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VARIATIONAL INEQUALITIES
FOR THE ORNSTEIN-UHLENBECK SEMIGROUP:
THE HIGHER-DIMENSIONAL CASE

VALENTINA CASARINO, PAOLO CIATTI AND PETER SJOGREN

ABSTRACT. We study the o-th order variation seminorm of a general Ornstein—
Uhlenbeck semigroup (H;),., in R", taken with respect to t. We prove that this
seminorm defines an operator of weak type (1,1) with respect to the invariant
measure when o > 2. For large t, one has an enhanced version of the standard
weak-type (1,1) bound. For small ¢, the proof hinges on vector-valued Calderén—
Zygmund techniques in the local region, and on the fact that the ¢ derivative of the
integral kernel of H; in the global region has a bounded number of zeros in (0,1]. A
counterexample is given for ¢ = 2; in fact, we prove that the second order variation
seminorm of (H;),., and therefore also the p-th order variation seminorm for any
0 € [1,2), is not of strong nor weak type (p,p) for any p € [1,00) with respect to
the invariant measure.

1. INTRODUCTION

In this paper we prove the weak type (1, 1) for the variation operator of a general
Ornstein—Uhlenbeck semigroup (’H,t) oo MR for any n > 1.

Recently the authors proved this result in dimension one [15], answering a question
asked by Almeida et al. in [2, p.31]. In this article we provide an answer to the
question in [2] covering the higher—dimensional case. The methods we use are different
from those of [I5], which seem hard to adapt to the case n > 1.

The proof relies on extensive application of properties of the Ornstein—Uhlenbeck
semigroup and its integral kernel K;(z,u) (known as the Mehler kernel), recently
proved by the authors in a series of papers concerning various issues arising from
harmonic analysis (see [10] 11} 12} 13| 14}, [15] and also the brief introductory summary
[16]). We also apply vector-valued Calderén—Zygmund theory. As far as we know,
the first application of this theory in this context was in [I7] (see also [42], 21], where
[T7] has its roots).
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Let (Tt) 1~o be a family of bounded operators between spaces of functions defined

on a measure space (X, pt). The o-th order variation operator of (Tt) 4~ On an interval
I C R, is defined, for 1 < p < oo and suitable f, by

N 1/e
T2 f (@) |lo(o),r = sup (Z T3 f(x) — Tti_lf(x)|g> ,  zeX, (L1

where the supremum is taken over all finite, increasing sequences (ti)év of points in [.

In the last fifty years, variational inequalities, stating that the LP(u) norm of is
bounded by a constant times the L” (1) norm of f, have been widely investigated. The
first bounds, due to D. Lépingle [30] for bounded martingales and to V. F. Gaposhkin
[18, 19] and J. Bourgain [7] for ergodic averages, have been generalized in various
directions. We refer to [15] for a brief description of recent results with a focus on
harmonic analysis; see [3], 0, 22] 23], 25, 26|, 27, 201 4, [5, 6l [T, BT, B2]. More recently,
the study of oscillatory and jump inequalities, in addition to variational inequalities,
began to develop from both an analytic and a number—theoretic perspective; we refer
in particular to [8 [33], 34} 35, 36}, 37, [38]. For an overview of the connections with
ergodic theory, analytic number theory, and harmonic analysis, see in particular [2§].

In this paper the family (Tt) >0 1D (1.1) will always be the Ornstein-Uhlenbeck

semigroup (’Ht) 1~ I R™. This is the semigroup generated by the elliptic operator

L= %tr(QVQ) + (Bz, V), (1.2)

called the Ornstein-Uhlenbeck operator. Here V is the gradient and V? the Hessian
matrix. Moreover, () is a real, symmetric and positive definite n x n matrix, called
the covariance of £, and B is a real n x n matrix whose eigenvalues have negative real
parts; B indicates the drift of £. In Section [2| we will provide explicit expressions for
H;, seen as an integral operator with a kernel K;(z,wu). It is well known that there
exists an invariant measure under the action of H;, unique up to a positive factor.
This measure, denoted by 7., is basic in Ornstein-Uhlenbeck theory; it is described
explicitly in Section 2]

In 2001 Jones and Reinhold [23] proved that for p > 2 the variation operator of
any symmetric diffusion semigroup is L” bounded for 1 < p < oo. Ten years later Le
Merdy and Xu [29] extended this result to a nonsymmetric context. In fact, Corollary
4.5 in [29] applies to H; (see [2, p. 31] for a discussion). It says that the operator
given by f — ||Hef(2)]lv(o)r, is bounded on LP(7ys) for 1 < p < oo and ¢ > 2. Our
result gives the corresponding weak type (1,1), as follows.

Theorem 1.1. For each o > 2 the operator that maps f € L'(Vs) to the function
[Hef (@)oo rsr = €RT,

where the v(p) seminorm is taken in the variable t, is of weak type (1,1) with respect
to the measure Voo .
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In other words, the inequality

N C
Yood@ € Rt [|Hof (@) ||o(o)ry > o} < - (RAIFEry a>0, (1.3)

holds for some C' > 0 and all functions f € L'(74).

The pointwise estimates of the Mehler kernel and its derivative needed to prove
Theorem are quite different for small and large t. Thus we are led to distinguish
between the variation in the interval 0 < ¢ <1 and that in 1 <t < oo.

The variation in [1, 00) is treated following a geometric approach recently developed
by the authors in [10] [111, 12} [14], which relies on a system of polar-like coordinates.
Proposition is actually an enhanced version of with R, replaced by [1, 00).

The study of the variation in (0, 1] is more delicate and requires a further distinction
between local and global parts of the Ornstein-Uhlenbeck semigroup operator. In
the Ornstein—Uhlenbeck setting, the local part is usually defined by the relation
|z —u| < 1/(1+ |x|) between the two variables of the Mehler kernel. This splitting
was first introduced by Muckenhoupt [39] in one dimension, and by the third author
[43] in higher dimension. It has since been widely used in the literature, in particular
in [40]. In this paper, Pérez shows that the local parts of many operators related to
the Ornstein—Uhlenbeck semigroup behave precisely like the corresponding classical
operators in Euclidean space.

The reason for this definition of the local part is that it makes the density of the
measure ., have the same order of magnitude at the two points x and u. But this
remains true if x and u belong to a suitable elliptic ring of width roughly 1/(1+ |z|).
In this paper, we will define the local part by splitting R™ into rings of this type. This
makes the arguments more explicit; for details see Section 5| The expression “local
part” is not quite adequate here, since z and u may be far apart, but we prefer to
keep it, since this part plays the same role in the proofs as it does in earlier work.

To prove for the global part and 0 < ¢t < 1, we estimate its kernel using a
method from [I4]. It is based on the observation that the number of zeros in (0, 1] of
the function ¢t — 0,K;(x,u) is bounded, uniformly in (z,u) € R™ x R™.

The argument for the local part and 0 < ¢ < 1 is based on vector—valued Calderén—
Zygmund techniques for singular integrals, and requires a transition to Lebesgue
measure.

The parameter o deserves more attention. Some of our results hold for p > 1 as
well. This is the case of the variational bounds in [1,00) and also in (0, 1] for the
global part; we refer to Theorem and Theorem [6.1], respectively. What forces the
restriction ¢ > 2 in Theorem is the variational bound for the local part of H;
when t € (0,1]; see Theorem [7.2 where we apply results from [29] holding only for
o > 2. In the last section, we provide a counterexample showing that the condition
0 > 2 is necessary in Theorem |1.1]

1.1. Structure of the paper. We gather some known facts about the Ornstein—
Uhlenbeck semigroup and its integral kernel K, in Section [ in particular, we give
pointwise bounds for K; and its time derivative K, = 8,K,. In Section [3 some basic
properties of the variation seminorm are discussed; here we also introduce a few
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reductions which will simplify the proof of Theorem [I.1} Section [ is devoted to the
proof of the weak type inequality with Ry replaced by [1,+00). The proof of
for (0,1] is carried out in Sections , |§| and More precisely, in Section
we describe our localization procedure and the local and global parts, and Section [6]
deals with the global part. The local part is treated in Section [7] In Section [§ we
conclude by showing that Theorem does not hold for ¢ = 2.

1.2. Notation. We will use the symbols 0 < ¢, C < oo to denote constants, not
necessarily equal at different occurrences. These constants will depend only on n, )
and B, unless otherwise explicitly stated. If a and b are positive quantities, a < b or
equivalently b = a means a < Cb. If both a < b and b < a hold, we shall write a ~ b.
By N we denote the set of all nonnegative integers.

We write K; = 0;K;, that is, we adopt the dot notation for differentiation with
respect to the time variable .

2. THE MEHLER KERNEL

The Ornstein-Uhlenbeck semigroup may be formally written as H; = e, t > 0,
with £ given by (1.2)). In order to give more explicit expressions for this semigroup,
we introduce the positive definite, symmetric matrices

t
Q, = / e*BQe*P ds, 0<t<+oo, (2.1)
0

and the normalized Gaussian measures v, in R", with ¢ € (0, +oc], whose densities
with respect to Lebesgue measure dz are given by

— (27) 72 (det Q)2 exp (—%(Qt_lx,m)).

Here the case t = +o0o gives the invariant measure 7., that appears already in the
introduction.

Kolmogorov’s formula states that for all bounded and continuous functions in R”
one has

B /f(eth —y)dnly), reR" >0 (22)

Starting from (2.2)), one may write H; as an integral operator with a (Mehler) kernel
Ki(x,u). We point out that the term kernel in this paper refers to integration with
respect to our basic measure 7,,, with an exception in Section |7 In fact, we saw in
[11] that for each f € L'(7s) and all ¢ > 0 one has

Hif(x /Kt x,u) f(u) dyso(u), reR", (2.3)

where for x,u € R” and ¢t > 0 the Mehler kernel K; is given by

Ki(x,u)= ((iie;%jo>l/2 R@) exp [—— (/"= Q%) (u—Dyx) ,u— Dy x>} (2.4
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Here R(z) is the quadratic form
1
R(z) = 5 <Q;o1:v,x>, xr e R"
and
Dy = Qe P Q) (2.5)
which is a one-parameter group, defined for all ¢ € R.
It will be convenient to introduce another norm on R™ by

|z]g = |Qo_ol/2x|, r e R™

Then |z]g =~ ||, and R(z) = |z[3/2, 2 € R". Observe that the density of 7 is

proportional to e f(®).

2.1. Pointwise estimates for the Mehler kernel. We shall repeatedly use the
following pointwise estimate of the Mehler kernel. For 0 < t < 1 and all (z,u) €

R™ x R™ one has
efi®) |u — Dy z|*
Ki(z,u) < 7z OXP (—07). (2.6)

This is proved in [11], (3.4)].

We shall need estimates for the time derivative of the Mehler kernel as well. For
an explicit expression of K, the reader is referred to [14, Lemma 4.2]; we only recall
here the following pointwise bounds for K, (see [I4, (5.5) and (5.4)]):

. — D, x|?
Ky (2,u)] < eR@ /2 exp <—cw> (" + |zft72) (2.7)
for 0 <t <1, and
|Ky(z,u)| S e exp (—¢|D_yu—z|*) (|D_yul +e ) (2.8)
for ¢ > 1. Both formulae hold for all (z,u) € R™ x R".

3. THE VARIATION SEMINORM

To state some basic properties of the variation seminorm, we define it for a generic
continuous real-valued function ¢ defined in an interval I, by setting for any 1 < p <
00

N 1/e
[9llenr = sup (Z 9(t) - ¢<ti_1>|@> . (31)

As in (1.1)), the supremum is taken over all finite, increasing sequences (ti)év of points

in /. This seminorm vanishes only for constant functions.

Observe that the seminorm |||y, is decreasing in o for 1 < p < oco. It is
also subadditive in I, in the following sense. Take an inner point 7 of I and set
I.=1N[r,+o0)and I =1N(—o0,7|. Then for 1 < p < co and any ¢

1Dlloie).r < N1Dllocey.y + [@lluge).r--
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If g € C'(I) and ¢ € L'(I), then for 1 < p < oo

18l < / 6/(1)] dt, (3.2)

see [15, Lemma 2.1].

In the last section, we will consider a discrete version of the variation, obtained by
replacing [ in the definition by a set Z which is the intersection of N, and an
interval, and where ¢ is defined. For p = 2 one has the simple estimate

1/2
6]z S (E ¢<€>2) . (3.3)

el

For future convenience, we note that a combination of (3.2)) and [I4, Lemma 5.3]
yields that for any ¢ € [1,00), any interval I C R, and all x E R"

/Ktxu u) dYoo (1

< / / Ky, w)| dt [ F(u)] dyoo(e), € LY (70): (3.4)

[Hef (@)loo).r

/Ktmu u) dyoo(u)| dit

3.1. Simplifications. By means of a few observations, it is possible to simplify the
proof of Theorem [I.1]

First of all, when proving the inequality one may take f such that || f{| 11 (5.
1. As a consequence, « in the same estimate may be assumed large, for instance a > 2,
since Y4 is finite.

Moreover, as already observed in the study of the weak-type (1,1) of operators
related to the Ornstein-Uhlenbeck semigroup (see [LI, Section 5]), when proving
(1.3) we mostly need to take into account only points x belonging to the ellipsoidal
annulus

1
Co = {:L‘ eR™: §loga < R(x) < 210g04}.

Indeed, the unbounded component of the complement of C, can always be ne-
glected, since o, ({z € R": R(z) > 2loga}) S 1/a.

For the variation of H; in [1,+00), the bounded component is negligible as well.
Indeed, we see from [14], (5.4) and Lemma 5.1] that

/ | K (, u)| dt < eff@),

1

Combined with (3.4), where I = [1,00) and f is normalized in L'(7..), this leads to
[H0f (@)oo 1,400 S € S Var

for R(z) < %logo. Taking « suitable large, we will have ||H,f(z)| v ) < ain
the bounded component of the complement of C,,.
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4. THE VARIATION OF H,f(x) IN [1,+00)

We first introduce the adapted polar coordinates from [I1]. Fix 5 > 0 and consider
the ellipsoid

Es={x eR": R(x)=p}.
As a consequence of [I1], formula (4.3)], the map s — R(Dsz) is strictly increasing
for each 0 # z € R™. Thus we may write any x € R", x # 0, uniquely as
z=D,x,

for some 7 € £/ and s € R, and s and & are our polar coordinates of x.

We recall two results, previously proved by the authors, which will be essential in
our arguments. The following lemma is [12, Lemma 5.1] with o = 1; the factor 1/4
occurring in [12] is replaced by a generic 6 > 0, which causes no problem.

Lemma 4.1. [12] Let 6 > 0. For x,u € R", one has

+o0o
/ exp (—5]D_tu—x|2>|D_tu‘dt§ 1,
1
where the implicit constant may depend on d§, n, Q) and B.

Lemma 4.2. [12, Lemma 7.2|, [T, Proposition 6.1] Let 6 > 0 and o > 2, and assume
f normalized in L*(7s). Then

1
Oox:DsiGCa:eR(x)/ex 5|z —al? w)| dvyso (U >a}<—.
oo p (=617 —af) 1F Wl dyo(u) > 0} § —eer
Here the polar coordinates are defined with 8 = log «r, the implicit constant is as

in Lemma , and 0 = 1 in [12, Lemma 7.2].
We can now deduce the bound for the variation operator in [1, 400).

Theorem 4.3. Let 1 < o < co. The operator that maps f € L'(7s) to the function
[ Hef (@) o)1 400), 2 € R,

is of weak type (1,1) with respect to the measure V. In fact, the following stronger
result holds: if || f||z1(y) = 1, then
1
1T ER" || Hy f (x >ap S ——, a > 2. 4.1

Proof. This proof is similar to that of Proposition 6.1 in [14]; we sketch it for the sake
of completeness. Let f be normalized in L'(7,.). In the light of the considerations
made in Subsection [3.1] it suffices to consider a large and = € C,. Using polar
coordinates with g = loga for z € C, and u # 0, we write x = Dyx and u = D, 1,
with s,0 € R. Since R(x) > /2, [11, Lemma 4.3(7)] yields

|D_yu—2x|=|D,_u— Dsz| 2 |z — 1, x € Cyq.
By reducing the value of ¢ in the exponential factor in (2.8), we arrive at

| Ky (z, u)| < ef'® exp (—c|i—ﬂ|2> exp (—¢|D_yu — z*) (|D_su| +e %), t>1
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An application of Lemma [4.1] leads to
/ | Ky (, u)|dt < eB® exp(—c|i—ﬂ|2), z € Cq,
1
and then (3.4]) yields

T ~ ~12
[He f (@) ooy i,00) S €7 exp (= c|z — ).
Finally, Lemma implies (4.1]), and the weak type (1,1) also follows. O

Remark 4.4. Theorem says that for the variation in [1,00) the standard weak
type (1,1) estimate is enhanced by a logarithmic factor. This phenomenon was
observed in the one-dimensional case in [15].

5. LOCAL VERSUS GLOBAL REGION

From now on, we shall focus on the variation of H; in the interval (0, 1]. This case
requires a further distinction between the local and the global parts of H;. We start
describing the localization procedure.

5.1. Splitting of R" into rings. Let

Ri={zeR":j < R(z) <j+1}, J=0,1,....

These rings cover R™ and are pairwise disjoint except for boundaries. We also set
R;=0if j <O.

The width of R;, defined as the | - | distance between the two components of its
boundary, is for 7 > 1

, . V2 L V2
V505:_‘¢D:V7:Lhﬁe<%6ﬁﬁ>’ o

as easily verified.
We take a sequence of smooth non-negative functions (r;) jen satisfying > 72, rj(z) =
1 for all z, with suppr; C R; U R;;;. Further, we may choose them such that

Vrj(@)| S 14 |zl (5.2)

We also introduce slightly larger functions r; € Cg°(R") taking values in [0, 1] such
that 7; = 1 in U3\ R, and supp7; C UL} ,R,. They also satisfy
V7 (2)] S 1+ |zl (5.3)

Then the supports of these r; have bounded overlap, and

e B ~ g for € suppr;. (5.4)
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5.2. The splitting of H;. We can now split the operator H;f in a local and a global
part, in a way adapted to the rings. The local part is defined by

Hef(x) == Ti(a)Ho(fr;) (@)

D7) [l w) fu)7y() ().

This sum is locally finite and thus well defined for any f € L'(v4), because of the
bounded overlap of the sets supp ;.

Setting
o) = 07 1),
we get o
M) = [ Kot nte ) 70 o), 655

and 0 < n(z,u) < 1 for all z,u € R". Moreover, if supp f C R; U Rj1, then the
support of HI°°f is contained in Uf,:;_QRZ,.

The global part of #, is defined by H&°" = H, — H!°, or equivalently
M f(x) = [ Ki(w,u) (1= n(z,u) f(u) dyo(u), = €R"
R

The next two lemmas give sufficient conditions for the kernel K;(z,u) (1 —n(x,u))
of the global part to vanish.

Lemma 5.1. Let j € {0,1,...}. Ifx,u € R; URj41, then n(x,u) = 1.

Proof. When v € R;UR;; the function r;(u) can be nonzero only for i € {j—1,7,j+
1}, and then rj_q(u) + rj(u) + 41 (u) = 1.
Also, for z € R; U R;;; one has 7;_;(z) = 7;(z) = 7j41(z) = 1. This implies that

n(a,u) =300 r(@)r(u) = 1. O
Lemma 5.2. [f
1
lz—ulg < —————,
©=2(1+zlg)

then n(z,u) = 1.

Proof. Suppose © € R;. Then |z|g > 1/2j and we can write
1 1 1
< — < —.
(1+]zlo) — 2(0++9) ~— 2v/5+1
From this and (5.1), we see that |z — u|g is less than the widths of R;_; and R;4;

(only that of R;4; if j =0 or j = 1). Since z € R;, this means that both x and u
must be in R;_; UR; or R; U Rj;;. From Lemma [5.1| we then get the assertion. [

ol <
|z U|Q—2
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We will need an estimate for the gradient of n(x,u). If a point (z,u) is in the
support of 7, then z and u are both in the support of some 7;. It follows that

1+ |u| ~ 14 |z|, and (5.2)) and (5.3) then imply that
Ve n(z, u)| + [Vun(e, )] 1+ [z (5.6)

6. THE VARIATION OF THE GLOBAL PART
The result of this section is the following.
Theorem 6.1. For each o > 1 the operator that maps f € L' () to the function
IHE £ (@)oo 01, @ €R,
is of weak type (1,1) with respect to the measure oo .

Proof. This proof follows the pattern from that of [I4, Proposition 10.2]. In particular,
we will need the following result concerning a maximal operator.

Theorem 6.2. The maximal operator defined by

S (o) = [ sup Kifau) (1= nfa, ) (0)] drc ()

0<t<1

is of weak type (1,1) with respect to the invariant measure ..

This statement seems to coincide with that of [14, Theorem 10.1], but our n(x,u)
is not the same as that in [I14]. However, by tracing the proof in [14], one sees that
what matters is only the implication

1
n(x,u) <1 = |z —u|lg > ——F—,
2(1 + |zfg)
which is a consequence of our Lemma [5.2] In this way, Theorem [6.2] follows.

We will also need [14, Proposition 9.1]. It says that for any (z,u) € R" x R", the
number of zeros N(z,u) in (0,1] of the map ¢ — K;(z,u) is bounded by a positive
integer N that depends only on n and B.

As in [I4, Proposition 10.2], we denote these zeros by t1(z,u) < - -+ < tn(wu) (2, w),
and set to(z,u) =0, tn(uw41(2,u) = 1. Since K;(x,u) vanishes at t = 0 if z # u, it
follows from the fundamental theorem of calculus that

tiy1 (x,u) .
/ Ky(z,u)dt

ti(z,u)

N(z,u)

/01 (o, w)| it = ;

N(z,u)
- Z ‘Kt,‘+1(af,u)('r7 U/) - Ktl(%u)(I?u)’
1=0
N(z,u)+1
<2 Kz (T, u) S N sup K, (z,u).

0<t<1

~
Il
o
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By (3.4]), which remains valid with the extra factor 1 — n(z, u), we obtain

IHE F () o o), 0.1 5/ sup Ky (, u) (1= nz, u) [f(u)] dyso(u).

0<t<1

Now Theorem [6.2] implies the assertion of Theorem O

7. THE LOCAL PART FOR SMALL ¢
In this section, we prove the following result.
Theorem 7.1. For each ¢ > 2 the operator that maps f € L'(7s) to the function
11 f (@)oo 0, = € R,
is of weak type (1,1) with respect to the measure .

The proof relies on vector-valued Calderén-Zygmund theory.

7.1. Preparations. Part of our notation in this section follows that of [17]. Let ©
be the set of all finite, increasing sequences in (0, 1] written

£= (gi)év

for some N = N(g) € N;. We define F' as the vector space of all functions g : Nx© —
R such that g(i,e) = 0 for i > N(g). For p € [1,00) the subspace F, C F' is defined

to consist of those g € F' for which the mixed seminorm
NE e

lgllr, ==sup | > lg(i,£)°
cco | =

is finite. Notice that this is a seminorm because ¢(0, ) does not appear here.
We shall work with the operator V' that maps real-valued functions f € L'(74) to
F-valued functions defined in R™ and is given by

Vf(z)(i,e) = He, f(x) — He, , f(2), i=1,...,N(¢), €6,
and V f(2)(0,g) = 0. Similarly, we set
Vef(a)(i ) = H f(w) = HES f(x),  i=1,...,N(e), (7.1)

and analogously for V8P f
Then for g € [1,00)

IV f (@), = Hef (@)loe).0; (7.2)

and similar equalities hold with superscripts loc or glob.
Theorem [7.1] can now be rewritten in the following equivalent way.

Theorem 7.2. For each o > 2 the operator that maps [ € L'(Vs) to the function
R" >z = [V f(2)|r,
is of weak type (1,1) with respect to the measure oo .
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The advantage of Theorem is that the proof can be based on vector-valued
Calderén—Zygmund theory. To apply this machinery, we will pass to Lebesgue mea-
sure, and set

Ve g(z) = e R@ yloe (g (1) B0 ) (2). (7.3)
Lebesgue measure will be written either dz or du.
The following proposition clarifies the connection between Viee and Viee,

Proposition 7.3. Let ¢ > 2. If the operator that maps g € L*(du) to the function
H";locg(x) ., T € Rn,
FQ

is of weak type (1,1) with respect to Lebesque measure, then the operator that maps
[ € LY(vs) to the function

Hvlocf(x)HFg’ YIS an
is of weak type (1,1) with respect to Yoo.
Proof. We have

Vees (@), = Z?"J V(frj)(z)

Fy

=I+1I.

< Z 75 () VEP(fry) (a 2) Vo fry) ()

Fy Fy

Since the r; have supports with bounded overlap, the sums here are uniformly locally
finite. It follows that

171110 ) NZHr] VIVEL ) @), | ey

The F, quasinorm here equals H’Hfbb (@) |l(o), 0,17 After estimating the factor 7;(x)
by 1, we can apply Theorem [6.1] and get

[ L1oe (1) S ZIIfTJHLI(%O) 1112t (e

We estimate the L*(,,) quasinorm of 7T similarly, but then apply the definition
of V1°¢. This gives

11T 230 () S an VIV )@ e

=3~ i) e ||V prye BN @) |
§=0 I L120 (v00)
=3 ) [P rrse ") @) ;
§=0 e[l L1:%(dx)
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in the last step here, we switched from 7., to Lebesgue measure. This was possi-
ble because of (5.4). Next, we estimate 7;(x) by 1 and use the hypothesis of the
proposition, getting

HIIHLL"O(%O) 5 Z HfrjeiR(.)”Ll(du) = Hf”Ll(Voo)'
=0

The proposition is proved. O

7.2. Vector-valued Calder6n—Zygmund operators. This theory will be applied
to the operator V!°¢. The following proposition gives the strong (p, p) bound needed.

Proposition 7.4. For any o0 > 2 and any 1 < p < oo, the operator that maps
g € LP(du) to

“71"09(1‘)‘
is bounded from LP(du) to L*(dz).

, r eR",

4

Proof. As a consequence of the definitions of V1°¢ and V¢ and the bounded overlap
of the 7, one has

H HVIOCQ(@’ - - / HZ 7i(2) e DV (gr; V) (2)|  da
e Il Lp(dz) j=0 7,
00 N e ' »
< Z/‘ 7 (z)e ROy (gr; eR()) (m)‘ B dx
3=0 ¢
~ Ze_jp/ H?’j(x)V(grj eR(')) (x) " da
7=0 o
> _ _ P
~ Z eJ(lp)/ 7i(z)V (gr; e )) (x) . dyoo ().
7=0 ¢

Notice that we also used ([5.4) here. In the last expression, we delete the factor 7;(z)
and observe that the resulting F}, seminorm equals ||, (g7; ")) (a:)HU(Q) 0]

As mentioned in the introduction, the variation operator for H; is bounded on
LP(vs) with 1 < p < o0, for o > 2 [29]. We therefore obtain

o)
7o, | &3 et [l are™) @ oy 1o
e llLr(de)  j=0
<S>y JU lg7; eR(')HZp(%O) = Z 975 1170 au) < HgHiP(duV
j=0 Jj=0
proving the assertion. 0

We shall now prove the appropriate standard estimates for the vector-valued kernel
of Vloe,
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From ([7.1) and (5.5, we see that V1°¢ is an integral operator with an F-valued
kernel M"°¢(x,u) given by

MY (z,u)(i,e) = (K., (z,u) — K., (z,u)) n(z, u), i=1,...,N(e).

i

This means that for f € L'(v)
Ves@) = [ Mo f () do ()

We will need the kernel M’ loc( u) of Vlec for integration against Lebesgue measure
in the sense that

Vo fla) = [ (o) ) du
for suitable f. From (|7.3]) we get

Mloc(x,u)(i,g) = ¢ H@) Mloc(a;, u)(i,e) = e F@) (KEZ.H(Q}, u) — K, (x, u)) n(x,u),

In analogy with ([7.2)), this implies
1M, )|, = e | Ko, w) (e, w) [loge), 01
= ¢ " (e, u) [| K (@, w) |ue), 0, (7.5)

where the variation is meant with respect to t.
We will need an auxiliary result.

Proposition 7.5. Let p, r > 0 with p+1r/2 > 1. Assume that n(zx,u) # 0 and x # u.
Then for 6 >0

1 2

- D

/ t~Pexp (—5 M) lz|"dt < Clu— x| 27+
0

Here the constant C' may depend on 0, p and r, in addition ton, () and B.

Proof. The statement of this proposition is similar to that of [I4, Proposition 8.3],
which is based on [12, Lemma 8.1]. But our function 7 is not the same as there, and
we must verify that for n(z,u) #0 and 0 <t < 1

|D; x — ul? - |z — ul?
— C—

t
Once this is established, we can follow the argument for [I12, Lemma 8.1} and finish
the proof.
To verify (7.6), assume first that ¢ < colz — u|/|z| for a small ¢y > 0 to be chosen.
Then [12, Lemma 2.3] implies |D; z — x| < Ct|z| < Ceglx — u| and thus

|Dix —u| > |z —u| — |Dix — x| > |z —u| — Ceglr — ul.

+etlzP - C. (7.6)

So with ¢y > 0 small enough we get
1
|Dyx — u| > §\x—u| ~ |z — u| + t]x|.

To obtain (7.6) in this case, take squares and divide by t.
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In the opposite case ¢olx —ul/|x| <t < 1, we use [I1, Lemma 4.1] to conclude that

0

5 2R(D;x) ~ |Dy x|g ~ |z|g-

0

=D —

8t’ tTlq
Integration yields

Dy xlq — |zl = tlzlq = tlzlg + v — ul.
Thus
|Dix —ulg > [Dixlg — |ulg = [Drzlq — |zlg + [2]g — [ulg
> ctlalg + elv —ul — ||alq — lulo]- &

Since n(z,w) > 0, there exists a j € N such that such that 7;(x) > 0 and r;(u) > 0.
Thus ||z]g — |ulo| S 1/ (1+ V7) =~ ﬁ’ and by squaring (7.7)) we get

|Dex —ulg > ct?|2[g + clv — ul* — C(tlzlg + |2 — ul) /(1 + |z])
> ct?|z]g) + c|z —uf* — Ct.
This implies ([7.6)). O

Proposition 7.6. For all (z,u) such that x # wu and n(x,u) # 0, the following
estimates hold:

(a) | MY (2, u)||r, S | —u]™";
(b) VM2 (2, )| p, S |2 — ul "
(c) | VM (z,0) g, S |v —ul ™,

with tmplicit constants depending on n, B and Q).

Proof. (a) Starting from ([7.5]), we use (3.2) and then (2.7)) to get

1
| MY (2, u)||r, = e @) p(z,u) || Ki(z,u)logg),01) < e filr) /o |Kt(x,u)‘ dt

L — 2 1
S / t 2 exp (—C M) <_ + |i|> dt.
0 t t oVt

Since n(z,u) # 0, Proposition tells us that the last integral is bounded by
Clu — z|™, and (a) follows.

(b) Differentiating with respect to x,, we obtain as in
102, M2, ), (7.8)
<0z, (e (2, w)) Kol u)|looy00) + € n(w,w) |05, Kol 1) |lo(o),0.1)-
One has [9,, e @] < e7f@ ||, and by means of we see that
‘(9” (e’R(”‘“) n(:c,u))| < e fil®) (1+|z|) < e @) (t’1/2 + |x!) (7.9)

for 0 <t < 1.
We now use (3.2)) as in (a) to estimate the first term in (7.8)) as follows
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/ |0z, (e p(2,w))] | I (2, )| dt

! n — D, z|? ||
< Y2 4 |z)) t72 exp (—c m—t) ( + ) dt,
e ) i

where the inequality comes from and . Because of Proposition , these
quantities are at most constant times |z — u|™""!.

It remains to deal with the last term in (7.8). This requires an estimate of
Oy O, Ki(x,u), and we write

On, Ki(x,u) = Ki(x,u) Py(t, x,u), t >0,
where
Py(t,z,u) = (Qlx, ef) + <Qt_letB er, u— Dix);
see [12, Lemma 4.1]. Thus
0y 0, Ky (1, 1) = Ky(z,u) Py(t, z,u) + Ki(z,u) Po(t, z,u),
and from (3.2) we have
100, Ko, ) o 0] < /0 ) Pt )] + Kl w) Byt 2, )t (7.10)

Using the facts that 0Q; /ot = — Q7 e'P Qe Q7! and Dy = — Qo B* Q! Dy,

taken from [I4, Lemma 4.1], we find that
Py(t,x,u) = <Q[1 B Qe Pey, u— Dtx> + <Q;lBetB €r, U — th:>
+{(Q; """ ey, Qoo B* Q) Dy ).
Since ||Q; || <1+ 1/t (see [I1, Lemma 3.2(ii)]), we obtain for 0 < ¢ < 1

u—Dix
Pt g B2 (.11)
and
: - D
|Pult,z,u)| S %Ntﬂ (7.12)

To estimate the integrals in ([7.10)), we use - and - 7.12)) together with -
and (2.6). By reducing the constants c in the factors exp (—c|D; z — u|?*/t) occurring

n (2.7) and (2.6), we can eliminate factors |D;x —u|/v/t in (7.11) and (7.12)). It

follows that the last term in (7.8]) is no larger than constant times

/1t—3 exp (—c—'u_DtxP) (1+M) (LHJ:!) dt
0 t tVt) \Vit
+/1t’5exp (—c—m_DmQ) (L+ lx') dt

0 t 32 1 ¢

Proposition implies that this quantity is controlled by |x — u|™~!, and this ends
part (b).



VARIATION FOR ORNSTEIN-UHLENBECK: THE HIGHER-DIMENSIONAL CASE 17

(c) This part is similar to (b). In ([7.8)) and in the treatment of the first term there,
we need only replace d,, by 0,,.
From [12, Lemma 4.1] we have
O, Ki(z,u) = —Ki(z,u) Re(t, z,u), t>0,

where

Ro(t,z,u) = (Q; e (D_yu—=x), e).
Further,
|D_yu—z| |u— Dzl

Ry(t <
‘ f(axauﬂm + + )

since ¢ € (0,1), and
R[(t,x, u) = — <Qt_1 B Qett” Qt_letB (D_yu—x), 6g>
+(Q; "B (D_yu — ), e) +(Q; e’ Qoo B* QL) Dy u, er).
It follows that

: lu—Dyx| |[Dyu—x|+z| _ |lu—Diz| |z
Ry(t < < =
‘ K( ’ x? u) ‘ ~ t2 + t ~ t2 + t
We can now mimic the argument for the last term in (7.8 in (b), and complete the
proof of Proposition O

Now Propositions [7.6] and [7.4] yield Theorems [7.2] and [7.1]
Finally, Theorem [1.1] follows from Theorems [4.3] [6.1] and [7.1]

8. A COUNTEREXAMPLE

In this section we prove that the condition o > 2 is necessary in Theorem
and therefore also in Theorem [I.1] The proof of the main result, Theorem falls
naturally into several parts and will occupy the entire section.

Theorem 8.1. The vartation operator

= Hef (@) |lo@) s x € R,
is not of strong nor weak type (p,p) with respect to Yoo, for any p € [1,00).

8.1. Approximation of the kernel. In the proof of this result, we only consider
t € (0,1], and f will be supported in a compact set. Moreover, H,f will only be
considered at points x in another compact set. For the LP norms of f and those of
the variation of H,f, we can therefore use Lebesgue measure instead of v.,. In the
integral defining H;f(x), we can write du instead of dvy.(u). This also allows
us to delete the factors (det Qoo)l/ > and e @) in the expression for the Mehler
kernel. What remains is the kernel

I?t<x7u) = (det Qt)_l/2 eXp [_% <(Qt_1 - Q;ol) (u—Dyz),u— Dt$>}

and we will approximate this kernel. The O(-) symbol will be used for scalars, vectors
and matrices and is for ¢ — 0. The implicit constants involved may depend on the
compact sets mentioned, as well as on () and B.
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Since t < 1, the definition ([2.1])) implies Q; = Qt + O(#?), and then

Q' — Q) =Q 't +0(1).

Further, D;x = x + O(t) because of (2.5)). Since z and u stay bounded, it follows
that

<(Qt_1 - Q;ol) (u—Dyx),u— Dtx>
=(Q "t N u—z+0@),u—z+0(t) +O(|lx —u|+1)

=(Q "t Nu—2),u—z)+O(|lz —u| +1). (8.1)
We also observe that det Q; = t" det @ (1 4+ O(t)), so that
(det Q)2 = (det Q)2 t2(1 4+ O(t)). (8.2)

This makes it natural to approximate }N(t(.r, u) by the simple convolution kernel
K{(x — u), where

Kily) = (det @) 72672 exp (— 7t @2 7), (33)
and we let
Hif(x) = Ki = f(2).

Our plan for proving Theorem [8.1]is to find functions f which give a counterexample
for the variation of the operator Hy. The construction is based on a probabilistic result
for the one-dimensional torus due to Qian [41]. We first verify that the approximation
described above is good enough to let us work with the kernel K7 (z — u) instead of

l?t(x, w). In this process, we consider a discrete variation, limiting ¢ to the sequence
2726 (e N,.

8.2. The difference operator. Let A; be the operator defined by the kernel I?t(:c, u)—
Ki(z —u).

Proposition 8.2. Let C} and Cy be compact subsets of R™. If f € L*(R") has support
contained in C, then

([ ey

Here the implicit constants may depend on Cy and Csy, in addition to () and B.
Proof. By means of (8.1) and (8.2)), we get for x € Cy and u € C}

Ky(z,u)
= (det Q) V212(1+ O(1)) exp (-~ %tl (@ u=a),u-2)+0(z—ul+1))
=K{(x —u) (14 O(t)) exp ((’)(|x —ul + t)>
=Kj(z —u) + K{(z —u) O(|z — u| +¢).

ey S Ml
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In the last term here, we may replace |z — u| by t'/2, if we reduce the factor 1/2 in
the exponential factor in the expression (8.3) for Ky. Thus

Ko, u) = Ki(o = w)] S 0202 exp (= et Q 72 — w)?).

With f supported in C; and z € (5, we thus have

A f(@)] S 172 / Py 72 exp (= 1@ V2w — w)P) du.
The integral here is the convolution of f and an integrable kernel, and hence

1A 2cay S 2 Fll 2oy

Letting ¢ = 27%, squaring and summing, we obtain

(Z(Az—2ef)2> S I lzzen)-
(=1 L2(Co)
Because of (3.3)), this completes the proof. |

8.3. A counterexample for K;. For convenience we normalize K} by multiplying
by (2m)~™/2. Then we make an orthogonal change of variables in z and in u which
diagonalizes the matrix (). By also scaling the coordinates, we can then replace @)
by the identity matrix. The new variables will be called 2’ and u’, and we replace f
by g defined by f(u) = g(u’), with equivalent L” norms. In the new coordinates, the
relevant kernel is a tensor product

K () =] 7))
i=1
where J; is the standard one-dimensional gaussian kernel

1 1
Ji(y;) = o P (—575 1\y§|2)

and the operator is given by H; g = K * g.
We will choose g as a tensor product g(u') =[]\, g:(u}), so that

rgal) =] 7 # g5(a)),
=1

with the convolutions taken in R. In the sequel, we will consider the values of H;g
only at points 2’ in the cube [0, 1]", and each g; will have support in [—1,2]. This
determines the compact sets C; and Cy, via the change of variables. Fori =2,... n,
we simply choose g; = x[—1,2, and observe that for these i

It follows that

1— ﬁ Jixg=0(@) in [0,1]"L. (8.4)
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The construction of g, requires more care. In the rest of this subsection, we will
write simply z, u, y instead of 2, u}, y] in one dimension. As already mentioned,
we restrict ¢ to the set {272, ¢ =1,2,...}, and define operators

A591:J2—2z*g1, EZI,Q,....
Notice that Jy-2e(y) = (27) /2 2% exp (—% |24y|2>.

We will consider the variation in ¢ with ¢ ranging over the set
In:={l€Z:2N <l <3N},

for large N € N.
To choose our function g;, we use the Rademacher functions, supported in [0, 1]
and given by
Qkfl
Tp = Z (X((Zj—2)2*k, (25—1)2—k) = X((2j—-1)2—F, 2j2*’9)) ) k=1,2,....
j=1

We identify [0,1) with the torus T = R/Z, considered as a probability space with
Lebesgue measure. Then the 7, are independent Bernoulli random variables, taking
the values +1 with equal probability 1/2.

In R we define functions coinciding with the ry in (0,1) and supported in [—1, 2],
by setting for k =1,2,...

qe(u) = ri(u+ 1) + ri(u) + rp(u — 1), u € R.

gn ‘= Z Q-

The function g; will be

keIn
Notice that the notation gy is not in conflict with g;, ¢ = 1,...,n, since N is large.
Then for 1 < p < 00
lgwllze@) = llgnllnr = VN, (8.5)
due to Khinchine’s inequality. We also observe the trivial estimate
lgn(@)| <N, zeR. (8.6)

The following is the main result of the present subsection.

Proposition 8.3. For some constant ¢ > 0, the Lebesque measure of the set

{o€ 1) |4gx(@)lhez, > ¢ /Nloglogh |

tends to 1 as N — oco. Here the variation is taken in £.

Proof. Starting with A,, we will change operator in several steps, until we arrive at
an operator to which Qian’s result in [41] applies.
Step 1 will take us from A, to the mean value operator D,, { = 1,2, ..., given by

m+2_[

Dyof(x) =2 / £() dy.

x—2—*
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This definition works equally well in R and in T, and we will write D} and D to
distinguish the two.

Jones and Wang [27, Section 2] have introduced an equivalence relation ~,, between
sequences of operators acting on functions defined on the torus. We define a similar
relation for operators P, and @y, ¢ € N, acting on functions in R, with p = 2. By
(Py) ~2 (@) we mean that for any sequence (Vg)?o, with |vg| <1, and any f € L*(R)

1Y " (Pef = Qef) vellz S 11l
>1

Here the norm is that in L?(R). As shown in [27, Theorem 2.5], this implies that

1/2
(Z Pf czmg) S 117,

>
>1 9

which by (3.3)) yields
[1Pef = Quf o,

SISl (5.7)

Lemma 8.4. We have
(A¢) ~2 (D).

Proof. We adapt the proof of [27, Lemma 2.8] to R. Observe first that A, and
DY are convolution operators with kernels J,-2c = (27)7/22% exp <—% (2‘] y)2) and

xe(y) =251 x (28 y), respectively, x denoting the characteristic function of the inter-

val (—1,1). We use Fourier transforms, defined by F f(€) = f(¢) = [ f(zx)e >*¢ dx,
and the Plancherel theorem, to deduce
‘2

I3 = DED)ull = [ | SO F ek = DEAE wi] e

21 >1
. — 2
< [1FOF (X [Tt - n©)) e
R >1
It is thus enough to prove that
S [ Teae(€) — ()] S 1. (8.8)

>1

The Fourier transform of the kernel Jy-2¢ is
Ty2e(€) = exp (—27%(27%)?),

so that [1— Jo-2:(€)] < [27%€J2 for [27%¢] < 1 and |Jp-¢(€)] < [27%€| 2 for [27%¢| > 1.
The Fourier transform ,
. sin(27275¢)

similarly satisfies |1 — xp(&)] < |27%? for [27%€] < 1 but only |x(&)] < [27%|! for
|27¢¢] > 1. From this (8.8)) and the lemma follow. O
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To Ay(gn)(z) and D} (gn)(z) we now apply the triangle inequality for the variation
seminorm and write for z € R

1A(9w) (@) |2y 2 = (|05 (98)(@) 0y 7, = P (@), (8.9)
where

hi(z) = H/M(QN)(x)“ljf(gN)(x)”v@yIN‘
From Lemma , and (8.5), we conclude that ||h| 2@ < VN.

Step 2 consists in passing from R to T. Observe that for any point = € (0, 1), also
considered as a point in T, one has D (g)(x) = D} (ry)(z). Summing in k, we get
for these x

Dy (gn)(x) = Dy (In)(2),

TN:ZTk

where the function

keln
is defined in T. From (8.5)) we conclude
| T |l 2y ~ V'N. (8.10)
For Step 3, we let E, for / = 1,2,... denote the conditional expectation operator

which replaces an integrable function defined in T by its mean value in each dyadic
subinterval ((j — 1)27¢, j27%) C [0,1]. Then

E(Ty)= > (8.11)

keTy, k<t
for ¢ € Iy, so that the Ey(Ty) form a finite martingale. Step 3 aims at replacing D}

by Eg.
Jones and Rosenblatt prove in [24, Remark 4] that for functions f € L?*(T)

s 1/2
(Z D} f - Emz) <A1

(=1 9

Here we refer to the norm in L?(T). These authors use a one-sided, right mean value
operator (see [24, p.528]), but since our D7 is the mean of the right and left operators,
this is no problem.

Letting here f = Ty, we can apply (3.3 and then (8.10)), to get

1/2
[12F @) = BT 02, |, < (Z HESE EZ<TN>|2> < 7wl = VA.
LETN 9

The triangle inequality for the seminorm || - ||,(2)z, now implies that for x € T

| DEEN) @), 012, = BT @)y 7, — o). (8.12)
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with
P2l 2y S V'N. (8.13)

In Step 4 we observe that the r; with & € Z are N independent random variables
fulfilling the hypotheses of Qian [41, Theorem 2.2]. Because of (8.11)), this result tells
us that the probability, i.e., the Lebesgue measure, of the set

{a: €T : |E(Tw)(@)lloizyn > c\/NloglogN}

tends to 1 as N — oo, for some ¢ > 0.

Finally, Step 5 combines the result of Step 4 with the preceding steps, in reverse
order. Considering Step 3, we see that and Chebyshev’s inequality imply that
|ho(z)| is much smaller than /N loglogN except on a subset of T whose measure
tends to 0 as N — oo. Then (8.12]) implies that the measure of the set

{x eT: | DNTw)@)|oezy > c\/NloglogN}

tends to 1 as N — oo, for some ¢ > 0.
Now Step 2 says that this set is the same as

{x €[0,1): | DX(gn) (@) o2y > ¢ VN 1og10gzv} .

As for Step 1, we can apply with z € [0,1) and argue as we did for Step 3.

Thus the set
{2 €10,1) 4gn) @)l 2 > ¢ v/NloglogN } .

also has measure tending to 1, for some ¢ > 0.
The proof of Proposition [8.3|is complete. OJ

8.4. End of proof of Theorem [8.1 The function g = ®,¢g;, where g; = gn,
satisfies for 2’ € [0, 1]"

Hy g(2") = Ji * gn () H Ji * gi(77)

=2

= Jix gn () — Je* gi(2}) (1 1] 7%~ gi(x§)>
=2

To estimate the second term here, we apply to its first factor and to the
second factor. The second term is thus no larger than constant times Nt, which is
dominated by 27V if t = 27% with ¢ € Zy. From we see that the seminorm
| “llo(2) zy of the second term is no larger than N*/22=V since the cardinality of Zy is
N. Then we apply Proposition to the first term, and conclude that the statement
of this proposition also holds for H; g(z').

The same is then true for H{ f(x), where f(u) = g(u’) as before, and z is now in
some compact set. Finally, Proposition allows us to replace H{ by the operator

defined by the kernel K,(z, u), and Theorem [8.1] follows.
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