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Abstract—Probabilistic Error Cancellation (PEC) aims to im-
prove the accuracy of expectation values for observables. This is
accomplished using the probabilistic insertion of recovery gates,
which correspond to the inverse of errors. However, the inserted
recovery gates also induce errors. Thus, it is difficult to obtain
accurate expectation values with PEC since the estimator of PEC
has a bias due to noise induced by recovery gates. To address this
challenge, we propose an improved version of PEC that considers
the noise resulting from gate insertion, called Feed-Forward PEC
(FFPEC). FFPEC provides an unbiased estimator of expectation
values by cancelling out the noise induced by recovery gates.
We demonstrate that FFPEC yields more accurate expectation
values compared to conventional PEC method through numerical
simulations with bit-flip and depolarizing noises.

Index Terms—Quantum Error Mitigation, Probabilistic Error
Cancellation, Quantum Algorithm

I. INTRODUCTION

Fascinated by the possibilities of high-speed computing
with quantum computers, many quantum algorithms have
been proposed to tackle problems that require a lot of cal-
culation time even in classical computers, such as quantum
chemical calculations [1], [2] and combinatorial optimization
problems [3], [4]. These algorithms require expectation values

of some observables to obtain a solution. However, since a
Noisy Intermediate-Scale Quantum (NISQ) computer [5] is not
equipped with error correction systems for noises, the accuracy
of an expectation value obtained from measurement outcomes
of a quantum computer is inevitably degraded by the noises.
To obtain a meaningful result from a NISQ computer, quantum
error mitigation (QEM) techniques without additional qubits
have been proposed to suppress the effects of noises [6]–[19].

Probabilistic Error Cancellation (PEC) is one of the most
well-known QEM techniques used to reduce noises caused by
quantum gate operations [6], [8], [13], [14], [16]. The key idea
of PEC is to cancel out noise Λ induced by a quantum gate
operation by adding an operation corresponding to the inverse
of the noise. This operation to cancel the noise is represented
as a linear combination of quantum gates. To cancel out the
noise in this way, PEC requires a full characterization of the
noise such as its probability to occur and its inverse. If we have
full knowledge of the noise, it is possible to obtain an unbiased
estimator for the expectation value of an ideal quantum circuit,
through statistical post-processing of measurement outcomes.

Using PEC, an unbiased estimator for an ideal expectation
value can be obtained with a variance of O(γ2), where γ ≥ 1
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is a factor that increases exponentially with the number of
quantum gates in a quantum circuit. To obtain an expectation
value with a high accuracy, a large number of shots is essential
to reduce the variance. So, this γ is called thesampling
overhead. From a practical standpoint, it is important to reduce
the value of γ. Some methods have been proposed to minimize
the sampling overhead γ by decomposing a quantum circuit
with a set of gate operations that a quantum computer supports
[20], [21].

The characterization of noise and the reduction of sampling
overhead described above are necessary to obtain more accu-
rate expectation values with PEC. However, in practical, there
is a limit to the accuracy of expectation values that can be
obtained even if the noise can be well-characterized because
recovery gates (gates inserted to cancel noise) induce noise
again. Thus, the PEC estimator has a bias due to noise induced
by applying the recovery gate [22]. Since recovery gates are
also run on noisy quantum computers, it is difficult to reduce
this bias to zero. Exploring methods to reduce the bias of
the PEC estimator to zero is necessary to obtain an accurate
expectation value, while reluctantly accepting noises caused
by recovery gates.

In this paper, we study a method to achieve zero bias in
the PEC estimator even with noises induced by recovery gate
applied. We propose an error mitigation method, named the
Feed-Forward PEC (FFPEC), which addresses noises induced
by recovery gate operations in PEC process to reduce the
bias to zero. The key idea of FFPEC is to cancel out noises
induced by the recovery gates by defining an inverse map of
noise including these noises. Although the sampling cost γ of
FFPEC is slightly larger than that of the standard PEC, the
expectation values for the FFPEC estimator is expected to be
closer to an exact expectation value than for the standard PEC.

The present paper is organized as follows. First, we give a
background for standard PEC technique and two well-known
noise models, bit-flip error and depolarizing error in Sec. II. In
Sec. III, we present the Feed-Forward PEC. Then, numerical
experiments are conducted to evaluate the performance of
FFPEC by comparing it with the standard PEC in Sec. IV.
Finally, we conclude about FFPEC in Sec. V.

II. BACKGROUND

We first briefly introduce the Probabilistic Error Cancella-
tion (PEC) [6], [23]. We also introduce two commonly used
noise models, bit-flip and depolarizing, and their inverses for
PEC.

A. Probabilistic Error Cancellation

We first introduce the notations required to explain the PEC
procedure. We consider an n qubits system. Let Q denote a
unitary trace-preserving completely positive (TPCP) map of
an ideal quantum circuit on the n qubits system, ρin denote
the input quantum state to this circuit Q and ρout denote the
output quantum state after applying the circuit Q to the input
state ρin with a noisy quantum computer. The circuit Q can
be represented as Q(ρ) = QρQ† with a corresponding unitary

matrix Q for any quantum state ρ. In addition, the quantum
circuit Q consists of NG ideal quantum gates as follows:

Q := UNG
◦ UNG−1 ◦ · · · U2 ◦ U1, (1)

where ◦ represents a composition of TPCP maps, and each
Ui is a unitary TPCP map corresponding to a quantum gate
Ui. Suppose that a quantum circuit Q is executed on a noisy
quantum computer and that each noise Λi is induced for each
gate Ui. So, the output quantum state ρout is written as:

ρout = ΛNG
◦ UNG

◦ ΛNG−1 ◦ UNG−1 · · ·Λ1 ◦ U1(ρin). (2)

We denote an ideal output quantum state as ρideal
out := Q(ρin),

then an ideal expectation value of an observable M is written
as ⟨M⟩ideal := Tr

[
Mρideal

out

]
.

The objective of PEC is to provide an expectation value
with a good accuracy while executing a quantum circuit on a
noisy quantum computer. The key idea of PEC is to cancel out
noises Λi which occurs after Ui executed by adding its inverse
Λ−1
i . By cancelling out noises in such a way, PEC can provide

an expectation value ⟨M⟩Q via statistical post-processing. To
simplify, we describe the PEC process using a single quantum
gate U . After that, the PEC process is explained for a general
quantum circuit. We assume that there exists a gate set {Ri}
that is implemented on a quantum computer so that the inverse
map of noise Λ−1 can be represented as a linear combination
with elements of this set as a basis:

Λ−1 =
∑
i

qiRi, (3)

where each qi is a real number (pseudo-probability) and
satisfies

∑
i qi = 1 [6]. Then we have

U = Λ−1ΛU =
∑
i

qiRiΛU = γ
∑
i

σisgn(qi)RiΛU , (4)

with γ =
∑

i |qi|, σi = |qi|/γ. Factor γ is the sampling
overhead, and each σi is the insertion probability of gate Ri,
and sgn(qi) = ±1 means a parity corresponding to gate Ri.

Using γ, the expectation value of observable M can be
expressed as follows:

⟨M⟩U = γ
∑
i

σi

〈
µeff
i

〉
, (5)

where µeff
i = sgn(qi)mi and mi is the measurement outcome

of the state RiΛU(ρin), which is generated by applying the
gate Ri with probability σi after applying gate Ui. Multiplying
the outcome µi by the parity sgn(qi) corresponding to Ri

gives µeff
i . The expectation value of the random variable γµeff

is approximately an unbiased estimator of ⟨M⟩U .
To obtain an expectation value ⟨M⟩Q of an observable M

with a quantum circuit Q, we apply the process stated above
for Q. Applying the above process to the quantum circuit Q =∏NG

k=1 Uk, we have

NG∏
k=1

Uk =

NG∏
k=1

γ(k)
∑

i1,··· ,iNG

NG∏
k=1

sgn(qik)

NG∏
k=1

σik

NG∏
k=1

RikΛkUk,

(6)



with Uk = γ(k)
∑

ik
sgn(qik)σikRikΛkUk. We can obtain

a random variable µeff by executing a circuit modified by
operation Rik added with probability σik and multiplying
sign

∏NG

k=1 sgn(qik) to measurement outcome. The expectation
value

〈
µeff

〉
is obtained by repeating this process, and finally

we obtain the expectation value ⟨M⟩Q = γtot
〈
µeff

〉
, where

γtot =
∏NG

k=1 γ
(k). The estimator ⟨M⟩Q is unbiased for the

exact expectation value ⟨M⟩ideal.

B. Bit-flip and Depolarizing noises

We introduce two noise models, bit-flip and depolarizing
[24], which are used in our experiments. To explain these
noises, we denote I,X ,Y , and Z as trace-preserving com-
pletely positive (TPCP) maps corresponding to the pauli ma-
trices I,X, Y , and Z, respectively. Similarly, II, IX , . . . ,ZZ
also represent TPCP maps corresponding to couples of pauli
matrices II, IX, . . . , ZZ. In addition, single qubit state and
two qubits state denote as ρ and ρ′, respectively. The error
rate is p for both noises.

1) Bit-flip for single qubit state: Let B1 denote a TPCP
map of the bit-flip noise on a single qubit state ρ as follows:

B1(ρ) = (1− p)I(ρ) + pX (ρ). (7)

The inverse map of B1 is written as follows [25]:

B−1
1 (ρ) = (1− q)I(ρ) + qX (ρ), (8)

where

q =
−p

1− 2p
. (9)

The sampling cost is γ = 1/(1 − 2p), which gives that the
insertion probability of pauli X gate is p.

2) Bit-flip for two qubits state: Let B2 denote a TPCP map
of the bit-flip noise on two qubits state ρ′ as follows:

B2(ρ
′) =(1− p)2II(ρ′) + (1− p)pIX (ρ′)

+ p(1− p)XI(ρ′) + p2XX (ρ′). (10)

The inverse map of B2 is written as follows:

B−1
2 (ρ′) =(1− q)2II(ρ′) + (1− q)qIX (ρ′)

+ q(1− q)XI(ρ′) + q2XX (ρ′),
(11)

where

q =
−p

1− 2p
, (12)

which is obtained by solving equation B−1
2 (B2(ρ

′)) = ρ′.
Note that there are two solutions for q since this equation is a
quadratic for q, thus the solution q [Eq. (12)] that minimizes
the sampling cost must be chosen [6]. The sampling cost is
γ = 1/(1 − 2p)2, which gives that the insertion probabilities
of pauli gates IX , XI , and XX are (1− p)p, p(1− p), and
p2, respectively.

3) Depolarizing for single qubit state: Let D1 denote a
TPCP map of the depolarizing noise on a single qubit state ρ
as follows:

D1(ρ) =

(
1− 3p

4

)
I(ρ) + p

4
(X (ρ) + Y(ρ) + Z(ρ)). (13)

The inverse map of D1 is written as follows [25]:

D−1
1 (ρ) =

(
1− 3q

4

)
I(ρ) + q

4
(X (ρ) +Y(ρ) +Z(ρ)), (14)

where

q =
−p

1− p
. (15)

The sampling cost is γ = (1+ p/2)/(1− p), which gives that
the insertion probabilities of pauli gates X,Y , and Z are all
the same value p/(4 + 2p).

4) Depolarizing for two qubits state: Let D2 denote a TPCP
map of the depolarizing noise on two qubits state ρ′ as follows:

D2(ρ
′) =

(
1− 15p

16

)
II(ρ′) + p

16
(IX (ρ′) + · · ·+ZZ(ρ′)).

(16)
The inverse map of D2 is written as follows [25]:

D−1
2 (ρ′) =

(
1− 15q

16

)
II(ρ′)

+
q

16
(IX (ρ′) + IY(ρ′) + · · ·+ ZZ(ρ′)),

(17)

where

q =
−p

1− p
. (18)

The sampling cost is γ = (1 + 7p/8)/(1 − p), which gives
that the insertion probabilities of pauli gates IX, IY, . . ., and
ZZ are all the same value p/(16 + 14p).

III. FEED-FORWARD PEC

We introduce Feed-Forward Probabilistic Error Cancellation
(FFPEC) to obtain a more accurate expectation value by
defining a new inverse map of noise taking a noise induced
by recovery gate insertion. The calculation process of FFPEC
is the same as PEC calculation process with the new inverse
map instead of a conventional inverse map of noise. In the
following, we give the idea of FFPEC how to determine
a new inverse map of noise with two well-known noise
models, bit-flip and depolarizing. Moreover, we show insertion
probabilities of recovery gates and sampling costs for bit-
flip and depolarizing for FFPEC. Here, we assume that the
noise caused by the gate operation and the probability p of its
occurrence are given and small p ≪ 0.5. Since recovery gate
added is also gate operation, the probability of noise induced
by the recovery gate is required to be the same as p.



A. Bit-Flip for single qubit state

We present how to determine our inverse map of bit-flip
on a single qubit state for FFPEC. In conventional PEC, the
inverse map of bit-flip B−1

1 [Eq. (8)] is used to cancel out the
bit-flip noise. To cancel out the noise in PEC, pauli X gate is
inserted after a single qubit gate operation with the insertion
probability σ = p. FFPEC employs a modified inverse map by
taking the bit-flip noise on pauli X gate inserted as a recovery
gate as shown in Fig. 1. So, we define a noisy version of B−1

1

as follows:

B̃−1
1 (ρ) = (1− q)I(ρ) + qX̃ (ρ) (19)

= [(1− q) + qp]I(ρ) + q(1− q)X (ρ), (20)

where q is a real number and X̃ is a noisy version of X for
bit-flip written as follows:

X̃ (ρ) = B1(X (ρ)) = (1− p)X (ρ) + pI(ρ). (21)

For FFPEC, the parameter q is essential and we can obtain
the q by solving equation B̃−1

1 (B1(ρ)) = ρ, then we have

q =
−p

1− 3p+ 2p2
=

−p

(1− 2p)(1− p)
. (22)

The sampling cost is γ = (1− p+2p2)/[(1− 2p)(1− p)] and
the insertion probability of pauli X gate is p/(1− p+ 2p2).

Fig. 1: Tree diagram with a noisy recovery gate in a single qubit
bit-flip. FFPEC finds q taking into account noise due to the
recovery gate.

B. Bit-Flip for two qubits state

A modified version of inverse of bit-flip for two qubits state
is also defined by the same consideration as for single qubit
state, stated the above section. Let B̃−1

2 denote a noisy version
of B−1

2 as follows:

B̃−1
2 (ρ′) =(1− q)2II(ρ′) + (1− q)qIX̃ (ρ′)

+ q(1− q)X̃ I(ρ′) + q2X̃ X̃ (ρ′), (23)

where q is a real number, and IX̃ , X̃ I, and X̃ X̃ are noisy
version of IX ,XI, and XX as follows:

IX̃ (ρ′) =(1− p)IX (ρ′) + pII(ρ′), (24)

X̃ I(ρ′) =(1− p)XI(ρ′) + pII(ρ′), (25)

X̃ X̃ (ρ′) =(1− p)2XX (ρ′) + (1− p)pXI(ρ′)
+ p(1− p)IX (ρ′) + p2II(ρ′). (26)

Substituting these three maps into Eq. (23), we have the
inverse B̃−1

2 :

B̃−1
2 (ρ′) =[(1− q)2 + (1− q)pq + q(1− q)p+ p2q2]II(ρ′)

+ [(1− q)q(1− p) + q2p(1− p)]IX (ρ′)

+ [q(1− q)(1− p) + q2(1− p)p]XI(ρ′)
+ [q2(1− p)2]XX (ρ′).

(27)

We can obtain the q by solving equation B̃−1
2 (B2(ρ

′)) = ρ′,
then we have

q =
−p

(1− 2p)(1− p)
. (28)

Note that there are two solutions for q since the equation is a
quadratic for q, thus the solution q [Eq. (28)] that minimizes
the sampling cost must be chosen. The sampling cost is γ =
(1− p+ 2p2)2/[(1− 2p)(1− p)]2. The insertion probabilities
of pauli gates IX,XI , and XX are (1 − 2p + 2p2)p/(1 −
p+ 2p2)2, p(1− 2p+ 2p2)/(1− p+ 2p2)2, and p2/(1− p+
2p2)2, respectively. In practical, the identity I included in two
recovery gates IX and XI is not inserted. Only X gate is
inserted.

C. Depolarizing for single qubit state

We explain how to determine an inverse map of depolarizing
on a single qubit state for FFPEC. Let D̃−1

1 denote a noisy
version of D−1

1 as follows:

D̃−1
1 (ρ) =

(
1− 3q

4

)
I(ρ) + q

4
(X̃ (ρ) + Ỹ(ρ) + Z̃(ρ)), (29)

where X̃ , Ỹ , and Z̃ are noisy version of X ,Y , and Z for
depolarizing, respectively. These are represented as follows:

X̃ (ρ) =

(
1− 3p

4

)
X (ρ) +

p

4
(I(ρ) + Z(ρ) + Y(ρ)), (30)

Ỹ(ρ) =

(
1− 3p

4

)
Y(ρ) +

p

4
(Z(ρ) + I(ρ) + X (ρ)), (31)

Z̃(ρ) =

(
1− 3p

4

)
Z(ρ) +

p

4
(Y(ρ) + X (ρ) + I(ρ)). (32)

To obtain the parameter q for FFPEC, equation D̃−1
1 (D1(ρ)) =

ρ is solved. Then we have

q =
−4p

4− 5p+ p2
=

−4p

(1− p)(4− p)
. (33)

The sampling cost is γ = (4 + p + p2)/[(1 − p)(4 − p)] and
the insertion probabilities of pauli gates X , Y , and Z are all
the same value 4p/(4 + p+ p2).



D. Depolarizing for two qubis state

A modified inverse of depolarizing for two qubits is also
determined by a similar way as for single qubit state explained
the previous section. Let D̃−1

2 denote a noisy version of D−1
2

as follows:

D̃−1
2 (ρ′) =

(
1− 15q

16

)
II(ρ′)

+
q

16
(ĨX (ρ′) + ĨY(ρ′) + · · ·+ Z̃Z(ρ′)),

(34)

where ĨX , ĨY, . . . , Z̃Z are noisy versions of Pauli maps
corresponding to IX , IY, . . . ,ZZ . Each ĨX , ĨY, . . . , Z̃Z is
represented as follows:

ĨX (ρ′) =

(
1− 15p

16

)
IX (ρ′) +

p

16

∑
P∈{I,X ,Y,Z}⊗2\{IX}

P(ρ′),

(35)

ĨY(ρ′) =

(
1− 15p

16

)
IY(ρ′) +

p

16

∑
P∈{I,X ,Y,Z}⊗2\{IY}

P(ρ′),

(36)
...

Z̃Z(ρ′) =

(
1− 15p

16

)
ZZ(ρ′) +

p

16

∑
P∈{I,X ,Y,Z}⊗2\{ZZ}

P(ρ′).

(37)

To obtain the parameter q, equation D̃−1
2 (D2(ρ

′)) = ρ′ is
solved. Then we have

q =
−16p

16− 17p+ p2
=

−16p

(1− p)(16− p)
. (38)

The sampling cost is γ = (16+13p+p2)/[(1−p)(16−p)] and
the insertion probabilities of pauli gates IX, . . ., and ZZ are
all the same value p/(16+13p+ p2). The identity I included
in IX, IY, . . . , and ZI gates is inserted as a recovery gate.

IV. NUMERICAL EXPERIMENTS

We show some numerical experiments to investigate the
accuracy of expectation values obtained by FFPEC. To run
noisy simulations, we use Qiskit [26].

A. Problem Settings

Bit-flip and depolarizing noise models are used. The error
rate for both noises is p = 0.01. Table I summarizes the
insertion probabilities of recovery gates for PEC and FFPEC
at p = 0.01. In the case of bit-flip noise, the insertion
probabilities of recovery gates for FFPEC are relatively about
1% higher than that for PEC for both single qubit and two
qubits gates. In the case of depolarizing noise, on the other
hand, the insertion probabilities of recovery gates for FFPEC
are slightly higher than those of PEC. It is about 0.25%
for single qubit gate and by about 0.06% for two qubits
gate. To investigate these effects of the insertion probabilities
on the accuracy of expectation values, the four experiments

listed below are addressed for each noise, using three circuits
consisting of basic quantum gates as shown in Fig. 2:
(a) investigation of the estimated accuracy for the single

qubit gate with circuit 2(a),
(b) investigation of the estimated accuracy for the two qubits

gate with circuit 2(b),
(c) investigation of the estimated accuracy of expectation

values for a quantum circuit with mixed single qubit and
two qubits gates with circuit 2(c), and

(d) investigating the relationship between the number of
quantum gates and the accuracy with circuit 2(c).

In the experiments, initial state |0⟩⊗6 and observable
ZZZZZZ are used. The exact expectation value of the
observable in this case is either 1 or −1. For each listed
experiment, the expectation values are obtained for different
number of measurements 2000, 4000, 6000, 8000, and 10000.
For each number of measurements, 4000 samplings are taken
to evaluate the accuracies, averages, and standard deviations.
The accuracies of PEC and FFPEC estimators are also evalu-
ated by the absolute error between this average and the exact
solution.

TABLE I: Total insertion probability of recovery gates for one noisy
gate with p = 0.01.

Noise Type PEC FFPEC Relative
difference

Bit-Flip single qubit gate 0.010000 0.010099 0.009897
two qubits gate 0.019896 0.020096 0.009847

Depolarizing single qubit gate 0.007463 0.007481 0.002469
two qubits gate 0.009294 0.009299 0.000614

TABLE II: Sampling overheads with p = 0.01.

Noise Type PEC FFPEC

Bit-Flip

γ for single qubit gate 1.020408 1.020614
γ for two qubits gate 1.041233 1.041654

γtot of (a) 3.360744 3.401724
γtot of (b) 3.360744 3.401724
γtot of (c) 3.360744 3.401724

Depolarizing

γ for single qubit gate 1.015152 1.015189
γ for two qubits gate 1.018939 1.018951

γtot of (a) 2.465199 2.470738
γtot of (b) 1.755701 1.756314
γtot of (c) 2.080421 2.083121

B. Numerical results and Discussions

The sampling costs of each circuit for FFPEC in bit-flip
are 0.04 larger than that for PEC, summarized in Table II. In
depolarizing, the sampling costs for FFPEC are slightly larger
than that for PEC but are matched to 1 decimal place for
the both circuits 2(a) and 2(c), and to 2 decimal places for the
circuit 2(b). Thus, the standard deviation of expectation values
obtained from the same number of measurements is almost the
same as shown in the left panels of Fig. 3 for the result of
bit-flip, and Fig. 4 for the result of depolarizing, respectively.

We focus on the averages of expectation values. In the
bit-flip results (right side of Fig. 3), the average absolute



(a)
(b)

(c)

Fig. 2: Three types of 6 qubits quantum circuits used in experiments. The circuit 2(a) consists of 60 X gates. The circuit 2(b) consists of
30 CNOT gates. The circuit 2(c) is a combination of circuit 2(a) and circuit 2(b). The circuit depth is 10 for all three circuits.

Fig. 3: Accuracy of expectation values with bit-flip: Results with
circuit 2(a) at the top, circuit 2(b) at the middle, and circuit
2(c) at the bottom. The figure on the left shows the average
and standard deviation with 4000 samples for each shots. The
black dashed line represents the exact expectation value of 1.
The figure on the right shows the absolute error between the
average and the exact expectation value.

Fig. 4: Accuracy of expectation values with depolarizing: Results
with circuit 2(a) at the top, circuit 2(b) at the middle, and
circuit 2(c) at the bottom. The figure on the left shows the
average and standard deviation with 4000 samples for each
shots. The black dashed line represents the exact expectation
value of 1. The figure on the right shows the absolute error
between the average and the exact expectation value.



Fig. 5: Relationships between the number of gates in a circuit (depth)
and the accuracy with bit-flip: the accuracy of the expectation
value using a circuit which is produced by concatenating the
circuit 2(c) twice, three times, and four times. Since the depth
of circuit 2(c) is 10, the circuit with depth 20, 30, and 40
is a circuit connecting twice, three, and four times circuits
2(c). The expectation value for the depth 20 circuit is -1,
thus an absolute value is taken for comparison for this case.
The left figure shows the average and standard deviation of
4000 samples, and the right figure shows the absolute error
between the average and the exact expectation value. Here,
10000 measurements are taken per sample.

error (red line) of the PEC estimator is about 10−2 for all
experimental circuits, and the error remains similar even when
the number of measurements increases. On the other hand,
the error in the average of the FFPEC estimators (green
line) is approximately 1 digit better than that of PEC in
all of experimental circuits. These results indicate that slight
difference of insertion probabilities lead to improve accuracies.
FFPEC is capable of providing a more accurate expectation
value with the same number of measurements as that of PEC
in bit-flip noise.

From the results of depolarizing (right upper side of Fig. 4)
with the circuit 2(a), FFPEC provides more accurate expecta-
tion values than that of PEC. On the other hand, the accuracy
of the expectation values with FFPEC is similar to that of PEC
when using circuits containing CNOT gates (2(b) and 2(c)).
Since the difference of the insertion probabilities between
FFPEC and PEC is 0.25%, 4000 samples would be not enough
to detect this difference. Using a larger number of samples, it
is possible to reveal this difference. Based on these results, it is
expected that even with circuits containing CNOT gates under
depolarizing noise, FFPEC can provide expectation values
with accuracy same to or better than PEC.

Figure 5 shows the relationship between the number of
circuit depths and the accuracy of expectation values under
bit-flip noise. The circuit by connecting two (three or four)
pieces of the circuit 2(c) is used.

As the number of gates increases, the sampling cost also
increases, so if the number of measurements is fixed, the
standard deviation increases as shown in Fig. 5 (left side).
Furthermore, since increasing the number of depths inevitably
leads to increasing the number of induced noises, the accuracy
of expectation values become worse, as shown in Fig. 5
(right side). FFPEC also exhibits a decrease in accuracy with
an increase in the number of depths, but it provides better

accuracy than PEC.
Similar to PEC, FFPEC also has a limitation in terms of

achievable accuracy due to the noise caused by recovery gates.
However, we expect that FFPEC can provide the same as or
more accurate expectation values than PEC with the same
number of measurements even if the circuit depth is larger.

V. CONCLUSION

We explore an improved version of PEC to achieve zero
bias for the estimator of expectation values even with recovery
gates inducing noises that is a realistic situation. We pro-
pose Feed-Forward Probabilistic Error Cancellation (FFPEC)
method, which can provide a zero bias estimator even in
such situation. The key idea of FFPEC is to define a new
inverse map of noise to cancel out noises induced by recovery
gates. To demonstrate the effect of FFPEC, new versions of
inverse maps for bit-flip and depolarizing noises are provided
and numerical experiments are conducted. Numerical results
show that FFPEC can provide more accurate expectation
values than PEC with all experimental circuits in bit-flip
noise. In depolarizing noise, FFPEC can provide more accurate
expectation values with circuit consisting of only single qubit
gates. In the case of using circuits including CNOT gates, on
the other hand, FFPEC can give expectation values with the
same accuracy as PEC.
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