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Abstract

In this work, we explore how resources are distributed among the states generated by quantum random circuits (QRC).
We focus on multipartite non-locality, but we also analyze quantum correlations by appealing to different entanglement
and non-classicality measures. We compare universal vs non-universal sets of gates to gain insight into the problem
of explaining quantum advantage. By comparing the results obtained with ideal (noiseless) vs noisy intermediate-
scale quantum (NISQ) devices, we lay the basis of a certification protocol, which aims to quantify how robust is the
resources distribution among the states that a given device can generate.
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1. Introduction

Quantum computers offer promising computational advantages for the years to come. There exist many operating
devices nowadays, which can be easily accessed using the cloud quantum computing model. This rapid growth is
accompanied by claims of quantum advantage with near term devices [5,22]]. Though the interpretation of the obtained
results generates a heated debate and should be taken cautiously [20], it is clear that the road map is promising. There
are great chances that, in the near future, quantum computers will be able to perform tasks that are very hard for
classical supercomputers, even if the path to fault tolerant universal quantum computing remains challenging.

There are many hypotheses to explain why quantum computers seem to have a speed-up with regard to their
classical cousins. Overall, the reasons are not completely clear. Recent studies point to different resources, such as
entanglement and non-locality [[17], coherence [1], and contextuality [[18]]. But none of these quantum features seem
to suffice on its own to explain quantum advantage, due to results such as the Gottesmann-Knill theorem [[15]] (though
see for example the discussion in [12]). Furthermore, the certification of a quantum device is usually a complicated
business. As extant quantum processors are very sensitive to noise, it is important to develop different tools to assess
their capabilities (see for example [32 33, (14} [7]]). The general question could be posed in this way: how are quantum
resources distributed among the states that a concrete quantum device is able to produce?

Here we study the resources produced in different architectures of quantum computers using quantum random
circuits (QRC) [8]]. We focus on non-locality by using the Mermin [23]] and the Svetlichny inequalities [29} [27]]. We
also study entanglement by appealing to different measures, such as tangle and concurrence (see [Appendix _B|of this
work). We first perform a theoretical study based on numerical simulations using Qiskit [26] and Amazon Braket
SDK [4]. We analyze the performance of the devices with different levels of noise and number of shots, and compare
universal (Clifford + T) vs non-universal (Clifford) sets of elementary gates. Given a set of physical features which
are thought of as a resource for quantum computing (as for example, non-locality), we quantify to which degree a
device can generate a state space rich enough to generate the desired resources.

The paper is organized as follows. In Section 2] after giving a very brief overview of QRC, we show the results
of the simulations of violation of Mermin and Svetlichny inequalities for different qubits numbers. In Section 3] we
present results regarding entanglement for comparison purposes. Finally, in Section[d] we draw our conclusions.
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2. Quantum Random Circuits: distribution of resources

QRC are used in different areas of quantum information science [8]]. In order to give a general idea, consider a
scheme of circuit generation as depicted in Figure [T} On each stage of the protocol, random unitary gates are chosen
and applied to the circuit. As a result, a random circuit is obtained. Remarkably, QRC are a promising tool to show
quantum advantage [3)]. Here, we use them to show how quantum resources are distributed among the possible states
that a quantum computer is able to generate. An ideal quantum computer should be able to reach all possible states of
a system of N-qubits. A real quantum device is able to implement a given set of elementary quantum gates on a fixed
set of qubits. By generating QRC with different depths, sets of elementary gates, and levels of noise, we study how
robust is the resources distribution with regard to the ideal case. Specifically, by comparing Clifford (H, S and CNQOT)
vs non Clifford (Clifford + T) sets of gates, we highlight the differences of how quantum resources are distributed
between universal vs non-universal quantum computing. In this section we focus on non-locality, as is expressed by
the violation of certain inequalities. In the following section, we will deal with entanglement.

( — € O
cC( C @
: (

( (
L‘L

Layer 1 2 3 4 5 6 7 N

(

C TL
@ o
Cc @eC
( (N

Figure 1: We used the Amazon Braket SDK [4] to develop a function that generates QRC. Schematic representation of the random choice of
gates. We first fix a set of elementary gates, and then, on each layer of the circuit apply them randomly over the different qubits. In the schematic
diagram, we display different types of one-qubit gates (boxes indicating H, T and S gates), together with two-qubits entangling gates (being CNOT
the paradigmatic example). After N layers are applied, the output statistics for different observables is drawn, and the degree of violation of CHSH,
Mermin and Svetlichny inequalities can be checked.

We start by analyzing a simple two-qubits system and the violation of CHSH inequalities [[10]. For the state
associated to each generated QRC, we compute its maximal degree of the violation. We consider from now on an
experimental situation in which two dichotomic observables A, A}, A; and A, with outputs 1 and —1 each, can be
performed on each system. Let

S, =E(A1A) — E(A1A) + E(A1A2) + E (A1A)), (1)
where E(A1A;), for example, is the correlation function between A; and A,, and so on with the primed variables. On
the basis of the so called local realism (or local hidden variable model) it is possible to obtain the CHSH inequality
[10]):

1So] < 2. (2)

Delving into the realm of quantum mechanics, our focus on dichotomic measurements allows us to confine our

exploration to two-dimensional systems. In this case the operator inside the modulus of the left-hand side of Eq[2]
becomes:

0,=6 @ ®G by~ & ®F by +7 - dy®F by +7 & ®F by, 3)

where & = (o, 0y, 0;) with o, oy and o, that are the Pauli operators and dp, di, 50 and l;l, are unit vectors
representing the orientations of the polarizers of each pair. To each direction there is a pair of angles associated. For
a given state p we maximize the quantity

Va(p) = [Tr(pO)], “
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among possible values of the angles. If the local realism is violated and consequentely non locality is present in a
given state p with regard to the chosen family of observableﬂ there should exist a combination of angles for which

S2(p) = Va(p) > 2.

Now we turn to the study of systems with 2, 3, 4 and 5 qubits. When more than two particles are present, there
exist different types of non-local states. First, one could start asking the question whether there exists a local hidden-
variable model reproducing the correlations of the system under study. This problem was addressed by Mermin [23]]
(see also [3] and [31]). By requiring the condition of local hidden variable model, it is possible to derive a set of
inequalities based on the so-called Mermin polynomials My (see for example [3]], section II-C). These polynomials
are recursively defined in the following way

1 ’ ’ ’ ’
Mo = 3 (A1As + AlAs + A1 A} - ALA)), (5)

and

1 1
MN = EMN_l (AN + A;V) + EM;\,_I (AN — A;V) s (6)

where M},_, is obtained from My_; by exchanging all the zero-indexed and and one-indexed A’s. The local realism

limit is given by [3]] (see also[Appendix A):

KMn)I < 1. (N

For N = 2 we recover one of the equivalent ways of writing the CHSH inequalities up to factor 1/2. The violation
of the N-particle Mermin inequality implies that the correlations cannot be modeled using local realism. But, in
a multi-partite system, restricting the analysis to the simple absence of local hidden-variable models might yield a
narrow perspective on the possible correlations involved. For example, one could have a state of three particles in
which the first two are maximally correlated, while there is no correlation with regard to the third one, as is the case
for a quantum system of three particles prepared in the state

1
= —(|00) + [11})10). 8
) \/E(l ) +111))10) ®)

The above state clearly displays non-local correlations between the first and second particles, but these correlations
do not involve all the parties. In order to distinguish among the different types of correlations, G. Svelitchny and
collaborators [29,[27]] developed a set of inequalities which, if violated, will reveal the presence of genuine multipartite
non-localit The Svetlichny inequalities have also been experimentally confirmed (see for example [19]).

Consider the correlation functions E (A(li)A(lj)Agk)), which represent the expected value of the product of the mea-

surement outcomes of single particle random variables A(li), A(ZD and A(Sk) (i, j, k are primed or not primed variables).
Define

S3 = E(A1AA3) + E (AlAzAg) + E(A1A}A3) + E (A} A2A3) 9)
- E(A1A5A}) - E (A]ALA3) - E (A]A24}) - E (A14%45),

Then, the three-qubits Svetlichny inequality reads:

IS5] < 4.

I'Notice that, in principle, there could exist a more general family of observables for which a non-locality inequality is violated. We are restricting
here the analysis to the CHSH type observables (with variable angles).
2See also the discussion presented in Ref. [11].



If a state violates the above inequality, then, it presents genuine three-partite non-locality.

In a quantum setting, consider the emission of triplets of particles in a pure quantum state from a source, for
which their state is possibly unknown. During each execution of the experiment, one of the two possible alternative
measurements is performed: A; or A} on the first particle, A, or A} on the second particle, and A3 or A} on the third
particle. Each operator is of the form & - @;, & - b; and & - &, with @, Ei and ¢;, different unit vectors (with i = 0, 1).
For the quantum case, we have E(A;A»A3) = tr(pA; ® A, ® Asz), with A, A, and A3z Hermitian operators. Define the
three-qubits Svetlichny operator by:

0;=A1 A, ® Az +A1®A2®A/3+A1®A£®A3 +A'1®A2®A3 (10)
—AIRA QA -AIRARA; —AI®A QA - A QA ®A].

For a given three-qubits state p, we maximize the quantity

V3(p) = [Tr(pOs3)], an

for all possible values of the polarizers. As in the two-qubits case, a violation of the above inequality implies that the

state has genuine three-partite non-locality. Thus, given a state p, we look for the angles which maximize (ITJ), and

use that maximal value to quantify the eventual non-locality present in the state. We refer to the value obtained as

violation level. A state with no non-locality with regard to the chosen set of observables, will display a violation level

below the classical limit of 4. As is well known [29]], for the three-qubits case, the maximum value of violation that

can be reached with a quantum state is 4 V2. Thus, it is the maximum violation level reachable using quantum states.
For the case of an arbitrary number N of qubit systems, the inequality is built using the quantity [27]:

x = Z VERAL - Al (12)
1

In the above inequality, v} = (=1) 2 , with [ = (i1, i», - - -, iy), with each i; indicating whether a prime appears
or not in the corresponding variable. The number 7 (/) indicates the number of times primes appear in I, and vy is a
sequence of signs. Two types of inequalities are derived, namely

IS5 <2V (13)

We now show the numerical results. In Figures [2] and [3] we show histograms of the obtained violation levels of
the Svetlichny and Mermin inequalities, respectively, for states generated using QRC from two to five qubit The
histograms are obtained for 100.000 randomly generated sates. We do this for the non-universal set formed by Clifford
gates, a universal set, adding T to the previous set, and random unitaries generated using the python library SciPy. The
latter simulate the generation of random unitaries distributed according to the Haar measureﬂ In Figure 4 we show
the violation levels obtained for different levels of noise for a two-qubits system and the CHSH inequality, and for a
three-qubits system with respect to the Mermin and Svetlichny inequalities.

It is important to remark that, in this work, the states generated using the Clifford set have a very different ge-
ometrical structure with regard to those generated with Clifford + T. While in the latter the states generated tend to
cover the entire set of quantum states (and it is very unlikely to obtain a given state twice), in the former, it is indeed
likely to obtain repeated states, and they seem to be located in very restricted regions of the quantum state space. This
explains, in part, the highly picked histograms displayed in what follows. Thus, for the Clifford set, the term "random"
only applies to the way in which the gates of the elementary set are chosen to form each circuit (i.e., following the
procedure indicated in Figure [T)), and should not be confused with that of uniform distribution which applies when

3The histogram for the CHSH inequality is repeated in both Figures, in order to make the comparison easier for the reader.
4The Haar distribution is a translation-invariant probability measure. Intuitively speaking, it is a uniform probability distribution in the space of
unitary matrices.



using random unitaries (and which the universal set resembles). The states thus generated with the Clifford set display
arich and intriguing geometrical structure that we will study in a separate work. Here, it suffices to have in mind that,
in the histograms below, we have not deleted repeated states when computing the frequencies or counts, but deleting
them doesn’t changes the essence of what we aim to show.
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Figure 2: Violation levels of the Mermin inequality obtained for 100,000 random circuits: (a) two-qubits, (b) three- qubits, (c) four-qubits and (d)
five-qubits using Clifford gates, Clifford + T gates, and random unitaries following the Haar distribution.
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Figure 3: Violation levels of the Svetlichny inequality obtained for 100,000 random circuits: (a) two-qubits, (b) three-qubits, (c) four-qubits and
(d) five-qubits using Clifford Gates, Clifford + T gates, and random unitaries following the Haar distribution.
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Figure 4: Histograms of violation level for 3.000 random circuits of two and three-qubit systems with a depth of 41 layers and a depolarizing
channel with parameters 0.00002, 0.00009, 0.0003, 0.0009 and 0.001, for one qubit gates, respectively. In (A) we show the two-qubits case using
the CHSH inequality. For the three-qubits systems we show the histograms for (B) Mermin inequality and (C) Svetlichny inequality.



The plots of Figure [ clearly indicate how the resources distribution depend on the noise level. The comparison
between universal vs non-universal sets of gates indicates that the main difference comes from the way in which
resources are distributed. In both cases we obtain the maximum possible value of violation, which is attained by the
GHZ state. This means that even a quantum device which is classically simulable can reach maximal non-locality.
But, in a universal device, the different degrees of non-locality are homogeneously distributed among all possible
values available in the full quantum state space. This is in line with previous works (compare with the results of [16]
and [24]]). By augmenting noise, one sees that the ideal histograms are deteriorated in both casesﬂ By comparing
how an empirical histogram departs from the ideal case, one could certify how robust is the resources distribution in
a concrete quantum device. The above analysis can be considered then as the basis of a certification protocol.

It is interesting to look at the violation fractiorﬂ as the number of qubits is increased (see Figure . For the
Svetlichny inequality, we find that the violation fraction tends to zero as the number of qubits grows. This indicates
that the relative volume of the set of genuine multipartite non-local states becomes very small as N grows. In other
words, the probability that a randomly picked pure state displays genuine non-local multipartite correlations, becomes
very small in that limit. Contrarily, for the Mermin inequality, the violation percentage tends to remain very high as
N grows, indicating that the volume of the set of states displaying some form of non-local correlation is big (around
90% of the whole state space). This is in agreement with the fact that the volume of the set of separable states tends
to zero as N goes to infinity. Notice that, given that entanglement does not necessarily entail non-locality, the results
presented here are slightly different from those related to entanglement. In particular, our results indicate that the
volume of the set of states that display no non-local correlation (at least with regard to the observables appearing in
Mermin’s inequality) does not seem to tend to zero as N grows. Here we are offering numerical evidence, but our
findings give place to the question of how to prove theoretically that this is so. We will address all these questions in
future works.
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Figure 5: Violation fraction for Mermin and Svetlichny inequality as a function of the number of qubits using Clifford gates, Clifford + T gates,
and random unitaries following the Haar distribution.

It is also important to take into account the circuits depth. In Figure [6] we show the violation levels obtained
for Mermin and Svetlichny inequalities from two to five qubits systems varying the circuit’s depths (without noise).
For a higher depth, we find curves that resemble those of random unitaries. But for lower depth levels, there are
more chances of obtaining states with higher maximal violation levels (when the gates are randomly picked). This
dependence could be of practical use when analysing concrete devices.

SNotice that when noise is increased the histograms tend to a Gaussian-like distribution supported by non-violating values.
The violation fraction refers to the percentage of the states generated which violate a given inequality for some set of angles.
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Figure 6: Representation of noiseless violation level histograms depicting the cases of (A) CHSH inequality, (B) Mermin inequality and (C)
Svetlichny inequality across different system sizes, including two-qubit, three-qubit, four-qubit, and five-qubit configurations, as well as various
gate depths. The scope of gate operations is confined to the Clifford + T set. Notice that for higher depth levels, the curves resemble those of states
generated with random unitaries. But, in this case, the chance of obtaining a state with a near maximal violation level tends to decrease as the
number of qubits grow. On the contrary, for lower depth levels, it becomes more likely to obtain such states.

Figure[7] gives a concrete snapshot of how the system behaves with regard to different levels of noise and depth.
As expected, as noise grows, the violation fraction becomes smaller —until eventually, it becomes zero. Notice also
that, for a given noise level, there is a concrete depth for which the violation fraction becomes maximal. This is due
to the fact that noise accumulates each time a quantum gate is applied. A low depth will give place to a poor family
of states but, if the depth is too high, noise starts to play a significant role, and destroys all resources.

It is also interesting to look at the violation levels for a higher number of qubits and the Clifford set only. The
results are displayed in Figure[8] Using the Clifford set, it is easier to achieve maximal violation values with very few
iterations. Again, we recover a pattern where the violation levels obtained for the different states are concentrated in
specific values. For a better visualization of this fact, we have plotted the list of values obtained against themselves for
the different numbers of qubits in Figure[8] The violation levels concentration is the most salient difference between
universal and non-universal sets of gates. Remarkably, the number of pick values obtained seems to be proportional
to the number of qubits.
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Figure 7: (A) CHSH inequality, (B) Mermin inequality and (C) Svetlichny inequality are examined, wherein figures (a) and (b) delineate the
violation level and the fraction of violations as functions of circuit depth for Clifford gates, across varying noise levels. Figures (c) and (d) present
analogous analyses, albeit for the Clifford + T gate set.
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points. This is related to the fact that the states generated are concentrated in turn in specific regions of the quantum state space. These plots should
be compared with those of the histograms in Figures[2]and3](and with the results presented in and [24]).
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3. Entanglement measures and other quantifiers

Up to now, we have focused in non-locality, quantified as the violation levels of Mermin and Svetlichny inequali-
ties. For the sake of comparison, it is also interesting to analyze what happens with entanglement. A short overview
of the entanglement measures used in this work can be found in[Appendix B] In Figure 0] we show how entanglement
is distributed for different different entanglement measures and sets of elementary gates for three-qubits QRC.

Figure 9: 50,000 random circuits for a three-qubits system with a depth of 250 layers. Distribution for different types of entanglement applied on
three different groups of quantum circuits: Clifford, Clifford + T and unitary random with Haar measure.
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Figure 10: The various metrics of quantum correlations of the generated states are graphically represented along with the violation levels of the
Svetlichny inequalities for three-qubit systems across 50,000 randomly generated circuits. The red dashed lines featured in the graphs correspond
to the family of states studied in references [2,16] (included here to facilitate a comparative analysis).
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Figure 12: Distribution of Quantum Magic across 100,000 randomly generated circuits for: (A) three-qubit, (B) four-qubit and (C) five-qubit
systems, featuring random depths. The circuits were constructed utilizing gates from the Clifford + T set (left) and random unitaries, distributed in
accordance with the Haar measure (right). Notably, for circuits constituted exclusively of the Clifford group, the quantum magic value is quantified
as zero, hence its omission from the display. It is important to stress here the relevance of the depth of the circuits generated. One could fix a
reasonable depth level chosen by inspection. Also, one can set the depth as a random parameter when generating the circuits, as we have done in
the above plots. The later option yields results which resemble those of random unitaries with more precision.
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In Figure [I0] we plot the values of entanglement obtained for different measures and sets of gates, against the
violation levels of the three-particle Svetlichny inequality. This gives an idea about how entanglement and non-
locality are related. As expected, in both figures, the results obtained for the complete set are clearly equivalent
to those obtained by ideal random unitaries distributed according to the Haar measure. Also, both graphics clearly
illustrate the difference between complete vs incomplete sets of quantum gates. We recover again the following result:
in non-universal sets of gates, the resources (in this case, entanglement) are highly concentrated in certain particular
values. For universal sets, on the other hand, a vast plurality of values is obtained, indicating that, using QRC, the full
potentiality of the quantum state space is obtained.

In Figure [TT} we plot the violation levels of Mermin and Svetlichny vs the tangle of 50.000 three-qubit states
generated using quantum random circuits with a universal set of gates. These plots extend and can be compared with
the results presented in previous works [[13]].

Finally, in Figure we show the behavior of quantum magic based on the stabilizer @-Rényi entropy. Roughly
speaking, this quantity describes how many non-Clifford gates are necessary to generate a given quantum state. As
the number of qubits is increased, the histograms seem to become narrower and more picked.

4. Conclusions

In this work we have characterized the differences between the Clifford (Classically simulable) and Clifford + T
gates with regard to the violation of the Svetlichny and Mermin inequalities. Interestingly, even with a non-universal
gate set, the maximal possible value of violation is obtained. Also, in the presence of noise, the Clifford set is still
able to produce near maximal violations, as expected. The remarkable fact is that the main difference between the
universal and the non-universal set of gates is that the latter fails to cover all possible values of the resource available
in the quantum state space. This was clearly shown in Figure [§] with the presence of “holes”” in the list of possible
values of the resource. One could say that, essentially, the difference between universal vs non-universal quantum
computing resides in the fact that, geometrically, the resources are distributed very differently along the quantum state
space.

Another relevant result is that the (relative) volume of the set of states violating the Svetlichny inequality tends to
decrease substantially as the number of qubits increases. In fact, it becomes almost zero already for five qubits (see
Figure[5). This is in contrast with the asymptotic behavior of the volume of the set of entangled states —quantifying
entanglement with the von Neumann entropy. As is well known, the volume of the set of separable states tends to zero
as N increases. Also, we have found that the violation fraction for Mermin’s inequality is still non-negligible for five
qubits. It is important to have in mind that the fact that even if a given state does not violate Svetlichny’s inequality, it
is not granted that there will not exist a stronger inequality revealing genuine multipartite non-locality for that state.
Our findings open the door to keep inquiring on this subtle topic, indicating a complex behavior of the geometry of
the set of quantum states as the number of qubits increases.

By examining how non-locality is distributed in QRC for different gates sets, we have also gained insights on the
impact of noise on near term quantum devices. We also analyzed the dependence of the results obtained with regard to
circuits depth, and compared with different measures of entanglement and quantum magic. Regarding entanglement
measures, our results are consistent with previous efforts, extending the scope of the analysis to states which are
uniformly distributed along the quantum state space. Globally, our results go beyond previous works in characterizing
the connections between entanglement and non-locality.

Our findings could serve as the basis for developing certification protocols in future works, as they provide valuable

information on the quantum computer’s ability to produce relevant resources —such as genuine multipartite non-
locality.
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Appendix A. Explicit formulas for Mermin and Svetlichny inequalities

We show below explicit formulas for the Mermin polynomials from three to five qubit systems, M,, M3, M4 and Ms:

1 ’ ’ ’ ’
M, = 3 (E(A1Ay) + E(A14)) + E(A]A2) - E(A1AY)),
1 ’ ’ ’ ’ ’ ’
M; = 5 (E(414:4%) + E (A414545) + E (A1 A243) - E (A1A5A1)),

My = %(—E (A1ArA344) + E (A ArAsA4) + E (A1ASA3Ay) + E (A1 AyA4A,)
+ E (A1A2A3A]) + E (A1A5A344) + E (4] AA4A) + E (A] AxA3A))
+ E(A1ALALA) + E (A1AYA3A)) + E (A1A2A44}) - E (A1 ALA4A)
— E (A AA4A}) - E (A A3A3A}) — E (A1ALALA,) - E (4] ALALAL)),
Ms = %(—E (A1A2A3A4As) + E (A’1A2A3A4A;.) + E(A|AyA3A%As) + E (A’IAZA;A4A5)

+ E (4] ALA3A4A5) + E (A1 AL ALAGAs) + E (A1 A5A3A)A5) + E (A1A)A3A4A%)

+ E(A1AALA)As) + E (A1 A2ALA4AL) + E (A1 A2A3ALAL) - E (A]ALALALAs)

— E (A ALALALAL) - E (A1 AL ASALAL) - E (A1 AALALAL) — E (A]ALALALAY)).

We show below explicit formulas for the Svetlichny polynomials from four to five qubit systems, S4 and S's:

S4 = E(A1ArA3Ay) — E (A]A2A3A4) - E (A1ALA3Ay) — E (A1 Ar45A4)
— E(A1A243A]) - E (A1A5A344) - E (4] AA%A,) — E (A]A2A3A)
— E(A1ALA4A) - E (A1AYA3A)) — E (A1A2A44}) + E (A] AL A4A,)
+ E (A|AYA3AL) + E (A1 AALA7) + E (A1ALALAL) + E (A]ALALAL),
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with a classical bound of (S 4)** < 8 and a quantum bound of (S DM <842,
In the scenario involving five-qubits, the Svetlichny polynomial is formulated as follows:

S5 = E(A1AJALAAs) + E (A1Ag, AL A4AL) + E (A} AryA3ALAs) + E (A1 ArA34,A%)
+ E (A A)AsA4As) + E (A1 AL A3ALAL) - E (A1 AALALAL) — E (A1 ARALALAL)
+ E (A1A2A3ALAL) - E (A AL ALALAs) - E (A1ArA3A4As) — E (A1ALALA4AL)
— E(AALAALAL) + E (A1AAL44A5) + E (A1 A5A3A4As) + E (A]ApALA4As )
— E(A{AAALAL) + E (A1A2A344A%) — E (A]ApAL A As) — E (A]ALA3A4AY)
— E(A1AL AL ALAL) + E (AT AL ALALAL) + E (A1ArA3A4As) + E (A1 A2ALA4As )
+ E (A1A)AsA4As) + E (A1AyAs AL As) — E (A AyAJALAL) - E (A1A,AL4,A)
— E(A1ALALALAs) - E (A1ALALAGAs) — E (A1ALA3A4As) — E (A1 ARASAAL),

with a classical bound of (Ss)"® < 16 and a quantum bound of (S )M < 16 V2.

Appendix B. A brief summary of the measures used in this work

In this section we give a brief exposition of the entanglement measured used in this work.

Appendix B.1. Entanglement entropy

Given a quantum state p, its Von Neummann entropy is defined as
S (p) = —leiln/l,-, (B.1)

where A; > 0 are the eigenvalues of p. The entanglement entropy of p is computed as the von Neuman entropy of
the reduced state of the system.

Appendix B.2. Multipartite systems with bipartite entanglement

As computing the Von Neumann entropy can pose computational challenges due to the need to compute the
eigenvalues of the reduced density operator, it is often preferable, particularly in the context of multipartite systems,
to utilize an entanglement measure derived from the linear entropy:

ng

0=2- (3) > Trlp?), (B.2)
g

here, the p; = Tr;|){¢| represent the reduced density matrix of the i-th qubit, obtained by tracing out the remaining
ng — 1 qubits. The parameter n, denotes the total number of qubits. It follows that 0 < Q < 1. The distribution of Q
generated by a set of random unitary states, along with Haar measurements, is depicted in Fig.
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Figure B.13: Entanglement distribution for the states generated with our QRC function for eight qubits and different circuits depths. The image on
the inset was taken from [[7] and is included here for comparison.

Appendix B.3. Tangle
The 3-tangle (or residual tangle) coincides with the modulus of a so-called hyperdeterminant which was introduced

by Cayley [9]
=4 ’H det (1 ,k)|, (B.3)

For our work, the hyperdeterminant H det (t,- jk) is a polynomial of order four in the amplitudes #;;. It can be
expressed by using the wave function coefficients {90, Yoo1, -+ > Y111} [23] as

13 = 4|d, — 2d, + 4d;|

dv = Yooo¥in + Yoo ¥ion + Yioo¥on

dy = Yoo 111%o11%100 + Yoood 1% 101%010
+ YooY 111¥ 110%001 + Yor1¥io0¥ 101010
+ Yoryriood110%o01 + Yio1¥orod110¥oo1

d3 = Yoo 110¥101%011 + Y111¥001% o108 100-

Appendix B.4. Negativity
In tripartite systems, we can detect the presence of entanglement between subsystems by using the negativity N,

which is defined as follows [30]]
N(€)=>" |/1i (p’C)| -1, (B.4)
7

Where p’C is the partial transpose of p with respect to the subsystem C, and A; (p’c) are the eigenvalues of p’C. The
negativity can be equivalently interpreted as the sum of the absolute values of the negative eigenvalues of p'¢
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Appendix B.5. Concurrence

The multiqubit concurrence [28]] for a pure three-qubit state |¢) is given by

3
C3 () = 4|1 - % ;Tr(p%). (B.5)

Appendix B.6. Genuine measurement entanglement with concurrence

For n-partite pure states V) € H; ® H, ® - - - ® H,,, on [21]] define the gme-concurrence as
Come (1Y) := min 42 (1 ~Tr (p2 )) (B.6)
& Yi€y A
where y = {y;} represents the set of all possible bipartitions {A; | B;} of {1,2,--- ,n}.
Now, in our case, for a tripartite pure state ) € H; ® H, ® H3 there are three possible bipartitions y =

{112,321 1,3},{3 1 1,2}}.
Consequently, the gme-concurrence is

Cyme () = min { \/2 (1-"Tr(o2)). \/2 (1="Tr(03)). \/2 (1-Tr (pg))} . (B.7)

Appendix B.7. Magic

We employ the stabilizer 2-Rényi entropy [34], commonly referred to as the "magic measure". Let |) denote a
quantum pure state. Given a specific operator C, repeated measurements allow for the estimation of the probability
P(s|C) = [(s|Cly)]*. We define the vector § = (&, 5, §, 53) comprising four n-bit strings, with the binary sum
denoted as |§| =51 @ 5y ® 53 D s4. In this framework, the stabilizer 2—Rényi entropy is characterized by:

My () = —log )" (-2 1 0 (5) - logd, (B.8)
s

where Q(5) = EcP (s51|C) P(s5|C) P (s3|C) P (s4|C) represents the expectation value over randomized measure-
ments of the Clifford operator C, and d = 2" denotes the dimension of the Hilbert space corresponding to n—qubits.
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