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Using the Bower-Liang model, we discuss how pressure anisotropies affect the microscopic and
macroscopic properties of hybrid stars. We find that anisotropies affect the maximum mass, central
density, and radius of the canonical stars. Anisotropies also affect the minimum neutron star mass
that presents quarks in their core, as well as the total amount of quarks for the maximally massive
stars. We also confront our results with standard constraints, such as the radius and the tidal
parameter of the canonical star, as well as the mass and radius of the PSR J0740+6620 pulsar. We
observe that moderate values for anisotropies could fulfill these constraints simultaneously. On the
other hand, within more extreme degrees of anisotropies, more speculative constraints such as black
widow pulsars PSR J0952-0607 and the mass-gap object in the GW190814 event can be explained
as hybrid stars. We also investigate the role of anisotropies in the neutron stars’ moment of inertia.

I. INTRODUCTION

Neutron stars are compact and degenerate objects
whose density at their core can reach several times the
density of the atomic nucleus. The theory of the birth of
neutron stars is well-established in the literature as su-
pernova remnants. However, other aspects are far from
being determined. One of them is the neutron stars’ in-
ternal composition. The standard model considers neu-
tron stars composed of nucleons and leptons with zero to-
tal charge net and in chemical equilibrium. Still, the pres-
ence of exotic, non-Nucleonic degrees of freedom is possi-
ble to exist in neutron stars’ core. One of the vastly stud-
ied possibilities is the presence of hyperons [1–5]. Indeed,
some studies suggest that hyperons are inevitable [6, 7].

Another possibility is that at high densities, the
quark matter becomes energetically favorable, creating a
hadron-quark phase transition in the neutron star’s core.
In this case, we have a neutron star constituted by decon-
fined quark matter in the core, surrounded by hadronic
matter in the outer layers. Such a configuration is called
a hybrid star [8–10]. The study of hybrid stars is essen-
tial, once a recent work pointed out that the presence of
deconfined quarks in massive neutron stars is not only
possible but probable [11].

Another unknown feature of neutron stars is related
to their isotropic pressure. Most works (see ref. [12])
assume that neutron stars are isotropic objects. How-
ever, several exotic phenomena, such as a strong mag-
netic field, superfluity, phase transitions, and others (see
ref. [13] for an extensive discussion) can be present in neu-
tron stars’ interiors, inducing a local anisotropy. Several
models have been proposed to explore the effects of pres-
sure anisotropy inside the star [14]. One of them is the
so-called Bower-Liang (BL) model [15]. In this simple
model, the anisotropy is local, gravitationally induced,
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and non-linear in pressure. Moreover, the BL model has
the advantage that the presence of local anisotropy does
not break the spherical symmetry of the star, as discussed
in ref. [16]
In this work, we study the effects of local anisotropies

in different configurations of hybrid stars. In the
hadronic phase, we construct hybrid stars with and with-
out hyperons, while in the quark phase, we use one soft
and one stiff equation of state (EOS). To accomplish this
task, we use the quantum hadrodynamic (QHD) for the
hadron phase [17], and the thermodynamic consistent
vector MIT bag model for the quark phase [18, 19]. The
presence of the anisotropy is taken into account via BL
model [15].
All our results are confronted with experimental and

observational constraints. From the microscopic nuclear
physics point of view, there are four well-constrained pa-
rameters at the saturation density [20]: the saturation
density itself (n0), the binding energy per nucleon (E/A),
the compressibility (K) and the effective nucleon mass
(M∗/M). Two additional parameters, the symmetry en-
ergy (S0) and its slope (L), are still a matter of debate.
Nevertheless, they are strongly constrained in a recent
study [21].
From the macroscopic nuclear astrophysics point of

view, there are also some constraints. Maybe the more
important is the PSR J0740+6620 with a mass of 2.08±
0.07M⊙ and a radius of 12.35±0.75 km [22]. Concerning
the canonical 1.4M⊙ star, two NICER results point that
their radius must be in the range 11.52 < R1.4 < 13.85
km [23], and 11.96 < R1.4 < 14.26 km [24]. Later, these
results were refined to 11.80 < R1.4 < 13.10 km [22]. Be-
sides these standard constraints, there are some unortho-
dox and speculative ones presented in the literature. The
first is the HESS J1731-347 object [25] whose mass and
radius are M = 0.77+0.20

−0.17 M⊙ and R = 10.4+0.86
−0.78 km re-

spectively. The true nature of the HESS object is one of
the hot topics in nuclear astrophysics. In ref. [25], it was
shown that some chiral theory can explain this object
as an ordinary hadronic neutron star. The hadronic na-
ture was also explored in ref. [26]. On the other hand, the
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HESS object as a strange star was studied in refs. [27–29].
Finally, in ref. [30] the authors show that the HESS object
can be a hadronic neutron star with a soft EOS or a hy-
brid star with an early deconfinement phase transition. A
second one is the speculative mass of the black widow pul-
sars PSR J0952-0607, M = 2.35± 0.17M⊙ [31]. Finally,
there is the mass-gap object in the GW190814 event [32],
whose mass was estimated to be 2.50 − 2.67 M⊙. Al-
though we are not sure about its true nature [33, 34].
We check if some degree of anisotropy can explain some
or even all of these exotic objects as hybrid stars.

In addition, we also use the constraints from the grav-
itational wave observations by LIGO/VIRGO/KAGRA.
The GW170817 event [35] put the constraints on the di-
mensionless tidal parameter of the canonical star Λ1.4 <
800 [35]. This result was then refined in ref. [36], to 70 <
Λ1.4 < 580. Moreover, assuming that the mass-gap ob-
ject in the GW190814 event was not a black hole implies
that the dimensionless tidal parameter for the canonical
star must be in the range of 458 < Λ1.4 < 889 [32].
Ultimately, we discuss the moment of inertia (MOI)

of the hybrid stars. Till now, we don’t have any obser-
vational data for any NS. The authors of ref. [37] have
obtained the MOI for several pulsars using the univer-
sal relations between the mass and the tidal deformabil-
ity. Here, we calculate the MOI of the anisotropic hybrid
stars with different hadronic and quark parametrizations
by varying the degrees of anisotropicity. One can con-
strain the value of MOI from the future observational
data for the anisotropic compact star. There are other
ways to constrain the magnitude of the MOI for different
systems, such as Millisecond Pulsars (MSP), Double NS
(DNS), and Low Mass X-ray Binary (LMXB), as done in
Refs. [37, 38]. The MOI of these pulsars is expected to be
measured soon; for example, the PSR J0737-3039(A) is
the only known DNS up to date. Since the NS EOS is be-
lieved to be universal, the tidal deformability constraints
from GW170817 have implications for all NSs, including
PSR J0737-3039(A), the MOI has been obtained to be
1.15+0.38

−0.24 × 1045 g cm2 [37]. One can also estimate the
MOI for other MSPs and LMXBs.

II. MICROSCOPIC FORMALISM

A. Quantum Hadrodynamics

To simulate the interaction between baryons in dense
cold matter, we use an extended version of the QHD
model, whose Lagrangian density reads [17, 39]:

LQHD = ψ̄B [γ
µ(i∂µ − gBωωµ − gBρ

1

2
τ⃗ · ρ⃗µ)

− (MB − gBσσ)]ψB − U(σ)

+
1

2
(∂µσ∂

µσ −m2
sσ

2)− 1

4
ΩµνΩµν +

1

2
m2

vωµω
µ

+
1

2
m2

ρρ⃗µ · ρ⃗ µ − 1

4
Pµν ·Pµν + Lωρ + Lϕ, (1)

in natural units. ψB is the baryonic Dirac field, where B
can stand either for nucleons only (N) or can run over
N and hyperons (H). The σ, ωµ and ρ⃗µ are the mesonic
fields, while τ⃗ are the Pauli matrices. The g′s are the
Yukawa coupling constants that simulate the strong in-
teraction, MB is the baryon mass, ms, mv, and mρ are
the masses of the σ, ω and ρ mesons respectively. The
U(σ) is the self-interaction term introduced in Boguta
and Bodmer [40]:

U(σ) =
1

3
λσ3 +

1

4
κσ4,

and Lωρ is a non-linear ω-ρ coupling interaction as in
ref. [39]:

Lωρ = Λωρ(g
2
Nρρ⃗

µ · ρ⃗µ)(g2Nωω
µωµ), (2)

which is necessary to correct the slope of the symmetry
energy and has a strong influence on the radii and tidal
deformation of the neutron stars [41–43]; Lϕ is related to
the strangeness of hidden ϕ vector meson, which couples
only with the hyperons, not affecting the properties of
symmetric nuclear matter:

Lϕ = gHϕψ̄H(γµϕµ)ψH +
1

2
m2

ϕϕµϕ
µ − 1

4
ΦµνΦµν , (3)

as pointed out in refs. [4, 44], this vector channel is
crucial to obtain massive Hyperonic neutron stars.

As neutron stars are stable macroscopic objects, we
need to describe a neutral, chemically stable matter,
and hence, leptons are added as free Fermi gases, whose
Lagrangian density is the usual one.

Ll = ψ̄l[γ
µ(i∂µ −ml)]ψl.

To solve the equations of motion, we use the mean
field approximation (MFA), where the meson fields are
replaced by their expectation values. Applying the Euler-
Lagrange formalism and using the quantization rules
(E = ∂0, k = i∂j), we easily obtain the eigenvalue for
the energy:

EB =
√
k2 +M∗2

B + gBωω0 + gBϕϕ0 +
τ3B
2
gBρρ0, (4)

where M∗
B ≡ MB − gBσσ0 is the effective baryon mass

and τ3B assumes the value of +1 for p, Σ+, Σ0 and Ξ0;
and -1 for n, Λ0 Σ− and Ξ−. Within this approach, we
can add the mixed term gΣΛρ as discussed in ref. [45].
This term is necessary to recover the relations of com-
pleteness and closure. For the leptons, we have:

El =
√
k2 +m2

l , (5)
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and the mesonic fields in MFA are given by:

m2
σσ0 + λσ2

0 + κσ3
0 =

∑
B

gBσn
s
B ,

(m2
ω + 2Λvρ

2
0)ω =

∑
B

gBωnB ,

m2
ϕϕ0 =

∑
B

gBϕnB ,

(m2
ρ + 2Λvω

2
0)ρ0 =

∑
gBρ

τ3B
2
nB , (6)

where Λv ≡ Λωρg
2
Nωg

2
Nρ, and nsB and nB are, respec-

tively, the scalar density and the number density of the
baryon B. Finally, applying Fermi-Dirac statistics to
baryons and leptons and with the help of Eq. (6), we
can write the total energy density as [46]:

ϵ =
∑
B

1

π2

∫ kBf

0

dkk2
√
k2 +M∗2

B + U(σ0)

+
1

2
m2

σσ
2
0 +

1

2
m2

ωω
2
0 +

1

2
m2

ϕϕ
2
0 +

1

2
m2

ρρ
2
0

+ 3Λvω
2
0ρ

2
0 +

∑
l

1

π2

∫ klf

0

dkk2
√
k2 +m2

l , (7)

and the pressure is easily obtained by thermodynamic
relations: p =

∑
f µfnf − ϵ, where the sum runs over

all the fermions, and µf is the corresponding chemical
potential. Now, to determine each particle population,
we impose that the matter is β stable and has a total
electric net charge equals to zero.

B. Parametrization

In this work, we use the enhanced L3ωρ parametriza-
tion (eL3ωρ), as originally proposed in ref. [5], such
parametrization virtually fulfills all constraints at the sat-
uration density. The parameters, constraints, and predic-
tions of this model are presented in Tab. I.

If hyperons are present, we must fix their coupling con-
stants with the mesonic fields as well. The coupling con-
stants of the vector mesons can be fixed within the flavor
SU(3) group symmetry. Assuming an ideal angle mixing,

θv = 35.264, and a rating z = 1
√
6 (see refs. [5, 7, 45–48]

and the references therein for a more complete discus-
sion about group theory and its relation with the meson-
hyperon coupling constants) the only free parameter left
is the αv. As we wish to produce neutron stars with
M ≥ 2.0 M⊙, we use αv = 0.50.

For the coupling with the scalar meson, the hyperon
potential depths are taken as UΛ = −28 MeV, UΣ = +30
MeV [49], and UΞ = −4 MeV [50] respectively. The
complete set of coupling constants used in this work are

Enhanced L3ωρ
(gNσ/ms)

2 12.108 fm2

(gNω/mv)
2 7.132 fm2

(gNρ/mρ)
2 5.85 fm2

κ 0.04138
λ −0.0390

Λωρ 0.0283

Quantity Constraint This model
n0 (fm−3) 0.148–0.170 0.156
M∗/M 0.60–0.80 0.69

K (MeV) 220–260 256
S0 (MeV) 31.2–35.0 32.1
L (MeV) 38–67 66

B/A (MeV) 15.8–16.5 16.2

TABLE I. eL3ωρ [5] parameterization (top) and its pre-
dictions for nuclear matter quantities (bottom). The phe-
nomenological constraints are taken from Ref. [20, 21].

given as follows:

gΛω/gNω = 0.714, gΣω/gNω = 1.0, gΞω/gNω = 0.571,

gΛρ = 0.0, gΣρ = 1.0, gΞρ/gNρ = 0.0,

gΛσ/gNσ = 0.646, gΣσ/gNσ = 0.663, gΞσ/gNσ = 0.453,

gΛϕ/gNω = −0.808, gΣϕ/gNω = −0.404,

gΞϕ/gNω = −1.01, gΣΛρ = 0.577, (8)

where we explicitly add the mixed Yukawa coupling in
order to restore the relations of completeness and closure
of the SU(3) Clebsch-Gordan coefficients [45].

C. Vector MIT bag model

The quark matter is studied within the vector MIT
bag model, which is an extension of the original MIT bag
model [51] that incorporates some features of the QHD.
In its original form, the MIT bag model considers that
each baryon is composed of three non-interacting quarks
inside a bag. The bag, in turn, corresponds to an infinite
potential that confines the quarks. As a consequence,
the quarks are free inside the bag and are forbidden to
reach its exterior. All the information about the strong
force relies on the bag pressure value, which mimics the
vacuum pressure.

In the vector MIT bag model, the quarks are still con-
fined inside the bag, but now they interact with each
other through a vector meson exchange. This vector me-
son plays a role analog to the ω meson of the QHD [17].
Moreover, the contribution of the Dirac sea can be taken
into account through a self-interaction of the vector me-
son [52]. The Lagrangian of the vector MIT bag model,
therefore, consists of the Lagrangian of the original MIT,
plus the Yukawa-type Lagrangian of the vector field ex-
change, plus the Dirac sea contribution. We must also
add the mesonic mass term to maintain the thermody-
namic consistency. It then reads [18, 19]:

L = LMIT + LV + LDIRAC, (9)
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where

LMIT =
∑
i

{ψ̄i[iγ
µ∂µ −mi]ψi −B}Θ(ψ̄iψi), (10)

LV =
∑
i

{ψ̄igiV (γ
µVµ)ψi −

1

2
m2

V V
µVµ}Θ(ψ̄iψi), (11)

LDIRAC = b4
(g2VµV

µ)2

4
, (12)

where ψi is the Dirac quark field, B is the constant vac-
uum pressure, mV is the mass of the Vµ mesonic field,
giV is the coupling constant of the quark i with the me-
son Vµ, and g = guV . The Θ(ψ̄iψi) is the Heaviside step
function included to assure that the quarks exist only
confined to the bag.

Applying MFA and the Euler-Lagrange equations, we
can obtain the energy eigenvalue for the quark fields and
the equation of motion for the mesonic V0 field:

Ei =
√
m2

i + k2i + giV V0, (13)

gV0 +

(
g

mv

)2(
b4(gV0)

3

)
=

(
g

mv

)∑
i

(
giV
mv

)
ni.

To construct an EOS in MFA, we now consider the Fermi-
Dirac distribution of the quarks, the Hamiltonian of the
vector field, and the bag pressure value, H = −⟨L⟩. We
obtain

εi =
γi
2π2

∫ kf

0

Ei k
2dk, (14)

ε =
∑
i

εi +B − 1

2
m2

V V
2
0 − b4

(g2V 2
0 )

2

4
, (15)

with γi = 6 (3 colors× 2 spins) is the degeneracy factor.
To construct a hybrid star, the quark matter must lie

outside the so-called stability window [53, 54], i.e., the
energy per baryon must be higher than 930 MeV. Oth-
erwise, the entire hybrid star would be converted into a
strange star in a finite amount of time [55, 56]. To accom-
plish this task, we use B1/4 = 158 MeV. We also define
GV ≡ (g/mV )

2 and XV ≡ (gsV /guV ). The XV is then
taken as XV = 0.4 once its value was calculated based
on symmetry group arguments (see reference [18] for ad-
ditional details). For the GV , we use two different values
to produce a weak and a strong interaction between the
quarks, GV = 0.40, and 0.42 fm2. The Dirac sea contri-
bution is taken into account, assuming a small value for
b4 (= 0.5). Within such a small value, we are still able
to produce massive stars, with M ≥ 2.0M⊙, while as-
suring that the quark matter is energetically favorable at
the limit of higher density. Finally, the pressure is easily
obtained by thermodynamic relations: p =

∑
i µini − ε.

Hadron Quark µ0 p0 ϵH ϵQ
Nucleonic Weak 1214 85 470 507
Nucleonic Strong 1302 129 557 609
Hyperonic Weak 1228 92 506 528
Hyperonic Strong 1489 253 860 904

TABLE II. The critical chemical potential (in MeV), crit-
ical pressure (in MeV/fm3), and the energy densities (in
MeV/fm3) for hadron and quark phases, within Maxwell con-
struction.

D. Maxwell construction and phase transition

To identify the point where the hadronic matter be-
comes deconfined quark matter, we use the so-called
Maxwell construction. In this approach, the transition
pressure is the one where the Gibbs free energy per
baryon G/nB of both phases intersect, being the energet-
ically preferred phase, the one with a lower G/nB [57].
The Gibbs free energy per baryon coincides with the
baryon chemical potential. Therefore, we call the inter-
section point critical pressure and critical chemical po-
tential. The Maxwell criteria read:

µH = µQ = µ0, at pH = pQ = p0. (16)

The critical pressure (p0), therefore, marks the onset
of the quark phase. We have a pure hadronic star for a
neutron star whose central pressure is lower than p0, and
a hybrid star if pc > p0. When pc = p0 we have the
minimum neutron star mass that presents quarks in the
core.

We display in Tab. II the critical chemical potential
and the critical pressure for beta-stable matter with
only Nucleons (Nucleonic) and with nucleons and hy-
perons (Hyperonic), as well with the quark matter with
GV = 0.40 fm2 (Weak) and GV = 0.42 fm2 (Strong).
We also display the correspondent energy density for the
hadronic and quarkyonic phases at the transition point.
We can notice that by increasing the value of GV , we
also increase the critical chemical potential, pushing the
hadron-quark phase transition to higher densities and
pressures. In the same sense, the presence of hyperons
softens the hadron EOS, making the hadron-quark phase
transition more difficult. Indeed, for even higher values
of GV , we are not able to produce stable hybrid stars
with hyperons once their critical chemical potentials are
beyond those reached in the maximum mass. These re-
sults are in accordance with the discussion presented in
ref. [33].
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III. SPHERICALLY SYMMETRIC HYBRID
STARS

A. Hydrostatic equilibrium

In this section, we briefly review the theory of static
equilibrium distribution of matter, which is spheri-
cally symmetric but whose stress tensor is, in gen-
eral, locally anisotropic, as originally introduced in
ref. [15]. In the isotropic case, the stress-energy ten-
sor reads: Tµν = diag(ρ,−p,−p,−p). We now introduce
anisotropies without breaking the spherical symmetry
by assuming the following stress-energy tensor: Tµν =
diag(ρ,−pr,−pt,−pt). Spherical symmetry implies that
(in canonical coordinates) the stress-energy tensor Tµν is
diagonal, and moreover, pϕ = pθ = pt [16].
We can now redefine the anisotropic energy-

momentum tensor as done in refs. [16, 58, 59]:

Tµν = (ρ+ pt)uµuν + (pr − pt)kµkν + ptgµν , (17)

where ρ, pr, and pt are the energy density, radial pressure,
and tangential pressure, respectively. kµ is the unit ra-
dial vector (kµkµ = 1) with uµkµ = 0. The Schwarzschild
metric for this type of star having the spherically sym-
metric and static configuration is defined as

ds2 = −e2νdt2 + e2λdr2 + r2dθ2 − r2 sin2 θdφ2 , (18)

where r, θ, and ϕ are the Schwarzschild coordinates.
Applying Einstein’s field equations, we obtain:

λ′(r) =
8πr2e2λ(r)ρ(r)− e2λ(r) + 1

2r
, (19)

ν′(r) =
8πr2pr(r)e

2λ(r) + e2λ(r) − 1

2r
, (20)

and the contracted Bianchi identities give us the follow-
ing:

dpr
dr

= −(ρ+ pr)
ν′

2
+

2

r
(pt − pr). (21)

Finally, by isolating the ν′ in Eq. 20 and replacing it
in Eq. 21, we can write the equilibrium equations in the
Tolman-Oppenheimer-Volkoff form [58]:

dpr
dr

= − (ρ+ pr)
(
m+ 4πr3pr

)
r (r − 2m)

+
2σ

r
, (22)

dm

dr
= 4πr2ρ , (23)

where σ = pt−pr is the anisotropy parameter, ‘m’ is the
mass enclosed within the radius r. The radial pressure is
then obtained from a pre-determined EOS. On the other

hand, for the case of the transverse pressure, we use the
BL model in the following [15]:

pt = pr +
λBL

3

(ρ+ 3pr)(ρ+ pr)r
2

1− 2m/r
, (24)

where the factor λBL measures the degree of anisotropy in
the fluid. There are some boundary conditions required
to solve the above Eqs. (22-24) as done in Refs. [14, 60].
Also, different fluid conditions must be satisfied for the
anisotropic stars such as (i) pr, pt, and ρ > 0, (ii) 0 <
c2s,t < 1 (where cs,t = dpt/dρ), (iii) pr = pt for r = 0, etc.
Other conditions are mentioned in ref. [14].
In Fig. 1, we display the mass-radius relation for differ-

ent values of λBL with some neuron star configurations:
the neutron stars that present hyperons are on the right,
while those that do not present hyperons are on the left.
From top to bottom, there are pure hadronic stars, hy-
brid stars with the weak quark-quark interaction, and
hybrid stars with the strong quark-quark interaction.
We follow [27] and begin our analyses with the sym-

metric case. For λBL = 0, we see that the maximum
mass is 2.30M⊙ for a pure Nucleonic star, while its cen-
tral number density is around 0.94 fm−3. A maximum
mass of 2.13M⊙, with a central density around 0.99 fm−3,
was found for a hadronic neutron star with nucleons and
hyperons. In the case of hybrid neutron stars, the maxi-
mum mass is 2.06 M⊙ for the weak quark-quark interac-
tion and 2.09M⊙ for the strong quark-quark interaction.
It is interesting to point out that we obtain the same
maximum mass regardless of whether the hadronic EOS
presents hyperons. Such a feature was first pointed out in
ref. [33]. Concerning their central densities, we see that
for the weak quark-quark interaction, we have a central
density around 0.95 fm−3 for a pure Nucleonic hybrid
star and around 0.92 fm−3 for a hybrid star with nucle-
ons and hyperons. For a strong quark-quark interaction,
we have exactly the opposite: a central density around
0.92 fm−3 for a pure Nucleonic hybrid star and around
0.95 fm−3 for a hybrid star with nucleons and hyperons.
Nevertheless, although the presence of hyperons does not
affect the maximum mass of hybrid stars, their presence
makes the phase transition more difficult, pushing it to
higher densities. This can more easily seen from Fig. 2,
where we display the hybrid star mass as a function of the
central density n. The onset of the quark matter can be
identified by the gap in the number density (represented
by small horizontal lines, indicating that the mass does
not change). The first hybrid star for a weak quark-quark
interaction has a mass of 1.63 M⊙, and a density around
0.48 fm−3 for a Nucleonic EOS and M = 1.68 M⊙ with
n = 0.50 fm−3 for a Hyperonic hybrid star. In the case of
the strong quark-quark interaction, we have the first hy-
brid star with a mass of 1.84 M⊙ with n = 0.57 fm−3 for
a Nucleonic hybrid star andM = 2.05M⊙ with n = 0.78
fm−3 for a Hyperonic one. Now we discuss the radius
of the 1.4 M⊙ canonical star. For the isotropic case, we
found that all stars have the same radius of 12.82 km,
as neither hyperons nor quarks are present at such low
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FIG. 1. Mass-radius relations for different neutron stars’ configurations. The anisotropic parameter lies −2.0 < λBL < +2.0.
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FIG. 2. Hybrid star masses as a function of the central density. The anisotropic parameter lies −2.0 < λBL < + 2.0.

mass.

We now discuss the role of anisotropy on the neutron
star properties. For a pure Nucleonic star, the maximum
mass drops to 1.98 M⊙ for λBL = -2.0 while peaks 2.74
forλBL = +2.0. On the other hand, the central density is
as high as 1.12 fm−3 or λBL = -2.0 and drops to 0.77 fm−3

for λBL = +2.0. For a pure Hyperonic neutron star we
haveM = 1.83M⊙ for λBL = -2.0, andM = 2.56 for λBL

= +2.0. In the same sense, we have n = 1.20 fm−3 for
λBL = -2.00, and n = 0.79 fm−3 forλBL = +2.0. As can
be seen, the presence of a positive anisotropy increases
the maximum mass but reduces the central density and
vice-versa.

In the case of hybrid stars with a weak quark-quark
interaction, we found a maximum mass of 1.75 M⊙ for
λBL = -2.0 and M = 2.51 for λBL = +2.0. Here, as in
the isotropic case, the maximum mass does not depend
on the presence of hyperons or not. Indeed, we have

the same maximum mass for a fixed λBL and a fixed
quark EOS. The central density presents a small differ-
ence, n = 1.18 fm−3 for Nucleonic+Weak hybrid star,
and n = 1.19 fm−3 for a Hyperonic+Weak hybrid one
for λBL = -2.0. For λBL = +2.0 we have n = 0.77 fm−3

and n = 0.76 fm−3 for a Nucleonic and a Hyperonic hy-
brid star respectively.

For a strong quark-quark interaction, we again have
the maximum mass independent of the presence of hy-
perons for all values of λBL. The maximum mass lies be-
tween 1.77 M⊙ for λBL = -2.0 up to 2.56 M⊙ for λBL =
+2.0. It is interesting to notice that the maximum mass
for a strong quark-quark interaction hybrid star presents
the same maximum mass as the pure hadronic Hyper-
onic star for λBL = +2.0. For the other value of λBL, the
maximum mass of the hybrid star is always below the
one of the hadronic Hyperonic star. In the case of the
central density, we find values between 1.15 fm−3 for λBL
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= -2.0 and 0.74 fm−3 for λBL = +2.0 for the case Nu-
cleonic+Strong. For Hyperonic+Strong, we have values
between 1.16 fm−3 and 0.74 fm−3 for λBL = -2.0 and λBL

= +2.0 respectively. It is important to point out that for
λBL = +2.0, the central density is below the density at
the quark-hadron phase transition. Therefore, we do not
have a stable hybrid star for this configuration. All sta-
ble stars are pure hadronic. This is why both Hyperonic
and Hyperonic+Strong have the same mass for λBL =
+2.0.

We can also discuss what is the minimum neutron star
mass that presents quarks in their core. We see that for
λBL = -2.0 we have 1.23 M⊙ (Nucleonic+Weak), 1.27
M⊙ (Hyperonic+Weak), 1.49 M⊙ (Nucleonic+Strong)
and 1.67 M⊙ (Hyperonic+Strong). For λBL = +2.0,
we have 2.21 M⊙ (Nucleonic+Weak), 2.28 M⊙ (Hyper-
onic+Weak), and 2.47 M⊙ (Nucleonic+Strong). Hyper-
onic+Strong does not have a stable hybrid star.

We now estimate the percentual amount of quark
present in the maximally massive hybrid star for each
neutron star configuration. To accomplish that, we fol-
low refs. [7, 10] and solve the hydrostatic equilibrium
equations for the quark EoS from the density correspond-
ing to the central density at the maximum mass neutron
stars and stop at the density corresponding to the critical
chemical potential. The results are presented in Fig. 3.
We see that the configuration that presents a higher
amount of quarks in the core is Nucleonic+Weak, since
it favors the earlier onset of quark matter, but still yields
a large maximum mass. In the same sense, the lower val-
ues of quark mass are within the Hyperonic+Strong con-
figuration. We also see that, despite some fluctuations,
the percentage of quarks decreases with the increase of
λBL. For λBL = -2.0, the total amount of quarks are 52%
for Nucleonic+Weak, 49% for Hyperonic+Weak, 38%
for Nucleonic+Strong, and 17% for Hyperonic+Strong.
For λBL = +2.0, these values drop to 46% for Nucle-
onic+Weak, 41% for Hyperonic+Weak, 25% for Nucle-
onic+Strong, and 0% for Hyperonic+Strong, once the
maximum mass is reached before the hadron-quark phase
transition. The decrease of the percentual amount of
quarks with λBL can be explained by the reduction of
the central density with λBL as well.

We now discuss the radius of the canonical 1.4M⊙ and
some constraints related to pulsars’ observations. For all
hybrid stars, the radius of the canonical star is almost in-
dependent of internal composition. It varies from 12.09
km for λBL = -2.0, up to 13.71 km for λBL = +2.0, inde-
pendently from both: the presence of hyperons, as well
the strength of the quark-quark interaction. Concerning
the constraint related to the canonical star, we see that
we need a value between -2.0 ≤ λBL ≤+0.6 to satisfy
the refined NICER constraint, 11.80 < R1.4 < 13.10 km
[22]. About the PSR J0740+6620 with a mass of 2.08
± 0.07 M⊙ and a radius of 12.35 ± 0.75 km [22], we
see that all hybrid stars configurations satisfy this con-
straint if we assume that -0.2 ≤ λBL ≤+1.2. Such
restriction is independent of the presence of hyperons or

−2.0 −1.6 −1.2 −0.8 −0.4 0.0 0.4 0.8 1.2 1.6 2.0

λBL

0

10

20

30

40

50

60

M
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)

Hyperonic+Weak

Hyperonic+Strong

Nucleonic+Weak

Nucleonic+Strong

FIG. 3. Percentual amount of quarks in the core of the most
massive hybrid stars as a function of λBL for different hybrid
star configurations as discussed in the text.

the strength of the quark-quark interaction. Combining
both constraints, we see that -0.2 ≤ λBL ≤+0.6 produce
hybrid stars that simultaneously satisfy the canonical 1.4
M⊙ and the revised mass and radius value of the PSR
J0740+6620.
About the less orthodox constraints, we see that the

speculative mass of the black widow pulsars PSR J0952-
0607, M = 2.35 ± 0.17M⊙ [31], can be reached for
λBL ≥ +0.4 for a strong quark-quark interaction and
λBL ≥ +0.6 in the case of the weak quark-quark in-
teraction. Here again, the results are independent of
the presence of hyperons. The mass-gap object in the
GW190814 event [32], whose mass was estimated to be
2.50− 2.67 M⊙ can be reached for λBL ≥ +1.8 for the
strong case, and only within λBL = +2.0 in the weak one.
Finally, the constraint related to the HESS object [25]
cannot be fulfilled for any value of λBL.

B. Tidal deformation

Tidal deformability (Λ) is a quantity that measures
the amount of deformation in the shape of the star
when it is in the field of its companion star. Already,
LIGO/VIRGO detected the binary neutron star defor-
mation in 2017. It has a unique relationship with the
tidal Love number (k2) and the compactness (C) of the
star [61, 62]:

Λ =
2

3
k2C

−5 (25)

One can estimate the magnitude of k2 by solving the
following differential equation in the Throne, and Cam-
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FIG. 4. Dimensionless tidal parameter for different configurations of hybrid stars. The anisotropic parameter lies
−2.0 < λBL < + 2.0.

polattaro metric [63] for an anisotropic star with an EOS
is given by [60, 64]

H
′′
(r) +AH

′
(r) +BH(r) = 0 (26)

where, A and B are represented as

A = −
(−e2λ(r) − 1

r
− 4πre2λ(r) (pr(r)− ρr(r))

)
,

(27)

B = −dpr
dpt

(
4e2λ(r) + e4λ(r) + 1

r2
+ 64π2r2p2r(r)e

4λ(r)

+ 16πe2λ(r)
{
pr(r)(e

2λ(r) − 2)− pt(r)− ρ(r)
}
− 4πc2s

× e2λ(r)(pr(r) + ρ(r))− 4πe2λ(r)(pr(r) + ρ(r))

)
, (28)

where c2s = dpr/dρ is the speed of sound. The term
dpr/dpt can be obtained from Eq. 24 for a particular star
with a fixed value of λBL. The solution of the differential
equation (y) at the surface of the star is given by y =
rH

′

H

∣∣∣
R

[61, 65]. After that, one can able to obtain the

tidal Love number in the following [61, 62, 66, 67].

k2 =
8

5
C5(1− 2C)2

[
2(y − 1)C − y + 2

]
×
{
2C
[
4(y + 1)C4 + 2(3y − 2)C3 − 2(11y − 13)C2

+ 3(5y − 8)C − 3(y − 2)
]
+ 3(1− 2C)2

×
[
2(y − 1)C − y + 2

]
log(1− 2C)

}−1

. (29)

In Fig. 4, we depict the result for the tidal deformabil-
ity as the function of mass for four cases only for positive
λBL values. We chose only the positive values because
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the speed of sound becomes negative for negative values
of λBL for NSs as well as hybrid stars. The unphysical
solution of the speed of sound gives obscure solutions for
Λ. The detailed discussion can be found for NSs in refs.
[14, 60].

From the figure, we observe that the neutron stars
with larger radii, i.e., larger values of λBL, actually have
lower values of Λ. This is the opposite when we com-
pare pure isotropic within different models. For instance,
in ref. [43], the authors vary the slope of the symmetry
energy and found that when the radius of the canon-
ical star is 12.58 km, we have Λ1.4 = 515; but when
R1.4 = 14.30 km, Λ1.4 = 812, an expected behav-
ior. But when anisotropies are taken into account, for
R1.4 = 12.82 km we have Λ1.4 = 523 for λBL = 0.0,
R1.4 = 13.22 km with Λ1.4 = 349 for λBL = +1.0 and
finally, R1.4 = 13.71 km with Λ1.4 = 320 for λBL = +2.0.
This behavior was already pointed out in ref. [14], and
it is because the love number k2 decreases with λBL (see
fig. 5 from ref. [14]). We can also see that the values
for Λ1.4, as the R1.4, are the same for the four configu-
rations as there are no hyperons or quarks at this mass
value. The dimensionless tidal parameter for the maxi-
mally massive stars is almost independent of the internal
composition. It is around 15-16 for λBL = 0.0 and about
2-3 for λBL = +2.0.
Concerning the gravitational wave constraints, we see

that we easily satisfy the observation related to the
GW170817, 70 < Λ1.4 < 580. [36], once the tidal parame-
ter decreases with λBL. About the mass-gap object in the
GW190814 event, the constraint 458 < Λ1.4 < 889 [32]
can also be fulfilled if λBL ≤ 0.2.

C. Moment of Inertia

The metric of the slowly rotating hybrid stars can
be obtained within the Hartle-Throne approximation, as
given in refs. [68–70]:

ds2 =− e2ν dt2 + e2λ dr + r2 (dθ2 + sin2 θdϕ2) (30)

− 2ω(r)r2 sin2 θ dt dϕ

For anisotropic hybrid stars, the MOI can be calculated
with the methodology developed in ref. [71]:

I =
8π

3

∫ R

0

r5Jω̃

r − 2M
(ρ+ pr)

[
1 +

σ

ρ+ pr

]
dr, (31)

where J = e−ν(1 − 2m/r)1/2, ω̃ = ω̄/Ω (ω̄ is the frame
dragging angular frequency, ω̄ = Ω − ω(r)). The fi-
nal expression (using the Eq. 24) for the MOI for the
anisotropic hybrid star is in the following:

I =
8π

3

∫ R

0

r5Jω̃

r − 2M
(ρ+ pr)

1 + λBL

3
(ρ+3pr)(ρ+pr)r

2

1−2m/r

ρ+ pr

 dr .
(32)

The MOI for four scenarios is shown in Fig. 5 for
−2 < λBL < +2 values. The behavior of the MOI as
the function of the mass for all cases is approximately
the same; the only difference can be seen in their mag-
nitudes, as they directly depend on the mass and radius
of the star. The deduced error bars shown in the figures
are taken from the ref. [38], predicted from the univer-
sal relations for different types of neutron stars. Except
for a few curves, all lines pass through the error bars.
It is observed that the higher positive values of λBL are
unfavorable for the hybrid stars with those anisotropic
configurations. For canonical stars, the MOI varies from
(in terms of × 1045 g.cm2) 1.44 for λBL = -2.0 up to 1.82
for λBL = +2.0. These values are fully independent of
the presence of hyperons as well as the strength of the
quark-quark interaction.
However, for the maximally massive hybrid stars, we

have the opposite trend. The results depend on both,
the presence of hyperons or not, as well the quark-quark
interaction, although the strength of the quark-quark in-
teraction is more relevant. For instance, for λBL = -2.0, in
the weak quark-quark interaction, the MOI is (in terms
of × 1045 g.cm2) 1.60 and 1.61 for Hyperonic and Nu-
cleonic stars respectively. The same behavior is present
for the strong quark-quark interaction, and the MOI is
now 1.67 and 1.68 for Hyperonic and Nucleonic stars,
respectively. For the isotropic case, we have the MOI
equal to 2.31 (Hyperonic) and 2.32 (Nucleonic) in the
weak quark-quark interaction and 2.41 (Hyperonic) and
2.44 (Nucleonic) for the strong one. Finally, for λBL =
+2.0, the values are 3.64 (Hyperonic+Weak), 3.65 (Nu-
cleonic+Weak), 3.75 (Hyperonic+Strong), and 3.87 (Nu-
cleonic+Strong).

IV. CONCLUSIONS

In this work, we study the influence of anisotropies
on the properties of hybrid stars. We use two configu-
rations for the hadronic EOS (with/without hyperons),
as well as two strengths for the quark-quark interaction.
The anisotropy is taken into account via the so-called BL
model. Our main results can be summarized as:

• The presence of hyperons pushes the hadron-quark
phase transition to higher densities. In the same
sense, increasing the quark-quark interaction (GV )
also makes the phase transition more difficult.

• The maximum mass is independent of the presence
of hyperons. Depending only on the value of GV .
This is true for the isotropic case [33], as well as for
each fixed value of λBL.

• Positive values of λBL increase the maximum mass
but reduce the central density. Negative values of
λBL play the opposite role. As a consequence, the
minimum neutron star mass that presents decon-
fined quark in the core increases with λBL, but the
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FIG. 5. Moment of inertia for different configurations of hybrid stars. The anisotropic parameter lies −2.0 < λBL < + 2.0.

percentual amount of quark mass in the neutron
stars’ core decreases with λBL.

• For a fixed λBL, the value of R1.4 is independent
of the presence of hyperons and the strength of the
quark-quark interaction.

• The constraint related to the radius of the canon-
ical star [22] can be satisfied assuming -2.0
≤ λBL ≤+0.6. About the PSR J0740+6620, we
must have -0.2 ≤ λBL ≤+1.2. The range -0.2
≤ λBL ≤+0.6 satisfies both constraints simulta-
neously.

• The constraints related to the speculative mass
of the black widow pulsars PSR J0952-0607 [31],
as well the mass-gap object in the GW190814
event [32] can also be fulfilled for higher values of,
λBL. The constraint related to the HESS object [25]

cannot be satisfied within the model employed in
this work.

• The dimensionless tidal parameter Λ decreases with
λBL, indicating an unexpected behavior, as it pre-
dicts that models within larger radii have lower val-
ues of Λ. All positive values of λBL are in agreement
with the GW171817 constraint. Negative values of
λBL have unphysical solutions (see ref. [60]).

• The MOI increases with λBL. Moreover, although
most of the physical quantities related to the max-
imum mass are independent of the presence of hy-
perons, this is not true for the MOI. Nucleonic EOS
presents higher values of MOI. Furthermore, in-
ferences about the MOI from universal relations
disfavor higher values of λBL. Future measure-
ments of MOI can put constraints on the degree
of anisotropy.
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