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Abstract. We prove that for any pair of Legendrian representatives of the Chekanov-
Eliashberg twist knots with different LOSS invariants, any negative rational con-
tact r-surgery with r ̸= −1 always gives rise to different contact 3-manifolds dis-
tinguished by their contact invariants. This gives the first examples of pairs of
Legendrian knots with the same classical invariants but distinct contact r-surgeries
for all negative rational number r. We also generalize the statement from the twist
knots to a certain families of two bridge knots.

1. Introduction

In [Etn08] Etnyre first asked the question on whether Legendrian surgery, i.e.
contact (−1)-surgery, on distinct Legendrian knots in the standard tight contact
structure on S3 always produces distinct contact manifolds, and especially whether
this is the case for the Chekanov-Eliashberg twist knots En (Figure 1a). Later using
linearized contact homology Bourgeois-Ekholm-Eliashberg showed that Legendrian
surgery on max-tb, non Legendrian isotopic representatives of the twist knots En give
different contact 3-manifolds [BEE12]. However it is not known whether Legendrian
surgery on the stabilized Legendrian twist knots (or equivalently contact negative
integer surgery on non-stabilized twist knots) gives different contact 3-manifolds or
not. The Bourgeois-Ekholm-Eliashberg argument does not directly apply in those
cases, since the Legendrian DGA vanishes for stabilized Legendrians [Che02].

On the other hand, one can consider invariants from the Heegaard Floer theory,
namely the contact invariant and the LOSS invariant, for contact 3-manifolds and
Legendrian knots respectively. Since the LOSS invariant is unchanged under negative
stabilization of the Legendrian knot[LOSS09], it makes the calculation of Legendrian
surgery on negative stabilized knot possible.

In [OS10a] Ozsváth and Stipsicz showed that for the Eliashberg–Chekanov twist
knot En with n > 3 and odd, there are ⌈n

4
⌉ different Legendrian representatives of En

in (S3, ξstd) with the maximal Thurston-Bennequin number 1 and rotation number 0
that have different LOSS invariants. Moreover the classification of Legendrian and
transverse twsit knots by Etnyre-Ng-Vértesi [ENV13] implies that the ones Ozsváth
and Stipsicz found are all the Legendrian representatives of En that could have dif-
ferent LOSS invariant. Those twist knots will be the key objects for this paper.
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Figure 1. The numbers in boxes indicate half-twists (positive for the
right-handed twists and negative for the left-handed twists). The di-
agram on the left is the Eliashberg–Chekanov twist knot En. The di-
agram on the right depicts the knot E(m,n), where taking m = 1
recovers En.

Recall that in order for the contact r-surgery to be well-defined, a convention for
choosing a stabilization is required. Throughout the paper we only consider contact
structure that corresponds to stabilizations being all negative (see Section 3.1 for
more details). Under the above convention we show the following.

Theorem 1.1. Let L1 and L2 be two Legendrian representatives of En in (S3, ξstd)
with n > 3 odd that have same tb = 1 and rot = 0 but different LOSS invariants.
Then for any negative rational number r ̸= −1, contact r surgeries on L1 and L2

result in contact manifolds with different Heegaard Floer contact invariants.

It is interesting to point out that when r = −1, Lisca and Stipsicz [LS06] showed
that for any max tb representative of En, regardless of the LOSS invariant, the contact
(−1)-surgery always results in manifolds with the same contact invariant. However
on the other hand, Bourgeois-Ekholm-Eliashberg showed that Legendrian surgeries
on the max tb representatives of En yield different contact 3-manifolds [BEE12].
Combining with our result, we have the following.

Corollary 1.2. There exist arbitrarily large (finite) families of Legendrian knots in
(S3, ξstd) such that knots in each family have the same smooth knot type, tb, and rot,
but different contact r-surgery (up to contact isotopy) for any given rational number
r < 0.

When we take the 4-dimensional perspective of Legendrian surgery, i.e. as the
attachment of Stein handles, then the above corollary immediately implies the fol-
lowing.
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Corollary 1.3. For any integer N ≥ 2, there exist infinitely many examples of
smooth 4-manifolds X that each admit N inequivalent Stein structures, all inducing
isomorphic Spinc structures on X. The Stein structures are distinguished by the
contact invariants on the contact boundary.

Remark 1.4. For N ≥ 2, the 4-manifolds are obtained by attaching two handles
along E4N−3 (or E4N−1) with any smooth framing less than 0. In [KOU17] Karakurt-
Oba-Ukida gives infinitely many examples of contractible manifolds each admitting
N = 2 inequivalent Stein structures with the same Spinc structure, but do not address
the case N ≥ 3. On the other hand the results from Bourgeois-Ekholm-Eliashberg
[BEE12] yield examples for all N ≥ 2, but not infinite families (their examples cannot
be distinguished by the contact invariants).

It is also worth mentioning that for positive integer contact surgery the resulting
contact invariant is determined by the classical invariants of the Legendrian knots
and the underlying contact manifolds [Wan23a, Corollary 1.6] (see also [Gol15]), and
it is natural to ask whether the same is true for negative surgery. Theorem 1.1 gives
negative answer to this question.

Corollary 1.5. The contact invariant of negative contact surgery is not necessarily
determined by the classical invariants of the Legendrian knot.

Using the naturality of LOSS invariant and the Legendrian representatives of En

the first author found families of two bridge knots with the same tb and rot but
different LOSS invariants:

Theorem 1.6. [[Wan23a]Theorem 5.2] Let m,n be positive odd integers with n > 3.
The knot E(m,n) (Figure 1b) has at least ⌈n

4
⌉ Legendrian representatives that have

tb = m and rot = 0 that have different LOSS invariants.

When m = 1 this gives back the twist knot En and the corresponding Legendrian
representatives are the ones from [OS10a]. We have a theorem analogous to Theorem
1.1 for these representatives of E(m,n).

Theorem 1.7. Let L1 and L2 be two different Legendrian representatives of E(m,n)
from Theorem 1.6. Then for any negative rational number r ̸= −m, contact r-surgery
on L1 and L2 gives non contact-isotopic manifolds with different contact invariant.

Organization. In Section 2 and 3 we review the preliminaries for the Heegaard Floer
homology and contact surgeries. After collecting computational results in Section 4,
we prove Theorem 1.1 in Section 5. We prove Theorem 1.7 in Section 6.

Acknowledgement. The authors would like thanks TomMark for useful suggestions
about the draft. Hugo Zhou thanks Max Planck Institute for Mathematics for its
support. Shunyu Wan was supported in part by grants from the NSF (RTG grant
DMS-1839968) and the Simons Foundation (grants 523795 and 961391 to Thomas
Mark).
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2. Heegaard Floer Homology Preliminaries

We provide preliminaries for Heegaard Floer homology in this section. The goal
is to introduce the dual knot surgery formula in Section 2.3.

2.1. Heegaard Floer invariants for three-manifolds and knots. Heegaard Floer
homology is defined by Ozsváth and Szabó in [OS04b]. For a closed oriented 3-
manifold Y with a fixed basepoint z, they associate an invariant CF◦(Y ) with four
different flavors ◦ = ∧,+,− and ∞, called the Heegaard Floer chain complex (we
will in general suppress the basepoint from the notation). The generators for CF◦(Y )
are given by the intersections of two Lagrangian tori in the symmetric product of the
Heegaard surface and the differentials are given by count of certain holomorphic disks

between generators. The invariant ĈF(Y ) is a chain complex over F, where F = Z/2Z
is the field with two elements; invariants CF−(Y ) and CF+(Y ) are chain complexes
over the ring F[U ] and CF∞(Y ) is a chain complex over the ring F[U,U−1]; each com-
plex admits a Maslov grading. By taking the homology of CF◦(Y ), we obtain the
modules HF◦(Y ), called the Heegaard Floer homology of Y .

Given a knot K ⊂ Y , defined by Ozsváth and Szabó in [OS04a], the Heegaard
Floer complexes admit a refinement to a knot invariant. For each pair (Y,K), by
adding a basepoint w which encodes the knot information, one imposes an (i, j)
double-filtration over the original chain complex CF∞(Y ). The resulting chain com-
plex is graded and doubly-filtered; denoted by CFK∞(Y,K), this is called the full
knot Floer chain complex, since other versions of the knot invariants can be obtained
as a sub/quotient complex of it. The complex CFK∞(Y,K) can be viewed as formed
by formal elements x = [x, i, j], where x denotes an intersection point of the La-
grangian tori, and the filtration level (i, j) can be seen as the coordinate of x over an
(i, j)-plane.

There are a couple of other versions of the knot complexes that we will use. Define

ĈFK(Y,K) = {[x, i, j] ∈ CFK∞(Y,K) | j = 0}
CFK−

s (Y,K) = {[x, i, j] ∈ CFK∞(Y,K) | i ≤ 0, j = s}

with the differentials inherited from CFK∞(Y,K). Let HFK−
s (Y,K) and ĤFK(Y,K)

be the homology of ĈFK(Y,K) and CFK−
s (Y,K) respectively and define HFK−(Y,K) =

⊕s∈ZHFK
−
s (Y,K). The above notations follow the conventions in [OS10a].

The group of Spinc structures of a closed 3-manifold Y admits a non-canonical
isomorphism Spinc(Y ) ∼= H1(Y ;Z). The Heegaard Floer chain complexes and knot
Floer chain complexes split over the Spinc structures. Namely,

CF◦(Y ) =
⊕

s∈Spinc(Y )

CF◦(Y, s) CFK◦(Y,K) =
⊕

s∈Spinc(Y )

CFK◦(Y,K, s).

2.1.1. Stong invariance and naturality. In [OS04b], Ozsváth and Szabó proved that
the Heegaard Floer chain complex HF◦(Y ) is an invariant of the three-manifold Y
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up to graded isomorphism. In [JTZ21], it was proved that HF◦(Y, z) is an invariant
of the based three-manifold (Y, z) in the following strong sense. In fact, HF◦(Y, z) is
a well-defined group, not just an isomorphism class of groups. Furthermore, isotopic
diffeomorphisms induce identical maps on HF◦(Y, z).

Similarly, HFK−(Y,K) and ĤFK(Y,K) are invariants of the pair (Y,K) up to
graded isomorphism by [OS04a]. It was proved in [JTZ21] that in fact they are
invariants of the based pair (Y,K, z, w) in the above strong sense.

The strong Heegaard invariance is crucial in our arguments. Viewing the Hee-
gaard Floer invariants as actual groups allows us to distinguish certain generators
inside it (that might have been indistinguishable up to isomorphism). We adopt this
perspective thoughout the paper, specifically in the proofs in Section 5 and 6.

2.2. Rational surgery and mapping cone formula. For a null-homologous knot
K ⊂ Y where Y is a rational homology sphere, Ozsváth and Szabó defined in [OS11]
an algorithm that computes CF∞(Yr(K)) with r ∈ Q using the input of the knot
Floer complex CFK∞(Y,K). We will now describe this algorithm.

Let p, q be a pair of coprime integers such that q > 0. Given C = CFK∞(Y,K),
a finitely generated, graded chain complex over the ring F[U,U−1] with (i, j) double-
filtration. For t ∈ Z, let (t, As(C)) and (t, Bs(C)) both denote a copy of C and
set s = ⌊t/q⌋. Define v∞t : (t, As(C)) → (t, Bs(C)) to be the identity map and
h∞
t : (t, As(C)) → (t+p,Bs′(C)) with s′ = ⌊(t+ p)/q⌋ to be the composition U s◦flip,

where flip : C → C denotes the “flip map”. When Y is an L-space, flip is the reflection
along the line i = j . For i ∈ Z/pZ, define (X∞

p/q(C), i) to be the mapping cone of

gq−1⊕
t=−(g−1)q
t≡i mod |p|

(t, As(C))
v∞t +h∞

t−−−−→
gq−1⊕

t=−(g−1)q−1+p
t≡i mod |p|

(t, Bs(C)),(2.1)

where g = g(K). Denote also X∞
p/q(C) =

⊕
i∈Z/pZ(X∞(C), i). When the surgery

coefficient is clear, we suppress p/q from the notations and simply write X∞(C) for
the simplicity. When C = CFK∞(Y,K), we can also write X∞(Y,K) to specify the
manifold-knot pair.

Theorem 2.1. [OS11] For each i ∈ Spinc(Yp/q) ∼= Z/pZ, the complex CF∞(Yp/q(K), i)
is chain homotopy equivalent to (X∞

p/q(Y,K), i).

When q = 1, namely for the integer framed surgery on K, we have q = 1 and we
can simply write As and Bs in the place of (t, As(C)) and (t, Bs(C)). In the case of
n-surgery for some n ∈ Z, X∞(C) is the mapping cone of

g−1⊕
s=−g+1

As(C)
v∞s +h∞

s−−−−→
g−1⊕

s=−g+n+1

Bs(C),(2.2)
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which similarly splits over Spinc structures. The same algorithm works for the hat
version as well. Recall that there is an I-filtration over X∞(C), where for [x, i, j] ∈
(t, As(C)),

I([x, i, j]) = max{i, j − s}
and for [x, i, j] ∈ (t, Bs(C)),

I([x, i, j]) = i.

If we define X̂ (C) = X∞(C)|I=0, then the complex ĈF(Yp/q(K)) is chain homotopy

equivalent to X̂ (Y,K). We denote Âs = As|I=0, B̂s = Bs|I=0 and denote the induced

maps by v̂s and ĥs respectively.

2.3. Dual knot surgery formula. In [HL24], Hedden and Levine defined a refine-
ment of the above construction, which for n ̸= 0 outputs CFK∞(S3

n(K), µ), the knot
Floer chain complex of the meridian (dual knot) of K in the surgery. In fact this
construction extends to rational surgeries on knots inside rational homology spheres.
For the sake of the simplicity, we record here only the case of integer surgery on knots
in S3. Following the previous conventions, define X∞

K (C) to be the mapping cone of

g⊕
s=−g+1

As(C)
v∞s +h∞

s−−−−→
g⊕

s=−g+n+1

Bs(C).(2.3)

and define the double-filtration (I,J ) and the Maslov grading over X∞
K (C) as follows.

For [x, i, j] ∈ As(C),

I([x, i, j]) = max{i, j − s}(2.4)

J ([x, i, j]) = max{i− 1, j − s}+ 2s+ n− 1

2n
(2.5)

gr([x, i, j]) = g̃r([x, i, j]) +
(2s− n)2

4n
+

2− 3 sign(n)

4
(2.6)

and for [x, i, j] ∈ Bs(C),

I([x, i, j]) = i(2.7)

J ([x, i, j]) = i− 1 +
2s+ n− 1

2n
(2.8)

gr([x, i, j]) = g̃r([x, i, j]) +
(2s− n)2

4n
+

−2− 3 sign(n)

4
(2.9)

where g̃r indicates the Maslov grading in the original complex. Collapsing the J -
filtration in X∞

K (C) recovers the complex X∞(C) in the original construction by
Ozsváth and Szabó. In other words, X∞

K (C) is chain homotopy equivalent to X∞(C)
as unfiltered chain complex.

Theorem 2.2. [HL24] The complex CFK∞(S3
n(K), µ) is filtered chain homotopy

equivalent to X∞
K (CFK∞(S3, K)), where µ is the image of the meridian of K in the

surgery.
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3. Contact surgery

In this section we talk about the preliminaries on contact surgery, contact invariant
and LOSS invariant. We will state the naturality theorems of those invariants in
Section 3.3, which will play a crucial role in the proofs.

3.1. Contact surgery and DGS algorithm. Given an oriented Legendrian knot
L in a contact 3 manifold (Y, ξ) there exist a contact framing defined by a vector field
along L that is always transverse to the 2-plane field ξ. In [DG01] Ding and Geiges
define a notion of contact r-surgery on L which, for a choice of rational number r, gives
rise to another contact 3 manifold (Y ′, ξr(L)). (In general there are choices involve
to completely determine the resulting contact structure for a general contact rational
r-surgery, and in this paper we only consider the one correspond to choices are all
negative stabilizatoins.) In [DGS04] Ding, Geiges and Stipsicz prove the following
theorems.

Theorem 3.1. Every (closed, orientable) contact 3 manifold (Y, ξ) can be obtained
via contact (±1)-surgery on a Legendrian link in (S3, ξstd).

Moreover they describe an algorithm to transform any rational r-surgery on a
Legendrian knot L to a sequence of (±1)-surgeries on some (stabilizations of) push-offs
of L. The procedure can be divided into the following two theorems that correspond
to the two cases when r < 0, and r > 0 respectively.

Theorem 3.2 (DGS algorithm for r < 0[DGS04]). Given a Legendrian knot L in
(Y, ξ). Let 0 > −x/y = r ∈ Q be a contact surgery coefficient with the continued
fraction

(3.1) −x

y
= [a1 + 1, a2, ..., aℓ]

− = a1 + 1−
1

a2 −
1

...−
1

aℓ

where each ai ≤ −2. Then any contact (x/y)-surgery on L can be described as contact
surgery along a link L1 ∪ ... ∪ Ll, where

• L1 is obtained from a Legendrian push-off of L by stabilizing |a1 + 2| times.

• Lj is obtained from a Legendrian push-off of Lj−1 by stabilizing |aj +2| times,
for j ≥ 2.

• The contact surgery coefficients are −1 on each Lj.

Theorem 3.3 (DGS algorithm for r > 0[DGS04]). Given a Legendrian knot L in
(Y, ξ). Let 0 < x/y = r ∈ Q be a contact surgery coefficient. Let e ∈ Z be the minimal
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positive integer such that x
y−ex

< 0, with the continued fraction

(3.2)
x

y − ex
= [a1, a2, ..., aℓ] = a1 −

1

a2 −
1

...−
1

aℓ

where each aj ≤ −2. Then any contact (x/y)-surgery on L can be described as contact
surgery along a link (L1

0 ∪ L2
0 ∪ ... ∪ Le

0) ∪ L1 ∪ ... ∪ Ll, where

• L1
0, ..., L

e
0 are Legendrian push-offs of L.

• L1 is obtained from a Legendrian push-off of Le
0 by stabilizing |a1 + 1| times.

• Lj is obtained from a Legendrian push-off of Lj−1 by stabilizing |aj +2| times,
for j ≥ 2.

• The contact surgery coefficients are +1 on each Li
0 and −1 on each Lj.

The choices we mentioned in the beginning of the section correspond to the choices
of stabilization for each Lj, each of which can be either positive or negative. As we
mentioned in the introduction we only consider the case when the stabilizations are
all being negative. The most important cases we are interested in are the negative
(−n)-surgery and positive (n+1

n
)-surgery (we will consider general −x/y later). If we

follow the above two algorithms carefully and only consider negative stabilization, the
−n contact surgery on a Legendrian knot L is the same as doing contact (−1)-surgery
along the n− 1 times negative stabilized L, and the n+1

n
contact surgery on L is the

same as doing contact surgery along link L ∪ L1 where L1 is the n times negative
stabilization of a Legendrian push-off of L with contact +1 on L, and −1 on L1.

3.2. Contact invariants and LOSS invariants. Given a contact 3-manifold (Y, ξ)
Ozsváth-Szabó[OS05] and later Honda-Kazez-Matić [HKM09] showed that (Y, ξ) de-

termines a distinguished element c(ξ) ∈ ĤF(−Y ), called the Heegaard Floer contact
invariant. Subsequently, for a Legendrian knot L in (Y, ξ), Lisca-Ozsváth-Stipsicz-
Szabó defined the “LOSS invariant” L(L) ∈ HFK−(−Y, L) [LOSS09]. We refer the
reader to the above papers for precise definitions.

For any 3-manifold Y and a knot K in Y there is a natural chain map

g : CFK−(Y,K, t) → ĈF(Y, t)

by setting U = 1. The map

G : HFK−(Y,K, t) → ĤF(Y, t)

is the homology map induced by g. The LOSS invariant is related to the contact
invariant in the following way.
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Lemma 3.4. [[LOSS09]] Let L be an oriented null-homologous Legendrian knot in a
contact 3-manifold (Y, ξ), then the map

(3.3) G : HFK−(−Y, L, t) → ĤF(−Y, t)

has the property that
G(L(L)) = c(ξ).

Another important property of the LOSS invariant is that it is unchanged under
negative stabilization.

Theorem 3.5 ([LOSS09]). Suppose that L is an oriented Legendrian knot and denote
the negative stabilizations of L as L− Then, L(L−) = L(L).

3.3. Naturality of contact invariant and LOSS invariant under contact
surgery.

Theorem 3.6. [MT18, Theorem 1.1] Let L be an oriented null-homologous Legen-
drian knot in a contact rational homology sphere (Y, ξ) with non-vanishing contact in-
variant c(ξ), let 0 < x/y ∈ Q be the contact surgery coefficient and p/q = tb(L)+x/y
be the corresponding smooth surgery coefficient. Let W : Y#−L(q, r) → Yp/q(L) be
the corresponding rational surgery cobordism, where p = mq−r, and consider ξx/y(L)
on Yp/q(L) (When we write smooth surgery on a Legendrian knot L we meant to view
L as it smooth knot type).

(1) There exist a Spinc structure s on W and a generator c̃ ∈ ĤF(L(q, r)) such
that the homomorphism

F−W,s : ĤF(−Y#L(q, r)) → ĤF(−Yp/q(L))

induced by W with its orientation reversed satisfies

F−W,s(c(ξ)⊗ c̃) = c(ξx/y(L)).

(2) Moreover if both ξ and ξx/y(L) have torsion first Chern class. Then s has the
property that

±⟨c1(s), [Z̃]⟩ = p+ (rot(L)− tb(L))q − 1

where Z is a Seifert surface for L and [Z̃] is the result of capping off Z with
q parallel copy of the core of the handle in W .

We will analyse the map F−W,s in the above theorem to see when this map is
injective. More specifically, we will study the corresponding map using the mapping
cone formula given by the following proposition.
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Proposition 3.7. ([MT18][Corollary 1.5]) Let L be an oriented Legendrian knot in
a contact integer homology sphere (Y, ξ), fix 0 < x/y ∈ Q to be a contact surgery
coefficient corresponding to smooth surgery coefficient p/q = tb(L) + x/y. Let W :
Y#−L(q, r) → Yp/q(L) be the corresponding rational surgery cobordism, where p =

mq − r. Then the contact invariant c(ξx/y(L)) ∈ ĤF(−Yp/q(L)) is equal (up to con-
jugation of the Spinc structure on the cobordism) to the image of c(ξ) in homology of
the map given by inclusion

(t, B̂s) ↪→ X̂−p/q(−Y, L),

where we view c(ξ) is represented by element (t, B̂s) under the identification between

(t, B̂s) and ĈF(Y ), and t satisfies

2t = (rot(L)− tb(L) + 1)q − 2.

Remark 3.8. Mark-Tosun only state the above proposition for (S3, ξstd), but their
proofs extend naturally for the situation when Y is an integer homology sphere, and
even for null-homologous knot in rational homology sphere.

Note that in both Theorem 3.6 and Proposition 3.7 the Spinc structures are only
determined up to conjugation. However, such sign (conjugation) ambiguity can be
removed, given that we are doing positive integer contact surgery on (rationally) null-
homologous Legendrian knot, together with both Y and the manifold after surgery
Y ′ are rational homology spheres due to the following technical result. This will end
up playing an important role in the proof of Theorems 1.1 and 1.7.

Theorem 3.9. [Wan23a, Theorem 6.3] Let L be an oriented rationally null-homologous
Legendrian knot in a contact rational homology sphere (Y, ξ) with non-vanishing con-
tact invariant c(ξ). Let 0 < n ∈ Z be the contact surgery coefficient, Y ′ be the
manifold after +n contact surgery on L, and let W : Y → Y ′ be the corresponding
surgery cobordism, and consider ξ−n (L) on Y ′. There exist a Spinc structure s on W
such that the homomorphism

F−W,s : ĤF(−Y ) → ĤF(−Y ′)

induced by W with its orientation reversed satisfies

F−W,s(c(ξ)) = c(ξ−n (L)).

Moreover, if Y ′ is also a rational homology sphere. Then the Spinc structure s has
the property that

⟨c1(s), [F̃ ]⟩ = y(rotQ(L) + n− 1)

where y is the order of [L], F is a rational Seifert surface for L and F̃ is the “capped
off” surface of F .
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We also have the parallel naturality theorem for the LOSS invariant which will
also be used later.

Theorem 3.10. [OS10a, Theorem 1.1] Let L, S ∈ (Y, ξ) be two disjoint oriented
Legendrian knots in the contact 3-manifold (Y, ξ) with L null-homologous. Let (Y ′, ξ1)
denote the 3-manifold with the associated contact structure obtained by performing
contact (+1)-surgery along S, and let L′ denote the oriented Legendrian knot which
is the image of L in (Y ′, ξ1). Moreover suppose that L′ is null-homologous in Y ′. Let
W be the 2-handle cobordism from Y to Y ′ induced by the surgery, and let

F−W,s : HFK
−(−Y, L) → HFK−(−Y ′, L′)

be the homomorphism in knot Floer homology induced by −W , the cobordism with
reversed orientation, for s a Spinc structure on −W . Then

(1) there is a unique choice of s for which

F−W,s(L(L)) = L(L′)

holds, and for any other Spinc structure s the map F−W,s is trivial on L(L).

(2) [Wan23a, Proposition 1.4] If S is null-homologous and both Y and Y ′ are
rational homology sphere then s has the property that

⟨c1(s), [Z̃]⟩ = rot(S)

where Z is a Seifert surface for S and Z̃ is the result of capping off Z with
the core of the handle in W .

4. A filtered mapping cone computation

In this section we perform the computations used in the proofs of the main theo-
rems.

The knot En has the two-bridge notation [−2, n+ 1], which can be viewed as the
numerical closure of the rational tangle −2 + 1

n+1
= −2n+1

n+1
. We will be interested in

the (knot Floer of) mirror −En, which has the rational tangle number 2n+1
n+1

. For two-

bridge knots, ĤFK and Alexander polynomials are determined by the rational tangle
number (see for example [BS34, Ras02]). Together with the classification theorem for
thin knots [OS03, Pet13], we compute

CFK∞(−En) ∼= C ⊕
( n−1

2⊕
i=1

Di

)
where C is isomorphic to CFK∞(−T2,3) and each Di is a length-one box summand

(compare with the homology HFK−(−En) and ĤFK(−En) calculated in[OS10b]). We
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pick the basis as follows. Let x, y, z be the generators of C over F[U ], such that in the
(i, j)-coordinate of CFK∞, they have coordinate (0, 1), (0, 0) and (1, 0), with Malov
grading 2, 1 and 2 respectively. The differentials are given by

∂x = ∂y = z.

Each Di is isomorphic to D, generated by a, b, c and d over F[U ], with coordinate
(1, 1), (0, 1), (1, 0) and (0, 0) and Maslov grading 3, 2, 2 and 1 respectively. he differ-
entials are given by

∂a = b+ c

∂b = ∂c = d.

(a) (b)

Figure 2. On the left, the knot Floer complex of −E5 = 72. On the
right, the knot Floer complex of its dual knot, CFK∞(S3

+1(−E5), µ).

Proposition 4.1. The dual knot complex of −En is given by

CFK∞(S3
+1(−En), µ) ∼= O ⊕

( n+1
2⊕

i=1

Hi

)
⊕

( n+1
2⊕

i=1

Vi

)
where O is the complex with a single generator, supported in (0, 0) coordinate. Each Hi

is generated by xh
i , y

h
i in (0, 0) and (1, 0) coordinate respectively, with the differential

∂yhi = xh
i . Each Hi is generated by xv

i , y
v
i in (0, 0) and (0, 1) coordinate respectively,

with the differential ∂yvi = xv
i .
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Proof. We first compute X∞
K (C) with surgery coefficient n = 1, which by (2.3) is the

mapping cone of

A0(C)⊕ A1(C)
v1+h0−−−→ B1(C).(4.1)

Recall that A0(C), A1(C) and B1(C) are each isomorphic to a copy of C. We denote
the generators in As(C) by x(s), y(s), z(s) for s = 0, 1 and the generators in B1(C) by
x′, y′, z′. The mapping cone differentials are given by

v1(x
(1)) = x′ v1(y

(1)) = y′ v1(z
(1)) = z′

h0(x
(0)) = y′ h0(y

(0)) = x′ h0(z
(0)) = z′.

Note that in the (I,J )-filtration defined by (2.4), (2.5), (2.7) and (2.8), x′ and
z′ are in the same (I,J )-coordinate. Therefore quotienting out {x′, ∂x′} yields a
chain homotopy equivalent complex. Similarly we can quotient out {x(0), ∂x(0)}. The
resulting complex is generated by {y(0), z(0), x(0) + y(1), x(1), z(1)} over F[U ]. We can
further simplify the complex by a filtered change of basis to {y(0), z(0), x(0) + y(0) +
x(1)+ y(1), x(1), z(1)}, with (I,J )-filtration (1, 0), (0, 0), (1, 1), (0, 1), (0, 0) respectively
and differntials

∂y(0) = z(0)

∂x(1) = z(1).

Next we compute X∞
K (D) for D ∼= Di, 1 ≤ i ≤ n−1

2
. By (2.3) this is the mapping cone

of

A0(D)⊕ A1(D)
v1+h0−−−→ B1(D).(4.2)

We adopt the similar notations and denote the generators inAs(D) by a(s), b(s), c(s), d(s)

for s = 0, 1 and the generators in B1(D) by a′, b′, c′, d′. Note that a′, c′ and b′, d′ are
pairwise in the same (I,J )-coordinate, and therefore the mapping cone is homo-
topy equivalent to A0(D) ⊕ A1(D). We can further quotient out {a(0)∂a(0)} and
{a(1)∂a(1)}. The resulting complex is generated by {c(0), d(0), b(1), d(1)} with (I,J )-
filtration (1, 0), (0, 0), (0, 1), (0, 0) respectively and differentials

∂c(0) = d(0)

∂b(1) = d(1).

We have

CFK∞(S3
+1(−En), µ) ∼= X∞

K (CFK∞(S3,−En))

∼= X∞
K (C ⊕ (

n−1
2⊕

i=1

Di))

= X∞
K (C)⊕ (

n−1
2⊕

i=1

X∞
K (Di)).
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The result follows from the previous computation. In particular, each Di contributes
a copy of Vi and Hi summand, and C contributes a copy of Vi and Hi summand and
the O summand. □

Corollary 4.2. The map

G : HFK−(S3
+1(−En), µ) → ĤF(S3

+1(−En)),

is injective in the top Alexander grading.

Proof. Using the notation from Proposition 4.1, the only generators supported in the
top Alexander grading of HFK−(S3

+1(−En), µ) are yvi . When s < 0, each U1−syvi ∈
C{i ≤ 0, j = s} ∼= ĈF(S3

+1(−En)) survives into the homology. The result follows. □

5. Proof of Theorem 1.1

We will prove the theorem by considering different cases depending on the contact
surgery framing r. Recall that ξr(L) denotes the contact structure obtained by contact
r-surgery on the Legendrian knot L.

5.1. Case for r = −2r = −2r = −2. This is the most essential case and the starting point.

Theorem 5.1. Let L1 and L2 be two Legendrian representatives of En with n > 3
and odd that have same tb = 1 and rot = 0 but different LOSS invariants. Then
(−2)-contact surgery on L1 and L2 gives contact manifolds that have different contact
invariants.

The point of doing the (−2)-contact surgery is that smoothly we are doing (−1)-
surgery, which makes the resulting manifold an integer homology sphere. Thus all
knot will null-homologous. The idea of proving Theorem 5.1 is by first showing
the LOSS invariants of the induced Legendrian push-offs of L1 and L2 are distinct
and then use the fact that the map (3.3) is injective on the top Alexander grading
(therefore the LOSS invariants of L1 and L2 are necessarily distinct as well).

As we pointed out earlier, since we only consider negative stabilization, (−2)-
contact surgery on Li is the same as (−1)-contact surgery on L−1

i , the once negatively-
stabilized Li for i = 1, 2. Identifying ξ−2(Li) with ξ−1(L

−1
i ), in the following proof we

denote by (Yi, ξ−2(Li)) the manifold with the associated contact structure obtained
from −1 contact surgery on L−1

i . Smoothly Yi
∼= S3

−1(En) for i = 1, 2.

Proof of Theorem 5.1. Let Pi be the Legendrian push-off of L−1
i in S3, and denote by

P ′
i the induced Legendrian knot in Yi. See Figure 3. Apply Theorem 3.10 to the pair

(P ′
i , P

′′
i ) in (Yi, ξ−2(Li)), where P ′′

i is induced by another Legendrian push-off of L−1
i

in (Yi, ξ−2(Li)). As contact (−1)-surgery on L−1
i and (+1)-surgery on P ′′

i cancel, we
recover (S3, Pi) and obtain maps

(5.1) F−Wi,si : HFK
−(−Yi, P

′
i ) → HFK−(−S3, Pi)
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(−1)-surgery

on L−1
i

−1
L−1
i L−1

i

Pi P ′
i

Figure 3. Denoted by L−1
i is the once negatively-stabilized Li and Pi

its push-off. Then (−1)-contact surgery on L−1
i is the same as (−2)-

contact surgery on Li.

with the property that F−Wi,si(L(P
′
i )) = L(Pi), for i = 1, 2 respectively, where Wi is

the two-handle cobordism and si is given by Theorem 3.10 (2).
Since smoothly L1 and L2 are isotopic, −W1 and −W2 are diffeomorphic. More-

over, P ′
1 and P ′

2 have the same rotation number (because we are doing the same
surgery on Legendrian knots with the same classical invariant), therefore s1 = s2. It
follows that both F−Wi,si are given by

(5.2) F−W,s : HFK
−(−S3

−1(En), P
′) → HFK−(−S3, P )

with the property that F−W,s(L(P
′
i )) = L(Pi), for i = 1, 2 , where W = Wi, s = si,

and P ′, P are smooth representative of P ′
i , Pi respectively. Since L(L1) ̸= L(L2)

in HFK−(−S3, P ), and LOSS invariant is unchanged under negative stabilization
(Theorem 3.5), we have L(P1) ̸= L(P2) in HFK−(−S3, P ). It follows that L(P ′

1) ̸=
L(P ′

2).
Now consider the map

(5.3) G : HFK−(−S3
−1(En), P

′) → ĤF(−S3
−1(En)).

According to [DG09, Proposition 2] the Legendrian push-off P ′
i in the Legendrian

surgery is smoothly isotopic to the dual knot of Li = En, and −S3
−1(En) ∼= S3

+1(−En).
Thus the above G map is the same as

(5.4) G : HFK−(S3
+1(−En), µ) → ĤF(S3

+1(−En)),

where µ is the meridian of the surgery knot −En. Using [LOSS09, Lemma 6.6] it
is easy to calculate that tb(P ′

i ) = 0 and rot(P ′
i ) = −1, thus by [OS10a, Theorem

1.6] the Alexander grading of L(P ′
i ) equals 1 for all i = 1, 2. By Corollary 4.2, G is

injective in the top Alexander grading 1. Therefore by Lemma 3.4, we conclude that
c(ξ−2(L1)) ̸= c(ξ−2(L2)).

□

Remark 5.2. As discussed in Section 2.1.1, the last step of the argument uses the
naturality of Heegaard Floer homology [JTZ21].
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5.2. Case for r = −2− kr = −2− kr = −2− k, k ∈ Z>0k ∈ Z>0k ∈ Z>0. In this subsection we prove the following.

Theorem 5.3. Let L1 and L2 be two Legendrian representatives of En with n > 3
odd, that have same tb = 1 and rot = 0 but different LOSS invariants. Then (−2−k)
contact surgery for k ∈ Z>0 on L1 and L2 gives contact manifolds that have different
contact invariants.

Let us start with a lemma that relates the surgery to negative stabilization.

Lemma 5.4. The two Legendrian arcs e1 and e2 depicted in Figure 4 in the corre-
sponding local contact surgery diagram are Legendrian isotopic.

n

+n+1
n

∼
e1 e2

Figure 4. The number n in the second diagram indicates that there
are n zigzags (i.e. n negative-stabilizations). We call the surgery Leg-
endrian in the first diagram the standard Legendrian meridian of e1 (or
more precisely, the knot which e1 belongs to).

Proof. We demonstrate the equivalence by a sequence of contact surgery and Stein
handle move shown in Figure 5. □

Observe that using the above lemma we can infer that if L is a Legendrian knot
in some (Y, ξ), then contact (n+1

n
)-surgery on the standard Legendrian meridian of

L send L to L−n. Therefore we can view Legendrian surgery on L−n as Legendrian
surgery on L followed by (n+1

n
)-surgery on the standard Legendrian meridian of L−n.

Now we are ready to proof the Theorem 5.3

Proof of Theorem 5.3. To make the argument clear, we use the same notation as
in the proof of Theorem 5.1. We again let Pi be the Legendrian push off of L−1

i ,
(Yi, ξ−1(L

−1
i )) be the contact manifold obtained by Legendrian surgery on L−1

i , P ′
i

be the induced Legendrian knot of Pi in (Yi, ξ−1(L
−1
i )), and (Y ′

i , ξ−2−k(Li)) be the
contact manifold obtained by contact (−2− k)-surgery on Li

We first view contact (−2 − k)-surgery on Li as Legendrian surgery on L−k−1
i .

Then by the observation above, Legendrian surgery on L−k−1
i is the same as Legen-

drian surgery on L−1
i followed by contact (k+1

k
)-surgery on the standard Legendrian

meridian of L−1
i . In other words we can view the contact manifold (Y ′

i , ξ−2−k(Li))
obtained by doing contact (k+1

k
)-surgery on the standard Legendrian meridian of Pi in
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[H]

n+1
n

n+1
n

a
b

n+1
n

n

+1

−1

c d

−1

n n

−1

e f

n

n

g h

Figure 5. The equivalence between diagrams follows from the same
process as the proof of Lemma 5.1 in [Wan23a]. For the reader’s conve-
nience, we spell out the proof. From a to b is a Legendrian Reidemeister
move; from b to c we isotopy the Legendrian meridian from bottom to
top using [DG09, Figure 13-15]; from c to d we use the DGS algo-
rithm [DGS04] to change the (n+1

n
)-contact surgery to a sequence of

(+1) and (−1)-contact surgeries, and we use negative stabilizations for
all push-offs as the assumption; from d to e we use [DG09, Theorem
4] to identify the surgery diagram with the handle diagram; from e to
f we slide the red curve over the (−1)-framed 2-handle using [DG09,
Proposition 1]; from f to g we cancel out the (−1)-framed 2-handle
with the 1-handle; from g to h we perform a Legendrian Reidemeister
move to get rid of the extra crossing.
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−1 −1L−1−k
i L−1

i

∼
k+1
k

Figure 6. By lemma 5.4, this two contact surgery diagram are equiv-
alent.

contact manifold (Yi, ξ−1(L
−1
i )), moreover by [DG09, Proposition 2] again, this stan-

dard Legendrian meridian is Legendrian isotopic to P ′
i in (Yi, ξ−1(L

−1
i )). Recall that

tb(P ′
i ) = 0 and rot(P ′

i ) = −1, implies that smoothly we are also doing (k+1
k
)-surgery

on P ′
i . We also notice and denote Y = Yi = S3

−1(Li) is a homology sphere, and
Y ′
i = Y k+1

k
(P ′

i ) is a rational homology sphere.

Thus by the naturality theorem 3.6 we obtain maps

F−Wi,si : ĤF(−Y#L(k,−1)) → ĤF(−(Y k+1
k
(P ′

i )))

with the properties

F−Wi,si(c(ξ−2(Li))⊗ c̃) = c(ξ−2−k(Li)).

Since the contact invariants are all torsion, we also have

±⟨c1(si), [Z̃]⟩ = p+ (rot(L)− tb(L))q − 1 = k + 1 + (−1− 0)k − 1 = 0,

which implies s1 = s2. Clearly W1 is diffeomorphic to W2, so F−Wi,si , i = 1, 2 above
are again given by a single map

F−W,s : ĤF(−Y#L(k,−1)) → ĤF(−(Y k+1
k
(P ′)))

with the property that for each i = 1, 2

F−W,s(c(ξ−2(Li))⊗ c̃) = c(ξ−2−k(Li)),

where W = Wi, s = si and P ′ is the smooth representative of P ′
i .

The goal now is to show this map F−W,s is injective. By Proposition 3.7, we only
need to show that

(5.5) (t, B̂s) ↪→ X̂−(k+1)/k(−Y, P ′)

is injective in homology, where 2t = (−1 − 0 + 1)k − 2, so t = −1. (Proposition
3.7 only determines s up to conjugation. However here we have ⟨c1(s), [Z̃]⟩ = 0, so s
is self-conjugate.)
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The mapping cone corresponding to Spinc structure −1 is given by

(5.6) (−1, Â−1)

ĥ−1

||

v̂−1

��

(k, Â1)

ĥ1

zz

v̂1

��
· · · (−1, B̂−1) · · ·

The genus of P ′ is 1 as it has the same knot complement as En, so the map v̂s
(resp. ĥs) is an isomorphism for all s > 0 (resp. s < 0). By a standard truncation
argument we see that

(−1, B̂−1) ↪→ (X̂−(k+1)/k(−Y, P ′),−1)

in fact induces an isomorphism in the homology. It follows that c(ξ−2−k(L1)) ̸=
c(ξ−2−k(L2)).

□

5.3. Case for general rational r < 0r < 0r < 0. To obtain the general result we need to use
Theorem 3.2, thus for r < 0 we write

(5.7) r = −x

y
= [a1 + 1, a2, ..., aℓ] = a1 + 1−

1

a2 −
1

...−
1

aℓ

where each aj ≤ −2. Aside from the DGS algorithm we also need the following propo-
sition, which essentially states that the contact (−1)-surgery (Legendrian surgery)
preserve the distinction between contact invariants.

Proposition 5.5 ([Wan23b] Theorem 1.1). Let ξ1 and ξ2 be two contact structures
on a 3-manifold Y . Take any smooth knot K in Y. Let Li, i = 1, 2 be a Legendrian
representative of K in ξi. Then

(5.8) c(ξ1) ̸= c(ξ2) implies c(ξ1−1(L1)) ̸= c(ξ2−1(L2)).

Lemma 5.6. Let r = [a1, a2, ..., aℓ] < 0 where each aj ≤ −2 but not all are equal to
−2. Let L1 and L2 be two Legendrian representatives of En with n > 3 odd, that have
same tb = 1 and rot = 0 but different LOSS invariants. Then contact r-surgery on
L1 and L2 gives contact manifolds that have different contact invariants.

Proof. The previous two subsections already prove the case when ℓ = 1 so we assume
ℓ > 1. Suppose at < −2 for some t ∈ {1, 2, ..., ℓ}. By DGS algorithm for r < 0
(Theorem 3.2), contact r-surgery on Li for i = 1, 2 is the same as a sequence of contact
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(−1)-surgeries on L
(j)
i for j = 1, 2, .., ℓ, where each L

(j)
i is a Lengendrian push-off of

Li, with |aj + 2| negative-stabilizations. See Figure 7. If we denote (Y
(t)
i , ξ−1(L

(t)
i ))

to be the contact 3-manifold obtained by contact (−1)-surgery on L
(t)
i , we can we

view contact r-surgery on Li as obtained by first doing contact (−1)-surgery on L
(t)
i ,

then the rest contact (−1)-surgery in (Y
(t)
i , ξ−1(L

(t)
i )). Since at < −2, L

(t)
i is negative

stabilized at least once, thus by Theorem 5.3 we have c(ξ−1(L
(t)
1 )) ̸= c(ξ−1(L

(t)
2 )).

Then by applying Proposition 5.5 repeatedly on a sequence of contact (−1)-surgeries
we infer that c(ξr(L1)) ̸= c(ξr(L2)). □

Li

−1

L
(1)
i

−1

L
(t)
i ··

·

−1

··
·L

(ℓ)
i

|at + 2|

Figure 7. The contact r-surgery on Li for i = 1, 2 according to DGS
algorithm. The surgery coefficient is for contact surgery. Each compo-

nent L
(j)
i is negatively stabilized |aj + 2| times.

Now we are left with one case where r = [a1 + 1, ..., aℓ] and all aj = −2. This will
be included in the proof of Theorem 1.1.

Proof of Theorem 1.1. First we note that aj = −2 for all j = 1, 2, ..., ℓ if and only
if r = −1

ℓ
, thus as we discussed above, the only remaining case is when r = −1

ℓ
.

We let r′ = r − 1 = −1
ℓ
− 1 and we denote (Y, ξr(Li)) and (Y ′, ξr′(Li)) to be the

contact 3-manifold obtained by taking contact r = −1
ℓ
and r′ = −1

ℓ
− 1 surgeries on

Li respectively. Then by applying Lemma 5.4 to the standard Legendrian meridian of
Li, we can view (Y ′, ξr′(Li)) as obtained from contact (+2)-surgery on the standard
Legendrian meridian of Li in (Y, ξr(Li)). Moreover when ℓ > 1, both Y and Y ′ are
rational homology spheres (tb(Li) = 1) thus by (1) in Theorem 3.6 where the contact
surgery is +2 we obtain maps

F−Wi,si : ĤF(−Y ) → ĤF(−Y ′)
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with the properties

F−Wi,si(c(ξr(Li))) = c(ξr′(Li)).

Li have the same smooth knot type, tb and rot implies their corresponding stan-
dard Legendrian meridians have the same classical invariants (even if they are just
rationally null-homologous). Thus by (Theorem 3.9) s1 = s2 which implies two maps
F−Wi,si are equivalent . Notice that r′ is not of the form of − 1

k
, thus by Theorem 5.3

we have c(ξr′(L1)) ̸= c(ξr′(L2)) which implies c(ξr(L1)) ̸= c(ξr(L2)). □

−1
ℓ

2

−1
ℓ − 1Li Li

→

Figure 8. contact (−1
ℓ
− 1)-surgery on Li is obtained by contact +2-

surgery on the standard Legendrian meridian of (−1
ℓ
)-surgery on Li

Remark 5.7. An important prerequisite for applying Theorem 3.6 is that the starting
manifold needs to be a rational homology sphere, and this is also the reason why we are
not able to obtain different contact invariants on Legendrian surgery of Li. Although
not explicitly written in the paper [MT18], it has been pointed out by Baldwin [Bal]
that for the proof of [Bal13, Proposition 2.3] the manifold being a rational homology
sphere is a necessary condition.

6. Result for Legendrian knot E(m,n)

In this section we prove Theorem 1.7. Recall from [Wan23a, Theorem 5.2], the
Legendrian representatives L1 and L2 of E(m,n) with different LOSS invariants are
obtained by adding m−1 half positive-twist to the Legendrian representatives L′

1 and
L′
2 of En, where L′

1 and L′
2 have different LOSS invariants (see the top left of Figure

9). As a strategy adopted in the proof of [Wan23a, Theorem 1.6], one can “undo”
a full-twist by performing a contact (+2)-surgery on a standard Legendrian unknot,
at the cost of adding two zig-zags (depicted in the top row of Figure 9). Therefore
by performing a sequence of (m− 1)/2 many contact (+2)-surgeries, one obtains L′

i

with (m− 1) negative stabilizations.

Proof of Theorem 1.7. First fix a negative rational contact surgery coefficient r, and
assume m > 1 and odd. Denote (Y, ξr(Li)) to be the contact 3-manifold obtained
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Li L′
i

+2

∼

(a)

r r −m+ 1+2Li L′
i

· · · · · ·

repeat (m− 1)/2 times

(b)

Figure 9. Diagram for the proof of Theorem 1.7. Top row shows the
case of one Legendrian representative of E(m,n) when m = 3.

by taking contact r-surgery on Li, and (Y ′, ξr−m+1(L
′
i)) to be the contact 3-manifold

obtained by taking contact (r−m+1)-surgery on L′
i (recall that contact (r−m+1)-

surgery on L′
i is the same as contact r-surgery on (m− 1) negative stabilized L′

i).
As we described above, by undoing the full twist using contact (+2)-surgery on a

sequence of standard Legendrian unknots, we will bring the Legendrian knot Li back
to L′

i with m− 1 negative stabilization. Thus after applying contact r-surgery on Li

we have the following maps

F−Wi,si : ĤF(−Y ) → ĤF(−Y ′).

Moreover since tb(Li) = m for both i = 1, 2, when r ̸= −m, both Y and Y ′

are rational homology spheres. Therefore the naturality of contact invariant, i.e.
Theorem 3.6 applies and we get

F−Wi,si(c(ξr(Li))) = c(ξr−m+1(L
′
i)).

Again since both Li share the same smooth knot type, tb and rot, both Wi are
diffeomorphic and by Theorem 3.9 si are identical . Therefore F−Wi,si are given by the
same map for i = 1, 2. Since r−m+1 ̸= 1, by Theorem 1.1 we have c(ξr−m+1(L

′
1)) ̸=

c(ξr−m+1(L
′
2)). Combining the above, we infer c(ξr(L1)) ̸= c(ξr(L2)).
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□

Remark 6.1. An alternative approach is by following the proof outline in Section 5,
replacing En by E(m,n) at each instance. This method produces an analogous result
to Theorem 5.1, but fails at the second step, when extending to (−2 − k)-surgery.
The main reason is that the genus of E(m,n) is greater than 1, and increases when
m increase, so the truncation of the mapping cone (5.6) becomes more complicated.
Thus we are unable to conclude the injectivity which is necessary for the arguments.
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[KOU17] Çağrı Karakurt, Takahiro Oba, and Takuya Ukida, Planar Lefschetz fibrations and Stein
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