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Sharp Nonuniqueness in the Transport Equation with
Sobolev Velocity Field

Elia Bru¢* & Maria Colombo' & Anuj Kumar?

Abstract

Given a divergence-free vector field u € LPW1P(RY) and a nonnegative initial datum py € L",
the celebrated DiPerna—Lions theory established the uniqueness of the weak solution in the class
of L°L! densities for % + 1 < 1. This range was later improved in [BCDL21] to % + % <1. We
prove that this range is sharp by providing a counterexample to uniqueness when % + % > 1.

To this end, we introduce a novel flow mechanism. It is not based on convex integration, which
has provided a non-optimal result in this context, nor on purely self-similar techniques, but shares
features of both, such as a local (discrete) self similar nature and an intermittent space-frequency
localization.

1 Introduction

This paper addresses the question of the uniqueness of the Cauchy problem associated with the
mcompressible transport equation:

op+u-Vp=0
div(u) =0 (TE)
p(0,x) = po(z), =€R?.

Given an incompressible velocity field u € L} WP and an initial datum po € L, we consider solutions
p € LPLY to (TE), for integrability exponents p,r > 1.

The study of transport equation and ODEs with Sobolev velocity fields has a long history, begin-
ning with the pioneering works of Di Perna and Lions [DL89] and Ambrosio [Amb04], with applications
to several PDE models of fluid dynamics and the theory of conservation laws (see the review [AC14]).

The problem of well-posedness of (TE) was first addressed by Di Perna and Lions in 1989. In
their groundbreaking work [DL89], they demonstrated that the Cauchy problem (TE) has a unique
solution p € LY°L! within the following range of exponents:
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Moreover, in this regime, solutions are renormalized and Lagrangian, i.e., they can be represented
using the Regular Lagrangian Flow of u. The latter is a generalized notion of flow suitable for the
Sobolev framework. Similar conclusions can be obtained beyond the DiPerna Lions framework, under
suitable structural assumptions, such as nearly incompressible [BB20] or 2-dimensional autonomous
vector fields [ABC14].

On the negative side, the first counterexample to the uniqueness of solutions to (TE) has been
constructed using the method of convex integration. The fundamental contributions [MS18, MS20]
have shown that nonuniqueness holds in the range of exponents:
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with an incompressible vector field enjoying the additional integrability w € Lt‘X’LF.

There is a gap between the well-posedness range (1.1) established by Di Perna and Lions and
the nonuniqueness range (1.2) obtained through convex integration. The goal of this paper is to
determine the sharp range of uniqueness for nonnegative solutions of the transport equation.

Theorem 1.1. Let d > 2, r € [1,00) and p € [1,00) be such that

1+d—1
P dr

>1. (1.3)

Then there exists a compactly supported vector field u € C([0,1]; Wlpn LT (R4 RY)) such that (TE)
admits two distinct nonnegative solutions in the class C([0,1]; L" (R?)).

Remark 1.1 (Sharpness of Theorem 1.1). It was shown in [BCDL21, Theorem 1.5] that, for p,r €
[1,4+00] satisfying condition (1.3) with the opposite inequality, namely
1 1 1 r—1

-+ -<14+—-—— 14
p+r +d—l r (14)

and any vector field w € L'([0, 7], W' (R? R?)) with bounded space divergence, solutions of (TE)
are unique among all nonnegative, weakly continuous in time densities p € L*([0, T, LP(R?)) (resp.,
for p = 1, nonnegative weakly-star continuous densities p € L([0, T], .# (R?)) with p(0,-) = poL?).

Theorem 1.1 definitively settles the well-posedness question within the Di Perna Lions class.
However, we believe that the theoretical significance of this paper extends beyond the realm of
linear transport theory. To our knowledge, this marks one of the rare instances in fluid dynamics
where the uniqueness class has been precisely determined (compare with Remark 1.2). Standard
techniques, such as the Di Perna Lions commutator estimate and the convex integration approach,
reveal limitations that do not allow reaching the sharp exponent. Our new approach, crafted to
overcome these challenges, reveals robust features with the potential for applications in other nonlinear
problems.

To discuss more in detail the main ideas behind the proof of Theorem 1.1 and provide some
mathematical context, we briefly describe two techniques that have proven to be powerful in demon-
strating nonuniqueness in nonlinear models such as the Euler and Navier-Stokes equations. Although
our approach does not fit into either of these two techniques, it shares features with both.
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1.1 Convex integration

This technique was introduced to fluid dynamics equations in the context of the Onsager conjecture,
which has been completely proven in a remarkable sequence of results, including [DLS09, DLS13,
Isel8, BDLIS15]. The convex integration technique, a nonlinear method, operates on the principle
that the interaction of high-frequency functions can produce low-frequency terms, that can be used to
correct error terms. This high-frequency interaction occurs through the perturbation of approximate
solutions with suitably defined high-frequency perturbations.

Due to its flexibility, convex integration has found successful applications in various fluid dynamics
models. Noteworthy is the groundbreaking work [BV19b], introducing the concept of spatial inter-
mittency. For a comprehensive account of applications of the convex integration technique, we refer
the reader to [DLS17, BV21], and references therein.

In the context of the linear continuity equation, the initial convex integration approaches were
developed in [MS18, MS20, MS19], ultimately demonstrating the nonuniqueness of L{°L] solutions
within the range (1.2). In this framework, the applicability of convex integration relies on the inter-
action between the velocity field w and the density p. Thus, the continuity equation is regarded as
nonlinear in the pair (u, p).

In the subsequent work [BCDL21], convex integration has been used to show that there are vector
fields in w € WP, p < d such that the trajectories of the corresponding ODE are nonunique on a set
of positive measure of initial data. This has been later proved with different techniques in [Kum23b].

In a slightly different direction, the temporal intermittency approach of [CL21, CL22] (see [CL22]
for the Navier-Stokes equations) shows, in a context which is not directly comparable with the Di
Perna-Lions theory due to low time integrability, that for vector fields in L} WaP there are nonunique
L{C¥ solutions for any ¢ < oo and k € N.

Remark 1.2 (Nonuniqueness vs Energy Conservation). In the classical context of the Euler equations,
the question of determining the regularity thresholds that dictate uniqueness remains open. Thanks
to contributions on the Onsager conjecture, it is now known that the threshold for energy conservation
in Holder spaces is agc = 1/3. In other words, a-Hélder continuous solutions for a > agc conserve
energy, while for any o < agc there exist dissipative solutions. On the contrary, determining the
value of the uniqueness threshold «p remains a significant open problem (see the review [BV19a,
Section 8, Problem 6]). Currently, it is estimated that 1/3 < ay < 1.

1.2 Instability of self-similar solutions and nonuniqueness

The study of self-similar solutions, namely families of exact solutions invariant under the intrinsic
scaling invariance of the problem, is at the basis of our understanding of many nonlinear PDEs. In the
context of uniqueness problems, the spectral stability of self-similar solutions in similarity variables
plays a central role. It is well-understood that unstable modes might generate unstable nonlinear
manifolds leading to nonuniqueness of the Cauchy problem.

In the framework of Leray solutions to the Navier-Stokes equations, this nonuniqueness program
has been put forth by Jia Sverak and Guillod [JS14, JS15, GS17]. It is based on first constructing
global self-similar solutions from every —1-homogeneous initial data, thereby extending beyond the
small-data regime of [KT01] within this particular class. Secondly, the conjecture put forth in [JS15]
suggests that nonuniqueness arises due to bifurcations within or from this class of solutions, reducing



The sharp nonuniqueness range for the transport equation E. Brue, M. Colombo and A. Kumar

the problem to the study of spectral properties around the self-similar profiles. One of the spectral
conditions was numerically verified in [GS17] on certain axisymmetric examples with pure swirl initial
data. However, to date, there exists no rigorous proof of the existence of an unstable self-similar
solution, despite the considerable numerical evidence.

A related program for the two-dimensional Euler equations was initiated in [BS21, BM20]. Vishik
[Vis18a, Vis18b] (see also [ABC*21]) was the first to obtain a fully rigorous result in the context of
these approaches, based on self-similarity and instability. He obtained the sharpness of the Yudovich
class in the forced two-dimensional Euler equations, that is, non-uniqueness of solutions with vorticity
in LP, p < 400, with a force in L} L% in the vorticity equation.

Building on a fundamental step in this result, namely the construction of an unstable vortex, in
[ABC22] it was proven the nonuniqueness of Leray solutions to the forced Navier-Stokes equations.

1.3 Owur approach

In this paper, we introduce a novel method for obtaining nonunique solutions to the transport equa-
tion. This method exhibits both similarities and remarkable differences when compared to the two
approaches outlined above.

(i) Self-similar nature: Our solution displays a local (discrete) self-similar nature. However, in
contrast with the construction described in section 1.2, the singular region of the vector field
and the density form a widespread Cantor-type set instead of a single point.

(ii) Time-intermittency, space-frequency localization: Our vector field is localized in both space and
frequency at each time. This stands in stark contrast to the prevailing implementation of convex
integration, where solutions exhibit a degree of homogeneity in space, uniformly at each time.

To describe more in detail some technical aspects of our construction, the natural starting point
is the work [Kum23b]. The author builds a flow map X, of a vector field

v e C®([0,1) x RY nC([0,1]; WHP(RERY) nC(0,1] xRY), p<d (1.5)

which is uniquely defined for every & € R? and 0 < t < 1, and such that X, maps a Cantor set Co of
dimension s < d, to the uniform distribution at time ¢ = 1.

As a consequence, the vector field u obtained by time-reversing v admits two distinct measure-
valued solutions of the continuity equation TE with pg = & d|[_1 /2,1/2]4-

The vector field v acts in infinite number of consecutive steps, where the ith step takes place over
a time span of QTLQZ. for some constants Ty, 0 < 8 < 1. In the ith step, the function of the vector field v
is to translate the ith generation cubes in the Cantor set process so that their center is aligned with
ith generation dyadic cube. The first four steps of this construction are shown in Figure 1. The size
of cubes translated at the ith stage by this vector field v is much smaller than the ith generation
dyadic cubes and is the key reason for the control on the Sobolev norm of v.

Finally, at the end of infinite steps the points in the Cantor set Cs is distributed to the whole
domain in finite time. We refer the reader to [Kum23b, Section 3| for a complete overview of the

construction of the vector field v.

The construction above does not allow us to extend beyond measure-valued solutions, specifically
to demonstrate nonuniqueness in the class of densities p € L°L7, for any » > 1. The density field
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Figure 1: is adapted from [Kum22]. The figure shows a few steps of how the vector field v distribute
points in the Cantor set to the whole domain.

p(t, -) becomes singular immediately after ¢ = 0. To avoid the immediate concentration of mass and to
align more closely with the uniqueness range found in [BCDL21], we introduce a construction based
on two novel ideas. The goal is to implement the features (i) and (ii) described above.

(1) Interweaving the scaled copies of the vector field within itself: We construct a vector field v
using an infinite number of steps, following the approach in [Kum23b]. However, between the
ith and i 4+ 1th steps, we interweave spatially- and temporally-scaled copies of the vector field
v itself. This first idea is detailed in Section 2 and enables us to establish nonuniqueness in the
class of densities p € L{°LL, but no better.

This concrete implementation aligns with the self-similar Ansatz, featuring a widespread Cantor-
type set, as mentioned earlier in this section.

(2) Asynchronous translation of cubes: We introduce asynchronous motion of cubes in constructing
the vector field v. This imparts spatial heterogeneity to v, distinguishing it from the con-
structions in [Kum23b] and the convex integration approach. This heterogeneity is crucial for
achieving the sharp range.

From a technical standpoint, the realization of these two ideas will rely on a fixed-point argument.
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The implementation of the idea of asynchronous translation of cubes will necessitate a non-standard
setup, which is thoroughly described and motivated in Section 3.

1.4 Motivation from the perspective of flow design

Over the past decade, flow designs have played a role in describing physical phenomena, such as
turbulent flows, as well as in addressing mathematically motivated problems, such as constructing
velocity fields to prove nonuniqueness in ODEs and PDEs arising in fluid mechanics. Some of the
notable research directions and some of the references include:

(i) Flow designs for optimal mixing rate for a given budget on the velocity field [Bre03, CDLO0S,
LTD11, Thil2, IKX14, YZ17, ACM19, EZ19, Coo023].

(ii) Flow designs for optimal heat transport for a given budget on the velocity field [HCD14, TD17,
MKS18, Kum22, Kum23a, Alb23].

(iii) Investigating flow configurations that result in enhanced and anomalous dissipation [DELJ22,
CCS23, BDL23, AV23, EL23].

(iv) Producing counterexamples to existence or uniqueness of “appropriate” ODEs and PDEs solu-
tions [Aiz78, DL89, Dep03, DLG22, Kum23b, Pap23].

These problems are actively studied using theoretical, computational, and analysis techniques and
flow design problems are expected to play a central role in our future understanding of many questions
in fluid dynamics. For instance, at the theoretical level, many potential blow up phenomena such as
for the Navier-Stokes equations still lack a candidate flow design. From a physics standpoint they can
explain natural phenomena observed in naturally occurring flows, such as the enhanced transport of
nutrients to the ocean surface or the rapid angular momentum transport involved in the formation of
stars. In terms of applications, flow designs can facilitate the devising of better control engineering
strategies in fluid flows, such as the development of heat exchangers with improved efficiency.

In this context, our paper presents a novel flow construction to the existing list of known mech-
anisms, with the particular features of spatial heterogeneity and of a singular set distributed in
spacetime. These characteristics might suggest disorderliness within our constructions, but in reality,
the flow designs considered in this paper exhibit a remarkable organization such as self-similar copies
of themselves at various spatial and time scales. As such our constructions provide interesting sce-
narios for applications in problems related to mixing and anomalous dissipation. Additionally, they
have the potential to illuminate the inner workings of convex integration schemes, which can enable
us to design improved variants of this technique.

1.5 Structure of the paper

Since we introduce a new technique for nonuniqueness, we present in Section 2 the method in a simple
scenario, namely we prove nonuniqueness of solutions in the class L{°LL. While the result is not new
and it is a special case of Theorem 1.1, we present its proof for pedagogical reasons. Focusing on this
simpler case allows us to introduce the new construction in a simple setting and helps us to explain
better the associated subtle nuances with each new idea. We then clarify which additional ideas are
needed to improve it to the sharp result of Theorem 1.1. Section 3 contains the proof of the optimal
result, which can be read independently of Section 2 but is more involved.



The sharp nonuniqueness range for the transport equation E. Brue, M. Colombo and A. Kumar

Acknowledgements EB would like to express gratitude for the financial support received from
Bocconi University. MC is supported by the Swiss State Secretariat for Education, Research and
Innovation (SERI) under contract number MB22.00034 through the project TENSE. A.K. grate-
fully acknowledges the support provided by a Dissertation—Year fellowship at UC Santa Cruz, which
facilitated the completion of the initial phase of this work.

2 Nonuniqueness of solutions in L*L.

In this section, we prove the following nonuniqueness result. As announced in the introduction, this
special case of Theorem 1.1 introduces the simplified framework of our construction and is presented
for pedagogical reasons.

Theorem 2.1. Let d > 2. For every p < d there exists a compactly supported divergence-free vector
field
w e C([0,1]; WH(RE, RY) N C([0,1] x RY),  for some o € (0,1), (2.1)

such that there are at least two nonnegative solutions p,p € L>([0,1]; L'(R?)) of the continuity
equation starting from the same initial condition.

n out

p p

Figure 2: shows the initial and the final density of the vector fields u and v. The intensity of the red
color indicates the increase in the magnitude of the density.

2.1 Overview of the construction

We denote Q(x,£) to be the cube centered at  and has length ¢. For convenience, we construct the
vector field uw as u(t,-) := —v(1 —t,-), namely through a time reversal argument applied to a vector
field v in the same regularity class (2.1) for which there is a solution p € L>([0,1]; L*(R%)) with
initial and final conditions given by

p(07 ) = pln and p(17 ) = pout = 1@(0,1)' (22)
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Here, p™ concentrates on 2¢ cubes of size 1/20+") for some parameter v > 0, and the centers of these

cubes align with the center of the dyadic cubes of the first generation, namely

. 2t it we U Q(4 %) o)
P (x) = i1,eige{—1,1}
0 otherwise.

(2.3)

The vector field v stays supported inside Q(0,1) = [—3, 3], the cube centered at the origin with
the side of length 1, at all times. The nonuniqueness stated in Theorem 2.1 follows from the existence
of such p: mdeed ,0(1 —t,x) solves the continuity equation with vector field u starting from p°“* and
ending in p™ (see Figure 2) and at the same time p(t,z) = p°“ is another solution from the same

initial datum.

2.1.1 Time series

Let 0 < 8 < 1, we setup a time series as follows:
Ti=1——— for 1€ N and 7, =1 (2.4)

Figure 3a shows this time series. For convenience, we also define midpoints and the time intervals

it = DT g ), Oy (7 i), (25)
1 To T3 T4 Th Too
R
Tin”d 7_2mid Tgnzd Tinid

b i I 1 EBE l ) T

E1 01 & Oy & O3 & 04

Figure 3: (a) shows the partition of the time interval [0,1] using the time series (2.4). Panel (b)
shows the time intervals |J O; using blue lines. The significance of |J O; is that we define our fixed
iEN i€EN
point relation F and G (see (2.11) and (2.26)) explicitly on these intervals using the building block
vector field from section 7. On the rest of the interval [0, 1] (the white blanks in panel (b)) we use
scaled copies of the vector field v (resp. the density field p) in our definition of F (resp. G). Panel
(c) illustrates how the explicit definitions are then progressively fed onto more time intervals in the
fixed point iteration process. For the purpose of demonstration, we use taller and darker blue lines
in panel (c).
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2.1.2 The action of v

We now elaborate on the action of the vector field v which is also displayed in figure 4.
At time t = 7; (to fix ideas, consider i = 1 and 71 = 0), the density p concentrates on 2 cubes of
size ﬁ and the center of these cubes align with the center of the ¢th generation dyadic cubes. From

timet =7; tot = Timid these cubes break into 2(t14 cubes and the magnitude of the density goes up
such that the L' norm remains preserved. The key observation, which we will delve into further in
the upcoming paragraphs, is that the construction of the vector field v in the time interval [7;, Timid]
depends on the spatially-temporally-scaled copies of v itself. . In the time interval O; = (Tz-mid, Ti+1),
the vector field v is defined explicitly in terms of a building block vector field (see (2.11)) and spreads
these cubes so that their center now align with the centers of the i 4+ 1-th generation dyadic cubes.
With the above description, the definition of the vector field v on the time intervals & = [r;, Timid]
(where the cubes break into smaller cubes) is still missing. The most crucial observation we make
that going from time ¢ = 7; to time ¢t = Timid consists of 2°¢ smaller versions of the original problem
of moving p™ to p®“. This observation is the key that allowed us to go beyond the class of measure
solutions and to prove nonuniqueness in L{°LL. Figure 5 illustrates this point on the time interval
&1 = [r1,7™4]. Our observation therefore inspires the construction of the vector field v and the
density field p using a fixed point argument, where the definition of the fixed point relation is explicit
on the time intervals O; = (79 7,,1) (shown using blue lines in figure 3b). Figure 3¢ shows how
this explicit definition would be fed on more and more of the time interval [0,1] in the fixed point

iteration process and eventually covering the time interval [0, 1] almost everywhere.

2.2 The centers of the 7-th generation dyadic cubes

Given n € N, we divide the [—3, 4] into 27 cubes with sides of length 277. We denote by ¢ €

272
[—%, %]d, ke {1,2,...,2"}, the centers of the cubes of the 7-th subdivision, namely
1 27— 1 1 2" —1
n_ [ = |k _ i I A

where (j,’il, ... ,j,’;d) € {0,...,2" — 1}% is the unique d-tuple such that zld:l 2’7(l_1)j7'7€7l =k—1.

2.3 Construction of the vector field v

As explained in the overview section 2.1, our construction of the vector field v is based on a fixed
point iteration applied to a mapping F. The goal of this section is to present the functional analytic
set-up. Given a € (0,1) and p > 1, we define

X = {w e C([0,1]; WP(R,RY)) N C([0,1] x REL,RY) |
V.ow=0, w0, ) =w(l,) =0, supp, w(t,-) CQ0,1)}, (2.7)

equipped with the norm

lwllx = lwlcize + lwlep, (2.8)
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Figure 4: shows the evolution of the density p (under the flow of vector field v) at discrete times: 1,
rrid = DA g, pmid — 24T 1y oand 7344 = BT The increase in the magnitude of the density
is shown through the darkening of the red color. The time interval & = [r;, 7/%%] is where the cubes
break into smaller cubes via a scaled copy of the vector field v itself as illustrated in figure 5. On
the time intervals O; = (Tmid,Ti+1) the cubes spread using the building block vector field v, from

KA
section 7.

10
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Performing this breaking is a smaller version of the original problem

Figure 5: illustrates that going from t = 7 to t = 714572 consists of four scaled copies of the original
problem (i.e., going from p™ to p°“) but reversed in time. Going from t = % to t = T requires
translating the cubes which we do using the building block vector field v} from section 7.

where we denoted

£ lyire = IV Fll e (2.9)
o f=) = fy)l
HfHCa = :SUI;E W . (2.10)

Remark 2.1. Each w € X belongs to L{° Lk, by Sobolev embedding and compactness of the support.

Given w € X, we define F(w) separately on each time intervals & = [r;, 77", O; = (74 7,11).

(i) When t € &;, we define

mid_t

1 1 T i i
F(w)(t,z) = Z ~ S mid W (T;M.d — oIV (g ck)> . (2.11a)
ke{l,...,2i4} i ¢ t

7

(ii) When t € O;, we define F(w)(t, &) == vy ,(t, ), where
1 1 mid 11

ke{l,..20p = LT

and Dy is the building block defined in Section 7.

(iii) Finally, when t = 1, we define F(w)(t, ) = 0.

Proposition 2.2. Letd >2,0< <1 and v > vy =1 —logy(2° —1). If

vd 1-06
d
v+’ a Oé<1—i—u’

(2.12)

11
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Figure 6: shows a plot of the ||p(t, )||L 3 as a function of time ¢. This figure corresponds to d = 2,

8 =08 and v = 2.3. The L% norm of the density field is not bounded and blows up at several
instances in time. We also added a plot of ||p(t,-)||;1 for reference. The L' norms stays constant (in
particular bounded) in time which is to be expected.

then F : X — X is a contraction.

Proof. The proof of this proposition shows that 7 maps X to X, and that F is a contraction.
Let w € X, it is clear from the definition of F in (2.11), points ¢] from (2.6), and the building
block vector field T from Proposition 7.1 that

1 1]°
We estimate the Sobolev norm WP of F(w). From the definition of F in (2.11), we obtain that
when t € &;, we have

- - 1 1 P ~
17w) =~ F@logs = 170 = B)6hins < =g — (o) 0= Blegzr - (2110)

When t € O;, F(w)(t,-)—F(w)(t,-) = 0 and by scaling properties of the norm and Proposition 7.1,
we have

21/2'(1—%)

mi
Ti+1 — T;

[F(w)(t;)llyrp < Cw,d, p) (2.14b)

q-

We estimate the Holder norm Cf, of F(w). By explicit computations of rescalings of norms in

12
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the definition of F(w), we have

| F(w) — f(ﬂ’)Hca(gide) = [|F(w - ﬂ’)”ca(&-de)

< L1 L o0l g
S Sy pmid . max . , ce,
T

Ti — T3
<2 P | — wl| o (2.15a)
The standard interpolation inequality and the estimates on v in Proposition 7.1
1—
IF (@)l oo,y < 2 IF@) 5 1V ) F(w) | e
1 1 1 ¢ .
SCj————%ﬁmw{————Eﬁﬂ? gve
20T — T Ti+l — T;
< C(B)2-(-Framval (2.15b)

From the continuity of w and @y, it is clear that F(w) is continuous in the intervals &;, O; for

every ¢ € N. F(w) is also continuous at the interfaces 7;, Timid and 7o, where it is identically zero,

thanks to the boundary conditions w(0,-) = w(1,-) = 0 and the fact that supp, v, C [%, %]

Step 1: F maps X to X. At this point, we can combine (2.14a-b) with w = 0 to deduce

i(g_vd . _a),
1F () e gcw,u,d,p)supmax{gz(ﬁ 2 91 p)z}max{1,||w||ctwl,,,}. (2.16)
® ieN z

Therefore, to ensure F(w) € C([0, 1]; WP (R%, R%)), we impose the first requirement in (2.12), namely
p < ﬁ’fy. Similarly, we can combine (2.15a-b) to find

[F(w)llge, < C(B)sup g~ (I=fmemveli max(1, lwllga (2.17)
y L ZEN y
then to ensure F'(v) € Cf,, we only need the second requirement in (2.12), a < %

Step 2: F is a contraction. Assuming (2.3), the constant on the right-hand side of (2.14a) is
the largest for ¢ = 1, and it is smaller than 1 when

p< 1+5—1§§2(2/3—1)' (2.18)
The latter condition is automatically satisfied, once we have (2.3) and
v>1—logy(2° —1). (2.19)
Under (2.19), to make the constant on the right-hand side of (2.15a) less than 1, we need
a1 Blom@ -1 (2.20)
1+v
However, the condition (2.20) is met if (2.12) holds. O

13
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2.4 Construction of the density field p

The construction of the density field is similar to that of the vector field from the previous subsection.
We will define a mapping G and will look for fixed points. We begin by building the functional setup,
which is this time not due only to the natural spaces in which p lies, but also related to have a proper
contraction (therefore we cannot work in L°°([0, 1]; L} (R%))) and to guarantee that the continuity
equation is solved by the fixed point. For s,q < co we define

Y= {Q e L%([o, 1];L1(Rd)) ‘ p >0 a.e., supp, o(t,-) € Q(O0, 1)} , (2.21)

Z = {p € Lip([0, 1; W~ H4(R?)) |0(0,-) = p™, o(1,") = p™, supp, o(t,-) CQ(0,1)}.  (2.22)

Recall that f € L (R?) belongs to W~14(R?) if

| fllyy-1.q = sup fodr <oo. (2.23)
pewbd IR

VoIl <1

We endow Lip([0, 1]; W~14(R%)) with the homogeneous norm

1
”Q”Lip([o,l];wfl,q(Rd)) = sup

lo(t,-) — o(s, ) lw-1.a (2.24)
t,se[0,1],¢s [t — 8

We will look for contraction in X = Y N Z endowed with the norm
lelle = llellers + el ot - (2:25)

We work with the norm L{LL for some s < 0o, even though our ultimate goal is to create a solution

in L°LL. This choice is made because the conservation of mass does not allow contraction in L{LL.

However, once we find a fixed point in L{ L}, we will upgrade it to L{° L}, using an iteration procedure.
Now, we define the mapping G separately on the time intervals & and O;:

(i) When t € &;, we define

mid __ ) )
Glo)tm)= > 2% (T;LTt 2(1HV)1 (g — c2)> . (2.26a)
kefl,...,214) i T

(ii) When t € O;, we define G(0)(t, ) = p,;(t, ©) where

Dpi(t, ) = Z ovd(i+1) 5 i 2 (x —ch);1 I (2.26b)
Pb,i\ls = Py mid’ k/)y 4 Ui’ 2l/(i+1) . .
k€{17721d} !

(iii) Finally, we set G(0)(1,-) = p°ut.

14
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Proposition 2.3. Letd > 2, 1 < s,q < oo. If v > 2 and

d
o1 (2.27)

then G : X — X 1is a contraction.

Proof. We estimate the L; L., norm. When t € &;, we get

Timid —t

)

When t € O;, we get
[ le@le.) de < 1. (2.280)
R
Finally, [zq|G(0)|(1,-) dz = 1. Putting everything together leads to

15 sy < 27/5(1+ lellpsry)- (2.29)
Moreover, it is immediate to check that G : Y — ) is a contraction:
1G(0) — g(é)HLfL}B <27V% o~ é”LgL; , forevery g, 0€). (2.30)

We estimate the Lip,Wg ¢ norm. When t € &, we get

d
N 1 1\ 3
1(6) ~ G(@) e,z ) < <2OW> lo=dlypweorer  (2312)
KA

d
1 1\
1G (@ pip (e, w10y < —id (2(1+V)i> ol i, 100 - (2.31b)
‘ 7

In the time interval O;, we use that G(p) is explicit and solves a transport equation since it is made of
a sum of suitable rescalings of pp, which in turn solves the transport equation thanks to Proposition
7.1. For every test function ¢ € C2°(R?), it holds by the continuity equation, Holder inequality, and

since supp py ;(t,-) has measure 27 di
d _ _
7 | Priedzl == | D;p;i Ve de
t Rd Rd
< ol s, il e, [ Vel da
The H 7ZHLt'w supp gy, ; (t,°)
1 21/di 1 1
q
<Cwd)=—— [ — ) "IVl . 2.31
<tz —2 (g ) 19l 2310

15
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Hence,

q

o d
22(1/7,—1)

Hg(Q)HLip(oth*l’q) < C(v,d) P Timid . (2.31d)

mid for every i € N since the right and left limits at these
°ut or from suitable rescalings of (7.5).

G(p) is continuous at the interfaces 7;, 7,
points are explicit, coming either as a rescaling of p'” and p

Hence, when (2.27) holds, we have

(v 45— 5 g a_
1G(0) 5,0 < C v supmane {20770, 289G mac {1, ol o} (232)
K3

. d
< C(v, d)sup 25D {1, 1Pl Wfl,q} <. (2.33)

ZGN b} @
To conclude that G(p) € X we need to check that G(p)(1, ) = p°“. The limit lim;_,1 G(p)(t, ) exists
in W~14 as a consequence of the Lipschitz bound (2.32), on the other hand (G(p)(7:,-))ien is explicit
and converges in the sense of distributions to p°“. Since the distributional limit must coincide with

the W~14 limit, we conclude that G(p)(1,-) = p°*.
To ensure that G : X — X is a contraction, by (2.31)(a) we impose

1 1\
which is certainly satisfied if ¥ > 2 and (2.27) holds. O

2.5 Proof of Theorem 2.1

We fix 1 <p<d,and 1 < s < co. Thereexist 0 < <1, v > 19, a € (0,1) and ¢ > 1 such that both
F and G admit unique fix points

ve C(0,1; WHP)nCY, pe Lip([0,1]; W59 N L5([0,1]; L'). (2.35)

We show that p, v solve the continuity equation, namely

4 popde = —/ pv-Védx for all p € CF(RY), (2.36)
dt Jra R

for a.e. t € [0,1]. Notice that the left-hand side of (2.36) exists for a.e. ¢ € [0, 1] since the function
t — [gap¢da is Lipschitz by p € Lip([0, 1); W—14). The validity of (2.36) would be enough to
conclude that p, v solve the continuity equation.

To prove (2.36) for a.e. ¢ € [0, 1], we let 3 C [0, 1] be the set of those times such that (2.36) holds.
We observe that, if p, v satisfy (2.36) on X, from the definition of F and G we have that G(p) and
F(v) satisfy (2.36) on U;enO; as well as in a countable union of rescaled copies of ¥, namely on a
set of measure +.21(X) + 3. Since p and v are fixed points, we deduce that .£'(X) > 1.21(%) + 3,
hence £1(%) = 1.

Since p > 0is a distributional solution of the continuity equation compactly supported in space, its
space integral, which coincides with the L' norm, is constant in time, showing in particular improved
integrability of p € L{°LL.
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3 Nonuniqueness in LL]

The nonunique solution p € L{°LL constructed in Section 2 does not belong to L{°LE, for any r > 1.
Indeed, by mass conservation and nonnegativity of p, ||p(t,-)||1 = 1 for all ¢ € [0, 1], and the measure
of the support of p(t,-) shrinks to zero as ¢ — 1. This observation is consistent with plots in figure 6.

The key idea to gain more integrability in the density field is to avoid concentration all at the
same time in space with a heterogeneous-in-space construction. We also need to change our initial
density p™; in the L' construction, a single cube divides into 2% smaller cubes, in the L construction,
a single cube breaks into 27% smaller cubes, where 77 € N is a new parameter to be fixed later.

3.1 Description of the asynchronous evolution

Figure 7 shows a few snapshots of the density solution we have in mind. These snapshots are arranged
in an increasing time order going from ¢ = 0 to ¢ = 1. For the time being, we do not worry about
the precise times of these snapshots and rather focus on the essence of the density evolution. In the
frame (a) (at t = 0), the density field concentrates on 27¢ cubes each of size 27]%, just as in the L!
construction with 7 = 1. However, unlike the L' case, at a given time, only one of the cube out
279 cubes breaks into 2" smaller cubes each of size Wlﬂ) We call this as asynchronous breaking
of cubes. The idea of asynchronous breaking of cubes does not just stop at the first generation but
carries over to all generations. For instance, frame (d) shows asynchronous breaking at the second
generation. Once a cube of ith generation breaks into 27" little cubes, we evenly spread the little
cubes over the ith generation dyadic cube using the building block vector field from section 7.

Continue applying the procedure of asynchronous breaking followed by spreading of the cubes
leads to the emergence of Lebesgue density of magnitude one in a localized portion the domain,
which then steadily proliferates to other parts eventually covering the whole domain. This is in
contrast with the L' case where the density becomes unity only at the final instance t = 1.

3.2 The sharp range: Heuristic

Above in Section 2, we constructed b € LtOOW; P and a density p € L{°L! with the following structure.
At almost every time ¢ € (0,1), there is an integer 7 > 1 such that for n =1

e p(t,-) is concentrated on the disjoint union of 27% cubes of size 2-("**)*. On each cube, p(t,-)
assumes the value 297,

e b(t,-) the sum of 2"% building block vector fields with disjoint supports of size comparable to
2~ ()i and magnitude roughly 2061 (so that they can translate a cube of side 2= (V)i a4
distance 27" in time t = 277).

In order to reach the sharp integrability bound of Theorem 1.1, we perform an asyncronizazion as
follows. At almost every time ¢ € (0, 1), the support of the density is the disjoint union of cubes
of different sizes, but only 27¢ of them with a fixed size 2~ ()" are moving. However, their speed
increases to 2% so that the total time needed to move all the cubes of size 2~("*)7 is unchanged.
Therefore, our new construction will have the following two properties at almost every time t:
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Figure 7: Panel (a) to (1) illustrates the evolution of the proposed density solution based on the
heterogeneous construction described in the main text. The arrows between the panels denote the
direction of the time. The figure focuses on the nature of the density evolution rather than specifying
the precise time instance of each snapshot. Going from panel (a) to (b) and from (h) to (i) shows
the asynchronous breaking of the first generation cubes and going from panel (c) to (d) shows the
asynchronous breaking of the second generation cubes.
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e the support of p(t,-) is the union of cubes of different sizes. For every i € N, there are at most
214 cubes of size 2~ (1)7 and on these cubes the constant density is 297,

e There exists i € N, such that b(t,-) is the sum of 27¢ building block vector fields with disjoint
supports of size comparable to 2~ ()¢ with magnitude 2(8—n+dni,

While the precise modification of the construction is technical, these two properties alone allow
us to quickly compute the L norm of the density and the WP norm of the velocity field for a.e.
t € [0,1]: we have

2il/d

[ee]
. nd s
ot e <2 2 (3.1)
i=1
- 1
. < 9iB9i(nd+v)
lo(t, e S 272 pereemEs (3.2)
where ¢ € N depends on ¢. Therefore, p € L°L7, and v € L{® Wa? if
1 v ’ l>77d+1/+5' (3.3)
roontv p— (n+v)d

Combining the two bounds we see the appearence of the bound (1.3)

1 d-1 d
Ly L tv)d+ s

P dr (n+wv)d as f =0,

and viceversa given p and r as in (1.3) it is easy to find 8 small and v, n such that (3.3) holds.

The need for the parameter n is justified by the following: we require v > 1 to close the fixed
point argument, so that 7 = 1 in the first inequality (3.3) would restrict r < 2, while the freedom in
7 still allows to cover the entire range.

3.3 Time series

In our vector field construction, we work on the time interval [0, 1]. Given parameters 0 < 8 < 1 and
n € N, we define a few useful checkpoints in time. For k € {1,...2"}, we define

g (k=1
T 277[1 )
1 1
k. -
Ty = (k: 2ﬁ> ond’
koS
Tmzd T 2 ’
k
k
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With the definition of checkpoints above, it is clear that for every k € {1,...27%}

20 -1 1 11
k k k
TS o o and T, — Ty 28 ond (3.5)
and for every k € {1,...27 — 1}
Tl =7k (3.6)

With the help of these checkpoints, for & € {1,...27%}, we define a time interval, where the asyn-
chronous action of the velocity field is concentrated only on the kth cube, as

T = [, 1), (3.7)

which is further divided into three time intervals as

k. k k . (. k k k . 1.k _k
T - [Tl ) mzd] 7-(2) T (Tmida D) )7 and 723) T [T2 ’ 7—oo]‘ (38)
Tay Ty ) T8 7o) Ue) T Té) e

f—Hf \f—Hr—Hf \ A \

[ | | | [ | | |

] w w w w \ o T 1 \
=070 T Toos Tonid T3 %, ngd*l’ 7'72,:; 7_22nd 7'022'1 =1

7_12 7—? ond
Ti

Figure 8: shows various checkpoints and time intervals defined in section 3.3. The figure corresponds
op=2/3;n=2and d=2.

3.4 The new fixed point argument

The way we execute the fixed point argument to construct the vector field v and density p is different
in the L™ case. In this section, we first explain the need to have a new fixed-point argument and then
lay out the details of how this new argument works.

Figure 9: The blue lines show the time intervals where we would be required to explicitly define vector
field (resp. the density field) in our fixed-point relation.

We could not apply the fixed point argument the same way as in the L' case here. The difficulty
is not a technical one. Rather, adapting the L' approach here makes the argument quite intricate. To
illustrate the difficulty, imagine a tree of infinite depth whose root corresponds to the first-generation
cubes, the second-level children correspond to the second-generation cubes, and so on. In the context
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of this tree, what we did in the L' case is akin to a breadth-first search; we translated all the first-
generation cubes first, all the second-generation cubes after that, and so on.

1

PR
o | DA BEEN BEAN |
E N E N V;

pi(t=0,:) = pi" pi(t =1,-) = pg**

Figure 10: shows the initial density p™ and final density p¢“! that the solution of the transport
equation p; (corresponding to the vector field v;) satisfies. At time ¢ = 0, the density p; concentrates
on 27 cubes of size # with magnitude 2. At time t = 1, the density is the characteristic function
of the unit cube. This figure corresponds to i =3, v =2/3, n =2, d = 2.

This is also clear from figure 3(b) which shows the time marker for the translation of cubes of
different sizes. In this figure, the decreasing thickness of the blue line corresponds to the increasing
generation of cubes. In this analogy, the construction in the L" case is akin to a depth-first search,
where we move only one of the first-generation cubes first, and then only after translating all its
descendent cubes, can we move the next first-generation cube. Similar time markers for the L" case
are shown in figure 9. From this figure, the difficulty now becomes apparent. We will be required to
define the vector field explicitly using rescaled copies of the building block on a jumbled mess of time
intervals (shown in blue in figure 9) corresponding to the motion of different generations of cubes.
In addition, we will have to define the vector field implicitly in the remaining gaps (through rescaled
copies depending on the gap size), which are mixed up as well. This requires to find a new, suitable
setup for the contraction.

We overcome this difficulty by considering a fixed point argument in appropriate spaces of se-
quences of vector fields {v;}2; and densities {p;}32,. For a given i € N, v; and p; solves the
transport equation:

agpi +v; - Vp; = 0. (3.9)

The different density solutions p; only differ in the initial conditions:

ond

out 1 imno.__ c . .n c . ovdi
P (@) = 1Q(o,1)(95)7 P = ;Pz(fﬂ ), pi =2 1@ 0.1 ) . (3.10)

Yontvi
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We use a time-reversed We use a copy of v, here.  We use a copy of v; 41 here.
rescaled copy of vy here.

Figure 11: The figure shows the density p; at various checkpoints defined in section 3.3. At time
7, the density concentrates on 2" cubes each of size 2,7% All these cubes progressively (but
independently in time) acquire Lebesgue density such that at p;(t = 1) = 1@(0,1)’ the density becomes
the characteristic function of the unit cube centered at zero. The second row shows how the left
bottom most cube acquires the Lebesgue density on the time interval 7'. The panels (i), (ii), (iii)

and (iv) shows zoomed in version (by a scale factor 27) of the left bottom cube at time 7, 71 . 71,

71 respectively. We see that the red cubes in (ii) are 2,7% factor smaller than the red cube in (i).
Therefore, we use the time-reversed rescaled copy of vy in going from (i) to (ii). More generally, we

do this on time intervals T(’f) From (ii) to (iii), we use rescaled copies of the building block vector

field from section 7. The cubes in (iii) are a m factor smaller than the external white cube in
(iii) which transforms into Lebesgue density in (iv). Naturally, we use rescaled copy of v, form (iii)
to (iv).

Now we give a brief overview of the fixed-point relation F whose input and output is a sequence
of vector fields. A similar description also works for the density field. We define F = {F;}9°; in such
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a way that on the time intervals T(If), Fi({vi}52,) is implicitly defined as a rescaled copy of v;. On
the intervals T(g), Fi({vi}52,) is explicitly defined as a rescaled copy of the building block vector field

vp. Finally, on the time intervals 72'“), Fi({vi}2,) is implicitly defined as a rescaled copy of v;y1. It
is only in the third time interval where the construction of v; depends on the next vector field in the
sequence, namely, v;+1. Figure 11 illustrates this point, namely, how the construction of v; depends
on v;41.

Once the fixed point relation is defined, we show that the desired contraction happens in £37 CtWé’p

space (see section 4.1 for the exact definition). Here, (37 is weighted version of the (> space (see 4.1).

Recall, from section 2.2, ¢l are the centers of the cubes in the subdivision of [—%, %]d into cubes of

side 27". As n will be a fixed quantity in the following sections, we make a slight notational change
and drop 7 from the superscript, using ¢j to mean ¢; in rest of the sections.

4 Construction of the vector field v as a Banach fixed point

4.1 The functional analytic framework

Let p > 1 and 71 € R to be chosen later. We denote by £55(N) the weighted (> space endowed with
the norm

I{ai}ienll g = sup277ay|. (4.1)
i ieN
Next, we define a set X of infinite sequences of vector fields as

X = {{'wi}ieN € f?;f (NQC([Ov 1];W17P(Rd’Rd))) ‘

A w; = 07 ’LUZ(O, ) = w2(17 ) = 07 SUPDg wi(t7 )

N
| —
N | —
N | —
| I
Q
—
—
iy
[\
S~—

equipped with the metric
Hwibienllpee cpiivar = Sup 277 Jwil| g,y (4.3)

where the homogeneous Sobolev norm is introduced in (2.9). As observed in Remark 2.1, each
component of {w;};en € X automatically belongs to LP(R").

4.2 The iteration map

Having in mind the description of the iteration step in subsection 3.4, we define the map F : X — X
whose fixed point will be the sought-after sequence of velocity fields.

We fix {w;}ieny € X, k€ {1,...,27%}, and i € N. The i-th component of F({w;}icn) in the time
interval 7% = [Tf , Tf“] is defined separately on the three sub-intervals ’7'(’;?), ji=1,2,3:
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: k
(i) When t € 7‘(1),

1 1 Tk —t ,
Fi({w; }i t,x) = . w mid 2TV (g — ¢ ) . 4.4a
(when)(t.9) = gz o (P 2w — e (1.40)

. k
(ii) When t € ’7'(2),

1 1 t=Th 11
Fil{witien)(t, @) = pT gLl N e .d72 (@ = )i s o | - (4.4b)
mi mi

e k
(iii) When ¢ € 7‘(3),

o) 2

11 t—15
Fil{wi}ien)(t, @) = o0 Tk kWit —— 52Nz —c) ) . (4.4c)
o T T2

We extend F;({w; }ien) continuously up to time ¢t = 1 by setting F; ({w; }ien)(1, ) == 0.

Let us briefly compare the definition of the map F and the heuristic explanation of the iteration
process provided in subsection 3.4.

According to (4.2), in the time interval 7%, the family of velocity fields F({w;};ey) acts only on
the kth red cube. This is in perfect agreement with the idea of asynchronous move of cubes.

The action of F({w;}ien) results from three different sub-actions. In the first sub-interval 72%,
the vector field F;({w}ien) is defined using a reversed, rescaled copy of w;. In the second interval
T(g), we utilize the forward blob field, appropriately rescaled. In the final interval T(’;), we employ
the velocity field w;41 forward in time. Specifically, if w; is the vector field capable of moving the
configuration with 27% squares, each with a side length of 277", to match the Lebesgue measure,
then F is going to fix {w;}ien, exactly as described in subsection 3.4.

In particular, if we can prove the existence of a unique fixed point {w;};en for the map F, then
w1 would be the vector field we are looking for.

Proposition 4.1. Let F defined as in (4.2). Then givend > 2, n € N, 0 < <1 and v > vy =
1+ B8 —logy (2% — 1) there exists a y1 € R such that F : X — X is a contraction for

(n+v)d

< — .
P nd+v+p

(4.5)

Proof. We verify the boundary conditions and support of F;({wy }ien) for any {wy}ieny € X. It is
clear from the definition of F that for any i € N, we have

V- Fi({wrdren) =0, and  Fi({ws}oen)(0.) = Fi(fwshren) (1) =0,
and that

d

suppy i ({wy bex) (1, ) [—1 1]

53 (4.6)
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We now estimate the W'P-norm in space of F;({wy }ien). For k € {1,...,2"} and t € T(’f), a
straightforward calculation shows that

d
~ 1 1 P ~
| Fi({wi iren) (L, ) — Fi({wi birew) (8, )|y < oz = = <2n+vi> |lwi — leCtW};P )
mu

om 1 \# ~
= Tfmd — T{f on+vi [{wi tiren — {wi’}i’eNH@g ORI (4.7)

Whent e 7215), Fil{wi}ien)(t, ) —Fi({wy }iren)(t, -) = 0 and, by the properties of T, from Proposition
7.1, we get

d
1 1\?r, _
H}—i({wi’}i’eN)(tv ')HWLP < k ( > ||,UbHCth1’p’

T — Tk \2
1 1 4-1
P
<
o CTé“ — Tr]?n‘d <227H-V(i+1)> : (4.8)
When t € ’7'(’;), then we get
|7 ({widven)(t,) = Fil{@edran)t s = |IF{we = @eloe)t s (49)
el
< 1 1\~ B
= ﬂ m |witr — 'wi+1HCtWé,p ;
2’71(7:4-1) 1 % _

e <2—n> Hws biren — {wi irenll e gyrivi - (4.10)

Step 1: F maps X to X. We show that F : X — X, provided

">V <1 — 51) . (4.11)
p

As the Sobolev norm of w;(t,-) and wy(t,-) is continuous in time, the continuity of the Sobolev
norm || F;({wj }iren)(t, -)|l4j1,, in time is clear in the interiors of T(]f), T(g) and T(]g) Now combining
the definition of F; from (4.2) with the information that w;(0,-) = w;(1,-) = 0 and supp, o, C [3, 2],
we obtain the continuity of the Sobolev norm at the interfaces Tf, T,’j“- 2 7‘5 and 7E .

Finally, noting estimates (4.7), (4.8), and (4.10) and the continuity of the Sobolev norm in time
gives

1
omi ”]:i({wi'}i'eN)”ctWa‘;P

d d_q
1 1 P 1 1 P
< C(B,m,) sup max{w (2—> g (2—> }max{l,||{w2-/}z-/eNuWW;,p}. (4.12)

1€EN
Therefore, F({w }yen) € X if (4.11) is satisfied.

Step 2: F is a contraction. We prove that, under the assumptions of Proposition 4.1, the map
F: X — X is a contraction.
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Let {wy }ien, {wy }ireny € X. Combining (4.7) and (4.10) yields

b

vt [Fi({wi tiren) — Fi({wir toren) [l o,

B o1 /1 \y 2 /1
SR T T R \2vk ) Tk —oF \2n

maid

Bl

} [{wir}iren — {ﬂ’i’}i’eNH@? CyWLe

262 1 2 i)

d
<om .91 .97 . 98 sup max {

(2

bltwidven - (@ bresllg e

(4.13)

If v1 € R obeys the condition (4.11), the maximum above is realized at ¢ = 1. So, if we choose
Y = V(l — g), we get

2 it d 21—V
sgpmaX{QB 7 -2 Z(’”"_Vz’),l} = max{ﬁ,l} =1, (4.14)

where in the last step we used the assumption v > 1+ 5 — log2(2ﬁ —1). So, to get a contraction we
have to impose

o (175) #1005 _gm gnd . g=n% 98 <1 (4.15)
which amounts to (4.5). O

5 Construction of the density field p

We construct our density field in a manner similar to the previous section §4. We first define the
appropriate space of functions and a self-map. We then show that the mapping is a contraction.

5.1 Functional analytic setting

Let us fix parameters r,q > 1, and ~9,v3 € N. Let pi-n and p°"" as in (3.10). We define two Banach
spaces ) and Z as

Y= 55 (N L(0,1]; 27 (RY)) ) (5.1)
equipped with the norm
H{Qz‘}ieNHy = H{Qi}ieNHeooLOOLT = sup 2_72i||9i”L?°L; ) (5.2)
27T jeN

and
Z:= {{gi}@ & £ (N: Lip([o, 1; w11 (Re) ) ‘

d
) 11
Qi(07 ) = p§n7 Qi(17 ) = pOUt7 SUPDPg Qi(t7 ) < |:_§’ §:| } (53)

26



The sharp nonuniqueness range for the transport equation E. Brue, M. Colombo and A. Kumar

equipped with the metric induced by
H{Qi}ieN”z = ”{Qi}ieN”g%LiptWQM = 316152_%2'”&%”111%”/;»7(1 ) (5.4)
where we are using the notation introduced in (2.23), (2.24).

5.2 Iteration map

We now define a map G acting on sequences of densities. We will show that G is a contraction in both
spaces )V and Z for appropriate choices of parameters.

Fix {0;}ien € YU Z. For k € {1,...,27"%} and i € N, we define the i-th component of the self
map as

Gi(fortvem)(tx) = > p™@Nz—cp))+ Y P2z - ep)) (5.5a)

1<k'<k k<k/<2nd

for every x € Q(O0, %) \ Q(cg, 2%) and t € T*. In other words, when t € 7%, the k’-th cube of the
subdivision with &’ < k is already in the final configuration. When &’ > k, the k’-th cube is still in
the initial configuration. The relevant part of the dynamics happens in the k-th cube:

(i) Ift € T(If), and « € Q(cy, 37) we set

. Tk o —t .
Gi{or}ven)(t, @) = 2" 0 <%’2n+v1(m - Ck)> - (5.5b)
Tmid — T1
(i) If t € T(g), and « € Q(cy, 37) we set
Gi({oy Yoren)(t, @) = gud(i+1)-5 % 2(x — ¢); R (5.5¢)
i\104’ ji'eN)\T, = Pb 7_5 _ Tylfu'd’ k)5 7 ovi? gu(i+1) | ° :
(iii)) When t € T(lg), and = € Q(cy, 2%,), we set
t— Téf
Gi{oirtwen)(t,®) = 0iv1 | 7—,2"(® —¢c) | - (5.5d)
B
Finally, when t = 1, we set
Gi({oitiren)(t, ) = p™ (). (5.5€)

Proposition 5.1. Let G be defined in (5.5). Then ford >2,n €N, g€ (0,1) andv >0

(i) there exists a v € R such that G : Y — Y is a contraction for r < ﬂuy,

nd+vd

(ii) there exists a v3 € R such that G : Z — Z is a contraction for 1 < q < P R
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5.3 Contraction in ): proof of Proposition 5.1(i)

We note that G(-) — G(0) is a linear operator. In particular, to check that G is a contraction on the
linear space Y, it is enough to check that ||G(0)||y < oo and that ||G({o; }ien) —G(0)||y < |[{0i}ien]y-
To prove that ||G(0)||y < oo, we compute

k=1 ou ol — e A T |
1G:(0)(t, )llzr < o2 10°" L + TTde Iz + 7 Po i o) Lerp (5.6)
Noting that Hp‘”ﬂ o <ol = ovdi™ and
7, < I > < (2—"@“))% (5.7)
i i+l = ’ :
2072700 [l ey
we get
1\ .
1GO)ly < Cln,d,w) sup2tC=a)ies, (5.8)
1€
which is finite if and only if
1
Y2 > vd (1 - ;) : (5.9)
We now focus on the estimate [|G({o; }ien) — G(0)||ly < |[{0:}ien|ly-Let {0i}iren € Y. We have
1 \2
vdi " _nd
16:({erren) ) = Gt M < max(2 (2] lerlugery 5277 lealliong) 510
< 2777 max{2- 40102, 204D L0,y (5.11)
hence,
_pd vd(1—1)i—vai
IGi(for}ren)(t,) = GiO)(t.)lly < 2777+ supmax{2 U2 Y g boenlly . (512

To conclude, we pick 7o = vd (1 — 1), so that [|G(0)||y < co. Moreover,

1G:({er rew) (£ ) = Gi(0)(t, )y < 27772070 | {on Yrenly - (5.13)

and we require the constant to be strictly less then 1, namely

d
—(77—|—V);+Vd<0. (5.14)

5.4 Proof of Proposition 5.1(ii): ¢ maps Z to Z

We begin by proving that G maps Z to Z.
As regards the boundary conditions and support, from the definition of G;, it is easy to verify that
for all {oy }iren € Z

(i) Gi({or}ren)(0,-) = pi after noting that 2% o (1,277 (z — ¢1)) = p(2"(z — 1)),
(i) Gi({ertren) (1) = pi™,
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(iii) supp, Gi ({0 }ren)(t,-) C [~3,3]%

We first show that G;({oy }ien) is Lipschitz in time in the W =1 topology in the interior of time
intervals T(’{), T(g) and T(’g) Then, we check that G;({oy }ien) is continuous at the interfaces 7F, Tfnid,

7§ and 7E.

From the definition of W~ norm we deduce

ovdi 1 \1t+%
16 (o beexlon s w10y < 7 f<2n+m.) PA— (5.15)
gud(i+1) 7 1\ 1+ 1 1
16:(er Sewdllercry wra) < <2> & <"z—ﬁ> cwera OO
<C(v,d,n, §)2°%0~ %) (5.17)
1 1 144
IG:esbeelmyw-so S () et 65,19

In the second estimate we used that ﬁbl(t x) = pp(t,z;m, %, M;H)) solves the transport equation

with velocity field oy ;(x,t) := vy(t, z; 1, 21,1, 2V“H)) hence

d
— | B de| < [Tl |64l V| d
p /Rd Py dz| < Hvb,zHLm HpanLt’m /supppb,i(t, V| dz
1
< CLYsupp Byt ) 7|Vl o (5.19)
< CT V|Vl Ly (5.20)

for any ¢ € C>°(R?). We now check continuity of the W14 norm at ¢t = 7%, 7§, 75 and 7.

After substituting t = Tf in the expression of G;, we get

G{ortre)(rha) = 3 pM(@@—c))+ 3 2@ — ) + 2% (L2 (@ - ¢y))

1<k'<k k<k/<2nd
= > M@ —cw)+ D> P2 - ). (5.21)
1<k’<k k<k’<2nd

where in the last line we used that 2"%p; (1,27 (x — ¢;)) = p§(2"(z — cx)).
We now see that if k¥ = 1 then G;({oy}iren) is equal to the initial condition pi". For k > 2,
then we also need to check for the continuity from the left at t = 7F. Since g;41(1,2"(z — cx)) =

p°U(1,2"(x — c;)), we have that
Gi{or}ren)(t®) = > p™(2N @ —c))+ Y, p2Nz—cp) in WHoas ¢ Arf

1<k'<k k<k’/<2nd
(5.22)
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The continuity at t = Tfnid can be verified as follows:

271(1
) . o . ) . oy 1 1
21/d2p1 (O, 2uzw) — 2udzpzln(2mw) — Z 2deng(2n(2mw _ Ck’)) — 2l/d(z+l)pb (O, x; W? m) )
k'=1
(5.23)
The continuity at ¢t = 7'5 follows by a similar computation
ond 1 1
Pi+1(07 m) = Z p7,¢+l(2n(m — Ck/)) = 2Vd(l+l)pb (1’ €T ﬁ’ W) . (524)
k'=1

The continuity at ¢ = 7% can be obtained as follow. As 7f = 7% for k € {1,...2" — 1}, therefore we
only need to consider the case k = 2". As before, since g;41(1,27(x — ¢;)) = p°“*(1,27(x — ¢;)),we
have

Gi({ortwen)(t,) = D p™ (2" —cp)) = p™ (@) in WM oas ¢ N7k, (5.25)
1<k <2nd

which implies continuity at ¢t = 72, ..
Collecting all the estimates above, we conclude

1
273%

Hgi({gi’}ileN)HLiptW;Lq < C(d,n,B,v.q, 73)2V =) A{32(1 + H{Qi’}ileN”é%’LiptW;Lq) ) (526)

hence, G : Z — Z if

vd
w0, (5.27)

5.5 Proof of Proposition 5.1(ii): G : Z — Z is a contraction

Fix {0y }ien, {si}iren € Z. It is immediate to check the following estimates

21/di 1 1+%
1Gi({oi }iren) — gi({%”}i’eN)”01(7’(’;);1/1/*1,(1) S 5 - <2n+ui> llor = <ullyp wora- (5:28)

mid
IG:({ei}iren) = Gil{si biem)llcr (7 sw—1.0) = 0 (5.29)
1 1\ 1+4
IG:({ei }iren) — Gil{si biew)llcr (7 aw—10) < p—— (g) loit1 = ivillip,mwzra »  (5:30)
o0 2
leading to
1

1Gi({oi }iren) — gi({gi’}i’eN)HLiptwgl’q

2udi(1—%)—ui—'ygi 1
& k ' Tk Tk H{Qi’}i’EN - {gi’}i’EN”g%gLiptW;Lq . (531)

Tmid — T1 Too 2

273t

d
< 273 97n+g) - SuUp max
€N

m
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We choose 3 = ’;—fl, so that the maximum is achieved at ¢ = 1. It is easy to see that if v >
1 —logy(2° — 1), then
2udi(1—%)—ui—'ygi 1

sup max - Tk = 2f+nd, (5.32)

i€N Tmid — T1 Too — T2
Hence G is a contraction in Z provided

2:*7—77(1+%)+5+77d — 273—77(1+§)+5+77d <1, (533)

which amounts to ¢ < % )

6 Proof of Theorem 1.1

Let p,r be as in the statement of the thegrem, and let us further assume without loss of generality
that %—i—% < 1412, so that u € C([0,1]); L77) follows from u € C([0,1]; W'P) by Sobolev embedding.
Next, we choose parameter § = 1/2. We then choose two numbers p and 7 such that

1 d-1 1 d-1

<D <T 1< = — < - . 6.1
p<p, r<T, e i (6.1)
Moreover, we ensure that 7 is large enough such that
1 d-1 I5;
37 | = -1) <= 6.2
' <ﬁ " ar > d (62
Next, we define 7 and v as
_ n+v  _  (n+v)d
= = = = =< 5 6.3
T= P=riio4 7 (6.3)

The condition (6.2) ensures that 7 > 3 > 1+ 8 —logy(2° — 1). We finally define our choices of 1 and
v as

~ n
r—1

> 7. (6.4)

Here, [ -] is the ceiling function. From (6.4), we see that r <7 = 2. As a result, we obtain

n+v)d Td 7d d
nd+v+p F-Dd+1+= (F-Dd+14+> " Tt
Therefore, every element from the sequence {w;};cn belongs to C([0,1]; W1P).
Next, we consider the space Y N Z with the metric induced by
[{eitienllynz = [[{oitienlly + [{eitienl|z - (6.6)
If we choose J
l<g< (n+v) (6.7)

(m+v)d+p8—-n’
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then G : YN Z — YN Z is a contraction for suitable weights 2, 3, as a consequence of Proposition
5.1 and we let {p; }ien the unique fixed point of G in YN Z. It is then clear from Proposition 5.1 that
each p; belongs to L>([0, 1]; L" (R%)).

Next, we show that p; solves the continuity equation corresponding to the vector field v;, i.e.,

d

— | pidda = —/ pivi - Vodx forall ¢ e CP(RY), (6.8)
dt Rd R4

for a.e. t € [0,1] and for all i € N. For i € N, let ¢; be the measure of the subset of [0, 1] where v; and
pi obey (6.8). From the definition of F and G and since v; and p; represent a fixed point, we know
that they solve (TE) in the intervals 7?3), which have measure (2% — 1)27771, as well as in a fraction

cy of 7?;) and in a fraction ¢;41 of 7E'§) Hence

201 261 ¢4y

ci > 5+ + 5pFT T 5T (6.9)
Taking the infimum over ¢ € N on both sides we get
, L. 29-1 28 -1 infg
inf ¢; > infe; o5 + o 19 (6.10)

which implies that inf¢; > 1.
Finally, we let the velocity field u(t,-) = w1 (1 — t,-) and the density p(¢,-) = p1(1 — t,-), which
then satisfy all the requirements stated in Theorem 1.1.

3.5 T

0.35 0.4 0.45 0.5

S ——

|
0 0.2 0.4 0.6 0.8 1

Figure 12: shows the plot of ¢t — ||p(¢, ')HL%, where p in this figure is the first element p; in {p; }ien
from our L" construction with d = 2, § = 0.8, v = 2.3, n = 2. Notice that | p(t, )HL% is bounded and

continuous as opposed to our L! construction (see Figure 6).
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7 Building block

In this section, we design the building blocks of our construction. The key function of our building
block vector field ©y(t,x) = ©y(t, x;n,a,s) is to “spread” cubes as depicted in figure 13. More
precisely, given three parameters n € N and 0 < 2s < a < 1, we will build a divergence-free vector
field Ty (t, x; m, a, s) that moves the density field p, (¢, ;n, a, s), which is initially at ¢ = 0 concentrates
on cubes of sizes o; placed uniformly in a grid fashion inside a cube of size a, to a final configuration
at t = 1, where these cubes evenly spread (again in a grid fashion) inside a cube of size 1. Next, we
write down the initial and final density field p° and p¢ in our building block construction.

1 if e U Qlac], 57)5
P’ = kef1,..2m4} (7.1)
0 otherwise,
1 if ze€ U Q=)
= kef{l,..2nd} (7.2)
0 otherwise.

H N
1

-

e

3|

3

H H B
_ s
~ 1 Vp H H N ]
1 B = >
- ~ H H B

00
JAEENR
H B

ﬁb(oa') :ﬁs ﬁb(lf) :pe

Figure 13: shows the action of the building block vector field @,. At time t = 0 the density field is

7°, which concentrates on 27% cubes each of size 57 Placed evenly inside another cube of size a < 1.

The vector field vy, spreads these cubes in 1 amount of time such that in the final configuration these
cubes are spaciously laid out inside a cube of size 1.

The main result of this section is the following proposition.

Proposition 7.1. Given two parameters 0 < 2s < a < 1, there exists a divergence-free vector field

oy, € 0°(]0,1] x R%:RY), supported on [%, %] X [—%, %]d, and a solution p, € L>([0,1] x RY) of the
continuity equation with vector field ©y satisfying the following properties

LUsuppTp(t,-)) < 2% for 0 <t <1, (7.3)
P NN .
HV(t@)vb‘ . < C(d,1i) <?> for every 1 = 0,1, ..., (7.4)
t,x
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Dy(t, ) is either 0 or 1, the set {py(t,-) = 1} C D has measure s® for every t and satisfies

_ Ds for 0<t< l,
pb(t7') = 93y_ 2 3 (75)
Pe for 5 <t<1

The vector field Tg is composed of 27 vector fields, each sending a cube with center acz and
size s/2" to the corresponding cube (centered at ¢]) in the final configuration. The proof of above
propostion is divided into two steps. In Step 1 of the proof we build a smooth, divergence-free and
compactly supported vector field that translates a cube from one place at t = 0 to another place at
t = 1 without deforming the cube. This kind of vector field, with minor technical adjustments, was
introduced in [Kum23b]. In Step 2, we assemble 21% copies of such a vector field and obtain T, with
the desired properties.

Step 1. A vector field that rigidly translates a cube of length \ Let 0 < A, Ay, A; € R? and
let ¢ : [0,1] — [0,1] be a smooth function such that ((z) = 0if 2 < § and ((z) = 1if z > 2. We
define

A= Ag[l— (D] + AL (1), (7.6)

Next, we show that there is a smooth, divergence-free vector field ¥(-; Ag, A1, \) : R x R — R? with
the following properties:

v(t,x) = (A1 — Ap)( (1) for all x € Q(Ay, ), (7.7)
Supp ¥ C {(t,m) te E g] ze @(At,2>\)} , (7.8)

and
Hvﬁt,m)ﬁ‘ - < ‘AOA%A” Vi=0,1,.... (7.9)

Furthermore, there is a density field p(-, Ag, A1, A) : R — R defined as
p(t,z; Ag, Ay, \) = ]‘Q(At,)\)7 (7.10)

which solves the transport equation with vector field v.

The construction of ¥ and p proceeds as follows. Let £ € R? with |£| = 1 and let &, ...,&,_; € R?
be vectors such that along with £ they form an orthonormal basis of R%. Let ¢ € C2°([—2, 2]) be a
smooth cutoff function, which equals 1 in [~1,1]. We define a vector field by : R? — R? in dimension
d=2as

ba(w1, m2;€) = =V €T - (21, 22) p(a1)p(22)]

where £+ = (&2, —&1) and V+ = (9, —01). In dimensions d > 3, we define the vector field by : RY — R?
as

ba(z; &) = ba(x - &, £;€)p(x - &) ..p(T - E4-1)-
The velocity field b, for d > 2 is smooth, divergence-free, compactly supported in Q(0,2) and have
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the following properties:
ba(xz; &) =& for every x € Q(0,1), (7.11)

[V'ba|| ;e S1 Vi=0,1,....

Now we rescale and translate this vector field in a time dependent fashion and define a vector
field v : R — R? as

(7.12)

v(t,m;Ao,Al,A):mgbd( (A o>‘

A A - A
Notice that, for any & € Q(Ag, \), the curve & — Ay + A; is an integral curve of the velocity field

(7.12). Therefore, by the representation of solutions of the transport equation with integral curves,
this implies (7.10) solves

P+ Vp=0. (7.13)

Figure 14: depicts the building block vector field which rigidly translates a cube of size 1 centered at
Ay at time £ = 0 to a cube centered at A; at time ¢t = 1. The building block vector field is divergence
free and it is uniform in the support of the cube as it moves through space. Moreover, the vector
field stays supported in double the size of cube it translates.

Step 2. Assembling several copies of ¥ and p Given k € {1,...27%}, we first define a vector
field vy and a density field p;, as

_ - s
vi(t,T;n,a,8) =0 (t, x;ac], ¢, 2—77) (7.14a)

it ,Tyn,a,s) = ﬁ(t, x;ac], cl, 2%) . (7.14Db)
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From (7.8), we know that for ¢ € [0, 1]

SUPPg Ar C sUppy Uk(t,-) C Q (w];(t), §> ) (7.15a)
where
ac';(t) = (1 —¢(t))ac] + ((t)c]. (7.16a)

We next observe that the cubes in (7.15a) are disjoint for different k. Indeed for k # &/, we have

a 2s

k K
’wp(t) — Ty (t)‘ > a’CZ - CZ" > % > 2_77

(7.17)

Hence, the building block vector field vy, and density field p, defined as
271(1
vy = Z Vg,
k=1

2nd

Py = Zﬁk (7.18a)
k=1

are composed of addends with disjoint support contained in the union of 27¢ cubes of size 2s/21,
hence obtaining (7.3). Moreover p; solves the continuity equation in view of (7.13) with prescribed
initial and final conditions given in (7.5) and the velocity field v, satisfies the regularity estimates
(7.4), which can be seen from (7.9).
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