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QUANTITATIVE HOMOGENIZATION OF STATE-CONSTRAINT
HAMILTON-JACOBI EQUATIONS ON PERFORATED DOMAINS
AND APPLICATIONS

YUXI HAN, WENJIA JING, HIROYOSHI MITAKE, AND HUNG V. TRAN

ABSTRACT. We study the periodic homogenization problem of state-constraint
Hamilton—Jacobi equations on perforated domains in the convex setting and ob-
tain the optimal convergence rate. We then consider a dilute situation in which
the holes’ diameter is much smaller than the microscopic scale. Finally, a homog-
enization problem with domain defects where some holes are missing is analyzed.

1. INTRODUCTION

This paper studies the following homogenization problem on perforated domains
and its applications. Consider an open and connected set Q C R™ with C'! boundary
and assume (2 is Z"-periodic, which means it satisfies the condition €2 + Z" = (.
Note that for 2 to be connected, we need n > 2. For € > 0, consider the domain
Q. := Q) and let u° be the unique viscosity solution to the state-constraint problem

u§+H<f,DuE) <0 in Q. x (0, 00),

£

up + H (g,DuE) >0 on Q. x (0,00), (1.1)
5
uf(2,0) = g(x)  on Q. x {t =0},

where H is a given Hamiltonian and ¢ is a given initial condition. Under appropriate
assumptions, we expect that as € tends to 0, u® converges locally uniformly to u on
2. x [0,00), where u is the unique viscosity solution to

{ut + H (Du)
u(z,0)

0 in R" x (0, 00),

g(x) onR"x {t=0}. (1.2)
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Here H is the effective Hamiltonian determined by the state-constraint cell problem
on 2. More specifically, for any p € R", H(p) is the unique constant such that the
following state-constraint cell problem has a Z"-periodic viscosity solution:

{H@m+me)§F@)inQ

_ ~ (1.3)
H(y,p+ Du(y)) =2 H(p) on (L

If needed, we write H = Hg to denote the dependence of H on (.

We are particularly interested in how fast u® converges to u. We prove that the
convergence rate of u® to u is O(g), which is optimal, in the convex setting. We then
study related problems in perforated domains including a dilute situation in which
the holes’” diameter is much smaller than the microscopic scale € and a problem with
domain defects.

FIGURE 1.2. An example of 2 in two dimensions
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1.1. Relevant Literature. The qualitative homogenization theory of Hamilton—
Jacobi equations on perforated domains was first studied in [9, 1, 2]. For the state-
constraint cell problems, see [5, @, [14], [16]. See Figures for examples of €.
Some properties of the effective Hamiltonian H were obtained in [6]. However, the
convergence rate of u® to u in this setting has not been studied.

Quantitative homogenization for first-order Hamilton—Jacobi equations in the pe-
riodic setting in the whole domain has received much attention since 2000. The
convergence rate O(e'/?) was obtained for first-order equations in [4] for general
coercive Hamiltonians. The optimal rate of convergence O(e) in the convex setting
was obtained in [20]. The method in [20] was generalized to handle problems with
multiscales in [§] and a spatio-temporal environment in [I5]. For earlier progress
with nearly optimal convergence rates in the convex setting, we refer the reader to
[13, 10, 22, 19 21] and the references therein.

1.2. Settings. Throughout this paper, we always assume the following conditions
for the Hamiltonian H : R™ x R™ — R and the initial data g : R® — R.

(A1) H € C(R™ x R"); and for p € R", y — H(y,p) is Z™-periodic.
(A2) limp|—o0 (infyern H (y,p)) = +00.
(A3) For each y € R™, the map p — H(y,p) is convex.
(A4) g € BUC(R™) N Lip(R™).
Let T = R™/Z™ be the usual flat n dimensional torus. Then, we can also write

H € C(T" x R™). Note that (Al) and (A2) imply that there exists a constant
C1 > 0 so that
H(y,p) > —Cy for all (y,p) € R" x R™. (1.4)
Although and only require H to be defined on QxR", it is more convenient
for us to consider H on R™ x R™ for later usages.
The well-posedness of has been well studied in the literature (see [17, 18] 3],

14]). Furthermore, one can show that the solution u° is globally Lipschitz, that is,
for e € (0,1),

148 000 + 1D ey < Co (1.5
where Cp > 0 is a constant that depends only on H and [|Dgl| o (gny. Indeed, in
light of (1.4]), g + Cit is a supersolution to (1.1)). Besides, (A1) and (A4) yield that,

for C = C(H, ||Dg||®ny) > 0 sufficiently large, g — Ct is a subsolution to ([L.1)).
By the usual comparison principle,

g(x) — Ct <wu(z,t) < g(x) + Cit for all (z,t) € Q x [0, 00).

Hence, |[u$(-,0)]| L@ < C. By using the comparison principle once more, we get
U | L @x 0,00y < C- Finally, we use this bound, (L.1)), and (A2) to obtain ([L.5).

Based on (|1.5)), we can modify H(y,p) for |p| > 2Cy + 1 without changing the
solutions to (1.1)) and ensure that, for all (y,p) € R* x R",

2 2
Pk <mn <2 g (1.6)
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for some constant Ko > 0 that depends only on H and [[Dg|| .« gn). Consequently,
for all (y,v) € R" x R",

2 2
%—K < L(y, )_%JFKO, (1.7)
where L : R” x R™ — R is the Legendre transform of H.

Moreover, we have the optimal control formulas for u®, that is,

o (2, 1)
=t { [ £ (2é0)) ds+0(€0) € € AC(O.0 )60 =

- inf{e/ozuv(s)w)) ds+ g (1(0)) : 7 € AC ([oﬂ ;ﬁ) o (t) - f}.

For u, we have the Hopf-Lax formula

u(z, t) = inf{tL< . y) +g(y):ye R”}. (1.9)

Here, AC(J,U) denotes the set of absolutely continuous curves ¢ : J — U and L
is the Legendre transform of H : R® — R. Note that the admissible paths in the
optimal control formula for u are restricted on Q. or Q after rescaling. Also, for
all p,v € R™,

Ip?
2

We always assume ([L.0)), ( -, and ((1.10)) in our analysis from now on.

[0]” 0]

2
‘pl — — Ky <L(v) < %+K0. (1.10)

—~ Ko< H(p) < + Ko,

1.3. Main results. Our first main result is concerned with the convergence rate of
u®, the viscosity solution to (1.1]), to u, the viscosity solution to (|1.2)).

Theorem 1.1. Assume (Al)—(A4). For e > 0, let u® be the viscosity solution to
(1.1) and w be the wviscosity solution to (1.2)), respectively. Then, there exists a

constant C' = C <n,8Q, H, HDg||Loo(Rn)> > 0 such that, for e € (0,1),
[ uf — u||L°°(§5><[0,oo)) < Ce. (1.11)

It is clear that the convergence rate O(e) in the above theorem is optimal. We
refer the reader to [I3 Proposition 4.3] for an explicit example confirming this
optimality. It is worth noting that we only require that {2 is open, connected, Z"-
periodic with C* boundary here. In particular, Q¢ can be connected (see Figure
or can contain unbounded components such as periodic small tubes when n > 3 (see
Figure for one example.) To prove Theorem , we develop further the method
in [20] to the current setting of perforated domains where the admissible paths and
the optimal paths (geodesics) are restricted on Q. or Q after rescaling. Intuitively,
one can think of ﬁg or Q° after rescaling as obstacles that the admissible paths
cannot travel into.
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FIGURE 1.3. An example of 2 in three dimensions

Next, for each € > 0, we consider the case that 2. consists of e-periodic copies
of a hole whose diameter is O(n(¢)e) with lim._,on(e) = 0. As the holes’ diameter
O(n(e)e) vanishes faster than € as e — 0, it is natural to expect that we see the whole
space in the limit. This case is called a dilute situation in the homogenization theory,
that is, the volume fraction of the obstacles vanishes in the limit. Since {2. behaves
like R™ as € — 0, it is natural to make a connection with the usual homogenization
problems in the whole space. Let u° solve

a§+H<f,Da€> =0 in R™ x (0, 00),
€
u(z,0) =g(x) onR" x {t =0}.

(1.12)

Let Hy = Hgn be the effective Hamiltonian corresponding to H in the whole space.
For any p € R", Hy(p) is the unique constant such that the following usual cell
problem has a Z"-periodic viscosity solution

H(y,p+ Dw(y)) = Ho(p) ~ inR™

It is important to note that H # EQ in &eneral. By the usual comparison principle,
we have the one-sided inequality Hq < Hj.
Let u solve
Gy + Ho (DW) =0 in R" x (0, 00),
t (~) ( ) ( ) (1.13)
w(z,0) =g(z) onR"x{t=0}.

To get quantitative convergence rates, we need to put a further assumption on
the Hamiltonian H.

(A5) For each y € R", min,ern H(y,p) = H(y,0) = 0.

Theorem 1.2. Assume (A1)—(A5). Assume that there exists an open connected set

D e (—%, %)n containing 0 with connected C' boundary and n : [0, %) — [0, %) with

lim.on(e) = 0. Let Q") =R"\,,cz-(m+n(e)D) and Q. = Q" fore € (0,3).
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For e € (0, %), let u® and U° be the viscosity solutions to (1.1) and (1.12)), re-
spectively. Let 4 be the viscosity solution to (1.13|). Then, there exists a constant

cC=C (n,@D,H, HDgHLOO(Rn)) > 0 such that, fore € (O, %) and (z,t) € Q.x [0, 00),

(z,t) — Ce < a(x,t) < u(z,t) <a(x,t) + Cle +n(e)t) < a(x,t)+ Cle +n(e)t).

In particular, for e € (0, %) and (z,t) € Q. x [0, 00), .
|u®(x,t) — a(z, t)| < Ce +n(e)t).

We note that the requirement on 2. in Theorem [1.2| is stricter than that of
Theorem|l.1} In particular, there cannot be any unbounded connected component in
R™\ Q.. We think of D as the model hole for the perforated domain. The restriction
that 0D is connected can be lifted as long as (). remains connected, for example, if D
consists of several separated parts that have connected boundary (or in other words,
if the ‘hole’ is actually a group of several separated holes). We say that m + n(e)D
is a hole of Q") and e(m +n(e)D) is a hole of ). for m € Z", respectively. For the
Hamiltonian H, we need to require in addition that it satisfies (A5). A prototypical
example of H in Theorem[1.2)is H(y,p) = a(y)|p| for a € C(T", (0, 00)), which comes
from the first-order front propagation framework. To the best of our knowledge,
this is the first time that the homogenization of Hamilton—-Jacobi equations in a
dilute perforated domain is studied, and the convergence rate obtained is essentially

optimal (see Lemma [5.1).

Remark 1. As we are in the convex setting, we have the inf-sup representation
formulas for the effective Hamiltonians (see [19]): For p € R™,

Hy(p) = Hgn (p) = inf esssup H(y,p+ Dy(y)),

@€Lip (T™)  yeTn

and

Fg(p) = inf esssup H(y,p+ Dp(y)). (1.15)
w€Lip (T™)  yeq

The inf-sup formulas confirm again that Hg < H,. The formula (T.15) is well-
known, but we give a proof in Lemma in Appendix [A] for the reader’s conve-
nience.

Let us now consider a sequence of nested domains {2} such that € C Q4,4 for
k € N and

U =Rr"\2z".

keN

Then, by the usual stability results for viscosity solutions, we have that, for p € R™,
lim Ho, (p) = Ho(p).
k—o00

However, no convergence rate of Hq, to Hy in the general setting is known in the
literature.
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In the setting of Theorem , {Q=)} is also a sequence of nested domains with
Q1) © ) for ey > &9 > 0 and

Jan® =rm\ z".

e>0
We have qualitatively that

lim HQ’V}(E) — ﬁo.
e—0

Let @) be the unique viscosity solution to (T.2)) with Hqu) in place of H = Hq,.
By repeating the proof of Theorem we have readily that, for € € (0,1),

||u€ — an(S)HLOO(QEX[O,oo)) S CE—I.

Note that C' does not depend on 7(e). However, we cannot control ") — @ quan-
titatively yet because we do not have any quantitative bound on H gy — H. This
shows that the quantitative convergence result in Theorem is rather hard to
obtain through the above roadmap.

Once Theorem is obtained, then we can use it to deduce back a quantitative
bound for H gy — Hg in Corollary For some related state-constraint problems
in changing domains, we refer the reader to [I1} 23, 24] and the references therein
for quantitative convergence results.

Finally, we study a homogenization problem with domain defects. Here, domain
defects mean some holes in (). are missing. Let us describe the setting.

Let D @ (—%, %)” be an open connected set with C' boundary containing 0. Let
Q =R"\ U,pez:(m+ D) and Q. = eQ for € > 0. We say that m + D is a hole of 2
and e(m+ D) is a hole of Q. for m € Z", respectively. Note that the holes” diameter
of Q. is O(e), and we are in the usual setting, not the dilute one. We remark that
while Q in Figure [I.2] satisfies this requirement, the ones in Figures [I.1] and [I.3] do
not. Let I C Z" with I # () be an index set that denotes the places where the holes

are missing. Define

W=u|Jm+D)=R"\ |J (m+D), W.=eW.
mel mezZ™\1
For k € N, let
Iy =10k k"

% . (%) (1.16)

where |I| is the cardinality of the set I} and wy is a modulus of continuity. Note
that I, collects all indices m € Z" N [—Fk, k]"™ such that Y;, := m+ [—3, 3] does not
have a hole. For instance, if |I] is of the size k% for some 6 € (0,1) as k — oo, then

wo (s) = s17% for s > 0.

We assume
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Interestingly, W is not Z"-periodic anymore (see Figure [1.4). For ¢ > 0, let w®
be the unique viscosity solution to the state-constraint problem

wf—l—H(g,Dws) <0 in W, x (0,00),
wy + H (g,DwE) >0 on W, x (0,00), (1.17)
w(r,0) = g(z) on W, x {t =0}

Note that the only difference between and is the domain of consideration
Q. C W.. We now show that if we can control the size of I, which is allowed to
be infinite, the domain defects do not affect the limiting behavior. Specifically, we
prove that w® behaves essentially like u®, the solution of , as € — 0. Moreover,
we also get a convergence rate of w® to u, the solution of .

FIGURE 1.4. W with some missing holes in two dimensions

Theorem 1.3. Assume (A1)—(A5), (1.16) and the above setting. For e > 0, let u®
and w® be the unique viscosity solutions to (1.1)) and ~, respectively. Then, there
exists a constant C = C (n, 0D, H, || Dg| 1)) > 0 and C = C (n, 0D, H, || Dg|| o (rn)) >
0 such that
I ~
w(z,t) — C (Mot + 2| + D wy [ —— ) = Ce
(#.0) = € (bt + 1ol + Do (3727 )
€ (1.18)
< uf(2,t) — C (Mot + |z| + Dwp [ ——— | — Ce
< 0o = C Ot -+ el + D (7757

< w(z,t) <u(x,t) <wu(w,t) + Ce.

foralle € (0,1) and (z,t) € W. x [0,00). In particular, for e € (0,1) and (z,t) €
Wa X [0700);

The optimality of the convergence rate in Theorem is confirmed by Lemma
With wo(s) = s2 for s > 0. It is worth emphasizing that the control of the size of
I is optimal, that is, if we allow the size of I to be bigger, then we will not observe
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the same limiting behavior (see Lemma . One intriguing aspect of is
that it eliminates the necessity of pinpointing the exact locations of domain defects;
instead, it relies solely on discerning the relative frequency of their occurrence. It
also does not hold if (A5) is not assumed (see Lemma [6.6). To the best of our
knowledge, this type of homogenization problem with domain defects has not been
studied in the literature.

As I can be infinite, it does not seem clear if the cell problem with W in place
of € has sublinear solutions. This is fine as we do not use the corrector approach
in the proofs of Theorems[1.1H1.3] and we use the optimal control formula together
with the metric distance approach. While the corrector approach works for general
settings including the nonconvex cases, it does not give the optimal convergence
rates.

We also note that the results of Theorems hold if we only require g €
Lip (R™), a weaker assumption than (A4). This is clear as the constant C' =

C (n,aD,H, ||DgHLOO(Rn)) in the bounds of Theorems depends only on
HDgHLOO(R") but not Hg”LOO(R")'

Notations. Let {ej,es,...,e,} be the canonical basis of R". We write Y = [—%, %]"
as the unit cube in R”. For m € Z", set Y,,, = m+[—%, 1]", which is the cube of unit

272
size centered at m. For ) # U,V C R™, denote by dist (U, V) = inf,cpyev |2 — yl.

For x,y € R", denote by [z,y] the line segment connecting x and y. Let AC(J,U)
be the set of absolutely continuous curves € : J — U. To avoid confusion, we recall
that H = Hg is the effective Hamiltonian corresponding to H of the state-constraint
problem on Q, and Hy = Hpg» is the effective Hamiltonian corresponding to H in
the whole space. If a function h : R® — R is Z"-periodic, we can think of A as a
function from T"™ to R and vice versa.

Organization of this paper. In Section[2] we give some preliminaries and extend
the cost function (the metric distance) to the whole space. We prove the subaddi-
tivity and superadditivity of the extended cost function in Section [3] The proof of
Theorem is given in Section[d] Section [f]is devoted to the study of homogeniza-
tion in a dilute setting, which includes the proof of Theorem The problem of
domain defects and the proof of Theorem are given in Section [6 In Appendix
[A] we give the proofs of some auxiliary results.

2. PRELIMINARIES AND EXTENSION OF THE COST FUNCTION TO R"

We introduce the following definition of a metric, which measures the cost to go
from one point to another on {2 in a given time.

Definition 1. Let z,y € Q and t > 0. Define

mit,,y) = inf { / L(3(5),3(s)) ds s € AC ([0,8]:8) . 1(0) = 27 (6) = y
(2.1)
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Figure gives an example of an admissible path v € AC ([0, t] ;ﬁ). Note that
~ might touch and run on 0f) for some time.

FIGURE 2.1. An admissible path

The following lemma, the proof of which is given in Appendix [A] tells us that all
the optimal paths for u® and u have a uniform velocity bound, which will help us
simplify the optimal control formulas for «® and w.

Lemma 2.1. Assume (Al)-(A4). Let e,;t > 0 and x € R". Suppose that v :
[0, ﬂ — Q is a minimizing curve of u*(x,t) in the sense that v is absolutely con-

tinuous, and
t

Wz t) = ¢ / "L ((s).4(s)) ds + g (e4(0)) (2.2)

with v (£) = £. Then there exists a constant My = My (n, 0, H, || Dg|| o (rn)) > 0
such that

1911 o0 0,27y < Mo

Using Definition (1| and Lemma 2.1} we can rewrite the optimal control formula
for u* as the following:

t _
u® (x,t) = inf {5m (—, g, z) +9(y):ye €Q}
e'e’e
. (2.3)
= inf {5m (E’ g,g) +g () :|x—y| < Mot,y € 65} )

Note that in Definition (1 m is only defined for z,y € Q. We extend this metric
to the whole R™ x R"™ as follows.

Definition 2. Let xz,y € R" and t > 0. Define
m* (t,x,y) =inf{m(t,2,9): 2, € 0% T —x€Y,j—yeY}. (2.4)
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As we prove in Lemmas 3.2, m* satisfies the subadditivity and superaddi-

tivity properties, which guarantee the limit of the scaling (large time average)

m*(kt, kx,ky) as k — oo. The subadditivity and superadditivity further allow

us to quantify the convergence rate of this limit optimally in Theorem (4.2, More-

over, as we prove in Proposition - 2.4] below, m — m* is bounded, which plays a key

role in characterizing the limit of u® as ¢ — 0 (see Lemma [4.3]) Combining these
results, we obtain Theorem (1.1}

We now explore some properties of the metric m* and its connection with m
in the following two propositions. First, we provide the existence of a particular
admissible path for m* with a velocity bound and get an upper bound for m*. See
[9, Lemma 2.6] for a related result.

Proposition 2.2. Let t > ¢ for some § > 0, and z,y € R™ with |x — y| < Moyt.
Then, there exists an absolutely continuous curve & : [0,t] — Q such that £(0) = 7
and £(t) = g, for some T,y € OQ with T —x € Y,y —y € Y. Moreover, for some
constant Cy, > 0 that only depends on 02 and n, we have

2\/_> cz (My+2)

' Cy ( M, Ko | t.
HSHLW([O,t})_ ( ot ) 2 + fo

m* (t,z,y) <

(2.5)
Proof. Choose any Z,y € 0f) such that * —x € Y,y —y € Y. Consider the path
£(s) == ; (g — &)+ for s € [0,¢], which is a straight line segment connecting & and
g. Note that for any s € (0, 1),

: -z _|g—yl  ly—=  |z—7
— <
‘&@‘ S T T

(2.6)
2 2

<A@+—i:<A% Vr

If the whole segment [, 7] is contained in €, ¢ is a curve satlsfying the required

velocity bound. Otherwise, £([0,¢]) has nonempty intersections with Q°, and we

modify £ to obtain a desired path. In the latter case, there are finitely many time
segments [t1,t5] C [0,1] such that £(s) € Q° for s € (t1,t5) and £(t1), &(t2) € OQ.

For each such segment, the end points p = £(¢;) and ¢ = £() must belong to a
same connected component M of 99, and by Lemma[A.T]in Appendix[A] there is a
curve v € C''([0,1]; M) joining p to q with arc length ¢, and, moreover, £ < Cy|p—q|.
Let 4 : [0,¢] — M be the arc length (re-)parametrization of v. We modify £(s) for

s € (t1,19) to
E(s) =7 (M) :

to — 11
Since |¥| = 1, we check that for all s € (t,t,),

o) = o < M= ke < i (a4 2.

tg—tl to— 14 4]
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FIGURE 2.2. A modified admissible path &

Modify each segment of £([0,¢]) that is in Q° in the above manner, and call the
whole modified curve as . See Figure for one representative example of €. Tt is
a path on Q satisfying the desired velocity bound in and hence an admissible
path for the definition of m*(¢,z,y). Finally, using the bound (L.7), we check

w ) < | L (69.6)) ds < (g s+ KO) t

2
Cy (Mo + %ﬁ>

< Ky | t.
< 5 + Ko
This is the desired bound for m* in (2.5)) and completes the proof. O

Proposition 2.3. Lett,7 > 0 witht > 1 or 7 > 1. Consider x,y,z € R" with |z —
y| < Mot and |y—z| < Myt. Then, there exists a constant C' = C' (n, 02, My, Ko) >
0 such that

m*(t+71,x,2) <m*(t,x,y) + m" (1,y,z) + C.

Proof. Without loss of generality, we can assume ¢ > 1. Suppose ¢ : [0,1] — Q is
an optimal path for m*(¢, x,y), that is, £ (0) = Z,£ (t) = g, for some Z,§ € I with
r—xeY y—yeY and

m* (t,z,y) = /OtL <§(s),§(s)) ds.

11 1
We claim that there exists d € < 0, —, —, §, -+ |t] = = such that
4°2°4 4
s : C2 (Mo + 8y/n)*
[ eledw) o< SRS 27)
d

If not,

Lt] . 2 )2
/0 L (&(s).€(s)) ds > al1] (Ob (M(’;gf) + K0> | (2.8)
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Then, by Proposition [2.2]

ch%+8¢mZ+JQﬁEAML<gg£@gda+%tL@@%ﬂ@)%

2 N
2@ﬂ<q“Mﬁ+&mf

(2.9)

Ky — K
9 + 0) 0

where the last inequality comes from ((1.7) and (2.8). On the other hand, since
t>1,

C} (Mo +8y/n)’
2

t + Kot,

Al (02 <M02+8ﬁ>

+K0> ~ Ky >

which is a contradiction.
Let n be an optimal path for m* (7,y, ), that is, n(0) = ¢/, n(7) = Z for some
7,2€0Qwithy —yeY, Z—2€Y, and

m* (7,9,2) = / "L (n(s),i(s)) ds.

Similar to the proof of Proposition we can find a path 7 : [0,1] — Q such that
v(0) = g and (1) = ¢ with

140 oo 0.1y < Co (2v/10 + 2¢/n) = 4y/nC, (2.10)

since | — ¢'| < 2y/n. Define ¢ : [0,t + 7] — Q by

((s), if0<s<d,
1
£(2(s—d)+d), ifdﬁsgd—{—g,
. 1 1
C(s) =< ¢ 3+ 1fd+§§5§t—§a (2.11)
8 —t-f—l 'ft—1< <t
v s <)) i g Ss<t
n(s —t) ift<s<t+r,

which is an admissible path for m* (¢t + 7, z, z). Therefore,

m*(t+7,x,2) < /OH_TL (C(S),C(S)) ds,
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that is,

m*(t+71,x,2)

< / dL(s<s>,é<s>) ds + / HL(& (2(s — d) + d) , 26 (2(s — d) + d) ) ds
() £ () 12
+/t;L (V (8 (s_H%)) 8 <8 (s_t+§))) ds

+/tt+TL(n(s—t),r'](s—t)) ds.

Note that

i (2.13)

d+% )
/d L(5(2(s—d)+d),2§(2(s—d)+d)> ds

. 2
L (g(s),Qg(s)) ds < %/dd“ M + Ko ds 2.14)
S s+ % ds < 2/dd+le L (g(s),é(s)> ds + %7[(0 ds
33

< Cp (Mo + 8\/5)2 + gKoa

§(s)
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where the second and the fourth inequalities come from ({1.7)) and the last inequality
follows from (22.7). Moreover,

L0 00-eg)) s ((-5)))

t+7
—l—/t L(n(s—t),n(s—1)) ds

=

:1/14(>w<»@+mwﬂ%@ (2.15)

S / h/ d3+_+m (T,y72)
Ky
< 64nC’f+ ?+m* (1,9,2),

where the last inequality follows from ([2.10]).
Combining (2.12)), (2.13)), (2.14)), and (2.15]), we have

9
m*(t+7,2,2) <m*(t,z,y)+m* (r,y, 2) +C; (MO + 8\/5)2+64n03+§f(0. (2.16)

The proof for the case where 7 > 1 is similar. O

For the points z,y € €, the cost calculated by m* is fairly similar to the one
computed by m, as demonstrated in the following proposition.

Proposition 2.4. Lett > 1 and z,y € Q with |x —y| < Mgt. Then, there is a
constant C' > 0 depending only on n, 00, My and K, such that

im*(t,z,y) —m(t, z,y)| < C. (2.17)
Proof. We proceed to prove
m*(t,z,y) < m(t,z,y) + C.

The proof for the other direction follows similarly.

Let ¢ : [0,¢] — Q be an optimal path for m(t,z,y), that is, £(0) = z, £(t) = v,
and

m(t,z,y) = /OtL <§(s),§(s)) ds.

Choose Z,§ € Q such that # —x € Y and § —y € Y. Consider the path a(s) :=
;(y — ) + x, which is a straight line segment connecting = and y. Therefore,

[&]] oo o) < Mo. We can revise a into a new path & : [0,¢] — Q which is restricted
in Q with H&HLOO
2.3l Therefore,

nw%wzil@@g@ymg(@ﬁ+my.

(04 < Cy My, similar to the argument in the proof of Proposition
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113 1
Furthermore, we can also prove that there exists d € {O, 27 |t] — Z} such
that
d+1 ) C2 M2
| E(€0.60) as< R vk, (2.15)
d

by a similar argument as in the proof of Proposition [2.3] Moreover, by the same
argument, we can find a path « : [0, 1] — €2 connecting & to z, and a path n : [0, 1] —
Q connecting § to y with |9/l o 0.1+ 17l Loe (0,1 < 3v/1Co. Define ¢ : [0,¢] — Q by

( 1
1 fo<s< —
v(16s), if 0 s< 76
1 1 1
_ i — <s< —
f(s 16)’ 1f16_5_d—|—16,
elo(s—a-L)id fdt L <s<d+
C(s) := s 16 ; T 16 (2.19)
1 3 1
— fdt 2 <s<t— —
£<8+16)7 1d+16_3_t ]_6’
16 —t—i—i ift—i< <t
¥ ° 16))° 16-=°"="

(e (s —am DY wa) 0i (s —a- LY v a)) a
Loy HECCr )+ ) () <)
16
t—16L 1 . 1 p
Loy H6(rw) €0 m)) @
—i—/t L 16 —t+1 167 | 16 —t—l—l d
- n s 6 ) ) 1o s 7 S.
Similar to (2.13), (2.14), and (2.15)) in the proof of Proposition [2.3 we have
d+T16 ~ 1 3 1
/ H(6() €0-)) @
1
L( (s—l— ) (s+ )) ds (2.21)
d-;-16 16
d+
m(t,z,y) — /

78 2%

N

Ko
< -0
)) ds <m(t,z,y) + 1
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and
d+f% ~ 1 - 1
/ L(&(Q(s—d—l—6>+d>,2£(2(s—d—1—6>+d>) ds
d+15 (2.22)
< Cy Mg + %KO,
and

L

/016 L (+(16s), 165(16s)) ds

+/tt1L(n (16(3—t+%)>,167’7 (16(s—t+%))) ds  (2.23)

16
K,
< 144nC2 + §O>
which gives us
m*(t,z,y) < m(t,x,y) + 144nC; + CE Mg + 3 K.
U

Next, we show that if H satisfies (A5), then L also satisfies a dual version of (A5).
This property of L is important for our analysis in the proofs of Theorems [1.2{H1.3]|

Lemma 2.5. Assume (A3), (A5). Then, fory € R,
min L(y, v) = L(y, 0) = 0.

Proof. Fix y € R". We compute that
.L(y,O):: SUI)C_]¥(y7p)):: __pgglly(yap) =0.

peER™

Besides, for any v € R,
L(y,v) = sup (p-v—H(y,p)) = —H(y,0) = 0.

peER™

The proof is complete. U

3. SUPERADDITIVITY AND SUBADDITIVITY OF THE EXTENDED COST FUNCTION
We first prove the subadditivity of the metric m*.
Lemma 3.1. Fort > 1, |y| < Myt, we have
m* (2t,0,2y) < 2m*(¢,0,y) + C.
Proof. By Proposition 2.3, we know
m* (2t,0,2y) <m* (¢,0,y) + m* (t,y,2y) + C
for some constant C' = C' (n, 992, My, Ky). It suffices to prove that
m* (t,y,2y) <m”" (,0,y) + C,

for some constant C' = C(n, 99, My, K). Suppose £ : [0,t] — Q is an optimal path
for m*(t,0,y), that is, £(0) = &, &(t) = g for some Z,y € I with £ —0 € Y and
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—y € Y. Similarly to the proof of Proposition we know that there exists
1 L |t] ! h that
=y — = ¢ such tha
7 47 27 47 ) 4

/dd+le L (69).) s < LT Sk .

Choose k € Z" such that & + k € y + Y and define £(s) := £(s) + k for s € [0,1].
Then,

/fi L (£).6(5)) ds = /fi L (s as < EORISD L,

Choose z 6_89 such that Z — 2y € Y. From Proposition 2.2, we can find a path
v : [0, 1] — €2 such that v(0) = g+ k and (1) = Z with

191l e 0,1y < Cb (490 +2v/n) = 6v/nC, (3.2)
since [§+k —Z| < |[g+k — 2y| + |2 — 2y| < 3v/n+ n=4yn.
Define ¢ : [0,t] — Q by

&.@z
w N

(£(s), if0<s<d,

1

£(2(s—d)+d), ifdgsgd—i—g,
= 1 1 1 .
<(s) §(s+§), ifd+g<s<t— g, (3:3)

1 1
8(s—t+- it <s<t
(3(s-rg)) wimgsest

which is an admissible path for m* (¢,y, 2y). Then, m* (t,y,2y) < fot L (C(s), C(s)) ds,
that is,

< [ (Eenéw) i [T EEC6 - e 2060 ) i
1
5

) ls(mes)) »

+ (5 s—dyunzg(@—dy+@)¢
L e (re) €(oeg)) o
(sl ) (s (o))



HOMOGENIZATION ON PERFORATED DOMAINS AND APPLICATIONS 19

Similar to (2.13), (2.14), and (2.15)) in the proof of Proposition [2.3] we have

/OdL<£(8),€(S)> ds+/diéL <§ (s+é) ,g‘(s+%)> ds < m* (t,(),y)+%7

) (3.5)

/dd+8L<g(2(s— d) 4+ d) , 26 (2(s — )+d)> ds < C? (M0+8\/ﬁ) +383K0, (3.6)

L0 (s)) (s (i) o

QALﬁ@LMSD% (3.7)

1
K
< 4/ ()P ds+ =2 < 144nCF +
0

and

1
8

which gives

9
m*(t,y,2y) < m*(t,0,y) + 144nC2 + CZ (M + 8y/n)” + =K.

2
O
Next, we show the superadditivity of the metric m*.
Lemma 3.2. Fort > 1, |y| < Myt, we have
2m* (t,0,y) < m* (2,0, 2y) + C. (3.8)

Proof. Let & : [0,2t] — Q be an optimal path of m* (2t,0,2y), that is, £(0) = 7,
£(2t) = z for some 7,2 € 02 with 2—0 € Y and Z2—2y € Y. Define v(s) := (£(s), s)
for 0 < s < 2t. By Burago’s lemma ([3], see also [20]), there exists a collection of
disjoint time intervals {[a;, b;]}, -, C [0,2t] with & < & + 1 such that

y 12 —1(0) _ (23
S (b = (an) = B :( Q,Q.

i=1

Shift £ on {[a;, bi]}le in a periodic way to define a new path € : [0,] — Q so that
(1) to:=0,t; := T (bi—a;) for 1 <j <k
(2) &07) €Y N T,

(3) ‘ ) is a periodic shift of §|(t]—,1,t]—) for 1 <j<k;

(4) Deﬁne £(07) :=0 and g(t;) := 2% Choose § € €2 such that § —y € Y.
Define &(t41) := §. Note that

‘ﬁ(tkﬂ E(th ‘ < 2v/n. (3.9)

(5) Shift 5‘ 1) 5O that 1§j§k—1,f(tj) 5( )EY which gives that

J* J
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(3.10)
Note that

E(t) — € ()] < kv (3.11)

A key point here is é ([0, t])_C Q as Q is ZN-periodic. In other words, periodic shifts
of pieces of ¢ still stay in 2 and hence are admissible. Moreover, we have

S () €)= 0

, 2
Jj=1

Now we define another curve ¢ : [0,¢] — € from é such that ¢ is an admissible path
for m* (¢,0,y). See Figure 3.1 From Proposition [2.2] we know

2t 2 2
: CZ (M,
m* (2y,0,2y) :/ L (6(3),5(5)) ds < ( b ( 02+ V) + K0> 2t (3.12)
0
and by using a similar reasoning as that in Proposition there exists d €
LS = 2 ueh that
747 27 47 ? 4 suc a

d+i s )
/‘ L(ﬂ$£@0ds§6§@%+v%)+2ﬁy
d
Define ( : [O,t — %} — R™ by

(£(s),

<§@@—@+d% ﬁd§s§d+é

(3.14)
- 1 1 1
— fd+-<s<t—=.
\§(S+8)’ 1 +8_s_ g

(3.13)

if0<s<d,

C(s) :
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Therefore, by (1.7) and (3.13]),

VAN
:\
=9
o
h

+C2 (My+vn) + gKO

VAN
&\
=¥
.Jj_»—t
h

d+i K,
g/ G ds+ - +C 2 (Mo ++v/n)* + 2 KO
d

o S )
< 4/d L (5(3),g<s)) ds + C2 (My + v/n)” + 217K0

(3.15)

We now create k + 2 paths connecting f ( +) and & ( ) for 0 < j <k, and & (trs1)
and & (t:), each of which takes time 8(k ) Similar to the proof of Prop081t10
- :

we can find such paths with a velocity bound 8k(k + 2)Cy+/n according to
(3.10), and (3.11). Then we glue these k + 2 paths to ¢ and get a new admissible
path ¢ for m* (¢,0,y). Then,

e (£.0.1) < /OtL (¢(s).E(s)) ds < /OtL (€(9).&)) ds +C (3.16)

for some constant C' that is independent of ¢,y. We can show a similar result for
m* (t,y,2y) and hence

m* (¢,0,y) +m* (t,y,2y) <m*(2t,0,2y) + C (3.17)

for some constant C' that is independent of ¢,y. Moreover, by a similar argument
as in the proof of Lemma we have

m*(t,0,y) <m*(t,y,2y) + C (3.18)
for some constant C' that is independent of ¢, y. Combine (3.17) and (3.18)), we have
2m* (t,0,y) < m*(2t,0,2y) + C.

4. PROOF OF THEOREM [L.1]

We proved the subadditivity and the superadditivity of the metric function m* in
Section 3. Hence, the following proposition is a quick application of Fekete’s lemma
and we omit the proof here. (See [2I, Lemma D.1] for a proof.)
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Proposition 4.1. For any t > 0 and z,y € R™ with |x — y| < Myt, the following
limat exists

1
m*(t,z,y) := lim Em* (kt, kz, ky) .

k—o0

We refer the reader to [B, Proposition X.1] for some qualitative convergence results
which are related to that of Proposition 4.1l From the limit in the above proposition,
it is clear to see that m* is positive homogeneous of degree 1, that is, for t,s > 0
and z,y € R,

m*(st, sz, sy) = sm*(t,z,y).

The next result is the key point for the main results in this paper.

Theorem 4.2. Let ¢ > 0, t > ¢ and z,y € R™ with |v — y| < Myt. Then, there
exists a constant C'= C' (n, 0%, My, Ky) > 0 such that

t
‘m* (t,x,y) —em” <—, z, y)

< . 4.1
€ € € = Ce ( )

Proof. Without loss of generality, we can assume x = 0 and we only prove the

direction 0
t
m* (—, -, Q) —m* (t,0,y) < Ce.
e ee
The proof for the other direction is similar.
Let  := L and g := £. Then ¢ > 1 and |§| < Myt. From Lemma , we can

iterate (3.8]) for k£ times and get

2" (m* (£,0,9) — C) < m* (2°¢,0,2"5) — C. (4.2)
Dividing both sides of by 2% and sending & to infinity, we obtain
m* (1,0,9) —C <m* (£,0,9) (4.3)

which implies

t t
Em* (_;07 g) —eC S €m* (_a()? g) = m* (t707y> .
e e € ¢
O

We have not shown any connection between the limit m* and u. Next, we show
that after replacing the running cost in the original optimal control formula (|1.9))
of u with m*, we still obtain the limiting solution w.

Definition 3. Lett > 0 and x € R™. Define
ﬂ(I,t) := inf {m* (t,y,I) +g(y) : |l’ - y| < MOtvy S Rn} :
Recall that for all x € R”,
u(z,t) = inf {tf (g) ds+g(y):y€ R”} :
by (1.9), and for all = € £Q,
x

t —
u®(x,t) = inf {em (—,g,—> +g(y): |z —y| < Myt,y € SQ}.
eee
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Lemma 4.3. Lett > 0 and x € R". Then u(x,t) = u(z,t).

Proof. Let 0 > 0. By the qualitative homogenization result, for € small enough with
x € 52, we have

[u®(x,t) —u(z,t)| < 0. (4.4)
By Theorem [£.2] for any ¢ > ¢, we have
t
‘m*(t,y,x) —em” <—, g, E) ‘ < Ck¢, (4.5)
eee

for any y € R™ with |y — 2| < Mt.
For any such € and ¢ > ¢, there exists y.;, € €2 with |y. ., — x| < Mot such that

tysta:x
“(x,t) = - = - etz )- 4.6
o (o) =em (552, 2 4 gy (4.6)

Note that y can potentially depend on ¢, ¢, z. It follows from Proposition that

* t yEtCC €
u® (x,t) —em™ | -, ==, — ) — x
(2,1) (5 . 5) 9(Ye t.2)

Therefore, combining (4.4)), (4.5), and (4.7]), we have

ﬂ(.’L‘, t) - u(ma t) S m* (t, ys,t,xa l’) + g(Qs,t,x) - u(:v, t)

t x
<em* (—, ye’—t’, g) + Ce+ g (Yera) — u(z,t)

< Ce. (4.7)

e’ €
< u(x,t) +2Ce — u(x, t)
< 2Ce + 6.

(4.8)

Sending ¢ to zero and then 0 to zero, we obtain u(z,t) — u(z,t) < 0 for any ¢ > 0.
On the other hand, there exists ¥, , s € R" with \yma — x’ < Myt such that

(e, t) +0 2 (G105 2) + 9 (Tias) - (4.9)
Then for € small enough with z,y, , s € £Q, we have

u(z,t) <u(z,t) +0

t Yips T _
S em” (_7 yt’ ’57 _) + g(yt,x,é) + Ce + 4
£ IS IS

S m* (tv yt,x,(ﬁ Jj) + g(?t,:p,&) + 2Ce + d
<u(x,t)+2Ce + 26.

(4.10)

Sending ¢ to zero and then § to zero, we obtain u(x,t)—u(z,t) < 0foranyt > 0. O
Now, we are ready to prove our first main theorem.
Proof of Theorem[1.1. If 0 < t < ¢, by the comparison principle, we know
|u (2, t) — g(x)] < Ct,

and
lu(z,t) — g(x)| < Ct,
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for some constant C' > 0 that only depends on H and ||Dgl||zec(mny. Therefore,
|u(x,t) — u(z,t)| < Ct < Cé,

for some constant C' > 0 that only depends on H and || Dgl|| zoo @n).
If t > ¢, from Lemma [4.3] it suffices to prove

[u® (x,t) —u(z,t)] < Ce.

On the one hand, we have

t
ginf{sm* (g,y —) +9(y) +Ce : |z —y SMot,yER”}

t ©c (4.11)
ginf{sm* (E’g g) +g(y) +Ce: |z —y| < Moty € &ﬁ}
< uf (x,t) + Ce,
where the second line follows from Theorem [£.2]
On the other hand, it follows from Lemma 2.1 and Proposition [2.4] that
R ) tyx —
u® (x,t) :1nf{5m (g ' g> +g(y):lz—yl < (M0+\/ﬁg)t,y€89}
. LTy x —
gmf{am (E’E’E) +g(y)+Ce:|z—y| < (My++vne)t,y EeQ}
(4.12)
We claim that
. LTy T _
inf {5m (g, o E) +g(y) |z —y| < (My++vne)ty e EQ}
. (4.13)
x
<int {em” (4,4.2) 4 Dyl vie + 9 s o SMot,yeR"}.
o) YT y_y
Suppose y ¢ £€2, then there exists =, — € 0N Wlth =—-= E Y and - — = 6 Y
el e
such that
t ty o
m’ (y_) —m(£25), (1.14)
gee e e

Now, by the definition of m

t y x t U
m ( %,f) > m ( %,f) . (4.15)
E £ € E £ €

Sftyz (1Y
- ( v g> +00) + 1all - vie 2 e (5 2.2) 4 900,
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which gives us (4.13)). Moreover, it follows from Theorem that

t T
inf {5m* (g, g, E) + | Dgllzv/ne + g (y) : |z —y| < Moty € R”}

< inf{m* (t,y,z) + Ce+ g (y) : |z —y| < Mot,y € R"} (4.16)
<@(x,t)+ Ce.
Combining (4.12)), (4.13), and (4.16), we have
u(x,t) <u(x,t) + Ce.
O]

5. HOMOGENIZATION IN A DILUTE SETTING

In this section we prove Theorem [[.2] The following setting is always assumed:

Let D e (—%, %)” be an open connected set with C'' boundary containing 0 and

n:[0,3) — [0,3) be such that lim._,on(e) = 0. For ¢ > 0,
Q" =R\ ] (m+n()D), and Q. =),
mezn
Recall the optimal control formulas for @¢, for (z,t) € R™ x [0, 00),

s (z,t)

- mf{ / L <@,é<s>) ds+ g (£(0)) : € € AC(0, 1 R"), €(t) = }
— inf {8/02 L(7(s),4(s)) ds + g (e7(0)) : v € AC ({0, ﬂ ;R”) A G) - g} .

We give the proof of Theorem [1.2
Proof of Theorem[I.3, Let € € (0,3), ¢t > 0, and = € Q.. By [20, Theorem 1.1],
| — ]| oo (mrx[0,00)) < C,

which yields the first and last inequalities in ([1.14]).
By the definition of optimal control formulas for ¢ and u®, we have

u(z,t) < uf(x,t),

which proves the second inequality in ((1.14]). The rest is to show the third inequality

in , ie.,
uf (x,t) <@ (z,t) + C(e+n(e)t). (5.2)

Let v : [0, é] — R™ be an optimal path for @°(z,t), that is,

(o t) = ¢ / L(1(3),4(5)) ds + g (7(0))

with v (£) = £. Thanks to [19], we have ||;Y”L°°[o,f] < M.

t
€ £
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For k € Z", we denote D} := k + n(e)D and

s frezn (o] no vl

Note that J collects all the indices k such that v intersects with D}. Of course,
if J =0, then (5.2)) holds immediately. Let us assume that J # () from now on.
We claim that |J| < 220t Indeed, for k,j € Z" with k # j, dist (DZ,D?) > 1 as
n(e) € (0,3). Since ||7||Loo[0 ‘] < My, it takes at least ﬁ in time for v to travel
from D} to D. Therefore,

Without loss of generality, we can assume D,:,’l is the first hole that ~ enters, and ~
enters D) after the final exit from DJ for i € {1,2,---,[J|}. Define ¢, = 0 and

si:=inf {s:7(s) € D, s> tic1},
t;:=sup{s:v(s) € Dy, s> Sif

for i € {1,2,---,[J]}. Intuitively, s; is the first time v intersects D) after its
final exit from D, while ¢; is the last time point at which v exits D] . Since
7] oo < Mo, we have

[y (t1) — 7(31)|.

t1 — 81 >
1 1= M,

We claim that for some constant C' > 0 independent of ,7(¢) and determined later,
t1
[ L6646 ds < o),
S1

ﬁﬂ(a)

and there exists a path 3 : [s1,61] — such that

[ L6661 A) ds < One). (5.

S1

Indeed, consider a path £ : [s1,t;] — R"™ defined by

y(t1) —v(s1)
() — A (sn)] 0

v(t1) if s € [51 +

Iy(t1) — 7(51)|] |

(s —s1) +v(s1), if s € [31,51 + o

[v(t1) — (51|
= ,tl} |

§(s) =

(5.4)
This path essentially represents the line segment from 7(t1) to v(s1), traversed at
a constant velocity My. After reaching v(¢;), the path remains at (¢;) for the rest
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of the time. Then,

PREIGOERTED]

[rrleoéo)as= [ ewné0) o

S1 1

< <M73 +Ko> |7(t1>]\—407(31)|

My Ky
< | — —
- ( 2 i Mo) (),

where the first equality comes from (A5) and Lemma 2.5 and the second inequality

follows from (1.7]). Since « is an optimal path for a°(x,t), the cost functional

with respect to  is optimal on any subinterval of [0,%]. As £(s1) = 7(s1) and

§(t) = y(th),

/tl L (7(s),%(s)) ds < /“ I <g<s),5(s)) ds < C(e).

If v(0) € D], then 5; = 0 and 7(s;) = 7(0) € D] . We can define 4; : [0,£;] —
Q" by 41(s) = 7(t1) for s € [0,41]. Then,

/Ot1 L(v(t1),0)ds = 0,

in which case (5.3]) obviously holds. Note that |y(0) — 41(0)| < n(e).
If v(0) € ﬁn(a), we can revise £ and construct a path 4y : [s1,t1] — ﬁn(g), where
A1 TUns on 8DZ1 and connect y(s1) to y(t1) on [31, S + W], and 4, stays at

v(t1) for the rest of the time. Then, we obtain

[ LG50 s < (BRI o

. My
Similarly, for each i = 1,...,|J]|, one can prove
ti . M, K
[ s < (52 + 38 ) ) (55)
S 2 MO

and construct 7; : [s;, t;] — Q"9 with Fi(s:) = v(s:), 3i(t;) = v(t;), and

/: L (5i(s), %(s)) ds < (ngMO + %) n(e), (5.6)

Hence, when necessary we can revise 7y to a new path 7 : [0, ﬂ " by

/]

e s o (Usen ).

i=1

’%(8), ifSE[Si,ti],’izl,Q,"',‘J’,

(5.7)
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which is an admissible path for u®(z,t). Therefore,

i

wat) <e [TLE6)5() ds+a(5(0)

o |

< 6/0 L (7(s),7(s)) ds + g (£7(0)) + Ce[7(0) — 5(0)|

M() K(] OgMO KO
veldl (52 3 o) +elal (52 4 12 ) e
< @ (z,t) + Cenle) + tn(e) (4Ko + Mg + Ci M) ,

where the second inequality follows from (A4), (5.5)), and (5.6, and the last in-
equality comes from the fact that |J| < 220t Thus, (5.2)) holds and the proof is
complete.

O
In the above proof, we obtained
uf(z,t) < @ (x,t) + Cenle) + tn(e) (4Ko + M§ + Co M), (5.8)

which is a bit stronger than (/5.2)).
We show the obtained convergence rate in Theorem and (5.8) are essentially
optimal through the following lemma.

Lemma 5.1. Consider n = 2. Let D := B (Oul;) C R? and n : [O,%) — [O,%)
with lim._on(e) = 0 such that Q" =R2\ |, z2(m + n(e)D) and Q. = Q") for
e € (0,3). Assume
2
Hy,p) = a(yglpl
where a € Lip (R), which is Z-periodic and satisfies a(y) := 1—|ys| forys € [-1,3].
Let g(z) = —x; for x € R%

For e € (O, %), let u® : Q. x [0,00) — R be the unique viscosity solution to
and @ : R? x [0,00) — R be the unique viscosity solution to , respectively.
Let {ey,ea} be the canonical basis for R%. Then, there exists a constant C' > 0
independent of ¢ € (0, 3) such that

uf (5”i5)e2, 1) > (5”i5)62, 1) — Cenle) — Ce + Cn(e)2. (5.9)

Proof. For y, € [—%,

for (y,p) € R* x R?,

1] and v € R?, we have

R P
L) = 50 = 20— )

In particular, L(se;,v) = % for s € R.

We first compute @°(0,1) and find an optimal path for a°(0,1). Suppose that
v:[0,1] — R? is an optimal path for @°(0,1), that is,

' e

™ =

fWJ)ZSA L (4(3).4(s)) ds + g(e7(0)),
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and vy (%) = 0. We compute

™ =

oz BOE gy 4 gter(o)

2

> 5| [ i as +ater)
> 2 () ~ [e3(0)
1
P
-2

The second inequality above follows from Jensen’s inequality. Further, the minimum

is attained at |ey(0)| = 1. In fact,
1
i(0,1) = = (5.10)

and 7 : [0,1] — R? defined by

5(s) = G _ s) e forse [0, ﬂ

is an optimal path for @°(0,1), which is a straight line segment connecting (é, 0)
and (0,0). As @° is globally Lipschitz, we use (5.10)) to yield

i (%(8)62, 1) < —% + Cenle). (5.11)

Next, we estimate the value of u® (E"f) e, 1). Suppose ¢ : [0, ﬂ 50" is an

4

o (2ot} =< L (500,66 ds + ol

optimal path for u® <m€2, 1), that is,

4

and & (%) = @62. For i € Z, we define

Si = {(ylva) € RZ IS |:Z— waz—i_ ®‘| }7
8 8
which is a vertical strip region of width @ centered at 7e;. We will estimate the
running cost of £ based on whether it falls within or outside the strip regions. Let
£(0) = (£(0),&(0)) € R%  The initial condition g(z) = —z; implies that £(0)
falling in the negative part of the e; axis would incur higher costs. In fact, as long
as &1(0) < 3/2, the control formula yields

3 1
uE <%€>627 1) > _g Z _5 Z aS (@627 1> - 057’/(6)7

which confirms (5.9)). Hence we can, without loss of generality, assume that & (0) €

[K + 3, K + 3] for some positive integer K € N. Then, £ ([0,1]) passes through
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at least K strip regions, i.e., S1,S55, -+, Sk. Let
1
I:= {s € [O, —] :€(s) € S; for some i € N} :
€

which collects all the time that £ is in a vertical strip region. Since H£ H 0] < My,
L=[o0,

we have |I| > IZUT(E) where |I] denotes the measure of /. Similarly, £ ([0,1]) passes

through at least K gap regions between S;’s, each of which is also a strip region of

width 1 — 22, Hence, for I¢ = [0,1] \ I, we have |I°| > % (1 n() > Note that
if £(s) € S;N Qn for some i € Z, then
o2 .2
. ‘5(8)’ ‘6(8)’ n(e)
L(60:600) = 50— g = g (14 75)). (512

This is because £ has to avoid the hole of radius and the strip is centered on
the same point as the hole and has a width of @. Besides, for s € I¢ = [O, ﬂ \ 1,

we simply have

n(e)
4

50
2

L(&(s),€()) =
We use and ) to imply

ul (5”f)eg,1) :5/0 ( ) ds — 2€,(0
s [ Jéf as +§(1+—)/)s ds — 6,(0)
2 g (1 (= 20)) i (1 50) (F42) =0

= e (1) = <6 (0)

(5.13)

v

(5.14)
where the third line follows from Jensen’s inequality and

-2 1 o2 (5

In order to obtain a good estimate of u° (%4(5)62, 1), we need to minimize the last
line in over |I°] € [ ,%] Essentially, we minimize the function ¢ over z =
|I¢| € [ ,%] By setting ¢'(z) = 0 and solving for z, we get the critical point

20 =€~ ( 1—1—"(5 ) "—E) and

Zg[lég] 0(2) = p(2) = eK? (1 + ( 1+ % — 1) @)
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Plugging back in ([5.14)), we obtain

o ()2 20 (14 (i 1) 12)
() ) e
> (%ﬂLnéZ) > —61(0)

> (% i ’%) 2 <§1<0> - ;)2 —=6,(0),

where the fourth inequality comes from the fact that £(0) < K + 2. By further
computations, we have

(% N ’%) e (51<0> - ;) —<,(0)
> (%+ ”g) (c6,(0))2 — (1+3g (%+ %)2)) £6,(0) + 262

> J 2
- 2 4 L TE 5.16
0 (5.16)
1 3 9
Z—ﬁ——s——ez—k g
2+ 77186 2
1 77(5)2 3 9,
73T 900 T 2°E
1 n(e)?
T

Combining (5.15)), (5.16)), and (5.11]), we obtain
2
u® (snf)eg, 1) > uf (8%8)62, 1) — Cen(e) —3e + w

100
U

Remark 2. In the inequality (5.9), we have the term Cn(e)? instead of Cn(e)
because we have only used the rough lower bound and have not utilized the
minimizing property of the action functional on 7¢.

Nevertheless, as n(e) can tend to 0 as slow as it wants as ¢ — 0, implies
that is essentially optimal.

We now use Theorem to deduce a convergence rate of ﬁm(a) to Ho under
assumptions (A1)—(A3) and (A5).
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Corollary 5.2. Assume the settings of Theorem [I.3. For R > 0, there exists
C =C(n,0D,H, R) > 0 such that, fore € (0,1),

|Houo (p) — Ho(p)| < Cle +n(e))  for|p| <R,

Proof. Fix p with |p| < R. Let g(z) = p- for # € R". By Theorem[l.2]and Remark
[ for € B(0,1) N,

u*(z,1) — a(z, 1)] < C(e +n(e)),
and
uf(z,1) — a" (2, 1)] < Ce.
Combine the two inequalities to yield
(2, 1) — @7 (2,1)] < C(e +n(e)). (5.17)
On the other hand, as g(z) = p - z, we have that, for (z,t) € R" x [0, 00),

i(z,t) =p-x— Ho(p)t, and Wz, t) =p-x — Hono (p)t. (5.18)
Combine (5.17) and ([5.18]) to conclude. O

Remark 3. Assume the settings of Theorem [I.2] Let n(e) = ¢ for ¢ > 0. For
R > 0, there exists C' = C(n,0D, H, R) > 0 such that, for € € (0, 1),

’FQE (p) —ﬁo(p)| < Ce for |p| < R. (5.19)
Note that ¢ # 2., and more precisely,
o =R"\ |J (m+eD).
mezn

It seems that the rate in ((5.19) is the best one can hope for. However, this has not
been studied in the literature and deserves some attention. Here, {Q°} does not
have the scaling property as those in [I1}, 23] 24].

6. HOMOGENIZATION WITH DOMAIN DEFECTS

In this section, we always assume the following setting. Let D € (=%, 2)" be an

202 s
open connected set with C'' boundary containing 0. Let Q = R™\ U,,cz.(m + D)
and Q. = Q) for e > 0. Let I C Z" with I # () be an index set that specifies the
places where the holes are missing and

W=qulJm+D)=R"\ |J (m+D), W.=eW
mel meZ™\1

Note that for €. to be connected, we need n > 2. For k € N, I, = I N[k, k]" and

condition ((1.16)) reads
el _ (L
ko O\

where wy is a given modulus of continuity:.
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6.1. Proof of Theorem [1.3] We always assume the settings of Theorem in
this subsection.

Let w® : W, x [0,00) — R be the viscosity solution to (1.17). The optimal control
formula for w® is as follows:

Wt (z, 1)
=t { [ £ (.¢0)) ds-+ 9 (610) € € AC (0,617 ) =
_ inf{e/ozuws),v(s)) ds+ g (1(0)) : 7 € AC ([ot} ;W) 7(t> - f}

(6.1)

Lemma 6.1. Assume the settings of Theorem[1.3, Lete,t > 0 and x € R™. Suppose

that v : [0, ﬂ — W is a minimizing curve of w(x,t) in the sense that v is absolutely

continuous, and

Wz t) = e / " L(4(5).4(5)) ds + g (4(0)) (6.2)

with ~ (é) = 2. Then there exists a constant My = M (n, 00, H, HDgHLoo(Rn)) >0
such that

1911 2o 0,2y < Mo-

The proof of Lemma [6.1] is given in Appendix [A] We can also define a metric
function m< similar to m in Section [2|

Definition 4. Let z,y € W. Define

) =t { [ L0603 ds i € AC (01 T) 2(0) = 7 () =
(

With the metric m? and Lemma we can rewrite the optimal control formula
for w® as

t __
w (2, ) = in {smd ( v f) fg(y) iy eTWalo—yl< Mot} RNy

Lemma 6.2. Lett > 1 and x € W. Consider y € W with |y — x| < Myt. Assume
that there exists an optimal path n : [0,t] — W for m? (t,y, ), that is,

m (. 7) = / L (n(s),(s))

with ||| poojo,g < Mo. Then, there exists a constant C' = C (n,09, H, || Dg|| oo ®n)) >
0 and a constant C = C (n,0Q, H, | Dg|| 1o rn)) > 0 such that
m* (t7 Y, ZL') < md(tv Y, QZ’) +C |[[M0t+|zﬂ ‘ + éa

where I]'Mgt—i-\gcﬂ‘ is the cardinality of the set Itz -
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Proof. Let t > 1 and 2 € W. Let n: [0,#] — W be an optimal path for m? (¢,y, z)
with ||77||L00[0,t] < M.

In [— [Mot + |z|], [ Mot + |z|]]", there are |Ifages|eq| unit cells that do not have
holes in them. For m; € Ifpyi4p.) and @ € {1, 2,0, |I[M0t+|xﬂ }, define

Hi =m; +E,

which are the holes in the defective unit cells. Note that H, C W and hence n can
run into H; C W for any i € {1,2, -+, | I1astt(af] }} Without loss of generality, we
can assume H; is the first hole that n enters and 7 enters H; after the final exit
from H;_;. There are two cases to be considered.

Case 1. Suppose z,y € Q. Define t; = 0 and
s;:=inf{s:n(s) € OH;, s > t;1},
ti - =sup{s:n(s) € OH;, s > s;},

for i € {1,2,---, ][M0t+|xu|}. Intuitively, s; represents the initial time point at
which n enters H,; after its final exit from H;_;, while ¢; denotes the final time point
at which 7 exits H,;.

Consider s € [s1,t1] and define y; := n(s;) and 1 := n(t;). We claim that there
exists a path 7, : [s1,t1] — Y, N Q with ny(s1) = y1, mi(t1) = 21, and

[ s inspas . (6.5)

S1

for some constant C' = C' (n, 9, H, || Dg|| e @ny) > 0.
(a) Suppose t; — s1 < 1. Since ||| oo g < Mo, we have

t1
y — @] < / 9(s)] < Mo(t: — s1),

S1

which implies % < My. By a similar argument as in the proof of Propo-

sition , there exists a path 7y : [s1,11] — Yy, N Q such that 71(s1) = y1,
m(t) = z1, and |7 ooy, 1) < CoMo. Moreover,

[ mninas< [ ("hf)' +Ko> ds

< (cgéwg +Ko) (t; — s1) (6.6)

2 2
< (Cbéwo —|—K0)

since t; — s1 < 1.
(b) Suppose t; — s; > 1. Consider the straight line segment connecting y;, z;
using time 1, that is,

v(s) = (21 —y)s +
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for s € [0, 1], and [|9|| oo 1] = [#1—41[- By a similar argument as in the proof
of Proposition we can revise this straight line segment into 4 : [0,1] —
Yo, N Q with 5(0) = y1, (1) = 21, and [[§[|zp, < Colzr —wi] < Cov/n.
Define a new path 7 : [s1,t1] — Y, NQ by

M (s) =

V(s —s1), for s € [s1,s1+1],
1, for s € [s1+ 1,14].

Now
/L 1(s)) ds
/81+1 (9(s = s1),%(s — 51)) ds+/:l L(z1,0) ds
v 6.7
< [[L6e1A )ds+o§/ol<@+[(o)ds (67)
g,

where the second inequality follows from (A5) and Lemma [2.5]

Combining and (6.7), we prove the claim (6.5). In general, for 1 < i <
‘[[M0t+|mﬂ| define y; := n(s;) and z; := n(t;). Then, there exists a path n; : [s;, t;] —
Y, N Q with n;(s;) = i, m:(t;) = 2, and

t;
[ s <c. (65)

for some constant C' = C (n, 0Q, H, || Dg| 1 ®=)) > 0. Note that z; and y; may not
exist, but this is perfectly acceptable as we do not need to consider them in that
case. Now, define a new path £ : [0,¢] — Q defined by

|1 asgetial |
n(s), for s € [0,t]\ [si, 6] |
£(s) = L_Jl (6.9)
T]Z‘(S), for s € [Si,ti],i S {1, 2, |I[M0t+\x|]‘} ,

and this is an admissible path for m(¢,y, ). Therefore,
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m(t,y, )

< [ 1(eé0) as
| It atge 1207 |

</ ol ) BN S Hnte)id ds

i= )T =1

A

| Tratge 1o |

< [ rinands s S [ @)l ~ L)) b

| Tratget1zn|

SN RCCREIIIEND S IO R

< md (t> Y, x) +C }[fMot—Hmﬂ | )
(6.10)
where the second to last inequality follows from (A5) and Lemma , and C' =
C (n, 00, H, ”DQHLOO(Rn)) comes from . By Proposition , we have

m*(ta Y, ZE) S C~’ + md (ta Y, $) + C ‘I(MotJr\xH ‘
for some constant C' = C' (n, o), H, ||Dg||Loo(Rn)) > 0.

Case 2. Suppose either z or y is in H; = m;+ D for some i € {1, 2, Mot },
that is, a hole in one of the defective unit cells. Without loss of generality, we assume
y € Hi =mi+ D and z € Q. One can prove for the case where z is in a hole of
a defective unit cell and y is not and the case both x,y are in some holes similarly.
Define

ty :=sup{s:n(s) € OHi,s > 0},

and
s;:=1inf{s:n(s) € OH;,s > t;_1},
ti:=sup{s:n(s) € OH;, s > s;},
for i € {2, cee ](M0t+|xu|} as in Case 1. Similar to in Case 1, we can find a
revised path ¢ : [0,¢] — Q defined by
| Tratges 1o |
n(s), for s € [0,t]\ [si,ti] | s
§(s) = U2 (6.11)
ni(s), for s € [s;,t;],i € {2, e |I[M0t+|$|1 ‘} ,

for some paths n; : [s;,t;] — Yy, N Q with 7;(s;) = v, n:(t;) = 5, and

|t <c. (612
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with ¢ € {2, cee |I(M0t+‘x|1‘}. Moreover,

Hf'HW < €= max {Cy Mo, Crv/n} (6.13)

By the proof in Case 1, we know

| L (€060 ds < mtt9.0) + € |- (6.14)

(a) Suppose t; < . Let Z,§ € 9Q with 2 —2 € Y,§ —y € Y. From the proof
of Proposition we know there exists a path « : [0, %] — Q such that
a(0) = g, a(g) = &(t1) = n(t1), and a path 3 : [0,%] — Q such that
B(0) =z, B(3) = . Now consider a new path 7 : [0,] — Q defined by

( 1
als), if s € [0, —],
8
1 13
2 — = t f -z
- 1 3 1
T](S) = 5(5+§+t1>; lfSE g,t—t1—§‘|, (615)
x ifse|t—t —lt—l
’ 1 87 ] P
1 1
itz £ _
\B(s t—i—S), 1s€[t 8,t],
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which is an admissible path for m* (t,y, z). Therefore,

m* (t,y,x)

< / L (ii(s), 7(s)) ds

/0 L(a(s), a(s)) ds+ﬁ8L<§ (2 (s—%) +t1>,2g' (2 (s—é) +t1)> ds

8

+/—1—8L(5(s+%+t1),é(s+é+t1>)+/t_:_ L(z,0)ds

8

+/tlL<B(8—t+é),B(s—t+é)) ds

< (320 Ka) 5+ | i’ (60 2605)) s+ [

t1 5Tt

00l

IN

w

t

L (&(5).€(s)) ds
+0+ (32C;n + Ky) %

< 8C2n + % + }1 (4702 + K0> +/ L (g(s),gf(s)) ds
0

? K
< 8Cin+ 4 5 +mi(ty. 2) + C [Taaeeten

Y

(6.16)
where the third inequality follows from (2.2)) and and the last inequal-
ity follows from .
(b) Suppose t; > 1. Let 2,5 € 0 with & — 2z € Y,§ —y € Y. By the proof
of Proposition , there exists a path « : [0, %] — Q such that a(0) = 7,

' 16
a(55) =n(t) =&(t), and HdHLm[O’%G] < 16Cy+/n. And there exists a path

B:[0,L] = O with B(0) =z, 8 (L) = &, and HBHLN[O o) < 16C/ Now

consider a new path 7 : [0,t] — Q defined by

( 1
if 0, —
a(s), ISE|:,16:|,
1 1 1
) g(S—E—Ftl), lfSE|:E,t—t1+1_6:|,
i(s) = . . (6.17)
f t—t t—
x, 18€|: 1+16’ 16}’
1 1
—t+ — f t— t
o) e,
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which is an admissible path for m*(¢,y, x). Therefore,

m*(t,y, )

16 t—t1+1g 1 . 1
L ) d L S S d
[ reaenass [ (e (s g en) (s ) o
L<ﬁ(s—t+%>,5(s—t+%)> ds

t—15
—|—/ L(x,0) d3+/
t—t1+ 1 t—
1 [162C?n t : 1 [(162C?n
< = b+ K L d — b+ K
< o (P o)+ [ 1 (e ) ds o (B ko)

IN

K
< 8Cyn + % +m(ty, ) + C | iasgriap |

where the last inequality follows from (|6.14]).

We give the proof of Theorem
Proof of Theorem[1.3, Fix x € W.. If 0 < t < ¢, by the comparison principle, we

know
[w*(z,t) — g()] < Ct,
and
u(z,t) — g(z)] < Ct,
for some constant C' > 0 that only depends on H. Therefore,
|w®(x,t) —u(z, t)| < Ct < Ce,

for some constant C' > 0 that only depends on H.
If t > ¢, suppose

W (2, ) = em® (g Y, f) +9(7)

e €

for some § € W, with |§ — x| < Myt. Let v : [0,%] — W be an optimal path for

md (L g Z). Then |H/||L°°([O,i]) < My by Lemma . From Lemma we have

elele

t g Ly ~
em” — ya z S Emd B ya z + eC |1 Mot+|z| + eC
€ € € g e € [fw

~ 'I Mgt+|z|
—= Myt ~
< em? <—7y,—)+5 [ W of + 2] +eC
£ [MotJrlx\-‘ €
t vy 1 ~
< em! <—,g,£) +Cwy | =————= | (Mot + |z +¢) +eC
eee [Mt_ﬂq
t g T IS ~
<emd|-=. 2 = C (Mt 1 _— C.
<em <€,€,€)+ (Mot + |x| + )w0<M0t+|x‘)+5

(6.18)
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Therefore,
u(r,t) =inf {m" (t,y,z) + g(y) : [z —y| < Mot,y € R"}

+g(y) + Ce : |m—y|<M0tyER”}

+

g(y) + Ce : |x—y|<M0tyEW}
(6.19)

é‘ ~
J M, 1 . —
+g(y) + C (Mot + |x| + )w0<M0t+|x|) +eC

= w° (%,t) +C(M0t+ |33" +1)w0 <]\40+—|—|1“) +Eé.

On the other hand, by the optimal control formulas for u* and w® and Theorem [1.1],
we have
w(z,t) <u(x,t) < wu(w,t) + Ce,
and
u(z,t) — Ce < u(x,t).
Therefore, holds and the proof is complete. O

6.2. The optimality of the bound in Theorem and some nonconvergent
results. We now show the optimality of the bound in Theorem [I.3]

Lemma 6.3. Assume that

2
p n
H(y,p)z% for (y,p) € Q@ x R".
Then,
- pl?
H(p) < o for all p € R™,
and
— 1
H(—el) == 5
Here, {e1,¢€a,...,e,} is the canonical basis of R".

Proof. As H(y,p) = ol

- for (y,p) € Q x R”, by the inf-sup representation formula,

we see that | o
—= —= . p+ Doy
Hp)=H = inf esssup ———.
(p) = Ho(p) st €55 SUD 5
By taking ¢ = 0, we imply
2
H(p) < % for all p € R". (6.20)

We now show that .
H(—e) = 3 (6.21)
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Thanks to (6.20)), we only need to prove H(—e;) > % Indeed, fix a test function
¢ € Lip(T"). For y € R, write y = (y1,%) € R x R""!. There exists ¢ > 0 such
that

1
2
As ¢ is Z"-periodic, ¢(0,y') = y') for y' € E'. We have

/\—61+Dsoy d>/| wyl a0
? 1 1
1-— d dy = =|F'| = =|E]|.
_2/</0< som)yl) v =1 =18

|—e1+Do()* - 1 :
=== > 3. The proof is complete. O

E=10,1] x B—é,%—ké} X e X B—é, +5} =1[0,1] x E' C Q.

Hence, esssup,cq

Remark 4. Assume the settings in Lemma . We proved that H(p) < % for all
p € R™. Following the same argument as that for (6.21)), we have further that

2
ﬁ(sei):% for 1 <i<n,seR.

However, we do not yet have the explicit formula for H(p) for general values of p.
This is a complicated task as we need to consider the geometry of Q. See [6] for
some results along this line.

Lemma 6.4. Assume (—5, )" € D € (—1,2)" and

for (y,p) € R" x R™.

Here, a € C(R") is a given Z"-periodic function such that a = 1 on Q, a > 1 in
R™\ Q, and

1
2 1 1
/ —_ds< - (6.22)
_1a( G+ ser) 4

Assume further that
I ={m?, : m € N}L.
Then, the modulus of continuity is wy(c) = e2.
Let g(x) = —x1 for x € R™. Fore > 0, let w® be the unique viscosity solution to

(1.17). Let u be the unique viscosity solution to (1.2)). Then, there exists 6 = §(a) >
0 such that, for e € (0,1),

1

The inequality (6.23) confirms the optimality of the bound in Theorem . The
assumption that the hole D is rather big, nearly filling the whole cell (-3, 5)” is
needed in order for - to satisty.
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Proof. As H(y,p) = % for (y,p) € Q x R", by Lemma ,
— 1
H(—€1> = 5

We then use the assumption g(z) = —x; for z € R" to yield

— t
u(z,t) = —x; —tH(—ey) = —21 — 2 for (x,t) € R" x [0, 00).

In particular, u (%, 1) = —%.

By the hypothesis, we have

v]?
L(y,v) = for (y,p) € R" x R".
(1) = g for ()
Denote by ¢ : [0,1] — R™ by
et — e, for()gsgi,
E)=q 2 +2+2s— e for § <s <3,
%+%+(3—%)62 for%ﬁsgl.
In light of (6.22)), we have that
1 1 |¢ 2
: 1€(s)] 1
L(&(s),&(s))ds = ——ds < —.
| neto)éenas = [ SR i< g
Construct 7 : [0,00) — W such that
A(s) = T+ sey for s ¢ [m?* — 1, m?+ 1],
m?e; +&(s —m? — 3) for s € [m?* — 1, m?+ 1] with m € N.

Here, 7 travels on the straight ray {2 + se; : s > 0} when it sees the normal cell
with a hole. And when it sees a cell with a missing hole, it detours to reduce the
running cost. Each detour is a shift of £ by an integer vector.

By the optimal control formula for w*®,

w (21) <y (m (1)) ve " Ly —i(s)) ds

=1 2] pm2d 1
< —1+5+5/0 Sds+e > (L(Py(s),—"y(s)) - 5) ds

sprem3 (-0 [ (1-15) =

The proof is complete by setting
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Next, we demonstrate if the size of I is bigger than that in Theorem [1.3] then w?
does not converge to u as € — 0.

Lemma 6.5. Assume

Hiy.p) = a(y;|p|2

Here, a € C(R") is a given Z"-periodic function such that a = 1 on Q, a > 1 in
R™\ Q. Assume further that

I ={me; : me NU{0}}.

for (y,p) € R" x R™.

Let g(x) = —x1 for x € R™. Fore > 0, let w® be the unique viscosity solution to
(1.17). Let u be the unique viscosity solution to (1.2)). Then,
1
lim sup w®(0,1) < u(0,1) = —=.
e—0 2
Proof. As above, we have H(—e;) = 3 and
t

u(z,t) = —x; —tH(—e)) = —a — 5 for (z,t) € R" x [0, 00).
In particular, u(0,1) = —%.
By the assumptions, we have

L,v) = 2|;j(|y)

By the optimal control formula for w*®,

1

w(0,1) < g(eq) +5/6 L(sey,—eq)ds
0
1 ™) sl
<1 2 1 1
< —1 —d ——)d
= +5/0 5 s+emZ:/ (2a(561) 2) S

< - —%(1_5)/-2; (1_ G<S€1)) "

S_

for (y,p) € R" x R".

for € € (0, 3), where

1
6= 1 1-— 1 ds > 0.
4 J_ a(seq)

Here, > 0 as, for s € [—3,1], a(se;) > 1 for se; € D and a(se;) = 1 for
se; ¢ D. O

A key point used in the above proof is the ray v(s) = se; for s € [0, 00) stays on
W and is admissible for the optimal control formula of w®. This ray does not stay
on €2 and is not admissible for the optimal control formula of u°.
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Remark 5. Assume the settings in Lemma[6.5] We have shown in Lemma that
w*® does not converge to u in general because of the impact of the missing holes.
We have not shown that w® is convergent as ¢ — 0 and have not quantified the
convergence rate in this scenario.

Finally, we show that (A5) is needed to obtain the convergence result in Theorem

L3l

Lemma 6.6. Assume

2
p n n
H(y,p):%JrV(y) for (y,p) € R* x R™.

Here, V € C(R™) is a given potential energy which is Z"-periodic satisfying V = 0
on Q and V > 0 in R*\ Q. Assume that I = {0}, that is, only one hole at the
oTgIN 1S MISSING.

Let g = 0. Fore > 0, let w® be the unique viscosity solution to . Let u be
the unique viscosity solution to . Then,

lim supw®(0,1) < =V(0) < u(0,1) = 0.

e—0

Proof. As H(y,p) = % for (y,p) € Q x R, by Lemma , H(0) = 0. We then use
the assumption g = 0 to yield v = 0. In particular, u(0,1) = 0.
In our classical mechanic setting,

2
L) = vl for ) B xR,

and V(0) > 0 by the hypothesis. Let £ : [0,00) — W be such that £(s) = 0 for all
s > 0. By the optimal control formula for w®, we imply

1
€

w(0,1) < g(0) + / L(€(s).€(s)) ds = —V(0) < 0,

0

which concludes the proof. U

Remark 6. The idea of the above proof is simple. The missing hole D is an
attractor of minimizing curves as it is cheaper to stay inside D. Specifically, the
Aubry set in this case is

A={yeD : V(y) =maxV}.
It is clear that, for yy € A,
L(yo,0) = =V (yo) = min L.
By using the same idea as the proof above, we have further that, for ¢t > 0,

lim w®(0,t) = —(max V)t.

e—0
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APPENDIX A. PROOF OF SOME AUXILIARY RESULTS

We first show that the metric on 0€) is comparable with the Euclidean metric.
Recall that the unit-scale perforated domain 2 is assumed to be connected, and 92
is C'. The set O := R™\ Q may have disconnected components. Similarly, 9 may
have disconnected components, and the boundary of each connected component of
O is contained in 0€). For a connected component D of O, we say D is extended if
D is an unbounded set and call D localized if otherwise. Since we assume that € is
connected, for n = 2 each D must be localized, and we can find a finite number of
D, Cc2Y,1<1i< Np, so that

O:U U (m+ D)

i=1mezZ"

and the union over 7 is a disjoint one. For n > 3, O can have both extended and
localized components, but the same structure above for O still holds, except now
the sets D;, 1 < 1 < Np, can be divided into localized and extended ones. Note
that for i # j, D; N Ej = (), and OD; is a connected component of If.

Lemma A.1. Suppose p and q are two points in OS2 such that the line segment
[p,q] := {p+t(qg—p) : t € [0,1]} has intersections with Q only at p and q. Then p and
q belong to a connected component M of 052, and there exists a curve vy : [0,1] — M
so that v(0) = p, v(1) = ¢q, and

/ Roldt < Colp—d (A1)

for some constant Cy, that depends only on n and OS).
The above (after some generalization) shows
doq(x,y) < Cylz — yl, if x,y € 0Q and = ~ y.

Here x ~ y means they belong to a connected component of 92, and the distance
doq(x,y) is defined to be the minimal length of curves in 0f) joining z and y.
Note also that this estimate still holds with the same Cj, even after the e-rescaling.
The result above should be compared with Lemma 2.6 of [9] which says there is a
constant C' > 0 so that dg(z,y) < Clz — y|.

Proof. We denote by (p, q) the set {p+t(¢—p):t € (0,1)}. Because p,q € 92 and
(p,q) € Q°, the segment (p,q) must be in a connected component D of O. Let M
be the boundary of this component. Then M must be connected.

Without loss of generality, assume D has a nonempty intersection with Y. Let ¢
be a fixed integer greater than 4,/n, say £ = 3n, then M N{Y is compact and hence
there exists a finite open cover {B,(z;) C R" : i =1,2,--- | K} consisting of open
balls of some radius r > 0 centered at {x;}, and each x; is in M N ¢Y’, such that
for each i € {1,2,--- K}, Ty := M N LY N By, (x;) is the graph of a C' mapping
in some coordinate system. Moreover, the projection of this graph to the domain
of definition of the mapping is a compact domain of R*~!, and hence we can find a
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constant C7 > 0 (uniform for all i’s) so that any two points x,y in the same graph
I'; can be connected by a C* path 7., : [0,1] = T, v(0) = z, v(1) = y, so that

1
arclength(1,,) = | 3(0)]dt < Cole — .
0

Finally, for any pair of points p,q € M N Y, if |p — ¢q| < r, then we can find some
x; so that p,q are in I';. Then the above and hence hold. If |[p — ¢| > r and
p,q do not belong to any same element of {By,.(z;)}, then we can find a piecewise
curve 7, , joining them so that each piece stays in an element of {I';}. Clearly, we
need at most K such pieces. Hence the arc length of 7, , can be bounded by

KCy(4r) < Colp — ql,

where Cy = 4K (Y is a constant depending only on n and 92 (and is uniform for all
p,q € MNLY).

Now for any segment [p, ¢| that intersects with M only at p, ¢, we aim to construct
a curve 7 in M joining them with controlled arc length. We consider two cases.

Case 1. p and q are relatively close: |p — q| < 24/n. By periodic translation, we
may assume that p € Y and hence [p,¢] C £Y. Then by the argument above, we
find the desired path joining p, ¢, with arc length bounded by Cs|p — q|.

Case 2. p and q are relatively far away: |p — q| > 2y/n. Let N be the integer
such that Ny/n < |[p — q| < (N + 1)y/n; note that N < |p — q|/+/n. Set

— gl = N 1 _
xi:p+(|p i \/ﬁ+(¢——)ﬁ)—q Po1<i<n
2 2 |2 = pl
We observe that {x;} | are evenly distributed points in (p, q), and |z; —z;1| = /7,

for each i € {1,..., N}. Also, we check
Vn/2 <|p—x| <vn, Vn/2<|q—xn| <Vn.

For each 1 <i < N, the ball B /5 »(;) has nonempty intersection with M because
the component D of O enclosed by M cannot contain a copy of the unit cube. So
we can find p; € M N B j5(x;). Note that for different i,j € {1,..., N}, the
balls E\/ﬁ/Q(:ci) and E\/ﬁ/Q(I‘j) can intersect only in (p, ¢) which is in M¢; therefore,
pi # pj. Similarly, p;’s are different from p,q. Set py = p and py;1 = ¢, then
{pi}i5h C M satisfy

lpi — piv1] < 2/m, for 0 <i < N.

For each 0 < ¢ < N, now that p; and p;,; are two points in M that are within
distance 24/n, we can use the result of Case 1 and find a curve 7; in M joining p;
and p;y1 and whose arc length is bounded by 2,/nCy. Combine those curves we
finally get a curve in M joining p to ¢ whose arc length is bounded by

(N +1)2¢/nCsy < 3Csy|p — q|.
Setting Cj, = 3Cy we see that the proof is complete. O
We next give a proof of Lemma [2.1]
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Proof of Lemma [2.1. Define a new path 7 : [0,#] — Q. by (s) := ey (2) for s €
[0,¢]. Then we have 5(t) = x and

vt = [ 2(T50 ) as a0,
and 7 is an optimal path for uS(z, t) as
V(1) = in {/OtL (i—S),g<s)) ds + g (£(0)) : € € AC(0, 1 T0.), () = ac} .
Note that §(s) = 4 (£) for s € [0,#]. Therefore, it suffices to prove
il e, < Mo

for some constant My = Mo (n, 0Q, H, || Dg|| Lo (rn)) > 0.
Suppose 7 is differentiable at ¢ty € (0,t). For t; € (to,t), by the dynamic pro-
gramming principle, we have

G = [ 1

to

(ﬂﬂﬁ@)@+WW%MW

3

which implies

u (Y(t1), 1) —u (F(to), to) 1 /tl L (Eﬁ(so ds. (A.2)

t1 —to N t1 — 1o 9
On the other hand, for t; € (ty,t) and sufficiently close to ty,
u (Y(t), t1) — v (Y(to), to)

to

t1 — 1o
_ uF (3(t), 1) — uf (5(k), t1) + u* (F(t0), t1) — u® (5(ko), to)
t1 — 1o
< (), t) = v (o).t [3(t) = (o) L u® (Y(to), t1) — u® (Y(to), to)|
- (1) — (o) ti —to t1 —to
< C\’Y(t;) :j(to | el

(A.3)
where the last inequality and the constant C' = C' (n, o), H, || Dyl Loo(Rn)) > 0 comes
from (L.5) and Lemma[A.1] Combining (A.2) and (A.3)), we obtain

;/“L (@ﬁ(s)) ds < o) =3l

t1— 1o Jy, t1 — 1o
Taking the limit as t; goes to ty, we get
o) t ~ ~
L (M 5) < clit) +c. (A4

From (|1.7)), we also have
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From (A.4]) and (A.5)), it follows that there exists a constant My > 0 dependent on
n, 0, H, ||Dg|| Lo ®n) such that

|”;Y(t0)| < M.
Since ty is an arbitrary point where 7 is differentiable, we conclude
‘HHLoo[o,t} < Mo.
O

Remark 7. In fact, upon careful analysis, the constants C' in (A.3) and M, can
be made independent of both n and 0f). However, as this lies outside our primary
focus, we leave this to the reader.

Proof of Lemma [6.1. The proof of this lemma follows that of Lemma verbatim
and hence is omitted. U

We prove the inf-sup formula for Hg.
Lemma A.2. Assume (A1)—(A3). We have, for p € R",

Ho(p) = inf esssup H(y,p + Do(y)).
€Lip (T")  yeq

Proof. Fix p € R". By using the vanishing discount procedure for the state con-
straint problem (see e.g., [} 14, [16]), we can find (Hq(p),v) € Rx Lip (Q) satisfying

{H(y,p+ Du(y)) < Ha(p) in Q,
H (y,p+ Du(y)) > Ho(p) on Q.

in the sense of viscosity solutions. Here, v is Z™-periodic. Extend v to a function
¥ € Lip (R™) which is Z™-periodic. Then,

(A.6)

esssup H(y,p + Do(y)) = esssup H(y,p + Dv(y)) = Hq(p).
yeN yeEN

Hence,

Ho(p) > inf  esssup H(y,p + Do(y)).
€Lip (T™)  yen

We now prove the converse inequality. Assume otherwise that there exist ¢ €
Lip (T™) and § > 0 such that

esssup H(y,p + De(y)) < Hal(p) — 26.
ye

For A\ > 0 sufficiently small, we see that

{ Mo(y) + H (y,p+¢(y) < Ha(p) =6 in ©,
M(y) + H (y,p+ Du(y)) > Ho(p) — 6 on €.

By the usual comparison principle, we yield v > ¢. By the same argument, v —C >

@ for any C' € R, which leads to a contradiction.
O
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Remark 8. Although we have the inf-sup formula for Hy, it is not too clear for us
whether the following inf-max formula holds

Ho(p)= inf maxH(y,p+ Dy(y)) ?
peCL(T™) zeQ

A technical difficulty here is that, for v € Lip (), Z"-periodic solving (A.6)), it is
not easy to smooth it up using convolutions with a standard mollifier because of
the appearance of 0f).
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