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1 Introduction

We plan to consider the Neumann problem for the Poisson equation for Holder
continuous solutions. By the classical examples of Prym [24] and Hadamard [9]
on harmonic functions in the unit ball of the plane that are continuous up to the
boundary and have infinite Dirichlet integral, i.e., whose gradient is not square-
summable, we cannot expect that the solutions of the Poisson equation

Au=f

in a bounded open subset €2 of R™ have a finite Dirichlet integral, not even in case
f =0 and the boundary of € is smooth. For a discussion on this point we refer to
Maz’ya and Shaposnikova [16], Bottazzini and Gray [2] and Bramati, Dalla Riva
and Luczak [3].
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In case f = 0, a €]0,1[ and for Q of class C1'*, one can introduce a notion
of normal derivative 0, on the boundary 92 in the sense of distributions of a
a-Hoélder continuous harmonic function w in € (which may have infinite Dirichlet
integral) and introduce a space

Vb (9Q)

of distributions on the boundary (cf. Definition E20) such that the Neumann
problem
Au=0 in Q,
{ Oyu=g on 08, (1.1)

can be solved for u in the space C%%(Q) of a-Hélder continuous functions for all
data g € V19(9Q) that satisfy a compatibility condition that generalizes the
classical one (cf. [13], §20]).

In this paper, we consider the space C~1%(Q) of sums of a-Hélder continuous
functions and of first order partial distributional derivatives of a-Hé&lder contin-
uous functions in 2 and we introduce a distributional normal derivative on 02
for functions u in the space C%“(Q)a of functions in C%(2) such that the dis-
tributional Laplace operator Au belongs to C~1%()) and that extends the above
mentioned notion of normal derivative 9, (see Definition [5.I1]). Then we show that
if we choose f in the space C~1%(Q) and g in V~12(9Q) that satisfy a compati-
bility condition that generalizes the classical one, then we can solve the Neumann

problem
Au=f inQ,
{ J,u=g on I, (1.2)

for u in the space C%%(Q)a (cf. Theorem [6.5).

Here we mention that the Schauder space with negative exponent C~1:%((2)
has been known for a long time and has been used in the analysis of elliptic and
parabolic partial differential equations (cf. Triebel [28], Gilbarg and Trudinger [§],
Vespri [29], Lunardi and Vespri [17], Dalla Riva, the author and Musolino [5], [10]).

Our approach here develops from that of [I3] and holds in the (nonseparable)
spaces of Holder continuous functions, but could be extended to different function
spaces whose distributional gradient has no summability properties and differs
from the so-called transposition method of Lions and Magenes [15, Chapt. II, §6],
Roitberg and Séftel’ [25], Aziz and Kellog [I] which exploit the form of the dual
of a Sobolev space of functions and which accordingly are suitable in a Sobolev
space setting.

The paper is organized as follows. Section[Plis a section of preliminaries and no-
tation. In Section 3] we show that one can canonically embed the space C~%%(€)
into the dual of C1*(Q2). In Section [ we first summarize the properties of the
distributional harmonic volume potential and then we prove the continuity state-
ment for the distributional volume potential with densities of class C~%%(Q) of
Proposition that complements previously known results (cf. [I0, Thm. 3.6],
Dalla Riva, Musolino and the author [5, Thm. 7.19]).



In Section Bl we introduce a distributional form of normal derivative for Holder
continuous solutions of the Poisson equation (cf. Definition EI1]). Here we note
that we cannot exploit the first Green Identity in order to introduce a distributional
normal derivative on the boundary as done by Lions and Magenes [15], Necas
[22] Chapt. 5], Nedelec and Planchard [23] p. 109], Costabel [4], McLean [I8|
Chapt. 4], Mikhailov [19], Mitrea, Mitrea and Mitrea [2I], §4.2]. Indeed, we need
to take normal derivatives of functions for which we have no information on the
integrability of the gradient. It is interesting to note that whereas in a Sobolev
space setting one needs to require that Aw is at least locally integrable function
(cf. Costabel [, Lem. 3.2]), in the Holder space setting above, Awu is required to
be in the space of distributions C =1 ().

In Section [6] we solve the Neumann problem ([2)). In the appendix at the end
of the paper, we have collected some classical results on the classical harmonic
volume potential in Holder and Schauder spaces.

2 Preliminaries and notation
Unless otherwise specified, we assume throughout the paper that
n e N\ {0,1},

where N denotes the set of natural numbers including 0. | 4| denotes the operator
norm of a matrix A with real (or complex) entries, A* denotes the transpose matrix
of A. Let © be an open subset of R”. C1(Q) denotes the set of continuously
differentiable functions from Q to R. Let s € N\ {0}, f € (C*(Q))". Then Df
denotes the Jacobian matrix of f.

For the (classical) definition of open set of class C™ or of class C™® and of
the Holder and Schauder spaces C™ () on the closure Q of an open set 2 and
of the Holder and Schauder spaces C™(92) on the boundary 9 of an open set
Q for some m € N, a €]0, 1], we refer for example to Dalla Riva, the author and
Musolino [5 §2.3, §2.6, §2.7, §2.11, §2.13, §2.20]. If m € N, C/"(Q) denotes the
space of m-times continuously differentiable functions from €2 to R such that all
the partial derivatives up to order m have a bounded continuous extension to
and we set

1£ll g oy = > sup|Df(x)|  VfeCHQ).

| <m TEL

If a €]0,1], then C;"*(2) denotes the space of functions of CJ"(Q2) such that
the partial derivatives of order m are a-Holder continuous in 2. Then we equip
¢ (Q) with the norm

[fllegme @ = 1o + S IDfla  VfECT(Q),

[nl=m



where | D" f|, denotes the a-Holder constant of the partial derivative D" f of order

n of f in Q. If Q is bounded, we obviously have C7*(Q) = C™(Q) and C;"*(Q) =
C™>(Q). Then C"*(Q) denotes the space of those functions f € C™(Q) such

loc
that figep 5, Pelongs to C™(QNB,(0,p)) for all p €]0,4+00[. The space of
real valued functions of class C'*° with compact support in an open set €2 of R" is
denoted D(€2). Then its dual D’(Q) is known to be the space of distributions in
Q. The support of a function is denoted by the abbreviation ‘supp’.
If Q is a bounded open subset of class C' of R”, then ) is known to have a
finite number 2" connected components and the exterior

Q" =R"\Q
of Q is known to have a finite number »~ 4 1 connected components. Then,
the (bounded) connected components of Q are denoted by 1, ..., Q,.+, the
unbounded connected component of Q= is denoted by (7)o, and the bounded
connected components of Q~ are denoted by (Q7)1, ..., (Q7),- (cf. e.g., [B
Lem. 2.38]). We denote by vq or simply by v the outward unit normal of € on
0f). Then vg- = —vgq is the outward unit normal of 2~ on 9Q = 90 ~.

Now let a €]0,1], m € N. If Q is a bounded open subset of R™ of class
Cmax{m.1ha then we find convenient to consider the dual (C"(99)) of C™<(99)
with its usual (normable) topology and the corresponding duality pairing < -, - >
and we say that the elements of (C™(9Q))" are distributions in 9. Since
C™(0NQ) is easily seen to be dense in C™(912), the transpose mapping of the
canonical injection of C"™*(99) into C™(IN) is a continuous injective operator
from (C™(99Q))" into (C™*(09))".

Also, if X is a vector subspace of the space L'(99) of Lebesgue integrable
functions on 952, we find convenient to set

on{feX: fda:O}. (2.1)

o0

Similarly, if X is a vector subspace of (C"*(992))’, we find convenient to set
Xo={fe(C™090) :< f,1>=0}. (2.2)

Morever, we retain the standard notation for the Lebesgue spaces LP for p €
[1,4+00] (cf. e.g., Folland [7, Chapt. 6], [5, §2.1]) and m,, denotes the n dimensional
Lebesgue measure.

If Q is a bounded open subset of R™, then we find convenient to consider the

dual (C™*(Q))" of C™ () with its usual (normable) topology and the corre-
sponding duality pairing < -,- > and we say that the elements of (C"™*({2))" are
distributions in Q. Since C™%(Q) is easily seen to be dense in C™(Q), the trans-

pose mapping of the canonical injection of C™(Q)) into C™(Q)) is a continuous

injective operator from (C™(€2))" into (C™*(Q2))". Let 7q be the restriction map



from D(R™) to C"™*(§2). Then we can associate to each p € (C™*(Q))’ the distri-
bution rfﬂ p € D'(R™), where rfﬂ denotes the transpose map of rf,. The following
Lemma 1s well known and is an immediate consequence of the Holder inequality.

Lemma 2.3 Let m € N, o €]0,1[. Let Q be a bounded open Lipschitz subset of
R™. Then the canonical inclusion J from the Lebesque space L'(Q) of integrable

functions in Q to (C"™*(Q))’ that takes f to the functional J(f] defined by
< Jlf],v>= / fvdo Vv e C"™*(Q), (2.4)
Q

1s linear continuous and injective.

As customary, we say that J[f] is the ‘distribution that is canonically associated to
f’ and we omit the indication of the inclusion map J when no ambiguity can arise.
By Lemma 3 the space C%%() is continuously embedded into (C™(€2))".

We now summarize the definition and some elementary properties of the Schau-
der space C~1(Q) by following the presentation of Dalla Riva, the author and
Musolino [5], §2.22].

Definition 2.5 Let n € N\ {0,1}. Let o €]0,1]. Let Q be a bounded open subset
of R". We denote by C~1(Q) the subspace

f0+2%][j L f; €0 Q) Vi€ {0,...,n}p,
=1 9%

of the space of distributions D'(€2) in Q.

According to the above definition, the space C~%%(Q) is the image of the linear
and continuous map

=2 (0% Q)" = D'(Q)
that takes an (n + 1)-tuple (fo,..., fn) to fo + Z?Zl %fj. Let 7w denote the
canonical projection

e (CO0(@)" T (C%(@)" ! Ker (2.6)

of (C%*(Q))"*! onto the quotient space (CO(Q))"t1 /Ker 2. Let = be the unique
linear injective map from (C%%(Q))"*! /Ker Z onto the image C~1%(Q) of = such
that

[1]
[1]2

oT. (2.7)

Then, = is a linear bijection from (C%*(€2))"*!/Ker Z onto C~1*(Q2).
Since (C%*(Q))"*! is a Banach space and KerZ is a closed subspace of the
Banach space (C%®(Q))"!, we know that (C%(Q2))"*! /Ker Z is a Banach space



(cf. e.g., [5, Thm. 2.1]). We endow C~1*(Q) with the norm induced by Z, i.e.,
we set

Il = 0] 3= s loonmy : (28)
7=0
L) b
f:fo+2%fj, f; € C%* @) Vje{0,...,n}}.
j=1 "

By definition of the norm || - || o-1.a5), the linear bijection = is an isometry of the
space (C%(Q))"*! /Ker = onto the space (C~5%(Q),|| - [¢-1.0(m))- Since the quo-
tient (C%*(Q2))"*" /Ker Z is a Banach space, it follows that (C~5*(Q), ||| o-1. @)
is also a Banach space. _

Since Z is continuous from (C%*(Q))"*! to D'(Q), a fundamental property
of the quotient topology implies that the map = is continuous from the quotient
space (C%*(Q))"*! /Ker Z to D'(Q) (cf. e.g., [5, Prop. A.5]).

Hence, (C~5%(Q), ||- [¢-1.0(@)) is continuously embedded into D’(£2). Also, the
definition of the norm || - [|o-1.q g, implies that C%(Q) is continuously embedded
into C~1*(Q) and that the partial derivation 52~ is continuous from C%*(%Q) to
C~12(Q) for all j € {1,...,n}. Generically,the elements of C~%%(Q) are not
integrable functions, but distributions in 2. We also point out the validity of the
following elementary but useful lemma.

Lemma 2.9 Let n € N\ {0,1}. Let e €]0,1]. Let 2 be a bounded open subset of
R™. Let X be a normed space. Let L be a linear map from C~1%(Q) to X. Then
L is continuous if and only if the map

LoZ=

is continuous on C%(Q)N+1,
Proof. If L is continuous, then so is the composite map LoZ=. Conversely, if Lo=
is continuous, we note that ~

LoE=LoZom

Then a fundamental property of the quotient topology implies that the map Lo =

is continuous on the quotient (C%*(€2))"*!/KerZ. Since Z is an isometry from
(C%2(Q))" 1 /Ker Z onto C~1(99), its inverse map is continuous and accordingly

- A\ (—1)
L=LoEo (E)
is continuous. O

We now define a linear functional Zg on C~1:%(Q) which extends the integration
in Q to all elements of C~%%(Q) as in [5, Prop. 2.89].



Proposition 2.10 Let n € N\ {0,1}. Let a €]0,1]. Let Q be a bounded open
Lipschitz subset of R™. Then there exists one and only one linear and continuous
operator Lo from the space C~1(Q) to R such that

Zolf) = [ fodo+ | |2 teastsdo (2.11)
forall f = fo+ Z?Zl %fj € C~1%(Q). Moreover,

Iolfl= | fdz Ve " (Q).
Q

3 An embedding theorem of C~1%(Q)) into the dual
of C1(Q)
We plan to show that we can extend all distributions of C~1%(Q), which are

elements of the dual of D(Q), to elements of the dual of C*(). We first observe
that in the specific case in which

"0
f=1rfo+ Z %fj
j=1 "7

with fo € C%*(Q) and f; € CH*(Q) for all j € {1,...,n}, we have f € C%*(Q)
and the Divergence Theorem implies that

"0
fvdxz/fv—i— —fivdx
/Q Q ’ ;3% !

= de—i—/ vq)ifivdo — / —— dx
/Qfo aQ;( 2)if; J; ijaxj

for all v € C¥(Q). Hence, it makes sense to define a ‘canonical’ extension of
some f € C~1%(Q), that is a linear functional on D(f2), to the whole of C1(Q)
by taking the right hand side of the above equality also in the case in which
f; € CO(Q) for all j € {1,...,n}. We do so by means of the following statement.

Proposition 3.1 Let n € N\ {0,1}. Let a €]0,1[. Let Q be a bounded open
Lipschitz subset of R™. Then the following statements hold.

(i) If (fo,. .., fn) € CO*(Q)"* and

"9
f0+2@fj—0
j=1



in the sense of distributions in ), then
- - 81) L,a(O
/Qfovder/mZ(m)jfjvda— Z/ij%dx =0 YoeC"(Q).
Jj=1 Jj=1 J

(ii) There exists one and only one linear and continuous extension operator E*

from C~12(Q) to (Cl’o‘(ﬁ))l such that

< E*[f], v > (3.2)
/ fovdw-i-/ Z v);fjvdo — Z/ f]8 dr Vv e CH(Q)
Zj

for all f = fo+ Y1y 5= f; € C7(@). Moreover,
Efflla=f, ie, < E}[f],o >=< f,v> Vv € D() (3.3)
for all f € C=1(Q0) and
< E*[f],v >=< f,v > Yo € Ch*(Q) (3.4)
for all f € CO*(Q).

Proof. (i) Since all components of the vector valued function (f1,..., f,) and its
distributional divergence — fy belong to C%® (), which is continuously embedded
into the Lebesgue space L?(Q) of square integrable functions in €, there exists a
sequence {(fu1, ..., fin) hien in (C™ (ﬁ))n such that

lgm(f“,...,fln):(fl,...,fn) in (L*(Q))",

lim flj Z 5 in L3(Q),

l~>oo
hm Z I/Q fl; = Z(ng)jfj in (Hl/z(aQ))/
Jj=1

where (Hl/Q(aﬂ))/ is the dual of the space H'/2(99) of traces on the boundary of
the Sobolev space H!(2) of functions in L2(£2) which have first order distributional
derivatives in L?(2) (cf., e.g., Tartar [26, p. 101]). Then we have

/fovda:—l—/ Z va);fivdo — Z/fﬂa_x]d‘”
= lim {/ fzovd$+/ Z(Vsz)jfljvda—zn:/ fljﬁ dx
I=oo /o o0 5 =ire Oz
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(ii) Let L be the operator from C%*(Q)"*+! to (Cl’o‘(ﬁ))/ that takes (fo,..., fn)
to the functional that is defined by the right-hand side of B2)). By (i), we have
Ker= C Ker L. Since the operator = from C%(Q)"*! to C~12(Q) is surjective,
the Homomorphism Theorem for linear maps between vector spaces implies the
existence of a unique linear map E* from C~%%(Q) to (Clvo‘(ﬁ))l such that L =
Ef o=, i.e., such that (3.2) holds true (cf. e.g., [, Thm. A.1]). Then we note that
if f=fo+>0, a%fj, we have

| < E*[f],0 > | < ma( @) follco.a @ IVl oy

+mipn—1(09) Z Hfj||co,a(§)||U|\co,a(§) + man($2) Z ||fj|\co,a(§)HUHcLa(ﬁ) J

Jj=1 Jj=1

for all v € C1*(Q). Then Lemma 2.9 implies the continuity of E¥. Equality (3.3)
is an immediate consequence of (3.2) and equality (8:4) follows by taking fo = f,
fi=-=fn=01in B.2) (see also Lemma 2.3). O

4 The distributional harmonic volume potential

Since we are going to exploit the layer potential theoretic method, we introduce
the fundamental solution S,, of the Laplace operator. Namely, we set

.6y = { =kl VEEeR"\ {0}, ifn=2,
W=\ sl veeRm\{0),  ifn>2,

where s, denotes the (n — 1) dimensional measure of 9B, (0,1). If n > 2, then
there exists ¢ €]0, +-o00[ such that

sup  [¢[MH=2png, (&) <Myt vy e N\ {0}, (4.1)
£eRm\{0}

(cf. reference [I4, Lem. A.6] of the author and Musolino). Let o €]0,1] and
m € N. If  is a bounded open subset of R™, then we can consider the restriction



map g from D(R") to C™<(Q). Then the transpose map r‘ﬁ is linear and
. (O / /

continuous from (C™(Q))" to D'(R™). Moreover, if u € (C™(2))’, then Tlﬁu

has compact support. Hence, it makes sense to consider the convolution of rltﬁu

with the fundamental solution of the Laplace operator. Thus we are now ready to
introduce the following known definition.

Definition 4.2 Let « €]0,1], m € N. Let Q be a bounded open subset of R™. If
€ (C™(Q)), then the (distributional) volume potential relative to S, and p is
the distribution
Palu] = (rigtt) * Sn € D'(RY).

By the definition of convolution, we have
< (rjgh) * Sn, >=< Tfﬁu( ), < Sn(n), 0y +n) >

—<rmu / Sn(Me(y +n)dn >= <rmu / Sp(x —y)p(z)de >

for all ¢ € D(R™). In general, (Tfﬁu) * S, is not a function, i.e. (rfﬁu) * Sy, is not
a distribution that is associated to a locally integrable function in R™. However,

this is the case if for example y is associated to a function of L>(Q), i.e., p = J|[f]
with f € L*>(Q) (see Lemma 23] with any choice of m € N, a €]0, 1]). Indeed,

(‘Q:LL)*SH7<P> <( j[f])*Sn,ga>
at /S z —y)p(z)de >
=< JIf rlﬂ/ Sn(z —y)p(z) dx >

:/f(y) RnSn(:c— dacdy—/n/S (z = y)f(y) dyp(x) do

=< [ Sulw =) f0) . olo) >

=<7t

for all ¢ € D(R™) and thus the (distributional) volume potential relative to S,
and p is associated to the function

/Q Sn(z —y)f(y)dy a.a. r € R", (4.3)

that is locally integrable in R™ (cf. e.g., Theorem [A.J] of the Appendix) and that
with some abuse of notation we still denote by the symbol Pq[J[f]] or even more
simply by the symbol Pq[f]. We also note that under the assumptions of Definition
[42] classical properties of the convolution of distributions imply that

A ((rfgh) * S0 ) = (rfgi) * (A80) = () =0 = (rigu) in D'(R™),  (4.4)

10



where Jj is the Dirac measure with mass at 0. We now present a classical for-
mula for the function that represents the restriction of the distributional volume
potential (T‘tﬁu) * Sy, to R™ \ supp i (and thus to R™\ ) by means of the following

statement. For the convenience of the reader, we include a proof.

Proposition 4.5 Let 7 € D'(R"™) be a distribution with compact support supp 7.
Then the real valued function 0 from R™ \ supp 7 that is defined by

0(z) =< 7(y), Sn(z —y) > Vo € R" \ supp 7 (4.6)

is of class C* and the restriction of T % S, to R™ \ supp7 is associated to the
function 6. Namely,

< T Sp,p>= / < 71(y), Sn(x —y) > p(x)dr Yo € D(R™ \ supp7). (4.7)
R\Q

[Here we note that the symbol < 7(y), Sy (x —y) > in (4.0) means

<7(y),w(y)Sn(z —y) >,

where w € D(R™\ {z}) and w equals 1 in an open neighborhood of supp 7./ More-
over, 6 is harmonic.

Proof. Since 7 is a distribution in R™ with compact support and S, (z — ) is
of class C*° in R™ \ {x} for all z € R™ \ supp 7, the differentiablity theorem for
distributions with compact support in R™ applied to test functions depending on a
parameter implies that the function 6 is of class C*° in R™\ supp 7 (cf. e.g., Treves
[27, Thm. 27.2]). We now fix ¢ € D(R™ \ supp 7) and we prove equality ([@T).

Let Qf be an open neighborhood of supp 7 such that QF N supp ¢ = (. By the
known sequential density of D(2¥) in the space of compactly supported distribu-
tions in QF, there exists a sequence {7;};en in D(Q) such that

lim 7, =7  in (C®(Q%);, (4.8)
J—0o0
and accordingly in (C>(R"));, where (C°°(QF)); and (C>(R"))} denote the dual
of C>°(Q*) with the topology of uniform convergence on the bounded subsets of
C* (%) and the dual of C*°(R™) with the topology of uniform convergence on the
bounded subsets of C*°(R"™), respectively (cf. e.g., Treves [27, Thm. 28.2]).

Then the above mentioned differentiablity theorem for distributions with com-
pact support in R™ applied to test functions depending on a parameter implies
that the function < 7;(y), Sp(- —y) > is of class C* in R™ \ supp 7 for each j € N.
By the definition of convolution and the convergence of [@8)) in (C*(R™)); we
have

< Tk Sp, 0 >=<1(y), < Su(n), oy +n) >> (4.9)

11



= lim < 7;(y), < Sn(n), ey +n) >>

j—o0

= lim 7i(y) | Sn(m)ely +n)dndy

j—roo R R™

= lim | 7;(y) G y)p(z) dv dy

Jj—o0 R™

= lim /n /nTj(HZ)Sn(w —y) dyp(z) dx

Jj—o0

= lim < 7(y), Sn(z —y) > p(x) dx

j—oo Jgrn

Next we turn to show that the sequence {< 7;(y), Sn(z — y) >} jen converges
uniformly to < 7(y), S, (z —y) > in x € suppp. Since QF has a strictly positive
distance from supp ¢, the set

{Sn(z =) : @ € supp p}
is bounded in C*° (%) and accordingly

lim < 75(y),Sn(z —y) >=<7,8,(x —y) >

J—0o0

uniformly in z € supp (see Treves [27, Chapt. 10, Ex. I, Chapt. 14] for the
definition of topology of C*°(Q#) and of bounded subsets of C°°(Q*)). Hence,

lim < 7i(y), Sn(x —y) > o(z)dz = / < 71(y), Sp(x —y) > ¢(z) dx

J—00 Jpn n

and equality (@3) implies that equality (@) holds true. Moreover, known prop-
erties of the convolution imply that

A(T*S,)=71%(AS,)=7%8 =71 inD'(R"). (4.10)
Since 7 vanishes in R™ \ supp 7, the Weyl lemma implies that the function that

represents the restriction of 7 S, to R™ \ supp 7 is real analytic and harmonic.
O

By applying Proposition[d.3lto 7 = (rltﬁlu), we obtain a formula for the function
that represents the restriction of the distributional volume potential (rltﬁlu) xSy,

to R™ \ Q. Under the assumptions of Definition E2] we set

Pglul = ((ngu)*Sn) in Q, (4.11)

in Q.

i
—
_ﬁﬁ
2l
=
S~—
*
"
SN—

Pq [1()

12



Pg 1] is a distribution in € (which may be a function under some extra assumption
on ). Instead, Proposition .0l implies that Pg, (1] is associated to the function

< (Tfﬁu)(y), Sp(x —y) > Ve,

which is real analytic and harmonic in 7. In accordance with the current lit-
erature, we use the same symbol for a function and for the distribution that is
associated to the function, when no ambiguity can arise.

Next we introduce the following statement that generalizes the known condi-
tion for classical harmonic volume potentials to be harmonic at infinity. For the
convenience of the reader, we include a proof.

Proposition 4.12 Let 7 € D/'(R™) be a distribution with compact support supp 7.
Let 0 be the function from R™ \ supp7 to R that is defined by ({.0) and that
represents the restriction of T Sy, to R™ \ supp 7. Then the following statements
hold.

(i) 0 is harmonic in R™ \ supp .
(i1) If n > 3, then 6 is harmonic at infinity. In particular, lime_,o 0(§) equals 0.

(iii) If n =2, then 0 is harmonic at infinity if and only if < 7,1 >=10. If such a
condition holds, then limg_, o 0(&) equals 0.

Proof. (i) holds by Proposition Since supp 7 is compact, there exists a
bounded open neighborhood QF of supp 7. Then the restriction T of T to Qf is
a distribution in QF with compact support equal to supp 7.
Since 7)ot has compact support, there exists a unique 7 € (COO(QT))I such
that
<TLY >=<T,0 > vy € D(QT)

(cf. e.g., Treves [27, proof of Thm. 24.2]) and accordingly there exist a compact
subset K of Qf that contains supp 7, ¢, k, €]0,+oo[ and m € N such that

| <79 >|<ecrk, sup sup|D7y| Vo € C(Q1). (4.13)

[y|<m Ky

If z € R"\ QF, then there exist a bounded open neighborhood W, of K; and a
bounded open neighborhood W, of z such that W, N W, = (). Possibly replacing
W, with W, N Qf, we can assume that W, C QF. Next we take wg r € C®(R")
such that w, - equals 1 in W, and w equals 0 in W,. Then wy - (y)Sy(x —y) is of
class C* in the variable y € R™ and

0(x)| = | < 7(y), Sulz —y) > | =] < 7(y), Wa,r (¥)Sn(x —y) > | (4.14)
< ek, ‘S|u<p Sup | Dy (wa 7 (y)Sn(z — )|

= Cr, Kk, SUp sup |DZ(Sn($_y))| YV ER”\QT.
[v[€myek
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Now let r¢ €]0,+00[ be such supp7 C B,,(0,79). By the definition of S,, and by
the inequalities (1)), there exists ¢ €]0, +oo[ such that

DS (z —y)| < Mpl|w —y[~M=(""2) vz eR"\ Ky, ye K1, (4.15)

for all n € N™\ {0}. If n > 3 as in statement (ii), then we also have

1
Sz —y)| < ———z —y|" " Ve e R"\ Ky, ye K
[Sne =)l < pmgrle 3l PERM\ K1, y€ Ky
and accordingly
lim sup sup |DJ(Sn(z—y))=0.
T—r 00 "y|§m’y€K1
Hence, the above inequality ([@I4]) implies that statement (ii) holds true.
We now consider case n = 2 as in (iii). If supp7 = 0, then the statement is
obvious. Let suppT # 0, 29 € supp 7. Then we have

0(x) =< 1(y), Sa(z — y) > (4.16)
—<71,1> 8 (x—z0)+ <7,1>S(x—x0) Vo € R?\ K,
and
| <T(y)752($—y)>— <T71>SQ(:E_:I:O)| (417)
=[ <7(Y),wa,r (y)S2(z —y) > — < 7(y), S2(x — 20) > |
= [ <7(y), wa,r (y)S2(z — y) — Sa(z — wo) > |
S Cr Kk, Sup Sup |D;/Y (Ww,r(y)s2(x - y) - 52(:E - xO)) |
[v|<myeKy
=cr K, sup sup |[DJ (S2(z —y) — S2(x —z0))| Ve R*\ K, .
[v|<myeKy
Since

SQ(I—y)—SQ(x—xO)—%log<1—|—<|$_y| —1>>

|z — o]

for all z € R?\ K3, y € K7 and

ly — o]
= | — x|

& =yl — & — ol

Ve e R*\ K1,y € K,

|z — o] B |2 — x|

|z — | 1‘_

inequalities (Z18]) imply that

lim sup sup [Dj (S2(z —y) — S2(z —20)) [ =0
T |y |<my€eK)

and accordingly inequality (£I7) implies that the harmonic function

<7(y),S2(x—y) >—<71,1> So(x — x0)

14



of the variable 2 € R? \ supp 7 is harmonic at infinity. Hence, equality (.I8])
implies that the function 6 is harmonic at infinity if and only if the harmonic
function < 7,1 > So(z — ) is harmonic at infinity in the variable x € R?\ supp 7.
Since < 7,1 > Sa(z — x¢) is harmonic at infinity in the variable z € R? \ supp 7 if
and only if < 7,1 >= 0, the proof of (iii) is complete. |

Then we can apply Proposition .12 to 7 = (rfﬁu) and obtain information on
Py, (1] as in (@II). Then we introduce the following definition.

Definition 4.18 Let « €]0,1], m € N. Let Q be a bounded open subset of R™.
If w € (C™*(Q)) and if Pa[u] is represented by a continuous function in 0 that
admits a continuous extension to Q (that we denote by the same symbol) and if
the harmonic function that represents P, (1] admits a continuous extension to [
(that we denote by the same symbol), and if

Pilil(@) = Palul(@)  Va € o, (4.19)

then we set
Palul(2) = Pilul(a) = Palulx) Ve € 00, (4.20)

In the specific case m = 2, we are interested in distributions p having a-Holder
continuous volume potentials P [u]. Thus we introduce the following definition.

Definition 4.21 Let o €]0,1[. Let Q be a bounded open subset of R™. Let
P2e@ = {ue (@) Pgli € @), (1.22)
Pgu] € CL (), p satisfies condition @IQI)} :
Next we note that the restriction of an element of (C1*(Q))" to C>*(Q) belongs

to (C%(Q))’ and we turn to compute the distributional volume potential for the

specific form of p’s in (Cl’o‘(ﬁ))/ that are extensions of elements of C~1%(Q) in
the sense of Proposition [3.1}

Proposition 4.23 Let n € N\ {0,1}. Let a €]0,1[. Let Q be a bounded open
Lipschitz subset of R™. If f = fo+ >0, aizjfj € C~1(Q), then Po[E*[f]] is the

distribution that is associated to the function
| St = fotwdy (1.2)
23 [ sl e o, + Y o [ Sue )ity
oo =1 9% Ja
for almost all x € R™.
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Proof. If v € D(R"), then
0 S, (x—y)v(:v)d:v—/ i(S’ (x—y))v(z)dx = — iS (x—y)v(z)dz
Ay; Jun " re Oy " wn Oxj "

for all z € R™ (cf. e.g., [B) Prop. 7.6]). Hence, Proposition B] and the Fubini
Theorem imply that

< PalE*[f]], v >=< (rjgB*[f]) * Sn,v >
=< E*[f](y),riq < Su(n),v(y +1) >

fo( ) / n(mo(y +n) dndy
v Z / FE)0) [ Sumuly+ ) duda,

Z Yoy / Sa(mo(y +n) dndy

:/fo / (2 — y)o(x) dedy

+ ; /89 fi(y)(va);(y) /Rn Sn(x —y)v(x) dedo,

—Z/ij(y)aiy_ A Sn(x — y)v(z)dz dy
=1 IR

_ / n /Q Su(x —y) foly) dy v(x)da

#30 [, B0 vy v

- Z / [ 5 (Sula =) ula)dz dy
= /n ; Sn(z —y) foly)dy v(z)dx
T Z/ )i (W) Sn(z — y)doy, v(x)dx

8(2
+; /n Q 3_%.571(% —y) fi(y)dy v(x)dx

and accordingly, Pq[E*[f]] is the distribution that is associated to the function in

2. 0
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Next we introduce the following (known) definition that we need below.

Definition 4.25 Let ) be a bounded open subset of R™ of class C*. If ¢ € C°(952),
then we denote by vq[P| the single (or simple) layer potential with moment (or
density) ¢, i.e., the function from R™ to R defined by

valo)(x) = /asz Sp(z —y)o(y) doy, Vr € R". (4.26)

Under the assumptions of Definition E25] it is known that vq[¢] is continuous in
R™ and we set

vylol = valdlla,  vqldl = valdlia- (4.27)

(cf. e.g., [5, Thm. 4.22]). Then we have the following variant of a known result
(cf. [10, Thm. 3.6 (ii)], [5, Thm. 7.19]), which shows that if f € C~*(Q), then the
extension E*[f] in the sense of Proposition[3.J] determines an element of P~2:%(().

Proposition 4.28 Let o €]0,1[. Let Q2 be a bounded open subset of R™ of class
CY@. Then the following statements hold.

(i) If f = fo+ j_1 g2 fi € C71(Q), then
PEIEF(f]) € CH (), Po[E*[f]] € Ciod (@) (4.29)
and equality (F-20) holds true. Moreover,
APSIEFfl=f  inD(Q). (4.30)
(ii) The map PS[E*[]] is linear and continuous from C~1(Q) to CH*(0Q).

(iii) Let r €)0,+o00| be such that @ C B,(0,r). The map P [E
linear and continuous from C~1*(Q) to C»*(B, (0,7)\ Q).

1S

H]HB 0,M\Q

Proof. For a proof of the first membership in (£29) and of statement (ii), we
refer to [B, Thm. 7.19]. Equality (@30) follows by equalities ([B3]), (£4). Then
equality ([@20) follows by formula (LZZ4), by the continuity in R™ of the single
layer potential with density in C%*(9Q) (cf. e.g., [5, Thm. 4.22]) and by the
continuous differentiability in R of volume potentials with density in C%(€2) (cf.
Theorem [AJ] of the Appendix).

We now prove (iii) by exploiting Lemma [2:9 and thus by following a variant of
the proof of [5 Thm. 7.19].

We first prove that if (fo, f1,...,fn) € (C%*(Q))"!, then the restriction to
B,,(0,7)\ Q of (Z24)) defines an element of C1*(B,,(0,7)\ ) and that the map B_
from (C%*(Q))"*! to C1* (B, (0,7)\Q) that takes (fo, f1,- ., f) to the restriction
to B, (0,7)\ of the term B_{[fo, f1,. .., fn] of (£24) is linear and continuous. Here
we note that

B_[fo. fi- s ful = PoEFElfo, frs s fulll V(oo froe-os fu) € (COX(@)"H
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For the continuity of the first and third addendum of ([.24) from the space
(CO2(Q))" ! to C1(B,,(0,7)\ ), we refer to the classical result Theorem (ii) [A5]
of the Appendix with m = 0. Since vg[-]‘m\g is known to be continuous from

C%(99) to CH*(B,,(0,7)\ Q) (cf. e.g., @EZT), [6, Thm. 7.1 (i)]), the membership
of vq in (CO’O‘(BQ))n and the continuity of the pointwise product in C%<(99)
imply that also the second addendum that defines B_[fo, f1,..., fn] is linear and

continuous from (C%%(Q))"*+! to C1*(B,,(0,7)\ Q). In particular, if f € C~1(Q)
and f() + Z;-Lzl Bizjfﬁ then

PalE s = Pa B ELfo fis- - Fulll g o0 € € (Bal0, 1)\ ).

Then Lemma 2.9 implies that statement (iii) holds true. The last membership in
#29) follows by statement (iii). O

Remark 4.31 We note that if f € C~1(Q), then Proposition [3.1] implies that
E*[f] belongs to (C**(Q))" and accordingly to (C?*(2))'. Then Proposition L.2§
implies that E*[f] belongs to P~2(Q) (cf. Definition EZT]).

5 A distributional form of normal derivative for
Holder continuous solutions of the Poisson equa-
tion

Let a €]0,1[. Let © be a bounded open subset of R™ of class C1*. Let fe
(C?2(Q2))'. We plan to define a normal derivative for a function u € C°(Q) that
satisfies the equality

Au=fio inD(Q). (5.1)
Actually a form of the normal derivative that depends on f too. If u were to
belong to the Sobolev space H'(f2) of functions in L?(2) which have first order

distributional derivatives in L?(Q) and f € (H 1((2))/, then one could classically
define the distributional normal derivative 81/,]?“ to be the only element of the dual

H~1/2(99) of the space H'/?(0Q) of traces on Q of H'(Q) that is defined by the
equality

<0, fu,v >= / DuD(Ev)dz+ < f, Ev > Yo € HY?(09), (5.2)
- Q

where E is any bounded extension operator from H'/2(9Q) to H'(Q) (cf. e.g.,
Lions and Magenes [15], Necas [22, Chapt. 5], Nedelec and Planchard [23] p. 109],
Costabel [4], McLean [I8, Chapt. 4], Mikhailov [19], Mitrea, Mitrea and Mitrea
[21, §4.2]). Then it is known that BU) Fu may well depend on the specific choice of f

such that ﬁ a = Au and it is also known that if we formulate further assumptions
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on u such as Au € L*(), then one could write [,,(Au)Ev dx instead of < f,Ev>
in (B2)) and thus one could define a canonical form d,u of the normal derivative
of w on 99 (with no need of some extra f ). For a discussion on this issue, we refer
to Costabel [4], Mikhailov [19].

In all cases, definition (5.2]) implies that 9, ju is required to satisfy a generalized
form of the classical first Green Identity as in (5.2)).

However functions in C°(Q2) or even in C%(Q) are not necessarily in H'(£2)
(for a discussion on this point we refer to Bramati, Dalla Riva and Luczak [3]).
Thus we now develop the scheme of [12] for case f = 0 and introduce a different
notion of distributional normal derivative 0, u that requires that 0, ru satisfies a
generalized form of the classical second Green Identity. To do so, we mtroduce the
following classical result on the Green operator for the interior Dirichlet problem.
For a proof, we refer for example to [13, §4].

Theorem 5.3 Let m € N, o €]0,1[. Let Q be a bounded open subset of R™ of
class C™@x{m1he - Then the map Ga from C™(9Q) to the closed subspace

C(Q) = {u e C™*(Q),u is harmonic in 2} (5.4)
of C™(Q) that takes v to the only solution v* of the Dirichlet problem

{ Avt=0 inQ,

on 00 (5.5)

P
Vg =Y
is a linear homeomorphism.

Next we introduce the (classical) interior Steklov-Poincaré operator (or interior
Dirichlet-to-Neumann map).

Definition 5.6 Let a €]0,1[. Let Q be a bounded open subset of R™ of class C12.
The classical interior Steklov-Poincaré operator is defined to be the operator S
from

CH(09) to CY*(00) (5.7)

takes v € C1*(9Q) to the function
0
Sivl(x) = Egd#[v] (x) Vo € 0. (5.8)

Since the classical normal derivative is continuous from C*(Q) to C%(99), the
continuity of Gy 4 implies that S, [-] is linear and continuous from C*(9Q) to
C%(99Q). We are now ready to introduce the following definition.

Definition 5.9 Let o €]0,1[, m € {1,2}. Let 2 be a bounded open subset of R™ of
class C™. Let f € (C™(Q)). Ifu € C°(Q) satisfies equation ([G1) in the sense
of dzstmbutzons in ), then we define the distributional normal derivative O L ju to
be the only element of the dual (C™(00Q))" that satisfies the following equahty

<9, ju,v>= /a uSi)do+ < f,Gasv] >  YoeC™*(09).  (5.10)
Q
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Here we have introduced the Definition 5.9 for functions u of C°(Q2) that solve the
Poisson equation (5.1I), but one could do the same also for functions that solve the
Poisson equation (5.1J) in other function spaces that have a trace operator on 92
and in cases in which we do not have information on the integrability of the first
order partial derivatives of u in €.

In case m = 1 and if we further we require that Au belongs to C~%%(Q),
then Proposition 3] implies the existence of a ‘canonical’ extension E*[Au] €
(Cl’o‘(ﬁ))/ of Au (that is an element of C~1*(Q) and accordingly of D’(Q)) and
thus we can define a ‘canonical’ normal derivative of u just by taking f = E*[Au]
in Definition Namely, we can introduce the following definition.

Definition 5.11 Let €]0,1[. Let 2 be a bounded open subset of R"™ of class
Che. Ifue C°%Q) and Au € C~12(Q), then we define the distributional normal
derivative of u by the equality

Ouu = 0y grAuU 5 (5.12)
i.e., Oyu is the only element of the dual (CH*(0))" that satisfies the following
equality

< Opu,v >= / uS, [v] do+ < E*[Aul, Gy 1 [v] > Yo e CH*(09Q). (5.13)
r9)

Remark 5.14 If Au =0, then we have precisely the definition of [I3] §5].

Next we show that if u € C»¥(€2), then the canonical normal derivative of u
coincides with the distribution that is associated to the classical normal derivative
of u. Namely, we prove the following statement.

Lemma 5.15 Let « €]0,1[. Let Q be a bounded open subset of R™ of class C12.
Ifue CH(Q), then

3}
< O, v >=< 0y, grag) U, U >= / Hvdo Yve ch(09Q), (5.16)
o oV

where % in the right hand side denotes the classical normal derivative of u on

09

Proof. Since Au = 77, %687“]_ and aaTuj € 0%(Q) for all j € {1,...,n}, we

have Au € C~1%(Q) and the definition of d,u and Proposition Bl implies that

< Dyu, v >— / Sy [v] do+ < EAu], Ga 1 [v] > (5.17)
o0

0 - ou
= u—@Gg o |v da—!—/ vq)i—vdo
/asz v 4+l asz;( ?)s Iz
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ou 0 Lo
Z/&Ej(%jgd+ v]de Vv e CHY(09).

Since

div (uDGg +[v]) = Du(DGg 4 [v])" +uAGy 1 [v] = Du(DG4 4 [v])" € C*¥(Q),

then the Divergence Theorem implies that

/ up —Gq +[v]do = / div (uDGy 4 [v]) dv = [ Du(DGq 1 [v])" dx

o oV Q Q

for all v € C*(Q) (cf., e.g., [5, Thm. 4.1]). Hence, equality (5.I7) implies the
validity of equality (&.14)). a

In the sequel, we use the classical symbol % also for d,u = 9, gr[a,u When
no ambiguity can arise.

We now introduce an appropriate space of functions for which we can define
the canonical normal derivative as in Definition [5.11] and that we later exploit to
solve the interior Neumann problem.

Definition 5.18 Let a €]0,1[. Let Q be a bounded open subset of R™ of class
Che. Let

CO,Q(Q)A

{u e C™(Q): Auc C—W(ﬁ)} , (5.19)

[ullco.agm) + 1A c-1.0(q) Vu € C%*(Q)a

||U||c<m(ﬁ)A

Since C%(Q2) and C~%%(Q) are Banach spaces, (HUHCO’Q(E)A’ [l - ||CU,Q(§)A) is a

Banach space. We also note that C,?’O‘(ﬁ) C C%*(Q)a and that the inclusion is
continuous.
Next we introduce a function space on the boundary of Q for the normal

derivatives of the functions of C%®(Q)a. To do so, we resort to the following
definition of [I3, Defn. 13.2, 15.10, Thm. 18.1].

Definition 5.20 Let o €]0,1[. Let Q be a bounded open subset of R™ of class
Cl®. Let

V—he(9Q) = {uo + S% (] + pos pn € CO’Q(BQ)} ) (5.21)

171y 1.0 00) = inf{”ﬂOHco,a(aQ) + lpillcoean) : T = po + Si[ul]} ,
vr e V- heE0Q),

where Sﬁ_ is the transpose map of S;.
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As shown in [I3] §13], (V~1*(9Q), || - [|y-1.2(aq)) is a Banach space. By definition
of the norm, C%(99) is continuously embedded into V ~1:%(9§2). Moreover, the
following statement holds (cf. [I3], §18]).

Theorem 5.22 Let o €]0,1[. Let Q be a bounded open subset of R"™ of class C1:2.
Then the map % from the closed subspace C’g’o‘(ﬁ) of C%*(Q) to V-12(9Q) is
linear and continuous. Moreover,
ou
ov
(see (54) for the definition of C,?’a(ﬁ)).
We are now ready to prove the following statement on the continuity of the normal
derivative on C%%(Q)a.

Stlujpa]  VYue CP(Q). (5.23)

Theorem 5.24 Let o €]0,1]. Let Q be a bounded open subset of R™ of class C1.
Then the canonical normal derivative 9, from C%*(Q)a to V=12(9Q) is linear
and continuous.

Proof. By definition, the canonical normal derivative 9, is linear from C%%(Q)a
to (Clvo‘(aQ))/. Next we note that

u=u—PG[EAu]] + PSEAu]]  Vu € CO*(Q)a . (5.25)

By Proposition (i), (ii) and by the definition of norm in C%(Q), the map
Ay from C%%(Q) A to the closed subspace C,?’O‘(ﬁ) of C%%(Q) (see (5.4)) that takes

u to

Aq[u] = u — PE[EAul]
is linear and continuous. By Theorem [(.22] 0, is linear and continuous from
C"*(©) to V=12(9Q). Hence, 8, A1[] is linear and continuous from C%*(Q)a to
V=he(99Q).

By Proposition .28 (i) and by the definition of norm in C%%(Q)a, the operator
PS[E*[AY]] is linear and continuous from C%*(2)a to C1*(2). Then Lemma[5.15
implies that 9, is linear and continuous from C1:%(Q2) to C%(9Q). Since C%*(99)
is continuously embedded into V=12 (99), we conclude that 9, P [E*[A]] is linear
and continuous from C%*(Q)a to V~12(99Q). Hence, the map from C%*(Q)a
to V=12(9Q) that takes u to dyu = 8, A41[u] + 8, (PG [E*[Au]]) is linear and

continuous. O

6 A nonvariational form of the interior Neumann
problem for the Poisson equation

Let a €]0,1[, m € {1,2}. Let £ be a bounded open subset of R" of class C™.
By exploiting the Definition of distributional normal derivative, we can state
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the following Neumann problem. Given fe(@m™Q)), ge (C™*(dQ)), find all
u € C°(Q) such that the following interior Neumann problem is satisfied.

{ Au:fm in D'(Q),

O, ju=g in(C™(OQ)), (6.1)

where 8,]) Fu is as in Definition 5.9 Since the solutions of the Neumann problem
6.1) may well have infinite Dirichlet integral, we address to problem (G.1)) as
‘nonvariational interior Neumann problem for the Poisson equation’.

For the interior nonvariational Neumann problem to have solutions, the data
f and g have to satisfy certain compatibility conditions that are akin to the cor-
responding compatibility conditions for the variational Neumann problem for the
Poisson equation, as we show in the following Lemma (see Section [ for the nota-
tion on the connected components ; of ).

Lemma 6.2 Let o €]0,1[, m € {1,2}. Let Q be a bounded open subset of R"
of class C™*. Let f € (C™*(Q)), g € (C™~(9RQ))'. If the interior Neumann
problem ([6.1) has a solution u € C°(Q), then

<gxoo, >=<fixar >  Vie{l,....x"}. (6.3)

Proof. First we note that ypq, is locally constant on 02 and that accordingly
xoq, € C™*(0Q) for all j € {1,...,xT}. Next we note that Xg; solves the
Dirichlet problem (B.5]) with v = xaq, and that accordingly Ga +[xaq;] = X
Hence, the validity of the interior Neumann problem (G.IJ) implies that

< 9,x00, >=<90, ju,xo0, >

0 . _
= / “ Gt o do+ < f,Ga,+[xo0,] >
0 ov

8)(9* ~ ~
_ i _ ; +
_/mu £y da+<f,ij >—<f,ij> Vie{l,...,k"}.

O

Then by Remark 514] and by [I3], §7], we have the following statement that
shows that the possible continuous solutions of the nonvariational interior Neu-
mann problem (G.I)) are unique up to locally constant functions, exactly as in the
classical case.

Theorem 6.4 Let o €]0,1[, m € {1,2}. Let Q be a bounded open subset of R™ of
class C™*. Let f € (C™*(Q)), g € (C™(99))".

If ui, ug € C°(Q) solve the interior Neumann problem (6.1)), then ui — uz
s constant in each connected component of Q. In particular, all solutions of the
nonvariational interior Neumann problem in C°(Q) can be obtained by adding
to ui an arbitrary function which is constant on the closure of each connected
component of €.
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In this paper, we solve the nonvariational interior Neumann problem (G.1) in the
case in which m = 1 and the datum f in the interior is of the form f = E*f]
for some f € C~1%(Q) and in case solutions admit a canonical normal derivative
as in Definition 5111 To do so, we reformulate problem (6.1) as in the following
elementary statement.

Proposition 6.5 Let a €]0,1[. Let Q be a bounded open subset of R™ of class
Che. Let f € C~5%(Q). Then a function u € C°(Q) such that Au € C~H%(Q)
satisfies the nonvariational Neumann problem (61) with f = E4[f], m =1 if and
only if u satisfies the following interior nonvariational Neumann problem

{ Au=f nD(Q),

du—g in (CLo(dQ), (6.6)

where Oy,u is the canonical normal derivative as in Definition [5.111

Proof. By Proposition B}, we have E*[f]|o = f. Then the nonvariational Neu-
mann problem (BI) with f = E*[f], m = 1 holds if and only if

{Au—f in D'(Q),

By piu=g in (CL2(09)) . (6.7)

Next we note that equality Au = f in D’(Q), the membership of Au in C~1(0Q)
and Proposition B imply that E*[Au] = E*[f]. Then problem (6.7) is equivalent

to problem
Au=f in D'(Q),
6U,Eﬁ[Au]u =g in (Cl,a(aQ))/ )
i.e., to problem (6.0]). O

We are now ready to prove the following existence theorem.

Theorem 6.8 Let €]0,1[. Let 2 be a bounded open subset of R"™ of class C1.
If (f,g) € C~H2(Q) x V=-12(9Q) and if

< g,X00; >=Za,|f] Vie{l,...,k"}, (6.9)

then the interior nonvariational Neumann problem (6.6]) has at least a solution u €
CO(Q)a (for the definition of I, ], see Proposition [ZI0). All other solutions
in C°(Q) can be obtained by adding to u a function that is constant on the closure
of each connected component of ). Moreover, the operator (A,d,) from C%%(Q)a
to the closed subspace

{(f,9) € CTH(Q) x V71(09) : < g, x00, >=To,[f] Vj € {1,...,kT}} (6.10)

of C~1(Q) x V=12(9Q) that takes u to (Au,d,u) is a linear and continuous sur-
jection and the null space Ker (A, d,) consists of the functions which are constant
on the closure of each connected component of €.
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Proof. If f = fo+ >, a%lfz € C~1(Q), then PIE!f]] € CH*(Q) and
API[EF[f]] = f in Q (see Proposition EE28). We now show that the interior

Neumann problem

Ah =0 in Q,
{ duh =g — ZPIIES] on 09 (6.11)
has a solution h € C%*(Q). By Proposition E28, we have Pg[EF[f]] € C1(Q)
and accordingly

8%7’6 [E*[f]] € C*°(09) € V™12(09).

Thus it suffices to show that g satisfies the compatibility conditions

<o S PHE o, >=0 Vi€ (L.}
Vo
for the data of the nonvariational interior Neumann problem for the Laplace op-
erator (cf. [I3} §20]).

By 4) and the classical Theorem of the Appendix with m = 0 we
have PE[Ef]] € C?%(Q) for all I € {1,...,n}. Then ([30) implies that
API[E*[fi]] = 1 in Q for all [ € {1,...,n}. By known results on the single layer
potential, vy [f1(va)] belongs to C1*(2) and is harmonic in Q for all l € {1,...,n}
(cf. e.g., (£2T), [5, Thm. 4.25]). Then formula (Z24)) for Pg [E*[f]], the Divergence
Theorem (cf. e.g., [5, Thm. 4.1]), the first Green Identity (cf. e.g., [5 Thm. 4.2]),
and Proposition on the definition of Zo; imply that

0 0
<g—=—P3fl. xo0, >=< g, X090, > — / —PS[EY[f]] do =< g,x00, >
P

Ovg o, v
_ _73 |do —
o0, g 7 [fol do / 89, ; va)s (Z oz, )
_Z UQ [fi(va) do
=<9, X0, / Jodo —/ Z va)s (Z P L] ) o
Q s=1 =1

=<g,x00; > —Lq, fo + Z

o,
oy
S(ia )]

=<g,x00, > —Iq; fo + Z %Apg[fz]]
. =1

] "
=<g,x00, > —ZIa; |fo+ Z 8_‘751][!}
L =1
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=<g,x00, > —Io,[f]=0 Vje{l,....x"}.

Hence, the nonvariational interior Neumann problem for the Laplace operator
(61D has a solution h € C%*(Q) (cf. [13, §20]).

Then u = h + Pg [E*[f]] belongs to C%(Q) and solves the Neumann problem
of the statement, i.e., (Au,d,u) = (f, g).

Since the components of (A,d,) are linear and continuous, (A, d,) is linear
and continuous from C%%(Q)a to C~1%(Q) x V=1%(9Q) (see the Definition 518
of nom in C%*(Q2)a and Theorem [5.24).

Nex we show that if u € C%®(Q)a, then the pair (Au, d,u) belongs to the space
in (@I0). If u € C%*(Q)a, then the compatibility conditions of Lemma and
Proposition on the formulation of the Neumann problem with the canonical
normal derivative imply that

< dyu, xo0; >=< EF[Au], xq, > vie{l,...,x"}. (6.12)

Since Au € C~1(Q), there exists (fo, ..., fn) € CO*(Q)"*! such that
Au = fo + i if
=Jo s !
and thus Proposition 210/ on Zg, and Proposition B.1] (ii) imply that

Eﬁ[Au],xm >= /Q fodx + /69 Z(UQ)[fl do (6.13)

J =1
n

o
1=1 7<%

Hence, equalities (6.12) and (G.I3]) imply that the pair (Au,d,u) belongs to the
space in (G10).

By the above argument, the operator (A, %) is surjective onto the space in
@I0). By Theorem [6.4] and Proposition 65, we know that all other solutions
in C°(Q2) can be obtained by adding to u a locally constant function and that
Ker (A, d,) consists of the functions which are locally constant in €.

By Proposition 2.10] the operator Zg; from C~5%(Q) to R is linear and con-
tinuous. Since the operator from V~1%(99) to R that takes g to < g, XxoQ; >
is linear and continuous, then the map from C~1*(Q)a x V=1(9Q) to R that
takes (f, g) to < g, xa0, > —Zq,[f] is linear and continuous for all j € {1,...,xT}.

Thus the space in ([6.10) is closed in C~1%(Q) x V~1%(9Q). O

X ) n
= dr = To, [Au] Vie{l,...,k"}.
ox;
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A Appendix: Classical properties of the harmonic
volume potential

We now present some classical results on the harmonic volume potential in the
specific form that we need in the paper.

Theorem A.1 Let 2 be a bounded open subset of R™. Then the following state-
ments hold.

(i) If n > 3, then the volume potential Pq[-] is linear and continuous from
L>(Q) to CL(R™) and

5} ISy,

g, Lolll@) = /Q or, C W W)y Ve ER” (A.2)

for all f € L*°(Q2) and j € {1,...,n}.
(i) If n = 2, then the restriction PQ[']‘W of the volume potential is linear

and continuous from L>(Q) to Cy(B,(0,7)) for all r €]0,+00[ such that
Q CB,(0,7) and formula (A2) holds true.

Proof. Let ¢ € L*°(Q). By Gilbarg and Trudinger [8, Lem. 4.1] (see also [5]
Prop. 7.6]) and by the classical differentiability theorem for integrals depending
on a parameter (for z € R™\ Q), we have Po[f] € C*(R") and formula (A.2)) holds
true for n > 2. The elementary inequality

My (AN B, (z, 7)) < wpr™ Vr €]0, +oo[

implies that 2 is upper (n — 1)-Ahlfors regular with respect to R™ (cf. [IT}, (1.4)]).
Then Lemma 3.4 of [T1] implies that

d
¢l = sup / Y < 400 (A.3)
vern Jo [ —yl*

for all s €]0,n[ (an inequality that one could also prove directly by elementary
calculus). In case n = 2, we also note that

sup {|o — y"/2log |z — yl : @ € Ba(0.7), y € Qz Ay <o (Ad)

for all r €]0,+oo[ as in (ii). Then the Holder inequality, formula (A2) and in-
equalities (A.3), (A4) imply the validity of statements (i), (ii). 0

By Proposition[Adland by a classical result, we can state the following theorem
(cf. e.g., Miranda [20, Thm. 3.1, p. 320]).

Theorem A.5 Let m € N, a €]0,1[. Let  be a bounded open subset of R™ of
class C™ L% Then the following statements hold.
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(i) Pa[] is linear and continuous from C™<(Q) to C™+22(Q).

(i) Pq ] is linear and continuous from C™(Q) to C™+2%(B,(0,7) \ ) for all
7 €]0, +00[ such that Q C B, (0,7).
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