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Abstract

Reinforcement learning from human feedback (RLHF) has been an effective technique
for aligning AI systems with human values, with remarkable successes in fine-tuning large-
language models recently. Most existing RLHF paradigms make the underlying assumption that
human preferences are relatively homogeneous, and can be encoded by a single reward model.
In this paper, we focus on addressing the issues due to the inherent heterogeneity in human
preferences, as well as their potential strategic behavior in providing feedback. Specifically,
we propose two frameworks to address heterogeneous human feedback in principled ways:
personalization-based one and preference-aggregation-based one. For the former, we propose
two approaches based on representation learning and clustering, respectively, for learning
multiple reward models that trades-off the bias (due to preference heterogeneity) and variance
(due to the use of fewer data for learning each model by personalization). We then establish
sample complexity guarantees for both approaches. For the latter, we aim to adhere to the single-
model framework, as already deployed in the current RLHF paradigm, by carefully aggregating
diverse and truthful preferences from humans. We propose two approaches based on reward
and preference aggregation, respectively: the former utilizes both utilitarianism and Leximin
approaches to aggregate individual reward models, with sample complexity guarantees; the
latter directly aggregates the human feedback in the form of probabilistic opinions. Under the
probabilistic-opinion-feedback model, we also develop an approach to handle strategic human
labelers who may bias and manipulate the aggregated preferences with untruthful feedback.
Based on the ideas in mechanism design, our approach ensures truthful preference reporting,
with the induced aggregation rule maximizing social welfare functions.

Introduction

Reinforcement Learning from Human Feedback (RLHF) has been widely used in fine-tuning
Large Language Models like ChatGPT and Claude 3, showing their significance and usefulness in
aligning these models with human values/utilities that can be nuanced and complicated (Ziegler
et al., 2019; Ouyang et al., 2022; Bai et al., 2022). The underlying assumption of RLHF is that
human utility functions are closely linked to human preferences, making it feasible to learn about
human utility from preference data. Therefore, most of the RLHF use a single utility function (also
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Figure 1: We demonstrate a setting where humans might have heterogeneous feedback. We provide
a personalization-based framework and a human preference aggregation-based framework.

known as a reward function) to model the preferences of human labelers (Ziegler et al., 2019).
Contrary to the assumption of “homogeneity” in reward valuation, humans assign “heterogeneous”
reward values to the same question-and-answer pairs, especially for sensitive and open-ended
questions, depending on their background. This diversity suggests that the probability of selecting
a particular answer cannot be universally proportional to a presumed common reward value
(Figure 1). Therefore, the assumption that having a homogeneous preference for humans, which is
arguably an overly simplified model could potentially lead to reward models that prioritize the
preferences of the majority group in the data while neglecting the preferences of minorities. This is
concerning because it can result in biases and inequalities in the fine-tuned LLM systems, making
it less fair and representative of diverse perspectives that are inherent in society.

In addressing the challenge of diverse human preferences, the notion of personalized reward
models and LLMs emerges: Intuitively, one could consider creating tailored LLMs for each human
user who provides their own personalized data. However, this method might be inadequate due to
the limited data available for each individual, potentially leading to inaccurate reward estimations
and reduced precision in LLMs due to high variance. Conversely, employing a single reward and
associated language model for every human user by naively pooling all users’ data often relies on
an implicit assumption that humans have homogeneous preferences, which is barely the case in
practice (Pollak and Wales, 1992; Boxall and Adamowicz, 2002).

On the other hand, even when acknowledging the heterogeneity of human preferences and
aggregating them carefully to learn a single reward model, there is a challenge that has not received
enough attention in the RLHF literature: humans are by nature rational (of certain degrees) and
strategic, with their own objectives to optimize. They might manipulate their own feedback by not
providing truthful one, to distort the aggregated results to be closer to their own preferences, and



thus manipulate the output of LLMs fine-tuned over the aggregated preference data. For example,
in online rating systems, users may provide extreme feedback to disproportionately influence the
overall ratings toward their viewpoint.

Given the challenges above, we raise and attempt to address two questions: (1) how should we
mitigate the variance of the personalized reward model and LLM model arising from the paucity
of each human user’s data, and (2) if we use a single LLM model, as already deployed in the
current RLHF pipeline, what constitutes an effective method for aggregating diverse and truthful
preferences for fine-tuning LLMs?

Contributions. We provide a systematic study to address the challenges above due to the het-
erogeneity of human preferences in RLHF, with provable efficiency guarantees. We develop two
frameworks: one based on personalization, and one based on human preference aggregation.
The personalization-based framework seeks to address the question (1) above, and includes two
approaches as detailed below:

* Representation-learning-based Personalization: We propose a representation learning-
based approach for learning the heterogeneous individual reward function (see Figure 1).
By leveraging comparison data from a diverse set of humans, we can enhance the accuracy
of the representation learning (Theorem 3.4). This improvement results in better sample
complexity for estimating the personalized reward model and, consequently, more effective
policy learning compared to approaches using non-diverse but heterogeneous data sets
(Theorem 3.1). To improve the sample complexity, we develop a new proof technique to
bound the reward estimation errors without accurate representations, leading to the use of
summations of non-zero expectation random variables, which may be of independent interest
(proof of Lemma 5).

* Clustering-based Personalization: We then consider personalization with human user
clustering, with sample complexity guarantees. We introduce an approach for learning
clustered reward functions, and personalizing users’ reward model within each cluster by
the learned model for that cluster.

The aggregation-based framework seeks to address question (2), which aggregates heteroge-
neous human preferences in a principled way via social choice theory, and includes two aggregation
approaches as detailed below:

* Reward Aggregation with Comparison Data: We first estimate the parameters for each
individual’s reward model using the individual’s preference comparison data. Then, we
aggregate reward models using a family of reward aggregation rules, including those based
on the utilitarianism and Leximin approaches. We then provide sample complexities of the
policy induced from the single aggregated reward model.

* Preference Aggregation with Probabilistic Opinion Data: We then provide aggregation
methods for RLHF with a new feedback form: probabilistic opinion (Dietrich and List, 2016),
where human labelers provide feedback as a probability vector instead of binary comparison
data, as in the existing RLHF pipeline. Without assuming the relationship between human
reward and preference, we directly aggregate the diverse probabilistic preferences into a
consensus one. Under this feedback model, we also develop a mechanism to handle strategic



human labelers, who may benefit by reporting untruthful preferences, while biasing the
aggregated preference and thus the fine-tuned LLM. Our mechanism guarantees that the
labelers will report truthful preferences, while the induced aggregation rules maximize
various social welfare functions.

1.1 Related Work

Reinforcement Learning from Human Feedback. Empirical evidence has demonstrated the effi-
cacy of incorporating human preferences into reinforcement learning (RL) for enhancing robotics
(Abramson et al., 2022; Hwang et al., 2023) and for refining large-scale language models (Ziegler
et al., 2019; Ouyang et al., 2022; Bai et al., 2022). These human inputs take various forms, such as
rankings (Ziegler et al., 2019; Ouyang et al., 2022; Bai et al., 2022), demonstrations (Finn et al.,
2016), and scalar ratings (Warnell et al., 2018). A few approaches have been explored empirically
to personalize RLHE. For example, assigning fine-grained rewards to small text segments to en-
hance the training process (Wu et al., 2024), or training each human labeler’s reward model with
Multi-Objective Reinforcement Learning perspective (Jang et al., 2023; Hwang et al., 2023) have
been proposed. Moreover, (Li et al., 2024) suggested the training of each human labeler’s reward
model directly using personalized feedback with human embedding obtained by the human model,
and also an approach for the clustering with finding cluster embedding.

On the theory front, the studies of RLHF have received increasing research interest. The
most related prior works are (Zhu et al., 2023; Zhan et al., 2023; Wang et al., 2024), where (Zhu
et al., 2023) investigated the Bradley-Terry-Luce (BTL) model (Bradley and Terry, 1952) within
the context of a linear reward framework; while (Zhan et al., 2023) generalized the results to
encompass more general classes of reward functions. Both works concern the setting with offline
preference data. (Xiong et al., 2023) provided a theoretical analysis for KL-regularized RLHF. In
the online setting, (Wang et al., 2024) established a correlation between online preference learning
and online RL through a preference-to-reward interface. Yet, to the best of our knowledge, there is
no prior work that has analyzed RLHF with heterogeneous feedback with theoretical guarantees
(except the recent independent works discussed in detail below).

Representation Learning. Early work of (Baxter, 2000) established a generalization bound that
hinges on the concept of a task generative model within the representation learning framework.
More recently, (Tripuraneni et al., 2021; Du et al., 2020) demonstrated that, in the setup with linear
representations and squared loss functions, task diversity can significantly enhance the efficiency
of learning representations. Moreover, (Tripuraneni et al., 2020) provided a representation learning
with general representation and general loss functions. Representation learning has been extended
to the reinforcement learning setting as well. For low-rank Markov Decision Processes, where
both the reward function and the probability kernel are represented through the inner products of
state and action representations with certain parameters, (Agarwal et al., 2020; Ren et al., 2022;
Uehara et al., 2021) explored the theoretical foundations for learning these representations. Also,
(Ishfaq et al., 2024; Bose et al., 2024) analyzed the sample complexity of multi-task offline RL.

Reward and Preference Aggregation. Preference aggregation is the process by which multiple
humans’ preference orderings of various social alternatives are combined into a single, collective



preference or choice (List, 2013). Arrow’s Impossibility Theorem demonstrates that no aggregation
rule for preference orderings can simultaneously meet specific criteria essential for ensuring a fair
and rational aggregation of each human user’s preferences into a collective decision (Arrow, 1951).
Therefore, people considered replacing preference orderings with assigning real numbers to social
alternatives (Sen, 2018; Moulin, 2004), which is sometimes called a reward (welfare) function 4 for
each human user. (Skiadas, 2016; Moulin, 2004) provided reward (welfare) aggregation rules which
satisfy several desirable properties. Furthermore, an alternative method to circumvent Arrow’s
impossibility theorem involved aggregating preferences via probabilistic opinion (Stone, 1961;
Lehrer and Wagner, 2012). In this approach, opinions are represented as probability assignments
to specific events or propositions of interest.

Comparison with Recent Works. While preparing the present work, we noticed two recent inde-
pendent works that are closely related. Firstly, (Chakraborty et al., 2024) considered the aggregation
of reward models with heterogeneous preference data, focusing on aligning with the Egalitarian
principle in social choice theory. In contrast, we provide a framework with various aggregation
rules and also prove that the aggregation rules we considered are also welfare-maximizing. More
importantly, we design mechanisms for human feedback providers so that they can truthfully
report their preferences even when they may be strategic. Moreover, we also develop another frame-
work to handle heterogeneous preferences: the personalization-based one. Finally, we establish
near-optimal sample complexity analyses for the frameworks we developed.

More recently, (Zhong et al., 2024) provided a theoretical analysis of reward aggregation in
RLHF, focusing primarily on linear representations. Our work, in comparison, considers general
representation functions and general relationships between reward function and preference. Unlike
(Zhong et al., 2024), where they focused on reward aggregation, we focus on personalization for
every human labeler and also employ clustering techniques for personalization. (Zhong et al.,
2024) and our paper also both investigated the case that reward and preference are not related.
Our paper suggested a probabilistic opinion pooling with a mechanism design to effectively elicit
truthful human preferences, presuming human labelers may be strategic. In contrast, (Zhong et al.,
2024) analyzed an algorithm for a von Neumann winner policy, where a von Neumann winner
policy is a policy that has at least a 50% chance of being preferred compared to any other policy.
Moreover, (Zhong et al., 2024) also explored the Pareto efficiency of the resulting policy.

Notation. The matrix O denotes an all-zero matrix, while I stands for an identity matrix, of
proper dimensions. We use A > O to denote that matrix A is a positive definite matrix. The function
o represents the Sigmoid function, defined by o(x) = 1/(1 + exp(—x)). The notation [K] denotes
the set {1,2,...,K}. A(A) refers to a probability vector in R, The term akz(A) denotes the k-th
largest singular value of matrix A. A function f(x) is categorized based on the complexity notation
as follows: f(x) = O(g(x)) if there exists C > 0 and x( such that f(x) < Cg(x) holds for all x > x,
f(x) =CQ(g(x)) if there exists C > 0 and x( such that f(x) > C- g(x) for all x > x¢, f(x) = o(g(x)) if
lim,_, % =0,and f(x) = 5(g(x)) if f(n)=0(g(x)- logk(g(x))) for some finite k. The vector e; is
defined as the standard basis vector of proper dimension with the first component being 1. For a
finite-dimensional vector x, the norm ||x||; refers to its £;-norm, while ||x|| refers to the £;-norm,

unless otherwise specified. We also define ||x|ly = VxTXx for a positive definite matrix ¥. For a

UIn our paper, we regard the reward function as a welfare function in social choice theory.



matrix M, the norm ||M||r denotes the Frobenius norm of M. The multinomial distribution is
denoted by Multinomial(p;,...,p,), where py,...,p, are the probabilities of outcomes for each of
the n categories, respectively, with } /' p; =1 and p; > 0 for all i € [n]. Kullback-Leibler (KL)

divergence between two probability distributions P, Q € A(X) is defined as }_,cq,pp(x) P(¥)l0g (% )

2 Preliminaries

Most existing RLHF processes (for language model fine-tuning) consist of two main stages: (1)
learning a model of human rewards (oftentimes from preference data), and (2) fine-tuning with the
reference policy through Reinforcement Learning algorithms, e.g., Proximal Policy Optimization
(PPO) (Schulman et al., 2017). It may also be possible to avoid the explicit learning of reward
functions while fine-tuning the policy directly from preference data (Rafailov et al., 2024). We will
introduce both approaches in detail below, and will seek to develop frameworks that will cover
both cases.

Markov Decision Processes. We define the state s as an element of the set of possible prompts
or questions, denoted by S, and the set of actions 4, contained in 4, as the potential answers or
responses to these questions. Consider an RLHF setting with N human labelers (or users), each
of whom has their own reward function. This setting can be characterized by a Markov Decision
Process (MDP) with N reward functions, represented by the tuple M = (S, A, H, (Py)ne[u) 1 =
(ri)ie(n)), where H denotes the length of the horizon, P, : § x A = A(S) is the state transition
probability at step h € [H], T := (S x A)H denotes the set of all possible trajectories, and r; : 7 — R
is the reward function for individual i and trajectory 7 € 7, representing the utility of human user
i from a sequence of responses to a given prompt. We assume —R,, < 7;(T) < Ryha for every 1 € T
and i € [N], for some R,y > 0. This reward model also covers the case that 7;(7) = }_ iz h,i (Sn an),
where 7,; : S x A — R denotes the state-action reward function for each step h and individual i,
and t = (sy,4a1,5,4y,...,5y,ay). The MDP concludes at an absorbing termination state with zero
reward after H steps.

A policy 11 : (Sx A1 xS — A(A) is defined as a function mapping trajectories to distributions
over actions for each step h € [H] within the horizon H. We define the history-dependent policy
class as I'l. The collection of these policies across all steps is denoted by 7. The expected cumulative
reward of a policy 7 is given by J(r;r;) := E [ri(7)] where the expectation in the formula is taken
over the distribution of the trajectories under the policy 7t. Trajectory occupancy measures, denoted
by d,, : 7 — [0,1], are defined as d,(t) := P,(7), which denotes the probability of generating
trajectory 7 following policy .

Relationship between Preference and Reward Function.  For the MDP with M = (S, A, H, (Py)jep 1 =
(ri)ie[n7), if we compare two trajectories 7y and 7, we define some random variable o such that 0 = 0
if g > 71, and 0 = 1 if 7y < 7;. Here, 7y > 77 indicates that 7, is preferred than 7;. We assume that
P..(0=0]7y,71)=D(ri(tg) —ri(71)) for all i € [N], where ® : R — [0,1] is a monotonically increasing
link function, which satisfy @(x)+®(—x) = 1 and log ®(x) is a strongly convex function. For example,
®(x) = o(x) indicates the BTL model (Definition 2.1 below), a frequently used model for the relation-
ship between preference and reward. Also, we define P,(- | 79, 71) := (P, (- | 7o, T1)T, ..., Pr (- | 70, T1)T)T-
We call P, and P,, a preference probability vector induced by the reward vector r and the reward r;.



Definition 2.1. The Plackett-Luce (PL) model (Plackett, 1975; Luce, 2005) quantifies the likelihood that
a trajectory Ty is preferred over all other pairs in the set {Ty}re[x] by assigning it a probability defined as

, exp(r(7x))
P, (Tk > 1o Vk' =k | (Tk)ke[K]) = Zk'e[K] exp(r(ty))

where r is the reward function for a human labeler. In the case where k = 2, this formulation simplifies to
the Bradley-Terry-Luce (BTL) Model (Bradley and Terry, 1952).

Direct Preference Optimization (DPO) (Rafailov et al., 2024). Consider the case with Marko-
vian reward and policy, i.e., the reward r : S x A — R is a function of state s and action a, and
the policy m: S — A(A) is also depending only on the state s. Also, assume that we compare
actions for each state rather than the whole trajectories. In the fine-tuning phase using RL, when

KL-regularization with the reference policy 7°'4 is employed, the optimal policy is given by:
1 r(s,a)
n(a]s) = —n®9a]s)ex ( ),
Z() P\7p

where Z(s) serves as a normalization factor that is independent of the answer 4, and f represents
the coefficient for KL regularization. Integrating the BTL model into this framework yields:

(40 |s) m(ay |s) )]
1l

RLHF
6 - Blo
ﬁ nold (01 | s

. [
= arg:znm - E(s,a0)>(5,a1) [log o (/)) log m
where o denotes the Sigmoid function (Rafailov et al., 2024). This formulation bypasses the step of
explicitly estimating the reward function.

Fundamentals of Auction Theory. Consider the sealed-bid auction mechanism (Vickrey, 1961),
where each participant i € [N] privately submits a bid b;(x) for every possible outcome x € X, whose
true value is p;(x) € R. An auction is termed a Dominant Strategic Incentive-Compatible (DSIC)
auction (Roughgarden, 2010) if revealing each participant’s true valuation is a weakly dominant
strategy, i.e., an individual’s optimal strategy is to bid their true valuation of the item, b;(x) = p;(x)
for all x € X, irrespective of the bids b_;(x) submitted by others for all x € X. This mechanism is
also called a truthful mechanism (Roughgarden, 2010). An auction has a social-welfare-maximizing
allocation rule (Roughgarden, 2010) if the outcome x is argmax . x ) _ie[n] Pi(X)-

3 Personalized RLHF via Representation Learning

In this section, we provide the first approach in the personalization-based framework, based on
representation learning.

Reward Function Class. We will assume that we have access to a pre-trained feature function
¢ : T — R?, which encodes a trajectory of states and actions (i.e., questions and answers) to a
d-dimensional feature vector. This covers the case where feature ¢, : S x A — R? is defined at
each state-action pair, i.e., ¢(7) := Zhe[H] ¢n(sp,ap) for trajectory v = (sq,4ay,...,5y,ay). For example,
it is common to use the penultimate layer of an existing pre-trained LLM or other pre-trained



backbones to encode a long sentence to a feature vector (Donahue et al., 2014; Gulshan et al., 2016;
Tang et al., 2015).

Our first goal is to learn reward models for each human user using preference datasets. First,
we define the reward function class as

Gr ={((Pal(d (), 0))ien) |0 € W,6; € R and [16;]1, < B for all i € [N]},

for some B > 0, where W is the set of representation functions parameterized by w € Q), i.e,,
V= {¢, | w € Q}, where 1, : RY — Rk, We assume that d > k. We denote @ = (04,...,0y), and to
emphasize the relationship between reward and (w,0), we will write 7, g.(-) := (¥, ($(-)), 0;) for
each individual i € [N]and r,,g(-) := (r,0,(), -+, 70,0, ()T € RN. From this section, we will write
r* =(r],...,73) as the underlying human reward functions.

Assumption 3.1 (Realizability). We assume that the underlying true reward can be represented as
17(-) = (P*($(-)), OF) for some representation function Pp* € W (in other words, there exists some w* € Q)
such that P = *) and ||07l, < B for each individual i € [N].

To emphasize (w,0), we define shorthand notation P, g := I, , as the preference probability
induced by r,, g. We also write B, g := Py, (¢(),0), which is the probability induced by (¢, (¢(-)), 0).

3.1 Algorithms

We introduce our algorithms for learning personalized policy. Compared to traditional RLHF
algorithms (Ziegler et al., 2019; Ouyang et al., 2022; Zhu et al., 2023), we consider personalized
reward function by representation learning.

Algorithm 1 outputs a joint estimation of ¢* and 6* with maximum likelihood estimation
(MLE), together with personalized policies. The input of the algorithm is D= Uie[N]ﬁ- where

51‘ = {(Ogj)r’f;,]g:Tf,jl))je[NP]}- Here, T;’]t) is sampled from the distribution y; for t = 0,1, and 051) ~

Pri*(-lr(()]),r(])). We regard the reward estimation of human users as a multi-task representation
learning problem (Du et al., 2020; Tripuraneni et al., 2020). After estimating the reward functions,
we construct two kinds of confidence sets for the reward function and outputs based on each
confidence set:

* Confidence set (Equation (3.1)) for the MLE estimation as Liu et al. (2022), which is also
used in (Liu et al., 2023; Zhan et al., 2023; Wang et al., 2024; Zhan et al., 2022), with
C = Cylog(Ng,(1/(NN,))/0) for a constant C; > 0, which will be related to Theorem 3.1. the
definition of bracketing number (N ) is deferred to Appendix B.

E2x?log(Ng, (1/(NN,))/6)  &2(k+log(N/5))
72NN, 172N,
D’(x)
Dx)

» Confidence set (Equation (3.2)) with ¢’ = Cg (k +/\Bz),

where Cg, A > 0 are constants, & := max,¢[-2r , K= (Minge[—2R . 2R,,.] D’(x))71,

max’ 2Rmax ]

and 77 := minge[_or 2R, ] (%). In the case that ®(x) = o(x) (i.e. P is a Sigmoid

1
2+exp(72Rmax )+exp(2Rmax)

Theorem 3.4. With this confidence set, we can get sharper bound with Assumptions 3.2 - 3.4.

. This confidence set will be related to

function), { <land x =y =

Lastly, we find the best policy based on the pessimistic expected value function. p; o in Algorithm 1
is a known reference trajectory distribution for individual i € [N], and it can be set as ;.



Algorithm 1 Personalized RLHF via Representation Learning
Input: Dataset D= Uie[N]ﬁi where D; = {(ogj),’c;']g, Tf,jl))je[Np]} is the preference dataset for the ith
individual.
Estimate w* and 6* by

(5,5) — argmin Z Z logpw,ei(ogj) | TS,JO)’ Tl'(;Jl))
weQ||6illo<B for all ie[NT ;[N je[N, |

Construct a confidence set of the reward function by

R(ﬁ)(—{rwre‘ Z Z log P, 6. (0 J |T10’T11 Z Z logPA ' ] ITIO’Tl(l)) C} (3.1)

i€[N]je[N,] i€[N]je[Np]

or

R(Dwmze[m{’welN > N @) =ro g (1) = (a0 (w0 = o, (1)) SC} (3.2)

P jelN,]

Compute policy with respect to R(D) (or R'(D)) for all i € [N] by

T; < argmax min (](n;ri)—Erwi'ref[ri(’[)]) (3.3)
nell reR(D)
or
M, «—argmax min_ (](7127’1')—Enyi,ref[”i(T)]) (3.4)

nell reR’ (D)

—

Output: (&,0, (T;)ic(n)) OF (@,0, (TT))iciN))-

Algorithm 2 addresses a scenario where a new human user, who was not a labeler before, aims
to learn their own reward models using representations previously learned by other human users,
focusing solely on learning 6. They leverage the learned representation ¢z from Algorithm 1. The
input of the algorithm is 50 = {(og ), T((){ ()), ’l'((){ i) je[Np]}- Algorithm 2 provides an estimation of 8} with
MLE using the frozen representation . Similarly, after estimating the reward function, we con-

2.2 2 N
struct confidence set for the MLE estimation with ¢ = C kCE = lOg(Nf'(l/(NN”))/é) + & (k+120g(1/b)) + AB?
8 12NN, 1N,

for a constant Cg > 0. Lastly, we find the best policy based on the pessimistic expected value func-
tion. pgref in Algorithm 2 is a known reference trajectory distribution.

3.2 Results and Analyses

For ease of analysis, we consider the case where the sizes of preference datasets for each individual
i € {0} U[N] are identical, i.e., D, = {(0(.]) V) T;,Jl))je[Np]}» satisfies |D;| = N, for all i € {0} U[N]. The

i’ 71,07
result in this section can also be extended to the case with |D;| = N, ; for each individual i. We defer

all the proofs of this section to Appendix C.



Algorithm 2 Transferable RLHF for a New Human User via Representation Learning
Input: Dataset 50 = {(ogj), T((){()), Té{i )je[Np]} and @ from Algorithm 1.
Estimate 67 by

(j)| (/) (j))

0y « argmin Z log P.0,(00 | 70,0 T0.1

6oll.<B j€IN, ]

Construct a confidence set of the reward function by

— 1 i i i () \\|2
R(D) {m,eo % Y 0z, (280~ o, (1) = (10, (700) = vy (D) < c}
JEIN,]

Compute policy with respect to R(D) by

Ty «— argmax min (](n;ro)—ETN”O'ref[ro(’c)])
nell  1y€R(Dy)

Output: (T;)ie[n)-

Definition 3.1 (Concentrability Coefficient). The concentrability coefficient, with respect to a reward
vector class G,, human user i, a target policy 1t,,, (which policy to compete with, which potentially can be
the optimal policy 1 corresponding to r7), and a reference policy s, is defined as follows:

]ETO~T(m, SO~ Pyef [7’1* (To) - 7’? (1) =ri(t0) + 1 (T3 )]

G, (gr, Tear » Pref » i) := max{ 0,sup

reg,

2
Eegepors | |77 (70) =17 (71) = i () + 3 ()|

We also define the concentrability coefficient of the reward scalar class in Appendix B.2, and we denote
this as Co(Gy, Tar, I’tref)-

(Zhan et al., 2023) provides an interpretation of concentrability coefficient. For example, if

Hret = M1, the value of C,(G,, Ttyar , g1, 1) < /MaXier d;t;(*g), so this reflects the concept of “single-
policy concentrability” (Rashidinejad et al., 2021; Zanette et al., 2021; Ozdaglar et al., 2023), which
is commonly assumed to be bounded in the offline RL literature.

We present the gap of the expected value function between the target policy 7, and the
estimated policy 7; for each individual i € [N]. Here, 7; (5, which may be the optimal policy ¥
over 17, serves as the policy that 77; will compete.

Theorem 3.1. (Total Expected Value Function Gap). Suppose Assumption 3.1 holds. For any o € (0,1],
with probability at least 1 — 0, the output (7;);e[n of Algorithm 1 satisfies

ck2N Cliax log(Ng,(1/NN,)/9)

Z, (](ni,tar;r;) —](’71\1-;1”;)) < \/ N '

i€[N] P

where Ciayx = maxie[N] Cr(Gr, Wi tars Pirep 1) and ¢ > 0 is a constant.
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Corollary 3.2. (Expected Value Function Gap). Suppose Assumption 3.1 holds. For any 6 € (0,1] and
all i € [N], with probability at least 1 — 0, the output Tt; of Algorithm 1 satisfies

2C(Grr T tars Pirefr 1)? 1 1/NN,)/é
](ni,tar;rf)—](ﬁi;rf)s\/CK T iy 1085, (VNI V0)
p

where ¢ > 0 is a constant.

Note that the results above do not need any assumption on (Gf)ie[N]. Still, as N, — oo, 7t; has
comparable or better performance than the comparator policy 7; t,,, which approaches the optimal
policy if 7t; 1, = 70} We defer the proofs of Theorem 3.1 and Corollary 3.2 to Appendix C.1.

Next, we want to improve the bound for Corollary 3.2, as the gap of the expected value
function does not decay with N, which is the number of human users. Therefore, we consider
the case that (0;);cn) are diverse (Assumption 3.2), which is critical for improving the sample
complexity of Algorithm 1 by outputting (77;);c[n]. We will additionally assume the uniqueness of
the representation up to the orthonormal linear transformation (Assumption 3.3), and uniform
concentration of covariance (Assumption 3.4). These assumptions are commonly used in multi-task
learning (Du et al., 2020; Tripuraneni et al., 2021; Lu et al., 2021)

Assumption 3.2 (Diversity). The matrix ©* =[0F,---,0%] € R®N satisfies o7 (©*) > Q (N/k).

Assumption 3.2 means that 6; is evenly distributed in R¥ space for i € [N], which indicates
“diverse” human reward function.

Assumption 3.3 (Uniqueness of Representation (up to Orthonormal-Transformation)). For any
representation functions ,’ € W and e > 0, if there exists {Vi}iT:y {v{}iTzl, and a trajectory distribution
y that satisfy

LS B () v - () TP <

T T~i 710 (P(T)) Vi~ lP ((P(T)) Vil =€,

i€[T]

W = [vy,vy,-++,vr) € ROT satisfies ol (W) > Q(T/k), and |lv;|l, < B for all i € [T]. Then, there exists a
constant orthonormal matrix P such that

lp(p(1)) = PY'(¢p(1))II* < cke/B
for all trajectory T where ¢ > 0 is a constant.

This assumption posits that if two representation functions, ¢ and ¢’, yield sufficiently small
differences in expected squared norms of their inner products with corresponding vectors over
trajectory distributions, then they are related by a constant orthonormal transformation. If
Yo (P(s,a)) := wP(s,a) where w is k xd orthonormal matrix, we can prove that Assumption 3.3
holds with non-degenerate ¢(s,a) distribution (Appendix C.2.2).

Definition 3.2. Given distributions pg, p; and two representation functions ,p’ € WV, define the
covariance between  and 1’ with respect to pg, y; to be

Z (Hos 1) 1= By oty [(0(D(T0)) = (1)) (@ ((T0)) — 9 (p(1)))T] € RF.

Define the symmetric covariance as

Epulpo p1) Ty (po 1)

A 4 ’ =
pp(Por 1) ZypHo 1) Zyy(pos 1)
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We make the following assumption on the concentration property of the representation covari-
ances.

Assumption 3.4. (Uniform Concentrability). For any o € (0,1], there exists a number N,,,if(\V, po, i1, 0)
such that for any n > Ny,if(W, po, p1,6), the empirical estimation K,P,#,f(yo,yl) of Ay, (po, p1) based on
n independent trajectory sample pairs from distributions (ug, p1), with probability at least 1 — 6, will
satisfy the following inequality:

LIAy, g (po, p1) = sz,w’(ﬂo;ﬂl) Z 0.9Ay,y (po, 1),
for all Y, e W.

Assumption 3.4 means that the empirical estimate Klp,q,/( Mo, H1) closely approximates the true

Ay,y (Ko, p1) with high probability. Similarly, if ¢, (¢(7)) := @d(7), Npoint(\W, po, p1,0) = O(d) (Du
etal., 2020, Claim A.1). If distributions pg, 1 are clear from the context, we omit the notation p, y;
for Xy, y(po, p1) and Ay (po, p1). Moreover, we also write ¥y, , as ¥, for notational convenience.

With Assumption 3.2 and Assumption 3.3, ¢* and ¢,, are close up to an orthonormal matrix
transformation, as asserted below:

Corollary 3.3. (Closeness between * and ). Suppose Assumptions 3.1, 3.2, and 3.3 hold. For any

0 € (0,1], with probability at least 1 -9, if r,, g € R'(D) as specified in Algorithm 1, then there exists an

orthonormal matrix P, such that

CrepKZlog(Ngr(l/(NNp))/(S)
NN, B?

[ (0 (0)) = 9* ($(11)) = Puy (o (b(70)) = (x| < Kk

for all 7, 71, where ¢,,p > 0 is a constant.

We provide the proof of Corollary 3.3 in Appendix C.3. Using Corollary 3.3, now we have a
better sample complexity compared with that in Theorem 3.1, as stated below:

Theorem 3.4. (Improved Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4
hold. For any 6 € (0,1], all i € [N] and A > 0, with probability at least 1 -6, the output 7; of Algorithm 1
satisfies

](T(i,tar; 1’:) _I(ﬁ\;; 1’:)

212 log(Ng, (1/(NNp))/o) g2 (3.5)
<\ [CH{Gr T tars Hiyreps 12 (o8 ff( (NN IO) | & (k+10g(N/2) | ) p2
' ’ f NNp n Np

where ¢ > 0 is a constant.
Lastly, we can also use the learned representation for a new human user as follows:

Theorem 3.5. (Expected Value Function Gap for a New Human User). Suppose Assumptions 3.2, 3.3,
and 3.4 hold. For any 6 € (0,1] and A > 0, with probability at least 1 — 6, the output Tty of Algorithm 2
satisfies

J(100,1ar3 75 ) = T (03 15))

2k210g(Ng (1/(NN,))/8) &2
< \[€CH{Grr TCi tars Hiyrefr 1) o logl zg’( (NNp))/3) &2 (k +log(1/5))
’ ' N*NN, 772Np

+ AB2

where ¢ > 0 is a constant.
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We provide the proofs of Theorem 3.4 and Theorem 3.5 in Appendix C.4.

Remark 1 (Sample Complexity). For Theorem 3.4, if we naively learn the personalization model with-
out representation learning, Ng (1/(NN,)) will be very large. For example, if we use linear representation

¢ o(x) = wx and w is a dxk orthonormal matrix, then log(Ng (1/NN,)/6) < O((dk + Nk)log (RmaXNNp/é))
while naive personalization with

G, = {(<¢('): 0,))iein))| 0 € RY and |10l < B for all i [N]}

provides Ng, (1/(NN,)) < O(Ndlog (RmaxNNp/é)). Since d > k, the bound of Equation (3.5)’s right-
hand side has a significant improvement when we use the representation learning. If the representation
function class is an MLP class, we can use a known bracket number by Bartlett et al. (2017).

We also point out that the existing technique from representation learning literature does not
cover the case with general representation function learning with a log-likelihood loss function
with O(1/N,) rate, to the best of our knowledge.

Lastly, we examine the tightness of our analysis by the theoretical lower bound of the sub-
optimality gap of personalization.

Theorem 3.6. (Lower Bound for the Sub-Optimality Gap of Personalization). For any k > 6,N, >
CkA? and A > 2, there exists a representation function ¢(-) so that

_ k
mininf sup (max](n*; Tw,0,) — (TG Tw’gi)) >CA-[—,
i€e[N] & QeCB(A) el Np

where
CB(A) := {Q = ({ sor ), {TZ.(]O),Tfjf}ie[N],je[Np],w,e) | (G 70*, i1, i) < A forall i € [N]}

is the family of MDP with N reward functions and H = 1 instances.

The proof is largely adapted from (Zhu et al., 2023, Theorem 3.10). By Theorem 3.6, for general
representation function class, we establish that Algorithm 1 is near-optimal for the sub-optimality

of the induced personalization policy, as log(Ng, (1/NN,)) can be small so that \/k log(Ng’%\(é\[N"))/é)

can be dominated by /NL Note that if W is a linear representation class, our result for person-
14

alization (Theorem 3.4) still has a Vk gap compared to the lower bound (Theorem 3.6). This gap
is also observed in (Tripuraneni et al., 2020). We will leave the sharpening of this Vk factor as a
future work.

4 Personalized RLHF via Human User Clustering

We now provide the second approach in the personalization-based framework, through human
user clustering. In particular, fine-tuning an LLM for each individual may be impractical. We
thus propose an alternative approach that segments human users into clusters and fine-tunes an
LLM for each cluster. This strategy entails deploying K clustered models, which can be smaller
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than the number of human users N. A critical aspect of this methodology is the way to generate
clusters. This clustering-based personalization has also been studied in the federated (supervised)
learning literature (Mansour et al., 2020; Ghosh et al., 2020; Sattler et al., 2020). We introduce our
algorithm next, based on the algorithmic idea in Mansour et al. (2020).

4.1 Algorithms

We partition all the N human users into K clusters and find the best parameters for each cluster as
follows:

1
max —maxEp [logP, (0;|Tig Ti1)l|
(r(k))ke[K]l.;\l']NkE[K] ’[ & 1y 0i 1 Ti0, Tid ]

Since we only have access to the empirical data distribution, we instead solve the following problem:

(max Z—max Z log P, ( |TZO,T1(1)) (4.1)

)ke[K [N]

Algorithm 3 outputs K clustered policies and a map from human users to clusters. The input
of the algorithm is D= Uie[N]ﬁi where 51- = {(of-]), Tl-(’]o),’fyl))je[Np]}, which is the same as Algorithm 1.
After estimating the representation parameter @, the algorithm will estimate the reward function
parameters (’9\(k))ke[K] with Equation (4.2). Lastly, we find the best policy based on expected value
function.

We also provide a practical algorithm that uses DPO and EM (Moon, 1996) algorithms to
solve Equation (4.2). Given the inherent complexity of this hierarchical optimization problem,
which presents more challenges than standard optimization tasks (Anandalingam and Friesz,
1992), we propose a novel algorithm that circumvents the need for explicit reward function
estimation in Algorithm 4. Our approach begins by randomly assigning each human user to a
cluster. Subsequently, we reassign random human users to the cluster where the policy most
effectively maximizes their empirical DPO loss (Equation (4.3)). Finally, we refine our solution
by optimizing the DPO loss function for the selected human users within each cluster, thereby
enhancing the overall policy effectiveness.

4.2 Results and Analyses

First, we introduce label discrepancy (Mohri and Mufioz Medina, 2012) for the preference dataset
and reward function class. We defer all the proofs of this section to Appendix D.

Definition 4.1 (Label Discrepancy). Label discrepancy for preference distribution D; and D, which
are distributions of (o0, 7y, T1), with reward function class G, is defined as follows:

disc(D;,D;,G,) = m%x Ep,log P.(o | 11, 7)) _ED]- log P.(0 | T1, T0)|-
reg,
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Algorithm 3 Personalized RLHF via Clustering

Input: Dataset D= Uie[N]ﬁi where D; = {(ogj),’c;']g, Tf,jl))je[Np]} is the preference dataset for the ith
individual, and @ form Algorithm 1.

Learn 6(;) and the clustering map f : [N] — [K] by

(O keix) < argmax max ) logPga, (o) |7, 71) (4.2)
18|, <B for all ke[K] i€[N] ke[K ]]e[N ]

f( ) < argmax Z log P. .0, (0 Ej) | ng,JO’Ti,l) for all i € [N]
kG[K] ]E[N ]

For each k € [K],

T((k) < argmax (](7'(; rag(k)) —Ecy, [raé}k)(”[)]).
mell

— —
—

Output: ((7¢(x))kex] (Ok) ke[x] @ f)-

Lemma 1 (Mansour et al. (2020)). For any o6 € (0,1], with probability at least 1 — 6, the output
(e kel (O )ke[K],w,f of Algorithm 3 satisfies

0;1) | Ti(,])’ Tl(]))
)

P/
lo kA _
lle; ||<Bfor allle[ ] Z Z & (0(']) | T'(])
l ’

(7
w,QA 0 Ti1)

kKlog(N,/K)
/log 2K/6 g Z L disc(D;C gl[) i,
i€[N]

Di, Cetuster > 0 is a constant, and Gy, :={r,,¢ | [|0|| < B} for all w € Q.

< CclusterN N

where Cy := Ui)=k

Theorem 4.1. (Total Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold.
Also, assume that C,(G,, T, Wi refs 1) < Cpyay for all policy 7 and i € [N]. For any 6 € (0,1], all i € [N] and

A >0, with probability at least 1 — 0, the output ((T((x))ke[K] f of Algorithm 3 satisfies

D i) =T G577

i€[N]
<N log(2K/8) N kK log(N,/K) . k&2 k2 log(Ng, (1/(NN,))/9)
N, N, NN,

NN

2 (log(Ng . (1/NN,)/8)\2\/4
gy o
p

1
+ [ Z Ndl sc(D;
i€[N]

where ¢ > 0 is a constant.

We note that due to the {/dk/N, order on the right-hand side of Lemma 1, we have a slower rate
in Theorem 4.1 than Theorem 3.4. This gap is mainly due to the fact that the analysis of Lemma 1
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Algorithm 4 ClusterDPO: Learning K clustered policies by DPO

a % >a£]1)’ (1))

Input: Dataset D= Uie[N]ﬁi where 51’
individual, f is a parameter for DPO

Randomly select K human users py,...,pg and initialize T(?k) for all k € [K] as

je[N,,]} is the preference dataset for the ith

(j) () (J') (7)
mell j€IN,] Old( o |'s pk) KOId( 1 |5pk)
Randomly initialize f°(i) for i  {py,..., px}
forte€[T] do
Randomly select K human users py,...,pk.
forie[N]do
ifie{py,...,px} then
Define (i) « f71(i)
end if
end for
Assign f(py) for all k € [K] as
t-1 t-1
(@) 155)) @) 15)
f'(px) < argmax Z log o ﬁlogs)(p]—k)ofjk) MP—M (4.3)
se[K] JEIN,] TCOld( ap.,0 | SPk) TCOld( 4 1 |5Pk)

Run a few steps of optimization to update n(ts_)l for all s € [K] (for example, gradient ascent or
Adam) to maximize

@ .0
n(a) o155 m(ay | |sp,)
Z Z logo ﬁlog%—ﬁlogM

(

f(pr)=sj€[N,] ”°1d( ap ol pk) mold(a) Pl |5pk)

and obtain n(ts) for all s € [K].
end for
Assign fT+1(i) for all i € [N] as
- (G) ) (7)
Jaiolsi) 7'( (a; |5
FT+(i) « argmax Z logo ﬁlog# Blog & .
s€lK] jelN,) rold(a¥) | sV rold(q (ﬁ) Isﬁj))

Output: (7 ())ke[ and fT+1

should cover uniformly for arbitrary f, and also due to a difference between max and expectation
of max, which is bounded using McDiarmid’s inequality.

Remark 2. In contrast to the results in Section 3, we additionally assume C.(G,, 1, p1,1) < C,,,.\ i1
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Theorem 4.1. To adopt a pessimistic approach, constructing a confidence set for clustered reward functions
across all clusters is necessary. However, the ambiguity of which human user belongs to which cluster
complicates this analysis, as pessimism would need to be applied to every potential cluster. Consequently,
defining a confidence set for every possible clustering scenario is required, significantly complicating the
analysis of the algorithm.

5 Reward and Preference Aggregation

This section adheres to the RLHF setting with a single LLM, while handling the heterogeneous hu-
man feedback by reward/preference aggregation. For reward aggregation, we leverage comparison
data similar to the methods discussed in the previous sections. We first estimate individual reward
functions based on such data and then aggregate these functions to form a unified reward model.
In comparison, for preference aggregation, we introduce a novel framework termed “probabilistic
opinion pooling”. Specifically, instead of relying on binary comparison data, human users provide
feedback as probability vectors. This approach eliminates the need to aggregate heterogeneous
preferences via reward functions, allowing for the direct aggregation of probabilistic opinions
provided by users.

5.1 Reward Aggregation with Comparison Data

We introduce the following reward aggregation rules (Equations (5.1) and (5.2)), which are favor-
able as they satisfy several pivotal axioms in social choice theory. These axioms — monotonicity,
symmetry, continuity, independence of unconcerned agents, translation independence, and the
Pigou-Dalton transfer principle — are crucial for ensuring fairness and consistency in the decision-
making process (List, 2013; Skiadas, 2009, 2016). We present the definition of these axioms in
Appendix E.1 for completeness. The aggregation rules are presented as follows:

Llog (LY .cinviexplar;)) a=0
Agga(r) — { 0{ g(N Zze[N] Xp( )) ” (5.1)
N Lie[N]Ti a=0

and

, =Y. exp(ar;)—1) a=0
Agga(r)={ ¥a Ziew(explari) =1

N Lie[N]Ti a=0 (5:2)

where r = (ry,...,ry)7 is a reward vector with trajectory input. Note that Equation (5.1) and
Equation (5.2) are equivalent in the sense of the associated optimal policy, as the log function is
monotonically increasing. We can verify that lim,_,_, Agg,(r) = min;¢yr; and lim,_,, Agg,,(r) =
max;e(N]?i- This implies that when « is small, the reward aggregation rule emphasizes on
min;¢(y]7;, and when a is large, it emphasizes on max;¢[y)7;- When a = 0, Equation (5.1) represents
utilitarianism, and when a — —oo, Equation (5.1) represents a Leximin-based aggregation rule
(List, 2013).

5.1.1 Algorithm and Analysis

Algorithm 5 outputs a joint estimation of * and 6* with maximum likelihood estimation as
Algorithm 1. The procedure is overall the same as Algorithm 1, except the last step for estimating
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the best policy for the pessimistic expected value function associated with the aggregated reward
function.

Algorithm 5 RLHF with Reward Aggregation
Input: Dataset D = Uie[N]ﬁ where D; = {(ogj),”c;']g, Tf,jl))je[Np]} is the preference dataset for the ith
human, A >0, and @ from Algorithm 1. We also use Equation (3.2) for constructing a confidence

set of reward function R’(D). .
Compute policy with respect to R'(D) for all i € [N] by

T <— argmax min_ (](Tc;Agga(rl,...,rN)) —Erwyref[Agga(rl,...,rN)(T)]). (5.3)
nell reR/(D)

Output: (5,5, 70).

Similar to the results in Theorem 3.4, we have the following theorem for Algorithm 5:

Theorem 5.1. (Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold. For
any 6 € (0,1], all i € [N] and A > 0, with probability at least 1 — 0, the output 7¢ of Algorithm 5 satisfies

J (Tear; AgE L (r*)) — J (10, Agg, (1))

kx?21og(Ng, (1/(NNp))/(6/N))  &2(k +1og(N/65))
2 r 2
S \/C(X Cr(gT7 T(tur; ﬂref) NNP + ;72Np + /\B

where ¢, > 0 is a constant depending on a, and other constants are defined in Section 3.1.

We defer the proof of Theorem 5.1 to Appendix E.2. Lastly, we consider the tightness of our
analysis by providing a theoretical lower bound of the sub-optimality gap of aggregation.

Theorem 5.2. (Lower Bound for the Sub-Optimality Gap of Aggregation). For any k > 6,N, >
CkAZ2 A > 2, and « € R there exists a representation function ¢(-) so that

. . — k
inf sup (max](n'iAgg, (ro0)) ~J(RiAgga (o)) = CA- |1
T QeCB(A) el l Np

where
CB(A) := {Q = ({I"O;Vl }’{Ti(,]())’Tz'(,Jl)}iG[N],jE[Np]’w’e) |C,(gr, n*;ﬂl,i) < Afor allie [N]}

is the family of MDP with N reward functions and H = 1 instances.

By Theorem 5.2, for general representation function class, we establish that Algorithm 5 is
near-optimal for the sub-optimality of the induced personalization policy.

Remark 3 (Comparison with Recent Independent Work (Zhong et al., 2024)). (Zhong et al., 2024)
also considered reward aggregation rules, adhering to the axiom of scale independence but not translation
independence (Moulin, 2004). Here, scale/translation independence of the aggregation rule means that
the aggregation rule should yield the same choice even if the reward functions are scaled/translated,
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respectively. Our theoretical results can also be extended to the reward aggregation rule in (Zhong et al.,
2024). However, since we also consider the relationship of the reward aggregation rule and preference
aggregation rule by probabilistic opinion pooling, which will be presented in the next section, we only
present Equation (5.1) for the reward aggregation rule.

(Zhong et al., 2024) also considered Nash’s bargaining (Nash, 1953), which maximizes [ ];(ny(ri —
minr;) rather than [];n) ;. In this case, they can also consider translation independence. Ours can also
be extended by substituting r; to r;/ minr; in the aggregation function (Equation (5.1)), but we decided
not to include it in our paper since we did not have this result in our initial draft.

5.2 Preference Aggregation with Probabilistic Opinion Data
5.2.1 RLHF with Probabilistic Opinion Feedback

Consider a set of questions {s(j)}je[Np], and for each question s), there are K potential answers

denoted by AU := {aﬁ(j)}ke[K]. Traditional RLHF methods involve human labelers i € [N] selecting a

preferred answer from .AY). This approach limits the human feedback to a singular choice, which,
though being simple, restricts the expressiveness of human preferences.

To address this, we introduce a new setting whereby human labelers provide feedback as a
probability vector qgj) e A(AY), which is also called probabilistic opinion in social choice theory
(Stone, 1961; Lehrer and Wagner, 2012). Here, A(AU)) represents the set of all possible distributions
over the answers in .AU), This allows labelers to quantify their preferences across multiple answers
rather than selecting only one, and can be implemented in practice without increasing too much of
overload for feedback collection.

Our setup does not assume a predefined relationship between each reward function for every
human labeler and their preferences. Instead, we aggregate the diverse probabilistic preferences
of multiple labelers into a consensus probability distribution over the answers. We define an
aggregation function (or a probabilistic opinion pooling function), Agg-p,(P), which takes a tuple
of human preference distributions P = (P,,..., Py) € (A(A))N and maps it to a single probability
distribution in A(A) where A is the potential answer set. This aggregated distribution represents a
probabilistic opinion pooling among human labelers for each a € A:

(ZiE[N](pi(a))a)l/a a=0
_ _ Zu'eA(Zie[N](Pi(a/))a)l/a
Agg-p,(P)(a) = (o )™ . (5.4)

Za’eA(nie[N] Pl(a/))

N a=0

Remark 4. The case where a = 0 is referred to as the geometric pooling function (McConway, 1978).
This function is known for preserving unanimity and not being eventwise independent, while it does
satisfy external Bayesianity (Madansky, 1964; Dietrich and List, 2016). External Bayesianity mandates
that updating the probabilities with new information should yield consistent results regardless of whether
the update occurs before or after the aggregation process (Genest, 1984).

Interestingly, Equation (5.4), which describes the aggregation of probabilistic preferences, has a
connection to Equation (5.2), concerning reward aggregation, under the assumption of the Plackett-
Luce model for the relationship between reward functions and preference models (Definition 2.1).
We then formalize the connection between the probabilistic opinion pooling in Equation (5.4) and
the reward aggregation rule in Equation (5.1). We defer the proof of Theorem 5.3 to Appendix E.4.
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Theorem 5.3. (Relationship between Reward Aggregation and Preference Aggregation). Suppose
human preferences are modeled by the PL model, and all human labelers share a common lower bound on
their reward functions. Let (R;(a)),c represent the reward function associated with action a € A and
P; € A(A) denote the corresponding probabilistic opinion for individual i € [N]. Then, the preference
aggregation Agg-p ,(P), is equivalent to the preference derived under the PL model with the aggregated
rewards (Agg,(R(a)))aea for any a € [—co,o0].

While we generally do not presuppose any specific relationship between probabilistic opinions
and reward functions, Theorem 5.3 shows that under the classical choice model of Plackett-Luce,
these two aggregation rules can coincide (while the probabilistic aggregation framework may
potentially handle other cases).

5.2.2 Algorithm

Now, we provide an algorithm that uses the feedback in the form of probabilistic opinions (Al-
gorithm 6). The only difference from the DPO algorithm (Rafailov et al., 2024) is to change the
deterministic answer a; to the a; sampled based on the probabilistic opinion pooling, which is in
the second line in the for loop of Algorithm 6.

Algorithm 6 Probabilistic Opinion Pooling DPO (POP-DPO)

Input: Dataset D= Uie[N]ﬁi where 51’ = {qi.j)(si.j)),s(j), i)}]-e[Np] is the probabilistic opinion dataset

for the ith individual, qy) € A(A) with |A] = 2, B is a parameter for DPO, « is a parameter for
aggregation
for every epoch do

For every question sU) where j is in the batch, ¢/ := Agg-p_.(q7)).

Sample agj) ~ Multinomial(q!))) and define a(lj) as non-selected answer.

Run a few steps of optimization to update 7 (for example, gradient ascent or Adam) to

maximize
n(ag> | 5)) n(a<1n | 51
Z logo| plog ——"———plog —————
j€batch TCOId(ao |5(])) T(Old(al |5(]))
end for
Output:

5.3 Mechanism Design for Preference Aggregation

Suppose that human labeler i (i € [N]) provides preference data by probabilistic opinion P, €
A(A). We now consider the natural scenario where the labelers may be strategic — given they are
human beings with (certain degree of) rationality. In particular, knowing the form of preference
aggregation (and the fact that they may affect the process), human labelers may provide untruthful
feedback of their preference, in order to benefit more in terms of their actual utility/preference. In
particular, the untruthful preference may bias the aggregated preference (that LLM will be fine-
tuned over) towards their own preference, and thus manipulates the LLM output. We demonstrate
the scenario more quantitatively in the following example.
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An Example with Untruthful Feedback. Consider a set of N labelers evaluating two answers,
where each labeler expresses a probabilistic opinion on the answers (ay,a;). Specifically, suppose
labeler N believes that a; is slightly preferable to a,, represented by the probability vector Py =
(0.6,0.4)T. Conversely, all other labelers i € [N — 1] have probabilistic opinion favoring the second
answer, represented by P, = (0.2,0.8)T.

We assume that the aggregation of these opinions employs the Agg-p__ rule, defined as

minjein) P (a;) . I
Agg-p_ (P)(a;) = minie[N]Pi(algz]rninie[N]Pi(az) for t = 1,2, where P represents the matrix of probabilistic

opinions across all labelers and answers. Under truthful reporting, the aggregated result would be
calculated as Agg-p__, (P) = (1/3,2/3)T. However, labeler N can strategically provide an untruthful
probabilistic opinion to distort the aggregated result toward his original view: If labeler N reports
a distorted opinion of Py, = (13/15,2/15)T instead of (0.6,0.4)T, the new aggregated opinion be-
comes Agg-p_, (P’) = (0.6,0.4)T, where P’ = (P, ..., Py_y, PY,), which aligns exactly with labeler N’s
probabilistic opinion, while further deviating from other labelers” actual preference. This example
underscores the potential of strategic behavior in the aggregation of probabilistic opinions, and
thus highlights the importance of incentivizing truthful preference reporting.

5.3.1 Setup

To address the untruthful feedback issue, we resort to the ideas in mechanism design (Nisan and
Ronen, 1999; Borgers, 2015; Roughgarden, 2010). Specifically, we will develop mechanisms that
can impose some cost on human labelers, so that they do not have the incentive to report untruthful
preferences.

Imposing Cost for Human Feedback Collection. Though not being enforced in most existing
RLHF frameworks, we believe it is reasonable and possible to incorporate it in the feedback
collection, especially in scenarios where a single reward model (and thus a single LLM) is mandated.
For example, the future large models may be regulated by some administrative agency, e.g., the
government. These agencies’ objective is for social good, despite the heterogeneity in human
preferences, and also possess the power to enforce cost to human labelers, e.g., via taxing. It may
also be possible for big technology companies who train LLMs, e.g., OpenAl, to incentivize truthful
feedback through personalized and strategic (negative) payment (which corresponds to the cost
here) to human labelers.

In this setup, we will first prove the existence of a cost function ¢; : A(A)N — R for all i € [N]
that induces truthful reporting of probabilistic opinions from human labelers. Here, the input of
c; is the probabilistic opinion of every human labeler. This is also called the dominant strategy
incentive-compatible (DSIC) mechanism (Nisan and Ronen, 1999; Borgers, 2015; Roughgarden,
2010). Then, we prove that there exists an aggregation rule and cost function that induce DSIC,
and also maximize social welfare. We denote each human labeler’s underlying (true) probabilistic
opinion as p; (s(j)) for each question s'/). Accounting for such cost, we define the utility function of

individual i for question s'/) as

al (o1 (59), (B (59)), ) = = (21 (27) Aggep (B (9)) o)) = ( (B (59)) )
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Here, d : A(A) x A(A) — R represents the distance between the underlying true probabilistic
opinion and the aggregated preference. Moreover, we define the welfare function of individual i

from addressing question s'/) as Wel( )(O) = —d(p;i(s")),0) for any O € A(A).

Remark 5 (Examples of Distance Function d). We can instantiate d(p,q) as the KL-divergence. Also,
we may instantiate d,(p,q) = sgn(a)ﬁ YicA (1 p;"q]1 “) which is a variant of the a-Renyi divergence
for a = 0. One can easily check that d,(p,q) > 0. In fact, one can also prove that lim,_,; d,(p,q) =d(p,q)
with d(p,q) being the KL-divergence (Appendix E.5).

5.3.2 Mechanism and Guarantees

We design a mechanism inspired by the Vickery-Clarke-Groves mechanism (Vickrey, 1961; Clarke,
1971; Groves, 1973), as defined below.

Definition 5.1 (VCG Mechanism). Assume that there are n strategic agents and a finite set X of
outcome, and each individual i has a private valuation v; for each outcome x € X. The bidding b =
(by,...,bn)T € REDN where b; e RXI s bidding for all outcome of individual i € [N]. Define their utility
function as vi(x(b)) - c;(b), where x : (RX)N — X is the allocation rule and c; : (R’X)N — R is the cost
function. The summation of welfare function of all agents is defined as Wel(x) = }_;cnvi(x) for all x € X.
The goal is to design x and (c;)ie[n] functions to make a DSIC and welfare-maximizing mechanism. The
following x and c; for i € [N] is DSIC welfare maximizing mechanism:

= argmax Z b;(x ci( I}Cle%(XZb Zb b)) forall i € [N].

xeX i€[N] j#i j#i

Unfortunately, the classical VCG mechanism presents certain limitations such as it cannot be
solved in polynomial time in general (Nisan and Ronen, 1999; Borgers, 2015; Roughgarden, 2010).
We here adopt certain forms of allocation rule (which corresponds to the aggregation rule in our
RLHF setting) and cost functions as follows, which allow the outcome set to be a simplex (with
infinitely many outcomes):

Agg-p(P)=argmin ) d(P,p),  ci(P)=) d(P,Agg-p(P)- min ) d(B,p).  (55)
PEA(A) je[N] j#i PEALA) 7=

Theorem 5.4. (DSIC Welfare-Maximizing Mechanism). The aggregation rule and the cost function as
in Equation (5.5) provide a DSIC welfare-maximizing mechanism.

Due to the modeling, we have an advantage compared to the original VCG mechanism. The
minimization in the aggregation function can be achieved using a simple optimization method
such as gradient descent, which makes our aggregation rule and cost function computation easy,
which is in contrast with the original VCG mechanism.

Now, we connect our mechanism design with pre-defined preference aggregation function
(Agg-p, in Equation (5.4)). Theorem 5.5 implies that Equation (5.4) is maximizing social welfare
and also we are available to construct the cost function to make human feedback truthful.

Theorem 5.5. If we set d as a variant of the a-Renyi distance for o = 0 (Remark 5) and define d as
KL-divergence for a = 0, the DSIC welfare-maximizing aggregation rule is Equation (5.4). Therefore,
aggregation rule Equation (5.4) is also welfare-maximizing with appropriate cost function.
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If we assume the relationship between reward and preference follows the PL model (Defi-
nition 2.1), then Equation (5.1) implies a welfare-maximizing aggregation rule, which connects
reward aggregation and mechanism design. We defer all proofs for the results in Section 5.3.2 to
Appendix E.6.
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A Table of Notation

Notation Definition
N Number of Individuals
) State Space
A Action Set
H Horizon Length
P, Transition Probability at Horizon h
r Reward
T Trajectory Set
T Trajectory
J(m;77) B, [1i(7)]
d, (1) Occupancy Measure: P, (7)
®: R—[0,1] Strongly Convex Function Mapping Reward to Preference
o(x) Sigmoid Function: %Xex
P (0=0]7 1) O(ri(to) — ri(71))
P, :RT > RF Representation Function
v (0w €]
G Set of Reward Functions:

r (o (@), 0))icin | P € W, 0; € RF and [|6,; < B for all i € [N}
Ng,(€) Bracket Number of G, Associated with €
rw,Qj(') <¢w(¢())16>
rw,e(') (rw,Ql(')”"’rw,GN(')) ERN

() Ground-truth Reward: (¢*(¢(-)), 07)
P* (= Per) Ground-truth Representation Function
Rmax ~Rimax < 7’;((’[) < Rmax
_Viein|Di
D; {0}, T;,]o); Tl-(,Jl))je[Np]}
N, N, =|Dy|=|Dy| =... =Dyl
C (Gpr Tiar » Pref »1) Defined in Definition 3.1
Agg (1) Defined in Equation (5.2)
Agg-p,(p)(a) Defined in Equation (5.4)

B Deferred Definition

B.1 Bracketing Number.

We modify and adopt the definition of the bracketing number of preferences introduced by (Zhan
et al., 2023), with some adjustments. Consider G, as the class of functions representing sets
of reward vectors, where each reward vector is denoted by (r;)i¢n]- Assume g; and g, maps
(19, T1) € T xT to 2N-dimensional vectors. A pair (g1,4;) constitutes an e-bracket if for every pair
of trajectories (7g, 7,) and for each i € [N], it holds that g;(- | 79, 71) < £ (- | 79, 71) and ||gy (- | 7o, T1) —

30



82 (-1 70, 71)|l1 < €. The e-bracketing number of G,, denoted by N (€), is defined as the minimum
number of e-brackets (g1, gb,Z)be[ Noyio] required such that for any reward vector r € G,, there exists

at least one bracket b € [Ng ()] such that for all pairs of trajectories (7o, 71), 8p,1(- | 70, 71) < Pr(- |
70, 71) < gp,2(* | To, 1) holds.

B.2 Concentrability Coefficient for a Reward Scalar Class

This definition is exactly the same with the concentrability coefficient of preference as outlined by
(Zhan et al., 2023).

Definition B.1 (Zhan et al. (2023)). The concentrability coefficient, with a reward vector class G,, a
target policy 1, (which policy to compete with (potentially optimal policy 17*)), and a reference policy
Hrefs is defined as follows:

Byt sty |7 (T0) = 7 (T1) = 7 (T0) + 7 (11)]

Cr(gr,nmr,yref) max 1 0,sup
reGr \/Ero~y0 T~y [|r (to) =7 (71) =7 (70) + 1 (71l ]

C Deferred Proofs in Section 3

C.1 Proof of Theorem 3.1 and Corollary 3.2

Theorem 3.1. (Total Expected Value Function Gap). Suppose Assumption 3.1 holds. For any o € (0,1],
with probability at least 1 - o, the output (7;);en) of Algorithm 1 satisfies

2Z\]Célaxl N¢ (1/NN,)/6
Z(Iwm;r;*)—](a;r;))g\/C" Og;\] g, (1/NN,)/ )’

i€[N] p

where Crax = Maxie[N| Ce(Gr, T tars Hi ey 1) and ¢ > 0 is a constant.

Corollary 3.2. (Expected Value Function Gap). Suppose Assumption 3.1 holds. For any 6 € (0,1] and
all i € [N, with probability at least 1 — 0, the output 7t; of Algorithm 1 satisfies

[ 1) < \/CKZCr(gr; TC tars Hirefr 1) 2 10g(Ng (1/N N, )/0)

2
](ni,tarl ri ) - = Np ’

where ¢ > 0 is a constant.

Before having a proof of Theorem 3.1 and Corollary 3.2, we provide general two properties of
MLE estimates, which is a slightly modified version of (Zhan et al., 2023) and (Liu et al., 2022).

Lemma 2 ((Zhan et al. (2023), Lemma 1, reward vector Version)) For any o € ( 0 1], zfr € g,, with

() _ (]))I

dataset D = Uie[mﬁ where D; = {(o U) ’CZ(]O),TI(]l))]e N ]} Tl 0 ~ Ho, T ) 1, and o; ( |T0 )Ty

i’ i1
there exist Cy > 0 such that

Zzlo[l

€[N]je[N,]

N/—\

] (7)
| Tl O’Tz 1)

] Ci log(Ng, (I/(NN,))/)

N./—\

Dy G ()
| Tio0rTi)

holds.
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Lemma 3 ((Liu et al. (2022), Proposition 14 scalar version)). For any 6 € (0,1], with probability

at least 1 -6, if r € G;, with dataset D= {(ol TO ),Ti]))]e[M]} where T(]) ~ Ho T{]) ~ yy, and o) ~

Pr*('lT(()]);Ti]));
(o) V) )
Z log[ d | T(Q)'T(lj) ))+log(Ng;(1/M)/6)]

|()r71)

1. 2, 27y -

()
Ho 231 Pr*(' | T(()]),le )”%:l

holds where C, > 0 is a constant.

Lemma 4 ((Liu et al. (2022), Proposition 14, vector version)). For any 6 € (0, 1], with probability at
(7)

least 19, 1fr € G,, with dataset D= UIE[N]D where D {(o z])’Tl(]O)’ Tz(Jl))]e[N b T ]0 ~ Mo ’L’l(Jl) ~ yy, and
(7) (7)
),

0, ~ rl?*('h'() T

T 0 B 12,17 = Pt 1
zE[N

G) 1 ) ()
C2 PT*(O |T0 ;Tl
<

= NN Z Z log[P

P \ie[N]jelN,]
holds where C, > 0 is a constant.

Note that * do not need to be in G, for the above lemmas. Lemma 2 states that the log-
likelihood log P, for a preference dataset generated by the reward model r* cannot exceed the
log-likelihood log P,« for a preference dataset generated by the reward model r*, with a gap related
to the bracket number of G,. Lemma 4 states that the ¢; distance between likelihood function P
and P, for all r € G, can be bounded with the difference between log-likelihood log P,» and log P, for
a preference dataset generated by the reward model r* with a gap related to the bracket number of

g

Proof of Theorem 3.1 and Corollary 3.2. We define the event £, &, as satisfying (Lemma 2, Lemma 4)
with 6 « 0/2, respectively, so we have P(€; N &) > 1 — 6. We will only consider the under event
€1 N&,. Then, we can guarantee that

D> D logPiglol Inp )
i€[N]j€[N,]

Z Y logPe (0 (07 122, 2U)) + Cy log(Ng, (1/(NN,))/5),

NJje[N,]

which indicates that r* (=, g+) € R(D). Moreover, by the definition of Equation (3.1),if r,, 9,7, 0’ €

R(D),
|Z Zlongg ]lTIO, 11 Z Zlongg ]|TZO, l(jl))|

€[N je[N, i€[N]jEN, ]
< Cylog(Ng, (1/(NN,))/)

32



holds, since } ;¢ Z]-E[Np] log Pwygi(O:-]) | ’Cl-(’JO),T;’]l)) is bounded by } ¢y Zje[Np] log Paa_(ogj) | TE’JO), TZ-(’Jl))

by definition of ©,0 if w0 € G;. Therefore, by Lemma 4, we have

1 () . ()
ﬁ ZEI‘OrM [”Pﬂ):ei(' | Ti,JO’Ti,Jl) Pa) ,0F ( |T1 0’ 11)”1]
i€[N]

(3)
*9*( |T0’T11)
Z Zlog[ 01|20 0 +log(Ng, (1/(NN,))/9)

i€[N]je[N,] a)9 (0 1,07 1’]1)
< W(Cl log(Ng, (1/(NN,))/8) +log(Ng, (1/(NN,))/5))
NN log(Ng, (1/(NN,))/9)

forany r,g € 7?,(5), where C;3 = C,(Cy + 1). Then, by the mean value theorem, for any r, g € R(ﬁ),
we have

5 Y B [0, 5i0) = 70,600~ 07 i) = 7 )|

ie[N]
<X Z E, . [||p A ) <Pt Tjjg,rjjl’,i)n%] (1)
) !
< N, 08UNG, (/NN 70

Now, we define for all policy 7,

rTzme _ argmin (](7-[’ ri) — ET~Mi,ref[ri(T)]) .
reR(D)

Then, we can bound the difference of the expected cumulative reward of a policy 7; 5, and T; by

(a5 ) = T (7035 17)
= (](ni,tar; 7’7) - Er~yi,mf[r?’(’[)]) - (](ﬁ\ll 7’:) - ET’VIll"ref[r?’(T)])
(S_ (](ni,tar; 1’:) - ]ET"’;I,"ref[ri*'(T)])

i)
— (T (i gars 1) = By [ (O + T (7™ =By, (2™ (1)
~ (75 77) = Empy, [ (D)) (C.2)

f i,inf
(S) (](ni,tar; r:’) - ET’\‘[li'ref[r?'(T)]) (](TZZ tar' r7z'l,11:ar) ETNMi,ref rTZZ:,I;r (T)])
11

f f
= Byt pone (7 (T3,0) = 77 (T.0)) = (ri (1) = i ()]

. f f 2
= Cr(gr: 70 tars P‘i,ref;l)\/Eyo,yl |:|(r?(7i,1)_ r?(Ti,O)) ( 711,12,(71 1) 7711,13(’[1 O))| ]

Here, (i) holds since 7"(\] is a distributional robust policy for R(ﬁ) (Equation (3.1)) and (ii) holds
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due to the definition of r’ ,inf . Therefore, if we sum Equation (C.2) over i € [N], we have

) (i) -1(@srh))

ie[N]
f f 2
< Cmax o M1 Tz 1) (Ti,O)) (r;T:rt:r(Tz 1) - r;T,lgr(Tz O))
ﬂ H
i€[N]
E ) i,inf iinf 2
Cmax Hop Tz 1) - T (TZ,O)) (1’7(1 tar(Tz 1) - rni,ta,(Tz,O))
i€[N]

N s

o \/CgNkzlog(/\/gr(l/NNp)/é)
p

which proves Theorem 3.1. Moreover, we have
J(Ttiars17) = J (7577
, inf inf 2
< Cr(grr TC tars Hi refs 1)\/E;40,;41 D(r:(rfi,l) - r?(Ti,O)) - (r;zizr(’[i,l ) — rl }n (Ti,O))| ]

nz,tar
Cr(gr: 70 tars ,"‘i,ref’ Z Eyo M1 [

C K210g(Ngr(l/NN )/0)
(grrnltarll/‘z refs 1 )\/ > z

2
f f
(ti1) = 17 (30)) = (it (i) = int (i) |

Ny

which proves Corollary 3.2.

C.2 Discussion on Assumption 3.3
C.2.1 Comparing with (Lu et al., 2021, Assumption 6.4)

Assumption C.1 ((Lu et al. (2021), Assumption 6.4)). For any representation functions ,’ € ¥ and
€ > 0, if there exists v,v’ € R? that satisfy

Ellp(x) v —9'(x) V|* <€

Then there exists a constant invertible matrix P such that

lp(x) = Py’ (x)|I* < o(e/IIv]1?) = o(e/IV']I?).
for all x.

Assumption 3.3 bears similarity to Assumption C.1; however, the latter is notably more strin-
gent. For instance, consider the case where v = v’ = ¢; without loss of generality. If it holds that
Ellip; (x) — 1 (x)|I*> < €, then it implies p ~ Pyp’. In this context, 1; and 1] represent the first coordi-
nates of ¢ and ¢’, respectively. The assumption that similarity in the first coordinate necessitates
equivalence of the entire representations (i ~ Pi’) is a strong assumption.
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C.2.2 Case Study (Linear Representation): i, (x) = wx and w is an Orthonormal Matrix

Proposition 1. Assume that ,(¢(7)) = wp(t) where w is a k xd orthornormal matrix. For any
representation functions P, P, € W and € > 0, if there exists {Vi},'T:p {vi’}iTzl, and a trajectory distribution
W that satisfy

= ) B lpu(@(0) v~ P (o) THIP <€ 3)

i€[T]

dand V = [vy,vy,---,vr] € R¥T satisfies (7k2(W) > Q(T/k), and ||vill, < B for all i € [T]. If ¥ :=

E.[¢(T)p(T)T] > O, then there exists a constant invertible matrix P such that

[P0 (P(7)) = Pty (p(T))|I* < cke/B
where ¢ > 0 is a constant.

Proof. By Equation (C.3), we have
(@TV = () TV TE(0TV — (0)TV') < T,
where V' =[v{,...,v7] € R¥<T Since ¥ > O, we have
lw™V = () TV|)? < Te.
By (Yu et al., 2015, Theorem 4), there exist an orthonormal matrix P such that
lw—P()T|* < cke

where ¢ > 0 is a constant, which concludes Proposition 1. O

C.3 Proof of Corollary 3.3

Corollary 3.3. (Closeness between ¢* and ). Suppose Assumptions 3.1, 3.2, and 3.3 hold. For any
0 € (0,1], with probability at least 1 -9, if ., g € R'(D) as specified in Algorithm 1, then there exists an
orthonormal matrix P, such that

CrepKZ log(Ng,(1/(NN,))/0)
NN, B?

(1 () = ¥ (1)) = Po (W (d(0)) ~ o plr DIP] < &

for all 7y, 7y, where ¢, > 0 is a constant.

Proof. By Equation (C.1), if we use Assumption 3.3 with ©*/B, we can find an orthonormal matrix
P, such that

CrepKz log(Ng, (1/(NN,))/9)
NN, B2

(1% (d(0)) = ¥ ($(11) = Pu (o (p(70)) — o (d(m DIP| < k

for all 7o, 71, where ¢, > 0 is a constant. O
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C.4 Proof of Theorem 3.4

Lemma 5. Suppose Assumptions 3.1, 3.2 and 3.3 hold. For any 6 € (0,1] and A > 0, with probability at
least 1 -6, r* € R'(D), i.e., the underlying reward functions are an element of Equation (3.2).

Proof. Assume that Corollary 3.3 holds with probability 1 - 6/2 for , i.e.,

ok log(Ng (1/(NN,))/6
I (@) = (1)~ Palaldleo) ~ Ya(plr ] < k2B G LATRINE) g
p

We only consider the event that Equation (C.4) holds. We will use this P; for the proof of Theo-
rem 3.4. We will approach similarly with the proof of (Zhu et al., 2023). Consider the following
optimization problem:

J )
maximize f Z log P5,,(0;" | 7! T
loll:<B 0

Then, we have 0; = =argmaxf(60;) and
lolli<B

gt (7) (7)
Vi L Z(CD((%(cP( L0~ Yaldl ;)’9”1(0.1 o)
P(Pal(@(r)) ~ Yald(z]).6,)
Y Wa(D(5) ~ bl (e 0)
P(Pa((T)) ~ Yald(r). 6)
CI)” ])(D (7) (7) . .
vro)= o Y T (]Z O (o)~ il e ) (b ) - gt

p ]E[Np xZ )2

106" = 1))t - vatote)

where x = (Yg (qb( )) - YPgz(o(t ]1))) 0;). Here, we also define z,bw( .) € RNk such as every
j € [N Jih row is (¢w(¢< D)= buld(e)

Then, we have
V2F(6;) <~y =~ (D) = v (e (wad () - watp))
NP
JE[N,]

. (D' 2—(1)” CI) .
where 77 := miny[_or__ 2R ] (X)C)TM) For example, if ®(x) = o(x), then 1 = 2+exp(_2Rma1)+exp(2Rmax)‘

Then, by the Taylor expansion of f, we have

£(8)~ f(PL67)~ (VS (B107),6; ~ P16}) <~ 16, ~ PIO7IE.

w 1

Since 6; = argmaxf(6;), for any A > 0, we have
leli<B
IVf(Plor s +AI)_1||é‘l. - P%Q*HE Lz (Vf(PIo7), 0; - - P17y > g”é} - P(TIQ?”%W' (C.5)
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We define a random vector V € RN as follows:

j) ()

<¢*(¢< ) -*(P(t))),07)) () PO N

p. O T: - 7."7)), 6’

V= <¢<r’o(’>¢*<¢rﬁ)3 oy P (BT =97 (Pl 7))
] * ] * j) . .

SR IR p. (pr () - (@l 07)

1
DY (D)) -9 (P(r),00)

for all j € [N, ]. Define & = max,¢[_»r
E[V]= 0and|V|<§forall]€[ ol
Also, define V' € RM as follows

max’ Rmax]

%L If d(x) = o(x), £ < 1. Then, we can verify that

(7)

D' ((Pa(o(t, ]0))) Pa((T;)),PIOF)) . () . ) .
@ W.p. CD T. — T. )6.
B R e A A AL U A AR R
1 ((ll)w(qﬁ(rf” Vs (¢(rffo ,PT0%))

) N NTOR 1 N
DB . 09~ 4 (9l 0D)
for all j € [N,]. Vf(PLOY) can be written as

Vf(P;T,QT) l)ba)( ) = _l)ba)( ) Vi+ _l)ba)( ) (V Vi)

Therefore, we can bound ||Vf(PaAT)9;*)||(§¢A+M),1 by

1 —
IV B307 N, oy < 4P Vil o s ~ya(D) (V] =Vl

(i) (if)

Step 1: Bounding (i)
Define M = Nzl,bw( )(Z¢A+ A g (D )T, then we have

”_lpw( ) V” 2 +/\I) 1 — VTMV

We can check

p p NP

k ) k 1
Tr(M)SF, Tr(M )SW’ IMllp = 01(M) < —
in the same way with (Zhu et al., 2023, Page 19). Therefore, as V’s components are bounded,
independent, and EV = 0, we can use Bernstein’s inequality in quadratic form (for example, (Hsu

et al., 2012, Theorem 2.1) and (Zhu et al., 2023, Page 19)), so we have

k+1log(N/0o)

Np

|| l,bw( DVillg, a1 <ECa (C.6)

for a constant C4 > 0 with probability at least 1 — 6/(2N).
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Step 2: Bounding (ii).

We have |(g((;€))

Vi-V/I< rg;%fél((nb*(qb(%)) — 9 (¢(11)) ~ (Pavpa((10) - Patpa( (1)), O7)]

< é\/kcl’epkzlog(Ng'(l/(NNp))/é)

NN,

- —g((;}” < &|x —y| by the mean value theorem if x,y € [-2R 2y, 2Rpnax ], SO

Therefore, we have

< £Cs [ x?log(Ng, (1/(NN))/9)
vt AN, NN,

1 ~ ’
I ¥alT (Vi = Villg

where Cs > 0 is a constant.
Step 3: Combining (i) and (ii).
Combining Equation (C.6) and Equation (C.7), we have

T ([
IVFEZO N s, _anyr < NiA NN, * Ny
<c, kézkzlog(Ngr(l/(NNp))/é) s &2 (k +1og(N/o))
NN, N,

for a constant C¢ > 0 with probability at least 1 — /N and Equation (C.5) provides

g 2k2log(Ng (1/(NN,))/é 2 )
B-PTot <Gy \/ks 2 10g(No, (VNN V/0) | £2(k+1og(N/0))
Ve nN°NN, n°N,

which is equivalent to

N X watotelh)-satets.0-rronf
jelN,

5 EZKZIOg(Ngr(l/(NNp))/(S) &2(k +1og(N/9))
< C7 k 2 + 2
n NNp ] Np

with probability at least 1 —6/N.

+AB?|,

38

&Cs kKZlOg(Ng’(l/(NNp))/é)+<SC k +1og(N/o)
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¥ ZI a3 (T = T (T — () =t ()
]e[N
N Z|<¢w Pal(t)), 6 — W (@) - v (), o)
]E[N
<o Y [Walo )~ (el 8- BIon|
pJeN]

2

' Vp 2 (Do dle) - v dlel) - Pt @lelo) - 9 (e, on)

52 2log(./\/g (1/(NN,))/6) .\ &2(k +1og(N/9))
n*NN, 12N,
2 CrepK log(Ngr(l/(NNp))/é)
+Vprk NNp
2.2 2
SCg( &2k log(Ng (L/(NN,))/8) & (k +1og(N/0)) ABQ)

+
1*NN, 12N,

< 2(:7( +)\B2]

for a constant Cg > 0. Combining this result for all i € [N], Lemma 5 holds. O
Lemma 6. Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold. For any ¢ € (0,1], with probability at least
1 -9, forany r,g € R'(D),
2
By, |70, (550) = 10,731 = (7 (i) = 17 (. )|

21?1 1/(NN,))/s) &2
ch[ 77 log( NG, (VNN )/0) | £2(k +10g(N/2) | ABZ]
*NNp 1°Np

where Cq > 0 is a constant.

Proof. For any 7y, 71, by Assumption 3.4, with large N, > Nynie(W, po, i1, 6), we have the analog of
Equation (C.1):
2
By, |70, (550) = 10, (73,) = (7 (i) = 17 (5. )|

0; | 0;
_9?’ ] Ad)(,(i)lp*(l’l()':ul)[ _9?' ]

2,21 2
g og(/\/;g (1/(NN,))/5) .\ &% (k +1og(N/o)) B
2NN, 172Np

0; | 0.
:[ _al* ] A%,%*(P‘o:m)[ _é* ]S 1.1

sucg[

which concludes the proof. O
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Theorem 3.4. (Improved Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4
hold. For any 6 € (0,1], all i € [N] and A > 0, with probability at least 1 — 6, the output 7¢, of Algorithm 1

satisfies

](T[i,tar; rf) _](ﬁ;; rr)

2k21og(Ng (1/(NN,)/S)  &2(k +1 (3.5)
S\/CCr(gr!ni,tarf]’li,ref:i)z(ké 8( 29,( ( p)) )+r§ (k+20g(N/6))+)\Bz)
1 NNp n Np
where ¢ > 0 is a constant.
Proof. We have
](ni,tar;r?)_](ﬁ\;;r?)
. iin iin 2
< Cr(grl T(i,tarflli,reffz)\/Eyo,yl [|(r?'(’[i,1) - r?(Ti,O)) - (rni,tafr(f[i,l) _rn,-,tafr(Ti,O))| ]
kx?log(Ng (1/(NN,))/6 2 1 )
S\/CCr(grlni,tar’l’li,refri 2( g(Ng, (1/( b)) )+ E4(k + 2Og(N/é))) +/\B2)
NNp n Np
O

where ¢ > 0 is a constant, which is similar to the proof of Theorem 3.1.

In the exactly same way, we can prove Theorem 3.5, so we omit the proof of Theorem 3.5

C.5 Proof of Theorem 3.6
Theorem 3.6. (Lower Bound for the Sub-Optimality Gap of Personalization). For any k > 6,N, >
CkA? and A > 2, there exists a representation function ¢(-) so that

_ k
mininf sup (max](n*; Tw,0,) — (TG Tw’gi)) >CA-[—,
i€e[N] & QeCB(A) el Np

where

CB(A) == {Q - ({ o, m},{TZ.(}O’,Tfjl>}ie[N],je[Np],w,e) | Co(Gy 1%, 1, i) < A for all i € [N]}

is the family of MDP with N reward functions and H =1 instances.

Proof of Theorem 3.6. We follow the construction in Theorem 3.10 of Zhu et al. (2023).

We will only consider H = 1 case. Assume k can be divided by 3 without loss of general-
ity. Let S :={0,1,...,k/3 -1} and A = {ay,a,,a3}. Let ¢, (P(s,a1)) = es5, Yo (P(s,a;)) = e3s41, and
Yo(p(s,a3)) = 0. Also, let v_; :={1/d,1/d +A,-2/d - A} and vy := {1/d +2A,1/d + A,-2/d — 3A}.

We construct 2!°! instances in CB. Let w € {il}ls| and 0, := [vwl,vw,...,vw‘s']. Let po(s,ay) =

12207 40(s,a,) = %Af, and p(s,a3) =1 forany s € S.

IST 7 Ho
According to Zhu et al. (2023), 251/2E5~p[z,bw(¢(s, 7-(*(5)))]“2 < A, where p is the uniform

distribution over S. At the same time, for any 6,, we have ||0,||, € ©5 when taking B=1,d > 6 and
A< 1/(6d).
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Next, we will show that C,(G,, *,,ul,i) < A. By definition, we have

|75 2Eacp [0 (5,7 M|, = [ 507 B 151500110 [P @057 (5)) = ()]
since a’ = a3 by definition of yy and ¥, (¢p(-,a ) 0. Then, by Section D.1. of Zhan et al. (2023), we
have C,(G,, 7, py,1) HZ 1/2E5~p [le o(s,m ]” < A. Therefore, combined with Theorem 3.10
of Zhu et al. (2023), we finished the proof. O

D Proof of Section 4

Corollary 3.3 holds with probability 1 —6/3, so we have

Cyx2log(Ng (1/(NN,))/d
max [|(¥* (¢ (o)) — P* (p(11))) — Ps(9a(d(T0)) — Pa(p(T)))II* < k A Og(Ni}(Bz( PO
14

To,T1

Claim 1. For any ¢ € (0, 1], with probability at least 1 -0, for arbitrary D; and D;j, the gap between label
discrepency with reward function class Gy, and Gy« is bounded as follows:

) ) k&2x21og(Ng,(1/(NNp))/6)
|dlsc(Di,Dj,g%) — dlsc(Di,Dj,glp*) < 2C10\/ NN,
for i,j € [N]where Cyo > 0 is a constant. We recall the definition of Gy, = {(1,,, 0) | 16|l < B}.

Proof.

‘EDi log P prg(0 | 11, 70) = Ep, log Px (0 | 71, 7o)

<Ep,

log P, prg(0 | 71, 70) —log P 9 (0 | 1, 7o)

< EBp, (Ps(va(d(t1) - Pa(d(10) — (@* ((11)) - ¥ (§(70))), 0))]
\/kézkzlog(Ngr(l/(NNp))/é)
10

NN,

<C

q’ O

where & := max,¢|_r

max’ Rmax ]

Theorem 4.1. (Total Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold.
Also, assume that C,(G,, T, Wi ref, 1) < Cpyay for all policy 7w and i € [N]. For any 6 € (0,1], all i € [N] and

A >0, with probability at least 1 -0, the output ((T¢(x))ke[K] f of Algorithm 3 satisfies
Z (](”i,mri ) _I(Ef(i);’?))

i€[N]
5)  kKlog(N,/K) k&2x?1 1/(NN,))/5
gNK(log(zK/% o8(Ny/K) k&2 1og(AG, (1/(NN,)/0)
NP Np NNP
2 \\ 2\ 1/4
1 log(Ng,. (1/NNp)/0)
+[Z ﬁdlsc( gll’*))] +[ NN, ,
i€[N]
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where ¢ > 0 is a constant.
Proof. By Claim 1 with Lemma 1, we have

(7) i)
P)* 9?(01-] | TZ'(,JO’ Ti,Jl))

) ) les|
) )
Pag,, (0 1T t))

i€[N]j€[N,;]

P (0] 170, 7%)

.G ()
~lej<B for all i€[N L&) jelN] Paef (0" 111, 7)

P3.6;(0 .”|r§1§,1§fﬁ>

> ) log b )

()
ie[N]je[N, ] .67, 0 ks 0’711

\/k52K21og(Ng (1/(NN,))/9)

< max
(i) 16]1I<B for all i€[N]

+ NN, ClO

kKlog(N,/K) kE2k2loe(N- (1/(NN))/S
<CclusterI\H\] \/10gT/5 \/ 0g(Np/ \/'5 K*log( g( /( ))/)

+ Z Ndlsc ;,C le ))

/ kKlog(N,/K)  [ké?x2log(Ng, (1/(NN,))/5
<C11NN log 2K/6 \/ og(Np/ \/ &K log( Q( /( ))/9)

Ndlsc( glp*)))

ze[N]

where @ is a learned parameter from the representation learning, and C;; > 0 is a constant. Here,
(1) came from the same reason with Claim 1. Therefore, by Lemma 3, we have
() 2
Lo [” XN | 700 Tin) = Pur o+ (| Tz o' 1, 1)” ]
\/kKlog(Np/K) \/k£2K2log(Ngr(l/(NNp))/é)
+

log(2K/d)
< Cll(\/ +
N, N, NN,
log(Ng, (1/NN,)/9)
+ Z —disc(D;,C glp*)) w})\IN P .
p

i€[N]
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Here, we used /\/’g%(l/NNp) = Ngw* (1/NN,). Now, we get the similar bound with Equation (C.1):
2
P |

Scllkz(\/log(ﬂ(/é)_'_\/kKlog(Np/K)+\/kgzkzlog(Ngr(l/(NNp))/é)

Tzo) ra,@‘ﬂi)(Ti,l))—(Tf(Ti,o)—V?(Ti,l))

N, N, NN,
log(Ng . (1/NN,)/9)
+ —disc(D;,C g )+ v )
Z 4 NN,

Lastly, we use the following:
J(tiars 17) = J (75 7F)
= (J(itar 17) = By o (77 (1) = (705 7) = By, (17 (7))
= (J(Mitars 17) = By o (77 (D) = (i a5 73) = By, (7i(1))
+ (J(Miar; 7) = By, (73 (1)) = U(7T557) = By, (7i(7)))
+ J(7T577) = By 7 (1) = U (75 77) = By, (17 (7))

2B [ 510) =500 it i)

E ) )
E ) )

where the last inequality came from the fact that 7t; is the best policy with respect to 77(;). Therefore,
summing the above relationship with i € [N] provides

Y U iasr) - I(75r))

i€[N]
kKlog(N,/K) k&*k?log(Ng, (1/(NN,))/o
SClzNK[log(zK/é)Jr 0g(N, )+ &%1?log(Ng, (1/(NNp))/6)
Np N, NN,
2 2.1/4
! log(Ng,. (1/NN,)/9)
#| 2 ydieelP GM] (i .
i€[N]

E Proof of Section 5

E.1 Six Pivotal Axioms for Reward Aggregation

For the completeness of the paper, we introduce six pivotal axioms for reward aggregation (Moulin,
2004).

* Monotonicity: For two reward vectors, r = (ry,...,ry)" and " = (r1,...,7) " such that r; = 7/
fori=#jandr; > r]f for some j € [N], then r > r’. This is related to Pareto optimality, indicating

that if one vector is strictly better than another in at least one dimension and no worse in any
other, it is considered superior.
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* Symmetry: The reward aggregation function should treat all individuals equally. The
outcome should not depend on the identities of the individuals but only on their rewards.

* Independence of Unconcerned Agents: If for an individual j € [N], r; = r]f, then the magni-
tude of r; does not influence the comparison between r and r’.

* The Pigou-Dalton Transfer Principle: If ; <r; and r/ +r; = r]f +1; for a pair (i,j) € [N] x [N]
and rp = r; for all k # i,j € [N], then v’ > r. This condition implies that, all else being
equal, a social welfare function should favor allocations that are more equitable, reflecting a
preference for balancing the rewards between individuals i and j.

* Translation Independence: If r > r/, then r + ¢ > r’ + ¢ for c € RV,

* Continuity: In the context of social choice with a continuous preference scale, continuity
means that small changes in the individual preferences should not lead to abrupt changes in
the collective decision.

Equation (5.2) and its monotonically increasing transformation is only reward aggregation that
satisfying the above six axioms. In (Zhong et al., 2024), the consider Scale Independence rather than
Translation Independence, which is defined as follows:

* Scale Independence: If r > 7/, then A-r> A7’ for A > 0.

In this case, the reward aggregations that satisfying six axioms are

1 o
_| naLiegnri a#0
A88a(r) { [Tieiny i a=0

for a € [—o0, 00].

E.2 Proof of Theorem 5.1

Theorem 5.1. (Expected Value Function Gap). Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold. For
any 6 € (0,1], all i € [N] and A > 0, with probability at least 1 — 0, the output ¢ of Algorithm 5 satisfies

J(Tt1ar; A8 (1)) — J (T3 A8, (17))

ki log(Ng (L/(NN)/(8/N))  &2(k +1og(N/5))
2 r p 8 2
S \/C(I Cr(grx T(tar; ”lref) NNp + ;/IZNP + AB

where c, > 0 is a constant depending on a, and other constants are defined in Section 3.1.

|(exp(ax)—exp(ay))—(exp(az)—exp(aw))|
max’Rmax] a|(x—y)—(z—w)|

Proof. Define C, := maxyy ; we[-R for « # 0 and C, =1 for
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a = 0. Then we know that C, < co. Now, in the same way of proof of Theorem 3.4, we have
J(1ttars Agga (1], TR)) — T (T Agg (1], 1))

< C(Gy, Tiiar, uren\/ o [I(Aggawm))—Agga<r*<ro>>>—<Agga<r;%:§r<n>>—Aggau;%;(ro)))lz]

Cr (gr; ntarl ﬂref) C‘% Eﬂorﬂl

=) [ ) - o)) - <r%:§r<m—r;%:§,<ro>>|2]
zeN]

<. kK21og(Ngr(1/(NNp))/(5/N))+52(k+log(N/6))
= a NN;% nsz

+ /\BZ).
where the last line is from Lemma 6, which conclude the proof. O]

E.3 Proof of Theorem 5.2

Theorem 5.2. (Lower Bound for the Sub-Optimality Gap of Aggregation). For any k > 6,N, >
CkA?, A > 2, and a € R there exists a representation function ¢(-) so that

T QeCB(A) el

. _ k
inf sup (max ] (' Agg, (o)) ~ J(FiAgg, (r0)))  CA -y |
p
where
CB(A) := {Q = ({ son ), {TZF]O),Tfff}ie[N],je[Np],w,e) |Gy 10", j1,i) < A forall i € [N]}

is the family of MDP with N reward functions and H = 1 instances.

Proof. We start with the same setting and the same instances that achieve the lower bounds with

Theorem 3.6. Since
k
CA-,[—
N

We can finish the proof for all @ € R. The first inequality holds by definition when a = 0.
When a = 0, for any i € [N], we have exp(r;(s, %)) —exp(r;(s, ")) > exp(—Rmax) |ri(s, ) — ri(s,n’)| >

Q(CA-\/NZP). O

E.4 Proof of Theorem 5.3

Es[Agg, (r)(s, 7*)— Agg, (r)(s, )] = Q >Q

E ) (ri(s,7*) = rils, )]

i€[N]

Theorem 5.3. (Relationship between Reward Aggregation and Preference Aggregation). Suppose
human preferences are modeled by the PL model, and all human labelers share a common lower bound on
their reward functions. Let (R;(a)),c represent the reward function associated with action a € A and
P, € A(A) denote the corresponding probabilistic opinion for individual i € [N]. Then, the preference
aggregation Agg-p,(P), is equivalent to the preference derived under the PL model with the aggregated
rewards (Agg,(R(a)))aea for any a € [—oo, 0.
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Proof. By the PL modeling, we have

o _ _ exp(Ri(a))
= rexpR (@) (=1
We divide Equation (E.1) by P;(agy), we have
R;(a) = log P;(a) - (log Pi(s, anix) — Ri(afix)) := log P;(a) - C; (E.2)

where C; :=log P;(agy) — R;(agy). Since R;(a) have upper bound as C;, and we assumed that every
reward R;(a) have the same upper bound, we can assume C; = C for every i. Therefore, plugging
Equation (E.2) provides the equivalence between Agg (R) and Agg-p,(P). O

E.5 Relationship between KL divergence and variant of ¢-Renyi divergence.

By L'Hopital’s rule, we have

lim; 1—Zp~(@)la —Zlim —p“log(ﬂ)(@)ﬁ =KL(p,q)
a-11—a I\ pij T L U VAV o

jeA i

E.6 Proof of Section 5.3.2

The proof of Theorem 5.4 is exactly the same as the proof of the fact that the VCG mechanism is
DSIC welfare-maximizing. The difference with the proof of the original VCG mechanism’s property
is the parametrization of bidding, which will be explained in this section.

Theorem 5.4. (DSIC Welfare-Maximizing Mechanism). The aggregation rule and the cost function as
in Equation (5.5) provide a DSIC welfare-maximizing mechanism.

Proof. The aggregated result space A(A) corresponds to the output space X of Definition 5.1. We
can interpret the bidding part, b;(x), of Definition 5.1 as —d(P;, p). So, instead of bidding on every
output without any rule, we can interpret the bidding as the minus distance function between their
own probabilistic opinion and aggregated probabilistic opinion. The underlying value function
therefore corresponds to —d(p;, p). This interpretation provides the same line of proof of the VCG
mechanism’s property. O]

By good parametrization of the VCG mechanism, we can also achieve the computational
efficiency of our cost function computation.

Theorem 5.5. If we set d as a variant of the a-Renyi distance for a = 0 (Remark 5) and define d as
KL-divergence for a = 0, the DSIC welfare-maximizing aggregation rule is Equation (5.4). Therefore,
aggregation rule Equation (5.4) is also welfare-maximizing with appropriate cost function.

Proof. We solve the optimization problem as follows:

argmin Z d.(P,p) (E.3)
pGA(.A) i€[N]

46



a l1-a

where d,(p,q) = sgn(a)ﬁ Z]-GA (1 -pjq; ) We can check that d,(p, q) is a convex function with
respect to g, as

d2 —-a-1

——da(p,q) = asgn(a)q;*" > 0.

dq]z ]

Therefore, Equation (E.3) can be solved with first-order condition:

P" a
Z(l) =1 forallje A
i€[N] Pj

which provides Equation (5.4). O
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