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COMPLEX ANALYTIC SOLUTIONS FOR THE TQG MODEL

PRINCE ROMEO MENSAH

ABSTRACT. We present a condition under which the thermal quasi-geostrophic (TQG) model possesses a
solution that is holomorphic in time with values in the Gevrey space of complex analytic functions. This
can be seen as the complex extension of the work by Levermore and Oliver (1997) for the generalized
Euler equation but applied to the TQG model.

1. INTRODUCTION

There are several 2-dimensional models for geophysical fluid flows where horizontal length scales are
very large compared to their vertical scale. One such model is the Thermal Quasi-Geostrophic (TQG)
model where there is a near balance between the Coriolis force, the hydrostatic pressure gradient force
and the buoyancy gradient force. We refer to [2] [3, 12] for the historical account, the derivation and some
simulations. In precise form, the TQG model posed on the spacetime spatially periodic cylinder I x T?
where I := (0,7),T > 0, is a coupled system of equations governed by the evolution of the buoyancy
b:(t,x) € I x T? + b(t,x) € R and the potential vorticity ¢ : (t,x) € I x T? + ¢(¢,x) € R in the
following way:

b+ (u- V)b = 0, (1.1)
Oqg+ (u-V)(g—b) = —(up - V)b, (1.2)
bo(:E) = b(ov I), QO(ZU) = Q(Oa I), (1.3)
where
W=V, we= Vi g=(A- 1] (1.4)

In ([T4), the vector u : (t,x) € I xT? — u(t,x) € R? is the velocity field, ¢ : (t,x) € I xT? — ¢(t,x) € R
is the streamfunction, h : (t,x) € I x T? + h(t,x) € R is the spatial variation around a constant
bathymetry profile and f : (t,x) € I x T? — f(¢t,x) € R is the spatial variation around a constant
background rotation rate. Note that since V+ = (=0s,,9,, ), both u and uj, are incompressible vector
fields.

The existence of unique local-in-time strong solutions of (I))-(T4) have recently been shown in [§]
and in [7] for the stochastic variant. Here, ‘strong solutions’ are those having a minimal spatial regularity
of (b(t),q(t)) € W32(T?) x W22(T?) for a corresponding dataset (uy, f,bo, qo) satisfying

(up, f) € W22 (T?) x W2(T?), (bo, qo) € W>2(T?) x W2(T?)

divy

where dei’fx (T?) is the space of divergence-free vector fields in W32(T?). Since we work on a torus, one
can use the standard method of taking partial spatial derivative of the equation and applying commutator
estimates to the advection terms (see [20, Proposition 2.1] and [I3] Appendix] for instance) to extend
this solution to (b(t),q(t)) € WHFHL2(T2) x WH2(T?) for all & > 2. Consequently, smooth solutions
(b(t),q(t)) € C>(T?) x C°°(T?) also exists locally in time provided the data are also smooth. The
existence of solutions in the larger class (b(t), q(t)) € WkT12(T?) x W*2(T?) for any k < 2 as well as the
existence of global-in-time solution in any class, however, remains interesting open problems.

In this work, we are interested in studying the analytical property of smooth solutions of (III)-(T4).
In particular, we give a condition under which smooth solutions have convergent Taylor series. This
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will follow by showing that smooth solutions belongs to the Gewvrey class of analytic functions under
the condition that the radius of analyticity solves a suitable ordinary differential equation. The precise
statement of this result is given below in Theorem Bl See [4] for a related result for the supercritical
surface quasi-geostrophic equation, [I4] for the hydrostatic Euler equations and [II [5] [6l [15] 16l 17] for
the (generalized) Euler equation

2. PRELIMINARIES

2.1. Notation. We consider a spacetime cylinder consisting of spatial points x = (x1,...,24) on the
torus T¢ = (R/27Z)?, d = 2,3 with periodic boundary condition and a time variable ¢ € [0, 7] where
T > 0 is fixed and arbitrary. For functions F' and G, we write F' < G if there exists a generic constant
¢ > 0 such that F' < cG. We also write F' <, G if the constant ¢(p) > 0 depends on a variable p. If ' < G
and G < F both hold (respectively, F <, G and G <, F'), we use the notation F ~ G (respectively,
F ~, G). The symbol | - | may be used in four different context. For a scalar function f € R, |f| denotes
the absolute value of f. For a vector f € R?, |f| denotes the Euclidean norm of f. For a square matrix
F € R¥4 |F| shall denote the Frobenius norm y/trace(FTF). Also, if S C R? is a (sub)set, then |9 is
the d-dimensional Lebesgue measure of S. Lastly, for any two normed spaces (Vi, || - ||v,) and (Va, | - ||v»)
with v; € Vi and vy € V3, we let

(015 v2)lIFy vy = llvallyy + [lv2ll7,
represent the product norm for any p € [1, 00).

2.2. The functional setting. Let Cg, (T?) denote the space of all divergence-free smooth periodic
functions. For r > 0, let the Hilbert space (H"(T9), || - || u+) represent the L2-homogeneous Sobolev space
of mean-free functions defined as

H"(T%) = {f(x) =) fe™* e L2(T7)

kezd

f = / ek xf(x)dx € CY,
Td
(2.1)

"

— . O\ ?
k—k,&—m|ﬂm—<§NWWw)<m}
keZd
Here, the fis are the Fourier coefficients of the function f € L2(T?) and Zg := 2xZ%\ {0}. Furthermore,

note the fo = 0 is equivalent to saying that elements f € H”(T%) in (2.I)) are mean-free, i.e., Jpa £(x) dx =
0.
With (1) in hand, we now define (H"(T%), || - ||z~) as the subclass of (H"(T%),|| - | g+) given by

H"(T?) = {f(x) = > fe®* e H'(TY) | fi -k = o}. (2.2)

keZgd

Here, the condition fi k=0 corresponds to the divergence-free condition divyxf = 0 in frequency space.
Thus, H"(T?) is the subclass of divergence-free vectors in H"(T?). Next, if we consider the positive,
self-adjoint operator A = —A which is known to posses a nondecreasing sequence {\;};en of strictly
positive eigenvalues that approaches infinity as j — oo, see [I8]. Then for any r € R, we can define its
fractional power A" as the mapping

SN B o A= Y e = 3 g () %) e
kezd kezd kezd
with A® = I so that
IATEIEe = 30 Il il = 32 ARG Bl = 15
keZgd keZgd
A special subclass of the space ([2.2) are the Gevrey-class-(s, 7, ) spaces G5 (T?) given by

AL/2s

D(eN™ T HT(TY) = {£(x) € H'(TY) : [|e?™ " £(x)| - < 00} (2.3)
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for real numbers s > 0, » > 0 and a given time-dependent function ¢ : I — [0,00). The space ([2.2)) is
recovered when ¢ = 0 whereas

D™ L H(TY) € O, (T7) € H(T)

when ¢ > 0. A similar relation holds between D(e*"Al/QS : H™(T9)), C°°(T%) and H"(T%) as defined in
@0). See [I7] for further details. In particular, the spaces D(e‘/’Al/2S : H"(T%)) are nested just as H"(T%)
are, in the sense that the embedding D(e‘/’Al/zs : H™2(T%)) — D(e“"AI/QS : H™(T%)) is always continuous
for r1 < rs.

With the above preliminaries in hand, we now present some useful results for this work. Firstly, letting
(-,-) represent the L? inner product we have the following generalisation of the crucial result from [17,
Lemma 8§].

Lemma 2.1. For u,v € D(e¥2"” : H™+Y/2(T9)) and w € D(e®N'” : H™+1(T?)) with r > d/2 + 3/2, we
have that

1/2 1/2
[(A2e?2 T (w- Vv) , A2 )| Sl [ v e llw e

1/2 1/2 1/2 1/2 1/2
o (e Ve e *ul ey 16wl e VI e P wl

H™3
Remark 2.2. Lemma 2] generalises [17, Lemma 8] in two ways and we defer its proof to the appendix

below. Firstly, nowhere is the incompressibility condition used (hence u € D(e“"Al/2 : H"T1/2(T%)) rather

than u € D(e¥A”” : H'+1/2(T?))) whereas u was taken to be (weighted) incompressible in the cited
result. Secondly, we clearly do not require v = w nor do they need to be scaler-valued.

Finally, we recall the following result in [8, Lemma 2.2]. Although the original result is stated for
non-negative integers k € N U {0}, a look at the proof shows that it extends to all non-negative real
numbers r > 0 with no further modication to the proof.

Lemma 2.3. Let r > 0 and assume that the triple (1, u,w) satisfies
u=V+ty,  w=(A-1).
If w € H"(T?), then the following estimate
Hu”%{rﬂ S Hw”%ﬂ

holds.

3. MAIN RESULT

3.1. Complexified TQG. We wish to find a complex neighbourhood of the initial time where we can find
a unique solution of the complexified TQG that is holomorphic in time with values in the Gevrey space
of complex analytic functions. For us to extend the TQG equation to a complex time with complex-
valued solutions (b,q) = (b1 + iba,q1 + iq2) where (b1,q1) and (b2, q2) are real-valued solutions, we
consider the complexification of the all the functions spaces under consideration [I9]. For example, The
complexification of the domain of A, D(A), is D(A)¢ := D(A) + iD(A) and so on. Furthermore, for
f,g € C given by f = f| + if; and g = g1 + ig, the complexified L?-inner product is given by
(f,g)c=(fi, g1)+(f2, &) +i[{f2, &1) — (1, &2)]

whereas the complexified bilinear form B(f, g) := (f - V)g is given by the bilinear form
B(f, g)c = B(f1, g1) — B(f2, g2) +i[B(f2, g1) + B(f1, g2)].
Correspondingly, the complexified trilinear form is given by
(B(f, g)c, hjc =(B(f1, g1) — B(fz, g2), h1) + (B(f2, g1) + B(f1, 82), ha)
+i[(B(fa, g1) + B(f1, g2), h1) — (B(f1, g1) — B(f2, g2) , ha)].
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Note that since we work on a periodic domain, if f is divergence free (i.e. f; and f are both divergence
free) and g = h (i.e. g1 = hy, and go = hy), then the orthogonality property of the real-valued trilinear
form means that

(B(f, g)c, g)c =— (B(f2, g2), g1) + (B(f2, 81), g2)
+i[(B(f1, g2), g1) — (B(f1, g1), 82)].

Thus, the complexified trilinear form is not orthogonal in its last two variables. With this preparation
in hand, we fix § € (3, %) and consider the time ¢ = se’ for s € I so that Re{ = scos(f) € I. Here,
without loss of generality, we assume that I = (0,7 is such that 7" > 0 is the maximal time for the
existence of smooth solutions. The complexified TQG equation is given by

;1_1; + B(u,b)c = 0, (3.1)
T+ Bl g)e — Bluble = ~Blun, b (3:2)
bo(x) = b(0, z)c, qo(z) = q(0,2)c, (3.3)
with
w=Vige,  wo=gVihe,  q=(A- e+ fe (34

where gc 1= g1 + ig2 for g1, g2 € R. Our main result is now given by the following.

Theorem 3.1. Let ¢g > 0 be a constant and let (up, f,bo, qo) be a dataset satisfying

(bos @0) € D(e?N"*  HY(T?))e x D(e#oM 2 H3(T?))c, (3.5)
(un, f) € D(e”N"* TH2(T2))e x D(e#N"” : HT2(T2))c. (3.6)

Fiz § € (—%,%) and for s € I, let ¢ = ¢(scosb) be such that p € C*(I). If the function ¢ solves
p(s) = oe™Js O (s = 0) = g (3.7)

for ¢ > 0, where
S COos 1/2 S COos 1/2
O(s) :=|(e?C DN Th(C, ), DN T (¢ ) sz
1/2 1/2
(e Tun (), e )z mg

¢ = se', then a dataset (up, f,bo,qo) satisfying B.5)-([B.6) generates a unique solution of B.1)-B.4) in

the region

(3.8)

, 1
(=se . ReCel, |9|<E7 O<sD(data)% <
2 ccosf
where
1/2 1/2 1/2 1/2
D(data) := | by, e q0)Fa s + 1€ Tun, N2 e
© C (o}

Remark 3.2. Theorem Bl remains true if the family of spaces {H*, H™/2, H"/?, H*} (and their complex-
ified variants) are replaced with {H”, H™+z H"+2  H™*'} (and their complexified variants), respectively,
provided that r > % This is consequence of Lemma [ZI1 The choice of the former family is to make the
analysis clear.

Remark 3.3. Under the Beale-Kato—Majda criterion for the blow-up of solution to the TQG [9], the time
span T' > 0 can be made arbitrary large. In this case, the complex neighbourhood where the solution is
of Gevrey analytic class becomes

Nl=

. 1
(=35 : ReC(>0, |0< E, 0 < sD(data)? <
2 ccosf

so that by tuning 6, one can make s arbitrary large.
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3.2. Proof of result. We now present the proof of Theorem Bl which uses arguments in [11l [17]
and [I0, Chapter II]. This will involve formal a priori estimates which, as usual, can be made rigorous
by first considering a finite-dimensional Galerkin approximation and later passing to the limit in the
approximation parameter. With this said, for ¢ := ¢(Re () = ¢(s cos ) with fixed 6 € (-3, ), we first
consider the following equation that is due to the product rule for the product of two functions:

1d 1/2 d s cos 0)AL/2 scos)AL/2
§E||€“0A b||§1(4: =Re <A2$(6“’( 4 b(C))7 AZe#lscoshA b(<)>c
. 1/2 1/2 o db(¢ 1/2
=080 pl[e? B(O)|12/2 + Re (A% SH 2PN p(0))

= cosf @l|e”“b|2 00 — Re ei9<A2ev’A”2B(u, b)c, A%W”b>c.

Similarly, we obtain

1d || GAL/2

. 1/2 . 1/2 1/2
Sl ally = cos ol a0 — Re e (A2 Blu,g)c, A2 g)

C

+ Re e (A¥2eeM " B((u - wy), b, AY2e#M g

Thus, by combining the two equations above, we obtain
1d 1/2 1/2 . 1/2
Sl P s < cos 02l N B, N AN, o
1/2 1/2
+ cos O(|[(A%e? " B(u,b)c, A% b)), |
3 1/2 3 1/2
+ |<A2e“"A B(u,q)c, AzePh q>C‘

+ (A% B((u — wy), b, AFeNg) ).

Now, by using Lemma 2Tl and the fact that for any complex f = fi +if2 in a complexified normed space
(Xc, || - [|xe) the estimate || fi||x < ||f|lx. hold for any ¢ = {1,2}, we obtain

1/2 1/2 1/2 1/2
(A2 B(u,b)e, A% T b) | SlhulgalblFs + e (le? "l ga e blli,g/z
1/2 1/2 1/2
e ul ol bll gl bl o o
SHI + Nl + 1%
1/2 1/2
+o(le?™ b, e T ) sz + 1€ fllz)

/2 1/2 1/2
(H( oA , et Q)||§{§/2tz/2 + ||6¢0A f”?ﬂ/z)

AL/2

where in the second inequality, we apply Lemma to (B4) and use Young’s equality. We also use the
assumption (s) < ¢o (which follows [B7) since the negative exponential is decreasing) in the forcing
term. Similarly,

3 1/2 3 1/2 1/2 1/2
[(A2e?Y 7 B(u,q)e, A2e? T q) | SllullpellallFe + e (le? "l g e tJIlffgm

1/2 1/2
+ et ullelle“"A qllmalle?® all g2

1/2 1/2
Slallfs + 115z + el “allms + e fllus)

< (10, e Q)2 o + 1N 11 0)-
Finally, we also obtain
[(A2ePM B((u — wp), b)e, A ) |
Sl + ||uh||Hs>||b||Hs||q||Hg
+ (e a4+ 17 wall o) 1™ bl e gl



6 PRINCE ROMEO MENSAH

AL/2 AL/2 AL/2 AL/2
(1PNl + 12wl ) 12 bl €22 gl
SIBlSs + gl + laalis + 117112

1/2 1/2
+ (e " bllag + €22 wnllz)

2

AL/ AL/2 2 AL/2 AL/2 2
X (1, N2 s+ 1N an, N s ra).

Collecting everything yields

1 d AL/2 AL/2
T PLLGU RG] [ 7%
. AL/2 Al/2
<cosf Il b, PN )20 e

+ecosO([1(b, @)l + I10an s Pl xm)
1/2 1/2 1/2 1/2

+ecosOo([l(e”™ b, e Tl pasenz + 117N wn, e Pl gacns)

1/2 1/2 1/2 1/2
(N, e e+ 1w N2 )

where, due to (3.0) and [8] we have that for all Re(¢) € I,
1) aO) gz + 1 (an s Pz
C C (o} C
S ||(b07 QO)H%%XHS + ||(uh7 f)”?{éng

. _ 1 1200k :
However, since we can use [k| = 5-2polk| < 5 -¢ #olkl £ obtain

1 3/2 1 1/2
Tunlrn < o (D2 I e M anad?) ™ = o e unlffyea,
2z \ 2 2o h

0

it follows that for
D(data) := [[(#* b0, e#* " q0) s + 12N Twn, 2N )2 e,
we have that
1O+ a(ON sz + 1w s NIz S D(data)?
holds for all Re(¢) € I. Thus, it follows from (3.9) that
1d

1/2 1/2 3 .
5 qs (P b, e#? ‘J)”?{ngg < ¢D(data)? cos @ + cos§(¢ + ¢ pO(s))T'(s)

where

1/2 1/2 1/2 1/2
F(C) = ”(etpA b, €<PA Q) 9/2 117/2 + ||(€¢0A up , e«pol\ f)

[ [
H, HY2x HL/?

Since ([B.7) holds, it follows that
$(s) = —cO(s)poelo O = —cO(s)p(s).
Thus, it follow from integration that
scos 1/2 i s cos 1/2 i
||(e<p( cosO)A b(se 0), ega( cos 0)A q(se 9))||§Ié><H§
< (22 by, 202 o) |12 + csD(data)? cosf
= (V) 0 HéXHS
holds for any Re(¢) € I. As such, if

1
ccosf

Nl=

<

sD(data)

we obtain
; 1/2 ; ) 1/2 .
”(ega(sco:se)/\ / b(sew% ecp(scos@)./\ / q(seze))||2 aems < D(data)

(3.10)

(3.11)



so that the domain of analyticity is the set

) 1
C=se": scosbel, |9|<z, 0 < sD(data)? < .
2 ccosf

4. APPENDIX

We devote this section to the proof of Lemma [Z] which follows the arguments of [I7, Lemma 8]. We
rely on two preliminary results, the first of which is given by [17, Lemma 9].

Lemma 4.1. Letr > 1 and ¢ > 0. Then for all all real numbers £,m > 0, the estimate

|€7e?S —nme?| <o € =l [(1€ ="t + 0771 + (€ — "+ n7)ePUE )]
holds.

The second preliminary result is the following.

Lemma 4.2. For j := |j|, the sequence j=2"~%) is summable over j € Z3 = 2xZ%\ {0} for r > 443

Proof. In the following, we work in dimension d = 2 for simplicity so that » > 2. The extension to

2
arbitrary dimensions follows by modifying N(s) below.
Let j € Z3 = 2nZ* \ {0} with |j| = j. If we consider N(s) = 7s% + O(s), the number of lattice points in
the circle of radius s > 0 (Gauss circle problem), then since j > 1, we have that

i—2(r—3%) _ |3 i—2(r=3) _ 3 vE 2= gN

Z] = lim Z J = lim s (s).

J€Zy jez?
1<j°<R

However, for r > g,

\/ﬁ 5 \/ﬁ 3 \/E
/ s2r=2)AN(s) = s 22N (s)|  +2(r - 5)/ 572D N(s)ds
1 1 !
5 3 —T . ]VE
—(r—53 —2(r—35
= rR D 2= 3) | e D] o)
o p(r=1) —m(2r =3) o3y
L [R : 1] +0O(1).

Because r > %, passing to the limit R — oo, yields
S T2 o),
jez}
and thus, summable. O
Getting back to the proof of Lemma 21| we begin by setting z := AT/2e9A4" % 50 that
<Ar/2esa/\1/2 (u-V)v, Ar/2esaA1/2W> =L+ I
where
I =<(u . V)(AT/Qe“"Al/ZV), AT/Qe“"Al/QW>
L =((u-V)v, AT/26“’A1/2Z> — 1.
To simplify notations, for j, k, £ € Z3 = 27Z¢\ {0}, we let j := |j|, k := |k| and £ := |€| and note that for

n € 2174,
1 - 0 ifn#0
—d elnxdx — )
2m) Jpa 1 iftn=0.
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With this information, we are able to rewrite I; as follows:

= (3 e S ik e e N e et )
J k L

1 _
=i(27) Z Z 10 ckkTePF ey - Wg(2) / e *dx
T

n jikte=n
=i@2m® Y ay-kk e e e - W
j+k+e=0
However, note that [k| < kz(£j)2 (since j, k,£ > 1, it follows that k < k¢ ) and so
k|k"e" Sj%kr-i-%ér-i-% :jr—lj—(r—g)kwr%“+k|r+§_
Consequently, it follows that

|11I<Zf 0Dy ST KRR [+ KR e Ry |

j+k#0
1

1 1 1
< (ijz(r%)) 2 (ij(r71)|ﬁj|2) 2 (Zkz(w%)ewkwﬂz) 2
J J k

(30 KDy )
k0

AY/
S elle™ Ml g le?

Nl=

1/2 1/2
A A w

vl e Wl

where in the last step, we use the summability of j —2(r=3) (see Lemma [£.2)) and also use the estimate
1 S ze® for ¢ = ¢j > 0 inside the G;-term . We now estimate I5. Similar to I;, we obtain

{(u-V)v, Ar/ze“’Al/2z>

<Zu esz . Zlkvkezkx Zgr wﬁieez£x>
i(27) Z Z kv TPl (2711_) / nx qx

n j+k+€=n

= i(27T)d E flj . k\A’k . frewgie.
j+k+e=0

Subtracting the identity for I; from this results in

L =i(2m)* > 5 k¥ (e — ke)
j+k+£=0

where since z = A”/2¢#2"*w, we have
|Ze| = €7eP | Wo| S 07| We| + €7 |Wo| 0(j + k) = €"[We| + ©(j + k)| 2.
We also note that by using Lemma 1] we obtain
et — kTeF| S1E—KI[(16— k[T + BTN + o — K| 4 ke (HTR]
ST R A e+ R
Combining the two relations yields
|| [€7¢" — k€| S 512l [T+ KT + @(§7 + k7)e? ]
S0 Wel + (G + k)IZeI)( TR g el (57 + K)eP U
S 3w a0l G RN + 90 12 g (57 + KUY



where in the last line, we have used Young inequality to obtain
GH+RG T HE Y S (7 4R e (7 + ke HR),
as well as the identity z¢ = Z_(j11) which hold since j + k + £ = 0. Consequently, we obtain

RS Y gl |t — ket S I+ 1P

j+k+e=0
where
L= > 0] (W [ (7 + K74),
j+k+e=0
1P = > ol ¥ [2- 0| (G + BT )V,
j+k+1=0
Now given that [W_(j11x)| = [Wj4k| = |[Wjik|, We note that
I <Y TRl Y1 Ky W5
kA0
Dl D 15 Kl [V [N
' kA0
where

Dok Do 5+ kIl Wy
k

j+k#£0
1 1 1 1
S(R0) (TR ) ()" (X0 i kP )
k k j j+k#£0
1 1 1
S B) (k) (X K )
k j j+k#0

S Vlar ozl wll e
The same estimate holds for the second summand in I3 so that we have
A
Iy S AV lar lfalle 1wl

Next, for 19, we rewrite it as

= 3" ol | ke TP
j+k+e=0
+ Y ol 25 B e U
j+k+e=0

Now, by recalling that z = AT/2e9A % and j% < (3k3 (note that j,k,£ > 1) , we obtain

Z 9"|UJ||V1<||zJ+k|f+1kesa(a+k)
jt+k+e=0
S‘PE k%e<ﬂk|{’k| Z jr+%e<ﬂj|ﬁj||j+k|r+%e¢|j+k||wj+k|
k j+k7éo

o5 ) (et (o)

1
X( Z |j_|_k|2(r+%)62wlj+k||wj+k|2)2
Jj+k#0

1/2 1/2 1/2
S el vl el gy 1wy
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for r > 2. Similarly, we can use k2 < E%j% to obtain

> ol [V |25 B iU TR

<oy qterlfil Do KBl 4 KR g
j j+k#0
(Zk2(r+%)e2wk|{’k|2>

1 3 2 20 | A
se(Xgmg) (Ememt) (3
J

5 J

(X

j+k#£0

=
(SIS

1
j+ k|20t3) g 2elitkd |Wj+k|2) 2

1/2 1/2
S elle? Tull gl e

v||H7‘+§

so that

Al/2 Al/2 Al/2 Al/2 AL/2
17 <o (e Ve e all oy + 16 ullae ey e Wiy

Combining the estimates for |I;|, I5' and IZ above yields the desired result.
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