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1. Introduction

Let Xj, Xo,... be independent and identically distributed (i.i.d.) random
variables available for observation and {Pg,0 € ©} be a family of distri-
butions with densities pg(z) with respect to some non-degenerate, sigma-
finite measure, so the joint density of the vector X} = (Xi,...,X,) is
po(X7) = T[] po(Xt). For testing two simple hypotheses Hy : 6 = 6y and
Hy : 0 = 61, Wald [33, 34] proposed a sequential probability ratio test
(SPRT) that is based on comparing the likelihood ratio between these hy-
potheses, Ag, g,(n) = [T} [po, (X¢)/po, (X¢)], with two thresholds. Wald and
Wolfowitz [35] proved that the SPRT has a remarkably strong optimality
property — it minimizes the expected sample size under both hypotheses in
the class of all tests with error probabilities of Type I and Type II upper-
bounded by the given numbers. However, the SPRT may perform poorly for
parameter values different from the putative values 6y and 6.
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To address this issue, for testing composite hypotheses Hy : 6 € O versus
Hy : 6 € ©1, Wald [34] suggested the mixture-likelihood-ratio approach
for modifying the SPRT. Let my(6) and m1(f) be two “mixing” probability
densities (more generally weights) and let

_ Jo, Ii—i po(Xi)m1(6) 49
Jo, k=1 pe(Xx)mo(0) A0

be the mixture likelihood ratio. Then replacing the likelihood ratio Ag, g, (1)
used in the SPRT by this mixture likelihood ratio A™(n) leads to the mixture
SPRT. Applying Wald’s likelihood ratio identity, one can easily obtain the
upper bounds on the average error probabilities:

A"(n)

/ Pg(accept Hy)mp(0) dd and / Pg(accept Hp)m(6) d6.
@o 61

However, for practical purposes, it is preferable to bound not only the aver-
age error probabilities but also the maximum error probabilities, represented
by supyee, Po(accept Hi) and supycg, Po(accept Hp). Unfortunately, how to
obtain the upper bounds on these maximal error probabilities for the mix-
ture SPRT is generally unclear.

An alternative approach is the generalized likelihood ratio (GLR) method
from the classical Neyman—Pearson fixed-sample-size theory. This approach
replaces the likelihood ratio Ag, g,(n) used in the SPRT by the GLR statis-
tics

~ o swpgeo [Ty po(Xe) — Tlimip, (X0) o
(1) Al(n) - n - n , = 07 17
supgeo, [ [;1=1 Po(Xt)  supgee, [11—1 Po(Xt)

where 6, = arg Supgee | [1-1 po(X;) is the maximum likelihood estimator of
0. Obtaining upper bounds for maximal error probabilities is also a challenge
since the GLR statistics are not viable likelihood ratios anymore and as a
result, Wald’s likelihood ratio identity cannot be used for this purpose. The
GLR method has been developed in numerous publications, encompassing
both Bayesian and frequentist settings, particularly when the cost of obser-
vations or the error probabilities are small. See, e.g, Schwarz [23], Wong [37],
Lorden [11, 12, 15], Lai [7], Lai and Zhang [8], Chan and Lai [1].

The other way is to employ a combination of mixture-based and GLR
approaches exploiting the statistics

_ Jo i1 po(Xy)m(6) d6
supgeo, [ [i=1 Po(Xt)

(2) A (n)

(3

; 1=0,1,
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where ©® = Oy U ©4. This modification of the SPRT has the advantage that
upper bounds on the maximal error probabilities supycg, Pg(accept Hy) and
supgee, Po(accept Hp) can be obtained in the same way as for the SPRT
(see Lemma 5.1 in Section 5.2 for the more general multi-hypothesis and
non-i.i.d. case).

Note that the GLR method is adaptive. Yet another adaptive approach
is to replace the “global” maximum likelihood estimator in the GLR statistic
(1) by one-step delayed estimators (at each step), that is, instead of A;(n)
to use the adaptive likelihood ratio statistics

K* (’I’L) . H?:l by, _, (Xt)
! SUDPgeo, ngl po(Xt)’

i=0,1.

In this case, the Wald likelihood ratio identity can still be applied to upper-
bound the error probabilities of the corresponding adaptive SPRT. The
adaptive SPRT is therefore a very attractive alternative to the GLR-SPRT
and the mixture-based SPRT. The idea of this test goes back to the works by
Robbins and Siegmund [19, 20] who were the first who suggested a one-sided
adaptive test in the context of power 1 tests.

In the present paper, we develop the asymptotic theory of multi-hypothesis
sequential testing for general stochastic models not restricted to the i.i.d. as-
sumption. Specifically, we consider models with dependent and non-identically
distributed data of a very general structure with minimal assumptions re-
lated to the r-complete convergence of normalized log-likelihood ratio pro-
cesses to certain positive numbers. The approach modifies and extends the
ideas in Lai’s seminal work [6] for two simple hypotheses, and Tartakovsky’s
contributions [25] for multiple simple hypotheses.

2. Problem formulation

We are interested in the following general discrete-time multi-hypothesis
model with parametric composite hypotheses. Let (Q2,.%,.%,,,Py), n > 1 be
a filtered probability space with standard assumptions about monotonicity
of the o-algebras .%,. The parameter § = (61,...,6;) belongs to a subset ©
of the I-dimensional Euclidean space R!. Random variables X1, X»,... are
observed sequentially taking values in a measurable space (£2,.%). The sub-
o-algebra %, = o(X1,...,X,,) of .7 is generated by the sequence {X;};>1
observed up to time n. The hypotheses to be tested are H; : 6 € ©,,
i=0,1,...,N (N > 1), where O; are disjoint subsets of ©. We also suppose
that there is an indifference zone ©;, C © in which there are no restric-
tions on the error probabilities. It is assumed that the subsets ©;, and ©;
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(i =0,1,...,N) are disjoint. The indifference zone, where any decision is
acceptable, is usually introduced because the correct action is not critical
and often not even possible when the hypotheses are too close, which is
perhaps the case in most practical applications. However, if needed ©;, may
be an empty set. The probability measures Py and Py are assumed to be
locally mutually absolutely continuous, i.e., the restrictions Pj and P} of
these measures to the sub-o-algebras .#,, are equivalent for all 1 < n < oo
and all distinct values 6,19 € ©.

Write X} = (X1,...,X,,) for the sample of size n. It is convenient to
represent the general probabilistic model in terms of densities as

(3) p@,n(X?) = H f9,t(Xt‘X§_l)7 €O,
t=1

where pg ,(X7) is the joint density of the sample X} (i.e., density of P with
respect to some sigma-finite measure) and fg,t(Xt\X'i_l) is the corresponding
conditional density.

For the sake of brevity in what follows we will often write .4 for the set
{0,1,...,N}.

A multi-hypothesis sequential test D = (T, d), where T is a stopping time
with respect to the filtration {#,}n>1, and d = dp(XT) € {0,1,...,N} is
an .Zp-measurable terminal decision rule specifying which hypothesis is to
be accepted once observations have stopped. The hypothesis H; is accepted
if d =i and rejected if d # i, i.e., {d =i} = {T < oo, accepts H;}, i € .

The quality of a sequential test is judged based on its error probabilities
and expected sample sizes or more generally on the moments of the sample
size. Let Eg denote expectation under Py, 6§ € © and let

az’j(Dve):EG []l{d:j}] =Po(d=j), 0€06;, i#j (i,j=0,1,...,N)

denote the probability that the test D accepts the hypothesis H; when the
true value of the parameter 6 is fixed within the subset ©;. Hereafter 1y 4
denotes an indicator of a set A. By

(4) Cla)= {D:esuét) a;§(D,0) < oy for i, :0,1,...,N,i75j}
€0;

denote the class of tests with the maximal error probabilities that do not
exceed the predefined values a;; € (0,1), where o = ()i je s,i#; is the
matrix of given constraints.
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Note that the class C(a) confines the error probabilities in the regions ©;
but not in the indifference zone ©;, where the hypotheses are too close
to be distinguished with the given and relatively low error probabilities.
However, ideally, we would like to minimize the expected sample size Ey[T]
for all possible parameter values, including those in the indifference zone.
Unfortunately, there is no such test, since the structure of the test that
minimizes the expected sample size Eg[T] at a specific parameter value § = 0
depends on 0. However, this problem may be solved asymptotically when
the error probabilities are small. That is, we are interested in finding multi-
hypothesis tests D = (T, d) that minimize the expected sample size Egy[T]
uniformly for all § € © in the class of tests C(a) as a;; approach zero. More
generally, we are interested in finding the tests that minimize asymptotically
the moments of the stopping time distribution up to some order r > 1:

(5) inf Ep[T"] as amax — 0 uniformly in 6 € O,
DeC(a)

where amax = max; je 45,45 j and © = Zﬁio O;+0O,. Specifically, we need
to construct a sequential test D, = (7%, d,) that is first-order asymptotically
optimal under certain quite general conditions, i.e.,

infpec(a) EolT7]

(©) Ep[17]

=140(1) as amax — 0 foralldecO.

Hereafter o(1) — 0.

We will also consider the case of simple hypotheses where the parameter
0 takes N +1 values 0y, 01, . ..,0y or, more generally, the distributions under
hypotheses H; have joint distinct densities

(7) p(X?’Hl) :pz,n(X?) :Hfl,t(Xt‘Xi_l)7 i 207177N7
t=1
where f; (X¢|X!™!) are the corresponding conditional densities. We need to

construct a sequential test D, = (7%, d) such that

) infDECsim(a) Ei [TT]
E:[TT]

*

=14o0(l) as amax — 0 foralli=0,1,...,N,

where E; is expectation under measure P; and

9) Csim(a) ={D: P;(d =j) < ayj fori,j =0,1,...,N, i # j}.



6 Alexander G. Tartakovsky

Remark 2.1. In what follows, for practical purposes, we will suppose that
the ratios of logarithms of error probabilities log v/ log ays are bounded
away from zero and infinity, i.e., the error probabilities approach zero in
such a way that for all 4, j

| log Oéij|

10 oWl
(10) | log max|

~ Cjj as Qmax — 0, 0<¢y < 1.

This assumption guarantees that any error probability «;; does not go to
zero at an exponentially faster (or slower) rate than any other ays. However,
we do not require (as it often happens in the literature) that the «;;’s go to
zero at the same rate, in which case all ¢;; are equal to 1. In other words, we
consider an asymptotically asymmetric case rather than an asymptotically
symmetric one when ¢;; = 1. The reason is that there are many impor-
tant problems for which the error probabilities may be orders of magnitude
different. A typical example is the problem of target detection when the
probabilities of a false alarm are required to be substantially smaller than
the probabilities of target missing (miss detection).

3. Asymptotic lower bounds for performance metrics

Forn > 1 and 0,9 € © define the likelihood ratio (LR) and the log-likelihood
ratio (LLR) for the sample X} between the distinct points 6 and ¢

pon(XP) 1 Jou(Xe X1
Pon(XT) L 1fM(XAXt‘l)’

for (X X5
Xo,(n) =log Agy(n log [—
; foa (X XN ]

Agﬂg(n) =
(11)

Below we show that the lower bounds in class C(a) for the performance
metrics — the moments of the stopping time Ey[T"] — can be established as
long as the LLR Xg y(n) obeys the strong law of large numbers (SLLN) with
a certain rate ¢ (n).

Throughout the paper, we assume that 1(t) is an increasing one-to-one
R, — R, function. By ¥ we denote its inverse ¢! and we assume that
both ¥ and ¥ go to infinity as t — 0o, limy—,~ ¥(t) = limy—00 ¥(t) = co. In
addition, we assume the following conditions on the inverse function

(12) lim lim w1

=1
s—1t—o0 W(t)
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and

. 1 B
(13) tgngot log U(t) = 0.

Note that conditions (12)-(13) are satisfied for the power function 1 (t) = ¢°
with 8 > 0, but not for the logarithmic function v (t) = logt, i.e., the
function 1 (t) has to increase not too slowly — faster than the logarithmic
function, 1(t)/logt — oo as t — oo.

To obtain asymptotic lower bounds we impose the following condition.

C1. Right-tail Condition. Assume that there are a positive increasing func-
tion 9(t), ¥ (00) = oo, satisfying condition (12), and a positive continuous
function I(6,9) with

min inf I(0,9) >0 forall § € ©; and i € 4,
JENN\I VEDO;

min inf 7(6,9) >0 for all € Oy,
i€M 9EO;

(14)

such that for any € > 0 and all 8,9 € ©, § £ 9

1
(15) Lll_I};O Po {m  ax Xow(n) > (1+ 6)1(9,19)} =0.

Remark 3.1 below shows that I(6,1) can be interpreted as an informa-
tion “distance” between the parameter points 6 and 9 and infycg, I(0,7) =
1(0,0;) as a “distance” between the parameter value 6 and the subset ©;.
Thus, conditions (14) represent separability restrictions between subsets ©;,
©; and Oy, (7 # j). It is intuitively obvious that if the corresponding dis-
tances are zero, then the hypotheses become indistinguishable.

Additional notation: ;(0) = 1(0,0;) = infyce, 1(6,7),

| log Oéji| >
16 E ; =0 1-— )
(16) o(e @) <( £) e @)
so that
| log Oéji|
17 F; (0, =U .
(17 0(0 @) <J?f}}§ 1;00)

In the following, we will omit 0 in (17) and will write F; 9(ax) for F; (0, c).
The following theorem establishes lower bounds for arbitrary moments
of the stopping time distribution in the class of sequential or non-sequential
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multi-hypothesis tests C(a) defined in (4). In the sequel, we will often write
0; for @ when 6 belongs to the subset ©;.

Theorem 3.1. If there exist an increasing positive function ¥ (t), ¥ (oc0) =
00, satisfying condition (12), and a positive function I1(0,9), satisfying (14),
such that right-tail conditions (15) hold, then for every 0 < e < 1

(18) lim  inf )Pg {T>Fiple,a)} =1 foralld € ©; andi € AN

Qmax —0 DEC(Q

and for every 0 < e <1

(19) lim inf Py {T > min F; (e, a)} =1 forall 0 € Oy,

Qmax—0 DEC(cx) 0<i<N
Therefore, for all r > 1 as aumax — 0

(20) inf Ep[T"] > [Fio(a)]" (1 +0(1)) for all§ € ©; and i € N;
DeC(a)

21 inf Ey[T"] > |min F, 1+ o(1 I 0 €6y
e int BT > |min Ffe)| (1-4o(1) fora

Proof. Let D = (T,d) be an arbitrary test from class C(a). It suffices to
consider tests that terminate almost surely, Py(T < 0o) = 1, since otherwise
E¢[T"] = oo and the statement follows trivially. Changing the measure Py —
Py and using Wald’s likelihood ratio identity, we obtain that for any s > 1,
C > 0, and any two distinct points 6 and ¢

Py(d = i) = Eg{Ngmpp Noo(T) "'}
> Eo{Na—ir<snp 0 (m)<coyNo0(T) '}
(22) > e OPy (d =1i,T < s, max Apy(n) < ec>

INS

> G_C{Pg(d =14,T <s)— Pg( max Mg g(n) > C’)}

1<n<s

The last inequality follows from the Boole inequality P(AN B) > P(A) —
P(B¢), where B¢ is a complement of the event B, if we set A = {d =i,T < s}
and B = {maxj<n<s Ao 9(n) < C}. It follows that

(23) Po(d =i,T < s) < Py(d=1i)e’ + Py { max Ag.g(n) > c} ,

INX
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and since, by Boole’s inequality,
P@(d = ZvT < S) = PG(T < S) - Pg(d 7& Z)7

we obtain

(24)  Po(T < s) < Pyg(d#1i)+Py(d=1) eC + Py { max Mg g(n) > C} .

1<n<s

Let 0 = 6; € ©; and ¥ ¢ O; and set

log avj;
s = sij(e,0;,a5) =V <(1 —¢) ’1(9' 1;)’> 7

C = Cij(e,azi) = (1+&)1(0:,9)(si5) = (1 — &%)|log aji.
Using (24) we obtain that for all j € A5\ i, 0; € ©; and i =0,1,..., N

Po, {T < sij(e, 0, 5i)} < Z Qif + ajf-
ke A\

0o { e dao(o) > (14100051 .

SN Sij

Since the right-hand side does not depend on D, we have

Delg(fa) Pgi {T > Sij(a?, 92', Oéji)} >1-— Z Ol — Oé?i

! A
— Py { —— ma
o V(sij) 1<n<s,

The second and third terms on the right-hand side in the above inequality
2o to 0 as amax — 0. The fourth term also goes to 0 for all 0 < ¢ < 1 by
condition (15). Hence, for all 0; € ©;, ¥ ¢ ©; and all j € A \ ¢

. | log aji| .
D£%%{T>W01€U@ﬂ> -

which implies (18).
Next, we prove (19) for the indifference zone, 6 € Oy,. For any ¢ = 6; €
@j, let

. | log Oéji|
K —
ole) = min max. o9
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By (22), for every 6 € ©;, and 0; € O,

Po(d=i,T < 5) < ng(d:z')ec—i-Pg{ max Mg, (n) > C}.

Setting s = sp(e, ) = ¥U((1 — ¢)Kp(ex)) and
O = (L+e)(8,0;)¢(so(c, @) = (1 —*)1(8,6;) Ko (cx),
we obtain that for all j € Ay \iandi=0,1,...,N
Po{d=i,T < so(c, @)} < aj;

+ Py { max  Agg,(n) = (1 +¢)1(0,0;)U(se(c, a))} ,

1<n<s0 ()

so that for all t =0,1,..., N
Po{d=1i,T < sple,)} <55 +7(0.a,¢),

where f; = max;c_y\; oji and

1
0 = Pgd ——— X, (n) = (1 1(0,0,) ¢ .
0,0:) = 1 P e 2 00 > (4000
Consequently,
N
Py {T < <> [BE +7i(0, 6)]
=0

and since the right-hand side does not depend on any test D, we obtain the
inequality

N
|log « 8
< _
sup Py {T <Vv <(1 €) g%]?zfz (0,0]) Z [5 + 70, 5))] ,

DeC(e) i=

where by condition (15) v;(0,a,e) — 0 as apmax — 0 for all € ©;, and
€ (0,1). It follows that for every 0 < e < 1 and 6 € Oy,

. |log Oéji|
sup PQ{T<\I'<1—€ min max — 0 as amax — 0,
DeC(a) ( ) it jes\i 15(0) ma
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which completes the proof of (19).

The asymptotic lower bounds (20) and (21) now follow from Chebyshev’s
inequality. Indeed, by the Chebyshev inequality, for any > 1 and all € ©;
and 1 =0,1,..., N,

. T\ Fiole,)\" .
f E —_— > | = f Po{T > F; (e, .
ot ® (7o) |2 (i) odt, P17 > Fotero)
Since € can be arbitrarily small and noting that, by condition (12),

(25) lim lim 265

e—0 amax—0  Fj g(cx)
and that by (18)

pittey T T > Frole e} g 1

taking the limit ¢ — 0, we obtain that for all » > 1, § € ©; and ¢ =

0,1,..., N,
T T
liminf inf Ey > 1,
Qmax—0 DEC(at) Fp(a)

which completes the proof of assertion (20).
Analogously, define

(. ) L
r = .
o min;e 5, Fjg(e, o)

By the Chebyshev inequality, for any > 1 and all € Oy,

<minz‘e% Fip(e, o) ) "

inf Eng 0,0ﬂr = "
70, &' minje, 1, Fi (@)

DeC(a)

inf P 1
Dég(a) 9{7_9(57 a) > }7

where by (19)

inf Pyg{m(c,a) >1} ——— 1 forevery 0 <e < 1.
DeC(av) Omax—0

So taking the limit ¢ — 0 and accounting for (25), we obtain that for all
r>1and 6 € 0,

liminf inf E ">,
lminf inf ol7o(e, )]

which completes the proof of the lower bound (21). O
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Remark 3.1. By Lemma 1 in [27], the right-tail condition (15) is satisfied
whenever

)\9,19 (’I’L) Po—a.s.

w(n) n—oo

Therefore, assertions of Theorem 3.1 hold under the strong law for the LLR
(26), which is a natural and more convenient condition. Furthermore, as the
proof of Lemma 1 in [27] shows, for the right-tail condition (15) to hold it
suffices to assume that

(26) 1(6,9) forall 6,9 €©,0#0.

P, (hﬁs;p —A;;; j;;>

Consider now the case of simple hypotheses when the parameter 6 takes
N + 1 distinct values 0y, 01, ...,0y or, more generally, the distributions P;
under hypotheses H;, ¢ = 0,1,..., N have joint distinct densities defined in
(7). Obviously, in this case, the indifference zone is empty O, = @ and the
subsets ©; = {i}, i = 0,1,...,N. Also, the LR and LLR defined in (11)
become the LR and LLR processes between the hypotheses H; and H; for
the sample X7

> I(H,z?)) =0.

(X)) 7 S (GXT)
Pia(X7) Lt fia (XX
- . [fi,t(Xt|X§_1)] .

Aij(n) =log Ayj(n) = lo -
! ! ; Fia(X X

Aij(n)
(27)

Obviously, in this case, Theorem 3.1 implies the following corollary, whose
proof can also be established directly using proofs of Lemma 2.1 and Theo-
rem 2.2 in Tartakovsky [25]. Recall that class Cgp () is defined in (9).

Corollary 3.1. If there exist an increasing function ¥(t), (c0) = 0o, sat-
isfying condition (12), and positive and finite numbers I;;, i,5 =0,1,..., N,
i # j such that for alle >0 and all i,7 =0,1,...,N (i #j)

1
(28) Lh—?;o Pi {¢(L) 1< Aig(n) = (1+ 6)1”} 0

then for alli=0,1,...,N and every 0 < e < 1

log
(29) lim  inf P; {T >0 <(1 —€) max [log o |>} =1,

Qmax—0 DEC(a) jetm\i I
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and therefore, for allr > 1 and i =0,1,..., N

log a;i|\ 1"
(30)  inf E[T"]> [\If < max M)} (140(1)) a5 max — 0.
DEC,im () jetNi I

Remark 3.2. The right-tail condition (28) is satisfied whenever

: Aij(n) )
P; ( lim sup =~ <Ii;) =1,
< noroe O(n)

and therefore, if normalized LLRs \;;(n)/v(n) converge Pj-a.s. to I;; as
n — 00.

4. Asymptotic optimality of likelihood ratio based sequential
multi-decision rules for simple hypotheses

We begin with the case of N + 1 simple hypotheses H; : P = P;, i =
0,1,..., N with joint densities (7).

4.1. The matrix sequential probability ratio test

Recall that Ay = {0,1,...,N}. For a threshold matrix (A;;); jec.s, with
A;j; > 0 and the Aj;; are immaterial (0, say), define the Matrix SPRT
(MSPRT) D, = (T4, d,), built on (N + 1)N one-sided SPRTs between the
hypotheses H; and H;, as follows: Stop at the first n > 1 such that, for some
i€ M, Nij(n) > Aj; for all j € g\ i and accept the unique H; that satis-
fies these inequalities. Obviously, with a;; = log Aj;, introducing the Markov
accepting times for the hypotheses H;, i € A as

Ty =inf{n > 1: X\j;(n) > aj; for all j € A5\ i},

31

(81 :inf{n>1: min [)\,-j(n)—aj,-]20}, i=0,1,...,N,
FEWAY

the MSPRT D, = (7%, d.) can be written as

(32) T, = min Ty, dy =1 if T,=T,.

ke
Thus, in the MSPRT, each component SPRT is extended until, for some
i € A, all N SPRTSs involving H; accept H;. Note that for N = 1 the
MSPRT coincides with Wald’s SPRT.
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Using Wald’s likelihood ratio identity, it can be easily shown that the
error probabilities of the MSPRT «;(D.) = P;(d. = j) satisfy the inequali-
ties

(33) a;j(Dy) < exp(—ay;) forall 4,57 =0,1,...,N, i#j,

so selecting a;; = |log a;;| implies D, € C(a). See, e.g., Lemma 4.1.1 (page
192) in Tartakovsky et al. [28].

In his ingenious paper, Lorden [14] showed that with a special design that
includes accurate estimation of thresholds accounting for overshoots, the
MSPRT is nearly optimal in the third-order sense — it minimizes expected
sample sizes for all hypotheses up to an additive disappearing term, i.e.,
infpec(a) Bi[T] = Ei[Ti] + o(1) as amax — 0. This result holds only for i.i.d.
models with the finite second moment E;[)\;;(1)?] < oc. In the non-i.i.d. case,
it is practically impossible to obtain such a result, so we will focus on the
first-order optimality (8).

To establish the asymptotic optimality property of the MSPRT we use
the ideas of the groundbreaking paper of Lai [6] where he proved first-order
asymptotic optimality of Wald’s SPRT in the general non-i.i.d. case.

By the SLLN in the i.i.d. case, the LLR \;;(n) has the following stability

property

(34) n N (n) S Iy, 6,j =010 N, A
where

is the Kullback-Leibler (K-L) information number, which characterizes the
distance between the hypotheses H; and H;. This allows one to conjecture
that if in the general non-i.i.d. case the LLR is also stable in the sense that
the almost sure convergence conditions (34) are satisfied with some positive
and finite numbers I;;, then the MSPRT is approximately optimal. In the
general case, these numbers represent the local K-L information in the sense
that often (while not always) I;; = limp,—co n ™ E;[Aij(n)].

Having said that, in what follows, we will assume that the normalized
LLRs A;j(n)/1¥(n) converge almost surely to finite and positive numbers I;;
under P;:

)\z](n) P,—a.s.

Tzz)(n) n—>400>[l]7 27,7:0717"'7N’Z7é‘7’

(35)
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where 1 (t) is an increasing function (1)(c0) = c0) as in Section 3.

A standard approach for proving asymptotic optimality is to show that
the lower bounds (30) in Corollary 3.1 are attained for the MSPRT under
certain conditions.

4.2. Asymptotic optimality of the MSPRT

While the almost sure convergence (35) for the LLRs guarantees lower
bounds (30), in the general non-i.i.d. case, this condition is not sufficient
for asymptotic optimality of the MSPRT since it does not even guarantee
the finiteness of the moments E;[T7] of the MSPRT’s stopping time. To es-
tablish the optimality of the MSPRT a strengthening is needed, such as a
certain convergence rate in the strong law.

Lai [6] proved the asymptotic optimality of Wald’s SPRT for testing two
hypotheses under the r-quick version of the SLLN for the LLR A(n)/n, i.e.,
for the models with dependent and asymptotically stationary observations.
Tartakovsky [24] generalized Lai’s result to the case of multiple hypotheses
with asymptotically non-stationary observations proving that the MSPRT
is asymptotically optimal as long as LLRs A;;(n)/1(n) converge r-quickly
to finite numbers I;;. Below we relax the r-quick convergence condition used
in [6, 24] by the r-complete convergence.

Definition 4.1 (r-Complete Convergence). We say that the sequence of

random variables {Y,},>1 converges to a random variable Y r-completely

. . P-r-completel .
as n — oo under probability measure P and write Y,, — 2y V" if
n— oo

o0
: r—1 _ _
nh_)I{)lo g t"P(JY; Y| >¢e) =0 forevery € >0,

t=n

which is equivalent to

an_lP(]Yn —Y|>¢e) <oo forevery e > 0.

n=1

As we will see below, a sufficient condition for asymptotic optimality of
the MSPRT is the r-complete convergence of \;;(n)/¢(n) to numbers I;;,
0 < I;j < oo as n — oo under Py, i.e., that for all ¢,j =0,1,...,N (i # j)

@) Y (|28

t=n

> E) =0 for every € > 0.
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The following theorem provides the asymptotic upper bounds for mo-
ments of the sample sizes of the MSPRT which along with the lower bounds
(30) allow us to conclude that the MSPRT minimizes moments of the sample
sizes up to order r in class Cgip ().

Theorem 4.1. Assume that there exist an increasing function 1(t), ¥(oco) =
00, satisfying condition (12), and positive and finite numbers I;;, i,j =
0,1,...,N, i # j such that for all i,j =0,1,...,N (i # j) and some r > 1

(37) li_)rn Ztr_lPi </\wj((t)) —1I; < —5) =0 for everye > 0.

t=n

If the thresholds in the MSPRT are so selected that o;;(Dy) < «;; and
aj; ~ log ozj_il as omax — 0, in particular as aj; = log ozj_il, then for all
i=0,1,....N

1 INTT
(38) E[17] < [qf < max 18 aﬂl')] (14 0(1)) as cmax — 0.
jeto\i I
Proof. Fori,j=0,1,...,N and 0 < € < max; jec s Ii;, define a = (a;;); je.s;
and

Mi(a,s)zl—l—\lf(max L )
jem\i iy — €

Noting that E;[T]] < E;[I}] and setting 7 = T; and N = M;(a,¢) in
Lemma A.1 (Appendix A, page 239) in Tartakovsky [26] we obtain the
inequalities

(39) ET7] < E[T7] < M 42771 > 0" 'P(T; > n), i=0,1,...,N.
By the definition of the Markov time 7; (see (31)), we have

P:(T; > n) = P; { max min [A;(t) — aji] < 0}

1<t<n je Ao\
< Y Pi{dg(n) < agil,

JENN\I

where for n > M;(a,e) the probability P; {\;j(n) < a;;} does not exceed
the probability P; {\ij(n)/¥(n) < I;; — €}, and therefore, for all sufficiently
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large n

(40) (T; > n) ZP{

]6/1/ \i

<[Z’j—6}.

Substituting (40) into (39) yields

EiT7] < Mi(a,e)" + 727" > Z n'~ 1P{w(§1"))<1,~j—a}.

jeM\in=M;(ae)

Since M;(a,e) — 00 as amin — 00, by condition (37), the second term goes
to 0 and, hence, for all i € 4

E;[T)] < M;i(a,e)" +0o(1) as amin — o0,

where € can be arbitrarily small, so taking the limit ¢ — 0 and noticing that
due to condition (12)

lim lim [M;(a,e)/M;(a,0)] =

e—0 amin—0

we obtain the asymptotic inequality

(41) E;[T)] < [\I' <j1g1%)§l ﬁ)] (14+0(1)) as amin — 0.

Setting aj; = |log aj;| or, more generally, a;; ~ |log ;| (assuming a;;(Dy) <
@), gives the required inequality (38). O

Corollary 3.1 and Theorem 4.1 give the following first-order asymptotic
optimality result.

Theorem 4.2. Assume that for some 0 < I;; < oo, i,j = 0,1,..., N,
i # j and increasing function ¥(n), (o00) = 0o, satisfying condition (12),
the normalized LLRs \ij(n)/v(n) converge r-completely to I;; under P; as
n — 0o, i.e., for alli,j =0,1,...,N (i # j) and some r = 1 condition (36)
holds. If the thresholds in the MSPRT are so selected that aZ](D*) < oy
and aj; ~ log ozj_il as Omax — 0, in particular as aj; = loga then for all
i=0,1,...,N

Ji o’

1 INTT
(42) EI7] ~ |© _max'| UGN L it BT as amae — 0.
jetNi Ly DECaim(cx)
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Proof. Obviously, the r-complete convergence condition implies both condi-
tions (28) in Corollary 3.1 and (37) in Theorem 4.1. Hence, using (30) in
Corollary 3.1, we obtain

1 INTT
E[T7] > [\Il ( max M)] (14 0(1)) as cumax — O.
jeMNN\I Iij
This inequality along with the reverse inequality (38) gives the asymptotic
approximation

1 A\ 1"
E;[T)] = [\I/ < max M)] (I4+o0(1)) as amax — 0,
JjEM\L Iij
which, by the lower bound (30), is the best one can do in class Cgjm (). Thus,
both asymptotic equalities in (42) follow and the proof is complete. O

Remark 4.1. Inequalities (33) for error probabilities imply that the MSPRT
belongs to Cgim () with a;; = exp{—a;;}, so Corollary 3.1 implies asymp-
totic lower bounds

T
i
E[Ty] > |¥ il 1 1 i — 00,
(1Y) [ <]1€n/?/0}§l Iij>:| (1+o0(1)) as amin — 00
while the upper bounds (41) yield reverse inequalities. Therefore, the fol-
lowing approximations for moments of the sample sizes of the MSPRT as
functions of thresholds a = (a;;) hold regardless of the probabilities of errors
B[] = |V L 1+o(1 in — 00.
= [ (max 22)| o) a5 a0
These approximations can be useful in different problem settings, e.g., in
Bayes problems.

5. Asymptotic optimality of likelihood ratio based sequential
multi-decision rules for composite hypotheses

Consider now the problem of testing N + 1 composite hypotheses H; : P =
Pg, 0 € ©;, i =0,1,..., N with joint densities (3). In this case, we focus
on the class of tests C(a) defined in (4) that confines the maximal error
probabilities supycg, Pg(d = j).

Recall that we suppose that the parameter space © is split into N + 2
disjoint subsets ©g, ©1,...,0n, O, so O = Zi\io ©; + Oin, where 0O;, is
the indifference zone.
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5.1. The matrix mixture sequential probability ratio test

Let 7 be a mixing measure (prior distribution for #) on 0, m(6) > 0 for all
0 € © and [ m(df) = 1. For i € Aj and n > 1, define

Gn(X7) = /@ pan (X070 = [ T fno(XX{ (),

n
Gin(XT) = sup po.(XT) = sup [ [ fou (X X4
0eO; 0e0O, t=1

and introduce the statistics

S Iy a5 X )r(d0)  ga(XY)
SuPgeo, | JH fG,t(Xt‘Xg_l) Gin(X7)’
(44) A7 (n) =log A7 (n) = log g,,(XT) — log §;.n(XT).

(43) Af(n)

For a (N + 1) x (N + 1) matrix (A;;); e, of thresholds, with A;; > 0
and the A;; are immaterial, define the Matrix Mixture SPRT (MMSPRT)
DT = (TT,dT) as follows: Stop at the first n > 1 such that, for some i € A,
A;T(n) > Aj; for all j # i and accept the unique H; that satisfies these
inequalities. Setting aj;; = log A;; and introducing the Markov accepting
times for the hypotheses H;,  =0,1,..., N as

szinf{n}l:Aﬂn)}czji forallje,/%)\i}
(45)

—infdn>1: min [\(n)—ay] =04, i=0,1,...,N,
in {n ]emj}/on\z[ T(n) — aj] } i

the MMSPRT can be written as

46 TF = min T dl =4 if TF=1TFT.
( ) * ]?eu/‘n/o k> * v o1 * 7

5.2. Error Probabilities of the MMSPRT

The following lemma provides upper bounds for the error probabilities c;; (D], ) =
Po(df = j), 0 € ©; of the MMSPRT D7.

'The results also hold for improper measures with minor constraints if © is a
compact set.
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Lemma 5.1. The following upper bounds on the error probabilities of the
MMSPRT hold:

(47) sup o;;(D},0) <exp{—ai;} fori,j=0,1,...,N, i#j.
0O,

Therefore, if a;; = log(1/a;j) then DI € C(ax) .

Proof. Observe that {d] = j} = {T7 = T7} implies {T] < oo} and
AT(TT) > Aij = e® on {T] < oo}. So, for all § € ©; (i # j), we have
the following chain of equalities and inequalities

;j(DI,0) = Eg []l{d2=j}] < By [H{Tj”@o}]
= € [y <o) AT (T) /A7 (T
< exp {—aj;} Eg [H{T;@o}A?@”)} :

Since, obviously, for any n > 1 and all § € ©;
OB RO
and, by the Wald likelihood ratio identity,
B [1ry <oey Ao T)] = Po (T7 < o).

we obtain that for all i € A7\ j
sup a5 (DF,6) < exp {33} sup | € [Lzr oy MoalT7)] w(a0)
0€O; 0€O,; JO

=exp{—a;;} / Py (T]7r < oo) m(dd) < exp{—ay;},
©
which proves the upper bound (47) and gives the Lemma. O
5.3. First-order uniform asymptotic optimality of the MMSPRT

For general non-i.i.d. models, the SLLN (26) for the LLR does not guar-
antee the optimality of the MMSPRT. As for simple hypotheses, a sort
of r-complete convergence suffices for the asymptotic optimality. The fol-
lowing r-complete convergence-type conditions for left-tail probabilities are
sufficient. For the convenience sake, we write 0; for 8 when 6 belongs to ©;.
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For 0 ¢ ©;, define

Xe,j(n) = log [ [T f‘gvt(Xt|X§_1) ] — 1o [ Po.n(XT) ] 7

supgee, [ [1=; fo.0 (X[ X0) SUPgeo, Po.n(XT)

and for 6 € ©,

Vagaertn) = 3000 { int Tas(0) < (50) -0},
t=n 20

where I;(6) = infyce, 1(6,7) is the “distance” between the point § and the
subset ©;, which is assumed strictly positive for all § ¢ ©; (see (14)), and
I'sp={0 €0 :]9—0| <} is the 6-neighborhood of the point 6.

C2. Left-tail Condition. There exist a positive continuous function 7(6,),
satisfying condition (14), such that for any € > 0 and some r > 1

(48) lim limsup max sup Yo, jscr(n) =0
N0 5§50 1;;‘;‘/0 0,€0;

and

(49) lim limsupmax sup Yg jser(n) =0.
n—=o0 550 JEN HcO;,

Recall that Fjg(e, ) and Fj (o) are defined in (16) and (17), respec-
tively.

The following theorem establishes the asymptotic upper bounds for mo-
ments of the MMSPRT sample sizes which together with the lower bounds
(20) and (21) imply asymptotic optimality of the MMSPRT in class C(c).

Theorem 5.1. Assume that there exist an increasing function 1(t), ¥ (oc0) =
00, satisfying condition (12), and a function I(0,9), satisfying (14), such
that for some r > 1 left-tail condition C2 holds. If the thresholds in the
MMSPRT are so selected that supy g, @;;(DI,0;) < i and aj; ~ log aj_il
-1

as omax — 0, in particular as aj; = log s

then as Qmax — 0

(50) Eo[(TT)"] < [Fip(a)]” (1 +0(1)) for all § € ©; and i € Np;

(51) Eo[(TF)"] < [OgignN F,-vg(a)] ' (1+0(1)) for all O € Oy,.
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Proof. By the definition of the Markov time 77", we have

Po(T7 > n) = Py { max min [)\;T(t) — aji] < 0}

1<t<n jeM\i

< Y0 P {N(n) <ayi}
jeSo\i

= Y Py {logga(X{) —log §;n(X7) < aji} -
je€No\i

Since

log g, (XY) > log / po.n (X7 )7(dd) = ﬁgf log py,n(X7Y) + log (L5 )
1"5’9 5,60

it follows that

(52)  Po(Ty >n)< > P
VIS

) infger, , Ao, (n) _ @i —log7(Ts)
¥(n) ¥(n) .
Let a = (a;;) denote the matrix of finite thresholds a;j, 7,7 = 0,1,..., N
(a;; are immaterial) of the MMSPRT and let
s
M; =140 — " for 6 .
(53) o(a,e) + <]1€n/z‘1/0>§Z NOE a) orfeO
It is easily seen that for n > M; g(a, ) the right-hand side in (52) does not
exceed the sum of probabilities

1 .~ 1
S P {0 oo < 100) -+ sliogn(Caal .

JEM\i

Therefore, for all sufficiently large n and amin, for which |log 7(I's¢)| /¥ (n) <
£/2, we obtain

™ 1 . N
(54) PQ(TZ' > n) < ]g/;\z Py {W 19?%59 )\197]'(71) < Ij(@) — 6/2} .

Noting that by the definition of the stopping time 77 in (46) Eg[(T])"] <
Eo[(IT7)"] for all ¢ € Ay and setting 7 = T and N = M, g(a,e/2) in
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Lemma A.1 (Appendix A, page 239) in Tartakovsky [26], we obtain the
inequalities

(55)  Eol(TI)] < Eol(T7)) < Mig+7r2 7" Y ' 'Py(T7 > n),
=M,

n 0

which hold for all 4 =0,1,..., N.
Substituting (54) in (55) gives

Eol(T)"] < Bol(T7)"] < Mig(a,e/2)"

r—1 r—1 3 Yo . _

P2 e S0 R { it o) < (60) - /200 )
n=M, ¢(a,c/2)

(50

= Mig(a,e/2)" +r2""'N max g ;. .(Mig(a,e/2)).
JEAONI

Consider the case where § = 6; € ©; (i = 0,1,...,N). Inequality (56)
implies that for all i = 0,1,..., N

Eo.[(T7)"] < M;p,(a,e/2)" + ro"IN max sup T917]~757E/2,T(M,~79i (a,e/2)).
JEMN\i 9, €0,

Since M;g,(a,e/2) — 00 as amin — 00, by the left-tail condition (48), the
second term goes to 0, so that for all ¢ =0,1,..., N

Eo.[(TT)"] < Mg, (a,e/2)" +0(1) as amin — 0.

Since € can be arbitrarily small, taking the limit ¢ — 0 and noticing that
due to condition (12)

lim lim [M;,(a,e/2)/M;9,(a,0)] =1,

e—0 amin—0

we obtain the following asymptotic upper bound

a .. r
57 Eo,[(TT)] < | W 2 1+ o(1 min — 00,
1) )< v (e )| o) as
which holds for all §; € ©; and all i =0,1,..., N.

Setting aj; = |log aj;| in (57) or, more generally, a;; ~ |log cj;| (assum-
ing supy, co, (D], 0;) < ay;), we obtain the inequalities (50) for all § € ©;
and all 7 =0,1,...,N.
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It remains to prove the inequality (51) for the indifference zone ©y,. By
inequality (56), for § € ©;, and any i € .4, we have the inequalities

Eo[(T7)"] < Mig(a,e/2)" +r2"'N max Yo,j6.:/2+(Mipg(a,e/2)).
J 0\?

Now, note that Eg[(T])"] < min;e 4, Ep[T]], and therefore,

Eo((T7)") < min Mig(a,2/2)

+ 72" !N min max sup T M, g(a./2)),
€N je%)il 9€®p 0,5, 5,8/2,7"( 2,9( / ))
where, by the left-tail condition (49), the second term goes to 0. Hence,

Eo[(T7)"] < Iélln M, g(a,e/2)" +0(1) as amin — 00.

Since € can be arbitrarily small, taking the limit ¢ — 0 and noticing that

due to condition (12)

lim lim [mln Mig(a.2/2)/ min M g(a, 0)}

e—0 amin—0 | i€

we obtain the asymptotic upper bound for 6 € ©;,

(58) Eo[T)] < [\I/ <zlgjli% jgl}))ii Ij&))} (I4+0(1)) as amin — 00.

Setting aj; = |log cyj;| in (58) or, more generally, aj; ~ |loga;;| (assuming
supg,co, @ij(D],0;) < ayj;), we obtain the inequality (51) for 6 € ©y,. O

Theorems 3.1 and 5.1 give the following first-order asymptotic optimality
result.

Theorem 5.2. Assume that there exist an increasing function 1(t), ¥ (oc0) =
00, satisfying condition (12), and a function I(6,9), satisfying (14), such
that the SLLN for the LLR (26) holds, i.e., the normalized LLR \g y(n)/1(n)
converges almost surely to 1(0,9) under Py as n — oco. Assume, in addition,
that for some r > 1 left-tail condition C2 holds. If the thresholds in the
MMSPRT are so selected that supgeg, ozZ](DZf, 0) < oy and aj; ~ log ozj_il

amax — 0, in particular as aj; = loga then as ampax — 0

Ji’

(59) inf Eg[T"] ~ [F;p(a)]” ~ Ep[(T)"] for all 0 € ©; and i € Ap;
DeC(w)
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60 inf Eg[T"] ~ in F; ~ Eg[(T])" 10 € O
(@) int Bl ~ | min Fae)| ~ElT)] for o

Proof. Since the SLLN (26) implies the right-tail condition (15) we can use
Theorem 3.1 to obtain the asymptotic lower bounds (as amax — 0)

log @vji
Eo[(T7)'] > [xy < max 198 il

1+0(1)) forall 8 € ©;,i € A;

log ay;
Eo[(TT)"] = [\II (min max [ og 0yl

14 0(1)) for all § € Oy,
ieA jesi 1;(0) ﬂ (1+0(1)) forall 6

These inequalities along with the reverse inequalities (50) and (51) in The-
orem 5.1 yield the asymptotic approximations

|10gozji|>]T .
Eo[(TT)"] = | ¥ [ max 1+0(1)) forall 8 € ©;,i € N;
o771 = v e BB | 1400 ;

Eo[(T7)"] = | ¥ ( mi i 1+ 0(1)) for all n
o[ (TT)"] [ (gﬁg?j}iz 7.0) >] (1+0(1)) for all 6 € Oy,
so the MMSPRT attains the best lower bounds (20) and (21) in class C(c).

This completes the proof. O

Remark 5.1. Tt follows from inequalities (57) and (58) and the fact that the
MMSPRT belongs to C(ar) with «;; = exp{—a;;} that the following approx-
imations (as apin — 00) for moments of the sample sizes of the MMSPRT
as functions of thresholds a = (a;;) hold regardless of the probabilities of
errors

Ty ai \|" e
Eo[(TT)"] = [\I/ <]1€n/2116>§l Q(@))} (14 0(1)) forall @ € ©;, i € A;

—_ : a;i \|" .
Eo[(TT)"] = [\I/ <g%]?/?@}iz Ij(9)>} (I1+o0(1)) for all § € Oyy,.

These approximations may be useful in various problem settings.

Remark 5.2. An alternative proof for Theorem 5.2 is to use r-complete con-
vergence of the normalized to ¢/(n) decision statistics A7;(n) defined in (44) to
I;(0) = infyeco, I(0,79) as n — oo under hypotheses H; and to max;c 4 I;(6)
for # € ©;,. That is, replacing condition C2 by the condition,

1
: r—1 T T 7. .
nhm tzgnn Po {‘w(n))\”(n) I](H)‘ > a} for € ©; and all € > 0,
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where I;(6) is replaced by maxjc 4 I;(6) for § € ©Oy,. This latter “direct”
sufficient condition for asymptotic optimality can be verified in certain in-
teresting examples.

Remark 5.3. The proposed MMSPRT can be modified by replacing the
statistics AT defined in (43) with the statistics

AT () = Jo, ITi=1 fo(Xe|X{)m(d0)
7 SUPGG& H?:l f97t(Xt|X§_1)

This alternative version of the MMSPRT is also uniformly asymptotically
optimal to first order for all hypotheses and parameter values 6, € ©,,
1=0,1,...,N.

Remark 5.4. The above results are also satisfied for improper prior distri-
butions as long as © is a compact set. This is important, for example, in
invariant testing problems. See Section 6.3.

) i7j20717"'7N72"#j'

5.4. Adaptive matrix sequential probability ratio test

Let 0, = 0,(X7}) be an (.%,-measurable) estimator of §. If in conditional
density fg,t(Xt‘Xi_l) for the t-th observation we replace the parameter with
the estimator 6; ;(X.™1) built upon the sample X\~ of size t — 1 that in-
cludes t — 1 observations, then fét,l,t(Xt|Xi_1) and []i, fét,l,t(Xt|X§_1)
are still viable probability densities in contrast to the popular generalized
likelihood ratio approach when maximization over  is performed in the den-
sity po(XY') for the whole sample X' containing all n available observations,
so that pj (X7) is not a probability density anymore.?
For n > 1, introduce the adaptive LR statistic

~ nfo (XX
o(n) = hot L Ay(0) = 1.

It satisfies the recursion

61 Ag(n) = A 1 Jo, XX ) >1, Ag(0) =1
(61) o(n) = Aoln =) x == ey 2 b Al0) =

with f5 (X3 |X%) = pg, (X1), where the initial value of the estimator fy = g
is a design parameter. Since

Es[Ag(n)| X" =Ag(n—1), n>2, Eyg[Ay(1)] =1

2Tn the latter case, the én is the maximum likelihood estimator.
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the adaptive LR (Ay(n), Fn)n>1 18 a Py-martingale with unit expectation.
This important property allows us to deduce simple upper bounds for error
probabilities of the adaptive multi-hypothesis sequential test, introduced
below, using the Wald-Doob likelihood ratio identity, as we will see in the
next subsection.

Introduce the statistics

H?:l fét,17t(Xt|X§_1)
SUPgeo, H?:1 f9,t(Xt|Xi_1) 7

and based on these statistics for a (N 4 1) x (N + 1) matrix (A;;); je.s of
boundaries, with A;; > 0 and the A;; are immaterial, define the Adaptive
Matrix SPRT (AMSPRT) D= (T, d) as follows: Stop at the first n > 1 such
that, for some i € A, A;‘(n) > Ay; for all j # ¢ and accept the unique H;

(62)  Ai(n)=

i=0,1,...,N,

that satisfies these inequalities. Let Xf (n) = log jAXj (n). Setting aj; = log Aj;
and introducing the Markov accepting times for the hypotheses H; as

~

ﬂzinf{n)l:X?(n)}aji forallje%\i}
(63)

:inf{n>1: min [X;f(n)—aji]>0}, i=0,1,...,N,
JEANL

the AMSPRT D = (7', d) can be written as

64 T = min T, d=i if T=1T,.
(64) min Ty, i ;

Because of the simple recursive structure of the adaptive LR (61), the
AMSPRT is a very attractive alternative to the MMSPRT. Robbins and
Siegmund [19, 20] were the first who suggested the idea of using the adaptive
LR in the context of the so-called power 1 tests for i.i.d. models.

5.5. Probabilities of errors of the AMSPRT

The follg\wing lemmg provides simple upper bounds for the error probabili-
ties a;;(D, 8) = Py(d = j), 6 € ©; of the AMSPRT (63)-(64).

Lemma 5.2. The following upper bounds on the error probabilities of the
AMSPRT hold:

sup aij(f),ﬁ) <exp{—a;} fori,j=0,1,...,N, i#j.
0€O;
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Therefore, if a;; = log(1/ay;) then De Cla) .

Proof. Observe that the event {d = j} = {T = T} } implies the event {T\ <

oo} and, by the definition of the Markov time Tj, by ( ) = a;; on {T < oo}
So, for all # € ©; (i # j), we obtain

aij(f),e) =Ey [ﬂ{gzj}} < EBo [ﬂ{f-<oo}}
& 15 (T, )exp{ (@)
7).

< eXp{_aij} Eq [ (T, <oo} ]

o~

Since K;(n) < Ap(n ) for any n > 1 and all § € ©;, i # j we obtain that for
allf€©®;andi=0 , N
).

where, as established in the previous section, the adaptive LR (K@ (n), Zn)n>1
is the Pg-martingale with expectation Eg[Ag(n)] = 1. Thus, the adaptive LR
{Ag(n)}n>1 is a viable likelihood ratio process, i.e., for any 6 € ©, there

’ﬂ)

.0 < 201 & i

exists a probability measure /P\g such that

- Py
Ag(n) = d—Pf" n>l1
[%

Applying Wald’s likelihood ratio identity yields

Ey []I{T<oo}‘//i (T\) /F;g(Tj < OO),

and hence,

sup ozw(D 6) < exp {—aj;} SUP Pe(T < o0) < exp{—aij},
0€O; 0e0O;

which gives the lemma. U
5.6. First-order uniform asymptotic optimality of the AMSPRT
Recall that I;(0) = infyce, 1(0,7). For § € ©, define

Tojen(n) = S 171 {Xi(t) < (;(0) — )0}

t=n
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To obtain asymptotic upper bounds for moments of the stopping time
distribution of the AMSPRT we will use the following left-tail condition.

C3. Adaptive Left-tail Condition. There exists a positive continuous function
1(6,7), satisfying condition (14), such that for any € > 0 and some r > 1

(65) lim max sup T9i7j,€7r(n) =0

n—oo i J_E Z'O 9i€®i

and

66 lim max sup Ygi..(n =0.
( ) n—)ij%Ge@Ii)n 9’]76771( )

The following theorem provides the asymptotic upper bounds for mo-
ments of the AMSPRT stopping time distribution which together with the
lower bounds (20) and (21) imply asymptotic optimality of the AMSPRT in
class C(ax).

Theorem 5.3. Assume that there exist an increasing function 1(t), ¥ (oco) =
00, satisfying condition (12), and a function I(0,9), satisfying (14), such
that for somer > 1 left-tail condition C3 holds. If the thresholds in AMSPRT
are so selected that supycg, aij(f), 0) < oy and aj; ~ log aj_il as omax — 0,
-1

in particular as aj; = log S

then as amax — 0

(67) Eo[T"] < [Fro(a)]” (14 0(1)) for all 0 € ©; and i € Ap;

(68) Eo[T"] < [og‘ignN F,-vg(a)] (14+o0(1)) for all 6 € Oy.

Proof. By the definition of the Markov time j\}-, we have

Po(T; > n) = Py { max min [X;(t) - aji] < 0}

1<t<n jem\e

< Pg{ min [X;f(n) - aﬂ} < 0}

JEMN\I
< Z P {Xf(n)/w(n) < aji/ﬂ’(”)} :

JEM\i

Let a = (a;j) denote the matrix of finite thresholds a;;, i,j = 0,1,..., N
(ai; are immaterial) of AMSPRT and let M; y(a,e) be as in (53). Obviously,
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for n > M, g(a,e)

S Po {Rm/wtn) < apfvm} < 3 Pod T < 160) - <.

JEM\i JEMN\i

and hence, for all sufficiently large n and amin, we obtain the inequality

(69) PoTy >m) < Y Po{Xi(n) < (1;0) —)u(m)}

Similarly to (55), for all i =0,1,..., N,

(70)  Eo[T") < Eo[T}] < Mig(a,e)" +7r271 Y~ n"'Py(T; > n).
n=M; ¢(a,c)
Using (69) and (70) yields
Ey[T"] < Eg[T}] < Mig(a,e)”
r—1 r—1 NG ) .
+7r2"°N Z n jgl}?ii Py {)\j (n) < (L;(9) a)w(n)}
n=M; ¢(a,e)
(71) = M;p(a,e)" +7r2" "IN max Tg . (M g(a,e)).
jeM\i

Let  =6; € ©; (i =0,1,...,N). Then inequality (71) implies that for
alli=0,1,...,N

Eo,[T"] < Mg, (a,e)" +72""'N max sup T9i7j,a7r(Mi,gi (a,e)).
jeM\i o, €0,

Since M;g,(a,e) — 00 as amin — 00, by the left-tail condition (65), the
second term goes to 0, so that for all t =0,1,..., NV

Eop, [fr] < Mg, (a,e)" +0(1) as amin — 00.

Since € can be arbitrarily small, taking the limit ¢ — 0 and using condition
(12) we obtain the following asymptotic upper bound

(72)  Ep[T"] < [\If (jzg% [ﬁ@))] ' (1+0(1))  as amm — 0o,

which holds for all §; € ©; and all i =0,1,..., N.
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Setting aj; = |log ;| in (72) or, more generally, a;; ~ |log c;| (assum-
ing supycg, ozij([A),H) < w;j), we obtain the inequalities (67) for all § € ©;
and all ¢ =0,1,..., N.

Now, let 6 € Oj,. Then, by inequality (71), for any i € A4

Ee[ﬁr] < M; G(a 5) + 72" 1N mj}i TG,]ET’(Mi,g(a7€))‘
€M\

Now, note that Eg[T"] < min,e 1 Ep [T ], and therefore,

Eo[T"] < M; "IN T M,;
[T7] < min Mip(a,e)” +r g%]gb%wse%p 0,j.er(Mio(a,e)),

where, by the left-tail condition (66), the second term goes to 0. Hence,

E, [Tr] mi{/l M;g(a,e)" 4+ o(1) as amin — o0.
1eNo

Since € can be arbitrarily small, taking the limit € — 0 and using condition
(12) we obtain the asymptotic upper bound for 6 € ©;,

EQ[T\T] < |:\I’ <ngb/no ]Ienj/o}iz agé)>:| (1 + 0(1)) as Qmin — O0.

Setting aj; = |log ;| in this inequality or, more generally, aj; ~ |log o]
(assuming supgeg, ozw(D 6) < «j;) gives inequality (68) for 6 € Oyy. O

Theorems 3.1 and 5.1 give the following first-order asymptotic optimality
result.

Theorem 5.4. Assume that there exist an increasing function 1(t), ¥ (oco0) =
00, satisfying condition (12), and a function I(6,9), satisfying (14), such
that the SLLN for the LLR (26) holds, i.e., the normalized LLR \g y(n)/1(n)
converges almost surely to 1(0,9) under Py as n — oco. Assume, in addition,
that for some r = 1 left-tail condition C3 holds. If the thresholds in the
AMSPRT are so selected that supgeg, ij(D,0) < ayj and aj; ~ log ozj_l-l as
Omax — 0, in particular as a;j; = log aj_il, then as amax — 0

(™) ig(f )Eg [T7] ~ [Fig(a)]” ~ Eg[T"] for all 6 € ©; and i € ;
cC(a

74 inf Ey[T"] ~ F; ~ E Il 0 € O
@) it Bl ~ i Fa(a)| ~ Bl o aito e
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The proof is elementary, similar to the proof of Theorem 5.2, and is
omitted.

Remark 5.5. The same reasoning as in Remark 5.1 gives the following asymp-
totic approximations (as apin — 00) for moments of the sample sizes of the
AMSPRT as functions of thresholds a = (a;;) regardless of the error proba-
bilities

A Qji ' g .
Eo[T"] [\II <ng2})§[ 1}-(9))} for all 0 € ©;, 1 € N,

aji

Eg[T7] ~ [\I’ <min max

f 110 € 6.
ie%je%\ilj(9)>] e

6. Examples

In this section, we consider several examples that are useful for certain prac-
tical applications. The substantially non-stationary model for observations
in the first example turns out to be adequate for sequential detection of
epidemics, as discussed in [10, 30] in the context of quickest change-point
detection.

6.1. Example 1: Testing for the mean of normal autoregressive
non-stationary process

This example has many applications. In particular, (a) in sensor systems
such as radars, acoustic systems, and electro-optic imaging systems where it
is required to detect signals with unknown intensities from objects in clutter
and sensor noise (see, e.g., [31, 28]) and (b) in the detection of epidemics,
e.g., Covid-19 (see, e.g., [10, 30]).

Observations are of the form

(75) Xn=08,+&, n=1,

where S, is a deterministic function (e.g., a signal) observed in additive noise
&n and 6 € © = (—o00, +00) is an unknown parameter. In many applications,
noise {&,}n>1 can be adequately modeled by the p-th order Gaussian au-
toregressive process AR(p) that satisfies the recursion

p
(76) §n = Zptfn—t +wy, n=1,
t=1



Nearly Optimum Properties of Multi-Decision Sequential Rules 33

where {wy, },>1 is an i.i.d. normal (0, 0?) sequence (o > 0). For simplicity,
let us set zero initial conditions {1—, = §a—p = - -+ = &r = 0. The coefficients
p1,---,pp and the variance o? are known and all roots of the equation 2P —
p12P~1 — ... —p, = 0 are in the interior of the unit circle, so that the AR(p)
process is stable.

For n > 1, define the p,-th order residuals

Pn Pn
Sn = Sn - Zptsn—ty Xn = Xn - Zthn—ta
t=1 t=1

where p, = p if n > p and p, = n if 1 < n < p. The conditional density has
the form

n—1y _ 1 _ (XTL — 0§H)2

and therefore, the LLR

(77) )\9’19 (n) =

Since under measure Py the random variables {)Z'n}n>1 are independent
normal random variables N (65, 02), the LLR {Xo,9(n) }n>1 is a Pg-Gaussian
process (with independent but non-identically distributed increments) with
mean and variance

1 0 — )%~
Eo[A,0(n)] = 5 Varg[Ag,g(n)] = (2T) > St
Assume that

(78) ; n—>oo zp Z St

where 0 < Q? < oo. In a variety of signal processing applications, this
condition holds with 1(n) = n, e.g., in radar applications where the signal S,,
is the sequence of harmonic pulses, in which case #2Q? is the so-called signal-
to-noise ratio (SNR). In some applications such as detection, recognition,
and tracking of objects on ballistic trajectories that can be approximated
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by polynomials of order m = 2 — 3, the function ¥)(n) = n™, m > 1. Under
condition (78)

1 —as. 1
P: 50— 97°Q” = 1(6,9) for all § € (~o0, +00),
so that the SLLN (26) and the right-tail condition C1 hold.
Furthermore, A\gg(n)/¢(n) — 1(6,9) r-completely for all 7 > 1. Indeed,

under Py, the “whitened” observations can be written as Xn = 95 + wy,
and the LLR as

Ag,o(n) = (0 — )W,

where W, = 023", S;w; is a weighted sum of ii.d. normal N(0,02)
random variables w;. Let

= Wi, ep(n)
\V o2y §t2 \ o2y §t2

Note that 7, is a standard normal A/ (0, 1) random variable and that

(79) and by () =

P{Wn| > ep(n)} = P{[nal > bn(e)},

and consequently, for arbitrary b,(¢) > 1

It follows from assumption (78) that b2 () ~ 24 (n)/Q? as n — oo, and
therefore, for sufficiently large n

P{IWal > ev(n)} < O (exp {—*(n)/2Q°}) .

Recall that, by assumption (13), lim,_~[10(n)/logn] = oo, which along
with the previous inequality implies that

li_)m n™P{|W,| > e(n)} =0 for all m > 0.
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Hence,
(80) > TP {[Wa| > ep(n)} < oo foralle >0 and all r > 1.
n=1

In other words, W,, /¢ (n) converges to 0 r-completely, which implies that
foralle >0 and all r > 1

(81) > 0Py {|Aa,(n) — 1(0,9)] > ep(n)} < oo,
n=1
where 1(6,9) = (6 — 9)2Q?/2.
If we are interested in testing simple hypotheses H; : 0 = 0,, i =
0,1,..., N, then inequality (81) implies r-complete convergence condition

(36) for the LLRs Aij(n) = A, 0,(n) with I; = (6; — 6;)?Q?/2, i,j € M,
i # j. Hence, by Theorem 4.2, the MSPRT D, = (7%, d,) is asymptotically
optimal, minimizing all positive moments of the sample size to first-order,
and asymptotic approximations (42) hold for all 6;, ¢ = 0,1,..., N as long
as thresholds a;; in the MSPRT are so selected that a;;(Ds) < a;; and
aj; ~ log aj_il as Qmax — 0.

Next, consider composite hypotheses, and for simplicity, let us focus on
two hypotheses Hyp : 8 < 6y and Hy : 6 > 601 (6y < 01) with the indifference
interval ©;, = (0p,01) when N = 1. Generalization for multiple hypotheses
is straightforward, but the argument is more cumbersome. The case of two
hypotheses is of special interest in object detection and epidemics detection
applications. In the case of two hypotheses, the MMSPRT will be referred
to as the M-2-SPRT.

To establish the optimality of the M-2-SPRT we need to show that the
left-tail r-complete convergence condition C2 holds. This follows from the
argument analogous to that used for establishing r-complete convergence
(81). The details are omitted. Thus, by Theorem 5.2, the M-2-SPRT DT
minimizes as amax — 0 all positive moments of the sample size and asymp-
totic formulas (59) and (60) hold for 7,7 = 0,1 with

0202
I(0) = ﬁil>l£ 1(6,9) = w for 6 < 604,

(52 . (6 —60)*Q”
In(0) = 19125’0 1(0,9) = —s for 6 > 6.
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Note that in the case of two hypotheses o = (g, 1), where ag = apq,
a1 = aqp, and asymptotic formulas (59) and (60) yield

inf  Eg[T"] ~ Eg[(TT)"]

DeC(ao,a1)
(83) [ (| log arg|/Io(6))]" for 0> 6,
~ ¢ [ (|logai|/I1(0))]" for 0 <0y

(U (min;—g 1 |log a;|/1;(0))]" for 6 € (6p,61)

To prove the asymptotic optimality of the AMSPRT we need to verify
condition C3. In the case of two hypotheses, the AMSPRT will be referred
to as the A-2-SPRT.

Let o
i = 2t S

> St
be the unconditional MLE of 6 and let éml = max(Ql,én) and én,O =
min(fy, 0,,) be MLEs restricted to the sets ©; = [0}, 00) and Og = (—o0, 8],
respectively. Then the statistics A7 (n) can be written as

- 1 noo A o 1 noo . _ ‘

A(n) == (01— 0n,)S X, — Y (07, —02,)S7, i=0,1.

g t=1 t=1

In analogy with the argument that has led to (80), it can be shown that
r-completely under Py

0n — 0, 6,1 — max(6;,60), 6,0 — min(fy,H),

éi — 62, é,%l — max(@%,92), 0?170 — min(@%, 6?),

I e+ ==
Y 0,18 X, — 0707 Q.
P(n) =

(84) .
1 o~
— § 07,57 — 0°0%Q?,
P(n) =

Indeed, we have

P

where 7, ~ N (0,1) and b, (g) are defined in (79). The same argument that
has led to (80) yields

1
nz::ln P@{

0= 6] > e} = Po {Ina| > ba(e)/w(n)}

én—H‘ >€1/1(n)} <oo foralle>0andallr>1,
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SO

(85) én Pg-r-completely 0.
n—oo
The rest of r-complete convergences in (84) are established analogously to

(85). Using (84), after some manipulations we obtain that for all » > 1

1 ~ o-r-complete
wmﬁﬁmp %itmhw)Mﬂ<m,
1 ~ o-r-complete
wm%wp RPN, T (8) for 6 > 6o,

where [;(6)’s are given by (82). Hence, condition C3 holds.

By Theorem 5.4, the A-2-SPRT is asymptotically optimal, minimizing
all positive moments of the sample size: for all » > 1 as amax — 0 the
asymptotics (83) hold with 7'. These asymptotic formulas can be also written
as

inf Eg[T"] ~ Eg[T"] ~

0 <0
DeC(a) 0> 0",

{wr log ar|/[(61 — 6)°Q?)" it
(2| log ag|/[(6 — 60)2Q2)" i

where 0* = (011/c+ 0p)/(1 + +/c) is the solution of the equation
|log | /(8 — b0)* = [log ar|/(61 — 6)?

and ¢ ~ (logap)/(log 1) as amax = max(ag,a1) — 0 (see (10) in Re-
mark 2.1).

In particular, if S,, = S, then ¥(n) =n, ¥(t) =t, and Q> = (1 — p; —
cee— ,op)252 /o?. In this case, a higher-order approximation to the expected
sample size Eg[T] of the A-2-SPRT up to an additive vanishing term o(1)
has been obtained in [29].

6.2. Example 2: Testing for covariance in Gaussian
autoregressive models

Consider the problem of testing hypotheses regarding the covariance of the
AR(p) process { Xy, }n>1 which satisfies the recursion

p
(86) Xn = Zthn—t+wn7 n =1,
t=1
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where {w, },,>1 are i.i.d. standard normal N(0, 1) random variables and coef-
ficients p1, ..., p, are unknown. In this case, the parameter 6 is p-dimensional,
0= (p1,--. ,pp)T where hereafter T denotes transpose. For s > £ > 1, write
X = (Xp, ..., X).

The conditional density fo(X,|X? ') = fg(Xn|Xz:Il)) is

X, X"1))2
fo(XnlX}2)) = W exp {—(776( - ») }7

where np(y,z) =y — (0) 'z (y € R, x = (21,...,7,) € RP). Thus, for any
0 € © =RP, the LLR A p(n) = 3_/_; Aj 4(t), where

fG(Xt’Xil) 1
() =1 R S e X, (0 — 9 Txt—l - 79Txt—1 2 HTXt_l 2 )
ho(t) =log S SR = X6 —9)TX{ + 3 [0TXI)R - (07X
The process (86) is not Markov, but the p-dimensional process

Vo= (Xn,, Xn_py1) €R?

is Markov.
Next, for any 6 = (p1,...,pp) € RP, define the matrix

pr P2 - Pp
1 0 0
L(0) = .
0 0 1 0
and notice that
(87) Y, =LO)Yy1+w,, n=>1,

where @, = (wy,0,...,0)T € RP. Obviously,

Assume that 6 belongs to the set O for which all eigenvalues e;(A) of
the matrix L(#) in modules are less than 1:

(88) Oy = {0 € RP: max |e/(L(0))| < 1}.

1\\
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Using (87) it can be shown that in this case the process {Y,, },>1 is ergodic
with stationary normal distribution N (0, F(#)), where

o

F(6) = > _(A(6))"B(AT(9))".

n=0

Since sup;» Eg|X3|" < oo for any r > 1 and 6 € RP it follows that
sup;>1 Eg| Mg (t)|" < oo for any r > 1 and 6 € RP, and therefore, the SLLN
(26) holds with Iy = (6 —9)TF(8)(6 —9)/2 . Also, using techniques devel-
oped in [17, 18] it can be shown that the left-tail condition C2 is satisfied
with

1
(89) L;(0) = inf S(0 - ) F(0)(f — V) for § € ©; and 0 € Oy,.
€0;
In particular, in the Markov scalar case where p =1 and 6 = p; = p in (86),
we have
o (p—pt)?
I.(p) = inf L F /)
By Theorem 5.2, the MMSPRT DT minimizes as amax — 0 all positive

moments of the sample size and asymptotic formulas (59) and (60) hold with
I;(8) specified in (89) for any compact subset of © = O defined in (88).

for p € ©; and p € Oy,.

6.3. Example 3: Testing for the mean of Gaussian data with
unknown variance

6.3.1. Multi-hypothesis invariant sequential ¢t-test. The model dis-
cussed in Example 1 has focused on Gaussian data of known variability. A
more common practical scenario is when the variability of data is unknown.
In this section, we discuss the simplest i.i.d. model, although the results can
be extended for more general non-i.i.d. situations.

Let {X, }n>1 be the sequence of i.i.d. normal A'(u, 0%) random variables
with unknown mean g and unknown variance o2, where the variance o2
is a nuisance parameter. Let § = u/o. We are interested in testing the
hypothesesH; : 0 = 0;,i =0,1,..., N, where 0y, 01, ...,0y are given distinct
numbers. Lai [6] considered this problem for testing two hypotheses in the
context of invariant tests relative to the unknown variance 2. Lai proved
that the invariant sequential t-test (¢-SPRT) is first-order asymptotically
optimal among all tests invariant to o2. Lai’s result can be easily extended
to multiple hypotheses. Below we show that the proposed MSPRT is also
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asymptotically optimal to first order, minimizing all positive moments of
the sample size for all hypotheses in class Cgip, () among all tests invariant
under scale changes.

The hypothesis testing problem is invariant under the group of scale
changes, i.e., under the transformation which transforms X, Xo, ..., X, into
cX1,cXs,...,cX, for an arbitrary non-zero constant c¢. Under this group of
transformations, the maximal invariant is Ml,, = (1, X5 /X7,..., X,,/X;). For
n>1letY,=X,/X,

- 1< 1 < Y n~Y X,
V==Y Y, vi==) Y2 t,=—"= =1 :
n n ; ts Un n ; t n on [’n_l Z?:l Xt2]1/2

Straightforward calculation shows that the density of the maximal invariant
under the hypothesis H; is

1 [e.e]
(90)  pilt,) = |t e fnsta i)
\/277(71 - 1)nvi(n_1) 0
where f(u,z) = —u?/2+ zu+log u. Therefore, the invariant LLRs are given
by

fooo u~texp {nf(u,bit,)} du
I uexp {nf (u, 0;t,)} du

The invariant MSPRT is defined as in (31)-(32) with these invariant LLRs.

Note that the statistic ¢,, is the famous Student ¢-statistic which is the basis

for Student’s t-test in the fixed sample size setting. For this reason, the

invariant MSPRT based on \;;j(n,t,) will be referred to as the t-MSPRT.
Define

Aij(n)zlog[ ] i,j=0,1,...,N, i #j.

Ju(z) = /0 T uexp {nf (u, 2)} du,

so the LLRs for the maximal invariant are of the form
)‘Zj(n) = IOg[Jn(eltn)/Jn(ejtn)L i,j=0,1,....N, 1 #].

The invariant LLRs \;;j(n) are too complicated for direct use. However, it
is possible to replace \;;(n) with a suitable approximation, A;j(n) ~ lej(n)
If P;(|\ij(n) — Nij(n)] < C) =1 for n > ng (ng > 1) with C' a constant,
then the r-complete convergence of n_lj\ij(n) to I;; under P; implies the

r-complete convergence n_l)\ij(n) — I;; under P;.
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Specifically, using the uniform version of the Laplace asymptotic inte-
gration method (cf. Wijsman [36]), it can be shown that uniformly in ¢,

IXij(n) —ngij(tn) — Aij(tn)] = 0 as n— oo,
where the term A;;(t,) is bounded by a finite positive constant Cj; and
9ij(tn) = ¢(0itn) — G(0tn) — & (67 — 992')7
b(tn) =L tn (tn +/AT t%) +log (tn + VAT t%) .
Consequently,
In "I\ (n) = gij(tn)| < Cij/n, n 21,
Since E; | X1|" < oo for all 7 > 1, it follows that

P, _r_completely\ EZ [Xl] — 02
—— VEIXZ 1162

tn =Q; forallr>1,

and therefore, the normalized LLR n~1);;(n) converges r-completely to g;;(Q;)
under P;, so that the r-complete convergence conditions (36) hold for all
r > 1 with ¢(n) = n and I;; = gi; (Qs).

It remains to verify that I;; > 0. To this end, note that for any fixed
|t| < 1, the maximum of the function ¢(6,t) = ¢(0t) —62/2 over 0 is attained
at 0% =t/(1 —t)'/2, so that 0* = 6; if t = Q; = 6;/(1 + 6;)"/2. Hence,

9ij (Qi) = &(0;, Qi) — d(05,Q;) > 0.

By Theorem 4.2, the t--MSPRT asymptotically minimizes all positive mo-
ments of the stopping time and, as amax — 0,
| log Oéji|

IS
inf  E[T"] ~( max ———~ | ~E[T}]], i=0,1,...,N.
DEC,im(a) i <je%\i 9z’j(Qz’)> 1]

In the case of two hypotheses (N = 1), the above results are identical to
those obtained by Lai [6] for the ¢-SPRT.

6.3.2. Adaptive sequential test. We continue considering the same
model as in Subsection 6.3.1 but now in the context of the adaptive SPRT.
So again X,, ~ N(u,0%), n = 1,2,... are i.i.d. normal random variables
with unknown mean p and unknown variance o2, but now we focus on the
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two composite hypotheses Hy : p < pg,0% > 0 and Hy @ o > pq,0% > 0,

where ju1, 1o are given numbers, p; > g, and o2 is an unknown nuisance
parameter. If this model is treated in the context of invariant tests when the
hypotheses are H; : p/o = ¢;, i = 0,1, where gy and ¢ are given numbers,
then the results in the previous subsection show that the invariant -SPRT
is asymptotically optimal in the class of invariant tests. However, for values
of ¢ = p/o different from g¢;, this test is not optimal. It performs espe-
cially poorly in the indifference zone (qo,q1). To overcome this drawback
Tartakovsky et al. [28] construct an invariant ¢-2-SPRT, which minimizes
the expected sample size at the worst point ¢* € (go,q1). But this test is
also not optimal for any other point and performs not great at the points
located far from ¢*. On the other hand, the AMSPRT (which we refer to as
the A-2-SPRT in the case of two hypotheses) is adaptive and asymptotically
efficient at any point ¢ € (—o00, 00). Furthermore, it is also invariant to scale
transformations.

Let 0 = (p,02%) and 6 = (ji,62). We now show that all conditions of
Theorem 5.4 (with N = 1) are satisfied when {6} is a sequence of MLEs,
which implies uniform asymptotic optimality of the A-2-SPRT with ag; =
ap = log(1/ap) and a1g = a; =log(1/aq) in class C(a) = C(ayg, a1).

The LLR is given by

~2 2 ~
o o°—§& 9
Aog(n) = B} log <02> 95252 t
t=1
~2 -2 N 2~2 ~2 2
o= — 1o Wooe — fi*o
L ;X T 25202

1(975) =Eg[N, 5(1)] = 1 {(:“_iﬂ —i—logi—2 — 1}.

By the SLLN,
—1 B Py-a.s. A
n )\0’6(77,) m[(@,@)

Thus, condition C1 holds. It remains to verify positiveness of

Li(p,0®) = _inf  I(p,0%i,6%) for p < pi,0° >0
ﬂ>M1752>0
and
2y . 2.~ ~2 2
Ip(p,0%) = inf  I(p,0%p,6%) for p> pg,0° >0

A< po,6%>0
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and the left-tail condition C3.

Let ¢ = p/o and q; = p;/o. Let Q = (—o00, +00) denote the g-parameter
space and let Qg = (—00, qo], Q1 = [@,OO), Qin = (g0, q1)-

The minimum value ming~q 1(6,60) = %log [1+ (p— [1)?/0?] is achieved
at the point 52 = o + (u — f1)? and I;(u, 0?) are given by

. ~ 1
L(#) = inf 1(0,0) = I(q) = =log[l + (q1 — q)2] for g < q1,

iz, 2
(91) >0 ] )
Iy(0) = ugl/f 1(0,0) = Io(q) = 3 log[1 + (g — q0)?] for q > qo.
6—2>0’

Clearly, Ip(q) > 0 for ¢ € Q1+Qin = (g0, 00) and I;(q) > 0 for ¢ € Qp+Qin =
(—o00,q1), and hence, min[ly(q), I1(q)] > 0 for ¢ € Qin = (o, q1). Therefore,
the conditions related to the minimal Kullback—Leibler “distances” for the
corresponding sets hold and it remains to deal with the left-tail r-complete
convergence condition C3.
The unrestricted MLE
o = (jn,03) =arg sup Aggln)

HE(—00,00),
02>0

is a combination of the sample mean and sample variance,

Let

fing = max{p1, Xp}, fino=min{uo, Xn}, G5, =n""> (Xi— fin;)’
t=1

be the restricted MLEs of ;2 and o conditioned on the hypotheses H; and Hy,
respectively,

fin,1 = arg sup /\g;é(n), fin,0 = arg sup /\g;é(n),
M K o
&,2171 = arg sup Ay 4(n), &,2170 = arg sup Ay4(n).

HZp, HS Ho,
02>0 02>0
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Straightforward calculation shows that the decision statistics in the A-2-SPRT
are \f(n) = {(n) — ¢;(n) (1 =0,1), where

1 1 L (% X
l(n) = 3 Z [log <2—> + - <2Xt—1Xt - X7 - th—l)] J

— Vi1 Vi1

n 1

These statistics allow for an efficient recursive computation. Note that ¢(n)
requires an initial condition for the estimate 6. This condition is the design
parameter that can be deterministic or random. In particular, we could set
£(0) = 0.

Since X1, Xo,... are i.id. and Ep[|X1]|"] < oo for all » > 1, it can be
shown that the following r-complete convergence conditions hold as n — oo
under Py:

, i=0,1.

2
X, —p X, —p v:oo?

for all yu € (—oo,4+00), 0% > 0;

if > ) if 1 <
ﬂnvl%{u n= M_){u 1< o

prif g < po i > po
2 : 2 :
. o if > . o if p <
O-rzL,l_> 2 2 . : Mlv O-rzL,(]_> 2 2 . : MO'
ol + (p—m)* ifp < o+ (u—po)* if p>po

Using these relations along with (92), it can be verified that r-completely
under Py as n — oo

1 1
n~Y(n) — 5 <log — = 1) for all y € (—o0, +00), o2 > 0;
o

1 1 : 2
-1 z(log = — 1) if p=p1, 02>0
n~ 0 (n) — ) ,
{%(logm—l) lf,U/<,U/1, O-2>0
_lf( )_> %(lOg%_ ) iflug:an J2>0
n to(n . .
%(log J2+(;}—M0)2 ) if > o, 02 >0

Combining these formulas yields (for all r > 1)

Pg-r-completely
_—

n~IN; (n) L;(0) = I(q) for g€ Q\Q;, i =0,1,

n—o0

where I;(q) are given by (91).
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Therefore, condition C3 is satisfied with I;(#) = I;(¢). By Theorem 5.4,
the A-2-SPRT is asymptotically optimal, minimizing all positive moments
of the sample size in the class of tests C(ap, a1): for all 7 > 1 as amax — 0

(2|log |/ log[l + (g1 — q)?])" if ¢ < ¢*

<
(2|1og o/ log[1 + (¢ — q0)?])" if ¢ = ¢,

inf  Ep[T"] ~ Ep[T"] ~
o o[T"] ~ Eg[T"] {

where ¢* is the solution of the equation
1+ (1 — 9] =1+(¢— q)?

(¢ ~ (log ap)/(log 1) as amax — 0). In particular, ¢* = (g0 +¢1)/2 if ¢ = 1.

It is also worth noting that the mixture test M-2-SPRT with the mixing
improper prior density 7(,0) = o~'dodpy is uniformly asymptotically op-
timal. To see this, consider for simplicity testing 1 = qo = 0 against pu # 0
without the indifference zone. Introduce the probability measure

Pﬂ- = / /0 O'_IPM’O—dO'd,U/

Then the LR A}, of (Xi,...,X,,) under P™ relative to Py is the same as
the LR of the maximal invariant M,, under P = (277)_1/2 f_oooo P,dg, i.e.,

AT dPT(Xy) 1 /OO pq(Mn)dq
" dPo (X)) V2 s Po(My)

where p,(M,,) is as in (90) with 6; = ¢. Direct calculation shows that

2
X 1
Ar =log AT = glog <1+U—2"> - élogn

n

See [21], page 117. Clearly,

p-T-complete. 1
pipr Boreompletely, gy p(q) = 5 log(1+¢%).

n— o0

Since I(q) = Ii(q) = Io(q) when go = ¢q1 = 0 (see (91)), it follows that
asymptotic performance of the A-2-SPRT and the M-2-SPRT are the same.
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7. Concluding remarks

1. Analogous near-optimality results can be obtained for the multi-hypothesis
generalized likelihood ratio SPRT.

2. In the non-i.i.d. cases when observations are severely non-stationary
and dependent, computing the LLRs is typically time-consuming since there
are no recursive formulas as in the i.i.d. case. Computing the mixtures is
even more time-consuming. One way to overcome this difficulty is to use
window-limited versions when computing the corresponding statistics in a
fixed moving time window, following the idea proposed by Lai [9] for change-
point detection problems. To ensure the tests exhibit asymptotic optimality
properties, the size of the window, denoted as 7 = 7(amax ), must be a func-
tion of the specified error rate amax. Moreover, it should approach infinity
approximately as the maximal value of the optimum expected sample size

T(Qmax) ~ max {max sup F; g(a), min sup Fi,g(a)} .
i€ gco, €40 gco;,

3. The results of uniform optimality in Theorems 5.2 and 5.4 can be
extended to establish the first-order minimax asymptotic optimality of the
MMSPRT D, = (T}, d,) and the AMSPRT D = (T',d). That is, both tests
solve the asymptotic version of the Kiefer—Weiss problem [4] of minimizing
the expected sample size in the worst scenario with respect to the parameter
0, or more generally, minimizing higher moments of the stopping time in the
worst case. Specifically, let

min 1;(6) if 0 € ©;

max min 7;(0) if6 € Oy,
0<i<N jeM\i

It can be shown that if instead of conditions (14) we will require a stronger
separability condition infgpeg I(#) > 0 then as apax — 0

T
inf supEy[T"] ~ |max { max sup Fj; g(c), sup min F} g(c ,
D€C(a)eeg olT"] [ {iE%eeeli w6 )ee@iiE% w6 )}]

and the right-hand side is attained for supgcg Eo[7}] and supycg Eo[T7].
In the i.i.d. case, this problem has been addressed by Lai [5], Lorden [13],
Huffman [3], Pavlov [16] among others and in the non-i.i.d. case by Tar-
takovsky et al. [28].
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4. As stated in previous sections, the almost sure convergence of the nor-
malized LLR Ag y(n)/1(n) — 1(0,9) as n — oo under Py is not sufficient
for the optimality of proposed sequential tests in the sense of minimizing
the expected sample size or moments of the sample size. However, the fol-
lowing weak (in the almost sure sense) asymptotic optimality holds under
this almost sure convergence condition for the MMSPRT (7%, d,) and the
AMSPRT (T\, d): forall @ € ©; and i =0,1,...,N

lim sup Pg{r>(1+¢)T} =0 forevery e>0
Amax—0 Pec(a)

and
T Py—a.s. .1
E’e(a) amax_>0

)

where 7 = T, or 7 = T.. Lai [6] established this result for the SPRT in the
problem of testing two simple hypotheses and an asymptotically stationary

case (¥(n) =n).
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