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Tomography of flavoured leptogenesis with primordial blue gravitational waves
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We explore a scenario where an early epoch of matter domination is driven by the mass
scale M of the right-handed neutrinos, which also characterizes the different flavour regimes
of leptogenesis. Such a matter-domination epoch gives rise to peculiar spectral imprints on
primordial Gravitational Waves (GWs) produced during inflation. We point out that the
characteristic spectral features are detectable in multiple frequency bands with current and
future GW experiments in case of Blue GWs (BGWs) described by a power-law with a
positive spectral index (nr > 0) and an amplitude compatible with Cosmic Microwave
Background (CMB) measurements. We find that the three-flavour leptogenesis regime with
My < 10° GeV imprints BGWs more prominently than the two-flavour and one-flavour
regimes characterized by a higher right-neutrino mass scale. In particular, a two-flavour
(three-flavour) leptogenesis regime is expected to leave distinct imprints in the mHz (uHz)
band. Moreover, we translate the current Big Bang Nucleosynthesis (BBN) and LIGO limits
on the GW energy density into constraints on the flavour leptogenesis parameter space for
different GW spectral index np. Interestingly, a three-flavour leptogenesis regime can offer a
unique signal testable in the next LIGO run with a correlated signature in the PTA frequency
band with an amplitude comparable to the one expected from supermassive black holes.
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I. INTRODUCTION

Primordial Gravitational Waves (GWSs) can be a unique probe of physics operating at super
high-energy scales that are otherwise unreachable, e.g., with terrestrial accelerators. Broadly, a
high-energy theory/model can be sensitive to GWs in two ways. First, the model can accommodate
a source of GWs whose amplitude and spectral features relate to the model parameters. Thus,
the model becomes testable with the GW searches. On the other hand, the model can leave its
imprints on GWs, regardless of how they are produced. This article discusses the latter case. Let
us assume a spectrum of primordial GWs, which might be of inflationary origin [1, 2], and we
ailm at probing a post-inflation high-energy model with those GWs . In a given scenario where
the underlying dynamics of GWs production are known, we expect specific spectral features in
the GWs today. Therefore, testing an independent model (which is not related to the origin of
GWs) would require finding detectable imprints in those GWs caused exclusively by the model
under consideration. This method proposed as a tomographic search of BSM theories with GWs
[3, 4] is similar to X-ray tomography of an object, wherein the object is placed in front of an X-ray
source, and we let the X-ray pass through the object to know the invisible internal properties of
the object. Likewise, the GW tomography has two main ingredients: the source, specifically the
GW spectrum, and the object, namely the high-energy model to be tested.

In this article, for GW spectrum, we consider primordial Blue Gravitational Waves (BGW3s)
with Qgw ~ "7 (here Qgw is the GWs energy density, f is the frequency and np > 0 is a spectral
index)! which might come, e.g., from inflation. For the high-energy model we want to probe, we
consider thermal leptogenesis, which is a process that generates the baryon asymmetry of the
universe [5]. BGWs are appealing by several considerations. First, for ny > 0, the BGWs come
with strong amplitude, and therefore, they are easily detectable, given the projected sensitivities of
the current and planned GW detectors operating at different frequency bands. Second, the recent
finding of nHz stochastic GWs by the Pulsar Timing Arrays (PTAs) shows a strong preference for
a blue-tilted GW spectrum of primordial origin [6-16]. Specifically, a power-law fit to the 15 yrs
NANOGrav PTA data renders a large spectral index value; np ~ 1.2 — 2.4 at 68% CL [10]. Third,
because of their potentially strong amplitude in the sub-nHz and pHz regions, primordial BGWs
are among the very few candidates that can be tested with Pulsar parameter drifts [17, 18] and
possibly with Lunar Laser Ranging (LLR) [19, 20]. Finally, as recently pointed out, BGWs might
affect large-scale structures by sourcing density perturbations at second order [21]. Although we
shall not provide any model that might produce such BGWs, let us mention that the simplest
single-field slow-roll inflation models produce a nearly scale-invariant spectrum with very small
amplitude. Nonetheless, plenty of scenarios [22-31] go beyond the simplest one and predict BGWs
that are detectable.

Leptogenesis [5] is a two-step process: a lepton asymmetry is created in the first step, which is
then processed to a baryon asymmetry via the sphaleron transition [32]. Among several possibilities
to generate lepton asymmetry [33-35], here we consider the one within the seesaw framework of
light neutrino masses. In this scenario, CP-violating and out-of-equilibrium decays of right-handed
(RH) neutrinos to lepton and Higgs doublet produce lepton asymmetry. Typically, at a temperature
T ~ My, where My is the RH neutrino mass scale, lepton asymmetry gets produced. Depending
on the several variants, a wide range of RH neutrino mass window, My € [MeV, 10GeV] [36-45],
might facilitate a successful leptogenesis. As it is obvious, My 2 O(TeV) scales are not reachable
with collider experiments, and so leptogenesis operating on those scales requires alternative probes.
A way to test such a high-scale scenario is provided by the flavour effects [46-48] which connect
it indirectly to low-energy neutrino observables, specifically to the leptonic CP violation [49]. A

L As we discuss later, in a realistic setting it should be a broken power-law; otherwise the spectrum would not be
cosmologically viable.



flavoured leptogenesis scenario can have three distinct regimes (as described in the next section):
one-flavour /vanilla regime (1FL) for My > 10'2 GeV, two-flavour regime (2FL) for 10'? GeV
> My = 10° GeV, and three-flavour regime (3FL) for My < 10° GeV. Though connecting
those regimes with low-energy neutrino observables is possible, it is difficult to differentiate them
observationally because of plenty of free parameters in seesaw models. One way to distinguish
them is to impose further symmetries in the Lagrangian, e.g., discrete symmetries, to reduce the
number of parameters [50, 51]. Here, we shall show that, alternatively, with the GW-tomography
method, not only can such high scales be probed, but different flavour regimes can potentially leave
distinct imprints on the BGW spectrum.

As outlined, given an independent source of GWs, testing a model requires finding imprints on
the GW spectrum caused by the model. Therefore, probing different mass scales of leptogenesis
(hence different flavour regimes) requires finding characteristic GW spectral features dependent on
RH masses. We show that, though nontrivial, this can be done within some parameter space in the
seesaw models, which offers an RH neutrino mass-dependent matter epoch affecting the standard
propagation (in radiation domination) of primordial BGWs. The idea is based on contemplating the
origin of RH neutrino masses. Let us suppose that, like any other Standard Model (SM) particles,
the RH neutrinos get their mass via a phase transition triggered by an SM singlet scalar field. Once
the field rolls down to its vacuum and attains its vacuum expectation value, besides generating RH
neutrino masses, it oscillates coherently around the vacuum. Such oscillations persist long with a
null equation of state parameter (the field behaves like matter) when the scalar field lives longer.
A probable timeline in the scenario has been illustrated in Fig. 1. Suppose the coupling of the
scalar field to the RH neutrino plays a pivotal role in determining its lifetime. In that case, the
duration of the matter domination can be controlled by the coupling and, therefore, by the RH
neutrino masses. This is the key aspect of our study. Irrespective of their origin, as primordial
gravitational waves pass through such a matter-dominated phase, the beginning and the end of
the matter-dominated phase get imprinted on the final GW spectrum. Therefore, the final GW
spectrum carries imprints of the RH neutrino mass scale.

Within a concrete model of U(1)p_; phase transition? triggered by a scalar field ® carrying
B — L charge, the key feature of our study is that a peaked BGW spectrum gets distorted when it
passes through such an RH neutrino mass-dependent matter epoch and finally exhibits a double-
peaked spectrum when the scalar field lives longer. The locations of the low-frequency peak ( flzivak)
and the dip (f9") in between are strongly sensitive to RH neutrino masses. As the leptogenesis
process enters from an unflavoured to flavour regimes, these two characteristic frequencies shift
from a high to a low-frequency value, and the ratio Qgw( f;vak)/ Qaw (faip) increases. While
the vanilla leptogenesis scenario hardly imprints the GW spectrum, the two-flavour and the three-
flavour regimes exhibit characteristic spectral features in the GWs in the mHz and pHz bands. The
scenario can accommodate a reasonably large value of np without contradicting any cosmological
constraints and allows the overall spectrum to span a wide range of frequencies accessible to the
current and planned GW detectors. Notably, in the PTA frequency band, flavoured leptogenesis
regimes allow GW amplitude comparable to supermassive black hole binaries (SMBHB).

The rest of the paper is organized as follows. In Sec. II, we discuss the scalar field dynamics
and all the constraints the model must comply with. In Sec. III, we present a detailed numerical
study on how the BGW spectrum contains information on the RH neutrino mass scale. We also
discuss our model in the context of the recent PTA results on nHz GWs. Finally, we draw our
conclusions in Sec. 1V.

2 In the seesaw Lagrangian, U(1) 5_ 1, may naturally arise as a residual symmetry of many Grand Unification Theories
(GUT) [52-56].
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FIG. 1. A schematic timeline showing the occurrence of the events considered in this work. After inflation,
the universe reheats at T' = Tr. Phase transition happens, the scalar field oscillation begins, and RH
neutrinos become massive at T' = T,. At the temperature Tiepto =~ My, the baryon asymmetry produced by
the RH neutrinos freezes out. Starting from Ty, until Tyec, the scalar field dominates the universe’s energy
density and produces entropy around T =~ Tye.. The universe becomes radiation-dominated after this. The
big-bang nucleosynthesis and the current temperature are denoted by Tggn and Ty, respectively. A peaked
blue-tilted GW-spectrum generated during inflation when comes across such a dynamical phase of ®, which
also makes the RH neutrino massive and whose decay width is determined by the RH neutrino mass scale,
becomes a double peak spectrum at present. The final spectrum carries imprints of the RH neutrino mass
scale and, therefore, different regimes of leptogenesis.

II. SCALAR FIELD DYNAMICS AND THE SCALE OF THERMAL LEPTOGENESIS
The Lagrangian relevant to the discussion is given by
. 1, — 1
~AL C fpiaNpiH Ly + §fNiNRZ~cI>Ngi + XAHq)]H]z\(i)]Q +V(®,T), (IL1)

where fp is the neutrino Dirac Yukawa coupling, H(L) is the SM Higgs (lepton doublet), Ng
is the RH neutrino field, ® is a complex scalar field with vacuum expectation value vg, and
V(®,T) is the finite temperature potential that determines the phase transition dynamics of ®.
Here, Ng and L have B — L charge —1, whereas the same charges for ® and H are 2 and 0,
respectively. The Higgs portal coupling is in general given by Age ~ AP + )\;qlmp where )\;(IEOOP
is generated by the first two terms in Eq. (IL.1). We assume A%% = 0 which is crucial to establish
a connection between the neutrino parameters and the lifetime of ®. The RH neutrinos become
massive (M; = fy;vp) when ® obtains its vacuum expectation value vg. After the electroweak
phase transition (T < Tgw), when the Higgs settles to its minima H = vy, the first two terms
generate light active neutrino mass m,; ~ fDiQU}QL /M; via the standard type-I seesaw mechanism
[57-60], whereas at T > Tgrw the heavy neutrinos decay CP asymmetrically to lepton doublets plus
Higgs, and generate lepton asymmetry. At a temperature T' ~ M;, lepton asymmetry produced by
ith RH neutrino freezes out; therefore, M; is typically the scale of thermal leptogenesis. For the sake
of simplicity, not focusing so much on the hierarchy in M;s, we consider a single scale for the rest
of the discussion, i.e. M; = My = fyve. In the high-scale leptogenesis scenario, there are three
distinct regimes of leptogenesis [46-48]. Generally, the RH neutrinos produce lepton doublets as a
coherent superposition of flavours: |L;) = Ajqa |La), where a = e, i, 7 and A, is the corresponding
amplitude determined by fpio. For temperatures T > 10'2 GeV, all the charged lepton Yukawa
couplings are out of equilibrium (the interaction strength is given by 'y, ~ 5 x 1073 f1,T, with
frLa being the charged lepton Yukawa coupling) and do not participate in the leptogenesis process.
This is the unflavour or the vanilla regime of leptogenesis. In this regime, leptogenesis is not
sensitive to the neutrino mixing matrix, e.g. mixing angles and low-energy CP phases. When the
temperature drops down to 7' < 10'2 GeV, the 7 flavoured charged lepton interaction comes into
equilibrium and breaks the coherent |L;) state into 7 and a composition of e+ p flavour (two flavour



regime). Likewise, the later composition is broken once T' < 10? GeV, when the p flavoured charged
lepton interaction comes into equilibrium (three flavour regime). In both these flavoured regimes,
leptogenesis may be sensitive to the low-energy neutrino parameters. We will explore all these
regimes and show that the flavoured regime of leptogenesis leaves much more distinct imprints on
BGWs than the vanilla one, paving the path for a possible synergy between low-energy neutrino
physics and GWs.

As the temperature drops, the scalar field transits from ® = 0 towards its vacuum expectation
value ® = vp. The finite temperature potential that restores the symmetry at higher temperatures
is given by [61-65]

V(®,T) = D(T? - T3)®* — ET®3 + 2@4 : (I1.2)
with
72 3 / 3/2
:3g —1—4)\’ E:3g +g'A+ 3\ T — V12 vg (1L3)

24 247 C T 3t Ay

where ¢’ is the gauge coupling,? and the vacuum expectation value vg = 11/ VX has been determined

D

from the zero temperature potential V(®,0) = —“72<I)2 + %@4. The structure of the finite temper-
ature potential determines how the transition proceeds. The last term in Eq. (I1.2) generates a
potential barrier causing a secondary minimum at ® ## 0, which at T = T, becomes degenerate
with the ® = 0 one. At T (< T¢), the potential barrier vanishes, making the minimum at ® = 0
a maximum [63]. The critical temperature T, and the field value &, = ® (T}) are given by [63, 60]

VD 4D
T-1—2L o — /1) (IL.4)
VvAD — E? A

A non-zero value of F in Eq. (I1.2) generally leads to a first-order transition with a strength
determined roughly by the order parameter ®./T. [63]. Nonetheless, if ®./T. < 1, the transition
is weakly first-order, which can be treated as a second-order transition because the potential barrier
disappears quickly. In this case, the transition can be described by rolling of the field ® from & =0
to ® = ve. In this article, we consider such a case working with the values of A and ¢’ so that
®,/T. < 1 is fulfilled. In particular, we find that, for ¢> < A < 1 and ¢ < 1072, the order
parameter is ®./7. < 0.08.* Fixing the hierarchy between the couplings to be A ~ ¢’ 3 (limiting
condition), we also have T, ~ Ty = 21/¢'ve.

Once the field rolls down to the true vacuum, it oscillates around vg. For a generic potential
V(®) = a®?, the equation of state of such a coherent oscillation can be computed as [3]

w=(B-2)(B+2)". (IL.5)

Assuming the oscillation of the scalar field is driven by the dominant quadratic term in the potential
and expanding the zero temperature potential around the true vacuum, we obtain o = )\U% and
B = 2. Therefore, the scalar field behaves like matter (w = 0). One can also compute the angular
frequency of oscillation, which is me = V2 ve. If ® is long-lived, these oscillations persist and the
universe goes through a significant period of matter dominated epoch, leading to distinct imprints
on the BGWs as we discuss later.

3 As mentioned in the introduction, seesaw models with U(1)5_1 gauge symmetry is well-motivated from GUT. In
that case, the scalar field carries a gauge charge. Therefore, the gauge coupling appears naturally in the finite
temperature potential.

4 In Ref.[3], it was checked numerically that the transition is a second-order for this choice of parameters.



FIG. 2. Diagram generating leading-order radiative ® H H coupling through RH neutrino and Lepton medi-
ation [67-70].

Let us now constrain the RH neutrino mass scale (scale of leptogenesis) My = fyvg. First,
the RH neutrino Yukawa coupling fxy should be large because we consider high-scale leptogenesis.
However, in that case, if mg > 2Mpy, ® decay to RH neutrino pairs (® — NN) would be too quick
to provide matter domination. Therefore, we have to restrict ourselves to the case My > mg.
Second, RH neutrinos become massive after the phase transition at 7' = T,.. Therefore, the scale of
leptogenesis Tiepto ~ My is bounded from above as Tiepto ~ Mn < Te. For our choice A ~ ¢’ 3, the
constraint mg < My < T, from requiring long-lived ® and successful leptogenesis thus becomes

V29 g've < My < 2v/g've . (IL.6)

Notice that in this specific case the mass of ® is suppressed by a factor /¢’ compared to the
My = \/2¢'ve, thus kinematically forbidding the ® decays into Z’ pairs. Two competitive decay
channels of ® are ® — hh and ® — ffV, where h, f, and V are the SM Higgs, leptons and vector
bosons, respectively. Both the decays are radiative and therefore suppressed, making ® long-lived.
The first decay channel, ® — hh, is mediated by the neutrino Dirac Yukawa fp and the coupling
fn (see Fig. 2). Hence, it is directly connected to light neutrino and leptogenesis parameter space.
In the limit me > my, the decay rate is given by

)\lfloop)g v2 f6 v 9 m
oo Qe )70y 1072 2 () (o) II.
@ 3271me 3x 107 S (105 gev ) \1o8 qev) GV (IL7)

where the one-loop effective coupling A}{_(%OOP ~ f3f%/(27%) (up to some logarithmic factor de-

pending on the renormalization scale [67, 68], which we ignore here) with fp = {/m, fyve/v? has

been evaluated for m,, ~ 0.01 eV and v, = 174 GeV. On the other hand, the ® — ffV decay rate
is given by [69]

v 4 me
i =0 (G (L.8)

Therefore, for ® — hh to dominate over ® — ffV (we need the matter dominated epoch driven
by ® to be determined by the neutrino parameters), the following condition should be satisfied

2
i (1015’%) > 7.8 x 10'A2¢"" . (IL9)
The general model has four independent parameters which are the ® vacuum expectation value
ve and the three couplings fn, A and ¢ (or equivalently the three masses My, me and My,
respectively). However, for the sake of definiteness, we hereafter assume A ~ ¢’ 3 (limiting condition
for the second-order phase transition) and fy ~ ¢’ < 1, which implies the RH neutrino mass scale
to be of the order of Z’ boson mass (i.e., My ~ My < vg). The last assumption does not



contradict Eq. (IL.6) and confirms that any O(¢’*) radiative correction to the effective potential is
subdominant. With this consideration, Eq.s (II.7) and (II.9) become

/ 3 2 m
o~ 13x 101 (-2 ve 2 ) Gev I1.10
@ X 10-3 <1013 GeV) <108 GeV> ev, (IL.10)
. Vo 1/2

The scalar field with initial vacuum energy pg (T.) ~ Av3/4 might dominate the energy density
for a period, and then inject entropy while decaying. We account for this effect by solving the
following Friedmann equations for the energy densities of the scalar field (pg) and radiation (pg):

dpr hh dpa hh ds hh PP
— +4Hpr =T , — +3Hpe =T , —+3Hs=Ig"—, 11.12
i TAMer=Tg'pe, — - +3Hpe o pe, g T3Hs=Tg' (11.12)
upon recasting them as
dpr 4 dpe | 3H hn L
—+ -pr=0, —+-—-= I'g'—pe =0 11.13
Ep —i—Z,OR " e —Fz,HP(b‘f‘ ) zHP<I> ) ( )

where z = T./T, H is the Hubble parameter, s is the entropy density of the thermal bath, and
from the third of Eq. (II.12), the temperature-time relation has been derived as

1dT 1 dg«s(T) hh P® Y
Ltab _rhh P2 ) _ 4y I1.14
T dt (H + 3g4s(T)  dt ® 4pp H ( )

The amount of entropy production from the ® decays can be computed by solving

da _ <1 + thp‘b~> e, (IL15)
dz 4prH ) =

with a being the scale factor, and then computing the ratio of §~~ a3/23, after and before the
scalar field decays. The amount of entropy production kK = Sagter/Sbefore €an be quantified as [3]

- —3/4 =
1/4 30 3 hh
-1, PR (T:) Taec - 3Y/ (ﬁ) T m

I{ - - )
PP (Tc) T. Verr (07 Tc)

(11.16)

where the decay temperature Tye is computed by considering th ~ H and reads as

(90 NV
Tgec =~ 729* Fcp Mpy, (III7)

with Mp; = 2.4 x 10'8 GeV being the reduced Planck constant, and g, ~ 106.75 is the effective
degrees of freedom that contribute to the radiation. Importantly, the scalar decays must occur
before BBN (Tygec 2 TN ~ 10 MeV), implying that the following condition must be satisfied

11 2/3
mGeV) . (IL18)

g >56x107° < -

In Fig. 3 we show the produced entropy on the allowed model parameter space (left plot) and
the evolution of the normalised energy densities €; = p;/ptor and the entropy (right plot) for
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FIG. 3. Left: The entropy produced by the ® decays on the ¢’ — vg plane.
handed neutrino mass scale reads as My ~ ¢'ve.
because Féf Vs Ff{@h. The grey-shaded region in the bottom-left corner is excluded by BBN considerations
(otherwise the BBN would occur in matter domination). Right: the evolution of the normalized energy
density Q; = p;/piot for radiation (solid lines) and ® scalar (dotted lines), and the total entropy (dashed
lines) as a function of the inverse temperature. The colour codes for the benchmarks are the same as in the
left panel plot. Because the ratio of the entropy after and before the decay is important, the initial value of
S has been chosen as S(z = 1) = 1. The parameter & in Eq. (I1.16) is therefore £ = Sager = S (2 — 00).

In this plot, the right-
The white region in the top-left corner is excluded

Benchmark cases| vg [GeV] g Taom [GeV] Thec [GeV]
BP1 (1FL) 10145 | 1072 | ~28x10° | ~2.1x 108
BP2 (2FL) 10135 1073 | ~89x10° | ~3.7x10%
BP3 (3FL) 10125 107% | ~28x10° ~ 6.6

TABLE 1. The three benchmark points considered in the present paper. They corresponds to different
leptogenesis mass scale My = 102 GeV, My = 10'%° GeV and My = 10%° GeV, and therefore to
different leptogenesis regimes, i.e., one-flavoured (or vanilla), two-flavoured, and three-flavoured leptogenesis,
respectively. In each flavour regime, leptogenesis occurs in the standard radiation domination because
Tepto ~ MN > Tqom, where Tqom, is the temperature at which the scalar field starts to dominate.

the three sets of benchmark parameters (see Tab. I): BP1 (¢ = 1072, vg = 105 GeV), BP2
(¢ = 1073, ve = 10'3° GeV), BP3 (¢’ = 1074, ve = 10'2® GeV). The benchmark points are
chosen such that each falls into a specific regime of leptogenesis: BP (1, 2, 3) are in one-flavoured
(or vanilla), two-flavoured, and three-flavoured regime, respectively. In the left plot, the white
region in the top-left corner is excluded because ¢’ is bounded from above due to the requirement
of th > Féf v according to Eq. (IT.11), while BBN excludes the grey area according to Eq. (I1.18).
We find that despite large initial energy, the entropy production is less for large vg because of
the shorter lifetime of ®. We have also checked that the analytical expression for the entropy
production factor x in Eq. (II.16) matches the numerical result (Fig. 3, right) with good accuracy.

Let us conclude this section with the following remarks: First, as it is obvious from Fig. 3
(right), the scalar field energy density pe(7:) is always sub-dominant than the radiation energy
density at T = T,. Therefore, the universe never encounters an exponential expansion, i.e., a
second period of inflation. Second, this article does not present any detailed computation related
to the baryon asymmetry (we present an order of magnitude estimation in the next section). We,
however, note that the baryon asymmetry produced by the RH neutrinos will also be diluted due



to entropy production given in Eq. (I1.16). Therefore, unlike the conventional choice of a strong
hierarchy in the RH neutrino masses, a more suitable option would be to make RH neutrinos quasi-
degenerate. This not only evades the issue of entropy dilution by enhancing baryon asymmetry
via the resonant-leptogenesis mechanism [37], but also justifies our choice of a single RH neutrino
mass scale M; = My throughout.

III. IMPRINTS OF FLAVOUR REGIMES OF LEPTOGENESIS ON BGWS

In what follows, we briefly discuss the GW production during inflation and their propagation
through multiple cosmological epochs until today. The perturbed FLRW line element that describes
GWs is given by

ds? = a(7) [—dT2 + (035 + hij)dxid:ﬁj)} , (IIL.1)

where 7 is the conformal time, and a(7) is the scale factor. The transverse and traceless (0;h% = 0,
§“h;; = 0) part of h;; represents the GWs. Because the GWs are weak, |h;;| < 1, the following
linearized evolution equation

u(vV/=g0"hij) = 16ma® (1) mij (I11.2)

is sufficient to study the propagation of the GWs. The quantity m;; represents an anisotropy
stress tensor that couples to h;; as an external source, which within a realistic cosmic setting
only affects the GWs at large scales (than those of PTAs), e.g., due to the free streaming of light
neutrinos [71, 72]. The Fourier space decomposition of h;; reads

Z / &k eFTA (RN (r) (I11.3)

Qﬂ- 3/2

where the index A = “ 4 / — 7 represents two polarisation states. The polarisation tensor 6)3(];")

besides being transverse and traceless, complies with the following conditions: ()% (k)eg\l)(lg) =
205y and el(;\)(—g) = egj)(lg) Assuming isotropy and similar evolution of each polarisation state,
we replace h%(r) with hy(7), where k = ]E| = 27 f with f being the present frequency at ag = 1.
Neglecting subdominant contribution from 7;;, the GW propagation equation in the Fourier space
reads

h + 23@ 4 k2hy, =0, (IIL4)

where the dot represents a conformal time derivative. Using Eq. (II1.3) and Eq. (II1.4), the energy
density of the GWs can be computed as [73]

1 dk [ k\?
pPewW = 327rG/k‘ <a> T#(r, k) Pr(k), (ITL5)

where T2(7,k) = |hi(7)[?/|hi(7:)|? is a transfer function with 7; as the initial conformal time. The
quantity Pr(k) = k3|hs(7:)|?/7? characterizes the primordial power spectrum and connects to the
inflation models with specific forms. Here we opt for a power-law parametrization of Pp:

k

Pr(k) = rAy(k,) <k>nT , (IIL6)
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where r < 0.06 [74] is the tensor-to-scalar-ratio, and Ay ~ 2 x 1079 is the scalar perturbation
amplitude at the pivot scale k, = 0.01 Mpc~!. In the present analysis, we take 7 = 0.06 and consider
the tensor spectral index np constant plus blue-tilted (np > 0). However, a scale dependence might
arise owing to the higher order corrections [75] depending on the inflation model, which we do not
discuss here.® The normalized GW energy density pertinent to detection purposes is expressed as

k dpew
Q k)= — III1.
where p. = 3H3/87G with Ho ~ 2.2 x 10~* Mpc~! being the Hubble constant. From Eq. (IIL5),

the quantity Qagw (k) is derived as

1 (k)
Qew(k) = —5 | — | T?(70,k)Pr(k = 1.4 x 10* Mpc. I11.8
o) = 13z (a0 ) TH0BPER). o b (g
The transfer function can be computed analytically, matching numerical results with a fair accu-
racy [77-82]. When an intermediate matter domination (recall that a RH neutrino mass-dependent
intermediate matter domination is the central theme of this article) is at play, T%(To, k) can be
calculated as [81, 82]

T (10, k) = F (k) Tt (Ceq) T5 (Ca) T3 (Cor) T5 (CR) , (IIL.9)
where the individual transfer functions read as
T2(¢) = 14+1.57¢ +3.42¢2, (I11.10)
T2(C) = (1-0.22¢"° +0.65¢%) ", (ITL.11)
T2(¢) = 14+0.59¢ +0.65¢2, (I11.12)

with ¢; = k/k;. The modes k; given by

keq = 7.1 x 1072Q,,h*Mpc™! with Q,, = 0.31, h=0.7, (IT1.13)
ko = 1.7 x 10 (9;“"()(50;65))1/6 (10%;\/) Mpe!, (II1.14)
kop = 1.7 x 10M4%/3 (g*fo(gj‘;e;)y/ﬁ (10{‘52\/) Mpc (IIL.15)
kp = 1.7x 10M571/3 <91*5é‘T71?>1/6 <107T (ijev> Mpc !, (I11.16)

re-enter the horizon at T, (the standard matter-radiation equality temperature), at Tge. (the
temperature at which the scalar field decays), at Tgom (the temperature at which the scalar field
starts to dominate) and at Tg (when the universe reheats after inflation), respectively. In our
computation, we use the analytical expression for x presented in Eq. (II.16). Notice that we have
to consider the reheating after inflation precedes the phase transition of @, i.e., T > T.. For
the following numerical analysis, we restrict ourselves to the most conservative value Tp ~ T,
which does not contradict the condition for thermal leptogenesis Tr > My because T, > My (see
Eq. (I1.6)). The quantity F(k) in Eq. (IIL.9) is given by

F(k) = 02, (9*(Tk,in)) ( gx0s ))4/3 (3j1(k7—0)>2 , (IIL.17)

gx0 g*s(Tk,in kTO

5 We point out that the single field slow-roll inflation models correspond to the consistency relation ny = —r/8 [76],
i.e., the spectral index is slightly red-tilted (nr < 0).
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where T}, i, is the temperature corresponding to the horizon entry of the kth mode, ji(k7p) is the
spherical Bessel function, g.g = 3.36, g«0s = 3.91, and an approximate form of the scale-dependent
g is given by [82-84]

Gu(s)(Thin) = go(s) (A ztin? kl) (B ;tinil k:2> , (I11.18)
where
STl e i
and
ky = —2.5 logy, <25><k1/02f12Hz> , kg = —2.0 logy, (6.0 j{ifg HZ) , (I11.20)

with gmax being ~ 106.75. With the above set of equations, we now evaluate the normalized GW
energy density Qgw(k) in Eq. (IIL8) for the benchmark parameters considered in the previous
section and reported in Tab. I. Before we present the numerical results, Let us point out that the
quantity Qgw (k)h? is constrained by two robust bounds on the Stochastic Gravitational Wave
Background (SGWB) placed by the effective number of relativistic species during Big Bang Nu-
cleosynthesis (BBN) [85] and by the LIGO measurements [86]. In particular, the BBN constraint
reads

Jhigh
/ T df F Q6w (f)R? S 5.6 x 10 P AN, (I11.21)
!

low

with ANeg < 0.2. The lower limit of the integration is the frequency that represents the mode
entering the horizon at the BBN epoch, which we take as fiow ~ 107! Hz. The upper limit
should be the highest frequency of the GWs determined by the Hubble scale at the end of inflation
fhigh = @endHend /27. For numerical purposes, a choice fhigh >~ 10° Hz would suffice as the spectrum
falls and the integration saturates at higher frequencies. For the LIGO constraint, we rely on a
crude estimation by considering a reference frequency frigo = 35 Hz and discarding the GWs
having an amplitude more than 6.8 x 1072 at frico [87].

In Fig. 4, we present the spectral features of the BGWs induced by the ® matter domination
set by the RH neutrino mass scale. In the top and bottom-left panels, we show the normalized GW
energy density as a function of the frequency for different tensor spectral index np for the three
leptogenesis benchmark points representing three different flavour regimes. Notice that irrespective
of the spectral index np, the overall spectrum gets more suppressed for large entropy production.
In addition, the red tilt in the middle becomes more prominent because longer duration of ®
domination delays the horizon entry of scales k=1 € [k; L k;}z], and the corresponding amplitude
within these k values get reduced. Therefore, as the RH neutrino mass scale decreases (e.g. going
from BP1 to BP3), one gets a more distinct double-peaked spectrum. As such, a three-flavour
leptogenesis scenario (BP3: bottom-left panel) would predict a more distinct double peak spectrum
than a two-flavour (BP2: top-right panel) or one-flavour (BP1: top-left panel) scenario. In addition
to that, starting from a one-flavour/vanilla regime, as a leptogenesis scenario goes deep into the
flavour regime, the low-frequency peak shifts towards lower frequencies. As evident from Fig. 4,
the low-frequency peak for BP2 (two-flavour scenario) falls within the LISA (mHz) sensitivity [91],
whereas, for BP3 (three-flavour scenario), it falls in the pHz region, i.e., within the sensitivity
range of THEIA [89] and pARES [90]. Using Eq.s (I11.14), (II1.16) and (II.16), below we present
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FIG. 4. GW spectra for four different values of the tensor spectral index nr. Top-left: BP1 (one-flavour
regime), top-right: BP2 (two-flavour regime), bottom-left: BP3 (three-flavour regime). The shaded regions
are sensitivity curves of various GW experiments such as SKA [88], GAIA and THEIA [89], pARES [90],
LISA [91], BBO [92], DECIGO [93], ET [94], CE [95], and LIGO-O5 [96]. The black bands in the nHz region
represent the NANOGrav 15yrs data posteriors [6]. The dotted vertical lines (from left to right) correspond
to ff;f:k, faip and }lfiegik, respectively. Bottom right: LIGO (solid) and BBN (dashed) constraints on the ¢’
and vg plane for different values of nr. Anything above these lines is excluded. Note that LIGO constraint
is much more stronger than the BBN one, implying that a viable tomography of flavoured leptogenesis with

BGWs can be done only for ny < 0.8.

analytical expressions for the three frequencies

M 3/2 ;o\ 3/4 () 1/6
peak -6 N g 9xs\1L P
— 547 x 1070 [ N Jes\Z2) ) Ty, 11122
Jiow = 54T 10 (109 GeV) (10—3) (106.75) g (IIL.22)
B MN 7/6 g/ 7/12 g*s(TCD) 1/6
b 29x 1074 (N ges\T2) ) Ty 1112
Jaip 2.9 10 (109 GeV) <10—3 106.75 % (II1.23)
peak 2 N g gxs\1R
ek 3501 Ges\LR) ) g 11124
Jhign = 3> 10 (109 GeV) (10—3) (106.75) “ (IIL.24)

which determine the characteristic GW spectrum corresponding to the different regimes (because
they depend on M) of leptogenesis. In Fig. 5, we concisely illustrate the above discussion.

We now discuss the implications of the BBN and LIGO constraints on Qgw. In the bottom-right
plot in Fig. 4, we show such constraints with solid (LIGO) and dashed (BBN) lines for different
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FIG. 5. Left: Three frequencies, fpeeLk faip, and ff{;lk, describing the characteristic GW spectrum for

low

different regimes of leptogenesis. The LIGO constraint on SGWB [87] creates the discontinuity in the
curves at the end. Right: This plot quantitatively describes that as the leptogenesis process enters deep

into the flavour regimes, the double peak feature in the GW spectrum becomes more prominent; the ratio

Qaw (2™ /Qaw (faip) increases.

values of np. The parameter space above these lines is excluded. Notice that these constraints on
Qew correspond to bounds on the model parameter space and, remarkably, on the RH neutrino
mass scale. In particular, the LIGO constraint is much stronger than BBN, ruling out the entire
parameter space under consideration for np = 0.8. The allowed parameter space opens for smaller
values of np. We find that the three-flavour (two-flavour) regime is allowed in case of np = 0.6
(np = 0.5), while for np < 0.5 most of the model parameter space evades all the GW bounds.
An important aspect of the obtained GW spectrum is that the overall amplitude increases with
nr, and the spectrum spans a wide range of frequencies. Therefore, one way to predict robustly
testable GW signal is to fix a UV model that would predict a particular value of ny (< 0.8 for the
flavoured leptogenesis model as discussed here), which is not our approach. Another way, which
we discuss here, is to take an IR approach by being agnostic about the source of the BGWs and
treating np as a free parameter. In this case, if we are able to fit a GW signal within a certain
frequency band for a particular or a range of ny values, we can robustly predict the GW spectrum
with distinct spectral features testable at a different frequency band. As such, as shown in Fig. 4
(bottom-left), a three-flavour leptogenesis scenario can predict a testable signal in the LIGO-O5
band for np 2 0.6. Therefore, if the future LIGO run finds a stochastic GW signal aligned with our
anticipation, a three-flavour leptogenesis scenario would predict a signal with the similar spectral
slope in the LISA range, distinct spectral behaviour in the pHz range plus a testable blue tilted
signal at the nHz frequencies. We can in fact compare this signal in the nHz band with the recent
PTA data. For this, Let us first opt for the PTA parameterization for the Qgw(f), which reads:

f (5=)
Qaw(f) = Uy <> : (IIL.25)
fyr
where Qy, = 2r2A4? f}?r J/(3HP), fyr = 1 yr~! ~ 32 nHz with A and v being the amplitude and
spectral index. In the PTA frequency band, the Qgw(f) in Eq. (IIL.8) is basically Qaw(f)
f"T, because in this range, T7(£) dominates, and we can approximate ji(k79) ~ 1/k79. As a
result, the power spectrum Pr(k) in Eq. (III.6) determines the overall spectral shape. We can
therefore compare Eq. (IT1.25) and Eq. (IT1.8) to extract A and 7. In Fig. 6, we show the A and
v corresponding to BP3 with ny = 0.6 (Fig. 4, three-flavour leptogenesis scenario) with the blue
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FIG. 6. Left: Comparison of GW amplitude and spectral indices: The blue contours represent the 68% and
95% CL posteriors of NANOGrav 15-yrs data. The orange contours represent the 68% and 95% CL posteriors
predicted for GW-driven supermassive black hole binary populations with circular orbits [10]. The vertical
dashed lines represent the best-fit values v = 3.2 of NANOGrav 15-yrs data and analytically predicted
value 7 = 13/3 for GW-driven SMBHB models [98]. The blue triangle denotes A and v corresponding
to the BP3 with np = 0.6 in our discussion, representing a three-flavour regime of leptogenesis. Right:
RH neutrino mass splitting as a function of the RH neutrino mass scale Mpy. The red curve represents
the mass splitting for the standard resonance leptogenesis scenario without entropy production. The other
three gauge coupling-dependent curves represent the same but with an RH neutrino mass-dependent entropy
production scenario. All these curves are consistent with the observed value of the baryon to photon ratio
np =~ 6.3 x 10710, For details, see text.

triangle. The blue contours represent the 68% and 95% CL posteriors of NANOGrav 15-yrs data
(here we chose NANOGrav posteriors for illustration),® while the orange contours represent the
68% and 95% CL posteriors predicted for GW-driven supermassive black hole binary populations
with circular orbits [10]. The black dashed lines represent the best-fit spectral index value v = 3.2
of NANOGrav 15-yrs data and the analytically predicted spectral index value v = 13/3 for GW-
driven SMBHB models [98]. First, note that the spectral index is v = 5 — ny = 4.4 (the blue
triangle) for our chosen GW spectrum. Although this value could be well inside 99% CL of
NANOGrav data (we do not show the posterior here), the GW spectrum predicts A ~ ASMBHB,
which is in tension with the NANOGrav data as shown in Fig. 6. Now, as discussed, with our
BP3, a fit to an observation of SGWB by LIGO-O5 would imply a robustly testable signal in the
nHz range but with A ~ ASMBHB Therefore, if the recent PTA finding persists, then future non-
observation of nHz GWs with A ~ ASMBHB would imply that BP3 (or, more generally, a part of
our model parameter space) would be ruled out. In fact, we think that the GW spectrum around
BP3 (ny = 0.6) is the most promising spectrum that the discussed flavoured leptogenesis scenario
offers. This is because, in this ballpark, GWs, apart from having amplitudes A ~ ASMBHB at nHz
and A ~ AMGO-05 4t Hy exhibit prominent and testable spectral features in the pHz and mHz
bands. A higher value of np saturates LIGO and BBN bounds as shown in Fig. 4 (this is the
reason that our scenario never produces a signal with A ~ APTAS), on the other hand, for smaller
nr, the overall amplitude decreases, and the spectrum loses its testability.

We would like to conclude with the following remarks. First, a generic feature of Qqw oc f7>0
is that the spectrum does not span a wide range of frequency due to the BBN bound on effective
neutrino species. Therefore, cosmologically viable inflationary BGWs require a low reheating

5 Recently reported global posteriors [97] that include results from all the PTAs are similar to NANOGrav, because
NANOGrav offers more statistically significant data among all the PTAs.



15

temperature after inflation. This has been discussed in detail in the literature and recently in the
context of PTA results [15]. However, when an intermediate matter-dominated epoch is at play,
the spectrum may span a wide range of frequencies without violating any cosmological bounds
because of the entropy injection. It allows a high Tk, which is notably, also a natural requirement
for high-scale thermal leptogenesis, as we discuss here. Let us also stress that our results depend on
the parameterization of the primordial power spectrum in Eq. (II1.6). A different parameterization
[82, 99-101] would yield different results.

Second, since the last couple of years, there has been an effort to test leptogenesis with primordial
GWs, see, e.g., Refs. [69, 102-111]. This article, nonetheless, for the first time, attempts to probe
flavour regimes of leptogenesis with GWs. We would also like to point out a technical aspect of the
leptogenesis computation, which differs from the standard scenario. Because of the larger entropy
production and stronger baryon asymmetry dilution for smaller RH neutrino masses, our scenario
requires more quasi-degenerate RH neutrinos than the standard case as the RH neutrino mass scale
decreases. This can be understood in the following way. The produced baryon-to-photon ratio in
the resonance regime can be written as [37]

np = 107%g;¢;k ™" with g; ~ ?’Miz,m (I11.26)

8mvj 0

where ¢; is the CP asymmetry parameter, ¢; ~ 107! is the efficiency of lepton asymmetry produc-
tion, M ~ 0.1 eV is the light neutrino mass scale, § = (M; — M;)/M;, vy, = 174 GeV is the SM
Higgs vacuum expectation value, and & is the injected entropy by ® decay as defined in Eq. (I1.16).
We can obtain an expression for § in two cases. The standard case without entropy production
corresponds to x = 1. Given the observed value np ~ 6.3 x 1071° [112], using Eq. (II1.26), we
obtain

_ Mp
Sg ~ 6.25 x 107 [ ——— I11.27
s % (109G6V> ’ ( )
/ 1/4 M 3/2
6 ~ 45x 1073 [ -2 _EN I11.28
d 8 (10—3) (109GeV ’ (IIL.28)

where the subscript S(F) represents the mass splitting in the standard (with entropy production)
case. Here, we assume M; = My and simplify £ in Eq. (II.16) in terms of our model parameters

as
—1/4 —1/2
N g My
K = 140 <103> (109 GeV) . (II1.29)

In Fig. 6 (right) we show ég g as a function of My. Note that while ég is always smaller than
dg, it becomes even smaller as My decreases. In this context, we can also make an interesting
observation that in this GW tomography method, more is the quasi-degeneracy in the RH neutrino
masses more distinct is the spectral feature in the GWs. This is because, as discussed already,
Qaw( ff)sfk) /Qaw (faip) increases with the decrease of My.

Finally, because we consider a U(1) gauge symmetry breaking, our scenario must produce
cosmic strings [113], which is another source of GWs [114]. We nonetheless note that we work with
unconventional parameter space, which in the numerical simulations of the cosmic strings evolution
are taken as ¢’ ~ O(1) and A ~ O(1) [115, 116]. If we, in any case, assume that for smaller values
of these coupling, the GW computation from cosmic strings holds, we might obtain interesting
spectral features in the cosmic strings radiated GWs because of the discussed RH neutrino mass-
dependent intermediate matter domination. This, however, is beyond the scope of this paper, and
we shall present a semi-analytical description of the prospects of GWs from cosmic strings in our
scenario in a future publication.
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IV. SUMMARY

In the present paper, for the first time, we show that flavour regimes of thermal leptogenesis can
be markedly tested with gravitational waves’ spectral features. Flavour effects bridge high-scale
leptogenesis and low-energy neutrino physics and are important in leptogenesis computation. We
opt for a tomographic method, where gravitational waves originating from an independent source,
confront the leptogenesis model during their propagation in the early universe and carry imprints of
leptogenesis parameters on the final gravitational waves spectrum. There are three distinct regimes
of flavoured leptogenesis characterized by the right-handed neutrino mass scale: My > 102 GeV
(one-flavour /vanilla), 109 GeV < My < 10'2 GeV (two-flavour), and My < 107 GeV (three-
flavour). Testing flavour regimes with gravitational waves is thus equivalent to studying detectable
spectral features in the gravitational waves dependent on the mass scale My. This is possible
in the simplest and well-motivated realizations of seesaw scenarios that facilitate a scalar field to
give mass to the right-handed neutrinos. Apart from generating right-handed neutrino masses, the
scalar field can be long-lived to provide a matter-dominated epoch with a lifetime depending on
Mpy. When gravitational waves pass through such a matter-dominated phase, the start, the end,
and the duration of the matter-domination get imprinted on the final gravitational waves spectrum.
Thus in our case, the spectral features in the GWs become dependent on My, hence on different
regimes of leptogenesis. While any gravitational waves that originate prior to the scalar field
domination can offer a viable tomography, here we consider inflationary blue gravitational waves,
which are now being widely discussed after the recent finding of blue stochastic gravitational
waves by the Pulsar Timing Arrays, with an infra-red tail characterized by a simple power-law
Qcaw ~ ™. We show that owing to the scalar field domination, the final gravitational waves
exhibit a double peak spectrum, with the characteristic frequencies depending on Mpy. As the
leptogenesis process enters deep into the flavour regimes, the spectral features in the gravitational
waves become more prominent, and the characteristic frequencies shift to lower values (see Figs. 4
and 5). As such, for a two-flavour (three-flavour) regime, the low-frequency peak shows up in
the mHz (uHz) bands. While the BBN constraint on the effective number of neutrino species
and LIGO bound on stochastic gravitational waves background restrict the spectral index value
ny < 0.8 (see Fig. 4, bottom-right), a three-flavour leptogenesis scenario offers the most promising
signal for ny ~ 0.6 — 0.7. Indeed, it shows an amplitude testable in the next LIGO run at f ~
Hz, characteristic spectral features in the mHz and pHz bands (see Fig. 4, bottom-left), plus a
refutable gravitational wave strain at f ~ nHz, comparable to the one expected from supermassive
black holes (see Fig. 6, left, the blue triangle).
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