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We calculate the thermal conductivity of various moiré bilayer systems using a continuum ap-
proach and the semiclassical transport theory. When the twist angle is close to 0, we observe
a significant reduction of thermal conductivity in a particular low-temperature regime. This re-
duction is attributed to a moiré-induced reconstruction of acoustic phonon bands and associated
decrease of the group velocity. Conversely, in the zero temperature limit, the thermal conductivity is
enhanced by moiré effect, surpassing the original values in non-moiré counterparts. These changes
result in a characteristic temperature dependence which deviates from the quadratic behavior in
intrinsic two-dimensional systems.

I. INTRODUCTION

In recent years, significant advancements have emerged
in the field of two-dimensional (2D) moiré materials,
following the discovery of various exotic phenomena in
twisted bilayer systems [1–7]. The electronic structure of
these materials are strongly modulated by the emerged
superlattice of the long-range periodic pattern [8–16]. In
a similar manner, moiré patterns also have notable in-
fluence on the lattice vibration. In twisted systems, the
interlayer moiré potential folds the original monolayer
phonon bands into the superlattice Brillouin zone [17–
22]. When the moiré superlattice period is much greater
than the atomic scale, spontaneous lattice relaxation
renormalizes the phonon modes [23–33], and the acoustic
bands are reconstructed with notable band flattening and
the appearance of spectral gaps [23–25]. These changes
are expected to have significant influence in the ther-
mal transport phenomena where acoustic phonons are
the dominant heat carrier.

Heat transport in 2D materials has attracted notable
interest because of its superiority and its sensitivity to
heterostructuring. For example, the high thermal con-
ductivity of suspended graphene [34–37] is significantly
decreased in the presence of substrate or other layer due
to strong scattering of flexural phonons [38–44]. Mean-
while, experimental measurements demonstrated further
suppression when rotationally stacked graphene layers
[45, 46]. Theoretical simulations showed that such a ther-
mal conductivity reduction by a twist can be caused by
the enhancement of anharmonic phonon scattering and
the redistribution of phonons to higher frequencies [47–
51]. While all these simulations assumed the room tem-
perature and above, the effect of moiré-induced phonon
band reconstruction on the thermal properties is ex-
pected to be relevant in the low temperature regime, and
it remains unknown.

In this paper, we calculate the thermal conductiv-
ity of various representative twisted bilayer systems, in-
cluding twisted bilayer graphene (TBG) and twisted
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Figure 1. Top view of atomic structures of (a) twisted bilayer
graphene (TBG), (b) twisted graphene/hBN (t-G/hBN), (c)
parallel-stacked twisted bilayer MoS2 (t-MoS2 (P)), and (d)
antiparallel-stacked twisted bilayer MoS2 (t-MoS2 (AP)).
Each yellow circle in (c) and (d) represent overlapped dou-
ble S atoms at different perpendicular positions.

graphene/hexagonal boron nitride (t-G/hBN), and also
twisted bilayer molybdenum disulfide (t-MoS2) in both
parallel (P) and antiparallel (AP) stacking arrangement
[Fig. 1]. Here, we obtain the phonon band structure by
the continuum approach, which has been extensively uti-
lized to describe lattice relaxation and the formation of
superlattice mini-bands in the phonon dispersion rela-
tion [23–25, 52]. Then we calculate the thermal con-
ductivity using a semiclassical transport theory in the
low temperature regime assuming a constant mean free
path. We demonstrate that the flattening of the low-
energy phonons bands leads to a significant suppression

ar
X

iv
:2

40
5.

00
40

6v
1 

 [
co

nd
-m

at
.m

es
-h

al
l]

  1
 M

ay
 2

02
4

mailto:lukas@qp.phys.sci.osaka-u.ac.jp


2

of thermal conductivity up to 40%, resulting in a charac-
teristic deviation from the generic quadratic temperature
dependence of thermal conductivity in two-dimensional
system.

This paper is organized as follows. In Sec. II, we intro-
duce the continuum method to describe long-wavelength
phonons, and the formulation of semiclassical trans-
port to calculate the thermal conductivity in the low-
temperature regime. In Sec. III, we present and discuss
the calculated phonon dispersion of each system and the
corresponding thermal conductivity. Finally, a brief con-
clusion is given in Sec. IV.

II. METHODS

A. Lattice geometry

We consider a twisted bilayer system composed of two
honeycomb lattice layers with generally different lattice
constants, a and a′, as illustrated in Fig. 2(a). The layer
2 is stacked on top of the layer 1 with relative rotation an-
gle θ around a common honeycomb center. We label the
sublattices of layer 1 by A and B, and that of layer 2 by
A′ and B′ as in Fig. 2(a). The primitive lattice vectors of

layer 1 are defined as a1 = a(1, 0) and a2 = a(1/2,
√
3/2),

and those of layer 2 are given by a′i = M̂R̂ ai (i = 1, 2),

with rotation matrix R̂(θ) and isotropic expansion matrix

M̂ = (1 + ε)Î where ε = (a′ − a)/a. The corresponding
reciprocal lattice vectors for layer 1 and 2 are given by bi

and b′
i, respectively, which satisfy ai ·bj = a′i ·b′

j = 2πδij .
A long-range moiré interference pattern appears due to
a slight mismatch from a small difference in lattice con-
stant or small twist angle. The reciprocal lattice vectors
of the pattern are given byGM

i = bi−b′
i, while the corre-

sponding real-space lattice vectors are obtained from the
condition LM

i ·GM
j = 2πδij . The moiré period LM = |LM

i |
can be expressed as

LM = a
1 + ε√

ε2 + 2(1 + ε)(1− cos θ)
. (1)

For honeycomb lattice components, we take graphene,
hexagonal boron nitride, and molybdenum disulfide with
lattice constant of a ≈ 0.246 nm, 0.2504 nm, and 0.317
nm, respectively. In this paper, we consider twisted bi-
layer graphene (TBG) and twisted bilayer molybdenum
disulfide (t-MoS2) as examples of homo-bilayer (ε = 1)
and also twisted graphene/hexagonal boron nitride (t-
G/hBN) as a heterobilayer (ε ̸= 1). In Fig. 2(c),
we illustrate the formation of moiré superlattice in t-
G/hBN with θ = 1.25◦ where a lattice constant difference
ε ≈ 1.8% and the twist angle produce a moiré pattern of
LM = |LM

i | ≈ 8.8 nm.
Across the moiré pattern, the local stacking structure

changes smoothly at the atomic scale. At a given posi-
tion r, it is characterized by the phase difference (φ1, φ2)

Figure 2. (a) Schematic diagram of a twisted bilayer system.
(b) Three local stacking structures AA, AB, and BA. (c) Non-
relaxed atomic structure of t-G/hBN with θ = 1.25◦. The
inset shows the first moiré Brillouin zone.

defined as

φj(r) = (bj − b′
j) · r = GM

j · r. (2)

For example, (φ1, φ2) = (0, 0), (2π/3, 2π/3) and
(4π/3, 4π/3) correspond to AA (complete alignment of
the honeycomb lattices), AB (B′-site of layer 2 on top of
A-site of layer 1), and BA (A′-site of layer 2 on top of
B-site of layer 1), respectively [Fig. 2(b)]. We note that,
when stacking two monolayers with different sublattice
atoms, e.g., t-MoS2, there are two possible stacking con-
figuration, parallel (P) and antiparallel (AP), which are
related by 180◦ rotation of layer 1. In the parallel stack-
ing, the two layers have identical atoms at A and A′ (B
and B′), whereas in the antiparallel stacking, the two
layers have different atoms on the same sublattice sites.

B. Continuum model

We describe the in-plane lattice vibration in the
twisted bilayer systems using a continuum approach [23–
25]. In this framework, we consider a smoothly-varying
displacement field u(l)(r, t) at layer l(= 1, 2), which rep-
resents the shift of the atom at r in the original rigid
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lattice, and express the Lagrangian as a functional of
u(l)(r, t). Here we only consider the in-plane atomic dis-

placement u(l) = (u
(l)
x , u

(l)
y ) neglecting the out-of-plane

component. In the presence of the lattice distortion, the
phase difference [Eq. (2)] is modified as

φj(r, t) = GM
j ·

[
r− u+(r, t)/2

]
+ b̄j · u−(r, t), (3)

where we have defined the (interlayer) symmetric and
antisymmetric displacements u± = u(2)±u(1), and b̄j =
(bj + b′

j)/2.
The Lagrangian is explicitly written as L = T − (UE +

UB), where T is the kinetic energy, UE is the elastic en-
ergy, and UB is the interlayer binding energy. The UB is
defined by

UB =

∫
V [φ1(r, t), φ2(r, t)] d

2r, (4)

where V [φ1, φ2] is the interlayer binding energy per area
of the non-rotated bilayer with an interlayer registry
specified by φi. By 120◦ symmetry of the system, it
should be written within the lowest harmonics as

V [φ1, φ2] =

3∑
j=1

2V0 cos (φj + φ0) , (5)

where φ3 = −φ1 − φ2, and the constant energy offset
is neglected. The energy of AA, AB, and BA bilayer
stacking is then given by VAA = 6V0 cos(φ0), VAB =
6V0 cos(φ0 + 2

3π), and VBA = 6V0 cos(φ0 − 2
3π). Here

we obtain the parameters (V0, φ0) from the relative val-
ues of VAA, VAB , and VBA found in the literature. Ta-
ble I lists the values of (V0, φ0) and the corresponding
(VAA, VAB , VBA) for the considered systems in this pa-
per.

The energy cost for intralayer distortion, UE is given
by standard expression of elastic theory [58, 59],

UE =

2∑
l=1

1

2

∫
(λ(l) + µ(l))

(
u(l)
xx + u(l)

yy

)2

+ µ(l)

[(
u(l)
xx − u(l)

yy

)2

+ 4
(
u(l)
xy

)2
]
d2r,

(6)

where u
(l)
ij = (∂iu

(l)
j + ∂ju

(l)
i )/2 is the strain tensor, and

λ(l) and µ(l) are the Lamé parameters for layer l which
are given in Table II. The kinetic energy is expressed as

T =

2∑
l=1

∫
1

2
ρ(l)

(
u̇(l)2
x + u̇(l)2

y

)
d2r, (7)

where ρ(l) is the mass density of layer l. The mass den-
sity for graphene, hBN, and MoS2 are given in Table II.
For the layer convenience, we define averaged materials
parameters

λ =
1

2
(λ(1) + λ(2)), µ =

1

2
(µ(1) + µ(2)),

ρ =
1

2
(ρ(1) + ρ(2)). (8)

The equation of motion is given by the Euler-Lagrange
equation for the Lagrangian L. It can be effectively de-
coupled in terms of the symmetric and the antisymmetric
components u± [23, 25]. The hybridization between u±

is caused by the difference of the parameters ρ(l), λ(l), µ(l)

between two layers, and therefore it is present only in het-
erobilayers [25]. In bilayers composed of materials with
closely matched physical parameters, such as t-G/hBN,
these effects are minor and will be neglected in the fol-
lowing argument.

The effect of the moiré interlayer coupling is much
more significant in the antisymmetric part u− than in the
symmetric part u+, as the phase difference φi in Eq. (3) is
more sensitive to u− because of |b̄j | ≫ |GM

j | [25]. By ne-

glecting u+ in φi, the equation of motion for u+ becomes
equivalent to that for the single-layer honeycomb lattice
with the averaged parameters of Eq. (8). As a result, the
symmetric phonon modes are simply represented by the
longitudinal (LA) and transverse (TA) acoustic modes
with phonon velocity

vL =

√
λ+ 2µ

ρ
and vT =

√
µ

ρ
, (9)

respectively.

For the antisymmetric part u−, we consider the solu-
tion for in the form of

u−(r, t) = u−
0 (r) + δu−(r, t), (10)

where u−
0 (r) gives the relaxed state to minimize UB+UE

and δu−(r, t) is a small vibration around u−
0 . The relaxed

displacement field u−
0 (r) is obtained by self-consistent it-

eration [59]. Figure 3 presents contour plots of the in-
terlayer binding energy in the relaxed state for the con-
sidered moiré systems. Each system exhibits a charac-
teristic domain pattern, which is determined by relative
stabilities among AA, AB and BA stacking configura-
tions (Table I). In TBG [Fig. 3(a)] and parallel t-MoS2
[Fig. 3(c)], the relaxed structure reveals a triangular pat-
tern comprising AB and BA stacking regions, indicative
of the energetic equivalence between these configurations
[59, 62]. In t-G/hBN [Fig. 3(b)], on the other hand, only
the AB stacking dominates in the relaxed structure as
it is the only structure with the lowest energy, resulting
in a honeycomb domain pattern [55, 63]. The antipar-
allel t-MoS2 [Fig. 3(d)] exhibits a honeycomb structure
reminiscent of t-G/hBN, albeit with a distortion of the
hexagonal domains into triangles. This distortion arises
from the relatively small energy difference between the
most stable AA stacking and the second stable AB stack-
ing (see, Table I), resulting in a significant broadening of
domain walls around the AB position [56, 57].

The vibration modes around the relaxed structure can
be obtained as follows. We define the Fourier transform
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Table I. Parameters for interlayer binding energy, (V0, φ0), and the corresponding (VAA, VAB , VBA) for the considered systems
in this paper. Note that the origin of interlayer binding energy is arbitrary.

V0 (eV/nm2) φ0 VAA (eV/nm2) VAB (eV/nm2) VBA (eV/nm2)
TBGa 0.160 0 0.961 −0.481 −0.481
t-G/hBNb 0.202 0.956 0.700 −1.208 0.509
t-MoS2 (P)c 0.0889 0 0.533 −0.267 −0.267
t-MoS2 (AP)c −0.0801 −0.805 −0.333 −0.133 0.467

a Ref. [53, 54]
b Ref. [55]
c Ref. [56, 57]

Table II. Lamé parameter and mass density used in the cal-
culation.

λ (eV/Å2) µ (eV/Å2) ρ (10−8 g/cm2)
Graphenea 3.25 9.57 7.61
hBNb 3.5 7.8 7.59
MoS2

c 4.23 4.23 30.5

a Ref. [16, 60]
b Ref. [16, 61]
c Ref. [56, 57]

of u−
0 (r) and δu−(r, t) as,

u−
0 (r) =

∑
G

u−
0,GeiG·r, (11)

δu−(r, t) =
1√
S

∑
G

∑
q

δu−
q+G(t)ei(q+G)·r, (12)

where G = mGM
1 +nGM

2 are the moiré reciprocal lattice
vectors, q is the wave vector within MBZ, and S is the
system’s total area as normalization factor. The equation
of motion in the momentum-space is then given as

ρ

2

d2

dt2
δu−

q+G = −
∑
G′

D̂q(G,G′)δu−
q+G′ , (13)

where

D̂q(G,G′) = (1/2)K̂q+GδG,G′ + V̂G′−G (14)

is the dynamical matrix. The matrix K̂ is defined as

K̂q =

(
(λ+ 2µ)q2x + µq2y (λ+ µ)qxqy

(λ+ µ)qxqy (λ+ 2µ)q2y + µq2x

)
, (15)

and the matrix V̂ is defined as

V̂G = −2V0

3∑
j=1

hj
G

(
b̄j,xb̄j,x b̄j,xb̄j,y
b̄j,y b̄j,x b̄j,y b̄j,y

)
, (16)

with

cos
[
GM

j · r+ b̄j · u−
0 (r) + φ0

]
=

∑
G

hj
GeiG·r. (17)

Equation (13) is solved by diagonalizing the dynamical

matrix D̂q to obtain the phonon frequency ωn,q of mode
n at q. In solving this, we take sufficient cut-off in the
reciprocal space, so that the result converges.

(a) TBG (𝜃 = 0.817∘)

(c) t-MoS2 (P) (𝜃 = 0.8∘)

(b) t-G/hBN (𝜃 = 0∘)

(d) t-MoS2 (AP) (𝜃 = 0.8∘)
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Figure 3. Contour plot of the interlayer binding energy V (r)
in the relaxed structure of (a) 0.817◦ TBG, (b) 0◦ t-G/hBN,
(c) 0.8◦ t-MoS2 (P), and (d) 0.8◦ t-MoS2 (AP).

C. Thermal transport theory

Based on linearized Boltzmann transport theory with
relaxation time approximation [64], thermal conductivity
of 2D isotropic material can be expressed as

κ =
1

S

∑
n,q

1

2
v2n,qτn,qℏωn,q

∂f0(ωn,q)

∂T
, (18)

where S is the total area of the system, f0(ω) =
1/[exp(ℏω/kBT ) − 1] is the Bose-Einstein distribution
function, vn,q = |∇qωn,q| is the phonon velocity, τn,q
is the relaxation time, and the summation is taken over
all of the mode index n and wave vector q. Here, we
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note that the isotropic behavior is a consequence of the
three-fold rotation symmetry.

The relaxation time, τn,q, describes various scattering
mechanisms that limit the mean free path of the phonon
which is defined as Λn,q ≡ τn,qvn,q. At low temperature,
scattering due to geometric boundary is the dominant
scattering mechanism and the mean free path no longer
depends on the phonons frequency and wavelength, i.e.,
Λn,q = Λ (constant) [64]. For example, in graphitic sys-
tems, Λ is determined from the size and shape of the
sample or the grain boundaries, and it well describes the
thermal conductivity for up to 100 K [65–67]. In moiré
systems, the superlattice period is generally observed to
be varying across a single sample [68, 69] and this would
disrupt the propagation of phonon modes [70]. In such
a case, Λ can be regarded as a typical length where the
moiré pattern remains uniform. Henceforth, we treat Λ
as a phenomenological constant to be determined from
direct measurements. The thermal conductivity is then
entirely governed by the harmonic properties, and it can
be written as

κ =
Λ

2

∫ ∞

0

ñ(ω)C(ω, T )dω, (19)

where velocity-weighted density of states (VDOS) ñ is
defined as

ñ(ω) =
1

S

∑
n,q

δ(ω − ωn,q)vn,q (20)

and spectral heat capacity C is defined as

C(ω, T ) = ℏω
∂f0(ω)

∂T
= kB

[
βℏω/2

sinh(βℏω/2)

]2
, (21)

where β = 1/(kBT ). In Eq. (19), ñ(ω) contains all in-
formation regarding the phonon dispersion while C(ω, T )
acts as a weight function. The function C(ω, T ) is plot-
ted in Fig. 4; it equals to kB when ω = 0, and decays
exponentially for ℏω ≳ 2kBT . In general, the summa-
tion over mode index n would include both in-plane and
out-of-plane (flexural) phonon modes. However, scatter-
ing due to substrate or other layers significantly reduces
the mean free path of the flexural mode [39–44], hence,
its contribution to thermal conductivity especially at low
temperatures [38]. Hereafter, we will focus only on the
in-plane modes contribution in the thermal conductivity.

Since only the antisymmetric phonon modes are
strongly affected by the interlayer moiré potential, it is
useful to write κ and ñ in terms of the symmetric and
antisymmetric components

κ = κ+ + κ−, ñ = ñ+ + ñ−, (22)

which takes the contribution from the symmetric (+) and
antisymmetric (−) phonon modes separately. In the ab-
sence of the interlayer moiré coupling (i.e., two indepen-

𝐶(
𝜔
,𝑇
)/
𝑘 !

ℏ𝜔 (meV)

T = 10 K

T = 25 K

T = 50 K

T = 100 K

0 10 20 30 40 50
0.0

0.2

0.4

0.6

0.8

1.0

Figure 4. Plot of the spectral heat capacity function C(ω, T )
[Eq. (21)] as a function of phonon energy at different temper-
atures.

dent monolayers), they are given as

ñ+
NC = ñ−

NC = 1
2 ñNC =

ω

2πv̄
, (23)

κ+
NC = κ−

NC = 1
2κNC =

3Λζ(3)

2πℏ2v̄
k3BT

2, (24)

where v̄−1 = v−1
L + v−1

T , ζ(n) is the Riemann zeta func-
tion, and NC stands for ‘non-coupled’. Here, we note
that we have neglected the out-of-plane (flexural) phonon
modes in the calculation of thermal conductivity. The
quadratic temperature dependence of the thermal con-
ductivity is a characteristic of linear acoustic phonon-
dominated thermal transport of 2D systems in the low-
temperature regime [38].

III. RESULTS AND DISCUSSION

A. TBG and t-G/hBN

Figure 5 shows the calculated band dispersion and den-
sity of states for antisymmetric phonon modes in TBG
with θ = 5◦, 2.65◦ and 0.817◦. Figure 6 presents sim-
ilar plots for t-G/hBN with θ = 5◦, 3◦, and 0◦. The
phonon dispersion is plotted along the high-symmetry
line in the moiré Brillouin zone (MBZ) as illustrated in
Fig. 2(c). In each panel, the red-dashed line indicate the
dispersion (only the lowest two branches shown) and the
density of states in the non-coupled case. Here we can
see that the interlayer coupling significantly modifies the
band structure of the antisymmetric modes in the en-
ergy range below ∼20 meV. This reconstruction is char-
acterized by sharp peaks in the density of states which
results from the flattening of superlattice phonon bands
[23–25, 32]. As the twist angle is reduced towards 0, the
number of sharp peaks increases dramatically. On the
other hand, the phonon bands of the symmetric phonon
modes are not affected by the moiré interlayer coupling,
hence they are equivalent to those of the non-coupled
case (red-dashed lines).



6

0

5

10

15

20

25

30

0

5

10

15

20

25

30
(b) 2.65∘ TBG

ℏ𝜔
(m

eV
)

𝜅" 𝛾 𝜇 𝜅# DOS 0

5

10

15

20

25

30
(c) 0.817∘ TBG

ℏ𝜔
(m

eV
)

𝜅" 𝛾 𝜇 𝜅# DOS

(a) 5∘ TBG

𝜅" 𝛾 𝜇 𝜅# DOS

ℏ𝜔
(m

eV
)

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

2.5

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

2.5

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

2.5

ℏ𝜔 (meV)

𝑣/
𝑣 !

𝑣/
𝑣 !

ℏ𝜔 (meV)

𝑣/
𝑣 !

ℏ𝜔 (meV)

0

1

(e) 2.65∘ TBG (f) 0.817∘ TBG(d) 5∘ TBG

D(
𝜔
,𝑣
)

Figure 5. Band structure of the interlayer antisymmetric phonon modes (black line) and the symmetric modes (red-dashed
line) for (a) 5◦, (b) 2.65◦, (c) 0.817◦ TBG. The right panel plots the density of states. (d)-(f) Corresponding plots for D(ω, v),
the density of states on the frequency-velocity space [see, Eq. (25)].
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Figure 6. Plots of the band structure and D(ω, v) similar to Fig. 5, for t-G/hBN with θ = 5◦, 3◦, 0◦.
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To provide a more comprehensive understanding of the
band flattening effects, we present two-dimensional den-
sity maps in Fig. 5(d)-(f) and Fig. 6(d)-(f), which plot the
distribution of antisymmetric phonon modes on a space
of frequency and velocity, or

D(ω, v) =
∑
n,q

δ(ω − ωn,q)δ(v − vn,q). (25)

In each panel, the vertical axis is scaled by a factor of

v0 =
√

λ/ρ (26)

and the color brightness is a linear scale of D(ω, v). The
horizontal red-dashed lines correspond to the velocity
of the TA (vT) and LA (vL) phonons of a single layer
[Eq. (9)]. Here, the flattening of phonon bands can be
immediately seen as a distribution of phonon modes be-
low vT and vL. In 0.817◦ TBG [Fig. 5(f)] and 0◦ t-G/hBN
[Fig. 6(f)], particularly, the signals in ℏω < 15 meV pre-
dominantly falls below the line of vT, i.e., nearly all of the
low-energy antisymmetric phonons become slower than
the original acoustic phonons in its non-moiré counter-
part. Note that the distribution of symmetric phonon
states (not shown) sticks to the vL and vT lines, where
the intensity increases linearly with energy.

Figure 7(a) and (b) show ñ−(ω) (the VDOS of the an-
tisymmetric phonon modes) of TBG and t-G/hBN, re-
spectively, with various small twist angles. The effect
of the moiré coupling is observed as a difference from
a black-dashed line, which represents ñ+

NC = ñ−
NC ∝ ω

[Eq. (23)]. While VDOS is proportional to both phonon
density of states and velocity, we find that the reduction
of phonon velocity is more significant than the sharpen-
ing of density of states, leading to a suppression of ñ−

over a wide range of phonon frequency. We also find that
the linear behavior of ñ− remains in the low frequency
region, which corresponds to the linear dispersion in the
the lowest moiré phonon band in ω < ωedge ≈ 2πv0/LM.
For the symmetric phonon modes (not shown), we have
ñ+(ω) = ñ±

NC(ω), because they are not influenced by the
moiré coupling.

Figure 8(a) and (b) summarise the calculated thermal
conductivity κ(T )(= κ+ + κ−) of TBG and t-G/hBN,
respectively. In each figure, the left panel shows a log-
log plot of κ(T ) for 2 < T < 100 K. Here the vertical
axis is scaled by the constant mean-free-path length Λ,
which is assumed to be independent of temperature. The
colored lines correspond to different twist angles. The
black-dashed line represents the non-coupled bilayer case,
κNC, which is proportional to T 2 as given in Eq. (24).
Here, we find that thermal conductivity is suppressed
from the non-coupled case, notably around 20 K, while
it converges towards the non-coupled value as increasing
temperatures.

To better understand the change from the intrin-
sic graphene, we plot the relative thermal conductivity,
κ(T )/κNC(T ), in the right panel of Fig. 8(a) and (b).
Here, suppression of thermal conductivity is represented
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Figure 7. (a) Velocity-weighted density of states (VDOS)
of the antisymmetric modes, ñ−(ω), in TBGs with various
twist angles. Black dashed lines represents ñ+

NC = ñ−
NC for

a non-coupled bilayer [Eq. (23)]. The VDOS for symmetric
phonons ñ+ is equal to ñ±

NC. (b) Similar plots for t-G/hBN.

by a value below unity. We can see that the suppres-
sion occurs over a wide temperature range except near
the low-temperature limit. This suppression becomes
more pronounced as the twist angle is smaller, where the
largest reduction of up to ∼35% for 0.817◦ TBG and up
to∼40% for 0◦ t-G/hBN takes place at around 20 K. This
can be understood since at around 20 K, heat transport
is carried by phonons with energy below ∼20 meV [see
Fig. 4], where the moiré effect on the asymmetric modes
are the most notable, as shown by the changes in VDOS
[Fig. 7]. There, thermal conductivity is almost entirely
came from the symmetric phonon modes, κ+ = κNC/2
(red-dashed line).

In the zero-temperature limit, we observe that the rel-
ative thermal conductivity κ/κNC rapidly rises and even
exceeds 1, indicating that the thermal transport is en-
hanced by the moiré effect. The reason for this phe-
nomenon is explained as follows. Within this tempera-
ture range, only phonons in the two lowest moiré phonon
bands in ω < ωedge become relevant in the thermal trans-
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Figure 8. (a) Thermal conductivity in TBGs with various twist angles. The left panel shows the thermal conductivity κ(T )
scaled by the mean free path Λ. The right panel shows the relative thermal conductivity to the non-coupled bilayer case,
κNC(T ) [Eq. (24)]. (b) Similar plots for t-G/hBN.

port equation. These phonon modes have a linear disper-
sion, where the VDOS is given by ω/(2πv) with the cor-
responding group velocity v [Eq. (23) for the noncoupled
case]. Since the velocities of the antisymmetric phonon
modes are significantly reduced by the moiré effects [see
Fig. 5 and Fig. 6], the inverse relation leads to an en-
hancement of the VDOS, and hence of the thermal con-
ductivity. In decreasing the twist angle, these phonon
velocities are monotonically decreased, and eventually
converges towards a finite value in the small angle limit
[23, 71]. This sets the upper bound of the relative ther-
mal conductivity in the T → 0 limit.

We also find that the overall modifications of the ther-
mal conductivity by the moiré effect results in a change
of the power coefficient α in κ(T ) ∝ Tα, as seen from
the logarithmic plot in the left panel of Fig. 8(a) and
(b). In the absence of moiré interlayer coupling, ther-
mal conductivity has quadratic temperature dependence
(α = 2), which comes from the linear dispersion of the
original acoustic phonons. However, the enhancement in
the low T limit and the subsequent suppression in higher
T decrease the power coefficient from 2. For example,
it is given by α ≈ 1.6 in 0.817◦ TBG and α ≈ 1.4 in 0◦

t-G/hBN within the temperature range of 4 K to 8 K. As

temperature increases further, moiré effect starts to fade
out and thermal conductivity returns towards the origi-
nal value. This requires the power coefficient to be larger
than 2. For example, it is given by α ≈ 2.25 for 0.817◦

TBG and α ≈ 2.4 for 0◦ for t-G/hBN which occurs in
the range from 35 K to 80 K.

B. t-MoS2

The calculated phonon dispersion for t-MoS2 is shown
in Fig. 9 for both parallel and antiparallel stacking case
with twist angle 0.8◦. We find that the antisymmet-
ric phonon modes of the parallel-stacked case closely re-
sembles that of TBG [Fig. 5(c)]. This similarity occurs
because TBG and t-MoS2 share triangular domain wall
structures [see Fig. 3(a) and (c)]. In an analogous way,
the phonon band structure of the antiparallel t-MoS2 re-
sembles those of t-G/hBN, reflecting a common honey-
comb domain-wall structure [Fig. 3(b) and (d)]. This is a
natural result because the moiré phonon band structure
is qualitatively reproduced by an effective mass-spring
model for domain-wall motion [25], and hence it is pri-
marily determined by the geometical structure of domain
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walls (triangular or honeycomb). We also observe that
the characteristic energy scale of the moiré phonon bands
in t-MoS2 is much smaller than in TBG and t-G/hBN,
because the original acoustic phonon velocity in MoS2 is
much lower than that of graphene and hBN.

In Fig. 10, we plot the calculated thermal conductiv-
ity of t-MoS2 (P and AP) in a parallel manner to the
TBG and t-G/hBN case. Here we find an overall reduc-
tion of thermal conductivity and the enhancement near
T → 0 just as in TBG and t-G/hBN. However, the char-
acteristic temperature range is much lower than TBG
and t-G/hBN because of the smaller energy scale of the
corresponding moiré phonons. At T ∼ 4 K, the thermal
conductivity is reduced up to around 35% and 40% in
the P and AP cases, respectively. In the limit of T → 0,
we find that the AP case exhibits greater enhancement
of κ than in the P case. This is attributed to the smaller
phonon velocity v in the lowest branch in the AP case
[Fig. 9] and the fact that κ for the linear band regime
is proportional to 1/v as argued in the previous section.
Accordingly, we have the corresponding change of the
power coefficient (α) in κ(T ) ∝ Tα in a similar manner
to TBG and t-G/hBN.

IV. CONCLUSION

We have studied the thermal transport of various moiré
superlattice systems in the low-temperature regime. In
general, we found a reduction of thermal conductiv-
ity due to an overall flattening of the phonon bands.
The largest reduction is around 35-40% which occurs
at around 20 K for 0.817◦ TBG and 0◦ t-G/hBN and
around 4 K for 0.8◦ t-MoS2/MoS2. At higher tempera-
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κNC(T ).



10

ture, the thermal conductivity returns towards the orig-
inal intrinsic value, as the moiré superlattice effect for
the acoustic phonons is significant only in the low energy
region. These changes result in a characteristic devia-
tion to the original quadratic temperature dependence of
two-dimensional systems where linear acoustic phonons
dominate the thermal transport properties. The results
could provide a pathway for engineering thermal conduc-
tivity and observation of the moiré effect in the phonon
properties of twisted bilayer system. While the present
study is limited in the harmonic approximation, we ex-
pect that anharmonic scattering between moiré phonons
and the presence of disorder [70, 72] could further de-

crease the thermal conductivity. We leave this imposition
for future study.
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