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We develop a general theory for multiphoton qubit-resonator interactions enhanced by a qubit
drive. The interactions generate qubit-conditional operations in the resonator when the driving
is near m-photon cross-resonance, namely, the qubit drive is n-times the resonator frequency. We
pay special attention to the strong driving regime, where the interactions are conditioned on the
qubit dressed states. We consider the specific case where n = 2, which results in qubit-conditional
squeezing (QCS). We propose to use the QCS protocol for amplifying resonator displacements and
their superpositions. We find the QCS protocol to generate a superposition of orthogonally squeezed
states following a properly chosen qubit measurement. We outline quantum information processing
applications for these states, including encoding a qubit in a resonator and performing a quantum
non-demolition measurement of the qubit inferred from the resonator’s second statistical moment.
Next, we employ a two-tone drive to engineer an effective n-photon Rabi Hamiltonian in any desired
coupling regime. In other words, the effective coupling strengths can be tuned over a wide range, thus
allowing for the realization of new regimes that have so far been inaccessible. Finally, we propose a
multiphoton circuit QED implementation based on a transmon qubit coupled to a resonator via an
asymmetric SQUID. We provide realistic parameter estimates for the two-photon operation regime
that can host the aforementioned two-photon protocols. We use numerical simulations to show that

even in the presence of spurious terms and decoherence, our analytical predictions are robust.

I. INTRODUCTION

In the last century, mastering the manipulation of
quantum-mechanical light-matter interactions emerged
as a groundbreaking achievement. Today, the focus has
evolved towards the precise engineering of versatile inter-
actions, resilient to decoherence and practical imperfec-
tions, essential for advancing quantum technologies. This
pursuit has the potential to advance information process-
ing and error correction, and ultimately, it could lead
to the realization of fault-tolerant quantum computing.
Moreover, the precise control of light-matter interactions
extends far beyond computing, finding diverse applica-
tions in quantum metrology, communication, and simu-
lations, highlighting its profound impact across various
domains.

The elementary model of quantum light-matter inter-
actions is captured by the Rabi model where a qubit is
linearly coupled to a single quantized field mode or a
resonator [IH4]. This model describes the basic physics
underlying most quantum computing implementations.
This includes circuit quantum electrodynamics (QED)
[5], trapped ions [6], optomechanics [7], and cavity QED
8]

Different variants of the Rabi model exhibit a variety of
higher order perturbative multiphoton effects stemming
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from a linear interaction (see for example Refs. [9HI5]).
These multiphoton perturbative effects have proven their
utility in various applications, e.g. improved readout due
to qubit-induced nonlinearity [I6]. Thus, to further con-
trol and leverage multiphoton effects, the Rabi model can
be generalized to include nonlinear interactions, namely,
a qubit nonlinearly coupled to a resonator through an n-
photon interaction. These nonlinear models are nonper-
turbative, as the nonlinear interaction is inherent to the
Hamiltonian rather than higher-order effects of a linear
interaction term. Some of the spectral and dynamical
properties of multiphoton Rabi models describing such
nonlinear interactions, e.g. two-photon interactions, have
been previously studied [I7H27]. Other studies of these
models were focused on multiphoton blockades [28-30],
‘Fock state filters’ that effectively confine the dynam-
ics to a finite-dimensional subspace [29], enhancement
of collective multiqubit phenomena [31] and stabilization
of nonclassical states for quantum error correction [32].
Towards the goal of experimental realization, a series of
nonperturbative implementations of the two-photon Rabi
model have been recently proposed in superconducting
circuits [28] 30, B3] and trapped ions [34, [35].

Much remains to be discovered about the various
regimes of nonperturbative multiphoton qubit-resonator
interactions, particularly when the qubit or resonator is
driven, since the driving alters these interactions. In
this paper, we develop a general theory for driving-
enhanced nonperturbative multiphoton interactions in a
qubit-resonator system. In particular, we study a qubit



nonlinearly coupled to a resonator through an n-photon
Rabi interaction in the presence of a qubit drive.

The paper is structured as follows: Sec. [[I] lays out
the formalism for the theory. Then, the driving regimes
on- and off-resonance from the qubit and resonator
are explored. The driving is found to generate qubit-
conditional operations on the resonator. We apply the
theory to the case of n = 2, where we discover a qubit-
conditional squeezing (QCS) process. We showcase the
amplification of resonator displacements based on QCS.
The QCS protocol allows for the encoding of a qubit state
in the superposition of orthogonally squeezed states in
the resonator. Additionally, we outline how to perform
a quantum-non-demolition (QND) measurement of the
qubit using the QCS protocol relying on the resonator’s
second statistical moment. In Sec. [T} we use two-tone
driving to engineer an effective n-photon Rabi model that
is tunable to arbitrary coupling strengths, thereby per-
forming a quantum simulation of the model. Section [[V]
proposes an implementation scheme based on the trans-
mon qubit which can host the required two-photon inter-
action for implementing the QCS protocols. Lastly, we
summarize our findings and present an outlook in Sec. [V}

II. DRIVEN MULTIPHOTON INTERACTIONS

In this section, we develop the theory of driving-
enhanced interactions that enables qubit-conditional res-
onator operations. We proceed by stating the system and
drive Hamiltonians and applying the necessary transfor-
mations to simplify its time dependence. Once we arrive
at a simplified effective Hamiltonian, using the dressed
basis, we explore the dynamics and its implications. Fi-
nally, we apply the theory to the case of n =2 and con-
sider the quantum information processing applications of
qubit-conditional squeezing.

A. System Hamiltonian

We start by considering the driven n-photon Rabi
model whose Hamiltonian reads

H=H, g+ Hy (1a)

hw A AT A A A ~Tn AT
Hyop=—"6.+ hwpata + hgn (64 +6_) (@™ +a™),
(1b)

Hy = hQ cos(wat) (64 + 6_). (1c)

Here, 6, = |e)e| — |g)g| describes the population differ-

ence between the excited energy state |e) and the ground

state |g) of the qubit, 64 = |e}g| and 5_ = &L are rais-

ing and lowering operators of the qubit, ¢ and a' are the

annihilation and creation operators of the resonator, wy
is the transition frequency of the qubit, w, is the res-
onance frequency of the resonator, g, is the n-photon
coupling strength between the resonator and qubit, 2 is
the strength of the driving field and wq is the driving
frequency.

We rewrite the Hamiltonian of Eq. in a particular
rotating frame, accounting for the n-photon nature of
the qubit-resonator interaction, by means of the unitary
transformation U"" = exp[—iwqt(6./2 + a'a/n)],

ﬁr :Uvr,n]‘f{ﬁvr,n + ihﬁr,n’[ﬁr,n
KA,

=0+ hénata

+ hgy (646" + 6_a™
+ eidet&erTn + €_i2wdt&,&)
hQ

+ 7(&+ L6+ €i2wdt(§'+ 4 e_i2wdt(5',), (2)

where A = w, —wy and §,, = w, — wg/n. We may now
simplify this Hamiltonian by imposing the rotating-wave
approximation (RWA) condition,

In, Q, A, 6, < wy. (3)

This condition is neccesary to eliminate the fast-
oscillating counter-rotating interaction terms,
gn(etiZwats, gin 4 e=i2watg gn)  and counter-rotating
driving terms, Q(et®2wils, + e~"2wats_)/2. Imposing
these RWA conditions, the simplified Hamiltonian reads

hA 119

Hiwa =0 50t hénata

+ hgn(6pa™ +6_a™), (4)

where 6, = 6+ + 6_. This last Hamiltonian will serve as
the basis for our study.

B. Effective interaction

The qubit-resonator interaction changes depending on
the driving parameters. We now aim to investigate
the dynamics within the strong driving regime, focus-
ing on how the drive affects the qubit-resonator inter-
action. To better understand the driving regime’s ef-
fect on the interaction and further simplify the analyt-
ical calculations, we transform to the interaction pic-

ture using the unitary U@ = exp{—iﬁot/h}, where
Hy = hAG. /2 + W6, /2 + hénata. The interaction pic-



ture Hamiltonian reads
oo :0(1)TgﬁWAU(I) + ihf](f)T(j(I)

—hgn | 52 (X - )

+ cos? (g) et | )=
— sin? <g> e~ =) (F| ] a"e” "t 4 He., (5)

where we use the dressed states |[+) = sin(0/2)|g) +
cos (0/2) le) and |=) = cos(6/2) |g) — sin(0/2) |e), € =
V2 + A? and 0 = arctan(Q2/A).

The Hamiltonian of Eq. reveals two distinct inter-
actions taking place at different timescales. One of these
interactions oscillates with e**; as the driving strength,
), increases, these terms oscillate rapidly. We can elimi-
nate these fast-oscillating terms by imposing the driving-
detuning RWA condition

185, gn < €. (6)

Imposing this condition allows us to obtain the effective
Hamiltonian

(L Yol T\ _\/—_ ~Tn _nid, ~An _—nidy
HE = hg, ([F)F] — [F(=]) @M ennt 4 are=nitnt),

(7)

where g,, = gnsin(f)/2. The dynamics associated with
this Hamiltonian result in a conditional n-photon op-
eration on the resonator state dependent on the qubit
state. The driving-detuning condition can be achieved
by changing 2 and A such that Eq. @ is satisfied. The
dressed basis states also depend on 2 and A, and depend-
ing on the parameter regime, they can be approximated
as the 6, or 6, bases. In what follows, we explore the
two extremes of strong driving and qubit-detuned weak
driving.

1. Strong driving regime

When the driving is strong, Q > A, |£) ~ |+) =
(l9) % |e))/V/2, i.e., the dressed basis is the &, basis. In
this case, the effective Hamiltonian is

A ~ ng, g, (atmennt 4 gremnidnt), (8)

Note that this last equation becomes exact when A = 0,
since in this case, ¢ = Q and sin(6/2) = cos(6/2) = 1/v/2.
In this strong driving regime, the multiphoton interaction
is conditioned on the basis {|+),|—)}.

The Hamiltonian of Eq. admits another useful in-
terpretation, namely, the strong driving effectively places
the co-rotating (n-photon JC) terms, 5,a" +&_a'", and
the counter-rotating (n-photon anti-JC) terms, 6, a™™ +
6_a", being on the same timescale. In general, when the
co-rotating and counter-rotating interactions are on the

same timescale, we get effective interactions that gener-
ate qubit-conditional operations.

The case of n = 1 yields qubit-conditional displace-
ments of the resonator state [36, B7]. This is similar
to other dispersive techniques in which the resonator
is strongly driven, leading to qubit-conditional displace-
ments [38, 39]. When n = 2, Eq. generates qubit-
conditional squeezing, which will be the primary focus
of Sec. [TC] For n = 3, the effective interactions re-
sult in qubit-conditional ‘trisqueezing’. Unconditional
trisqueezing has been recently achieved using a non-
linear coupling of modes in a transmission line [40].
Trisqueezed states can be used to generate resource states
for continuous-variable universal quantum computation
[41]. In general, resonator states generated by n-photon
interactions (for n > 2) acting on the vacuum are typi-
cally used as non-Gaussian resource states for quantum
computation.

2. Qubit-detuned weak driving regime

The driving-detuning RWA performed on Eq. (b)) to
obtain Eq. relies on the condition € = vQ2 4+ A2 >
[ndn|, gn, which can be satisfied even for weak driving
with a large qubit detuning that keeps e large. When
A > Q) [F) = |e) and |=) ~ |g), and the Hamiltonian
of Eq. becomes

Y = g, (le)el = lg)gh) (@t e ! + are=mioet)

_ hgna_z(d‘i‘neni&nt + &ne_niént)7 (9)

where the n-photon interaction is now conditioned on the
qubit state in the bare basis {|g),|e}}. In this weak but
largely detuned driving regime, the case of n = 1 where
the drive is cross-resonant with the resonator, A = 0, cor-
responds to the well-known cross-resonance readout [42)].
Generally, the rate of photon generation in the resonator
depends on g,, which is greater in the strong driving
regime when compared to weak detuned driving.

C. Two-photon interactions and applications

The Hamiltonian in Eq. generates effective dis-
placement (n = 1), squeezing (n = 2), trisqueezing
(n = 3), etc., whose effects are most pronounced when
the driving is (n-photon) cross-resonant, d,, = 0, as the
relevant parameters grow linearly in time, ig,,t. The ef-
fect of cross-resonance is, therefore, to facilitate the most
efficient and sustained channeling of photons from the
drive through the qubit into the resonator.

The strong driving regime of the one-photon interac-
tion has been studied in the works of Refs. [36, [37]. The
main outcome, when n = 1, is the generation of qubit-
conditional displacements that allow for the generation
of Schrodinger cat states. In this section, we explore the
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FIG. 1. Wigner function heatmap of the resonator state for
the case of n = 2 when measuring the qubit in the dressed vs
the bare bases. The resonator state (after a qubit measure-
ment) generated by Eq. after time-evolution period of
gat/2m = 0.3 for an initial state |g) |0). The parameters used
are ) = 27 x 0.5 GHz, g» = 27 x 20 MHz, and A = 6, = 0.
(a) The resonator is left in a single well-defined squeezed state
when the qubit is measured in the dressed basis. (b) On on
the other hand, it is left in a superposition of orthogonally
squeezed states when the qubit is measured in the bare basis.

case of n = 2 yielding qubit-conditional squeezing and its
applications.

1. Schrédinger-cat-like superposition of orthogonally
squeezed states

When n = 2, the time-evolution operator generated by

Eq. is
OS5 (8,0) = [FXF SCH) + =)= S(=¢(1),  (10)

where S’(C) = exp(((*d2 — C&T2)/2) is the squeezing op-
erator and ((t) = gy(e2%2t — 1)/265 is the squeezing
parameter; when 6o — 0, ((t) = igyt. For simplic-
ity, we henceforth assume A = 0 such that |£) = |&)
[43]. When the system is initialized with the qubit in
the ground state and the resonator in vacuum, |¢;) =
lg) [0) = (|+) +]-))|0) /v/2, the time-evolved state reads

o _ L Ve
[i(t)) —\/5(\+>\C(t)>+| ) [=¢(1)))

=519) (1) + -¢(6)
F5 I (Cw) —1=¢wn,

where [¢) = S(¢)[0) is a squeezed vacuum state. If
the qubit is measured in the basis {|g),|e)}, the res-
onator state becomes a Schrodinger-cat-like superposi-
tion of orthogonally (opposite phase) squeezed states
x [¢(t)) £ |—¢(¢¥)) with the sign depending on the mea-
sured qubit state. The Wigner function of the resonator
state after measuring the qubit state in different bases is
shown in Fig.[ll When the resonator is in a superposition
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FIG. 2. Dynamics of the squeezing parameter and photon
number over time. The values of d2 used are 2 = 2g> (brown),
02 = g2 (brown), d2 = 0.5g2 (orange), d2 = 0.1g2 (red) and
02 = 0 (blue). For a fixed value of g2, the squeezing and,
consequently, the photon number grow larger in time as d
goes to zero.

of orthogonally squeezed states, its Wigner function dips
to negative values in various regions of phase space, as
shown in Fig. [[[(b), thus making it a useful resource for
non-Gaussian quantum computation [44]. The statisti-
cal and interference properties of general superpositions
of squeezed states with different phases have been pre-
viously examined [45]. More recently, these states have
been proposed as a resource for generating of heralded
single photons [46].

As mentioned above, when the qubit driving is two-
photon-cross-resonant with the resonator (d; = 0), the
squeezing parameter, (, grows linearly in time. This leads
to an exponential growth of the resonator photon number
in time,

(£¢(t) atal£¢(¢)) = sinh®(gat). (12)

Figure |2 displays how the squeezing parameter and pho-
ton number change as a function of time for a fixed g,
and varying d;. When 2 < gy, ¢ behaves similarly to
the two-photon-cross-resonant case.

Henceforth, we refer to the procedure of applying
Eq. as the QCS protocol. Interestingly, this pro-
tocol allows for the encoding of an arbitrary qubit state
in a superposition of orthogonally squeezed states, akin
to how qubit states can be encoded using coherent states
in bosonic cat codes [47H49]. We prepare an arbitary
qubit state in the {|+),|—)} basis, [1)q) = cg |[+) + ce |—)
(Jeg|? + |ce|? = 1) and we initialize the resonator in vac-
uum. Then, we apply the QCS protocol such that the
final joint state reads

[V5) = cg ) Q) + e[ =) [=0) - (13)

Measuring the qubit in the bare basis {|g),|e)} leaves
the resonator in a state o< ¢g [((£)) £ ¢ |—((t)). As a re-
sult, the qubit state is now encoded in a superposition of
orthogonally squeezed states [50]. We now provide an al-
ternative view of the state in Eq. . If the resonator is
measured through its second moment o (af 4+ @)? which
is the square of the typically measured output voltage,
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FIG. 3. Cat-state amplification schematic using the phase-space and Bloch sphere pictures of the resonator and qubit, respec-
tively. (a) Quantum circuit schematic showing the required operations for amplification. Note that this is the same scheme
that amplifies a single displacement by replacing D(a) £ D(—a) with D(a). (b) Effect of the steps in the circuit schematic on
the phase-space picture of the resonator via its Wigner function (red is positive and blue is negative), and on the Bloch-sphere

picture of the qubit via the Bloch vector of its state.

we find one of the orthogonally squeezed states, and
the qubit state is inferred from the axis of squeezing.
This serves as a quantum-non-demolition (QND) mea-
surement of the qubit through the resonator. Squeezing
has been previously applied to the widely-used dispersive
readout [51]. It reportedly shows significant improve-
ments in the signal-to-noise ratio as well as a reduction
in the measurement-induced dephasing. Therefore, our
QCS protocol can also be used with the dispersive read-
out, where the benefits of unconditional squeezing will

apply.

2. Amplification of displacements

The aforementioned exponential photon growth rate
in the case of two-photon-cross-resonant driving can be
leveraged for a fast amplification of resonator states. To
this end, we prepare the system in |+) |0), and we per-
form the QCS protocol using Eq. to yield the state,
[+)]¢), where we drop the time dependence and keep
it implicit. Next, we drive the resonator with a mi-

crowave field displacing the resonator state along the
axis orthogonal to the axis of squeezing, leaving the sys-
tem in |+)|¢, ) = |+) D(®)S(€)]0). For amplification,
we now seek to ‘anti-squeeze’ the resonator, i.e., ap-
ply ST(¢). This can be done by first applying a phase
flip to the qubit state such that the system is in now
in |-)|¢,a). Alternatively, it can be done by chang-
ing the phase of the qubit drive. Then, we apply the
QCS protocol again (for the same value of ) which
results in the state |—)|a’). Here, |o/| = Gla| with
G = exp([¢]) = exp(g,7) > 0 being the gain and 7 being
the time period the QCS protocol is applied in squeezing
and anti-squeezing the resonator, where we use the iden-
tities S(—¢) = ST(¢) and ST(()D(a)S(¢) = D(«’) with
o = acosh(|¢]) — a*e*®8(O sinh(|¢]). The final displace-
ment on the resonator is now amplified compared to the
original displacement [52].

The amplification of a single displacement is a simple
example that can be generalized to amplify superposi-
tions of displacements such as those used in generating
cat states — superpositions of coherent states with dif-
ferent phases. It will still be true that the amplifica-



tion is maximized when the squeezing and displacement
axes are orthogonal, thus, we consider superpositions of
collinear displacements. Here, we assume access to a cat-
state-preparation method relying on an auxiliary system
such as a qubit to generate a superposition of displace-
ments [36H38]. It is possible to use the same qubit for
the cat-state preparation and amplification if the qubit
simultaneously interacts with the resonator via one- and
two-photon interactions. We can tune the qubit to be
one-photon resonant and perform qubit-conditional dis-
placements (Eq. with n = 1) during which the two-
photon interaction can be neglected. Next, we can tune
the qubit to be two-photon resonant and perform the
amplification scheme.

In the resonator phase space, the cat-state prepara-
tion can be seen as applying a superposition of oppo-
site phase displacements, D(a) + D(—a), and the QCS
protocol can be seen as applying S (£¢) with the sign
depending on the dressed qubit states |+). We drop
normalizations for notational convenience. We perform
the same steps from the single displacement amplification
and, instead of applying a displacement, we now use an
auxiliary system to generate a cat state in the direction
orthogonal to squeezing (for maximum amplification) in
the resonator which leaves the qubit-resonator system in
+) (D(@) £ D(—=a)) [¢) = |+) (I¢,a) + |¢,—a}). Then,
as in the single displacement case, we apply a phase flip
to the qubit followed by the QCS operation where the
system is in |—) (J&’) £ |—¢')), where |o/| = Gla| with
G being the same gain as before. Figure (a) shows a
quantum circuit schematic summarizing the amplifica-
tion steps, while Fig. b) displays the effect at each step
in the phase-space and Bloch-sphere pictures of the res-
onator and qubit, respectively.

III. ENGINEERING EFFECTIVE n-PHOTON
RABI HAMILTONIAN WITH ARBITARY
COUPLING STRENGTH

The n-photon Jaynes-Cummings Hamiltonian intro-
duced in Eq. is often an excellent approximation,
for weak coupling, of the more general n-photon Rabi
model. The main difference is the presence or absence of
the counter-rotating interaction terms, oc 6, a'™ +&_a".
We now use an additional qubit drive on the system to
arrive at an effective n-photon Rabi model with arbitary
coupling strengths, allowing the access to regimes that
are currently unachievable in experimental settings [53].

We relabel the drive parameters to distinguish the
two drives considered; each drive is characterized by a
strength 2, and a driving frequency wqr with & = 1, 2.
We start by considering the Hamiltonian of Eq. in
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FIG. 4. Quantum simulation of the two-photon Rabi model
in the ultrastrong coupling regime. The time-evolution of the
ground state probablity and the resonator photon number are
shown for a system initialized in |g)|0). The blue solid line
is generated by Eq. and the red circles are generated by
Eq. . The parameters used are ;1 = §q = 27 x 1.4 GHz,
A =27 x 20 MHz, g2,0a = 27 X 10 MHz, w, g = 27 x 10 MHz.
For (a),(b) wg,er = 0 and for (c),(d) wq,es = 27 x 10 MHz.

the presence of the two drives, which reads

AT hA | hy

+ hgn (50" + 6_a™)
hQs .
(e e, (14)

where A = w, —wy1, 6, = wr —wa1/n and dg = wa1 —wqs.
Here, we note that the Hamiltonian is in the rotating
frame with respect to wgi;. Both drives are operated
within the RWA regime, where

Qp < Wk

In this setup, we seek to obtain three tunable terms
in the effective Hamiltonian; qubit, resonator and in-
teraction terms. The importance of the second drive
is that it introduces a qubit term in the final effective
Hamiltonian. To elucidate how the second drive plays
this role, we make another transformation to the inter-
action picture with respect to the &, term in Eq.
via UD) = exp [—iﬁot/h}, where Hy = hQ16,/2. This
frame is chosen on the basis that we operate in the strong
driving regime of the first drive, where {2, is the largest
energy scale in Eq. . In this interaction picture, the
system Hamiltonian reads



AO = P2 | 4 e ) + Boaa

b
2

(|+><+| ] e |

) O, .
— et |—><+|) (gn&" + ;eW> +He.

(15)

As discussed in Sec. [IB 1] with €; as the dominant
energy scale, we explicitly impose Qq > |A[, g,. This as-
sumption enables us to disregard the rapidly oscillating
terms with factors of e**%1t. Next, we set 64 = 1, which
cancels the time dependence in the terms responsible for
the effective qubit term, —(|—)}+| e!(®¢+=1)* L H.c.). Note
that the term (|4)—|e!Pet20t 4 H.c.) oscillates with
eFi(0at2)t and can therefore be ignored. This allows
us to obtain an effective n-photon Rabi Hamiltonian

- hQ) L
g == =2 ()| + =)+ + hénata

h‘gn ATn AT
+ = (X = [=X=D @™ +am)
:h‘”;’eﬁ&z + hwy et

+ hn.edo (@™ +a"), (16)

where wyer = Q2/2, Wrer = 0 and gnew = gn/2.
Here, we have rewritten the Hamiltonian in the bare
basis where 6, = 64 + 6- = |+X+| — |-¥—| and
6. = —(|4+)X—=|+ |-)+])/2. The effective system param-
eters are highly tunable and allow for a quantum sim-
ulation of the n-photon Rabi model in various coupling
regimes. Note that when Q3 = 0 (i.e. in the absence of
the second drive), Eq. is the same as Eq. with
the only difference being a transformation with respect
to the resonator term via exp(id,ta‘a). Therefore, in the
case of Qs = 0, we recover the results of Sec.

In the multiphoton generalizations of the Rabi model,
the phenomenon of spectral collapse occurs at stronger
coupling regimes where g, o is comparable to (or larger
than) wqer and wrer. Thus, an effective Hamiltonian
with tunable parameters allows us to probe the dynami-
cal behaviour in such extreme scenarios. Figure [] shows
the dynamics of the effective Hamiltonian in Eq.
compared to Eq. for the case n = 2 in the ultrastrong
coupling regime ¢ eff/wremr =~ 0.1. As the amplitude €4
increases, the effective and full Hamiltonian dynamics get
closer to each other. Even for experimentally realistic
drive strengths (Fig. [4 uses ; = 27 x 1.4 GHz), the dy-
namics of the full Hamiltonian with the same parameters
very closely resembles that of the effective model.

Increasing the native coupling strength of the system —
as we will see in the next section — typically comes with an
increase in the strength of spurious terms that may com-
pletely ruin the desired interaction. Thus, engineering ef-
fective Hamiltonians in extreme parameter regimes using
appropriately designed driving fields allows for achieving

Asymmetric SQUID

fon __ G ¢, L Or

Transmon Resonator

FIG. 5. Transmon coupled to a resonator via an asymmetric
SQUID. The transmon is characterized by a Josephson energy
Ej; and charging energy Fci = 2e/(C s + C;) depending on
the junction and shunt capactiance; EJt/ECt for this device is
above 50 to operate in the transmon regime. The asymmetric
SQUID has differing Josephson energies, EFj; and Ejs2, to
allow for odd-order terms. The flux degrees of freedom are
shown for the transmon, ¢, resonator, ¢,, and the SQUID
(coupler), ¢.. The coupler degree of freedom is a function
of the transmon, resonator and external flux threading the
SQUID.

experimentally inaccessible regimes using easily accessi-
ble coupling strengths.

IV. CIRCUIT QED IMPLEMENTATION

While the experiments proposed in Secs. [[IC| and [[T]]
are implementation independent, we are interested in
circuit QED as an implementation platform due to the
range of coupling strengths it can achieve and its poten-
tial for scalability. There are two proposals in the litera-
ture for a circuit implementation of the two-photon Rabi
model; a flux qubit inductively coupled to a supercon-
ducting quantum interference device (SQUID) [28, [33]
and a split-Cooper-pair-box (charge qubit) inductively
coupled to a transmission line [30]. In fact, the use of
a (dc or rf) SQUID as a tunable coupler has long been
known (see e.g. Refs. [54, [53]), even though employing it
to obtain nonperturbative nonlinear interactions is fairly
recent [40] [56].

Here, we propose to employ the more widely used
transmon qubit [57] coupled to a lumped-element LC
resonator via an asymmetric de-SQUID threaded with
an external flux, as shown in Fig. |5| The circuit Hamil-



TABLE I. Circuit and Hamiltonian parameter estimates for
operating a transmon coupled to a resonator via an asymmet-
ric SQUID in the two-photon Jaynes-Cummings regime.

Parameter Two-photon mode
Wq 27 x10 GHz
Ejq/h 271 x86.5 GHz
Ecq/h 27 x 150 MHz
W 21 x5 GHz
C- 330 fF
|EAl/R 27 x1.05-4.20 GHz
Es/h 27 x30 GHz
q)ext CI)Q/Q
g2 27 x25-50 MHz
Ge1 27x1.08-2.16 GHz
Je2 21 x1.34-2.68 GHz
Ge3 27 x5-10 MHz
Jed 27 x 10-40 MHz
Jes 27 x20-80 MHz
[ 27 % 30-50 MHz

tonian is (see App. [B|for a detailed derivation)

2C, % )T, 2L, ¢,

— Ex cos (szm> cos <27r(¢(tp0_ or) )
+ Easin (W22Xt> sin <2W(¢fb0_ ¢T)> , (17)

where @ is the magnetic flux quantum, P is the exter-
nal flux threading the SQUID, and ¢?k and gy are subsys-
tem k’s flux and charge operators with k = r referring to
the resonator and k = ¢ referring to the transmon. The
transmon is characterized by a Josephson energy F;, and
total (renormalized) capacitance Cy, while the resonator
is characterized by an inductance L, and (renormalized)
capacitance C,. Finally, the SQUID coupler is charac-
terized by asymmetric Josephson junctions with energies
Ej and Ejy with Ex, = Ej1+FEj and Ea = Ej1— Ejs.
The asymmetry is necessary to generate odd-order qubit-
resonator interactions, i.e., interactions of the form ¢A>i (;3’;
where j + k is an odd integer. We set @yt = ®p/2 such
that the even order interactions are completely cancelled.
This results in a purely odd-order interaction. The two-
photon JC interaction is classified under odd-order terms,
generated by étqgf When the qubit and resonator zero-
point-fluctuation flux values are small, we may truncate

the sine term, sin (27r(gz§t — QAST)/<I>0>, at third order. Since

the transmon is anharmonic and we assume the transi-
tion between the ground and first excited states to be
the only resonant transition, the dynamics are confined
to the lowest two energy eigenstates. Therefore, we also
employ the two-level approzimation (TLA) such that the
circuit QED Hamiltonian reads

R ~2 27TA ~2 72 1.
H:qt—Echos< i +g—r+ O + =G4,

1.0 2.0
(a) (b)
081 15}
> 0.6 - .Z@\l ol
~ 04t <
0.2 0.5
| | | | | | |
0'%.0 02 04 06 0.8 1.0 0'%.0 0.2 04 06 0.8 1.0
got/2m gat/2m

FIG. 6. Two-photon Rabi oscillations exhibited in the dy-
namics of the qubit excited state probability and resonator
photon number for an initial state |g)|2). The blue lines are
generated by the two-photon Jaynes-Cummings Hamiltonian
in Eq. and the red lines are generated by the two-level
approximation circuit QED Hamiltonian in Eq. .

A hew ~
HTRA =10+ hwpa'a + hgea(a® + a)®

+ hges6.(a' + @) — hga(64 + 6-)(a" + a)?
— hge(64 —6-)(a" —a)

where Ge1, Ge2 Je3, Jea and ges are spurious inductive cou-
plings and g. is a spurious capactive coupling. Here,
wg = \/8EcqE s — Ecq and w, = 1//L,C,. We now
proceed to simplify this model to achieve the two-photon
JC Hamiltonian. First, we neglect the linear offset terms,
x 64 46_ and  a' +a, as they can be tuned to zero in-
situ, by applying a microwave field, and, thus, the tuned
circuit QED Hamiltonian reads

N hw "
HTMA ==H6 4 hwyala + hgea(a” + a)°
+ hges6. (6" + @) — hga (64 + 6-)(a" + a)?
— hge(64 —6-)(a - a). (18)

We now assume the two-photon JC conditions
2w, = wq and g <K wy. (19)

With these conditions, only the two-photon JC terms are
resonant, while all the other terms are off-resonant and
can be neglected (see App. |B| for details). Then, the
effective circuit QED Hamiltonian becomes

HTUA ~ %&z + hwpala — hge (646 + 6_a'?).  (20)
This final Hamiltonian shows that the proposed circuit
has the necessary two-photon qubit-resonator interaction
required to host the QCS protocol (and its subsequent
applications) and to obtain an effective two-photon Rabi
Hamiltonian at arbitrary coupling strengths.



In Table [ we provide realistic experimental param-
eters of the proposed circuit that can achieve the two-
photon JC interaction. The details of the spurious cou-
plings and their relations to the physical circuit param-
eters are derived in detail in App. [B] We perform nu-
merical simulations of the circuit QED model including
spurious couplings using our estimated parameters to val-
idate the two-photon JC interaction. Figure [6] shows the
dynamics generated using Eq. contrasted to those
generated using Eq. . The probability of the excited
state and the resonator photon number are shown as they
evolve in time starting from an initial state |g)|2). The
circuit QED model exhibits two-photon Rabi oscillations
in in excellent agreement with the ideal model.

The asymmetry of the SQUID we rely on here has also
been used to implement multiphoton spontaneous para-
metric down conversion (SPDC) between bosonic modes
[32, 40}, 56l B8], 59]. The proposed device here is based
on the same principles used for multiphoton SPDC with
the difference being that we are coupling a bosonic mode
to a transmon effectively truncated to its two lowest en-
ergy eigenstates. Our proposal can be used to reach the
two-photon near-resonance strong coupling regime, i.e.,
g2 > K,71,7¢ and wg ~ 2w,, where x is the resonator
photon loss rate, v is the qubit relaxation rate and 4 is
the qubit dephasing rate. The potential use for an asym-
metric SQUID is not limited to the two-photon interac-
tions. In fact, we have already investigated this same cir-
cuit for a three-photon qubit-resonator interaction; it can
be adapted to tune the SQUID interaction, which in this
case significantly renormalizes the qubit and resonator
frequencies, and introduces resonant spurious couplings
that need careful management. The details of a three-
photon implementation will be published elsewhere.

V. SUMMARY AND CONCLUSIONS

To summarize, we presented a general theory on
driving-enhanced n-photon qubit-resonator interactions.
The multiphoton interactions are generated in the strong
and qubit-detuned weak driving regimes with n-photon
cross-resonance yielding the highest rate of channeling
photons into the resonator. After developing the general
framework, we focused on the case of n = 2, where the
theory yields qubit-conditional squeezing (QCS). Then,
we described how the QCS protocol can be used in en-
coding a qubit state in the superposition of orthogonally
squeezed states. We also showed how to perform a QND
measurement of the qubit via QCS. Additionally, we out-
lined a scheme that amplifies displacements (single and
a superposition of them) using QCS.

After exploring the regimes of the driving-enhanced in-
teractions and their applications for the case of n = 2,
we explored the use of two drives to obtain an effec-
tive n-photon Rabi Hamiltonian with arbitrary coupling
strength. When the first drive is the largest energy scale,
we showed that the second drive plays the role of the

qubit term in the effective Hamiltonian. While, the de-
tuning between the first drive and the resonator served
as the effective resonator frequency. Interestingly, the ef-
fective qubit-resonator n-photon coupling is given by the
native coupling strength and is independent of the drive
parameters.

From the implementation side, the generation of non-
perturbative n-photon qubit-resonator interactions be-
yond n = 1 is a challenging task. First, one major diffi-
culty lies in obtaining a Hamiltonian where the n*® order
interaction can be isolated without the presence of spuri-
ous terms of comparable coupling strength. Second, the
coupling strength in most systems significantly dimin-
ishes as the order of the interaction increases. Therefore,
even if it is possible to obtain a Hamiltonian with the de-
sired interaction, we require the strong coupling regime,
ie., gn > K, 7, 7e. Without satisfying these conditions,
the system will be dominated by losses, rendering the
sought effects incoherent and suppressed by the system’s
losses. Here, we proposed an implementation that can
achieve the necessary conditions for our theory in the
case of n = 2. The circuit uses a transmon qubit cou-
pled to a lumped-element LC resonator by means of an
asymmetric SQUID. We provided realistic experimental
parameters and validated the circuit QED model using
numerical simulations exhibiting two-photon Rabi oscil-
lations.

Throughout the paper, we exclusively discussed uni-
tary evolution. In App. [A] we perform extensive open
system numerical simulations for worse-than-average de-
coherence qubit and resonator parameters and corrob-
orate the analytical results; the predictions are robust
against qubit energy relaxation and dephasing and res-
onator photon loss. We find the fidelity of the states
generated to be largely unaffected at the timescales of
consideration used in the paper.

This work paves the way for a new set of nonpertur-
bative multiphoton qubit-resonator effects that can be
leveraged for applications in various quantum applica-
tions for information processing — as presented here,
sensing, and communication.
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Appendix A: Decoherence

We only considered unitary time evolution in the main
text. The qubit-resonator system are not completely iso-
lated from the environment. Here, we take into account
qubit energy relaxation, qubit dephasing and resonator
photon loss. Since we are operating in the strong cou-
pling regime, the qubit and resonator are not strongly
hybradized and, thus, we can assume they interact with
separate baths at zero temperature. For these conditions,
it suffices to model the open system using a Lindblad
master equation that reads [60] [61]

d. i o o N
—p=—-[H,pl+nD(6-)p+ %'D(Uz)p—i— kD(a)p,

dt h
(A1)

where p is the full system density matrix, D(O)p =
0pOt — {070, p}/2 is the dissipator for a given oper-
ator O, v1 and 74 are the qubit energy relaxation and
dephasing rates, and x is the resonator photon loss rate.
In what follows we use the Python library QuTiP [62]

We seek to evaluate the contribution of different de-
coherence parameters on the prepared state, pprep. For
that purpose, we define the fidelity as

2
f = (T]f' (\/\/ﬁprepﬁideal \/ﬁprep>> ’

where we use an ideal reference state pjqea Obtained using
Eq. (1) and pprep is arrived at using the master equation,
Eq. (Al)). Figure [7| demonstrates the results of numeri-
cal simulations in which both the reference and prepared
states experienced time evolution over a normalized time
of got/2m = 0.3. The same figure also highlights that
the photon loss rate in the resonator is the most signif-
icant factor affecting the fidelity of the state. Although
qubit relaxation contributes to a reduction in fidelity, the
influence of qubit dephasing is almost inconsequential
within this timescale. It is important to note that the
maximum decoherence rates used in our simulations, set
at 1 MHz, are substantially higher than those typically
found in present circuit QED setups, and even more so
in state-of-the-art devices.

Note that the time-evolution period may seem short
(g2t/2m = 0.3), but by the analytic estimate of Eq. (7)
in the main text, the resonator will contain much more
than 100 photons in a duration less than got/27 = 0.5.
This is also apparent by the form of the squeezing param-
eter, ( = igot which grows linearly in time. Due to this
fact, it is very hard to simulate long-time dynamics using
traditional software packages such as QuTiP (employed
here). For these simulations, we truncated the resonator
Hilbert space to 150 photons. A more rigorous numerical
study is needed for the study of the long-time dynamics
and eventual decay of the photon number, but for the
purpose of ensuring the robustness of state preparation
against decoherence, the simulations here suffice to cor-
roborate the analytical predicitions.
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Appendix B: Derivation of Circuit QED
Implementation

In this section, we derive and quantize the system
Hamiltonian for the circuit implementation proposed in
the main text. We then proceed to apply the two-level
approximation to the transmon along with the relevant
RWA to obtain the two-photon Jaynes-Cummings Hamil-
tonian.

1. Circuit Hamiltonian

We first begin by stating the total system (transmon,
resonator and coupler) Lagrangian for the circuit shown
in Fig. ] We use the system constraints to eliminate
the coupler degree of freedom and express it in terms of
the transmon and resonator degrees of freedom. Then,
we obtain the classical Hamiltonian by means of a Leg-
endre transformation. Then, we promote the conjugate
variables to quantum operators arriving at a quantum-
mechanical description of the circuit.

The total system Lagrangian is [40]

£tota1 - Etransmon + £resonator + Ecouplera (Bl)

where

1 . 2
‘Ctransmon - §(Ct + CJt)d)? + EJt COS( g(bt )7 <B2)
0

1 ;2 1 2
resonator — FLr - 3 B
Lrosomsr = 5Crd = 7782 (83)
and

1 ‘9
pler =75 c
£c0u ler 9 (CJ2 + CJ1)¢
7T(I)ext 27T¢c
+ FEx cos( o ) cos< By )
. ’/T(I)ext . 271'¢)c
— EaA sm( B, ) sm( B, > (B4)

Here, ¢; is the flux variable and gﬁj is its time deriva-
tive for the j subsystem with ¢ denoting the trans-
mon, r denoting the resonator and ¢ denoting the cou-
pler. The transmon is characterized by Josephson en-
ergy Ej; and total (junction and shunting capacitance)
Cjt + C;. The resonator is characterized by the induc-
tance L, and capacitance C,.. Lastly, the coupler is char-
acterized by the sum of its junctions’ Josephson energies
Es, = Ej + Ej9, difference of its junctions’ Josephson
energies Ao = Ej; — Ej3 and the sum of the junction
capacitances Cy; + Cjo. The individual junctions in the
SQUID are governed by fluxes, ¢ and ¢, respectively.
Meanwhile, for the SQUID loop, we define

Ge = %(Qsl + ¢2) (B5)
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Fidelity of prepared state with varying decoherence rates. The Hamiltonian parameters and initial state used for

the simulations are Q = 27 x 0.5GHz, g2 = 27 x 20MHz, and A = §> = 0 (identical to those in Fig. 1 in the main text
with the decoherence parameters varied). (a)-(c) The fidelity between a state prepared via time-evolution using Eq.(AT]) and a
reference state evolved with Eq. is plotted for different qubit and resonator decoherence rates, with a time-evolution period
of got/2m = 0.3. The resonator photon loss rate, s, is the most detrimental parameter to the state fidelity. The qubit relaxation
rate, y1, also diminishes the fidelity but the qubit dephasing, v, is practically negligible as the three plots are nearly identical.

and we relate the SQUID fluxes and the external flux
through the flux quantization conditions [63]
1= e — Pext + k1P (B6)
and
P2 = P + Pext + k1Po (B7)

for some integer ki. As for the bigger loop the includes
the resonator and qubit, the flux quantization condition
is

Ot — P — ¢r = ka®q

for some integer ko. Differentiating the flux quantization
condition yields exactly the Kirchoff’s voltage law (KVL)
constraint

(B8)

G — b — & = 0. (BY)
We can use these two constraints to replace ¢. (for sim-
plicity, we select k1 = ko = 0 for the offset). The total
Lagrangian is then written using only ¢; and ¢, as

and

-,

U(¢)

7T(bext
D

mPext sin
g

27 1
t>+ o2

0% 2L,
Then, the Hamiltonian can be found via the Legendre
transform as

B COS( )COS(27T(¢t — ¢r)

%)

27r(¢t - ¢r)
)

)
)

(B13)

+ EA sin(

- LKy, cos(

H=1¢T(Cc™i+U),

2
-_ [ at
i- ().

with ¢, = 8[:/8&;C (k = q,r) being the charges stored
in the qubit and resonator. We label (C~1);; = 6;1,
(C_1)22 = 6;1, and

(B14)
where

(B15)

(C_1)12 = (C_l)m = 6;1. Thus,
the Hamiltonian can be written as

L=367C6-UJ) B10) -
where

g o

= B11

5= (%) (B11)

C— (CatCratCn+Cr —(Crn+Cr2)
—(Cy1+Cy2) Cr+Cn+0Cj)’
(B12)

=

-

@

2C,

Ejq cos(

TPexs

¢2

L g

27T¢t>

bo

C, 2L,
27T(¢t B ¢r)

— FEx, cos( B,

(I)ext

)

Dq
27T(¢t - (br)

+ EA sin(7r
0

o

%)

)

1
+ = 4tqr

)CC

(B16)

Finally, we promote the classical Poisson brackets to com-

mutator brackets via the rule

{¢t7 qt

} — [éhqt} = Zhv



{¢ra QT} — [(Zgra er] = Zh,

where ¢y, ék are now quantized operators. Finally, we
obtain the quantum circuit Hamiltonian

~2 " ~2 72
& G 27y q o 1, .
H=—"—F COS + =+ 4+ — r
2c, ( ) c, "L, T,

For the derivations to follow, we isolate the inductive
and capacitive SQUID interactions from the total Hamil-
tonian. The inductive SQUID interaction Hamiltonian
we refer to is

Arin TPex 277((25 - (lgr)
g =—Es cos((bot> Cos ((;O

. TDext . 2’”((2)15 - QBT)
+ Ea sm(q)o ) sin (‘I’o ) . (B18)

While, the capacitive SQUID interaction Hamiltonian is

1

12

Finally, we rewrite the qubit and resonator flux and
charge operators using the bosonic creation and anni-
hilation operators,

QT = ZIQpr,T (&T - &), (BQOa)

br = duptr(al + @), (B20b)

Gr = iQpr,t(Z;T —b), (B20c)
and

bt = bupte(bT + 1), (B20d)

where ¢uprt and @uprt (Poptr and @uper) are the qubit
(resonator) zero-point-fluctuation flux and charge values,
respectively. The commutation relations for the qubit
and resonator creation and annihilation operators are
[b,b1] = I and [a,a'] = I, respectively.

2. Two-photon Jaynes-Cummings Hamiltonian

For small zero-point-fluctuation flux values, we may
Taylor-expand the sine and cosine into the first few poly-
nomial terms. We are interested in the odd order terms to
obtain an effective two-photon Jaynes-Cummings Hamil-
tonian. For this purpose, we now focus on the odd order

f[;aspQ = — GGy (B19) terms by setting ®oxt = Pp/2, thus, making the cosine
’ Ce term coefficient zero.
J
‘rind E 27T(ét — q;T) 1 87'('3(&15 — éT)B
15Q = =4 o 3 &
2 A - R R 1 872 A A R R
= Ea ao(¢pr,t(bT +b) — ¢pr’r(aT +a)) - g@( gpf,t(bT +b)° — zz))pf,r(aJr +a)®
- 20

— 30214 Guptr (07 + 0)%(a" + @) + Bpredlye (b7 + b) (0" + a)?)

We now rearrange terms using the commutation rela-
tions, [b,b'] = I and [a,a!] = I, and we use the two-
level approzimation where usually b — 6_ (ZA)Jr — 04)
and bfb — 6., and for the higher-order terms we trun-

(B21)

[
cate to the two—gimgnsional SupspAace.A In this case,
bi+b~ 6 +6_, (bT+b)? ~ 6, +20, (bT+b)% ~3(6,+6_)
and (bf 4+ b)* ~ (96, + 6I). Thus, we get that



~ind, TLA 2w
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. . 27 U
sqr = Ea (}To(d’zpf,t(@r +6-)) - (}ﬁo(éﬁzpf,r(aT +a))

1827
3l o3

(dope.e3(04 +6-) —

@3 (@l + @) — 302 ¢, Gt (62 + 20)(a" + &)

+ 3¢pr,t¢gpf,r(6+ + é-—)(d]L + d)z)

= hge1 (64 + 6_) — hgea(a' + @) — hges(64 + 6_) + hges(a’ + a)3

+ hges (6 +20)(a + &) — hga(64 +6-)(a" + @),

where h,gel = EAT}M hgeZ = EAn'ra hgeS = 3EA,’7?/3'7
hges = Eani/3!, hges = 3Eanin,/3! and hgy =
3EAmm}/3!. Here, 0y, = 27¢,pe1)r/Po is the ratio be-
tween the zero-point-fluctuation flux of the qubit (res-
onator) and the flux quantum. For simplicity, we drop
the linear offset qubit and resonator terms, o« &4 £ 6_
and o af + @, since we can cancel them with a displace-
ment that can be tuned in situ during the experiment.

Next, we turn our attention to the capacitive interac-
tion term with the goal of obtaining the final two-level
approximation form,

Freap ~

1. ~ NI
Hgyr = ?thr ~ —hg(6, —6_)(a' —a), (B23)

where hg. = qupt.1qapt,r/Ce. We now collect the bare and
interaction terms to write down the full Hamiltonian in
the two-level approximation.

R Fiw o at o a
HTLA :7‘162 + hw,dla + hges(al +a)3

+ hgeso-(at +a) — hga (64 4+ 6-)(aT + a)?
(B24)

where w, = \/8FEcqE;q; — Ecq and w, = 1/\/L,C,.
We now assume near two-photon resonance between
the qubit and resonator, w, ~ 2w,. We can then

transform to the usual rotating frame via U, =

— hgo(64+ —6_)(a" —a),

(B22)

(

exp[—it(wq6./2 + wya'a)]. In this frame the operators
oscillate as

which leads to the two-photon Jaynes-Cummings terms,
6,6 and 5_a?, being the only slow-rotating terms while
everything else is fast-rotating. In particular, we require
that

§647§65 < wr, (B25a)
Je K |wg — wyrl|, wg + wr, (B25Db)

and
g2 K wg + 2wy (B25c¢)

Finally, imposing these conditions and dropping their
associated terms, we arrive at the two-photon Jaynes-
Cummings Hamiltonian

R X Fiw
H™A ~ Hy 30 = —26., + hwpata — hga (6402 4+ 6_a2).

2
(B26)

This is the system Hamiltonian needed in Eq. in the
main text for the case of n = 2.

[1] E. Jaynes and F. Cummings, Proceedings of the IEEE
51, 89 (1963).

[2] D. Walls and G. Milburn, Quantum Optics (Springer,
Berlin, 1994).

[3] S. Ashhab and F. Nori, [Phys. Rev. A 81, 042311 (2010).

[4] D. Braak, Q.-H. Chen, M. T. Batchelor, and E. Solano,
Journal of Physics A: Mathematical and Theoretical 49,
300301 (2016).

[5] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff,
Rev. Mod. Phys. 93, 025005 (2021).

[6] D. Leibfried, R. Blatt, C. Monroe, and D. Wineland, Rev.

Mod. Phys. 75, 281 (2003).

[7] A. D. O’Connell, M. Hofheinz, M. Ansmann, R. C. Bial-
czak, M. Lenander, E. Lucero, M. Neeley, D. Sank,
H. Wang, M. Weides, J. Wenner, J. M. Martinis, and
A. N. Cleland, Nature 464, 697 (2010).

[8] S. Haroche and J.-M. Raimond, Ezploring the Quantum:
Atoms, Cavities, and Photons (OUP Oxford).

[9] Y. Nakamura, Y. A. Pashkin, and J. S. Tsai, Phys. Rev.
Lett. 87, 246601 (2001),

[10] L. Garziano, R. Stassi, V. Macri, A. F. Kockum,

S. Savasta, and F. Nori, Phys. Rev. A 92, 063830 (2015).


https://doi.org/10.1109/PROC.1963.1664
https://doi.org/10.1109/PROC.1963.1664
https://doi.org/10.1103/PhysRevA.81.042311
https://doi.org/10.1088/1751-8113/49/30/300301
https://doi.org/10.1088/1751-8113/49/30/300301
https://doi.org/10.1103/RevModPhys.93.025005
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1038/nature08967
https://doi.org/10.1103/PhysRevLett.87.246601
https://doi.org/10.1103/PhysRevLett.87.246601
https://doi.org/10.1103/PhysRevA.92.063830

[11] M. Gatzke, M. C. Baruch, R. B. Watkins, and T. F.
Gallagher, Phys. Rev. A 48, 4742 (1993).

[12] A. Buchleitner, L. Sirko, and H. Walther, Europhysics
Letters 16, 35 (1991).

[13] T. R. Gentile, B. J. Hughey, D. Kleppner, and T. W.
Ducas, |[Phys. Rev. A 40, 5103 (1989).

[14] S. Ashhab, J. R. Johansson, and F. Nori, New Journal of
Physics 8, 103 (2006).

[15] F. Deppe, M. Mariantoni, E. P. Menzel, A. Marx,
S. Saito, K. Kakuyanagi, H. Tanaka, T. Meno, K. Semba,
H. Takayanagi, E. Solano, and R. Gross, Nature Physics
4, 686 (2008).

[16] M. Boissonneault, J. M. Gambetta, and A. Blais, Phys.
Rev. Lett. 105, 100504 (2010)!

[17] Y. R. Shen, [Phys. Rev. 155, 921 (1967).

[18] D. F. Walls, Journal of Physics A: General Physics 4, 813
(1971).

[19] C. Emary and R. F. Bishop, Journal of Physics A: Math-
ematical and General 35, 8231 (2002).

[20] Y.-F. Xie and Q.-H. Chen, [Phys. Rev. Res. 3, 033057
(2021)

[21] Z-J. Ying, [Phys. Rev. A 103, 063701 (2021)|

[22] J. Li and Q.-H. Chen, Journal of Physics A: Mathemat-
ical and Theoretical 53, 315301 (2020).

[23] C. K. Chan, Journal of Physics A: Mathematical and
Theoretical 53, 385303 (2020).

[24] Y.-F. Xie, L. Duan, and Q.-H. Chen, Phys. Rev. A 99,
013809 (2019).

[25] L. Cong, X.-M. Sun, M. Liu, Z.-J. Ying, and H.-G. Luo,
Phys. Rev. A 99, 013815 (2019).

[26] X.-Y. Chen and Y.-Y. Zhang, Phys. Rev. A 97, 053821
(2018)!

[27] L. Duan, Y.-F. Xie, D. Braak, and Q.-H. Chen, [Journal
of Physics A: Mathematical and Theoretical 49, 464002
(2016).

[28] S. Felicetti, D. Z. Rossatto, E. Rico, E. Solano, and
P. Forn-Diaz, Phys. Rev. A 97, 013851 (2018).

[29] C. J. Villas-Boas and D. Z. Rossatto, Phys. Rev. Lett.
122, 123604 (2019).

[30] F. Zou, X.-Y. Zhang, X.-W. Xu, J.-F. Huang, and J.-Q.
Liao, Phys. Rev. A 102, 053710 (2020).

[31] N. Piccione, S. Felicetti, and B. Bellomo, [Phys. Rev. A
105, L.011702 (2022).

[32] R. Gautier, A. Sarlette, and M. Mirrahimi, PRX Quan-
tum 3, 020339 (2022)!

[33] S. Felicetti, M.-J. Hwang, and A. Le Boité, Phys. Rev. A
98, 053859 (2018).

[34] S. Felicetti, J. S. Pedernales, 1. L. Egusquiza, G. Romero,
L. Lamata, D. Braak, and E. Solano, Phys. Rev. A 92,
033817 (2015).

[35] R. Puebla, M.-J. Hwang, J. Casanova, and M. B. Plenio,
Phys. Rev. A 95, 063844 (2017).

[36] M. Ayyash, X. Xu, and M. Mariantoni, [Phys. Rev. A
109, 023703 (2024).

[37] E. Solano, G. S. Agarwal, and H. Walther, Phys. Rev.
Lett. 90, 027903 (2003).

[38] P. Campagne-Ibarcq, A. Eickbusch, S. Touzard, E. Zalys-
Geller, N. E. Frattini, V. V. Sivak, P. Reinhold, S. Puri,
S. Shankar, R. J. Schoelkopf, L. Frunzio, M. Mirrahimi,
and M. H. Devoret, Nature 584, 368 (2020).

[39] A. Eickbusch, V. Sivak, A. Z. Ding, S. S. Elder, S. R. Jha,
J. Venkatraman, B. Royer, S. M. Girvin, R. J. Schoelkopf,
and M. H. Devoret, Nature Physics 18, 1464 (2022).

[40] C. W. S. Chang, C. Sabin, P. Forn-Diaz, F. Quijandria,

14

A. M. Vadiraj, I. Nsanzineza, G. Johansson, and C. M.
Wilson, Phys. Rev. X 10, 011011 (2020).

[41] Y. Zheng, O. Hahn, P. Stadler, P. Holmvall, F. Qui-
jandria, A. Ferraro, and G. Ferrini, PRX Quantum 2,
010327 (2021)k

[42] S. Touzard, A. Kou, N. E. Frattini, V. V. Sivak, S. Puri,
A. Grimm, L. Frunzio, S. Shankar, and M. H. Devoret,
Phys. Rev. Lett. 122, 080502 (2019).

[43] It is straightforward to use the general dressed basis for
what follows. Simply replace |+) with |[+) and |—) with
|—) in the prepared states.

[44] F. Albarelli, M. G. Genoni, M. G. A. Paris, and A. Fer-
raro, Phys. Rev. A 98, 052350 (2018).

[45] B. C. Sanders, Phys. Rev. A 39, 4284 (1989).

[46] H. Azuma, W. J. Munro, and K. Nemoto, A heralded
single-photon source based on superpositions of squeezed
states (2024), arXiv:2402.17118 [quant-phl].

[47] P. T. Cochrane, G. J. Milburn, and W. J. Munro, Phys.
Rev. A 59, 2631 (1999).

[48] Z. Leghtas, G. Kirchmair, B. Vlastakis, M. H. Devoret,
R. J. Schoelkopf, and M. Mirrahimi, Phys. Rev. A 87,
042315 (2013)

[49] S. M. Girvin, Schrodinger cat states in circuit qed (2017),
arXiv:1710.03179 [quant-ph].

[50] Opposite phases on the squeezed states yield squeezing
on orthogonal axes. Explicitly, |¢) and |—() are related
by a 7/2 rotation.

[61] A. Eddins, S. Schreppler, D. M. Toyli, L. S. Martin,
S. Hacohen-Gourgy, L. C. G. Govia, H. Ribeiro, A. A.
Clerk, and I. Siddiqi, Phys. Rev. Lett. 120, 040505
(2018)!

[62] S. C. Burd, R. Srinivas, J. J. Bollinger, A. C. Wil-
son, D. J. Wineland, D. Leibfried, D. H. Slichter,
and D. T. C. Allcock, Science 364, 1163 (2019),

https://www.science.org/doi/pdf/10.1126 /science.aaw2884.

[63] D. Ballester, G. Romero, J. J. Garcia-Ripoll, F. Deppe,
and E. Solano, Phys. Rev. X 2, 021007 (2012).

[54] P. Bertet, C. J. P. M. Harmans, and J. E. Mooij, Phys.
Rev. B 73, 064512 (2006).

[65] B. L. T. Plourde, J. Zhang, K. B. Whaley, F. K. Wilhelm,
T. L. Robertson, T. Hime, S. Linzen, P. A. Reichardt, C.-
E. Wu, and J. Clarke, Phys. Rev. B 70, 140501 (2004).

[56] J. Bourassa, F. Beaudoin, J. M. Gambetta, and A. Blais,
Phys. Rev. A 86, 013814 (2012)|

[57] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I
Schuster, J. Majer, A. Blais, M. H. Devoret, S. M. Girvin,
and R. J. Schoelkopf, Phys. Rev. A 76, 042319 (2007).

[58] C. W. Sandbo Chang, M. Simoen, J. Aumentado,
C. Sabin, P. Forn-Diaz, A. M. Vadiraj, F. Quijandria,
G. Johansson, I. Fuentes, and C. M. Wilson, Phys. Rev.
Appl. 10, 044019 (2018).

[69] M. Mirrahimi, Z. Leghtas, V. V. Albert, S. Touzard, R. J.
Schoelkopf, L. Jiang, and M. H. Devoret, New Journal of
Physics 16, 045014 (2014).

[60] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, 2010).

[61] H. Carmichael, An Open Systems Approach to Quan-
tum Optics: Lectures presented at the Université Libre
de Bruzelles, October 28 - November 4, 1991 (Springer-
Verlag, 1993).

[62] J. Johansson, P. Nation, and F. Nori, Computer Physics
Communications 184, 1234-1240 (2013).

[63] M. Tinkham, Introduction to superconductivity (Courier
Corporation, 2004).


https://doi.org/10.1103/PhysRevA.48.4742
https://doi.org/10.1209/0295-5075/16/1/007
https://doi.org/10.1209/0295-5075/16/1/007
https://doi.org/10.1103/PhysRevA.40.5103
https://doi.org/10.1088/1367-2630/8/6/103
https://doi.org/10.1088/1367-2630/8/6/103
https://doi.org/10.1038/nphys1016
https://doi.org/10.1038/nphys1016
https://doi.org/10.1103/PhysRevLett.105.100504
https://doi.org/10.1103/PhysRevLett.105.100504
https://doi.org/10.1103/PhysRev.155.921
https://doi.org/10.1088/0305-4470/4/6/007
https://doi.org/10.1088/0305-4470/4/6/007
https://doi.org/10.1088/0305-4470/35/39/307
https://doi.org/10.1088/0305-4470/35/39/307
https://doi.org/10.1103/PhysRevResearch.3.033057
https://doi.org/10.1103/PhysRevResearch.3.033057
https://doi.org/10.1103/PhysRevA.103.063701
https://doi.org/10.1088/1751-8121/ab8ef1
https://doi.org/10.1088/1751-8121/ab8ef1
https://doi.org/10.1088/1751-8121/aba3e0
https://doi.org/10.1088/1751-8121/aba3e0
https://doi.org/10.1103/PhysRevA.99.013809
https://doi.org/10.1103/PhysRevA.99.013809
https://doi.org/10.1103/PhysRevA.99.013815
https://doi.org/10.1103/PhysRevA.97.053821
https://doi.org/10.1103/PhysRevA.97.053821
https://doi.org/10.1088/1751-8113/49/46/464002
https://doi.org/10.1088/1751-8113/49/46/464002
https://doi.org/10.1088/1751-8113/49/46/464002
https://doi.org/10.1103/PhysRevA.97.013851
https://doi.org/10.1103/PhysRevLett.122.123604
https://doi.org/10.1103/PhysRevLett.122.123604
https://doi.org/10.1103/PhysRevA.102.053710
https://doi.org/10.1103/PhysRevA.105.L011702
https://doi.org/10.1103/PhysRevA.105.L011702
https://doi.org/10.1103/PRXQuantum.3.020339
https://doi.org/10.1103/PRXQuantum.3.020339
https://doi.org/10.1103/PhysRevA.98.053859
https://doi.org/10.1103/PhysRevA.98.053859
https://doi.org/10.1103/PhysRevA.92.033817
https://doi.org/10.1103/PhysRevA.92.033817
https://doi.org/10.1103/PhysRevA.95.063844
https://doi.org/10.1103/PhysRevA.109.023703
https://doi.org/10.1103/PhysRevA.109.023703
https://doi.org/10.1103/PhysRevLett.90.027903
https://doi.org/10.1103/PhysRevLett.90.027903
https://doi.org/10.1038/s41586-020-2603-3
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1103/PhysRevX.10.011011
https://doi.org/10.1103/PRXQuantum.2.010327
https://doi.org/10.1103/PRXQuantum.2.010327
https://doi.org/10.1103/PhysRevLett.122.080502
https://doi.org/10.1103/PhysRevA.98.052350
https://doi.org/10.1103/PhysRevA.39.4284
https://arxiv.org/abs/2402.17118
https://doi.org/10.1103/PhysRevA.59.2631
https://doi.org/10.1103/PhysRevA.59.2631
https://doi.org/10.1103/PhysRevA.87.042315
https://doi.org/10.1103/PhysRevA.87.042315
https://arxiv.org/abs/1710.03179
https://doi.org/10.1103/PhysRevLett.120.040505
https://doi.org/10.1103/PhysRevLett.120.040505
https://doi.org/10.1126/science.aaw2884
https://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.aaw2884
https://doi.org/10.1103/PhysRevX.2.021007
https://doi.org/10.1103/PhysRevB.73.064512
https://doi.org/10.1103/PhysRevB.73.064512
https://doi.org/10.1103/PhysRevB.70.140501
https://doi.org/10.1103/PhysRevA.86.013814
https://doi.org/10.1103/PhysRevA.76.042319
https://doi.org/10.1103/PhysRevApplied.10.044019
https://doi.org/10.1103/PhysRevApplied.10.044019
https://doi.org/10.1088/1367-2630/16/4/045014
https://doi.org/10.1088/1367-2630/16/4/045014
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019

	Driven Multiphoton Qubit-Resonator Interactions
	Abstract
	Introduction
	driven multiphoton interactions
	System Hamiltonian
	Effective interaction
	Strong driving regime
	Qubit-detuned weak driving regime

	Two-photon interactions and applications
	Schrödinger-cat-like superposition of orthogonally squeezed states
	Amplification of displacements


	Engineering Effective n-photon Rabi Hamiltonian with Arbitary Coupling Strength
	Circuit QED implementation
	Summary and Conclusions
	Acknowledgments
	Decoherence
	Derivation of Circuit QED Implementation
	Circuit Hamiltonian
	Two-photon Jaynes-Cummings Hamiltonian

	References


