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How much entanglement is needed for quantum error correction?
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It is commonly believed that logical states of quantum error-correcting codes have to be highly
entangled such that codes capable of correcting more errors require more entanglement to encode
a qubit. Here we show that this belief may or may not be true depending on a particular code.
To this end, we characterize a tradeoff between the code distance d quantifying the number of
correctable errors, and geometric entanglement of logical states quantifying their maximal overlap
with product states or more general “topologically trivial” states. The maximum overlap is shown
to be exponentially small in d for three families of codes: (1) low-density parity check (LDPC) codes
with commuting check operators, (2) stabilizer codes, and (3) codes with a constant encoding rate.
Equivalently, the geometric entanglement of any logical state of these codes grows at least linearly
with d. On the opposite side, we also show that this distance-entanglement tradeoff does not hold
in general. For any constant d and k (number of logical qubits), we show there exists a family of
codes such that the geometric entanglement of some logical states approaches zero in the limit of
large code length.

Quantum error correction [1] and entanglement theory
are vibrant research fields that are often closely inter-
linked. A deep connection between the two fields stems
from the hallmark feature of entangled states known as
local indistinguishability [2, 3]— two entangled states
may be perfectly distinguishable globally while looking
identical for any local observer who can only examine
few-qubit subsystems. Accordingly, a logical qubit en-
coded into entangled states that span multiple physical
qubits and satisfy the local indistinguishability property
becomes protected from all few-qubit errors enabling er-
ror correction.

The exchange of ideas between these fields has led to
several breakthroughs. For example, the study of many-
body entangled states with a topological quantum or-
der [4] has led to the development of fault-tolerant ar-
chitectures based on the surface code [5, 6]. Conversely,
coding theory constructions such as holographic quan-
tum codes [7, 8] provided a fruitful perspective on the
connection between geometry and entanglement in quan-
tum gravity. More recently, one of the most significant
open questions about many-body entanglement — the
existence of local Hamiltonians without low-energy topo-
logically trivial states [9] has been resolved by employ-
ing the construction of good Low Density Parity Check
(LDPC) codes [10, 11].

Given the profound role of entanglement in quantum
coding theory, a natural question is how much entan-
glement is needed for quantum error correction? Here
we begin addressing this question by exploring distance-
entanglement tradeoffs for quantum codes. Recall that a
quantum code encoding k logical qubits into n physical
qubits is simply a linear subspace C of dimension 2k em-
bedded into the 2n-dimensional Hilbert space describing
n physical qubits. Any normalized vector |ψ〉 ∈ C repre-
sents a logical (encoded) state. The error correcting ca-
pability of a code is usually measured by its distance. A
code is said to have distance d if logical states are locally

indistinguishable on any subset of less than d physical
qubits. Put differently, the reduced density matrix of a
logical state |ψ〉 ∈ C describing any subset of less than
d qubits is the same for all logical states. A distance-d
code can correct any error affecting less than d/2 physi-
cal qubits [2, 3, 12]. It is easy to check that logical states
of non-trivial codes (those with k ≥ 1 and d ≥ 2) must
have some entanglement [13]. But what is the minimum
amount of entanglement required for a distance-d code?
First, let us agree on how to quantify the entanglement

of n-qubit states. Our starting point is the geometric en-
tanglement measure [14, 15]. It quantifies the maximum
overlap between a given n-qubit state and tensor prod-
ucts of single-qubit states. Unfortunately, this measure
can be “spoofed” by states exhibiting only short-range
entanglement. For example, a tensor product of n/2 EPR
pairs scores high on the geometric entanglement even
though this state can be disentangled by applying a sin-
gle layer of CNOT gates. To detect genuine many-body
entanglement we generalize the geometric entanglement
beyond product states. For any h ≥ 1 define a depth-h
quantum circuit acting on n qubits as a composition of
h layers of two-qubit gates such that gates within each
layer are non-overlapping. We allow two-qubit gates act-
ing on any pair of qubits (all-to-all qubit connectivity).
A depth-0 circuit is defined as a product of single-qubit
gates. Define a depth-h Geometric Entanglement Mea-
sure (GEM) of an n-qubit state |ψ〉 as

Eh(ψ) = − max
U : depth(U)=h

log2 |〈ψ|U |0n〉|2. (1)

The maximum is taken over all n-qubit depth-h circuits.
By definition, Eh(ψ) ∈ [0, n] and Eh(ψ) = 0 iff |ψ〉 can be
prepared by a depth-h circuit. We shall be interested in
the regime when h = O(1) is a constant independent of n.
Then Eh(ψ) quantifies the maximum overlap between |ψ〉
and “topologically trivial” states [9], i.e. states that can
be prepared by a constant-depth circuit starting from a
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product state. The standard GEM coincides with E0(ψ),
see e.g. [15]. We shall also consider Clifford GEM ECh (ψ)
defined by Eq. (1) with a restriction that U contains only

Clifford gates (Hadamard, CNOT, and S =
√
Z).

I. MAIN RESULTS

First, consider quantum LDPC (qLDPC) codes. Such
codes are often used to model systems with topological
quantum order, see e.g. [5, 16]. The codespace C of a
qLDPC code with n physical qubits is defined as

C = {|ψ〉 ∈ (C2)⊗n : Πa|ψ〉 = |ψ〉 ∀ a = 1, . . . ,m} (2)

where Π1, . . . ,Πm are pairwise commuting Hermitian
projectors. Equivalently, C is the ground subspace of a
gapped Hamiltonian H = −∑m

a=1 Πa. The code is said
to have sparsity s if each projector Πa acts non-trivially
on at most s qubits and each qubit participates in at
most s projectors. The LDPC condition demands that s
is a constant independent of n.
Our first result is the distance-entanglement tradeoff

for qLDPC codes:

Theorem 1. For any d > s425h, any s-sparse, distance-
d qLDPC code C, and any logical state |ψ〉 ∈ C one has

Eh(ψ) ≥ αd, (3)

where α > 0 is a constant that depends only on s and h.

As a consequence, the overlap between any logical state
and any topologically trivial state is exponentially small
in d. Moreover, since the bound Eq. (3) does not depend
on the number of physical qubits n, the constant depth
circuit that creates a topologically trivial state may act
on an arbitrary number of ancillary qubits initialized in
|0〉. The bound Eq. (3) confirms the belief that high-
distance codes capable of correcting more errors require
more entanglement to encode a qubit. We emphasize that
this bound is extremely general as it applies to all qLDPC
codes. The linear scaling with d in Eq. (3) cannot be im-
proved since Eh(ψ) ≤ n for any state |ψ〉 and there exist
qLDPC codes with the distance d ∼ n [11]. Although
the bound Eq. (3) is easy to state, its proof is rather
non-trivial. It combines the characterization of entan-
glement present in logical states of qLDPC codes stated
as the Disentangling Lemma in [17] and the Hamming
weight concentration bound for shallow peaked quantum
circuits (slightly improved upon [18]).
Our second result is the distance-entanglement tradeoff

for stabilizer codes [19]. The codespace C of a stabilizer
code with n physical qubits is defined as

C = {|ψ〉 ∈ (C2)⊗n : Sa|ψ〉 = |ψ〉 ∀ a = 1, . . . ,m} (4)

where Sa ∈ {±1}·{I,X, Y, Z}⊗n are pairwise commuting
Pauli operators and m = n− k. We show that

Theorem 2. For any stabilizer code C and any logical
state |ψ〉 ∈ C one has

E0(ψ) ≥ d− 1. (5)

As a consequence, the overlap between any logical state
and any n-qubit product state is at most 21−d. More-
over, this bound is tight as it can be saturated exactly
by Shor’s code [1], see Appendix A for details. The proof
of Eq. (5), which relies on the Cleaning Lemma [20], is
pleasingly simple. Although we were not able to prove a
lower bound Ω(d) for the depth-h GEM, a simple corol-
lary of Eq. (5) is

ECh (ψ) ≥
d

2h
− 1. (6)

In other words, the overlap between any logical state and
any n-qubit state that can be prepared by a depth-h Clif-

ford circuit is at most 21−d/2
h

, exponentially small in d
for any constant depth h.
While the above results depend only on d (but not

k), our third result contains k-dependent lower bounds,
which is particularly useful for codes with constant rates.
Let H(x) = −x log2 x− (1− x) log2(1 − x), and H−1(x)
be its inverse function restricting to x ∈ [0, 12 ].

Theorem 3. (i) For any code C and any logical state
|ψ〉 ∈ C one has

Eh(ψ) ≥
( d

2h
− 1

)

H−1
(k

n

)

. (7)

(ii) For a qLDPC code such that d > s425h,

Eh(ψ) ≥ βnH−1
(k

n

)

. (8)

where β = Θ(s−42−4h) > 0 is a constant that de-
pends only on s and h.

In particular, if the code has constant rate k/n = Θ(1),
then for general codes, we have

Eh(ψ) ≥ Θ
( d

2h

)

; (9)

for qLDPC code such that d > s425h, we have

Eh(ψ) ≥ Θ
( n

24h

)

. (10)

Eq.(7) is proved by combining an entropic argument in-
spired by [17, 21] and a general observation about making
measurements on a code. Eq.(8) relies on similar ideas
towards Eq. (3).
Finally, one might expect that a similar distance-

entanglement tradeoff holds for all quantum codes. Sur-
prisingly, we show that this is not the case. To this end,
we consider Permutation Invariant (PI) codes [22, 23].
Logical states of such codes are invariant under any per-
mutation of physical qubits. We construct a family of
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distance-2 PI codes Cn encoding k = 1 logical qubit into
n physical qubits and a family of logical states |ψn〉 ∈ Cn
with an asymptotically vanishing GEM:

E0(ψn) ≤
O(1)

n
. (11)

Hence the overlap between |ψn〉 and some n-qubit prod-
uct state approaches 1 in the limit n → ∞. By concate-
nating the code Cn with itself several times we obtain a
family of codes with arbitrarily large d and k such that
a logical state obeys E0(ψn) → 0 as n→ ∞. This exam-
ple shows that some logical states of high-distance codes
may have very little entanglement.
Related works. Circuit lower bounds for low-energy states
of quantum code Hamiltonians have been studied before
by many authors [9, 10, 21, 24, 25]. Upper bounds on the
overlap between logical states and low-depth states sim-
ilar to ours were reported by Anshu and Nirkhe [21] who

showed Eh(ψ) ≥ Θ( k2d
n2s24h log4 ds

) for quantum LDPC

codes (Lemma 13 therein). Compared with Eq. (3), this
bound depends on the code length n and is sub-linear in
d (even up to logarithm) unless the code has constant
rate k/n, in which case the LDPC condition is actu-
ally not necessary, see Eq. (9). Ref. [21] also showed
Eh(ψ) ≥ Θ(d2/n22h) for any code (Lemma 14 therein).
In particular, Eh(ψ) ≥ Θ(d) for codes with linear dis-
tance and h = O(1), which complements our results.
Ref. [26] used GEM to probe quantum phase transitions
in several 1D spin chain models, see also [27–29]. Ref. [15]
studied GEM for some examples of topological quantum
codes. In an accompanying work [30], we will study the
GEM Eh for many-body systems that support emergent
anyons and fermions.

II. PROOFS

We proceed to the proof of the distance-entanglement
tradeoffs stated above.

A. Stabilizer codes

We begin with Theorem 2 since its proof is the sim-
plest one. Suppose C is a stabilizer code with distance d
and |ψ〉 ∈ C is a logical state. By definition, 2−E0(ψ) =
〈ψ|ρ|ψ〉 for some product state ρ = ρ1 ⊗ · · · ⊗ ρn.
Partition n qubits into two disjoint registers A,B and
let ρA = TrBρ. Since ρ is a product state, one has
ρ ≤ ρA ⊗ IB . Accordingly,

2−E0(ψ) = 〈ψ|ρ|ψ〉 ≤ 〈ψ|ρA ⊗ IB|ψ〉 = Tr(ρAηA), (12)

where η = |ψ〉〈ψ| and ηA = TrBη. Suppose |A| < d. The
local indistinguishability property implies that the re-
duced density matrix ηA is the same for all logical states.
Thus one can compute ηA by pretending that η is the

maximally mixed logical state η = (1/2k)ΠC , where ΠC

is the projector onto C. It is well known [12] that

ΠC =
1

2n−k

∑

S∈S

S, (13)

where S = 〈S1, . . . , Sm〉 is the stabilizer group of C. Tak-
ing the partial trace over B gives

ηA =
1

2k
TrBΠC =

1

2|A|

∑

S∈S(A)

S, (14)

where S(A) is the subgroup of S that includes all stabiliz-
ers supported on A. We shall need the following lemma.

Lemma 1. For any distance-d stabilizer code, there ex-
ists a subset of qubits A such that |A| ≥ d and the only
stabilizer supported on A is the identity operator.

Applying Eqs. (12,14) to a subset of qubits A such that
S(A) = {I} and |A| = d− 1 gives ηA = 21−dI and

2−E0(ψ) ≤ 21−dTr(ρA) = 21−d, (15)

which proves the distance-entanglement tradeoff Eq. (5).
Furthermore, suppose U is a depth-h Clifford circuit,

then U · C is also a stabilizer code and the standard
lightcone argument shows that its distance is at least
d/2h. Applying Eq. (5) to the stabilizer code U · C proves
Eq. (6).

Proof of Lemma 1. We shall use induction in ℓ = |A|.
The base of induction is ℓ = 0 in which case A = ∅ and
S(A) = {I} by definition. Consider the induction step.
Let A be a subset of ℓ qubits such that S(A) = {I}.
If ℓ = d we are done. Otherwise |A| = ℓ < d. The
Cleaning Lemma [20] asserts that for any logical Pauli
operator P and any subset of qubits A with |A| < d
there exists an equivalent logical Pauli operator Q ∈ P ·S
such that Q acts trivially on A. Thus one can choose an
anti-commuting pair of logical Pauli operators X and Z
that both act trivially on A. Then there must exist a
qubit i /∈ A such that X and Z locally anti-commute on
i. Assume wlog that X and Z act on the i-th qubit as
Pauli X and Z respectively (otherwise, perform a local
Clifford change of basis on the i-th qubit). Consider a
set A′ = A∪{i} of size ℓ+1. We claim that S(A′) = {I}.
Indeed, let S ∈ S be a stabilizer supported on A′. Let
Si ∈ {I,X, Y, Z} be the restriction of S onto the i-th
qubit. Since S commutes with all logical operators and
S overlaps with X and Z only on the i-th qubit, one
infers that Si commutes with both Pauli X and Z. This
is only possible if Si = I. Thus S ∈ S(A) = {I}, that is,
S = I and S(A′) = {I}. This completes the induction
step.

B. Quantum LDPC codes

Let us prove Theorem 1. It suffices to consider an
arbitrary logical state |ψ〉 ∈ C and prove that

− log2 |〈ψ|0n〉|2 ≥ d · g(s) (16)
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for some function g(s) > 0. Indeed, since a local change
of basis on each qubit does not affect the distance and
sparsity of C, we can assume wlog that E0(ψ) is achieved
by − log2 |〈ψ|0n〉|2. Moreover, suppose U is a depth-h
circuit, then U · C is a qLDPC code defined by com-
muting projectors UΠaU

†. The standard lightcone ar-
gument shows that U · C has sparsity at most s2h and
distance at least d/2h. Hence, E0(ψ) ≥ d · g(s) implies
Eh(ψ) ≥ d · g(s2h)/2h.
The key is to consider the probability distribution of

bit strings corresponding to measuring |ψ〉 in the compu-
tational basis:

Prψ(x) = | 〈x|ψ〉 |2, x ∈ {0, 1}n. (17)

The following lemma characterizes such probability dis-
tribution.

Lemma 2. Suppose d > s4. Then

(i) Each bit of x is independent of all but at most K
other bits.

(ii) Eψ(|x|) ≤ −(K + 1) log |〈ψ|0n〉|2.
(iii) There exists a function c(s) such that Prψ[|x| ≥

t] ≤ exp [Eψ(|x|)− t] for any t ≥ c(s)Eψ(|x|).
Here K = s2 + s4; |x| = ∑n

i=1 xi is the Hamming weight
of x; log stands for the natural logarithm. In the follow-
ing, we omit the subscripts in Prψ and Eψ.
Now let us show how Eq. (16) follows from Lemma 2.

We denote R = −(K + 1) log |〈ψ|0n〉|2. If d < c(s)R, or
equivalently

− log |〈ψ|0n〉|2 > d

(K + 1)c(s)
, (18)

then we already have the desired form Eq. (16).
Consider the case d ≥ c(s)R. For each integer i ∈ [1, n]

we define a quantity

Si =
∑

1≤p1<···<pi≤n

Pr[xp1 = · · · = xpi = 1]. (19)

Then we have (recall Bonferroni’s inequality):

(−1)d−1

[

Pr[|x| > 0]−
d−1
∑

i=1

(−1)i−1Si

]

=

n
∑

t=d

(

t− 1

d− 1

)

Pr[|x| = t] =

n
∑

t=d

(

t− 2

d− 2

)

Pr[|x| ≥ t]

≤
∞
∑

t=d

(

t− 2

d− 2

)

eR−t = e−1+R(e− 1)1−d. (20)

Here the inequality uses Lemma 2 (ii) and (iii). The con-
dition t ≥ c(s)E(|x|) in (iii) is satisfied since d ≥ c(s)R.
The last equality in Eq. (20) follows from binomial expan-
sion (with a negative exponent); e ≡ exp (1). Note that
S1, . . . , Sd−1 depend only on reduced density matrices of

|ψ〉 describing subsets of less than d qubits. The local in-
distinguishability property implies that S1, . . . , Sd−1 are
the same for any logical state |ψ〉.
Eq. (20) shows the overlap |〈ψ|0n〉|2 = 1 − Pr[|x| > 0]

is approximately the same for any logical state, up to the
correction e−1+R(e − 1)1−d. However, since dim C ≥ 2,
there always exists a logical state |ψ′〉 ∈ C such that
〈ψ′|0n〉 = 0. Therefore, for any logical state |ψ〉 ∈ C one
must have

|〈ψ|0n〉|2 ≤ e−1+R(e− 1)1−d. (21)

It is equivalent to

− log |〈ψ|0n〉|2 ≥ 1 + (d− 1) log (e − 1)

K + 2
, (22)

which is in the desired form Eq. (16). More
precisely, since either Eq. (18) or Eq. (22) must
hold, we have proved Eq. (16) with g(s) =

1
log (2) min

[

1
(K+1)c(s) ,

log(e−1)
K+2

]

.

Proof of Lemma 2. (i) We claim that any logical state
|ψ〉 ∈ C has zero correlation length. More precisely, con-
sider any subset of qubits M ⊆ [n] and let M c = [n] \M
be the complement of M . Let ∂M be the boundary of
M defined as the set of qubits covered by supports of
projectors Πa that overlap with both M and M c. The
Disentangling Lemma of Ref. [17] implies that if |M | < d
and |M c ∩ ∂M | < d then

Tr∂M |ψ〉〈ψ| = ρM\∂M ⊗ ρMc\∂M , (23)

where ρA is the reduced density matrix of |ψ〉〈ψ| describ-
ing a subset of qubits A. Consider any qubit j. We choose
M as the union of j and all neighbors of j in the “inter-
action graph” determined by the projectors Πa. Then
j ∈ M \ ∂M and Eq. (23) implies that measuring |ψ〉
in the standard basis, the j-th measured bit is indepen-
dent of all bits in M c \ ∂M . The number of remaining
bits that can possibly be correlated with the j-th bit is
at most |M ∪ ∂M | − 1. A simple calculation shows that
|M ∪∂M | ≤ s2+s4 while conditions of the Disentangling
Lemma are satisfied whenever d > s4.
(ii) The proof is based on [18]. Define a dependency
graph G = (V,E) with n vertices such that the i-th bit
of x can be correlated only with the nearest neighbors of
i in G. We have already shown that the vertex degree
of G is at most K. If VI ⊂ V is an independent set of
vertices then all bits xj with j ∈ VI are independent. Let
mj = E(xj). Then

|〈ψ|0n〉|2 ≤ Pr[xj = 0 ∀j ∈ VI ]

=
∏

j∈VI

Pr[xj = 0] =
∏

j∈VI

(1−mj)

≤ exp (−
∑

j∈VI

mj). (24)
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Using a simple greedy algorithm one can show that any
graph with the maximum vertex degree K and vertex
weights mj ∈ [0, 1] has an independent set VI such that

∑

j∈VI

mj ≥
1

K + 1

n
∑

j=1

mj =
E(|x|)
K + 1

. (25)

Combining Eqs. (24,25) gives the desired lower bound on
E(|x|).
(iii) Theorem 2.3 of [31] gives the following Chernoff-type
bound for a sum of partly dependent random variables
xi and all t ≥ 0:

Pr[|x| ≥ E(|x|) + t] ≤ exp

[

− S

K + 1
φ

(

4t

5S

)]

. (26)

Here φ(x) = (1+x) log(1+x)−x, and S =
∑

iVar(xi) ≤
E(|x|). Since the function φ(x) is superlinear in x, there
exists x0 = x0(s) such that φ(x) > 5

4 (K + 1)x when

x > x0. Hence, if t >
5
4x0E(|x|), then

Pr[|x| ≥ E(|x|) + t] ≤ exp(−t). (27)

Now we replace t with t−E(|x|) and set c(s) = 5
4x0(s)+1.

A simple algebra gives x0(s) = exp [1 + (5/4)(K + 1)].
Accordingly, the function g(s) defined in Eq. (16) can
be chosen as g(s) = 1/(log (2)(K + 1)c(s)) with K =
s2 + s4.

C. Constant rate codes

Now let us prove Theorem 3. Let us again consider
| 〈0n|ψ〉 |2 without loss of generality.
To prove item (i), we will inductively measure (d− 1)

qubits, one at a time. The following lemma guarantees
the existence of a qubit that is “mixed enough”:

Lemma 3. For any code state, there exists a qubit q that
the von Neumann entropy satisfies Sq ≥ k/n.

Assuming it is the first qubit wlog, lemma 3 guarantees
that we can expand |ψ〉 as:

|ψ〉 = λ0 |0〉 |ψ0〉+ λ1 |1〉 |ψ1〉 , (28)

such that λ0, λ1 6= 0. Moreover, it also follows that
H(|λ0|2) ≥ S1 ≥ k/n, hence |λ0|2 ≤ 1−H−1(k/n).
The state |ψ0〉 is a post-measurement state after mea-

suring the first qubit in the computational basis. As a
general principle, it must be a logical state of a (different)
code:

Lemma 4. Measuring one qubit in a distance d code, the
post-measurement state (regardless of the measurement
outcome) is a logical state of a code with k′ = k and
d′ ≥ d− 1.

Both lemma 3 and 4 are direct consequences of the lo-
cal indistinguishability of quantum codes, and are proved

in Appendix B and C. With them in mind, let us repeat
the procedure at least (d−1) times until the code distance
might decrease to 1. Each time we can upper bound the
corresponding amplitude using lemma 3. The overlap is
then bounded by the product:

|〈0n|ψ〉|2 ≤
d−2
∏

i=0

[

1−H−1
( k

n− i

)]

. (29)

Eq.(7) then follows from − log(1 − x) > x and that a
depth-h circuit at most decreases the code distance by a
factor 2h.
For item (ii), we use Lemma 2. Due to the linearly of

the expectation value and the local indistinguishability
of quantum codes, Eψ(|x|) is the same for ∀ |ψ〉 ∈ C. In

particular, if choosing a so that H( an ) = k
n , then dim C

is large enough so that there always exists |ψ〉 ∈ C such
that 〈ψ|x〉 = 0 for all x whose Hamming weight |x| ≤ a:

a
∑

i=0

(

n

i

)

< 2nH( a

n
) ≤ 2k. (30)

For such |ψ〉, it is clear that Eψ(|x|) > a. If follows from
Lemma 2(ii) that

− log |〈ψ|0n〉|2 > a

K + 1
=

n

K + 1
H−1

(k

n

)

. (31)

D. Permutation Invariant codes

Consider a code C with k = 1 logical qubit and n ≥ 4
physical qubits such that the logical states encoding |0〉
and |1〉 are

|ψ0〉 =
√

1− 2

n
|0n〉+

√

2

n
|1n〉 (32)

and

|ψ1〉 =
√

2

n(n− 1)

∑

x∈{0,1}n : |x|=2

|x〉 (33)

respectively. In other words, C is the two-dimensional
subspace spanned by |ψ0〉 and |ψ1〉. The code C is an
example of a permutation invariant code [22, 23] since the
logical states |ψi〉 are invariant under any permutation of
n qubits. A simple calculation reveals that C has distance
d = 2, see Appendix D. By definition of GEM,

2−E0(ψ0) ≥ |〈ψ0|0n〉|2 = 1− 2

n
. (34)

Hence E0(ψ0) ≤ − log2 (1− (2/n)) ≤ 4/n. By concate-
nating the code C with itself several times we obtain a
family of distance-d codes with an arbitrarily large d and
k such that their logical states have GEM approaching
zero in the limit n→ ∞, see Appendix D for details.
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III. CONCLUSIONS

We have established distance-entanglement tradeoffs
for three broad families of quantum codes: LDPC codes
with commuting check operators, stabilizer codes, and
constant rate codes. Logical states of such codes are
shown to be highly entangled such that the geometric
entanglement measure grows at least linearly with the
code distance. This highlights the role of entanglement
as a resource enabling quantum error correction based on
the above code families. At the same time, we show that
there exist families of high-distance codes such that some

logical states may have very little entanglement.
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Appendix A: Shor’s code

Distance-d Shor’s code [1] is a stabilizer code defined on
a two-dimensional grid of qubits of size d× d. It encodes
one logical qubit into n = d2 physical qubits. The code
has Pauli stabilizers Zi,jZi+1,j acting on pairs of adjacent

qubits located in the same column and
∏d
i=1Xi,jXi,j+1

acting on pairs of adjacent columns. Logical Pauli oper-

ators can be chosen as XL =
∏d
i=1Xi,1 along a column

and ZL =
∏d
j=1 Z1,j along a row.

It is well known and can be easily checked that the
code space is spanned by

|ψ0〉 =
( |0d〉+ |1d〉√

2

)⊗d

,

|ψ1〉 =
( |0d〉 − |1d〉√

2

)⊗d

,

(A1)

where each (|0d〉 ± |1d〉)/
√
2 is a GHZ state associated

with a column of the grid. Then |ψ+〉 = (|ψ0〉 +

|ψ1〉)/
√
2 is a normalized logical state and E0(ψ+) ≤

− log2 |〈ψ+|0n〉|2 = d−1 which matches the lower bound
of Theorem 2.

Appendix B: Proof of Lemma 3

Here we prove lemma 3 in the main text, copied below
for convenience:

Lemma 3. For any code state |ψ〉 in a quantum code C
(code distance d ≥ 2), there exists at least one qubit q
that the reducing |ψ〉 〈ψ| on that qubit, the von-Neumann
entropy satisfies Sq ≥ k/n. Here k = log2(dim C).

Proof. We denote the von Neumann entropy of the re-
duced state of |ψ〉 〈ψ| on qubit i as Si. Consider the
maximally mixed state in the code space C, denoted by
ρ. By definition, S(ρ) = k.

Due to the local indistinguishability, Si can be equally
computed by reducing ρ to qubit i. The subadditivity of
entropy then implies

k = S(ρ) ≤
n
∑

i=1

Si. (B1)

Hence there exists at least one qubit q such that Sq ≥
k/n.

Appendix C: Measuring a Quantum Code

In the proof of Theorem 3, we considered an inductive
procedure to measure d − 1 qubits. It is based on the
following:

Lemma 4
′
. Given a code with distance d, postselecting

m < d qubits either (1) annihilates all states, or (2) re-
sults in a code with the same dimension and code distance
d′ ≥ d−m.

Proof. Denote {|ψi〉} as a orthonormal basis of the code
space C; denote P as the postselection operator. By the
Knill-Laflamme (KL) condition, we have

〈ψi|P †P |ψj〉 = c(P †P )δij . (C1)

If P does not annihilate C, then c(P †P ) > 0. The space
after projection, C′, is spanned by {P |ψi〉}, for which an

orthonormal basis is {P |ψi〉 /
√

c(P †P )}, hence dim C′ =
dim C.
For any operator O applied on non-postselected (d −

m− 1) qubits, P †OP applies on at most (d− 1) qubits.
Therefore, by KL condition (applied to |ψi〉),

〈ψi|P †OP |ψj〉 = c(P †OP )δij def
= c′(O)δij . (C2)

Hence, again due to KL condition (applied to P |ψi〉), C′

is a code with code distance at least d−m.

As a simple corollary, we prove a lower bound regard-
ing the number of terms in the wavefunction of any logical
state.

Theorem 4. Expanding any logical state of a distance-
d code in any computational basis, the number of terms
must be at least 2d−1.

Proof. We prove the theorem by induction on d. First,
d = 2 case. ∀ |ψ〉 , |φ〉 ∈ C, for each qubit i, we have
(|ψ〉 〈ψ|)i = (|φ〉 〈φ|)i. If |ψ〉 is a product state, we must
have |φ〉 = |ψ〉. Therefore, in a code (k ≥ 1), no logical
state can be a product state, implying the number of
terms must be at least 2.
Assuming we have proved the (d− 1) case, let us con-

sider distance-d codes. For any logical state |ψ〉, using
d = 2 case, we know there exists a qubit, say the first
qubit, that is not pure if we trace out its complement.
We can then expand |ψ〉 as

|ψ〉 = λ0 |0〉 |ψ0〉+ λ1 |1〉 |ψ1〉 , (C3)
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where λi 6= 0. Postselecting on |0〉, we know from lemma
4 that |ψ0〉 is a logical state in a code of distance d′ ≥
d− 1, hence must have at least 2d−2 terms by induction.
The same applies to |ψ1〉. Therefore, the number of terms
in |ψ〉 must be at least 2d−2 + 2d−2 = 2d−1.

This bound is also tight, as it can be saturated by the
Shor’s code as shown in Appendix A.

Appendix D: Concatenation of PI codes

Let us check that the permutation invariant code C
defined by Eqs. (32,33) has distance d = 2. Suppose
σ ∈ {Xi, Yi, Zi} is a single-qubit error. The assumption
n ≥ 4 implies 〈ψ0|σ|ψ1〉 = 0. Thus it suffices to check
that

〈ψ0|σ|ψ0〉 = 〈ψ1|σ|ψ1〉. (D1)

If σ ∈ {Xi, Yi} then both sides of Eq. (D1) are zero.
Suppose σ = Zi. We have

〈ψ0|Zi|ψ0〉 = (1 − 2

n
)− 2

n
= 1− 4

n
(D2)

and

〈ψ1|Zi|ψ1〉 =
2

n(n− 1)

((

n− 1

2

)

−
(

n− 1

1

))

= 1− 4

n
.

(D3)

Here the terms
(

n−1
2

)

and
(

n−1
1

)

count n-bit strings x
with |x| = 2 such that xi = 0 and xi = 1 respectively.
This proves Eq. (D1). As a side remark, we note that
the code C is a special case of a general construction that
maps classical (non-linear) codes to quantum codes pro-
posed in [32]. In particular, the quantum code C is con-
structed from a classical distance-2 length-n code whose
codewords are n-bit strings x with |x| ∈ {0, 2, n} by ap-
plying the framework of [32].
Next, let us show how to improve the distance of C

by concatenation. We will show that the concatenated
code has logical states with the geometric entanglement
approaching zero in the limit of large n. Let Cn be
the distance-2 code with one logical qubit and n phys-
ical qubits defined by Eqs. (32,33). For any integer se-
quence n1, n2, . . . , nℓ let C be the concatenation of codes
Cn1

, . . . , Cnℓ
, where Cn1

is at the lowest and Cnℓ
is at

the highest level of concatenation. In other words, each
consecutive block of n1 physical qubits defines a level-
1 logical qubit encoded by Cn1

, each consecutive block
of n2 level-1 logical qubits defines a level-2 logical qubit
encoded by Cn2

, etc. The code C has one logical qubit,

Nℓ =
∏ℓ
i=1 ni physical qubits, and distance dℓ = 2ℓ,

assuming that ni ≥ 4 for all i. Let Fℓ be the overlap be-
tween the logical-0 state of the level-ℓ logical qubit and
the product state |0Nℓ〉. From Eq. (32) one easily gets

Fi =

(

1− 2

ni

)

(Fi−1)
ni (D4)

with i = 1, . . . , ℓ and F0 ≡ 1. Thus

Fℓ =

ℓ
∏

i=1

(

1− 2

ni

)ni+1ni+2···nℓ

, (D5)

(for i = ℓ, ni+1ni+2 · · ·nℓ = 1).
Let d ≥ 2 be the desired code distance and ℓ =

⌈log2 (d)⌉. Let us choose {ni} properly to ensure that
the geometric entanglement approaches zero. LetM ≥ 1
be a large integer. Set nℓ = 2M and

ni = 2Mni+1ni+2 · · ·nℓ (D6)

for all i ∈ [1, ℓ− 1] so that

Fℓ =

ℓ
∏

i=1

(

1− 1

Mni+1ni+2 · · ·nℓ

)ni+1ni+2···nℓ

. (D7)

One can easily check that (1 − 1/(Mx))x is a monotone
increasing function of x for x ≥ 1. Thus

Fℓ ≥
(

1− 1

M

)ℓ

. (D8)

Denoting |ψℓ0〉 the logical-0 state of the level-ℓ logical
qubit, we conclude that

E0(ψ
ℓ
0) ≤ − log2(Fℓ) = O(ℓ/M) = O(2d/M). (D9)

Thus, for any constant d ≥ 2 there exists a family of
codes (by increasing M) such that E0(ψ

ℓ
0) → 0.

Solving Eq. (D6) gives ni = (2M)2
ℓ−i

, thus the number
of physical qubits in resulting distance-d code C equals

Nℓ =
ℓ
∏

i=1

ni = (2M)2
ℓ−1 < (2M)2d. (D10)

To construct a code with k logical qubits, we sim-
ply take k independent copies of the concatenated code.
Equivalently, we concatenate it further with the triv-
ial [[k, k, 1]] code. An example of a logical state is
|ψ〉 = |ψℓ0〉⊗k. The geometric entanglement E0(ψ) ≤
O(k2d/M), which can also be made arbitrarily small by
choosing large enough M .
Finally, let us point out that some distance-d PI codes

exhibit GEM scaling at most logarithmically with d
(without concatenation). Indeed, let d ≥ 3 be an odd
integer and n = d2. Following Ref. [23], consider a PI
code encoding k = 1 logical qubit into n physical qubits
such that the codespace has an orthonormal basis

|ψ±〉 =
1√
2d

d
∑

ℓ=0

(±1)ℓ

√

(

d

ℓ

)

|Dn
dℓ〉, (D11)

where |Dn
m〉 is the n-qubit Dicke state with m particles,

|Dn
m〉 = 1

√

(

n
m

)

∑

x∈{0,1}n

|x|=m

|x〉. (D12)
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Theorem 4 of [23] proves that C = span(ψ+, ψ−) is a
distance-d code. Simple algebra gives

〈+⊗n|ψ+〉 =
1√
2d+n

d
∑

ℓ=0

√

(

d

ℓ

)(

n

dℓ

)

. (D13)

The sum over ℓ is lower bounded by a single term with
ℓ = (d− 1)/2. It is well known that

(

n

m

)

≥ 2nH(m/n)

√

n

8m(n−m)
. (D14)

for all n ≥ 2 andm ∈ [1, n−1]. Noting that H(1/2−x) ≥
1−O(x2) one gets

(

d

(d− 1)/2

)

≥ Ω
( 2d√

d

)

(D15)

and
(

n

d(d− 1)/2

)

≥ Ω
(2n

d

)

. (D16)

It follows that 〈+⊗n|ψ+〉 ≥ Ω(d−3/4) and thus E0(ψ+) ≤
− log2 |〈+⊗n|ψ+〉|2 = O(log d).


