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Closing the Gap: Achieving Global Convergence (Last Iterate) of Actor-Critic
under Markovian Sampling with Neural Network Parametrization
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Abstract

The current state-of-the-art theoretical analy-
sis of Actor-Critic (AC) algorithms significantly
lags in addressing the practical aspects of AC
implementations. This crucial gap needs bridg-
ing to bring the analysis in line with practi-
cal implementations of AC. To address this, we
advocate for considering the MMCLG criteria:
Multi-layer neural network parametrization for
actor/critic, Markovian sampling, Continuous
state-action spaces, the performance of the Last
iterate, and Global optimality. These aspects
are practically significant and have been largely
overlooked in existing theoretical analyses of AC
algorithms. In this work, we address these gaps
by providing the first comprehensive theoretical
analysis of AC algorithms that encompasses all
five crucial practical aspects (covers MMCLG
criteria). We establish global convergence sam-
ple complexity bounds of o (6’3). We achieve
this result through our novel use of the weak
gradient domination property of MDP’s and our
unique analysis of the error in critic estimation.

1. Introduction

Actor-Critic (AC) algorithms (Konda & Tsitsiklis, 1999)
have emerged as a cornerstone in modern reinforce-
ment learning, showcasing remarkable versatility and
effectiveness across a diverse range of applications
such as games (Leuenberger & Wiering, 2018), robotics
(Pane et al., 2016), autonomous driving (Tang et al., 2022),
ride-sharing (Li et al., 2019), and recommender systems
(Li et al., 2020). At their core, AC algorithms aim to maxi-
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mize the expected returns, denoted by .J(\), where A € R?
is the actor parameter. The algorithms involves an inter-
play between the gradient ascent for the actor parameter
and the estimation of the action value function or critic.
Theoretical analysis of AC algorithms, however, often lags
behind their practical implementations. Due to the practical
use of multi-layer neural network parameterizations for the
actor as well as critic, an important observation in recent
research is the widening gap between theoretical models
and real-world applicability. True insights are gained when
theoretical analysis mirrors practical complexities, even if
it means accepting more conservative bounds for the sake
of realism. Our focus in this work is to close this gap be-
tween theoretical analysis and practical implementations of
AC algorithms.

To align closely with practical settings, it is essential
that any theoretical analysis of Actor-Critic (AC) algo-
rithms thoroughly considers five crucial aspects. These
are (a) Multi-layer neural network parametrization for ac-
tor/critic, (b) Markovian sampling, (c) Continuous state-
action spaces, (d) performance of the Last iterate, and
(e) Global optimality. The significance of the MMCLG
criteria lies in its alignment with practical implementa-
tions: Deep neural networks are commonly used for actor-
critic implementations (Lee et al., 2020), data in real-world
scenarios is typically sampled in a Markovian fashion
(Zhong et al., 2019), and most applications, like robotics,
operate in continuous spaces (Dankwa & Zheng, 2019).
Furthermore, in practice, the last iterate of the algorithms is
used to evaluate performance (Wang & Hu, 2023). Finally
for training neural networks, the global convergence truly
matters, as local convergence can be misleading in evaluat-
ing the effectiveness of the trained network (Swirszcz et al.,
2016).

The existing literature (cf. Table 1), while extensive,
does not have any works that simultaneously address the
above-mentioned five dimensions (MMCLG). There ex-
ist works which have achieved local convergence (which
upper bound the quantity Z?:l [[VJ(A)|[?) for finite
state spaces for Multi-layer settings with Markovian sam-
pling (Tian et al., 2023)]. Another set of results have ob-
tained Global optimality results known as average iter-
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Table 1. This table summarizes the features of different actor-critic convergence results. Our result is the first to provide last iterate
sample complexity results of AC for an MDP setting with multi layer neural network for the actor-critic, continuous state and action
space, Markovian sampling and global optimality results on the last iterate performance.

References Per. of Global Continuous State | Multi Layer | Markovian Sample
Last Iterate | Optimality Action Space NN AC Sampling | Complexity
(Xu et al., 2020b) X X O(e™?)
(Khodadadian et al., 2021) X X X O(e™?)
(Xu et al., 2020a) X X O(e2)
(Xu et al., 2021) X X O(e™)
(Wang et al., 2020) X X X X O(e™%)
(Cayci et al., 2022) X X X X O(e™)
(Fu et al., 2021) X X X O(e9)
(Tian et al., 2023) X X X X O(e7?)
This work O(e?)

ate complexity bounds or regret bounds. These estab-
lish an upper bound on the quantity Z;szl (J* = J(\r))
known as the regret. For a linear critic parametrization,
such Global optimality bounds have been established in
(Xu et al., 2020a) for Markovian sampling. For a neu-
ral network actor and critic parameterization (Cayci et al.,
2022), establishes Global optimality where the actor and
critic neural networks have a single hidden layer, while
(Fu et al., 2021) does so for a Multi Layer neural network
of arbitrary depth. Notably, none of the above works focus
on the last iterate convergence aspect, which requires an
upper bound on J* — J(Ar). Also none of the works hav-
ing a Multi Layer neural network of arbitrary depth work
for Continuous state-action spaces. Hence, in this work,
we ask this question

Is it possible to develop a theoretical analysis of actor-
critic algorithm that covers all MMCLG criteria in one
analysis?

The above question essentially implies that can we obtain
Global sample complexity bounds for the Last iterate con-
vergence of the actor-critic algorithm with a Multi-layer
neural network parametrization of the critic, without as-
suming i.i.d. sampling (under Markovian) for Continuous
spaces? We answer the above question in the affirmative in
this work. Our main contributions as listed as follows.

* We establish an upper bound on the performance of
the Last Iterate J* — J(Ar) in terms of the sum
of the errors incurred in the estimation of the critic.
This is done using our novel analysis combining the
smoothness assumption on the policy parametriza-
tion and the weak gradient bound condition for MDP.
This analysis is different from existing works such as
(Fatkhullin et al., 2023), (Masiha et al., 2022), where
an upper bound on the last iterate performance is ob-
tained using an unbiased estimator of the policy gra-

dient using sample trajectories. This is not available
to us in actor critic where a parametric estimate of
the critic is used and we have to account for the er-
ror incurred in critic estimation. Our analysis does not
rely on the cardinality of the action space, unlike in
existing multi layer critic analyses such as (Fu et al.,
2021) thereby, our Global convergence bound works
for Continous state-action spaces.

In the analysis of critic error estimation, we derived a
novel decomposition of error. The error is split into
the error incurred due to the limited approximation
ability of the class of function representing the critic
and the error incurred due to the limited sample size to
estimate the critic, as well as the error incurred in solv-
ing the critic estimate in a finite number of steps. This
decomposition allows us to consider the Markov de-
pendence of samples and a Multi-layer neural network
parametrization of the critic, which is the first result
that achieves this. This is in contrast to (Cayci et al.,
2022; Fu et al., 2021), where i.i.d. sampling was as-
sumed.

* We derive a last iterate convergence sample complex-
ity bound of O (€72) for the actor-critic algorithm with
neural network parameterizations for the critic and the
actor. True to our knowledge, this work is the first
to present a last iterate global convergence result for
an actor-critic algorithm with neural network critic
parametrization. It is also the best sample complex-
ity for global convergence in terms of e for an actor-
critic algorithm with a neural network parametrization
of the critic.

2. Related Works

Policy Gradient: Policy gradient algorithms, first concep-
tualized in (Sutton, 1988) perform a gradient step on the
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parameters to obtain an estimate of the optimal policy. The
estimate of the action value (or advantage) function is ob-
tained by following the current estimate of the policy and
calculating the action value function from the obtained re-
wards. In such a case, sample complexity estimates are
possible without the need to assume parametric form of the
action value function as is done in (Agarwal et al., 2021).
It obtained a sample complexity bound of O (Z). Fur-
ther improvements have been obtained in (Liu et al., 2020;
Mondal & Aggarwal, 2023), where the proposed algorithm
in (Mondal & Aggarwal, 2023) achieves a sample com-
plexity of O (6%) Note that these results were all average
iterate convergence results. More recently, works such as
(Fatkhullin et al., 2023; Masiha et al., 2022) have obtained
last iterate convergence of policy gradient algorithms.

Actor Critic:First conceptualized in (Sutton et al., 1999b),
actor critic methods aim to combine the benefits of the pol-
icy gradient methods and -learning based methods. Local
convergence results results for Actor Critic were obtained
in (Castro & Meir, 2010) and (Maei, 2018). More recently
average iterate convergence results actor critic using a lin-
ear critic have been obtained in (Khodadadian et al., 2021;
Xu et al., 2020b) with the best known sample complexity
of O (%) in (Xuetal., 2020a). Average iterate conver-
gence for Actor Critic where neural networks are used to
represent the actor and critic are obtained in works such
as (Fuetal.,, 2021; Wang et al., 2020) which obtain sam-
ple complexities of o (E%) and O (6%) respectively . More
recently works such as (Tian et al., 2023) obtain local con-
vergence results with a sample complexity of O (%), with
a finite state and action space, limiting the practicality of
the algorithm.

Last Iterate Convergence: In optimization literature, the
strongest convergence bound for an algorithm that can be
obtained is known as a last iterate convergence bound. It
can be written as

) = f(A) < O(n(2)). (M

Here, f is the objective function of interest to be maxi-
mized. )\; is the parameter obtained at the #*" iteration
of the algorithm and A\* is the optimal parameter corre-
sponding to the highest possible value of the objective
function and h is some function of the number of it-
eration and possibly the sample size needed at each it-
eration. Such results were typically proven for gradi-
ent descent-type algorithms for convex objective functions
(Boyd & Vandenberghe, 2004; Balkanski & Singer, 2017).
In many modern machine learning applications, the objec-
tive function of interest is non-convex. This means many
convergence results only demonstrate a local convergence,
which can be written as %25:1 V)2 < O(R(t)),
which only guarantees that the algorithm will converge to a
local optimum. Example of such results are in works such

as (Li & Orabona, 2019; Chen et al., 2023) and (Tian et al.,
2023).

In policy gradient methods, stronger convergence results
can be proved with additional ‘compatible function ap-
proximation’ assumptions (Sutton et al., 1999a). An upper
bound is established on the regret defined as

S - fE) SOGW) @
i=1

Unlike the local convergence results, this is an example of
global convergence and thus far is the only type of global
convergence shown for actor critic methods.

In order to establish an upper bound on f(A\*) — f(A;) for
non-convex f(x), (Polyak, 1963) established the notion of
weak gradient bound defined as

pIVE@T < FO7) = F(V) ©)

where p is a positive constant that depends on the function
f and « € [1,2]. We note that using this condition, last it-
erate convergence results have been demonstrated for non-
convex optimization in works such as (Yue et al., 2023) and
(Doan, 2022). For an MDP setup, under standard assump-
tions, a PL like condition was established in (Ding et al.,
2022). This has been used in policy gradient works such
as (Masiha et al., 2022; Fatkhullin et al., 2023) to establish
last iterate convergence.

LLD. vs Markov Sampling in AC: Prior analyses of AC
algorithms with neural network actor and critic algorithms
such as (Wang et al., 2020; Cayci et al., 2022; Fuetal.,
2021) all rely on local linearization of the neural networks.
These techniques assume that the samples are drawn inde-
pendently from the stationary distribution of a fixed pol-
icy. However, as is shown in (Mnih et al., 2013), Q-
learning algorithms with deep neural networks require the
use of target networks and experience replay to converge.
(Lillicrap et al., 2015) showed the same is the case for actor
critic algorithms particularly for cases with continuous ac-
tion spaces. Thus, the sampling approach (which is iid) in
existing analyses for AC with neural network parametriza-
tions is not applicable in practice, and we need conver-
gence analysis under Markovian sampling to better reflect
the practical cases in theory.

3. Problem Setup Continued

We define the Bellman operator for a policy 7 as follows

(T™Q)(s,a) =r(s,a) + v/QW(SI,W(s’))P(dS'B, a),
4)

where r(s,a) = E(r'(s,a)|(s,a)) Similarly we define the
Bellman Optimality Operator as
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Similarly we define the Bellman Optimality Operator as

TQ)(s.) = (r(s.0) + mayy [ Q)P
(%)

Further, operator P™ is defined as

PTQ(s,a) = [E[Q(S/v CL/)|S/ ~ P(-[s,a), a' ~ 7T('|S/)]a

(6)
which is the one step Markov transition operator for pol-
icy m for the Markov chain defined on & x A with the
transition dynamics given by S;y1 ~ P(:|St, A) and
A¢r1 ~ 7(+|St41). It defines a distribution on the state
action space after one transition from the initial state. Sim-
ilarly, P™ P™2 ... P™n is the m-step Markov transition op-
erator following policy 7, at steps 1 < ¢t < m. It defines
a distribution on the state action space after m transitions
from the initial state. We have the relation

(T™Q)(s,a) = r(s,a) —|—7/@”(8',7r(s’))P(ds'|s,a)
@)
= T(S’ a) + V(PWQ)(Sa a) (3)

We thus defines P* as

P*Q(s,a) = max E[Q(s, a')|s" ~ P([s,a)], (9)
acA
in other words, P* is the one step Markov transition op-
erator with respect to the greedy policy of the function on
which it is acting.

For any measurable function f : S x A :— R, we also
define
E(f), = fdv, (10)

SxA
for any distribution v € P(S x A).

4. Actor Critic Algorithm

In an actor-critic algorithm (Konda & Tsitsiklis, 1999), the
aim is to maximize the expected return given by

']()\) = [ESNU,U,NTI')\(.‘S)QTF)\ (Sa a) (11)

A policy gradient step is performed to update the policy
parameters of the actor. This policy update requires us to
calculate the @ function for the current estimate of the op-
timal policy. For our setup, the policy is parameterized as
{mx,A € A} and A C R? where d is a positive integer.
We have K total iterations of the Algorithm. At iteration
k, the policy parameters are updated using a natural policy
gradient step given by

)\k-i—l =\ + OékV)\J(/\k), (12)

Algorithm 1 Actor Critic with Neural Parametrization
Input: S, A,~, Time Horizon K € Z , sample batch size
n € Z, resample batch size L € Z, Updates per time
step J € Z ,starting state sampling distribution v, Actor
step size o, Critic step size ﬁl, starting actor parameter
Ao,

1: forke{1,---,K}do

2. forje{l,---,J}do

3: Sample n tuples (s, a,r, s ) by following the pol-
icy m** from a starting state distribution v and
store the tuples.

4: Initialize 6y using a standard Gaussian for
all elements of weight matrices and bp from
Unif(—1, 1) for the bias vector.

5: forie {1,---,L} do

6: Sample a tuple (s;,a;,7;,8i+1) with equal

probability from the stored dataset
: Sety; =7 + YQk,j—1(Sit1, Qit1)s
8: 0; = (0i-1+8 (yi—Qo, (55, @) VQa, (5, as))

9: 0; =Ty, 1 (9;)
»(A-v)
10: end for

11: Qk,; = Qg where 0 = %25:1(91‘)
12:  end for
130 dy =3 350, Vieg(m(ailsi)Qx,s (sir ai)
14:  Update A\pr1 = M + (§) %
15: end for

Output: my,,,

From the policy gradient theorem in (Sutton et al., 1999b)
we have

V}\k VAR (V) = [Es,a(VIOg(TrAk (a|8))Qﬂ>\k (S’ CL)), (13)

where s ~ d,,"*,a ~ my, (.|s). For the actor-critic setup,
we maintain a parameterized estimate of the QQ-function,
which is updated at each step and is used to approximate
Q™. An estimate of its parameters is obtained by solving
an optimization of the form

argmin [, ,(Q™* — Qg)?, (14)
6co

where s ~ d, ", a ~ 7y, (.]s), © is the space of parame-
ters for the critic neural networks, and D is the neural net-
work corresponding to the parameter 6. This step is known
as the critic step. We summarize the Actor-Critic approach
in Algorithm 1. It has one main for loop indexed by the
iteration counter k. The first inner for loop indexed by j is
the loop where the critic step is performed. At a fixed iter-
ation k of the main for loop and iteration 5 of the first inner
for loop, we solve the following optimization problem

argmin E o (7™ Qp,j—1(s,a) — Qa(s,a))?,  (15)
fcO
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This is the target network technique. For the inner loop at
iteration j, the target is 7™+ Qy, j—1(s,a). The first inner
for loop has a nested inner for loop indexed by ¢ where
the optimization step for the current target is performed.
Note that in line 10 I'g, (1_-)-1 represents the projection
operator on the ball of radius (1 — )~! centered on 6 in
the space ©. Formally this set is defined as 0 = {#€©:
Wi = WRll < (1—7)"LVh € {1,-- D~ 1}}.

Here the tuples (s;,a;,7;,S;4+1) are sampled randomly
from the stores dataset and the optimization is performed
using this sampled data. This random sampling on line 7
is the experience replay technique. The target network is
updated at the end this loop indexed by ¢. The inner loop
indexed by j controls how many times the target network
is updated.

5. Theoretical Analysis: Global Convergence
5.1. Assumptions

Before stating the main result, we formally describe the re-
quired assumptions in this subsection.

Assumption 1. For any A\, A1, 2 € A and (s,a) €
(S x A) we have

(i) [|Viog(mx, )(als) — Viog(ma,)(als)ll2 < Bl|A —
AQ 2

(ii) [|Viog(mx, )(als)|l2 < My,

(i) Eg o gmn aromy (o1s) (Vogma(als)) (Viogma (a|s))T <
pyla

where 3, Mg, iy > 0.

Such assumptions have been utilized in prior pol-
icy gradient based works such as (Masiha et al., 2022;
Fatkhullin et al., 2023) and actor critic using linear critic
such as (Xu et al., 2020a). The most common form of the
policy used with neural network parameterization and infi-
nite action spaces are Gaussian policies, first used in (Doya,
2000). This assumption is used in global convergence re-
sults for neural critic parameterization such as (Fu et al.,
2021; Wang et al., 2020), which restrict their analysis to
energy-based policies for finite action spaces. Similarly,
(Cayci et al., 2022) only considers soft-max policies which
are a simplification of energy based policies. However,
as (Fatkhullin et al., 2023) points out, soft-max and energy
based policies do not always satisfy (ii7), while Gaussian
policies are shown to satisfy this assumption for sufficiently
deep neural networks as shown in (Feng et al., 2022).

Assumption 2. For any A € A, let wy be the cor-
responding policy, v be the starting distribution over
the state space, and let (> be the corresponding sta-

tionary state action distribution. We assume that there
exists a positive integer p such that for every positive
integer T and all (s,a) € S x A

drv (P((sr,ar) € “[(s0,a0) = (s,0)), G*(-)) < pp’,

This assumption implies that the Markov chain is geomet-
rically mixing. Such assumption is widely used both in
the analysis of stochastic gradient descent literature such
as (Doan, 2022; Sun et al., 2018), as well as finite time
analysis of RL algorithms such as (Xu et al., 2020a). In
(Fuetal.,, 2021), it is assumed that data can be sampled
from the stationary distribution of a given policy. Instead,
in practice we can only sample from a Markov chain which
has a stationary distribution as the desired distribution to
sample from.

Assumption 3. For any fixed A € A we have

E (A”(s, a)—(1-— v)w*()\)TV10g(7r,\)(a|s)>2

< €bias
Here, the expectation is over s~ d™,a~ 7
and w*(\) = F\)IVJ(A) where F(\) =

[ESNd,T,r)‘ ,a~my(+]s) (VIOgﬂ}\ (a|s))(V]~Ogﬂ—)\ (a’|s))T

(Wang et al., 2020) proves that this error goes to zero
if both the actor and critic are represented by over-
parametrised neural networks. This assumption allows
us to establish the weak gradient bound property for our
MDP setup. It is used in policy gradient works such
as (Yuan et al., 2022; Masiha et al., 2022; Fatkhullin et al.,
2023) to establish last iterate convergence.

Assumption 4. For any fixed € © and \ € A we
have

R (Q91 (Sa CL) - Tﬂ-XQG(Sv a))2 < €approx

min £
s,a~Cy

0,0’

This assumption ensures that a class of neural networks
are able to approximate the function obtained by apply-
ing the Bellman operator to a neural network of the same
class. Similar assumptions are taken in (Fu et al., 2021;
Wang et al., 2020). In works such as (Cayci et al., 2022;
Xu & Gu, 2020), stronger assumptions are made wherein
the function class used for critic parametrization is assumed
to be able to approximate any smooth function.

Before we move on to the main result, we want to state
the key lemma proved in (Ding et al., 2022), that is used to
obtain the last iterate convergence.

Lemma 1. If Assumptions I and 2 hold then for any
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fixed A € A we have

VAT (X)) = J(N) < € + VI,

7 N 2
where € = 7#;/;;(;@5 and p = Qﬁ/f[g
5.2. Main Result

Next, we present the main result.

Theorem 1. Suppose Assumptions 1-4 hold and we

have o = ﬁ and ﬂ/ = % then from Algorithm 1

we obtain
JO") = J(n) <O G) 0 <%)
+0( L) + 0wtk
+0(v") + O(Veias)
+ O(\/Eapproa)-

Hence, for T = O(e7Y), J = O (log (1)), n =
O (6’2), L=0 (6’4) we have

JA*) = J(\e) <e+ @(m_éD%)
+ @ (\/ 6bias) ar @(m)) 9

which implies a sample complexity of t - J - n =

(5 (6’3).

The fourth term is the consequence of the finite size of the
critic neural network. Such terms are present in other re-
sults where multi layer neural network parametrizations are
used such as (Fu et al., 2021) and (Tian et al., 2023). We
can see that as the width of the neural network tends to in-
finity these terms go to zero. This is in keeping with Neu-
ral Tanget Kernet (NTK) theory (Jacot et al., 2018), which
states that in the infinite width limit neural networks con-
verge to linear functions.

Another key point here is that a last iterate sample com-
plexity of O (¢7?) also implies the same average iterate
sample complexity. This is shown in Appendix C.

6. Proof Sketch of Theorem 1

The proof is split into two stages. In the first stage, we show
how to obtain the last iterate performance gap as a function
of the errors incurred in estimating the critic at each step.
The second part decomposes the critic estimation error into
its constituent components, which are bounded separately.

Upper Bounding Last Iterate Performance Gap: Under
Assumption 1, (Yuan et al., 2022) proves that the expected
return is a smooth function. Thus, we have

JAir1) = J(Ae) + (VI(Ae)s A1 — Ae)
+ Lyl Aegr = Al (16)

Here, L; is the smoothnes parameter of the expexted re-
turn and \; denotes the critic parameters ate iteration ¢ of
Algorithm 1 . From this, using Assumption 2, the weak
gradient domination property proved in (Ding et al., 2022),
we obtain the following

T* = J(e1) T = J(A) = mep (J* = T (M)
+ 0| [ VI () — de|
+ L[| A1 — M| % (17)

The key step now is recursively applying this condition and
and substitute the result back in Equation (17). We thus
obtain the following result.

o.M, b=t
JN) = J(\) <—2 Z([EIQA’“(&OL) — Qk,s(s,a)])
k=0
+(3) oo - s00)
+ LJtO‘Q + O(Vam). (18)

Here, we have used the identity VJ(\)(s,a) =
Vlog(Ai(als))@Q* (s,a). The details of this are given in
Appendix C.

We thus obtain an upper bound on the last iterate optimality
gap in terms of the previous optimlaity gap and the differ-
ence between the true gradient V.J(\;) and our estimate
of the true gradient d;. Thus far we obtained an upper
bound on the Global optimality of the Performance of the
last iterate. Since we do not have any terms that are func-
tions of the cardinality of the state and action space, the
analysis is valid for a Continous Action Space. Since the
only restriction on the policy parametrization is smooth-
ness, this analysis holds for a Multi Layer Neural Network
actor parametrization.

Upper Bounding Error in Critic Step:

The critic error at each step is equivalent to solving the fol-
lowing optimization problem

argmin E, ,(Q™r — Qg)?, (19)
heco’

where s ~ d, %, a ~ 7y, (.]s). We denote as Qs as our
estimate of the Q™ x. We obtain the following result for
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the for the action value function ()

J—1
Esal Q™% = Qusl <Y 7" HP™) T Ele
j=1
J 1
= (20)
l—x

where € = T™*» Qy, j—1 — Qk,; 1S error incurred at iteration
7 of the first inner for loop and iteration & of the outer for
loop of Algorithm 1. In doing so, we have split the error
incurred in estimating the critic at each step into the errors
in estimating the target function at each iteration of the in-
ner loop indexed by j. The first term on the right hand
side of Equation (20) denotes this error, in works such as
(Farahmand et al., 2010) this is known as the algorithmic
error. The second term on the right hand side is called as
the statistical error, which is the error incurred due to the
random nature of the system. Intuitively, the error in es-
timating the target function depends on how much data is
collected at each iteration, how many samples we take in
the buffer replay step and how well our function class can
approximate 7™ )y, j_1, i.e., the target function. Build-
ing upon this intuition, we split € into four different com-
ponents as follows.

€k, =1 Qpj—1 — Q,j
1 1 2
=T Qpj1 — Qp ; + @k j — Qi

2
k.J

1
€k.j

+ Q%] - sz + Q%] — Qk,j

3 4
€k.i €Ki

=€k + € Tyt e (21)

€

The first two components are dependent on the approxi-
mating power of the class of neural networks. The third
term is dependent on the number of samples collected
from the policy, for which the corresponding () function
is to be measured. This is the term that will account for
the Markovian Sampling. Finally, the last term is depen-
dent on the number of samples in the buffer replay step
and accounts for the Multi Layer Neural Network critic
parametrization.

We now formally define the terms introduced above. We
first define the various Q-functions and then define the cor-
responding errors. We start by defining the best possible
approximation of the function 77>« Q) j_1 possible from
the class of neural networks, with respect to the expected
square from the true ground truth 7™ Q, ;_1.

Definition 1. For iteration k of the outer for loop and
iteration j of the first inner for loop of Algorithm 1,

we define
Q;lw = argmin E(Qg(s,a) — T™k Qg ;—1(s,a))?,
Qo,0€0’

where (s,a) ~ C, " (s, a).

Note that we do not have access to the transition probability
kernel P, hence we do not know T7™*«. To alleviate this, we
use the observed next state and actions instead. Using this,
we define Q%,j as,

Definition 2. For iteration k of the outer for loop and
iteration j of the first inner for loop of Algorithm 1,
we define

Q}; = argminE(Qo(s,a)
Q6,0€0
- (T/(Sva)+7Qk,j—l(slva/))27
Here the expectation is  with  respect to

(s,a) ~ (% (s,a), 8" ~ P(s']s,a), 7'(-|s,a) ~ R(-|s,a)
and o ~ 7 (.|s ). To obtain Qz_j, we still need to com-
pute the true expected value in Equation (22). However,
we still do not know the transition function P. We thus
sample transitions obtained from following the policy 7**
and minimize the corresponding empirical loss function as
follows. Consider the set of n state-action pairs sampled
by starting from a state action distribution v and following
policy 7**, using which we define Q%j as,

Definition 3. For the set of n state action pairs sam-
pled in iteration k of the outer for loop and iteration j
of the first inner for loop of Algorithm 1 we define

n

Q%j = arg min 1 Z (Q@(Si, a;)

Qo,0c0’ T i=1

2
— (Ti + YRk, j—1(Si+1, ai+1)))
(22)

Qﬁy ; is the best possible approximation for (-value
function which minimizes the sample average of the
square loss functions with the target values as (n- +
YQk j—1(Sit+1, ai+1)). In other words, this is the optimal
solution for fitting the observed data.

We now defined the errors using the @ functions just de-
fined. We start by defining the approximation error which
represents the difference between the function 7™ Q;_;
and its best approximation possible from the class of neu-
ral networks used for critic parametrization denoted by

1
Qk,j'
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Definition 4 (Approximation Error). For a given it-
eration k of the outer for loop and iteration j of the
first inner for loop of Algorithm I, we define, 6,1” =

T™% Qg j-1 — Q} ;-

This error is a measure of the approximation power of the
class of neural networks we use to represent the critic. We
upper bound this error in Lemma 4 in Appendix B.

We also define Estimation Error which denotes the error
between the best approximation of 77>« Q) ;j—1 possible
from the class of neural networks denoted by Q3  and the

J
minimizer of the loss function in Definition 2 denoted by

2
Qk,j'

Definition 5 (Estimation Error). For a given iteration
k of the outer for loop and iteration j of the first inner
for loop of Algorithm I, we define, e;j = Q,lw —Q;j.

We demonstrate that this error is zero in Lemma 5 in Ap-
pendix B.

We now define the Sampling error, which denotes the dif-
ference between the minimizer of expected loss function in
(22) denoted by Q% ; and the minimizer of the empirical
loss function in Definition (2) denoted by Qﬁy ;- We can see
that intuitively, the more samples we have the closer these
two functions will be. We use Rademacher complexity re-
sults to upper bound this error. Thus this error is a function
of the number of samples of transitions collected. We ac-
count for the Markov dependence of the transitions in this
error.

Definition 6 (Sampling Error). For a given iteration
k of the outer for loop and iteration j of the first inner
for loop of Algorithm 1, we define, ei)j = Qij —Qi)j.

An upper bound on this error is established in Lemma 6 in
Appendix B.

Finally, we define optimization error which denotes the dif-
ference between the minimizer of the empirical square loss
function, Qi,, and our estimate of this minimizer that is
obtained from the gradient descent algorithm.

Definition 7 (Optimization Error). For a given iter-
ation k of the outer for loop and iteration j of the
first inner for loop of Algorithm I, we define, ei =

Q%,j — Qkj-

The key insight we use to bound this error is the fact that the
loss function in Definition (3) can be treated as an expected
loss function, with a weight of % over all n transition sam-
ples. We thus bound this error using tools established in
(Fu et al.,, 2021) in Lemma 7 in Appendix B.

7. Conclusions

In this paper, we study an actor critic algorithm with a neu-
ral network used to represent both the the critic and find
the sample complexity guarantees for the algorithm. We
show that our approach achieves a last iterate convergence
sample complexity of O(¢~3). We do so without assum-
ing i.i.d. sampling and without the restriction of the finite
action space.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are no potential societal con-
sequences of our work.



Global Optimality of Actor-Critic Algorithms

References

Agarwal, A., Kakade, S. M., Lee, J. D., and Mahajan, G.
On the theory of policy gradient methods: Optimality,
approximation, and distribution shift.  Journal of
Machine Learning Research, 22(98):1-76, 2021. URL

http://jmlr.org/papers/v22/19-736.html.

Allen-Zhu, Z., Li, Y., and Song, Z. A convergence theory
for deep learning via over-parameterization. In Chaud-
huri, K. and Salakhutdinov, R. (eds.), Proceedings of
the 36th International Conference on Machine Learn-
ing, volume 97 of Proceedings of Machine Learning
Research, pp. 242-252. PMLR, 09-15 Jun 2019. URL

Doan, T. T. Finite-time analysis of markov gradient de-
scent. IEEE Transactions on Automatic Control, pp. 1-1,
2022. doi: 10.1109/TAC.2022.3172593.

Doya, K. Reinforcement learning in continuous time and
space. Neural computation, 12(1):219-245,2000.

Farahmand, A.-m., Szepesvdri, C., and Munos, R. Error
propagation for approximate policy and value iteration.

Advances in Neural Information Processing Systems, 23,
2010.

Fatkhullin, I., Barakat, A., Kireeva, A., and He, N. Stochas-
tic policy gradient methods: Improved sample complex-
ity for fisher-non-degenerate policies. In International

https://proceedings.mlr.press/v97/allen- Zh@%y?ﬁre@ﬁ*g%nMachmeLearnmg 2023.

Balkanski, E. and Singer, Y. The sample complexity of op-
timizing a convex function. In Conference on Learning
Theory, pp. 275-301. PMLR, 2017.

Bertail, P. and Portier, F. Rademacher complexity for
markov chains: Applications to kernel smoothing and
metropolis—hastings. Bernoulli, 25:3912-3938, 11 2019.
doi: 10.3150/19-BEJ1115.

Boyd, S. and Vandenberghe, L. Convex Op-
timization. Cambridge  University  Press,
March 2004. ISBN 0521833787. URL

Jac
http://www.amazon. com/exec/obldos/redlrect9%

Castro, D. D. and Meir, R. A convergent online single
time scale actor critic algorithm. The Journal of Machine
Learning Research, 11:367-410, 2010.

Cayci, S., He, N., and Srikant, R. Finite-time analysis of
entropy-regularized neural natural actor-critic algorithm.
arXiv preprint arXiv:2206.00833,2022.

Chen, X., Karimi, B., Zhao, W., and Li, P. On the con-
vergence of decentralized adaptive gradient methods.
In Khan, E. and Gonen, M. (eds.), Proceedings of
The 14th Asian Conference on Machine Learning,
volume 189 of Proceedings of Machine Learning
Research, pp. 217-232. PMLR, 12-14 Dec 2023. URL

https://proceedings.mlr.press/v189/chen23b

Dankwa, S. and Zheng, W. Twin-delayed ddpg: A deep
reinforcement learning technique to model a continuous
movement of an intelligent robot agent. In Proceedings
of the 3rd international conference on vision, image and
signal processing, pp. 1-5, 2019.

Ding, Y., Zhang, J., and Lavaei, J. On the global optimum
convergence of momentum-based policy gradient. In
International Conference on Artificial Intelligence and
Statistics, pp. 1910-1934. PMLR, 2022.

Feng, R., Zheng, K., Huang, Y., Zhao, D., Jordan,
M., and Zha, Z.-J. Rank diminishing in deep
neural networks. In Oh, A. H., Agarwal, A., Bel-
grave, D., and Cho, K. (eds.), Advances in Neu-
ral Information Processing Systems, 2022.  URL

https://openreview.net/forum?id=tIgzLF f3kk.

Fu,Z., Yang, Z., and Wang, Z. Single-timescale actor-critic
provably finds globally optimal policy. In International
Conference on Learning Representations, 2021. URL

https://openreview.net/forum?id=pgZV_srUVmK.

t, A., Gabrlel F and Hongler, C. Neur 1 tangent ke
a%onvet%gence and genepgﬁzatlon n neagra?nfi:%gvorkés

Advances in neural information processing systems, 31,
2018.

Khodadadian, S., Chen, Z., and Maguluri, S. T. Finite-
sample analysis of off-policy natural actor-critic algo-
rithm. In International Conference on Machine Learn-
ing, pp- 5420-5431. PMLR, 2021.

Konda, V. and Tsitsiklis, J. Actor-critic algorithms. Ad-

vances in neural information processing systems, 12,
1999.

Lee, A. X., Nagabandi, A., Abbeel, P., and Levine, S.
Stochastic latent actor-critic: Deep reinforcement learn-
ing with a latent variable model. Advances in Neural
Irﬁ“%rniatwn Processing Systems, 33:741-752, 2020.

Leuenberger, G. and Wiering, M. A. Actor-critic rein-
forcement learning with neural networks in continuous
games. In ICAART 2018-Proceedings of the 10th In-
ternational Conference on Agents and Artificial Intelli-
gence. SciTePress, 2018.

Li, D, Li, X., Wang, J., and Li, P. Video recommenda-
tion with multi-gate mixture of experts soft actor critic.
In Proceedings of the 43rd International ACM SIGIR
Conference on Research and Development in Informa-
tion Retrieval, pp. 1553-1556, 2020.


http://jmlr.org/papers/v22/19-736.html
https://proceedings.mlr.press/v97/allen-zhu19a.html
http://www.amazon.com/exec/obidos/redirect?tag=citeulike-20&path=ASIN/0521833787
https://proceedings.mlr.press/v189/chen23b.html
https://openreview.net/forum?id=tIqzLFf3kk
https://openreview.net/forum?id=pqZV_srUVmK

Global Optimality of Actor-Critic Algorithms

Li, M., Qin, Z., Jiao, Y., Yang, Y., Wang, J., Wang, C., Wu,
G., and Ye, J. Efficient ridesharing order dispatching
with mean field multi-agent reinforcement learning. In
The world wide web conference, pp. 983-994, 2019.

Li, X. and Orabona, F. On the convergence of stochastic
gradient descent with adaptive stepsizes. In The 22nd
international conference on artificial intelligence and
statistics, pp. 983-992. PMLR, 2019.

Lillicrap, T. P., Hunt, J. J., Pritzel, A., Heess, N., Erez,
T., Tassa, Y., Silver, D., and Wierstra, D. Continuous
control with deep reinforcement learning. arXiv preprint
arXiv:1509.02971,2015.

Liu, Y., Zhang, K., Basar, T., and Yin, W. An improved
analysis of (variance-reduced) policy gradient and natu-
ral policy gradient methods. Advances in Neural Infor-
mation Processing Systems, 33:7624-7636, 2020.

Maei, H. R. Convergent actor-critic algorithms under
off-policy training and function approximation. arXiv
preprint arXiv:1802.07842,2018.

Masiha, S., Salehkaleybar, S., He, N., Kiyavash, N.,
and Thiran, P. Stochastic second-order methods
improve best-known sample complexity of SGD for
gradient-dominated functions. In Oh, A. H., Agarwal,
A., Belgrave, D., and Cho, K. (eds.), Advances in
Neural Information Processing Systems, 2022. URL

Sutton, R. S. Learning to predict by the methods of tempo-
ral differences. Machine learning, 3:9—44, 1988.

Sutton, R. S., McAllester, D., Singh, S., and Mansour, Y.
Policy gradient methods for reinforcement learning with
function approximation. Advances in neural information
processing systems, 12, 1999a.

Sutton, R. S., McAllester, D. A., Singh, S., and Mansour, Y.
Policy gradient methods for reinforcement learning with
function approximation. In Advances in Neural Informa-
tion Processing Systems 12, [NIPS Conference, Denver,
Colorado, USA, November 29 - December 4, 1999], pp.
1057-1063. The MIT Press, 1999b.

Swirszcz, G., Czarnecki, W. M., and Pascanu, R. Local
minima in training of neural networks. arXiv preprint
arXiv:1611.06310,2016.

Tang, X., Huang, B., Liu, T., and Lin, X. Highway
decision-making and motion planning for autonomous
driving via soft actor-critic. IEEE Transactions on Ve-
hicular Technology, 71(5):4706-4717,2022.

Tian, H., Olshevsky, A., and Paschalidis, I. Con-
vergence of actor-critic with multi-layer neural
networks. In Thirty-seventh Conference on Neu-
ral Information Processing Systems, 2023.  URL

https://openreview.net/forum?id=Q1fGOVD5PO.

Wang, D. and Hu, M. Deep deterministic policy gradi-
ent with compatible critic network. IEEE Transactions

https://openreview.net/forum?id=MciCUaLH-1y Neyral Networks and Learning Systems, 34(8):4332—

Mnih, V., Kavukcuoglu, K., Silver, D., Graves, A.,
Antonoglou, 1., Wierstra, D., and Riedmiller, M. Playing
atari with deep reinforcement learning. arXiv preprint
arXiv:1312.5602,2013.

Mondal, W. U. and Aggarwal, V. Improved sample com-
plexity analysis of natural policy gradient algorithm with
general parameterization for infinite horizon discounted
reward markov decision processes. arXiv preprint
arXiv:2310.11677,2023.

Pane, Y. P,, Nageshrao, S. P., and Babuska, R. Actor-critic
reinforcement learning for tracking control in robotics.
In 2016 IEEE 55th conference on decision and control
(CDC), pp. 5819-5826. IEEE, 2016.

Polyak, B.  Gradient methods for the minimisation
of functionals. Ussr Computational Mathematics
and Mathematical Physics, 3:864-878, 1963. URL

4344, 2023. doi: 10.1109/TNNLS.2021.3117790.

Wang, L., Cai, Q., Yang, Z., and Wang, Z. Neu-
ral policy gradient methods:  Global optimality
and rates of convergence. International Confer-
ence on Learning Representations, 2020. URL

https://openreview.net/forum?id=BJgQfkSYDS.

Xu, P. and Gu, Q. A finite-time analysis of g-learning
with neural network function approximation. In Inter-
national Conference on Machine Learning, pp. 10555—
10565. PMLR, 2020.

Xu, T., Wang, Z., and Liang, Y. Improving sample com-
plexity bounds for (natural) actor-critic algorithms. Ad-
vances in Neural Information Processing Systems, 33:

4358-4369, 2020a.

Xu, T., Wang, Z., and Liang, Y. Non-asymptotic conver-
gence analysis of two time-scale (natural) actor-critic al-
gorithms. arXiv preprint arXiv:2005.03557,2020b.

https://api.semanticscholar.org/CorpusID:119473154.

Sun, T., Sun, Y., and Yin, W. On markov chain gradient
descent. Advances in neural information processing sys-
tems, 31, 2018.

Xu, T., Yang, Z., Wang, Z., and Liang, Y. Doubly ro-
bust off-policy actor-critic: Convergence and optimality.
In International Conference on Machine Learning, pp.
11581-11591. PMLR, 2021.


https://openreview.net/forum?id=McjGUq1H-mm
https://api.semanticscholar.org/CorpusID:119473154
https://openreview.net/forum?id=QlfGOVD5PO
https://openreview.net/forum?id=BJgQfkSYDS

Global Optimality of Actor-Critic Algorithms

Yuan, R., Gower, R. M., and Lazaric, A. A general sam-
ple complexity analysis of vanilla policy gradient. In
International Conference on Artificial Intelligence and
Statistics, pp. 3332-3380. PMLR, 2022.

Yue, P., Fang, C., and Lin, Z. On the lower bound
of minimizing polyak-Lojasiewicz functions. In
Neu, G. and Rosasco, L. (eds.), Proceedings of
Thirty Sixth Conference on Learning Theory, vol-
ume 195 of Proceedings of Machine Learning Re-
search, pp. 2948-2968. PMLR, 12-15 Jul 2023. URL
https://proceedings.mlr.press/v195/yue23a.html.

Zhong, C., Lu, Z., Gursoy, M. C., and Velipasalar, S. A
deep actor-critic reinforcement learning framework for
dynamic multichannel access. IEEE Transactions on
Cognitive Communications and Networking, 5(4):1125—
1139, 2019. doi: 10.1109/TCCN.2019.2952909.

11


https://proceedings.mlr.press/v195/yue23a.html

Global Optimality of Actor-Critic Algorithms

Contents

1 Introduction

2 Related Works

3 Problem Setup Continued

4 Actor Critic Algorithm

5 Theoretical Analysis: Global Convergence

5.1 Assumptions . . ... oL e e e e

52 MainResult . . . . . . e

6 Proof Sketch of Theorem 1

7 Conclusions

A Supplementary Lemmas

B Supporting Lemmas

C Proof of Theorem 1

D Proof of Supporting Lemmas

D.1 Proof Of Lemmad4d . . . . . . . . . .
D.2 Proof Of Lemmal5 . . . . . . . . ..
D3 Proof Of Lemma6 . . . . . . . . .. . e e
D4 Proof Of Lemma7 . . . . . . . . .. . e

12

13

15

15



Global Optimality of Actor-Critic Algorithms

Appendix
A. Supplementary Lemmas

Here we provide some definitions and results that will be used to prove the lemmas stated in the paper.

Definition 8. For a given set Z C R", we define the Rademacher complexity of the set Z as

d
Rad(Z) = E <sup 1 Z Qz> (23)
=il

n
2€Z i

where §; is random variable such that P(Q; = 1) = &, P(Q; = —1) = 1 and z; are the co-ordinates of z which is
an element of the set Z,

Lemma 2. Consider a set of observed data denoted by z = {z1,22, -+ zn} € Z, a parameter space ©, a loss
Sunction {l : Z x © — R} where 0 < I(0,2) < 1VY(0,z) € © x Z. The empirical risk for a set of observed data
as R(9) = 23" (0, z;) and the population risk as v(0) = El(0, Z;), where Z; is a co-ordinate of % sampled from

some distribution over Z.

We define a set of functions denoted by L as

L={z€Z—16,2)eR:0c 0} (24)
Given z = {z1, 29,23+ , 2 } we further define a set L o z as
Loz ={((0,21),1(0,22), -+ ,1(0,2,)) €eR" : 6 € O} (25)
Then, we have
Esup |[{r(d) — R(0)}| < 2E (Rad(L o z)) (26)
6e6

If the data is of the form z; = (z;,v;),x € X,y € Y and the loss function is of the form l(ag(x),y), is L lipschitz
and ag : OxX — R, then we have

Esup [{r(0) — R(0)}| < 2LE (Rad(A o {x1,z2,23, - ,Tn})) 27)
0O

where

Ao{xy,xe, -z} ={(a(f,x1),a(0,22), - ,a(f,z,)) € R" : 0 € O} (28)

The detailed proof of the above statement is given in (Rebeschini, 2022)". The upper bound for E supycg ({r(6) — R(0)})
is proved in the aformentioned reference. However, without loss of generality the same proof holds for the upper bound
for Esupycg({R(0) — 7(6)}). Hence the upper bound for E supgeg [{7(6) — R(#)}| can be established.

Lemma 3. Consider three random random variable x € X and vy, y, €Y. Letbty,y, by and by, £ 1\, denote the
expectation with respect to the joint distribution of (x,vy), the marginal distribution of x, the conditional distribution
of y given x and the conditional distribution of yI given x respectively . Let fo(x) denote a bounded measurable
function of x parameterised by some parameter 6 and g(x,y) be bounded measurable function of both x and y.

Then we have

! Algorithmic Foundations of Learning [Lecture Notes].https://www.stats.ox.ac.uk/~rebeschi/teaching/ AFoL/22/
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argfmin [Eac,y (fG ({E) - g(;v, y))2 = argfmin <[Ew (fg(f[:) - [Ey’|m(g(xayl)|x)) 2) (29)

Proof. Denote the left hand side of Equation (29) as X, then add and subtract £, (g(z, y)|x) to it to get

o =argmin (Ev (f(0) = ol o) + Ey o o) ~ o(2.)) ) (30)
2

=argmin (Evy (Jo(o) = £ 11000 V) + Eey (v (o))

=26, (fol@) By, (g y o)) (9(@,9) = By (9l ) ) ). (3D

Consider the third term on the right hand side of Equation (31)

2., (fol@) —E, 1.9 <xy>|x>)( 2.9) —~ Eypa(9(,y )

(
—2E,Ey . (fol@) — E, 1 (9(2 ) ]2) (< y) - [quu,y’)m) (32)
=2E. (fo(@) ~ £ o (9(e.9)l2)) Eye ( [Eqm( ) (33)
=2, (fo(e) = (g, |x>) (Eyie(9(@:9)) = By (B9 9)12)) ) (34)
=2E, (fol@) =By, (9(a.y))) (Eypalola [E/\uw,y’)m) (35)
=0 (36)

Equation (32) is obtained by writing F,, = E;E,, from the law of total expectation. Equation (33) is obtained
from (32) as the term fp(z) — £/, (g (z,y')|x) is not a function of y. Equation (34) is obtained from (33) as

Eyla ([E '12(9 (:v,y/)|:v)) = Ey,(9 (z,y)|z) because E (9 (z,y)|x) is not a function of y hence is constant with
respect to the expectation operator k..

Thus plugging in value of 2, ,, (fg( ) —Ey (g (:v,y/)|:v)) (g( y)—Ey (9 (x,y/)|x)) in Equation (31) we get

, 2
argin £y (fo(a) = g(a))" =arg min(Ery (Jo(o) = E, (o(09)10)
6 6
, 2
+ Eo (9(2.9) — B, (902 )12)) ). 37
Note that the second term on the right hand side of Equation (37) des not depend on fy(x) therefore we can write Equation

(37) as

argmin £, (fo(o) = g(z.9))* = argmin (£ (7o) = (oo 1)) G8)
fo fo

Since the right hand side of Equation (38) is not a function of y we can replace [, , with [ to get

awgmin . (f(o) ~g(e.9))" = sugmin (£, (foo) — £y, alo.)lo)) ) (9
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B. Supporting Lemmas

We will now state the key lemmas that will be used for finding the sample complexity of the proposed algorithm.

Lemma 4. For a given iteration k of the outer for loop and iteration j of the first inner for loop of Algorithm 1, the
approximation error denoted by €. ; in Definition 4, we have

E (|€]19,j|) S \/ €approx; (40)

Where the expectation is with respect to and (s, a) ~ ¢, * (s, a)
Proof Sketch: We use Assumption 4 and the definition of the variance of a random variable to obtain the required result.
The detailed proof is given in Appendix D.1.

Lemma 5. For a given iteration k of the outer for loop and iteration j of the first inner for loop of Algorithm 1,
Q}.; = Qi j, or equivalently €, ; =0

Proof Sketch: We use Lemma 3 in Appendix A and use the definitions of Q,lc_’ ; and Qi, ; to prove this result. The detailed
proof is given in Appendix D.2.

Lemma 6. For a given iteration k of the outer for loop and iteration j of the first inner for loop of Algorithm 1, if the
number of state action pairs sampled are denoted by n, then the error e%j defined in Definition 6 is upper bounded as

= 1
E(le;]) <O (ﬁ> : (41)

Where the expectation is with respect to and (s, a) ~ ¢, ** (s, a)

Proof Sketch: First we note that For a given iteration k of Algorithm 1 and iteration j of the first for loop of Algorithm 1,
E(Rx, ;,Qu,1(0) = Lq,,_,(0) where Rx, ; q,,_,(#) and Lg, ., (0) are defined in Appendix D.3. We use this to get
a probabilistic bound on the expected value of |( fk) —( fk)| using Rademacher complexity theory when the samples
are drawn from a Markov chain satisfying Asssumption 2. The detailed proof is given in Appendix D.3.

Lemma 7. For a given iteration k of the outer for loop and iteration j of the first inner for loop of Algorithm 1, let
the number of samples of 1, denoted by L, and the gradient descent step size [3 satisfy

1

Then with probability at least 1 — 2 (ewp — (m%D)) the error €y, defined in Definition 7 is upper bounded as
E(let ;) SO(L—%) +O(m—%D%), 43)

Where the expectation is with respect to (s,a) ~ (s, a).

Proof Sketch: They key insight we use here is that the loss function in Definition 3 can be considered as an expectation
over the state action transitions samples at iteration k with an equal probability of selecting each transitions. This is then
combined with results from (Fu et al., 2021) to obtain the desired result.

C. Proof of Theorem 1

Proof. From the smoothness property of the expected return we have

—JAs1) £ =J(A) = (VI A1 — M) + L[ Mg — A? (44)
VJI(\), d
< —J(/\t)—ﬁtw + Ly|[Aes1 — M| (45)

Now define the term e; = d; — V.J()\;). Consider two cases, first if ||e;|| < £||V.J(A;)||, then we have
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2 ]

—IVIQIP + IV T ledl

8 T
—IVIQIP + IVT Q)] led]

8 T
—IVIQIP + SITIO)IP

8 ]

- VIR

= (el [+ VIO

1
—2 VIR

(VI dy) —IVIQII2 = (VI (M), er)

IN

If [|e.]| > 3|V J(A¢)]] then we have

(VJ(A\), dr)

< ||IVJ(A

1 4
= —5I9I00+5IVIC)|

IN

1 8
—§||VJ(/\t)||+§||€t||

Now using Equation (54) in Equation (45) we get

—I0u) < =IO = T IVIO + Ellerl 4+ Lolreer = 2l

Now from Lemma 4 we have

. 4 8
) < =I00 = Y )+ 2w - al
+  LyE[[Aey1 — M| ? + 77t€/
. 4 8
F = I0m) < T =00 - EYE e 00y + B9 a00) —

3 3

+ Lyl Aer — Ml +me

. ! 8
e < <1 - f) o, + %HVJ(/\t) — dy|

+ Lyl = M+ e

. ! 8
(1 _m f) 5+ IO — do]|

IN

3

+ Lo+ e

(46)

(47)

(48)

(49)

(50)

(51

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

Where 0, = J* — J(\:)Now, in equation (59), if we plug in the value of J,, by evaluating equation (59) for ¢t — 1, we get

the following
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5>\t+1 < <1 - mw/ﬁ) (1 _ %) 5>\t71

+ <1_
t

+ <1 i ) Lyni_1? + Lyn;? (60)

éyw

3

t

) -1 (IIVI (A1) = e[+ €) + m ([ VT () = del| + €)

tQ\'w

3

If we repeat the substitution fort = {¢,t — 1,¢ — -, 1} we get

mﬂ)a
3 2o

5>\t+1 < HZ:i_l (1_

k=t—1 . \//7 (k>1)
+ 0> mk (1—%> i (IIVTNe—i) — dig]| + €)

P 1(k>1)
1=k— 77 [3 \/
+ Ly Y T <1 WOV ) ) Mt 61)

C

Note that we ignored the £ on the gradlent estimate error as ot will be absorbed in the final O notation. Now let us consider
the term A is equation 61 if e, = & where o = then we have
q 61), if n, = % 21@\/;7

My 1 1
1-— < 1--= 62
3 - k (62)
k—1
< — (63)
< 77]“__1 (64)
Nk
Therefore we have
k VI k=t—1 [ Tlt—1
A Hk‘él(l— 5 ) SHk_§1<n> (65)
t
1
< Lo (66)
m ot
Now let us consider the term B is equation (61)
k=t—1 y 1(k>1)
B = (HZ o 1( e ”)) w1V i) = diill +€) (67)
k=0

Now if we consider the coefficients of (||V.J(A\_x) — di_x|| + € ), we see as follows.
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For k = 1, suppose the coefficient is 7, = 7. Then we have

’ _0('\/,[7
<1—0‘\/‘7> G = (68)

For k = 2 we have

g 1 RCANIN R AN A (69)
t t—1)t—2 t—2 t—1 t
In general fora k € {1,--- ,t} this coefficient is thus
b (O i
Y i“U)a (70)
t—1 t

Now for @ = ﬁ the numerator in all the product terms is less than the denominator hence product term is less than 1.
Therefore, all the coefficients in B are upper bounded by . Thus we have

k=t—1
o

= 2 (IVI0w) = di)l| +¢) (71)
k=1

Now let us consider the term C' is equation (61)
k=t—1 7 1(k>1)
i— NV H
- L Z =k 1( %) s (72)

Now similar to what was done for A consider the coefficients of nt,kz.

1 _ 7
for k = 1 if we have o = o then
7 2 2
R Aoy Iy (T I (. (73)
3t t—1 t—1
_ : 7
for k = 2 we have if we have o« = BN then

/T WO o« \' ’ ’ > a \’ 74
B AT AV 1 \i-2 i
o 2

(m) (75)

IN
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In general for any k € {1,2,--- ¢} if we have @ = % then we have

izt (1

Therefore we have

t—1

NG

Y o] G VP

k=t—1 o 2
C < L -
<Ly (t_k)
k=1
< LJ'O(2
- t

Now plugging equation (66),(71) and (79) into equation (61) we get

5>\t+1

<

k=t

<%> Oy + % ];(HVJ()\/C) —dy)l[) +

Lj-a? /
7o

A/

Now consider the terms inside A, if we define Hy, ; = [ESNU[Z:A,c am K (Vlogma, (a]s)Qk,s(s,a))

(IVJI(Ak) —di + H, g — Hy, 5]])

<

IN

IN

IN

IN

IN

<

<

[[VJ(AR) — H,gl]) + ||ds — Hy s||

1 n
HVJMU“HMAD+‘EE:ngUJ%BﬁQMﬂ&W”_EﬁJ
=1

[IVJ(Ak) — Hi g|| +

i=1 i
n

[|VJ(Ar) — Hi || +

=1

1 1
- > Viogma, (ail )@k, (56, a:) — - > (Hi)

% Z <Vlog7mk (ai|si)Qr, (8isai) — Z(Hkl)

(76)

(77)

(78)

(79)

(80)

81)

(82)

(83)

d n
1
[IVJI(Ae) = Hi, || + J — <Z((V10gﬂk(ai|8i)Qk,J(Sz‘= ai))p — (
p=1 \i=1
1 2v/dnM,
[|IVJ (M) — Hi,s|| + n =)
1 2VdM,
- H _— 9
||VJ()\k) k.,JH + \/ﬁ (1 — ’7)
. 1 2VdM,
MgE__ oae o [@7(5,0) = Qi (s, )| + NI

Here (Vlogmy, (ailsi)Qk.s(si,a;)), and (Hy s), in Equation (85) are the p** co-ordinates of the gradients. We obtain
Equation (86) from Equation (85) by using the fact that from Assumption 1 we have ||Vlogmy, (a|s)|| < M, and from
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lemma 7.1 from (Allen-Zhu et al., 2019) Qi ; < —2 _ 'We obtain Equation (88) from Equation (87) by using Assumption

(1-
1 and the policy gradient identity which states that VJ(Ax) = E__ =, | Viogmy, (a|s)Q™x (s, a)
S~a,, ZANY AL

We now want to bound the term [ESNd:A,C A Q™ (8,a) — Qk,y(s,a)|. Let Q. ; denotes our estimate of the action

,anT

value function at iteration k of Algorithm 1 and iteration j of the first for loop of Algorithm 1. @™~ denotes the action
value function induced by the policy 7, .

Consider €y, j11 = T™*Qk,j — Qk j+1-

Thus we get,
Q™r — Qpjr1 =T™ Q™ — Qp j11 (89)
:Tﬂ',\kQﬂxk _ TF/\ka,j + Tﬂ—*k Qk,j
= Qkj+1 (90)
=y(P™% (Q™% — Qr.5)) + €k jr1 1)
Q™% — Qr jr1| <y(P™x(|Q™r — Qk 4l)) + lex 1l 92)

Right hand side of Equation (89) is obtained by writing Q™ = T™ Q™ «. This is because the function Q™= is a
stationary point with respect to the operator 77"*«. Equation (90) is obtained from (89) by adding and subtracting T,
We get (92) from (91) by taking the absolute value on both sides and applying the triangle inequality on the right hand side.

By recursion on k, we get,

J—1
Q™% = Quoal < Yy THE™) I e g 7 (P™6)T(1Q™ = Qo) 93)

Jj=0

From this we obtain

J—1
J—j5—1
Q™ = Qual <Y ATTTE

[Es~d:/\k,a~ﬂ' Ja~mk ((Pﬂ-xk)K_J_lkk,j-i-ll)
k=0
YT E e o (PP (1Q7 = Qo) (94)
For a fixed j consider the term £ =, (P™x)7=3= ¢), j41]). We then write

P d(P™« J=i=1y, ’
[Eswd:Ak ,anT Nk ((Pﬂv\k )J it |€k7j+1 |) < ( dL/ at / |€k,j+1| d,uk (95)
; . .
< (¢#;,#j)[E(57a)~<:Ak (S_’a)(|ek7j+1 |) (96)

Here 115 is the measure associated with the state action distribution given by sampling from s ~ A a ~ 7 and
(P™ )7 =i—1 ‘[, 18 the measure associated with sampling from s ~ A ,a ~ 7 and then applying the operator P™*«
J — j — 1 times. ju, is the measure associated with the steady state action distribution given by (s, a) ~ ¢, ** (s, a). Thus
Equation (94) becomes

E

T
s~d, k a~m

J—1
; 1
T J—j—1 J
@™ = Qr,g| < kE_OW TP E (e gy 0.0y R+ D+ <—1 — 7) 97)

We get the second term on the right hand side by noting that (Q™+ — @Qg) < ﬁ Now splitting €, j+1 as was done in
Equation (21) we obtain
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J-1
. a QT = Q| < Z v ((¢u;7uj)[E|€llc-,j+1| + (%;@M)[ﬂﬁiJHI

J=0

1
+0JEl gl + (0, )Elel ) 407 (125 ©8)

T
s~dy, "k a~m

Now using Lemmas 4, 5, 6, 7 we have

E

T
s~d, F a~m

ot 1 ~ 1 ~ 1 7 -~ ~
L™ = Qi < O (ﬁ) +0 (L7F) +0 (m™#DF) + O eapprar) + O(7)  (99)

Thus plugging in Equation (99) into (88) we get

it 1 ~ 1 ~ 1 7 ~ ~
— < - -1 —sD3 J
IV30u) = ddl < 0(==)+0 (L) +0 (1w 3D%) + O(yappman) + O)
1 2vdM
L L 2vdn, (100)
Vi (1—-7)
~( 1 ~ 1 ~( 1.1 ~ ~ 7
< [ R 6 [)2
< 0 <\/ﬁ) +0 (Li) +0 (m D ) + O(feappran) + O(1”) (101)
Plugging (101) into (80) we get for m > O(K..J.6~1) with probability at-least 1 — § we have
1 o = 1 1
< (= - 3 — ) A (m~sD? N Jea) + O~
5>\t+1 = (t)é)\0+tkz_o(0<\/ﬁ)+O<L_};>+O(m D )+O( Eapprom)"i'o(/y ))
IJJ'O[2 ’
=+ +e
t
~ (1 ~ (1 ~ 1 ~ 17 ~ ~ ~
< Z - ~s D3 J .
< 0 (t) +0 (ﬁ) +0 (];i) +0 (m™¥DF) + O(y") + O feappror) + O/etias)
(102)
Now we also show that the last iterate sample complexity also implies the same average iterate sample complexity.
T T
1 1 ~ (1 ~( J ~( J A L7
— ) D) < = Z - - “s Dz
T;J(/\) JN) < T;<o<t)+o< n>+o<LZ>+o(m )
+ @(WJ) + @(\/ Eapprom) + (7)(\/ 6bias)> (103)
~ (log(T) J 1 Af 1.1
< — 6§32
< (9< = >+O<\/ﬁ)+(’)<Li)+(’)(m D#)
+ @(WJ) + @(\/ Eapprom) + (7)(\/ 6bias) (104)

Since the term O %) is the same as O (%), we have thus shown that the average iterate sample complexity matches
the last iterate sample complexity.
O
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D. Proof of Supporting Lemmas
D.1. Proof Of Lemma 4

Proof. Using Assumption 3 and the definition of ()y;, for some iteration £ of Algorithm 1 we have

[Es,a(Tﬂ-Ak Qk,jfl - Q]1q7_j)2 < €approz (105)

where (s,a) ~ (" (s, a).

2

Since |a]? = a? we obtain

[E(|T7T>\k Qk,j—l - Qllq7_j|)2 < €approx (106)

We have for a random variable =, Var(z) = E(2?) — (E(z))? hence E(x) = \/E(22) — Var(x), Therefore replacing
with |[T™ Q™ — Q1] we get

using the definition of the variance of a random variable we get

E(T™Quy1 = Qhyl) = JEIT™Quyo1 — Q) ;)2 = Var(T™ Qi1 — Q) )

(107)
< \/[E(|T”*ka,j—1 - Q};1)? (108)
Therefore by definition of Q,lc_’ ; and assumption 4 we have
[E(Tﬂ—)\k Qk,j—l - Ql];JD < \ €approx (109)
Since €5, = T™:Q™r — Q1 we have
E(ler.qil) < veapproa (110)
(]
D.2. Proof Of Lemma 5
Proof. From Lemma 3, we have
, 2
argfmin Eay (folz) — g(z,9))* = argfmin ([Em,y (fg(ac) —E(g(y ,x)|x)) ) (111)
Jo Jeo

We label z to be the state action pair (s, a),  is the next state action pair denoted by (s, a’). The function fy(z) to be
Qo (s, a) and g(z,y) to be the function 7 (s,a) +YQk j_1(s ,a’)

Then the loss function corresponding to the lest hand side of Equation (29) becomes
E(Qo(s, a) = (r(s,a) +7Qrj-1(s ,a))? (112)

where (s,a) ~ () 5 (s,a), s ~ P(.|(s,a)),a ~ 7 (.|s') and r(s,a) ~ R(.|s,a).

Therefore by Lemma 3, we have that the function Qg (s, a) which minimizes Equation (112) it will be minimizing

£ (Q9(87a) - [ES/NP(S/IS,(J,),T‘NR(,‘S7Q))(T(S7a’) +’7Qk,j—1(slaa/)|saa))2 (113)

swd:Ak AT,
But we have from Equation that
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[ESINP(S/ ‘S,a),’I‘NR(.‘S7a))(T‘(S7 a) + VQk,j—l (S/ ) ai+l)|87 a) =T Qk,j—l (114)

Combining Equation (112) and (114) we get

arngin E(Qo(s,a) — (r(s,a) + WQk,j_l(s/,aHl)))Q = arg@min E(Qo(s,a) — T™ Q. j—1)* (115)

The left hand side of Equation (115) is Q%)j as defined in Definition 2 and the right hand side is Q}C’ ; as defined in Definition
1, which gives us

Qi =Qh,; (116)

O

D.3. Proof Of Lemma 6
Proof. We define Rx, ; g, ,_, () as

2
ka,ijk,j—l(e) = % Z (QO(Siaai) - (T/ (si,a4) +7Qk,j—1(8i+1aai+1)>> )

(8i,0:)EX,j

Here, X}, ; denotes the set of tuples s;, a;, 74, 5,41 sampled at iteration k of algorithm 1 and iteration j of the first inner for
loop of Algorithm 1. where s, a are sampled from a Markov chain whose stationary distribution is, (s, a) ~ ¢, * (s, a). Qg
is is the neural network corresponding to the parameter 6 and Q. ;1 is the estimate of the () function obtained at iteration
k of the outer for loop and iteration j — 1 of the first inner for loop of Algorithm 1.

We also define the term

L., ,(Qo) = E(Qo(s,a) — (r'(s,a) + vQxk j-1(s, a))* (117)

v

where (s,a) ~ 7TAk,r’(-|s,a) ~ R(:|s,a),a;41 ~ T,

We denote by 67 ;, 0} ; the parameters of the neural networks Q7 ;, Q3 ; respectively. Q7 ;, Q3 ; are defined in Definition
2 and 3 respectively.

‘We then obtain,

RXk,ijk,j—l (ei,j) - RXk,j-,Qk,j—l (92,j) < RXk,ijk,j—l (%,j) - RXk,ijk,j—l (92,j)
+LQk,j—1 (91%4) - LQk,j—l (og,j)

(118)
= RXk,ijk,j—l(ez,j) - LQk,j—l(Gz,j)
_RXk,ijk,j—l (og,j) + LQk,j—l (913,3‘)
(119)
< |RXk,j;Qk,j—1(9]€,j) - LQk,j—l(ei,jH
I
+ |RXk,j-,Qk,j—1 (92,j) - LQk,j—l (92,j)|
11
(120)
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We get the inequality in Equation (118) because Lg, ;_, (O%J) —Lg,,_, (9%7) > 0 as Qi)j is the minimizer of the loss
function Lq, ;_, (Q).

Consider Lemma 2. The loss function Ry, ; . ,_. (3 ;) can be written as the mean of loss functions of the form
l(ae(Si, g,y Sit+1, CLiJrl),yi) where [ is the square function. ae(Si, iy Sit1, CLl'Jrl) = Q9(5i7 ai) and Yi = (7’ (Si, ai) +

YQk,j—1(Sit1, ai+1)). Thus we have
Esuppeo |Rxe .00, 1 (0) — Low, 1 (0)] < (121)
20 E (Rad(A o {(s1, a1, s2,az), (2,02, 53,a3), -, (Sn_1, Gn_1, Sns an)}))

Note that the expectation is over all (s;, a;) and that the set ©" = {67,603 ;}. We use this set because we only need
this inequality to hold for Qp2 and Qgz . Where n = [Xp;[, (Ao {(s1,a1),(s2,a2), (s3,a3), ", (sn,an)} =
2J »J

{Qo(s1,0a1),Qo(s2,a2), - ,Qo(Sn,a,)} and n; 41 is the Lipschitz constant for the square function over the state action
space [0, 1]%. The expectation is with respect to (s, a) ~ Gy, 5™ P(s|s,a) ri ~ R(.[8i,0i),c (1 ... 0.

Now from theorem 5 and theorem 1 of (Bertail & Portier, 2019) we have that

1
(Ra’d('A o {(817 a1, 52, a2)7 (827 az, 83, a3)7 T (Sn—17 Gn—1,Sn, an)})) S Ckﬁ (122)

Note that in (Bertail & Portier, 2019) a factor of log log(n) in the numerator is introduced in later theorems, we ignore that
factor due to the fact that it is practically constant.

We use this result as the state action pairs are drawn not from the stationary state of the policy 7y, but from a Markov
chain with the same steady state distribution. Thus we have

1
|E|(RXk,j-,Qk,j—1 (oig)) - LQk,j—l (9]%,])| < Ckﬁ (123)
The same argument can be applied for Q% ; to get
1
EI(R X5, @usr (B)) = Lauya (O)] < Co (124)
Then we have 1
L (RXk,j-er,jfl (HI%J) = Bx, ;.Qri (92,]')) < Ck% (125)

Plugging in the definition of Rx, ; @, ;. (9%)]-), Rx, . Qui (9,3;7j) in equation (125) and denoting C}, ﬁ as € we get

L > ([E(Qi,j(siv a;) — (r' (s, ) + 7Q3 (8011, ai41)))?
=1

n-
—E(Q} j(s0,0) = (1 (s1,01) + Q1 (5041, 0001)))?) < € (126)

Now for a fixed 7 consider the term «; defined as.

EoioinP(sian) (@ (sira:) — (' (siy ;) + Q7 ;(si41,0i11)))”
~Eqr s mp(san (@35 (51 ai) — (7 (si, i) +7Q} (i1, aig1)))? (127)

where s;, a;, S;41, a;+1 are drawn from the state action distribution at the ith step of the Markov chain induced by following
the policy 7y, .
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Now for a fixed ¢ consider the term [3; defined as.

EoppymP(Jsian) (@i (51, a:) — (' (siy ) + Q% (sit1,ai11)))?
gy P(sisan) (@ (56, ai) — (' (si,ai) + Q3 (sit1,ai11)))? (128)

where s;, a;, Si+1, a;+1 are drawn from the steady state action distribution with (s, a) ~ Q’T’A . Note here that o; and 3; are
k
the same function with only the state action pairs being drawn from different distributions.

Using these definitions we obtain

IN

|E(a;) — E(Bs)] sup |2. max(ay, 5;)|(ki) (129)

(si,ai)

4\
(m) pp' (130)

We obtain Equation (129) by using the identity |[fdp — [fdv| < |maxsxa(f)|supgua [(dp — dv)] <
| maxsx4(f)|drv (p,v)|, where o and v are two o finite state action probability measures and f is a bounded mea-
surable function. We have used «; to represent the total variation distance between the state action measures of the steady
state action distribution denoted by (s,a) ~ C#Ak and the state action distribution at the i* step of the Markov chain

induced by following the policy 7. The expectation is with respect to (s;, a;,7;, si+1). We obtain Equation (130) from

Equation (129) by using Assumption 2 and the fact that ; and 3; are upper bounded by (%)

From equation (130) we get
4\
Elei) = E(B) - (m) pp’ (131)

We get Equation (131) from Equation (130) using the fact that |a — b| < ¢ implies that (—c¢ > (a — b) < ¢) which in turn
impliesa > b — c.

Using Equation (131) in equation (128) we get

1 )
=3 (E@ j(s1:00) = (' (s1:00) +7QE s (si1,0i11)))?
i=1

IA
M
+
S|
M=
N -
VRS
—~
|‘
N——

[\v]
=
bb\

VAN
a
+
| =
B~
— |
‘H
N———
(V]
]
‘H

(132)

In Equation (132) (s;, a;) are now drawn from (s, a) ~ (r,, foralli.

We ignore the second term on the right hand side as it is o (%) as compared to the first term which is o (ﬁ)

Since now we have (s,a) ~ (;’Ak for all ¢, Equation (132) is equivalent to,
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E(Q3;(s,a) — Q} ;(5,0)) (Q};(s,a) + Q} ;(s,a) — 2(r'(5,a)) +¥Qrj-1(s,a)) < e

Al A2

(133)

Where the expectation is now over (s, a) ~ G, ' (s,a) ~ R(]s,a) and s ~ P(]s,a),a ~ 7, (.|s"). We re-write
Equation (133) as

[ @0 - Q5. x

Al

X (Q} (5 ) + @y (5,0) = 20 (5,0) + Y max Quy (s, a) x

A2
X dpy (s, a)dps (r)dps (s Ydpa(a') < e. (134)
Where p; is the state action distribution (s, a) ~ ;’Ak , W2, U3, p4 are the conditional measures with respect to 7’,, s and
a respectively given (s, a).

Now for the integral in Equation (134) we split the integral into four different integrals. Each integral is over the set of
(s,a),r ,s ,a corresponding to the 4 different combinations of signs of A1, A2.

/ (A1)(A2)dps (s, a)dpa (r)dus (s )dpa(a)
{(s,a),r",s' }:A1>0,42>0

+ (A1)(A2)dps (5, @)dpea () (5 ) dpa ()
{(s,a),r",s" }:A1<0,42<0

+ (A1)(A2)dpr (5, @)dpia () (' )dpa ()
{(s,a),r",s" }:A1>0,A2<0

+ / (A1)(A2)dps (s, a)dpa (r)dps (s )dps(a) < e (135)
{(s,a),r’ ,s,}:A1<O,A220

Now note that the first 2 terms are non-negative and the last two terms are non-positive. We then write the first two terms
as

/ (A1)(A2)d(s, a)dpur (5, a)dp (r)dpes(s Ydpa(a)
{(s,a),r",s' }:A1>0,A2>0

= Ck,jl/lQi,j—Qi,ﬂdul
= Ck-,jl[E(|Qi,j—Qz,j|)m

(136)
/ (A1) (A2)d(s, a)djus (5, @)dpio (r)dps (' )dpa ()
{(s,a),r/,s/}:Al<O,A2<O
= Cu, 1G], - Qi
= Ck-,j2[E(|Qi,j - Qi,ﬂ)m
(137)
We write the last two terms as
/ (A1)(A2)dp (s, a)dpa(r)dus(s )dpa(a’) = Cy j € (138)
{(s,a),r",s" }:A1>0,A2<0
/ (A1) (A2)dpi (5, a)dpz (r)dps (s )dpa(a’) = Cyj e (139)
{(s,a),r",s' }:A1<0,A2>0
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Here Cy ;,,Ck j,,Ck,j, and Cy ;, are positive constants. Plugging Equations (136), (137), (138), (139) into Equation
(134).

(Ck;j1 + Ckv]z)lE(|Qi,] - Q%jDHl - (Ck;ja + Ck7j4)6 S € (140)
(141)

which implies

14+ Cgj. + Ck.j
IE 2 o 3 ) < »J3 3J4 142
(|Qk.,j Qk,]|)ﬂ1 — ( Ck,jl + Ck_’j2 € ( )
(143)
Thus we have
14+Ckj. + Ck; 1
E(Q7 — Q% ; < ok i) Cp— 144
(0= Qb < (Tl ) i (144
(145)
which implies
B1Q7, - Qbhw < O (146)
3J ,J KL — \/ﬁ
(147)
O
D.4. Proof Of Lemma 7
Proof. Consider the loss function in Definition 3 given by
1 2
- > (QO(Sia ai) = (ri + 7Qr,j-1(sit1, (Ii+1)))
i=1
(148)
We first define the local linearization of a function Qg as follows
Qo = Qa, + {0 — 60} VQy (149)

2
We can consider this as an expectation of the loss function (Q@(S, a)— (r(s, a) +7Qrk,j-1(si+1, ai+1))) where there is
an equal probability 2 on each of the tuples (s;, a;, Si41,7:)-

Following the analysis in Proposition C.4 of (Fu et al., 2021) we obtain from Equation G.51 of Proposition C.4 we have

that with probability at least at least 1 — exp(—(m~3)D3) over the random initialization of f;
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E(Qy — Qo) <O(L™%) + O(m~5D") (150)

Here the expectation is over the finite measure where (s;, a;) have a probability mass of % Now we have from Jensen’s
Inequality

ElQy — Qo+| < \JE(Qy — Q)2 < O(L™%) + O(m™ 5 D?) (151)

Consider Lemma F3 from (Fu et al., 2021), we have with probability at 1 — exp(—Q(m~%)D?#) over the random initial-
ization of 6, that for any § € ©’

N

1Qo(s,a) — Qo(s,a)| < O(m~ 5D 3) (152)

Thus we have

ElQy — Qo] < E|lQy —Qp + Qp — Qo= — Qo + Qo+ (153)
< ElQy — Qo+| +1Qy (s,0) — Qy(s,a)| + Qo (5,a) — Q4 (s, a)l (154)
< O %)+ O(m sD?) (155)

where ' = L2 ¢,
Now using the Lebesgue decomposition Theorem we have that there exists a positive function f; : Sx.4 — R such that
E'1Qy — Qo] = EIf;(Qy — Qo-)l (156)

Here E is the expectation with respect to the state action pair sampled from (s, a) ~ (,7; Ak

Thus we can say

~

E|Qy — Qo] < (supf))E|Qy — Qp-| < O(L7%) + O(m ™5 D) (157)

Which gives us the required result. o
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