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SECOND RADIAL EIGENFUNCTIONS TO A FRACTIONAL DIRICHLET
PROBLEM AND UNIQUENESS FOR A SEMILINEAR EQUATION

MOUHAMED MOUSTAPHA FALL AND TOBIAS WETH

ABSTRACT. We analyze the shape of radial second Dirichlet eigenfunctions of fractional
Schrédinger type operators of the form (—A)® + V in the unit ball B in RY with a nonde-
creasing radial potential V. Specifically, we show that the eigenspace corresponding to the
second radial eigenvalue is simple and spanned by an eigenfunction u which changes sign
precisely once in the radial variable and does not have zeroes anywhere else in B. Moreover,
by a new Hopf type lemma for supersolutions to a class of degenerate mixed boundary value
problems, we show that u has a nonvanishing fractional boundary derivative on dB. We
apply this result to prove uniqueness and nondegeneracy of positive ground state solutions
to the problem (—A)*u+ A u =u? on B, u=0on RY\ B. Here s € (0,1), A\>0and p > 1
is strictly smaller than the critical Sobolev exponent.

1. INTRODUCTION

Let s € (0,1) and B := {x € RV : |z| < 1} denote the unit ball in RV, The present
paper is devoted to oscillation estimates of the radial second eigenfunctions in the eigenvalue
problem

(-APw+Vw=0ow inB, w=0 inRY\B. (1.1)
Here (—A)® denotes the fractional Laplacian of order s, which, under appropriate smoothness

and integrability assumptions on the function w, is pointwisely given by

. w(z) — w(y)
—A)S =cn s lim — 7 1.2
(—A)*w(z) = cn, i, A P Y (1.2)

N+2s
.  o2s N T(75 . . oy
with ¢y s = 2977 2 STr=s) - Moreover, we consider ([I.I]) in weak sense. So, by definition,

an eigenfunction u of (1) is contained in the Sobolev space
H¥(B) :={we H*RY) : w=0in RV \ B},
and it satisfies

[w, v]s +/ Vwvde = 0/ wvdx  for all v € H*(B).
B B

e (11(2) = 0, (9)(v2(2) — 2(»))
_ V1) — 01(y))(V2(T) — U2y
(v1,v2) = [v1,v2]s = cN s /]RNX]RN 7 — g dxdy (1.3)
denotes the bilinear form associated with the fractional Laplacian, and we shall also write
[v]2 := [v,v]s in the following. Moreover, H*(R") is the usual fractional Sobolev space of

functions w € L?(RY) with [w]? < co. Here we note that the bilinear form [-, ] can also be
represented via Fourier transform by

ol = [ IR ©(E) ds. (1.4
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If V € LY(B) for some g > max(Z, 1), then
the embedding H*(B) — L*(B;Vdz) is compact. (1.5)

This follows since 2¢' < 2 in this case, where 2% is the critical fractional Sobolev exponent
given by

Ty if 2s < N and 2, =400 if2s>1=N.
Indeed, we then have a compact Sobolev embedding H*(B) < L??(B) and a continuous
embedding L7 (B) < L?(B;Vdzx), the latter being a consequence of Holder’s inequality.

If, in addition, V is a radially symmetric function, then it follows from (L5]) and a classical
argument that there exists a sequence of discrete eigenvalues of (IL1]) corresponding to radial
eigenfunctions. These eigenvalues are given through the min-max characterization

[w]? + ”w”%Q(B;Vdm)

op(V)= inf sup 5 , kE>1, (1.6)
Z'CH(%‘I?(—B) weS\{0} ||w||L2(B)

where H? .(B) is the closed subspace of radial functions in H*(B). It is well-known that
the first eigenvalue o1(V') is simple, and the corresponding eigenspace is spanned by a pos-
itive eigenfunction wy. Moreover, from (L6 one may, by a standard argument, obtain the

alternative useful representation

(w2 + [wll72 5140
oo(V)=  inf L2(BiV do)

weHT 4(B) HwH%Z(B)
<w7w1>L2(B) =0

(1.7)

In the following, we wish to derive qualitative properties of eigenfunctions of (L.I]) correspond-
ing to the eigenvalue o2(V'). Up to now, few results about simplicity of Dirichlet eigenvalues
and oscillation estimates of Dirichlet eigenfunction of the operator (—A)®+V in B are avail-
able, even in the simple case V' = 0. Indeed, for N = 1, the papers [19,20] first proved
simplicity of o1(0) for s € [1/2,1). This result is recently extended to all s € (0,1) in [I1],
where also generic simplicity of Dirichlet eigenvalues in smooth domains was proven. Finally,
the simplicity of o(0), for all £ > 1, has been recently proven in [§].

The first main result of the paper is the following. For simplicity, we write B, := B, (0)
for > 0 from now on.

Theorem 1.1. Suppose that, for some q > max(%, 1) and g >0,

V e LYB)NC/ (B) is radial and radially nondecreasing. (1.8)

loc

Then o9(V') is simple, and the associated eigenspace is spanned by an eigenfunction wy which

changes sign ezxactly once in the radial variable. More precisely, there exists ro € (0,1) with

the property that wa > 0 on By, and we < 0 on B\ B,,. Moreover, the function w2|B 18
70

decreasing in the radial variable. In addition, we have

Yu, (1) <0, (1.9)

. wa(x)
where Yy, (1) := liminf ————~2—.
Vi () ol 1 (1= |z])®
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Theorem [I.1] should be compared with Theorems 1 and 2 in the paper [16] of Frank,
Lenzmann and Silvestre. These theorems are concerned with radial second eigenfunctions of
the operator (—A)® 4+ V in the entire space, see also [17] for the case N = 1. Assuming that

V e CP(RY) for some B > max{0,1 — 2s}, V is radial and radially nondecreasing, (1.10)
it is shown in [I6, Theorem 1] that the equation
(-AYw+Vw=0 inRY (1.11)

has at most one bounded radial solution with w(z) — 0 as |x| — oo which satisfies w(0) # 0.
Moreover, assuming in addition that (—A)® 4V has at least two radial eigenvalues below the
essential spectrum, it is shown in [I6, Theorem 2] that the second radial eigenvalue is simple
and eigenfunctions change sign precisely once.

The proof of [16, Theorem 1] strongly relies on a Hamiltonian identity involving the s-
harmonic extensions of solutions w of (LII]). Here, instead, we use a rearrangement argument
to show that wy(0) # 0 for every nontrivial second eigenfunction of (L)), which then shows the
simplicity of o2(V') under assumption (LL8]). It is interesting to note that this rearrangement
argument can also be used for second eigenfunctions of the full space problem and applies
under weaker regularity assumptions than (LI0).

Once we have established the property wy(0) # 0, we will then use a continuation argument
in two steps, starting from second radial eigenfunctions of the classical Dirichlet Laplacian, to
show that ws changes sign precisely once. A key property used in this continuation argument
is the equivalence

(I) we changes sign precisely once — (1I1) wg(O)/ wy dx < 0.
B

This equivalence is highly useful for the continuation argument as (I) is a closed condition
while (II) is an open condition in an appropriate norm. A further open condition is given
by (L9), but (II) is easier to use when considering continuous dependence on parameters.
Therefore we will not use (L.9]) in the continuation argument. In fact, (L9]) will be established
independently as a consequence of a more general Hopf type lemma, see Theorem below.
We point out the use of a continuation argument is inspired by the proof of [16, Theorem 2],
but the argument itself is quite different. For a more detailed comparison, see Remark
below.

We also mention that Frank, Lenzmann and Silvestre used their analysis in [16] on second
radial eigenfunctions to prove uniqueness and nondegeneracy of ground state solutions up to
translations of the semilinear equation

(=AYu+ u=v" nRY — u>0 mRY, — wueHRY), (1.12)

where A > 0 and p € (1,2% — 1), see Theorems 3 and Theorem 4 in [I6] and also [17] for
earlier work on the case N = 1. In the present paper, we shall use Theorem [I.I] to derive the
nondegeneracy and uniqueness of ground state solutions to the problem

(-AY¥u+u=v" inB, wu>0 inB  u=0 inRY\B, (1.13)

for A > 0and p € (1,2 —1). Here, by a ground state solution, we mean solutions u to (L.I3])
satisfying

[w])? + )\|]w|]2L2(B) —p/ wP~lw?dr >0 for all w € H¥(B) with / wPwdr =0. (1.14)
B B
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We note that this class of solutions include least energy solutions to (II3]). Moreover, using
the variational characterization (I.6), it is easy to see that (I.14]) is equivalent to

oo (—puP~t) > =\ (1.15)

Here we note that V = —puP~?! satisfies (L8] if u € H*(B) solves (LI3), see Section A below.
We have the following result, which provides an analogue of [16, Theorems 3 and 4] for the
fractional Dirichlet problem (LI3) in the unit ball.

Theorem 1.2. Let s € (0,1), A >0 and 1 < p <27 —1. Then ([LI3]) possesses a unique
ground state solution u € H*(B). Moreover u is nondegenerate, i.e., the linearized problem

(=A)Yw + A w — puP"lw =0 in B, u=0 onRY\B (1.16)
only has the trivial solution w = 0.

We wish to mention some further results related to this theorem. For the full space problem
(LI2]), uniqueness up to translation in the class of all positive solutions is, up to now, only
known for N = 1, s = 1/2 and p = 2, see Amick and Toland [2]. This stands in striking
contrast to the local case s = 1, in which Kwong has proved uniqueness of positive solutions
for the corresponding versions of (ILI2) and (LI3) with the help of an ODE analysis. We
point out that ODE methods are not applicable in the present nonlocal setting.

For the Dirichlet problem (I.I3]) in a ball, only very recent results are available. In partic-
ular, it has been proved in [7] that (II3]) admits a unique solution which is nondegenerate
if s and p belongs to a borderline range of parameters. More precisely, it is assumed in [7]
that s is close to 1 or p is close to 1 or 2% — 1. Moreover, very recently in [6], it is shown, by
a compactness argument based on the uniqueness result of [16] for (LI2), that (II3]) with
A > 0 admits a unique ground state solution if B is replaced with a sufficiently large ball. In
our very recent paper [9], we have proved Theorem in the special case N = 1. Moreover,
also in [9], we have shown unique solvability of the fractional one-dimensional Lane-Emden
equation, i.e., of (I.I3]) in the special case N = 1 and A\ = 0, within the class of all positive
solutions. Also very recently and independently, the assertion of Theorem was shown
in [5] in the special case A = 0.

We point out that our argument to derive Theorem from Theorem [I[1] is different
from the one in [I6] since we need to deal with boundary terms arising when applying a
fractional integration by parts formula. A useful tool is the nonradial nondegeneracy of
positive solutions of (LI3]) which we establish in [9] for the full range of parameters s € (0, 1),
1 < p < 2"—1, see also [0] for a different and independent proof. The remaining part of
the proof then uses Theorem [[T] and a fractional integration by parts formula. The key new
information needed in the case A > 0 is the fact that second radial eigenfunctions w associated
with the potential function V = —puP~! and eigenvalues o < 0 change sign precisely once
in the radial variable. In the case N = 1, this property can be deduced from the nonradial
nondegeneracy result mentioned above. In fact, in the case N = 1, this property can be used
to show that the s-harmonic extension W of w, as defined in Section [2] below, has the same
number of nodal domains as w when regarded as a function of the radial variable, see [9] for
details. A similar result is not available in the case N > 1, therefore we rely on Theorem [L.1l
The case A = 0 in (L.2)) is different. In this case, fractional integration by parts shows that
nonzero radial solutions of the linearized equation (LLI6]) must have a vanishing fractional
normal derivative at the boundary 0B. Therefore, the existence of such solutions can be
ruled out by a fractional Hopf boundary point lemma for second radial eigenfunctions. We
shall derive such a result in Proposition B.7 below as a consequence of a more general new
Hopf type lemma for supersolutions of an extended problem (in a nonradial setting). This
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new Hopf type lemma is given in Theorem 5.2 in the appendix, and its proof is partly inspired
by the proof of [9] Lemma 5.10]. We also note that, independently and differently, a fractional
Hopf boundary point lemma for second radial eigenfunctions associated with the potential
function V' = —puP~! has been proved in [5].

The paper is organized as follows. In Section [2] we collect some useful information con-
cerning convergence of eigenvalues and some nodal domain estimates. In Section [3, we prove
simplicity of second eigenfunction and their precise nodal domain estimates. The proof of
Theorem is given in Section [ In Section [f] we state and prove the new Hopf-type lemma
mentioned above. We finally collect some topological results on curve intersection in Section
which are useful to estimate the number of sign changes of radial second eigenfunctions.

2. PRELIMINARIES
Let Q be an open bounded set of class C1'!, and let
H(Q) :={ve H'RY) : v=0in RV \ Q}.
We need the following uniform regularity result.
Lemma 2.1. Let Q be as above, let V, F € LY(Q) with ¢ > max(N/(2s),1), and let u € H*(Q)
satisfy (—A)*u+ Vu=F in Q in weak sense, i.e.,
[u,v]s—l—/QVuvd:E:/Qdex for all v € H*(Q).

Moreover, let cg > 0.
(i) If |Vllza) < co, then there exist o = a(N,s,q,¢c0) > 0 and C = C(N,s,q,cp) > 0

with
[ullca @y < CllullLz) + 1 FllLae))- (2.1)
(it) IfF,V € LP(Q), withp > & and |V||r@) < co, then there exists C = C(N, s, p,co) >
0 with

ulles vy + llu/d* o-x o < Olllullz2@) + 1 FlLr @), (2.2)

@)
where d(z) := dist(z, RN \ Q).
(iii) If F,V € CJ (Q) with 8 >0 and 2s + 8 €N, then u € CE ().

loc
Proof. By [12], we have (21) and ([Z2]). Now by interior regularity from [24] (and a bootstrap
argument only necessary for 2s < 1), we obtain (7ii). O

The following is also a consequence of Lemma 211

Lemma 2.2. Let g > max(%, 1), and let V,V,, € LY(B), n € N be radial functions satisfying
Vi, = Viin LY(B) asn — co. Then o(Vy,) — ok (V). Suppose moreover that o (V') is simple,
and let v be an eigenfunction associated to op(V'). Then any sequence (v, )y of eigenfunctions

vy, associated to oy (Vy; B), normalized such that ||[vn||2(p)y = 1, possesses a subsequence that
converges in C(B) N H*(B) to kv, for some k € R\ {0}.

Proof. Let b € LY(B). Since q > max(%, 1), we have 2 < 2¢' < [N%\;SLF, with ¢/ = qiLl and

therefore, by Holder and Sobolev inequalities, we have

/Bbu2 dr < ”b”LfI(B)”uHizq’(B) < Clbllagp[uls  for all u € H*(B) (2.3)
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with a constant C' = C(N,s,q) > 0. Since [Jv,||f2(p) = 1 for all n € N, we deduce from (L6
and (23)) that
orx(Va) < oi(V) + ClIViy = VLag)ox(0),  on(V) < on(Vi) + C||[Vi, = ViLa(syor(0).

As a consequence, oi(V,) — or(V) as n — oo. In particular, this implies that (vy), is
bounded in H*(B). Therefore, by (LI), (v,), converges, up to a subsequence, weakly in
H*(B) and strongly in L2 (B), hence also strongly in L*(B) N L?(B;Vdz). Moreover, by
weak convergence, the limit w satisfies

[w, Ps + /B Vwedr = o(V) /ngbdx for all ¢ € H*(B),

so w is an eigenfunction of (II]) corresponding to the eigenvalue o (V). Hence, since oy (V')
is simple by assumption, we have w = kv for some £ € R\ {0}. In particular, this implies
that
[kv)? = [w]? = / (o (V) = V)w?dz = lim [ (ox(Vy) — Vi)v2 do = lim [v,)%,
B n—o0 B n—o0

and from this and the weak convergence we deduce that v,, — £v strongly in ‘H*(B). Applying
Lemma [21] we deduce that v, — kv in C(B). O

In the following, we need to consider the s-harmonic extension W of a function w € H*(B),
which has been introduced in [4] and is sometimes called the Caffarelli-Silvestre extension.
We define Rf“ ={(z,t) eRY xR : t >0}. For w € L¥(RY) N C(RY), we define

w(y)d ) 1 d
W(x,t) = pN’st2S/ (y) y Nios Wlth = / —yN%, (24)
RN (12 + |z — y[*) 2 PN JRN (14 |yf?) 2

Then we have

div(t!=25VIW) = 0 in R+

W e ORY™, (2.5)
lim W (z,t) = w(x) for z € RV.
t—0

In this case, we call W the s-harmonic extension of w. If moreover {2 is an open subset of
RN and w € C?*%(Q) for some o > 0, then (z,t) — t! 7259, W (z,t) € C(Q x [0,00)) and

— %in% tH72W (2,1) = as(—A) w(x) for all z € Q (2.6)
—>
with some (explicit) positive constant as, where (—A)%w(z) is defined pointwisely by (L2]).

Remark 2.3. Let DV2(RY T 1172%) be the completion of C°(RY ) with respect to the norm

2 2,1-2
U = U vt oy = /R o VU2 drdt. (2.7)
+
If w e H5(RY) is fized, then the functional in (2.7) admits a unique minimizer in the affine
subspace of functions U &€ Dl’z(Ri\_]H;tl_%) satisfying U = w on RNV = 8]1@:“ in trace
sense. This minimizer W € D1’2(Rf+1;t1_25) is also called the s-harmonic extension of w,
and it satisfies

/NH t'"BEVW - Vo dtdr = aslw,¢(-,0)]s  for all ¢ € DV2(RY T ¢17%). (2.8)
RJr
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Moreover, if, in addition, w € L¥(RN) N C(RY), then W coincides with the s-harmonic
extension defined pointwisely by (2.4]) above.

If w € H*(B) is an eigenfunction of (1)), then, by Lemma [21] and the remarks above,
23), 2.8) and ([2.8) are true for the s-harmonic extension W of w, which then is contained
in the space

DR’ RV #172%) = {U € DVARYF!#17%) 1 U(-,0) = 0 on RV \ B}

Moreover, if w is radial, then the function W is radial in the x-variable. In the following, we
need some information on the nodal structure of W in the case where w = wy is a second
eigenfunction of (LTJ).

Definition 2.4. Let W ¢ C(Rf“). We call a subset O C Rf“ a nodal domain of W if O
is a connected component of the set {(z,t) € Rf“ s Wz, t) # 0}.

We first note the following result which is essentially contained in [16].

Lemma 2.5. Let V € LYB), with q > max(2—1\;,1), be a radial function, let wy € H? (B)
be an eigenfunction of (I1) corresponding to the eigenvalue oo = oo(V), and let Wy be its

s-harmonic extension. Then Wo has precisely two nodal domains. More precisely, the sets
{(z,t) € Rf“ : £Ws > 0} are connected, nonempty and intersect the set B x {0}.

Proof. Recalling Remark 23] and (2Z.8]), we have the variational characterization
fRf“ IVWa 2t =25 dtde — a, [, WiV da fRfJﬁl VU Pt 25dtdx — a, [, U?Vda

72(g)as = I, Wdz " Uem I, UPdz ’
where
M = {U € Dgz(RfH;tl_%) \ {0} / UWidx =0, U(,t)is radial}
B

and W is the s-harmonic extension of wi, which achieves the infinimum

fRf+1 VU P25 dtde — a, [ U?Vda

inf
UGDEZ([E}VH;]Q?%) fB U?dx

By the same argument as in [16, Prop. 5.2], it then follows that W5 has at most two nodal
domains in Rf“. Since wy = Wa(+,0) changes sign and Wy € C’(Rf“), we see that Wy
has precisely two nodal domains {Ws > 0} and {Wy < 0} in Rﬂ\r”'l. To see that these
nodal domains intersect the set B x {0}, we argue by contradiction and suppose that {5 >
0} N B x {0} = @. Then ¢ = Walgy,sop = 0 on RN x {0}, and by Remark 23, we may use
2.8) with ¢ = Walgw,~0y to obtain that

/ 172\ VWs [2d(z, t) = 0.
{W2>0}

This in turn implies that W5 is constant in O. Hence, by continuity, Wy = 0 in {W, > 0}
which is not possible. Hence {W, > 0} N B x {0} # @, and in the same way we see that
{Wy <0}nN B x {0} #2. O

We also recall the following definition.
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Definition 2.6. Let L > 1 be an integer and let w € C(B) be radial, i.e., w(z) = w(|z|) with
some w € C(0,1). We say that w changes sign at least L times in the radial variable if there
exists y; € (0,1), fori =0,...,L with yo < y1 < --- < yr and such that w(y;)w(y;+1) < 0
fori=0...,L—1. We also say L changes sign precisely L times in the radial variable if L
is the largest number with this property.

The following is a rather direct consequence of Lemma and Lemma [6.1] below, see
also [16L17].

Corollary 2.7. Let V € LY(B), with q > max(%,l), be a radial function, and let wy €
5 1(B) be an eigenfunction of (I1]) corresponding to the eigenvalue oo = oo(V). Then wo

rad
changes sign at most twice in the radial variable.

3. PrRooOF oF THEOREM [.1]

In this section we complete the proof of Theorem [Tl We start with the following unique-
ness result for radial solutions to (II]). We start with the following simple lemma, which we
shall use multiple times in the following.

Lemma 3.1. Let V satisfy (L), let w € H*(B) be an eigenfunction of (I1]) corresponding
to the eigenvalue o and let W be its s-harmonic extension. If w(xg) = 0 for some xg € B,

then W changes sign in every relative neighborhood N of (xg,0) in Rf“.
We point out that neither V' nor w needs to be radial here.

Proof. We first claim that

W takes negative values in any relative neighborhood N of (z¢,0) in Rf + (3.1)

To show this, we suppose by contradiction that there exists a relative neighborhood N of
(20,0) in R_ij\_fﬂ with W >0 in N. We have W # 0 in N since otherwise W =0 in Rf“ by
unique continuation (see e.g. [I4]) and therefore w = 0, which is impossible. Hence the strong
maximum principle implies that W > 0 in N N Rf“. Consequently, since we assume that
w(xg) = W(xp,0) = 0, it follows from [3, Proposition 4.11] that —%i_l)l(l) =259, W (20,0) < 0.

On the other hand, by Lemma Z1(iii) we have w € C257*(B), and (2.06) yields

loc

—%i_{% =29 W (20,0) = as(—A)w(zg) = (=V(20) + o)w(zy) = 0.

This contradiction proves ([B.I]). Moreover,replacing w with —w and W with —WW shows that

W also takes positive values in any relative neighborhood N of (z¢,0) in ]Rf *1 The claim
thus follows. O

Theorem 3.2. Let V satisfy (18) and let wo € H}, ,(B) be a radial solution to (L)) with
o = o0o(V). If wa(0) = 0, then wy = 0 in B. As a consequence, the eigenvalue oo(V') is

simple.

Proof. Suppose by contradiction that wo(0) = 0 but wy # 0. We already know that ws
changes sign at least once and in the radial variable, since it is L?-orthogonal to the (up to
normalization unique) positive first eigenfunction.

Claim 1: wy changes sign only once.

To see this, we argue by contradiction and assume, without loss of generality, that there
exists 0 < r1 < r9 < 13 < 1 such that wy(r;) > 0 for i = 1,3 and ws(r2) < 0.
Let Wy be the s-harmonic extension of wg, and define W : Ry x Ry — R by W(|z|,t) =
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Wo(z,t). Then by Lemma 28] the sets O := {W > 0} and O_ := {W < 0} are (relatively)
open in Ry x R, and connected in Ry x R, so they are also path connected. In particular,
there exists a continuous curve 7 : [0, 1] — O joining the points (r1,0) and (r3,0).

Moreover, since we assume that wy(0) = W(0,0) = 0 and therefore (0,0) & ~([0,1]),
we have d := dist(y([0,1]),(0,0)) > 0, and we may use Lemma [B] to find z € Ry x R
with |2| < d and W(z) < 0. By path connectedness of O_, we then find a continuous
curve n : [0,1] — O_ joining z and (re,0). By Lemma below applied to the points
0 < ry < ro < rs, this curve must intersect . This, however, is impossible since O NO_ = &.
From this contradiction, Claim 1 follows.

Next, we write v in place of wy to simplify the notation. As a consequence, from (L.I]), we
have

[ o=Vt = 7~ 0, (3.2)
and
/RN (02— V)(o™)2dw = [0 ]2 — [oF, 07, (3.3)

By Claim 1, we may assume that there exists 9 € (0,1) with v > 0, v # 0 on B,,(0) and
v <0, v#0on Bi(0)\ By, (0). Let v, denote the Schwarz symmetrization of the function
vt € H*(B). Then

Suppvs C By, (3.4)
and by a classical result of Almgren and Lieb [I, Theorem 9.2 (i)], we have v, € H*(B) and
[0.)2 < W3- (3.5)

We note also thatE|
/ (0 — V)o2da > / (03 — V(v )2da, (3.6)
RN

RN
by the classical Hardy-Littlewood inequality (see e.g. [22, Theorem 3.4]), since the function
o9 — V is nonincreasing by assumption and since v? equals the Schwarz symmetization of
(vh)2.
In the following, we wish to prove that
;U s (3.7)

Since v, = 0 on B1(0) \ By, (0) and v~ = 0 on B,,(0), we have, using polar coordinates,

o] = 26w / / & — V=20, ()0 (y) dady
Bi\Bry By,

— [, 07 ]s < —[v

— / 1pN_1v_(p)< /B 0u(@)hy () ) dp. (3.8)

T0 &)

where, for p € (rp, 1),

la) = [l = ool Edoty) = ©lal. )

with

N

o _N—2 - QN N+2S . N r
@(7’, p) - /SNl ’7’61 - py’ Sdo.(y) - pN+282F1< 2 ;S + 17 57 F)

LWe note that if V is unbounded, then the inequality holds with V1 | € L°°(B), for € N. Therefore,

by the dominated convergence theorem, we can let n — oo to get (3.0).
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N-1

22
F(N;1)7

for 0 < r < p < 1, see e.g. [I5, Section 5]. Here ay = and oF;7 denotes the

hypergeometric function given by

o (@) ()n

x — 9Fi(a,b;c ) Z (a
n=0

with the Pochhammer symbols (a),, (b), and (c,),. Since, for fixed a,b,c > 0, the function

x — 9Fy(a,b;c;x) is positive and increasing on (0,1) as (a)n, (b), and (¢, ), are positive for

all n, the function r — O(r, p) is positive and increasing in r € (0, p). Consequently, for

p € (r9,1) we have, by applying again the Hardy-Littlewood inequality,

| v@hiois = [ o@ellal pde < [ ot @hiplal)da

70 70 BTO

nl

— [ er@hy(o)is,
B

70

which by ([B.8) implies that

~[o7 < 20, 1o (o) | vs@ha(o)d)dp = ~fos 07,

0 0

as claimed in (371).
In view of (L7)), here exists £ > 0 such that [p(v. — kv )wide = 0 and
/ (o9 — V) (ve — kv )2dx < [vs — ko7 ]2 = [0a)2 + K2[07]2 — 260k, v | (3.9)
From this, (SE) and ([B.7), we obtain
/ (o9 — V) (vx — ko7 )2da < [wt)2 + K2v7]2 = 260,07 .
Combining this Wifh B2), B.3) and B4]), we get
/B(ag — V)" — kv )de < /B(ag — V)vidx + K? /B(ag —V)(v7)?dx

= / (o9 — V) (v — ko7 )2dx < w2 + K2 7] — 26T, 07 s (3.10)
B

= / (o9 — V) (T — kv )2de + (1 + &% — 26) [T, 07 ],
B

Since [vt,v7]s < 0 and 1 + k2 — 2k = (1 — k)2, we then deduce that x = 1 and all the
inequalities in the display (3.I0) become equalities. A a consequence equality holds in (3.9])
with £ = 1 and thus w = v, — v~ = v, — w, is an eigenfunction of (II]) corresponding to
o = o9(V). Since, by [B4), wa = w on By \ By,, we conclude that we = w by fractional
unique continuation (see [14]). However, since w; % 0, it now follows from the properties of
Schwarz symmetrization that

0+(0) = w2(0) = [[vu]| () > 0,
which gives a contradiction. The proof is thus finished. O

Next, we need the following key equivalence statement.

Proposition 3.3. Let V satisfy (1.38), and let wy € M7 ,(B)\ {0} be a radial solution to
(LI) with o = o9(V). Then the following assertions are equivalent:
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(i) we changes sign precisely once in the radial variable.
(ii) We have

wg(O)/ wa dr < 0. (3.11)
B
Proof. By Theorem we may, replacing we by —ws if necessary, assume that

w,(0) > 0. (3.12)

We first prove that (i) implies (ii). Let w; € H*(B) N C(B) be the unique L*-normalized
positive eigenfunction corresponding to the first eigenvalue o1(V). From [18, Corollary 1.2],
we may deduce that w; is strictly decreasing in its radial variable |z|. Let rog € B be such
that that we = 0, we #Z 0 in By, and we < 0, wy #Z 0 in B\ By,. Since w; = wi(|z]) is strictly
decreasing in the radial variable, we then get

0:/w2wld$:/ w2w1d$+/ w2w1d$>w1(7‘0)/ wodx
B B B\B, B

0
and hence

/ wy dz < 0. (3.13)
B
Combining (3.12) with (3.13]), we get (ii).

Next we prove that (ii) implies (i). For this we argue by contradiction and assume that
wy = wa(|z|) changes twice in the radial variable, i.e. there exists 0 < r1 < ro < rs with
w(ry) >0, w(re) < 0 and w(rs) > 0 after replacing w with —w if necessary. We then argue
similarly as in the proof of Theorem For this we let W5 be the s-harmonic extension of
wo, and we claim that

W5(0,t) >0  forallt> 0. (3.14)

To see this, we define W : Ry x Ry — R by W(|z|,t) = Wa(x,t). By Lemma 23] the sets
Oy = {(z,t) € Ry xRy : £Wy > 0} are (relatively) open in Ry x Ry and connected, hence
they are also path connected. In particular, there exists a continuous path « : [0,1] — O4
with v(0) = (r1,0) and (1) = (r3,0). Arguing by contradiction, we now assume that there
exists a point (0,%9) with to > 0 and W5(0,%9) < 0. Then there exists another continuous
path 7 : [0,1] — O_ with 1(0) = (0,ty) and n(1) = (r2,0). By Lemma [6.3] below, this curve
must intersect v, but this is impossible since O, N O_ = &. The contradiction shows that

(3.14) holds.

Noticing that

— wa(y)d
tNWZ(Oat) = tNW(()?t) = pN78/ 2(y) yN+2s
RN (1+[y[2/t?) =

and that wy € L'(RY), we then conclude that

lim VT (0,4) = puvs / ws(y)dy (3.15)
t—o0 RN
and thus [py wa(y)dy > 0. Together with ([BI2), this contradicts our assumption (ii). The
contradiction shows that wy changes sign only once in the radial variable, as claimed. O

Next, we first consider the case V = 0, i.e., eigenfunctions corresponding the second radial
eigenvalues of the Dirichlet fractional Laplacian.

Proposition 3.4. For s € (0,1], let Aos = 02(0) be the second radial eigenvalue of the
Dirichlet fractional Laplacian and @2 be a family of corresponding eigenfunctions. Then
@s2 changes sign only once in the radial variable. In particular s 2(0) fB ps2dx <O0.
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Proof. We start with the preliminary remark that (3.11]) holds in the case s =1, V =0, i.e.,
we have

@1,2(0)/ p12dx <0. (3.16)
B

Indeed, it is well known that ¢ 2 changes sign precisely once in the radial variable. Moreover,
we have . .
/ ©1,2 dr = )\— (—A(plg) dr = —)\— 8,,(,0172 dO’, (317)
B 2,1.JB 2,1 JoB

where 0, denotes the outer normal derivative on 9. After replacing (12 with —¢q o if
necessary, we may now assume that ¢ 2(0) > 0. Moreover, since ¢; o changes sign precisely
once in the radial variable, the classical Hopf Lemma implies that 0,¢12 > 0 on dB. Hence
BI7) implies (B.16]).

Next, we let A\; s be the first radial eigenvalue of the Dirichlet fractional Laplacian and
©s,1 € H?(B) be the corresponding positive eigenfunctions, normalized such that

lsillpeoy =1  for s € (0,1]. (3.18)

From the variational characterization we see that A; s < C(N). This follows from the fact
that for for all p € C2°(B) with [¢[|z2(p) = 1, we have, by (L4,

Mool = [ lePlerde < [ 1+ IEP1pRds = Il
RN RN

Recall that (—A)*ps1 = A sps1 in B. Applying [25, Theorem 1.3], we find that for all
sp € (0,1), there exits C' = C(N, sg) > 0 such that

lesillos@m < C for all s € [so, 1). (3.19)

Hence, if 5 € (0,1] and (s,), C (0,1) is a sequence with s, — then, up to passing
to a subsequence, we have ¢,, 1 — T in C(B) for some function 7 : B — R satisfying
w(z)| < C(1 — |z|)% for all z € RY. Moreover (—A)¥0 = A1 50 in D'(B). If 5 < 1, then it

follows from Fatou’s lemma that

S,
T

[0 < liminflps, 17, < lminf Ay, (s, 1]72(5) < C(N)|B|

and therefore 7 € H*(B). In the case where 5 = 1, passing to the limit in ([3.19]), we deduce
that Vo € L*°(B). Since ¥ is nonnegative and ||| gy = 1, we then obtain that A1 5 is the

first Dirichlet radial eigenvalue of (—A)® in B and U = 5. Since it is simple, then for any
5€(0,1],

0s1— 51 in C(B)NH*(B) as s — 5. (3.20)
From the variational characterization of g s, as given in (I.G) with V = 0, and from (3.20]),
it follows that (A2s)sc(o,1) is bounded. In the following, we may, by normalization and
Theorem [3.2] assume that

lpsallresy =1 and ¢s2(0) >0 for all s € (0,1]. (3.21)

Arguing as above by using Theorem and (B.2I) together with the regularity estimate
given in [25, Theorem 1.3], we find that

¢s2 — ps2 in C(B) as s — s. (3.22)

We now recall that ¢, 2 changes at most sign twice in the radial variable for all s € (0,1) by
Corollary 2771 By B.16]), we have ¢1,2(0) [ ¢1,2 dz < 0. Hence by (B8.22]) and Proposition 3.3
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there exists sp € (0, 1) such that ¢, 2 changes sign precisely once in the radial variable for all
s € (sg,1). We define
sy :=1nf{sg € (0,1] : ¢ 2 changes sign only once in the radial variable for all s € (sg,1)}.

The proof finishes once we show that s, = 0. Assume on the contrary that s, > 0. Then by
(3.22) and the definition of s, ¢, 2 changes sign only once in the radial variable and thus
by Proposition [3.3]

905*2(0)/ s, 2dr < 0.
B
On the other hand Proposition B3] implies that ¢;2(0) [5@r2dz > 0 for all 7 € (0,s.).

Hence letting 7 7 s, and using ([3:22)), we find that ¢y, 2(0) [ ¢s, 2 dz > 0. This leads to a
contradiction and thus s, = 0, as desired. O

Theorem 3.5. Let V satisfy (I.8), and let wy € HE, (B) be a nontrivial solution to (ILTI)

rad
with o = 09(V'). Then we changes sign precisely once in the radial variable.

Proof. For 7 € [0, 1], we define
V:: B — R, Vi(z) =7V (x),

and we let wo ; be an eigenfunction associated to o2 (V). By Theorem [3.2] we may normalize
wa,  such that

|werll2py =1 and  wa,(0) >0 for all 7 € [0, 1]. (3.23)
Applying Lemma 2.2] Theorem and (3.:23)), we find that, for every 7 € [0, 1],
wa, — war in C(B) as T — T. (3.24)

Moreover, for all 7 € [0, 1], the function ws » changes sign at most twice in the radial variable
by Corollary 27 In addition wy(0) [ w20dz < 0 by Proposition B4l Therefore from (B.24)
and Proposition B3] there exists € € (0, 1] such that ws ,; changes sign only once in the radial
variable for all 7 € [0,¢]. We define

T« :=sup{e € [0,1] : wy, changes sign only once for all 7 € [0,¢]}.

By definition of 7, (3.24) and Proposition 3.3] we see that ws ,, changes sign only once. In
particular

w2 7, (O)/ wy 7, dx < 0. (3.25)
B
We claim that 7, = 1. Indeed, if we had 7, < 1, then Proposition B3] would yield

wz,T(O)/ wyrdr >0 forall 7 € (7, 1).
B

Letting 7 \ 7, in the above inequality and using (3.24)), we get wy -, (0) [5 w2 7, dz > 0 which

contradicts ([3:25]). As consequence (3.25]) holds with 7, = 1. Combining this with Proposition

[B.3] and Theorem [3.2] we conclude that wy; € { T } changes sign precisely
’ ”w2||L2(B) ||w2||L2(B)

once in the radial variable, as claimed. O

Remark 3.6. The continuity argument we use in the proof of Theorem [I1l is inspired by
the work of Frank, Lenzmann and Silvestre [16]. However our arguments here provide some
simplifications in some proofs in [16], because Proposition can be extended also to the
case where B is replaced with RY. In fact the main idea behind the proofs is that if Wo 7, 15
a simple second eigenfunction of (—A)* +V in Br with R € (0,4+00] and s € (0,1], changes
sign only once on Br. Then there cannot exists a 1-parameter family of second eigenfunction
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wa r of (—A)* 4+ V. in Br with the property that wa ; — tws ,, in C(BR) NLY(Bg) and wa
changes sign twice in By for all T # 7.

While in [16] for R = +oo they use the expansion of the Green function of the operator
(—=A)* + 1 on RN to derive an open condition given by the sign of fRN wa, 7, dx, here we
simply observe in Proposition that this sign is given by limy_o tV Wa 7, (0,t) where W,
is the s; -harmonic extension of war,. Now the sign of this limit is in turn given by the
monotonicity of the first eigenfunction and the fact that wy ., changes sign only once in the
radial variable.

Comparing the proofs, we see that the role played by the radial Dirichlet eigenvalues o;(0) is
the the one that o;(ge™17") plays in [16], for some e < 0.

With the help of a new local Hopf-type Lemma for the s-harmonic extension given in
Theorem below, we shall now prove that the fractional normal derivative of a radial
second eigenfunction of (1)) is nontrivial.

Proposition 3.7. Let V satisfy (1.38), and let wo € H; ,(B)\ {0} be a radial solution to
(LI) with o = o9(V). Then we have

w2 (0)Yu, (1) <0, (3.26)
e wa(z)
where Yy, (1) := liminf ————.
(1) =y (1 — fa])®
Proof. By Theorem we may, replacing wy by —wsy if necessary, again assume that
wo(0) > 0. (3.27)

By Theorem B0 the equivalent properties of Proposition B3] are satisfied. Let W5 be the
s-harmonic extension of wo, and let W : Ry x Ry — R be defined as in the proof of Propo-
sition B3] i.e., W(|z|,t) = Wa(z,t). Moreover, we consider again the path connected sets
Oy = {(z,t) e Ry xRy : £Ws > 0}

By B1I), (3I5) and (B27), there must exist ¢, > 0 such that W(0,%,) < 0. Moreover,
there exists 7. € (0, 1) such that W(r*, 0) < 0. By the path connectedness of O_, there exists
a continuous curve 7 : [0,1] — O_ with 7(0) = (0,t.) and n(1) = (r,0). Since wy changes
sign precisely once in the radial variable, we have that 1, (1) < 0.

Let us now assume by contradiction that 1y, (1) = 0.

We claim that W5 takes positive values in every relative neighborhood of the point (eq,0)

in Rf“ in this case, where e; denotes the first coordinate vector in RY. Indeed, suppose
by contradiction that W5 < 0 in some relative neighborhood N of (e1,0) in Rf +1 We note

that W # 0 in N, since otherwise Wy = 0 in Rﬂ\: 1 by unique continuation (see e.g. [14]) and
therefore wy = 0, which is impossible. Hence Wy < 0, Wy # 0 in N, and therefore Theorem
below implies that

Yy (1) = im nf Wo((1 ;7’)61,0) <0,
contrary to our current assumption. The contradiction shows that the function Wy takes
positive values in every relative neighborhood of the point (eq,0) in ]Rf +1 as claimed. As a
consequence, W takes positive values in QF == {(r,t) e Ry xRy : |(r,t) — (1,0)] < p} for
every p > 0. Therefore letting d = dist((1,0),7n([0,1])) > 0, there exists

2€Qf,  with W(z) > 0. (3.28)
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On the other hand, by (327) there exists e € (0,7,) such that W (e,0) > 0, and by the path
connectedness of O, there exists a continuous curve v : [0,1] — O, joining the points (e,0)
and z. By Lemma below applied to the points t.,e,r4, 1, the curves n and ~ intersect.
This however is impossible since Oy N O_ = &. The contradiction yields ¥, (1) < 0, and
together with ([B.27) the claim follows. O

Proof of Theorem [I1 (completed). Let V satisfy (I.8]). By Theorem[3.2] the eigenvalue oo(V)
is simple, and every associated eigenfunction we = ws(|x|) satisfies wo(0) # 0. Moreover,
by Theorem we may assume, after replacing wo by —ws if necessary, that there exists
ro € (0,1) with the property that wy > 0, wy % 0 on By, and wy < 0, wy #Z 0 on B\ B,.
Then we may follow the second part of the proof of Theorem [B.2lto see that w; coincides with
its Schwarz symmetrization, which implies that wg‘ By is decreasing in the radial variable.

In addition, the property (9] follows from Proposition B.71
Finally, fractional unique continuation (see [14]) implies that

wy is nonzero on a dense (open) subset of B. (3.29)
Since wg‘ . is decreasing in the radial variable, we thus conclude that wy > 0 on B,. It
70

thus remains to show that wy < 0 in B\ By, i.e. ws < 0in (rg,1) as a function of the
radial variable. Suppose by contradiction that there exists r3 € (rp,1) with wy(r3) = 0.
By ([329]), there exist points r1 € (0,7r9), ro € (ro,73) and r4 € (r3, 1) with wo(r1) > 0,
wa(re) < 0 and we(ry) < 0. Let Wy be the s-harmonic extension of ws, and let again
W : Ry x Ry — R be defined by W(|z|,t) = Wa(x,t). Moreover, we consider again the
path connected sets Oy := {(x,t) € Ry x Ry : £W5 > 0}. We now fix a continuous curve

v :[0,1] — O_ joining the points (ry,0) and (r4,0). Since wo(rs) = W(rg,O) = 0, we have
(r3,0) & ~([0,1]) and therefore we may, by Lemma [B.I] choose a point z € Ry x Ry with

W(z) > 0 and |z — (r3,0)| < dist((1,0),~([0,1])). By the path connectedness of O, there
exists a continuous curve 7 : [0,1] — O joining the points (r1,0) and z. Now Lemma [6.3]
applied to the points r| < ro < r3 < 14, shows that v and 7 must intersect, which is impossible
as Oy NO_ = . The contradiction shows that wy < 0 in B\ B,,, as required. O

4. NONDEGENERACY AND UNIQUENESS OF GROUND STATE SOLUTIONS

In this section we complete the proof of Theorem For a radial function v € C*(RY)
with v = 0 on RV \ B, we define

Yy € L(0,1), Uy (|z]) == dist(m?)]g\)f By = a i(ﬁ‘)s for z € B.

and, as before, we define ¢, (1) := lim/i{lf Uy(p).
p

We start by collecting some properties of solutions to (L.I3]). Throughout this section, we
let p € (1,25 — 1) and A > 0 be fixed, and we let u € H*(B) denote a fixed solution of (LI3]).
We recall the following well-known properties of u.

Lemma 4.1. The following statements hold:

(i) u € C®(B)NC*(RN) and u is radially symmetric and strictly decreasing.
(ii) 1y extends to a continuous function on [0,1], and ¥, (1) > 0.

Proof. As noted in [9], we can apply [27, Proposition 3.1] to get w € L*°(B). Then, by a
classical bootstrap argument using interior and boundary regularity (see [28] and [24]), we
find that u € C*(RY) N C*®(B), and that ¢, extends to a continuous function on [0, 1].
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From [I8, Corollary 1.2] we deduce that u is radially symmetric and strictly decreasing in
the radial variable. Finally, v, (1) > 0 follows from the fractional Hopf lemma, see e.g. [13],
Proposition 3.3]. O

As a consequence, we note that V = —puP~! satisfies assumption (L8], with ¢ = +o0c. The
following lemma has been proved in [9] in the case N = 1. The proof is almost the same in
the multidimensional case, but we prefer to give the details for the convenience of the reader.

Lemma 4.2. Let u € H*(B) be a solution to (IL13)), and let w € H ,(B) be a radial solution
of
(—=A)*w — puP~lw = —w in B. (4.1)
Then v, € C([0,1]) and
/ wPwdr =0 and [u, w]s = —)\/ wu dx. (4.2)
B B

Moreover, the fractional normal derivatives 1, (1) and 1, (1) of u and w satisfy the identity

23)\/Buwdx = —T2(1+ 5)|0B|1y (1) (1). (4.3)

Proof. We first note that it follows from Lemma 211 that w € C*(RY) N C*T*(B) and

loc

T % € C%(B) for some a > 0. Next we note that the weak formulations of (LI2)

and (@) yield that

/upwdx:[u,w]s—l-)\/wud:z::p/ uPw dx
B B B

and therefore ([£2]) follows. Moreover, the fractional integration by parts formula given in [20,
Theorem 1.9] now yields

/ Vu-z(—A)w d:E—I—/ Vw - z(—A)’udz
B B
= T%1+5) | Yuwdo — (N —2s)[u, wl, (4.4)
oB
By integration by parts and (d.2]), we have
/ Vw - x(—A)’udr = / Vw - z(—Au + uP) dz
B B
= —N/ w(—Au + uP) dx — / Vu - z(—w + uP~tw) da
B B
= —Nu,w]s — / Vu - z(—A)wdz.
B
Combing this with ([4.4]), we deduce that

—Nu,w]y = —T?(1 + s) Yyt do — (N — 2s)[u, w]s.
0B

This and ([@2]) gives (L3). O

Corollary 4.3. Let V = —puP~!. Then we have o2(V) # —\ for the second radial eigenvalue

oo(V) of (I1).
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Proof. Suppose by contradiction that o9(V) = —\, and let w € H*(B) be a correspond-
ing eigenfunction, so w satisfies (£2]) and (£I]). Moreover, by Theorem [[.I] we have, after
replacing w by —w if necessary, that

P, (1) <0, (4.5)
and there exists r € (0,1) with the property that
wy > 0 on B, and wy < 0 on B\ B,. (4.6)
Since 1, (1) > 0, it follows from (4.3) and (435]) that
)\/ uw dx > 0,
B

which, since A > 0, is only possible if A > 0 and [ g uwdx > 0. However, from (4.2]) and the
fact that u is radially symmetric, positive and strictly decreasing in the radial variable, for
e € 0B, we obtain

0:/ upwdx:/ upwda:—i—/ upwdx>up_1(re)/ uwdx with  u”"!(re) > 0,
B . B\B; B

which yields a contradiction. The claim thus follows. O

Theorem 4.4. Suppose that u is a ground state solution of (II13). Then u is nondegenerate,
i.e., the equation (L)) does not admit nontrivial solutions w € H*(B).

Proof. We first note that the nonradial nondegeneracy result given in [9, Theorem 1.1] shows
that (A1) does not admit nontrivial solutions w € H*(B) \ H?_,(B). Moreover, (LI5]) and

rad

Corollary .3 imply that o9(V) > —A for V := —puP~L. In addition, by (LI3) we have
2+ el van = Ml = =) [ w2 de < =NulEags

and therefore oy (—puP~1) < —\ by (L8). Hence (L)) does not admit nontrivial solutions
w € HE (B) for o = —\, and therefore (£1]) does not admit nontrivial solutions in H?_,(B).

rad rad

The claim thus follows. O
Proof of Theorem [I.2. Since ground state solutions solutions of (II3]) are nondegenerate for
all p € (1,2% — 1), A > 0 and since uniqueness of solutions to (II3]) holds for p close to 1 by

the results in [7], we can use the same continuity argument as in [9] to deduce that uniqueness
holds for all allowed values of p. O

5. APPENDIX I: A HOPF-TYPE BOUNDARY POINT LEMMA

The aim of this section is to establish a new Hopf-type boundary point lemma, which was
used in a special case with radial data in the proof of Theorem [[.LII We believe that this
new lemma could be of independent interest. For zq € RY, we let, as before, B,(z) denote
the ball in RY of radius r centered at xg. Moreover, we define B, (zg) as the ball in RV +!
centered at the point (zg,0) with radius r and Bjf (zg) := RY™ N B, (xg). If there is no

confusion, we will identify, as before, subsets B of RY with B x {0} C Rf“. Note that,
with this identification, B, () coincides with OB (z¢) \ RY™ up to a set of set of zero

N-dimensional Lebesgue measure. Moreover, for an relatively open set A C ]Rf +1 we define
the weighted Sobolev space H'(A;t!72%) as space of all functions U € L?(A) with

”UH%p(A;tlfzs) = /A(]VU\2 + U728 dadt < oo,
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where VU denotes the distributional gradient of U. Moreover, we let Hé’ (4 t172%) denote
the closure of C°(A) C H'(A;t'72%) with respect to || - | 71 (a;1-2). We note that, as in the
case of classical first order Sobolev spaces without weights, we have U € Hé’ (4 t172%) for
every function U € H'(A;t'72%) N C(A) with U =0 on 9A NRNFL,

We recall the following Sobolev trace inequality.

Lemma 5.1. Let m = 2} = N2iv25 if N > 2s, and let 2 < m < oo in the case 1 = N < 2s.

Then there exists C = C'(N, s, m) > 0 with the property that

2 2,1-2s 2
HwHLm(Bl(O)) < C </B+(O) ]Vw! t dxdt + ”w”L2(8Bf(0)ﬁ{t>0};t125)) )

1
Jor any w e H' (B (0);t272%) with w(-,0) = 0 on B1(0) \ By (0).

This inequality is classical in the unweighted case 1 = 2s, and it is proved in |14, Lemma
2.6] in the case N > 2s. To deal with the remaining case 1 = N < 2s, we merely note that

/ |Vw|2dxdt§/
B (0) B (

1

1
\Vw|?t1 =25 ddt for any w € H'(B7 (0);¢'72%) if s > 7
0)

Therefore, if m € (2,00) is fixed, the inequality for s = % implies the one for s > %
We are now in the position to formulate our new Hopf-type lemma.

Theorem 5.2. Let  be a C1! open set with 0 € Q. Let V € L4(B,(0)) N C&.(B,(0) N ),
for some ¢ > max (4, 1) and o > 0. Let U € HY(B}(0);¢172)NC(2 x [0,7)) be nonnegative
and satisfy

{—dw(tl—2SVU) >0 in B (0), 51)

—lim tH=250,U + VU >0 in B,(0) N Q.
—
in weak sense, i.e.,

/+ tI7BVU - Vo dxdt—i—/ VU®dx >0 for all ® € Hy (B (0);¢'7%),® > 0. (5.2)
By (0) +(0)

Then either U = 0 in BF(0) or lim\%lf w > 0, where v is the unit interior normal of 02
p
at 0.

Proof. Let us assume that U # 0 in B;F(0). Then by the strong maximum principle U > 0 in
B;"(0). By assumption,  satisfies the interior sphere condition at 0. Therefore, there exists
70 € (0,7/2) such that for all 7 € (0,79), there exists e, € Q such that B;(e;) C QN B,(0)
and 0 € 0B;(e;). We claim that the problem

V(i VIW) = 0 in B, (0)

—limy_yo t'"25,W + VW =0 in B-(er), (5.3)
W(.0)=0 in B,/5(0) \ B (e.). |
W=U on OB ,(0) N {t > 0}.

admits a (weak) solution if 7 > 0 is chosen sufficiently small. By this we mean that W is

contained in the affine subspace H C H'! (B:T/2 (0); 1=2%) of functions W € Hl(B:'/2 (0); t1=29)
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which satisfy the last two equations in (5.3]) in trace sense, and that

/ tI=25YW - VO dzdt + / VW odr =0
B, (0) Br(er) (5.4)

for all ® € Hy , (BY,(0);¢t'7*) with ® =0 on B, 5(0) \ B(e,).

r/2
To see this, we minimize the energy functional

W s (W) ::/

B}, (0)

in H. By Lemma [5.1] and Hélder’s inequality, we have

2 2
ARG [ P g (5.5)

VW *t1=25dadt + / VW2dx
Br(er)

2;,1-2s 2
smwmw$m<éh©wwu dmuwwhwmﬂmwﬂﬂ%)

for W € H with a constant C = C(r,N,s) > 0. Hence, if 7 > 0 is chosen small enough
to guarantee that C||V| (g, (,)) < 1, then the function J is coercive on H. Since, further-
more, the trace map Hl(Bj/2 (0);t172%) — L2(B,(e,); Vdz) is compact, standard weak lower
continuity arguments show that J admits a minimizer in H, which then satisfies (5.4]).

Next we note that, by the regularity theory in [3], we have W € C(B:r/2 (0)) and t1 =259, W €
C(Bf (e;)). In addition, we deduce from (5.2)) and (5.4]) that

U>W >0 in Bj/z(o). (5.6)
Indeed, applying (5.4]) with & = W_ = max(—W,0) € H§7+(B:'/2(0);t1_28) gives
/ 2 VW_ |2 dadt = —/ VIW_|*dz.
B/ ,(0) B (er)

Estimating as in (&.3), using C||V|za(p,(,) < 1 and the fact that W_ = U_ = 0 on

8B:'/2(0) NRY T, shows that fBj/Q(O) 1725\ VW_|2 dzdt = 0 and therefore W_ = 0 in B:'/2(0),

which gives the second inequality in (5.6]). The first inequality in (5.6]) follows in a similar

way from (5.2) and (B.4).

Moreover, by (5.6]) and the strong maximum principle, we have
W >0 in Bf (e;).
For fixed 7 as above, we let 75 € (7,7/2). Since W = 0 on B, (e,) \ By(e;) and t'=29,W €

C(Bi(e;) \ Bf(e;)), by applying [3, Proposition 4.11], we can find a constant ¢ > 0 such
that

W(z,t) > ct* for (z,t) € 0BY (er) \ By, (er). (5.7)
We note that for e € B-(e;), we have W (e, 0) > 0 because otherwise if W(e,0) = 0 then
by [3, Proposition 4.11], we would have

0> —lim tH=259,W (e,t) = =V (e)W (e,0) = 0
%
which is not possible. Therefore, fixing 71 € (0,7) from now on, we deduce, by compactness

and the continuity of W, that
Wi(z) >c for all z € B, (e;) (5.8)
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after making ¢ > 0 smaller if necessary. Next, we choose a nonnegative and nontrivial
function f € C°(B;, (e;)), and we let ¢ € H*(B-(e;)) be the unique solution to (—A)*¢ = f
in B;(e;). By the fractional Hopf lemma (see e.g. [13] Proposition 3.3]), we have that

lim $(@)

Let ® € Dgf(eT)(RfH;tl_Qs) N C(W) denote the s-harmonic extension of ¢. It then
follows from the Poisson kernel representation and the fact that ¢ = 0 in RV \ B, (e;) that
®(z,t) < % for all (z,t) € 0B, (er) \ Br,(er).

and that _

D(z) < for all z € Bf, (e,),
for some constant ¢ > 0. We then fix n > 0 with ¢ > n¢. By (E.3), (57) and (5.8), the
function ¥ := W — n® satisfies

—div(t1=2V¥) > 0 in A

—limy o t1725 (2, t) > —VW (x,0) for z € B;(er) \ B, (er),
U(z,0)=0 for z € B, (e;) \ Br(er),
>0 on JAN{t > 0},

where A := Bf, (e;) \ Bf, (e+). Here we used that f =0 on B;(e.)\ By, (e;). Multiplying the
above equation with W_ = max(—W¥,0) and integrating by parts, we get

—/ VU _ 2t 25 dedt > —/ VWU _dz.
A Br(er)\Br (er)

Since ¥_ = 0 on (AN {t > 0}) U OB, (e;) x {0}, using the Hélder’s and Sobolev trace
inequalities as in (5.5]), we obtain

—/AW‘I’J%I_%CZ!Edt > —[[WllL2(B, (er)svida) 1Y = L2(B, (er ;| V| da)

1
1 1 2
> ~CIW etV e IV Uy ([ 190 0at)
with C' = C(N, s,r). From this and (5.6]), provided 7 > 0 is small enough, we get |[VU_| =0
on A. Hence ¥_ = 0 in A, which in particular implies that W (x,0) > n®(z,0) = né(x) for
all x € B;(e;). By (£9) and (5.6), we therefore get liminf,\ o W > 0, as claimed. O

6. APPENDIX II: SOME TOPOLOGICAL LEMMAS ON CURVE INTERSECTION

In this appendix, we collect curve intersection properties which we have used in the previous
sections. We start by citing the following lemma from [9, Lemma 7.4].

Lemma 6.1. Let z1 < 9 < x3 < x4 be real numbers. Suppose that v,n : [0,1] — @ are
continuous curves such that v(0) = (21,0), 7(1) = (23,0), n(0) = (22,0), n(1) = (24,0).

Then the curves v and 1 intersect, i.e. there exists t,t € (0,1) with v(t) = n(f)
We have also used the following slight generalization.

Lemma 6.2. Let 1 < x9 < x3 < x4 be real numbers, and let vy,n : [0,1] — ﬂ be continuous
curves. Moreover, suppose that one of the following is satisfied.
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(i) We have v(0) = (x1,0), v(1) = (x3

,0), [n(0) = (22,0)] < dist((22,0),7([0,1])) and

(1) = (24, 0)] < dist((24,0),~([0,1]))
0) 0

)

)
)

77
), [7(0) = (21,0)] < dist((x1,0),7([0,1])) and

~—

)
(ZZ) We have 77( = (332,0), 77(1 ($47
h/(l) - ($37 0)| < dlSt((gj&O))n [07 1 )
Then the curves v and n intersect.

—~

Proof. We only prove (i), the proof of (ii) is very similar. For two points a,b € R2, we let
[a,b] := {ta+ (1 —t)b : t € [0,1]} denote the closed line segment joining a and b. Then
assumption (i) implies that the line segments [(z2,0),7(0)] and [1(1), (z4,0)] do not intersect
the curve v. On the other hand, adding these line segments to the curve 7, we obtain a
curve 7 : [0,1] — R% joining the points (x2,0) and (z4,0), so by Lemma [61] the curve 7 does
intersect . It therefore follows that also the original curve n must intersect -, as claimed. [

Lemma 6.3. Let tg > 0, and let 0 < x9 < w3 < x4. Suppose that v,n : [0,1] — Ry x Ry
are continuous curves such that v(0) = (0,t9), v(1) = (x3,0), n(0) = (z2,0), (1) = (z4,0).
Then the curves v and n intersect.

Proof. We define the continuous curve
— (=1 (1)), v2(¢])) if t <0,
¥:[-1L,1]=RY, A1) = ,
TEL =R, Al {(Vl(t)mz(t)) if1> 0.
This curve joins the points (—z3,0) and (z3,0). Since —x3 < zo < x3 < x4, the curve ¥
must intersect 7 by Lemma Since 7([0,1]) € Ry x Ry, this implies that n intersects -,
as claimed. O

By the same argument as for Corollary [6.2] we can weaken the assumptions slightly to
obtain the following statement.

Lemma 6.4. Let tg > 0, and let 0 < x9 < x3 < 4. Suppose that v,n : [0,1] - Ry x Ry are
continuous curves such that v(0) = (0,tg), v(1) = (z3,0) and

7(0) = (22,0)| < dist((z2,0),7([0,1])),  [n(1) = (24,0)] < dist((x4,0),7([0,1])).

Then the curves v and n intersect.
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