−−−→
T 0
i T

0
k (k 6= i),

1
a

−−−→
T 0
i T

0
0 (k = i).

(3.7)

The origin in the coordinates of T 3 where H3 is defined is a point whose index is the smallest
number, whereas the origin in the coordinates of T 2 where C2 is defined is the common point in
(3.2). In these coordinates, (3.3) becomes

ΓH3∧C2
= exp

[

iV
(5)
012345

6

{

H0
123(C

0
45 + C1

45 + C2
45 + C3

45)−H0
124(C

0
35 + C1

35 + C2
35 + C4

35)

+ · · ·+H2
345(C

2
21 + C3

31 + C4
41 + C5

51)
}]

. (3.8)

1The authors in [15, 16] proposed a quantization of the 3-dimensional Chern-Simons theory in a non-compact
formulation based on the cup products of cochains.
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Although the arguments of H3 and Cp−2 are different, they coincide in the continuum limit because
T 5 shrinks to a point. Then, we do not describe the arguments. The upper indices of H3 and Cp−2

represent the origins in the coordinates.
If we transform the coordinates to 0-coordinates, (3.8) becomes

exp

[

iV
(5)
012345

6

{

H0
123(C

0
45 + C0

45 − C0
15 + C0

14 + C0
45 − C0

25 + C0
24 + C0

45 − C0
35 + C0

34)

−H0
124(C

0
35 + C0

35 − C0
15 + C0

13 + C0
35 − C0

25 + C0
23 + C0

35 − C0
45 − C0

34)

+ · · ·+ (H0
345 −H0

245 +H0
235 −H0

234)(C
0
12 + C0

13 + C0
14 + C0

15)
}]

= exp

[

iV
(5)
012345

6

{

6H0
123C

0
45 − 6H0

124C
0
35 + · · ·+ 6H0

345C
0
12

}

]

= exp
[

iV
(5)
012345

{

H0
123C

0
45 −H0

124C
0
35 + · · ·+H0

345C
0
12

}

]

. (3.9)

That is, we have obtained H3 ∧ Cp−2 from the link variable in the continuum limit.

4 Gauge invariance

In this section, we will prove the gauge invariance of a typical discretized Chern-Simons term that
has a discretized Chern-Simons coupling defined in the previous section.

4.1 (p+ 1)-form field strength

In this subsection, we will define gauge transformations on the link variables on p-simplexes, and
prove the gauge invariance of the field strengths of the link variables on (p+ 1)-simplexes.

Gauge transformations on link variables ΓCp
(T p) are defined with gauge parameters ΓΛp−1

(T p−1)
by

Γ′
Cp
(T p) = ΓCp

(T p)
∏

T p−1⊂∂T p

ΓΛp−1
(T p−1). (4.1)

The relation between ΓΛp−1
(T p−1) and the corresponding continuum gauge parameter Λ12...p−1 is

defined by

ΓΛp−1
(T p−1

012...p−1) = exp

[

i

√

p+ 1

2p
V

(p−1)
012...p−1Λ

(0)
12...p−1

(

1

p
(~v0,1 + ~v0,2 + · · ·+ ~v0,p−1)

)]

. (4.2)

As a result, the continuum limit of (4.1) is given by

exp
[

iV (p)C ′
p

]

= exp
[

iV (p) (Cp + dΛp−1)
]

, (4.3)

where the continuum gauge transformation is realized.
Under (4.1), the plaquette variable of the field strength ΓFp+1

is transformed as

Γ′
Fp+1

(T p+1
012...p+1)

= exp

[

i

√
p+ 2

√

2(p+ 1)

(

∑

T p⊂∂T p+1

log ΓCp
(T p) +

∑

T p⊂∂T p+1

∑

T p−1⊂∂T p

√

p+ 1

2p
log ΓΛp−1

(T p−1)

)]

. (4.4)
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Because a (p−1)-simplex in a (p+1)-complex is boundaries of two p-simplexes and the boundaries
have opposite orientations, we have

∑

T p−1⊂∂2T p+1

log ΓΛp−1
(T p−1) =

p+1
∑

r=0

p+1
∑

q=0, 6=r

[

log ΓΛp−1
(T p−1,r̂,q̂

012...p+1)− log ΓΛp−1
(T p−1,r̂,q̂

012...p+1)
]

=0, (4.5)

where we have used (B.1). Therefore, we have proved the gauge invariance of the plaquette variable
of a field strength;

Γ′
Fp+1

(T p+1
012...p+1) = ΓFp+1

(T p+1
012...p+1). (4.6)

4.2 Chern-Simons term

In this subsection, we will prove the invariance of a typical discretized Chern-Simons term that has
a discretized Chern-Simons coupling defined in the previous section under the gauge transformation
of the link variable on a p-simplex defined in the previous subsection. Explicitly, we will prove the
invariance of a discretized Chern-Simons term reducing to

∫

M
C4∧H3∧F3 in the continuum limit.

In the continuum case, the gauge invariance can be proved as

δ

∫

M

C4 ∧H3 ∧ F3

=

∫

M

dΛ3 ∧H3 ∧ F3

=

∫

M

d(dΛ3 ∧B2) ∧ F3

=−
∫

M

d {d(dΛ3 ∧B2) ∧ C2}

=0. (4.7)

As in the same steps, it can also be proved in the discretized case as follows.
The discretized Chern-Simons term corresponding to a Chern-Simons term

∫

M
C4 ∧H3 ∧ F3 is

defined as the Chern-Simons coupling in the previous section,

∑

T 10⊂M

ΓC4∧H3∧F3
(T 10)

=
∑

T 10

V (10)

11 · 8
∑

T 4<T 10

∑

T 3<T 10

T 3∩T 4=T 0

∑

T 2⊂∂T 3

∑

T ′3<T 10

T ′3∩(T 4∪T 3)=T ′0

∑

T ′2⊂∂T ′3

× 1

iV (4)
log ΓC4

(T 4)
1

iV (3)

√

4

6
log ΓB(T

2)
1

iV (3)

√

4

6
log ΓC2

(T ′2)sgn(σ). (4.8)

(4.8) is invariant under the transformations of B2 and C2 because H3 and F3 are invariant as in
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the previous subsection. Under the gauge transformation of C4, (4.8) is transformed as

δ
∑

T 10⊂M

ΓC4∧H3∧dC2
(T 10)

=
∑

T 10⊂M

ΓdΛ3∧H3∧F3

=
∑

T 10

V (10)

11 · 8
∑

T 4<T 10

∑

T 3⊂∂T 4

∑

T ′3<T 10

T ′3∩T 4=T 0

∑

T 2⊂∂T ′3

∑

T ′′3<T 10

T ′′3∩(T 4∪T ′3)=T ′0

∑

T ′2⊂∂T ′′3

× 1

iV (4)
log ΓΛ3

(T 3)
1

iV (3)

√

4

6
log ΓB2

(T 2)
1

iV (3)

√

4

6
log ΓC2

(T ′2)sgn(σ)

=
∑

T 10
012...10

V (10)

11 · 8
∑

0≤µ0<µ1<···<µ4≤10

4
∑

p=0

∑

ν0∈{µi}

∑

0≤ν0<µ1<ν2<ν3≤10
νj /∈{µi}

3
∑

q=0

∑

ρ0∈{µi,νj}

3
∑

r=0

× (−1)p+q+r

iV (4)
log ΓΛ3

(T 3,µ̂p

µ0µ1...µ4
)

1

iV (3)

√

4

6
log ΓB2

(T 2,ν̂q
ν0ν1ν2ν3

)
1

iV (3)

√

4

6
log ΓC2

(T 3,ρ̂r
ρ0ρ1ρ2ρ3

)sgn(σ)

=
∑

T 10
012...10

V (10)

11

∑

0≤µ0<µ1<···<µ7≤10

1

iV (7)
log ΓdΛ3∧H3

(T 7
µ0µ1...µ7

)
∑

ρ0∈{µk}

∑

0≤r≤3

(−1)r

iV (3)

√

4

6
log ΓC2

(T 2,ρ̂r
ρ0ρ1ρ2ρ3

)sgn(σ′)

=−
∑

T 10⊂M

√

11

20

∑

T 9⊂∂T 10

1

i
log Γd(dΛ3∧B2)∧C2

(T 9), (4.9)

where i = 0, 1, 2, 3, 4, j = 1, 2, 3, k = 0, 1, 2, 3, 4, 5, 6, 7,

0 ≤ ρ1 < ρ2 < ρ3 ≤ 10, ρj /∈ {µk, νj}, (4.10)

σ =

(

µ0 µ1 · · · µ4 ν1 ν2 ν3 ρ1 ρ2 ρ3
0 1 · · · · · · · · · · · · · · · · · · · · · 10

)

, (4.11)

and

σ′ =

(

µ0 µ1 · · · µ7 ρ1 ρ2 ρ3
0 1 · · · · · · · · · · · · 10

)

. (4.12)

Link variables ΓdΛ3∧H3
(T 7

012...7) and Γd(dΛ3∧B2)∧C2
(T 9) are defined as:

ΓdΛ3∧H3
(T 7

012...7) = exp





iV (7)

8

∑

0≤µ0<µ1<···<µ4≤7

4
∑

p=0

∑

ν0∈{µi}

3
∑

q=0

×(−1)p+q

iV (4)
log ΓΛ3

(T 3,µ̂p

µ0µ1µ2µ3µ4
)

1

iV (3)

√

4

6
log ΓB2

(T 2,ν̂q
ν0ν1ν2ν3

)sgn(σ′′)

]

, (4.13)

where 0 ≤ ν1 < ν2 < ν3 ≤ 7, νj /∈ {µi}, and

σ′′ =

(

µ0 µ1 · · · µ4 ν1 ν2 ν3
0 1 · · · · · · · · · · · · 7

)

, (4.14)
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and

Γd(dΛ3∧B2)∧C2
(T 9

012...9) = exp



i
V (9)

10

∑

0≤µ0<µ1<···<µ7≤9

7
∑

p=0

∑

ν0∈{µk}

×(−1)p

iV (7)

√

8

14
log ΓdΛ3∧B2

(T 6,µ̂p

µ0µ1...µ7
)

1

iV (2)
log ΓC2

(T 2
ν0ν1ν2

)sgn(σ′′′)

]

, (4.15)

where 0 ≤ ν1 < ν2 ≤ 9, ν1, ν2 /∈ {µk}, and

σ′′′ =

(

µ0 µ1 · · · µ7 ν1 ν2
0 1 · · · · · · · · · 7

)

. (4.16)

In the last equality in (4.9), we have used (D.11). Here, (B.1) and (C.1) lead ΓdΛ3∧B(T
6) =

Γ−1
dΛ3∧B

(−T 6). Then, (4.15) implies

Γd(dΛ3∧B2)∧C2
(T 9) = Γ−1

d(dΛ3∧B2)∧C2
(−T 9). (4.17)

Then, (4.9)=0 because T 8 in T 10 is boundaries of two T 9s and the boundaries have opposite
orientations. Therefore, we have proved the gauge invariance of the Chern-Simons term (4.8).

5 Conclusion

We have discretized Chern-Simons couplings in a gauge invariant way. We have obtained (p+ q)-
forms representing Chern-Simons couplings on (p + q)-simplexes from wedge products of p- and
q-forms on p- and q-simplexes, respectively, where p- and q-simplexes form (p + q)-simplexes by
having a common point. We have shown that the Chern-Simons couplings on simplicial complexes
reduce to Chern-Simons couplings on the manifolds in a continuum limit. Moreover, we have
proven that a typical discretized Chern-Simons term that has the Chern-Simons coupling is gauge
invariant. We have also proven some properties of the Chern-Simons couplings.

Based on these results, we can perform Regge calculus on the effective potentials for string
backgrounds and find their minimums by numerical simulations [17]. As a result, we may determine
a true vacuum in string theory.
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A Wedge product on simplex

A wedge product A ∧ B of p-form A and q-form B is discretized on the (p + q)-simplex T p+q
012...p+q

by a link variable,

ΓA∧B(T
p+q
012...p+q)

≡ exp







∑

T p<T p+q

∑

T q<T p+q

T q∩T p=T 0

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p)
1

iV (q)
log ΓB(T

q)sgn(σ)






(A.1)

= exp





∑

0≤µ0<µ1<···<µp≤p+q

∑

ν0∈{µ0,µ1,...,µp}

× V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
µ0µ1...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)sgn(σ)

]

, (A.2)

where 0 ≤ ν1 < ν2 < · · · < νq ≤ p+ q, {ν1, ν2, . . . , νq} = {0, 1, 2, . . . , p+ q}/{µ0, µ1, . . . , µp}, and

σ =

(

µ0 µ1 · · · µp ν1 ν2 · · · νq
0 1 · · · · · · · · · · · · · · · p+ q

)

.

µ0, µ1, . . . , µp are vertices of p-simplex T p < T p+q where A is defined, ν0, ν1, . . . , νq are vertices of
q-simplex T q < T p+q where B is defined, and ν0 is also shared by T p. Note that ν1, ν2, . . . , νq are
automatically fixed once we determine µ0, µ1, . . . µp because {ν1, ν2, . . . , νq} is the complement of
{µ0, µ1, . . . µp}. The summations over µ0, µ1, . . . µp and ν0 in (A.2) is equivalent to those over T p

and T q in (A.1).
In the continuum case, let A be a p-form and B be a q-form, then a wedge product A ∧ B

satisfies

A ∧ B = (−1)pqB ∧ A. (A.3)

We will show the analogous fact that the link variable ΓA∧B of the wedge product A ∧B satisfies

ΓA∧B = Γ
(−1)pq

B∧A . (A.4)

We begin with rewriting the summations over vertices in (A.2) as

ΓA∧B(T
p+q
012...p+q)

= exp





∑

0≤µ0<µ1<···<µp≤p+q

∑

ν0∈{µ0,µ1,...,µp}

× V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
µ0µ1...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq)sgn(σ)

]

=exp





∑

ν0∈{0,1,2,...p+q}

∑

0≤µ0<µ1<···<µp−1≤p+q

× V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
µ0µ1...µkν0µk+1···µp−1

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)sgn(σ′)

]

, (A.5)
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where

µk < ν0 < µk+1, νl < ν0 < νl+1, (A.6)

0 ≤ ν1 < ν2 < · · · < νq ≤ p + q, (A.7)

{ν1, ν2, . . . , νq} = {0, 1, 2, . . . , p+ q}/{ν0, µ0, µ1, . . . , µp−1}, (A.8)

and

σ′ =

(

µ0 µ1 · · · µk ν0 µk+1 · · · µp−1 ν1 ν2 · · · νq
0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p+ q

)

. (A.9)

Due to the antisymmetry ΓA(T
p) = Γ−1

A (−T p) and ΓB(T
q) = Γ−1

B (−T q), we have

log ΓA(T
p
µ0µ1...µkν0µk+1···µp−1

) =(−1)k+1 log ΓA(T
p
ν0µ0µ1···µp−1

), (A.10)

log ΓB(T
q
ν0ν1...νq

) =(−1)l log ΓB(T
q
ν1...νlν0νl+1···νq

). (A.11)

Moreover, we can rewrite σ as

σ′ =

(

µ0 µ1 · · · µk ν0 µk+1 · · · µp−1 ν1 ν2 · · · νq
0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p+ q

)

=(−1)k+1

(

ν0 µ0 µ1 · · · µp−1 ν1 ν2 · · · νq
0 1 · · · · · · · · · · · · · · · · · · p + q

)

=(−1)(k+1)+pq

(

ν0 ν1 ν2 · · · νq µ0 µ1 · · · µp−1

0 1 · · · · · · · · · · · · · · · · · · p + q

)

=(−1)(k+1)+l+pq

(

ν1 ν2 · · · νl ν0 νl+1 · · · νq µ0 µ1 · · · µp−1

0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p+ q

)

≡(−1)(k+1)+l+pqσ′′. (A.12)

Using these results, we obtain

ΓA∧B(T
p+q) = exp





∑

ν0∈{0,1,2,...p+q}

∑

0≤µ0<µ1<···<µp−1≤p+q

V (p+q)

p + q + 1

1

iV (p)
(−1)k+1 log ΓA(T

p
ν0µ0µ1···µp−1

)

× 1

iV (q)
(−1)l log ΓB(T

q
ν1...νlν0νl+1···νq

)(−1)(k+1)+l+pqsgn(σ′′)

]

=exp





∑

ν0∈{0,1,2,...p+q}

∑

0≤ν1<ν2<···<νq≤p+q

V (p+q)

p+ q + 1

1

iV (p)
(−1)pq log ΓA(T

p
ν0µ0µ1···µp−1

)

× 1

iV (q)
log ΓB(T

q
ν1...νlν0νl+1···νq

)sgn(σ′′)

]

=exp





∑

0≤ν0<ν1<···<νq≤p+q

∑

µ∈{ν0,ν1,...,νq}

V (p+q)

p+ q + 1

1

iV (p)
(−1)pq log ΓA(T

p
µµ0µ1···µp−1

)

× 1

iV (q)
log ΓB(T

q
ν0ν1...νq

)sgn(σ′′)

]

=Γ
(−1)pq

B∧A (T p+q). (A.13)
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B ΓA∧B(−T p+q) = Γ−1
A∧B(T

p+q)

To show that the link variable ΓA∧B(T
p+q) of p-form A and q-form B satisfies

ΓA∧B(−T p+q) = Γ−1
A∧B(T

p+q), (B.1)

we will prove

Γ−1
A∧B(T

p+q
012...p+q) = ΓA∧B(T

p+q
012...p+q)

∣

∣

0↔1
, (B.2)

since T p+q
012...p+q = −T p+q

102...p+q.
First, we decompose the summation over µ0, µ1, . . . µp and ν0 in (A.2) into the sum of the

following eight parts P1, P2, . . . , P8 given in the following:

log(Γ−1
A∧B(T

p+q
012...p+q)) = P1 + P2 + · · ·+ P8, (B.3)

and then exchange the labels of vertices as 0 ↔ 1.

1. P1 is a part of the summation where µ0 = 0, µ1 = 1, and ν0 = 0 and given by

P1 =
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
0ν1...νq)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

. (B.4)

2. P2 is a part of the summation where µ0 = 0, µ1 = 1, and ν0 = 1 and given by

P2 =
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
1ν1...νq

)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

.

Then, P1|0↔1 =
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
10µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
1ν1...νq

)

× sgn

(

1 0 µ2 µ3 . . . µp ν1 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
1ν1...νq)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P2,

and P2|0↔1 =
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
10µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
0ν1...νq)

× sgn

(

1 0 µ2 µ3 . . . µp ν1 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)
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=−
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
0ν1...νq)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P1. (B.5)

3. P3 is a part of the summation where µ0 = 0, µ1 = 1, and ν0 6= 0, 1, and given by

P3 =
∑

2≤µ2<µ3<···<µp≤p+q

∑

ν0∈{µ2,µ3,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

.

Then, P3|0↔1 =
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
10µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)

× sgn

(

1 0 µ2 µ3 . . . µp ν1 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ2<µ3<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
01µ2µ3...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)

× sgn

(

0 1 µ2 µ3 . . . µp ν1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P3 (B.6)

4. P4 is a part of the summation where µ0 = 0, ν1 = 1, and ν0 = 0, and given by

P4 =
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
01...νq)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

. (B.7)

5. P5 is a part of the summation where µ0 = 1, ν1 = 0, and ν0 = 1, and given by

P5 =
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
10...νq)

× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

.

Then, P4|0↔1 =
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
10...νq)

× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
10...νq)
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× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P5,

and P5|0↔1 =
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
01...νq)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ1<µ2<···<µp≤p+q

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
01...νq)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P4. (B.8)

6. P6 is a part of the summation where µ0 = 0, ν1 = 1, and ν0 6= 0, and given by

P6 =
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ1,µ2,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν01...νq)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

. (B.9)

7. P7 is a part of the summation where µ0 = 1, ν1 = 0, and ν0 6= 1, and given by

P7 =
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ2,µ3,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν00...νq

)

× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

.

Then, P6|0↔1 =
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ1,µ2,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν00...νq

)

× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ1,µ2,...,µp}

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
1µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν00...νq)

× sgn

(

1 µ1 µ2 µ3 . . . µp 0 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P7,

and P7|0↔1 =
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ1,µ2,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν01...νq

)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)
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=−
∑

2≤µ1<µ2<···<µp≤p+q

∑

ν0∈{µ1,µ2,...,µp}

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν01...νq)

× sgn

(

0 µ1 µ2 µ3 . . . µp 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P6 (B.10)

8. P8 is a part of the summation where ν1 = 0, ν2 = 1, µ0 ≥ 2, and given by

P8 =
∑

2≤µ0<µ1<···<µp≤p+q

∑

ν0∈{µ0,µ1,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
µ0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν001...νq)

× sgn

(

µ0 µ1 µ2 . . . µp 0 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

.

Then, P8|0↔1 =
∑

2≤µ0<µ1<···<µp≤p+q

∑

ν0∈{µ0,µ1,...,µp}

V (p+q)

p + q + 1

1

iV (p)
log ΓA(T

p
µ0µ1µ2...µp

)
1

iV (q)
log ΓB(T

q
ν010...νq

)

× sgn

(

µ0 µ1 µ2 . . . µp 1 0 ν2 . . . νq
1 0 2 3 . . . . . . . . . . . . . . . p+ q

)

=−
∑

2≤µ0<µ1<···<µp≤p+q

∑

ν0∈{µ0,µ1,...,µp}

V (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p
µ0µ1µ2...µp

)

× 1

iV (q)
log ΓB(T

q
ν001...νq)sgn

(

µ0 µ1 µ2 . . . µp 0 1 ν2 . . . νq
0 1 2 3 . . . . . . . . . . . . . . . p+ q

)

=− P8 (B.11)

Note that we have utilized the fact that link variables ΓA and ΓB satisfy

ΓA(T
p) =Γ−1

A (−T p), (B.12)

ΓB(T
q) =Γ−1

A (−T q). (B.13)

From these results, we obtain

log(Γ−1
A∧B(T

p+q
012...p+q)) =− (P1 + P2 + · · ·+ P8)

=(P1 + P2 + · · ·+ P8)0↔1

= log(ΓA∧B(T
p+q
012...p+q)

∣

∣

0↔1
). (B.14)

Thus, we have

Γ−1
A∧B(T

p+q
012...p+q) = ΓA∧B(T

p+q
012...p+q)

∣

∣

0↔1
. (B.15)

We can discretize more general wedge products A ∧ B ∧ C ∧ · · · by link variables ΓA∧B∧C∧···

given by straightforward generalizations of (A.1). In the above proof, we have utilized only two
facts that ΓA and ΓB satisfy ΓA,B(T ) = Γ−1

A,B(−T ) and that a wedge product A ∧B is discretized
by a link variable (A.1). We can thus inductively show that the link variables ΓA∧B∧C∧··· satisfy
ΓA∧B∧C∧...(T ) = Γ−1

A∧B∧C∧...(−T ) using this result.
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For example, we consider the wedge product A ∧ B ∧ C represented by the link variable
ΓA∧B∧C(T

p+q+r), where C is an r-form. ΓA∧B∧C(T
p+q+r) is given by the extension of (A.1) as

follows:

ΓA∧B∧C(T
p+q+r)

≡ exp









i
∑

T p<T p+q+r

∑

T q<T p+q+r

T q∩T p=T 0

∑

T r<T p+q+r

T r∩(T p∪T q)=T ′0

× V (p+q+r)

p+ q + r + 1

1

p+ q + 1

1

iV (p)
log ΓA(T

p)
1

iV (q)
log ΓB(T

q)
1

iV (r)
log ΓC(T

r)sgn(σ)

]

(B.16)

= exp









∑

0≤µ0<µ1<···<µp≤p+q+r

∑

ν0∈{µ0,µ1,...,µp}

∑

0≤ν1<ν2<···<νq≤p+q+r
ν1,ν2,...,νq /∈{µ0,µ1,...,µp}

∑

ρ0∈{µ0,µ1,...,µp,ν1,ν2,...,νq}

iV (p+q+r)

p+ q + r + 1

× 1

p+ q + 1

1

iV (p)
log ΓA(T

p
µ0µ1...µp

)
1

iV (q)
log ΓB(T

q
ν0ν1...νq

)
1

iV (r)
log ΓC(T

r
ρ0ρ1...ρr

)sgn(σ)

]

, (B.17)

where {ρ1, ρ2, . . . , ρr} = {0, 1, 2, . . . , p+ q + r}/{µ0, µ1, . . . , µp, ν1, ν2, . . . , νq}, 0 ≤ ρ1 < ρ2 < · · · <
ρr < p+ q + r, and

σ =

(

µ0 µ1 · · · µp ν1 ν2 · · · νq ρ1 ρ2 · · · ρr
0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p+ q + r

)

. (B.18)

µ0, µ1, . . . , µp are vertices of T p, ν0, ν1, . . . , νq are those of T q and ν0 is also shared by T p, and
ρ0, ρ1, . . . , ρr are those of T r and ρ0 is also shared by the union T p ∪ T q.

In (B.16), we choose one of the sub p-simplex T p of T p+q+r, and then choose the one of the sub
q-simplex T q of T p+q+r that shares one of its vertices T 0 with T p. This is equivalent to choosing
the one of the sub (p+ q)-simplex T p+q of T p+q+r, and then p-subsimplex T p and q-subsimplex T q

of T p+q so that they share one of their vertices T 0. Using this fact, we rewrite the summations
over subsimplex in (B.16) as

∑

T p<T p+q+r

∑

T q<T p+q+r

T q∩T p=T 0

∑

T r<T p+q+r

T r∩(T p∪T q)=T ′0

=
∑

T p+q<T p+q+r

∑

T p<T p+q

∑

T q<T p+q

T q∩T p=T 0

∑

T r<T p+q+r

T r∩T p+q=T ′0

. (B.19)

Using (B.19), we obtain

ΓA∧B∧C(T
p+q+r)

= exp







∑

T p+q<T p+q+r

∑

T p<T p+q

∑

T q<T p+q

T q∩T p=T 0

∑

T r<T p+q+r

T r∩T p+q=T ′0

× iV (p+q+r)

p + q + r + 1

1

p + q + 1

1

iV (p)
log ΓA(T

p)
1

iV (q)
log ΓB(T

q)
1

iV (r)
log ΓC(T

r)sgn(σ)

]

=exp







iV (p+q+r)

p + q + r + 1

∑

T p+q<T p+q+r

sgn(σ′(T p))

iV (p+q)

∑

T p<T p+q

∑

T q<T p+q

T q∩T p=T 0

iV (p+q)

p+ q + 1

1

iV (p)
log ΓA(T

p)
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× 1

iV (q)
log ΓB(T

q)
∑

T r<T p+q+r

T r∩T p+q=T ′0

1

iV (r)
log ΓC(T

r)sgn(σ′′)







=exp







iV (p+q+r)

p + q + r + 1

∑

T p+q<T p+q+r

1

iV (p+q)
log ΓA∧B(T

p+q)
∑

T r<T p+q+r

T r∩T p+q=T ′0

1

iV (r)
log ΓC(T

r)sgn(σ′′)







≡Γ(A∧B)∧C(T
p+q+r). (B.20)

Since ΓA∧B(T
p+q) satisfies ΓA∧B(T

p+q) = Γ−1
A∧B(−T p+q) as we have already shown, we have

Γ(A∧B)∧C(T
p+q+r) = Γ−1

(A∧B)∧C(−T p+q+r). (B.21)

Thus, we have proven ΓA∧B∧C(T ) = Γ−1
A∧B∧C(−T ). In the second equality of (B.20), we have used

sgn(σ) = sgn(σ′)sgn(σ′′), (B.22)

and this can be easily shown as follows. σ, σ′, and σ′′ can be written in terms of (µ0, µ1, . . . , µp−1, µp),
(ν1, ν2, . . . , νq−1, νq), and (ρ1, ρ2, . . . , ρr−1, ρr), the vertices of T p, T q, and T r, respectively, as

σ =

(

µ0 µ1 · · · µp ν1 ν2 · · · νq ρ1 ρ2 · · · ρr
0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p+ q + r

)

, (B.23)

σ′ =

(

µ0 µ1 · · · µp ν1 ν2 · · · νq
0 1 · · · ρ̂1 · · · ρ̂r · · · p+ q + r

)

, (B.24)

and

σ′′ =

(

0 1 · · · ρ̂1 · · · ρ̂r · · · p+ q + r ρ1 ρ2 · · · ρr
0 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · p + q + r

)

. (B.25)

Using the fact

{ρ1, ρ2, . . . , ρr} = {0, 1, 2, . . . , p+ q + r}/{µ0, µ1, . . . , µp, ν1, ν2, . . . , νq}, (B.26)

we can rewrite σ as a product of permutation of (µ0, µ1, . . . , µp, ν1, ν2, . . . νq−1, νq), and that of
(ρ1, ρ2, . . . ρr−1, ρr):

σ =σ′ × σ′′. (B.27)

C Γ−1
dA(T

p+1) = ΓdA(−T p+1)

In this section, we verify that the plaquette variable ΓdA(T
p+1) of the exterior derivative dA of a

p-form A satisfies

Γ−1
dA(T

p+1) = ΓdA(−T p+1). (C.1)

Since T p
012...p+1 = −T p

102...p+1, it is enough to show

Γ−1
dA(T

p+1
012...p+1) = ΓdA(T

p+1
012...p+1)|0↔1. (C.2)
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First, ΓdA(T
p+1) is given by

ΓdA(T
p+1)

= exp

[

i

√

p+ 2

2(p+ 1)

∑

T p⊂∂T p+1

1

i
log ΓA(T

p)

]

=exp

[

i

√

p+ 2

2(p+ 1)

p+1
∑

k=0

(−1)k

i
log ΓA(T

p

012...k̂...p+1
)

]

=exp

[

i

√

p+ 2

2(p+ 1)

{

p+1
∑

k=2

(−1)k

i
log ΓA(T

p

012...k̂...p+1
) +

1

i
log ΓA(T

p
123...p+1)−

1

i
log ΓA(T

p
023...p+1)

}]

,

(C.3)

where ΓA(T
p) is a link variable of A and satisfies ΓA(−T p) = Γ−1

A (T p). Next, exchanging the label
of vertices as 0 ↔ 1, we obtain

ΓdA(T
p+1
012...p+1)|0↔1

=exp

[

i

√

p+ 2

2(p+ 1)

{

p+1
∑

k=2

(−1)k

i
log ΓA(T

p

012...k̂...p+1
) +

1

i
log ΓA(T

p
123...p+1)−

1

i
log ΓA(T

p
023...p+1)

}]

0↔1

=exp

[

i

√

p+ 2

2(p+ 1)

{

p+1
∑

k=2

(−1)k

i
log ΓA(T

p

102...k̂...p+1
) +

1

i
log ΓA(T

p
023...p+1)−

1

i
log ΓA(T

p
123...p+1)

}]

=exp

[

i

√

p+ 2

2(p+ 1)

{

−1

i
log ΓA(T

p
123...p+1) +

1

i
log ΓA(T

p
023...p+1)−

p+1
∑

k=2

(−1)k

i
log ΓA(T

p

012...k̂...p+1
)

}]

=exp

[

−i

√

p+ 2

2(p+ 1)

p+1
∑

k=0

(−1)k

i
log ΓA(T

p

012...k̂...p+1
)

]

=Γ−1
dA(T

p
012...p+1). (C.4)

From this result, we can see that ΓdA(T
p) satisfies (C.2).

D Leibniz rule on simplex

It has been pointed out that the Leibniz rule is violated on the lattice. For example, we consider
∂(f(x)g(x)), where f(x) and g(x) are scalar functions. In the continuum, we have

∂(f(x)g(x)) = ∂f(x)g(x) + f(x)∂g(x). (D.1)

On the lattice, derivatives are replaced with differences as

∂f(x) = lim
dx→0

f(x+ dx)− f(x)

dx
→ f(x+ aµ̂)− f(x)

a
, (D.2)
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where a is a lattice spacing and µ̂ is a unit vector in x direction. Discretizing the both sides of
(D.1) by using this replacement, we obtain

∂(f(x)g(x)) →f(x+ aµ̂)g(x+ aµ̂)− f(x)g(x)

a

=
f(x+ aµ̂)− f(x)

a
g(x) +

g(x+ aµ̂)− g(x)

a
f(x)

+ a
f(x+ aµ̂)− f(x)

a

g(x+ aµ̂)− g(x)

a
, (D.3)

from the left-hand side and

∂f(x)g(x) + f(x)∂g(x) →1

a
{f(x+ aµ̂)g(x)− f(x)g(x) + f(x)g(x+ aµ̂)− f(x)g(x)}

=
f(x+ aµ̂)− f(x)

a
g(x) +

g(x+ aµ̂)− g(x)

a
f(x), (D.4)

from the right-hand side. (D.3) does not agree with (D.4) due to the lattice artifact that is formally
of order O(a). We can thus see that we cannot naively discretize both sides of (D.1).

However, in the special case where ∂f = 0 or ∂g = 0 holds, we can ignore the lattice artifact
and discretize both sides of (D.1).

This fact can be generalized to the case of tensors. For instance, we consider the discretization
of

d(df · g) = −df ∧ dg (D.5)

on the 2-simplex T 2
012. Supposing that the length of all edges of T 2

012 is a, the discretization gives

(LHS of (D.5)) →
∑

T 1⊂∂T 2
012

√

3

4

(

∑

T 0⊂∂T 1

f(T 0)

)(

1

2

∑

T 0<T 1

g(T 0)

)

, (D.6)

(RHS of (D.5)) →−
√
3a2

4

∑

0≤µ0<µ1≤2

∑

ν0∈{µ0,µ1}

1

3

f(T 0
µ1
)− f(T 0

µ0
)

a

g(T 0
ν1)− g(T 0

ν0)

a
sgn(σ), (D.7)

where ν1 ∈ {0, 1, 2}/{µ0, µ1}, and

σ =

(

µ0 µ1 ν1
0 1 2

)

. (D.8)

After some calculation, we obtain from (D.6),

∑

T 1⊂∂T 2
012

√

3

4

(

∑

T 0⊂∂T 1

f(T 0)

)(

1

2

∑

T 0<T 1

g(T 0)

)

=

√

3

4

1

2

[

(f(T 0
2 )− f(T 0

1 ))
(

g(T 0
1 ) + g(T 0

2 )
)

− (f(T 0
2 )− f(T 0

0 ))
(

g(T 0
2 ) + g(T 0

0 )
)

+ (f(T 0
1 )− f(T 0

0 ))
(

g(T 0
1 ) + g(T 0

0 )
)]

=

√

3

4

1

2

[

(f(T 0
2 )− f(T 0

1 ))
(

g(T 0
1 ) + g(T 0

2 )
)

− (f(T 0
2 )− f(T 0

0 ))
(

g(T 0
2 ) + g(T 0

0 )
)

+ (f(T 0
1 )− f(T 0

0 ))
(

g(T 0
1 ) + g(T 0

0 )
)]

=

√
3

4

[

f(T 0
0 )(g(T

0
2 )− g(T 0

1 )) + f(T 0
1 )(g(T

0
0 )− g(T 0

2 )) + f(T 0
2 )(g(T

0
1 )− g(T 0

0 ))
]

, (D.9)
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and from (D.7),

−
√
3a2

4

∑

0≤µ0<µ1≤2

∑

ν0∈{µ0,µ1}

1

3

f(T 0
µ1
)− f(T 0

µ0
)

a

g(T 0
ν1
)− g(T 0

ν0
)

a
sgn(σ)

=−
√
3

12

[

(f(T 0
1 )− f(T 0

0 ))
{

(g(T 0
2 )− g(T 0

1 )) + (g(T 0
2 )− g(T 0

0 ))
}

− (f(T 0
2 )− f(T 0

0 ))
{

(g(T 0
1 )− g(T 0

2 )) + (g(T 0
1 )− g(T 0

0 ))
}

+(f(T 0
2 )− f(T 0

1 ))
{

(g(T 0
0 )− g(T 0

2 )) + (g(T 0
0 )− g(T 0

1 ))
}]

=

√
3

4

[

f(T 0
0 )(g(T

0
2 )− g(T 0

1 )) + f(T 0
1 )(g(T

0
0 )− g(T 0

2 )) + f(T 0
2 )(g(T

0
1 )− g(T 0

0 ))
]

. (D.10)

As (D.9) agrees with (D.10), we see that (D.5) can be discretized on the simplex and that the
Leibniz rule is not violated on the lattice.

For another example, we will discretize the both sides of

d(dΛ3 ∧B2) = −dΛ3 ∧ dB2 (D.11)

on a 7-simplex T 7
012...7 and show that results are the same. First, the left-hand side of (D.11) is

discretized as

d(dΛ3 ∧B2)

→
√
8√
14

∑

T 6⊂∂T 7

∑

T 4<T 6

∑

T 3⊂∂T 4

∑

T 2<T 6

T 2∩T 4=T 0

V (6)

7

1

iV (4)

√

5

8
log ΓΛ(T

3)
1

iV (2)
log ΓB(T

2)sgn(σ)

=

√
8√
14

7
∑

r=0

∑

0≤ν1<ν2≤7

[

∑

0≤q<r<ν1<ν2

+
∑

0≤q<ν1<r<ν2

+
∑

0≤q<ν1<ν2<r

−
∑

r<q<ν1<ν2

−
∑

ν1<q<r<ν2

−
∑

ν1<q<ν2<r

+
∑

r<ν1<q<ν2

+
∑

ν1<r<q<ν2

+
∑

ν1<ν2<q<r

−
∑

≤r<ν1<ν2<q≤7

−
∑

ν1<r<ν2<q≤7

−
∑

ν1<ν2<r<q≤7

]

∑

ν0∈{0,1,2,...7}/{r,ν1,ν2}

(−1)r+q

× V (6)

7

1

iV (4)

√

5

8
log ΓΛ(T

3,r̂q̂ν̂1ν̂2
012...7 )

1

iV (2)
log ΓB(T

2
ν0ν1ν2

)sgn(σ), (D.12)

where

σ =

(

0 1 2 · · · r̂, ν̂1, ν̂2 · · · 7 ν1 ν2
0 1 2 · · · r̂ · · · · · · · · · 7

)

, (D.13)

r and q are vertex that we omit when we obtain the 6-simplex T 6 from T 7
012...7 and 3-simplex T 3 from

4-simplex T 4, respectively, and T 3,r̂q̂ν̂1ν̂2
012...7 is a 3-simplex obtained by omitting vertices T 0

r , T
0
q , T

0
ν1
,

and T 0
ν2

from T 7
012...7.

Using the fact that

sgn(σ) =











(−1)ν1+ν2−1 (r < ν1)

(−1)ν1+ν2 (ν1 < r < ν2)

(−1)ν1+ν2−1 (µ1 < µ2 < r)

, (D.14)
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The right hand side of (D.12) becomes

=

√
8√
14

7
∑

r=0

∑

0≤ν1<ν2≤7

[

∑

0≤q<r<ν1<ν2

+
∑

0≤q<ν1<r<ν2

+
∑

0≤q<ν1<ν2<r

−
∑

r<q<ν1<ν2

−
∑

ν1<q<r<ν2

−
∑

ν1<q<ν2<r

+
∑

r<ν1<q<ν2

+
∑

ν1<r<q<ν2

+
∑

ν1<ν2<q<r

−
∑

≤r<ν1<ν2<q≤7

−
∑

ν1<r<ν2<q≤7
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Next, the right-hand side of (D.11) is discretized as
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where

σ′ =

(

0 1 2 · · · ν̂1, ν̂2, ν̂3 · · · 7 ν1 ν2 ν3
0 1 2 · · · · · · · · · · · · · · · · · · 7

)

, (D.17)

ν1, ν2 and ν3 are the vertices of T ′3 that are not shared by T 4, and r and νq are the vertex which
we omit when we obtain T 3 from T 4 and T ′2 from T ′3, respectively. Using the fact that

sgn(σ′) = (−1)ν1+ν2+ν3, (D.18)

the right hand side of (D.16) becomes
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Finally, redefining the label of vertices as r → q, ν1 → r, ν2 → ν1, ν3 → ν2, the right hand side
of (D.19) becomes
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This result agrees with (D.15), and we see that we can discretize both sides of (D.11) on a simplex.
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