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DEFORMATION MAPS OF QUASI-TWILLED LIE ALGEBRAS
JUN JIANG, YUNHE SHENG, AND RONG TANG

ABsTRACT. In this paper, we provide a unified approach to study the cohomology theories and de-
formation theories of various types of operators in the category of Lie algebras, including modified
r-matrices, crossed homomorphisms, derivations, homomorphisms, relative Rota-Baxter opera-
tors, twisted Rota-Baxter operators, Reynolds operators and deformation maps of matched pairs
of Lie algebras. The main ingredients are quasi-twilled Lie algebras. We introduce two types of
deformation maps of a quasi-twilled Lie algebra. Deformation maps of type I unify modified r-
matrices, crossed homomorphisms, derivations and homomorphisms between Lie algebras, while
deformation maps of type II unify relative Rota-Baxter operators, twisted Rota-Baxter operators,
Reynolds operators and deformation maps of matched pairs of Lie algebras. We further give the
controlling algebras and cohomologies of these two types of deformation maps, which not only
recover the existing results for crossed homomorphisms, derivations, homomorphisms, relative
Rota-Baxter operators, twisted Rota-Baxter operators and Reynolds operators, but also leads to
some new results which are unable to solve before, e.g. the controlling algebras and cohomologies
of modified r-matrices and deformation maps of matched pairs of Lie algebras.
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A classical approach to study a mathematical structure is to associate to it invariants. Among
these, cohomology theories occupy a central position as they enable for example to control de-
formation or extension problems. The concept of a formal deformation of an algebraic structure
began with the seminal work of Gerstenhaber [21;, 22] for associative algebras. Nijenhuis and
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Richardson extended this study to Lie algebras [41],, 43]]. Deformations of other algebraic struc-
tures such as pre-Lie algebras have also been developed [§]. More generally, deformation theory
for algebras over quadratic operads was developed by Balavoine [3]. For more general operads
we refer the reader to [28, 33, 3], and the references therein. There is a well known slogan, often
attributed to Deligne, Drinfeld and Kontsevich: every reasonable deformation theory is controlled
by a differential graded (dg) Lie algebra, determined up to quasi-isomorphism. This slogan has
been made into a rigorous theorem by Lurie and Pridham, cf. [37, 45].

It is also meaningful to deform maps compatible with given algebraic structures. Recently, the
cohomology and deformation theories of various operators were established with fruitful appli-
cations, e.g morphisms [5, 7, 14, 18, 19, 20], derivations [53], O-operators (also called relative
Rota-Baxter operators) [0, 15, 50, 53], crossed homomorphisms [112, 23, 44], twisted Rota-Baxter
operators and Reynolds operators [10, 11]. The key step in most of the above studies is to con-
struct the controlling algebra, namely an algebra whose Maurer-Cartan elements are the given
structures, using the method of derived brackets [30;, 38, 53]. Then twisting the controlling al-
gebra by a Maurer-Cartan element, one can obtain the algebra that governs deformations of the
given operator, as well as the coboundary operator in the deformation complex.

Modified r-matrices, namely solutions of the modified Yang-Baxter equation, are important
operators that have deep applications in mathematical physics, e.g. the Lax equation and the
factorization problem [46, 48, 49]. Even though there are very fruitful results for various kinds
of operators as aforementioned, but the controlling algebra for modified r-matrices is still un-
known. On the other hand, the notion of deformation maps of matched pairs of Lie algebras
was introduced in [}, 2] in the study of classifying compliments. It is also useful to develop the
cohomology and deformation theories for deformation maps of matched pairs of Lie algebras.

We propose a unified approach to study all aforementioned operators. On the one hand, we
recover all the existing theories. On the other hand, we obtain some new results. We give the
controlling algebra of modified r-matrices, which is a curved L.-algebra, and establish the co-
homology and deformation theories for deformation maps of matched pairs of Lie algebras. We
study all the operators under the general framework of quasi-twilled Lie algebras, which are gen-
eralization of quasi-Lie bialgebras [29, 31]], and include direct sum of Lie algebras, semidirect
products, action Lie algebras and matched pairs of Lie algebras as particular cases. We intro-
duce two types of deformation maps of a quasi-twilled Lie algebra. Deformation maps of type
I unify modified r-matrices, crossed homomorphisms, derivations and homomorphisms between
Lie algebras, and deformation maps of type II unify relative Rota-Baxter operators, twisted Rota-
Baxter operators, Reynolds operators and deformation maps of matched pairs of Lie algebras. We
further give the controlling algebras and cohomologies of these two types of deformation maps,
and realize the above purposes.

Note that simultaneous deformations of parts of aforementioned operators and algebras were
studied in [5, 13, 19, 33, 58], and it would be helpful to develop a unified approach to study
simultaneous deformations, which will be considered in the future.

The paper is organized as follows. In Section 2, we introduce the notion of a quasi-twilled
Lie algebra and give various examples. In Section 3, we introduce the notion of a deformation
map of type I of a quasi-twilled Lie algebra, and give its controlling algebra and cohomology.
In particular, we obtain the curved L.-algebra, whose Maurer-Cartan elements are modified r-
matrices. In Section 4, we introduce the notion of a deformation map of type II of a quasi-
twilled Lie algebra, and give its controlling algebra and cohomology. As a byproduct, we give
the controlling algebra and cohomology of a deformation map of a matched pair of Lie algebras.
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2. QUASI-TWILLED LIE ALGEBRAS

In this section, we introduce the notion of a quasi-twilled Lie algebra, and give various exam-
ples.

Let g be a vector space. Define the graded vector space EB;;"(’)Hom(/\"”g, g) with the degree of
elements in Hom(A"g, g) being n — 1. For f € Hom(A™g, g),g € Hom(A"g, g), the Nijenhuis-
Richardson bracket [, -]xr is defined by

[f.glnk = fog— (=)™ P Do f

with f o g € Hom(A™""!g, g) being defined by

(1) (f © g)(xl, T, -xm+n—l) = Z (_l)a-f(g(xcr(l), Tt xa'(n))s Xo(n+1)s """ s xO'(m+n—l))’

oes (n,m—1)

where the sum is over (n, m — 1)-shuffles. Recall that a permutation 7 € S, is called an (i, n — i)-
shuffle if 7(1) < +++ < 7(i) and (i + 1) < --- < 7(n). Then (&' Hom(A"'g, g), [, Ixr) is a
graded Lie algebra [41, 43]. With this setup, a Lie algebra structure on g is precisely a solution
n € Hom(A2g, g) of the Maurer-Cartan equation

[, ] = 0.

Let g and b be vector spaces. The elements in g are denoted by x and the elements in [ are
denoted by u. For a multilinear map « : Ak\g® A'h — g, we define & € Hom(A**(g @ 1), 3@ b) by

k((xl’ ul)’ Tt (-xk+l’ uk+l)) = Z (_1)T(K(XT(1)’ C s Xrk)s Ur(k+1)s * 0 s u-r(k+l)), O)
T€S (k1)

Similarly, for a multilinear map « : Akg® A’h — b, we define K € Hom(A* (g ® D), g @ b) by

f‘((xl’ uy), -y (Xt Mk+1)) = Z (—1)T(0, K(Xr(1ys ** 5 Xe(kys Ur(ks1)> " " * s Mr(k+1)))-
€5 (k)

The linear map & is called a lift of x. We define g*/ = A*g® A'h. Then A"(g ® b)) = Sriymng®
and Hom(A"(g@ 1), a®b) = (Srs=, Hom(a", 9)) @ (@141, Hom(g", b)), where the isomorphism is
given by the lift. See [33, 54] for more details. In the sequel, we will omit the notation *.

Definition 2.1. Let (G, [, -]g) be a Lie algebra with a decomposition into two subspaces G = g®b.
The triple (G, g, b) is called a quasi-twilled Lie algebra if |) is a Lie subalgebra of (G, [-, -1g).

Let (G, g, b) be a quasi-twilled Lie algebra. Denote the Lie bracket of G by Q. Then there exists
m € Hom(A%g, 9), p € Hom(g ® b, b), 4 € Hom(A%h, ), n € Hom(g ® b, g) and 6 € Hom(A?g, D),
such that

2) Q=n+p+u+n+0.
More precisely, for all x,y € g, u,v € I), we have

Q((.X, I/t), (y’ V)) = (JT(.X, J’) + 77(36, V) - 77(}’, I/t), /l(l/l, V) + P(x, V) - p(y’ l/l) + Q(X’ J’))
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In fact, [Q, Q]xg = 0 if and only if the following equations hold
[,Ll, ,U]NR =

[m,w]lng + 200 =
2[u, sk + [0, 1Ing - =
3) [o,ulng +pon =

[0,0Inr + [, 0l =
[m.7lxe +0p =
[flse]NR+[7T’p]NR+QO77+%[psp]NR =

Proposition 2.2. With the above notations, o : ) — gl(g) is a representation of the Lie algebra
(b, w) on the vector space g, where

- -

- -

cCoo00oo

-

e

o(v)x =-n(x,v), Vxeg,veb.

Proof. By (3), we have 2[u, ]xg + [, 7lng = 0 which implies that o-(v)x = —n(x, v) is a represen-
tation of the Lie algebra (), i) on the vector space g. O

Quasi-twilled Lie algebras can be viewed as natural generalizations of quasi-Lie bialgebras.
Let g be a vector space and 7 € A?g* ® g, 1 € " ® A2g and § € A’g*. Recall that the quadruple
(g, 7, 11, 0) is called a quasi-Lie bialgebra [6, 29, 31] if

1

E{ﬂaﬂ}-i'{/l’e} =0, {JT,,U} =0, {:u’:u} =0, {71',9} =0,

where {-, -} is the big bracket, which is the canonical Poisson bracket on 7*[2]g[1]. For conve-
nience and to be consistence with the notations for quasi-twilled Lie algebras, we will also view
m € NG ®g, u€g*®A’gand 6 € A*g* as maps in Hom(A%g, g), Hom(A%g*, g*) and Hom(A?g, g*)
respectively. Then it is well known that the double g @ g* is a Lie algebra and it follows that
(a®g",g,a%) is a quasi-twilled Lie algebra.

In the sequel, we give various examples of quasi-twilled Lie algebras.

Let (g, [+, ];) be a Lie algebra. For A € K, define a bracket operation [-, -]y on g @ g by

[(x,w), 0, V]n = ([x,v]g = [y, ulg, ALx, y]g + [, v]g), Yx,y,u,veEqg.

Thatism =p =0,7=pu =[], and 6 = A[-, ], in (). Then we have that [-,-];, is a Lie algebra
structure on g @ g. Denote this Lie algebra by g @, g.

Example 2.3. Let (g, [+, ‘];) be a Lie algebra. Then (g @y g, g, g) is a quasi-twilled Lie algebra.

Let p : ¢ — Der(h) be an action of a Lie algebra g on a Lie algebra ). For any 4 € K, then
(g®Db,[,],) is a Lie algebra, where the Lie bracket [-, -], is given by

@ [(x,w), (0, V)], = ([x, Y] p(X)V — p(Wu + Au, v]y), VYx,y €g,u,veb.
This Lie algebra is denoted by g =, b and called the action Lie algebra.

Example 2.4. Let p : ¢ — Der(h) be an action of a Lie algebra g on a Lie algebra h. Then
(g, b, a,b) is a quasi-twilled Lie algebra.

Example 2.5. Let p : g — gl(V) be a representation of a Lie algebra g on a vector space V. Then
(g, V,a,V) is a quasi-twilled Lie algebra, where g =, V is the semidirect product Lie algebra
with the Lie bracket

[(x, w), (v, V)], = ([%, Yl p(X)V — pOu),  Yu,v € V,x,y € g.
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Let (g, [, ‘]) and (b, [+, -]y) be Lie algebras. Then there is the direct product Lie algebra (g ®
b, [, ]e), where

[(-x’ u)’ (y’ v)]éB = ([X, )’]g, [u’ V]I))’ vx’ Yy € g, u,v € b
Example 2.6. The direct product Lie algebra (g @ b, g, D) is a quasi-twilled Lie algebra.

Example 2.7. Let p : ¢ — gl(V) be a representation of a Lie algebra g on a vector space V and
w € Hom(A%g, V) be a 2-cocycle. Then (g @ V, [, ‘]pw) 1s a Lie algebra, where the Lie bracket
[, ]p.w 18 given by

(%) [Cx, w), (0, V))pw = (1%, Y] p(O)V — pW)u + (X, y)),  Vx,y €g,u,veV.

Denote this Lie algebra by g <, ,, V. Moreover, (g, V,g, V) is a quasi-twilled Lie algebra.

Example 2.8. As a special case of Example 277, consider V = g, p = ad and w(x,y) = [x, y],.
Then we obtain a quasi-twilled Lie algebra (g »<,4, 9, g, §).

Remark 2.9. In fact, the above examples can be unified via extensions of Lie algebras. Recall
that a Lie algebra G is an extension of a Lie algebra g by a Lie algebra b if we have the following
exact sequence:

(6) 0—bh—G—>g— 0.

By choosing a section s : ¢ — G of the extension (6)), G is equal to s(g) @ i(h), and i(h) is a
subalgebra. Thus, (G, s(g), i(h)) is a quasi-twilled Lie algebra.

A matched pair of Lie algebras consists of a pair of Lie algebras (g, ), a representation
p g — gl(h) of g on b and a representation 7 : h — gl(g) of h on g such that
(N p(O[u, vl [o(O)u, v1y + [u, p(x)v]y + p(((v)x)u — p(1(u)x)v,
®) n@wlx, yl, [7(u)x, yl + [x, n(w)yly + n(e()u)x — n(p(x)u)y,

for all x,y € gand u, v € ). We will denote a matched pair of Lie algebras by (g, b; p, 7), or simply
by (g,b). Let (g,b; p,n) be a matched pair of Lie algebras. Then there is a Lie algebra structure
on the direct sum space g @ by with the Lie bracket [, -].. given by

[(x, ), 0, V)] = ([x, ¥]y + 7y = 7O, [u, v]y + p(x)v — p(y)u).
Denote this Lie algebra by g »< b.

Example 2.10. Let (g,b;p,n) be a matched pair of Lie algebras. Then (g > b, g,b) is a quasi-
twilled Lie algebra. Note that the representation 7 in the definition of a matched pair and the 7 in
() are related as follows: p(x)v = p(x, v), nu)(y) = —n(y, u).

Remark 2.11. In Section 3, we will introduce the notion of a deformation map of type I of
a quasi-twilled Lie algebra, and will see that deformation maps of type I of quasi-twilled Lie
modified classical Yang-Baxter e(il-la;i;)_n), crossed homomorphisms, derivations and Lie algebra
homomorphisms.

Remark 2.12. In Section 4, we will introduce the notion of a deformation map of type II of
a quasi-twilled Lie algebra, and will see that deformation maps of type II of quasi-twilled Lie
of weight A, relative Rota—Bax_térho_p;era_t(-)rhs_(;f weight 0, twisted Rota-Baxter operators, Reynolds
operators and deformation maps of a matched pair of Lie algebras. So deformation maps of type
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IT of quasi-twilled Lie algebras provide a unified approach to study relative Rota-Baxter operators,
twisted Rota-Baxter operators, Reynolds operators and deformation maps of a matched pair of
Lie algebras.

3. THE CONTROLLING ALGEBRAS AND COHOMOLOGIES OF DEFORMATION MAPS OF TYPE |

In this section, (G, g,0) is always a quasi-twilled Lie algebra, and the Lie bracket on G is
denoted by
Q=n+p+u+n+0,
where 7 € Hom(A%g,q), p € Hom(g ® b,b), u € Hom(A%h,h), n € Hom(g ® b,q) and 6 €
Hom(A%g, b).

3.1. Deformation maps of type I of a quasi-twilled Lie algebra. In this subsection, we intro-
duce the notion of deformation maps of type I of a quasi-twilled Lie algebra, which unify modified
r-matrices, crossed homomorphisms, derivations and homomorphisms between Lie algebras

Definition 3.1. Let (G, g, ) be a quasi-twilled Lie algebra. A deformation map of type I (D-map
for short) of (G, g, ) is a linear map D : g — I such that

D(n(x, D(y)) = n(y, D(x)) + n(x, y)) = w(D(x), D)) + p(x, D(y)) = p(y, D(x)) + O(x, y).
Remark 3.2. D-maps may not exists. Consider the quasi-twilled Lie algebra (g%, V, g, V) given
in Example 2.7 obtained from a representation p of g on V and a 2-cocycle w. A linear map
D :g — hisaD-map if and only if

w(x,y) = =(p(X)DQ) - pMD(x) = D([x,¥]y)) = dee(-D)(x,y),  ¥x,y € g,

where dce is the corresponding Chevalley-Eilenberg coboundary operator of the Lie algebra g
with coeflicients in the representation (V; p). Thus, the quasi-twilled Lie algebra (g <,,, V, g, V)
given in Example 2.7 admits a D-map if and only if w is an exact 2-cocycle.

Let D : ¢ — b be alinear map. Denote the graph of D by
Gr(D) = {(x, D(x))|x € g}.

Proposition 3.3. A linear map D : ¢ — V) is a D-map if and only if Gr(D) is a subalgebra. In
this case (b, Gr(D)) is also a matched pair of Lie algebras.

Proof. For all (x, D(x)), (y, D(y)) € Gr(D), we have
Q((x, D)), (v, D))
= (m(x.y) + n(x, D) = n(y, D)), u(D(x), DY) + p(x, DG)) = ply, D(x)) + b(x, ).
Thus, Gr(D) is a Lie subalgebra of G, i.e. Q((x, D(x)), (v, D(y))) € Gr(D), if and only if

u(D(x), DY) + p(x, D)) = p(y, D(x)) + 6(x,y) = D(r(x,y) + 1(x, D)) = 0y, D())).

namely D is a D-map of the quasi-twilled Lie algebra (G, g, b).
Since G = Gr(D) @}, it follows that (b, Gr(D)) is a matched pair of Lie algebras. O

Remark 3.4. Let (G, g,b) be a quasi-twilled Lie algebra. Then we have G = g @ ). Since any
compliment of ) in G is isomorphic to a graph of a linear map D from g to I). Then by Proposition
3.3, to find a space V which is a compliment of b in G such that (b, V) is a matched pair of Lie
algebras is equivalent to find a D-map of the quasi-twilled Lie algebra (G, g, b).
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Example 3.5. Consider the quasi-twilled Lie algebra (g @y, g, g, g) given in Example 2.3. In this
case, a D-map of (g ®y 9,9, ¢) is a linear map D : ¢ — g such that

[D(x), D)]s = D([D(x), yly + [x, D)]g) = =[x, yl;.

Note that this equation is called the modified Yang-Baxter equation by Semenov-Tian-Shansky
in the seminal work [48], whose solutions are called modified r-matrices on the Lie algebra

(@, [+ -19)-

Remark 3.6. Modified r-matrices play an important role in studying solutions of Lax equations
(46, 48, 49]. Furthermore, modified r-matrices are intimately related to particular factorization
problems in the corresponding Lie algebras and Lie groups. This factorization problem was con-
sidered by Reshetikhin and Semenov-Tian-Shansky in the framework of the enveloping algebra
of a Lie algebra with a modified r-matrix to study quantum integrable systems [47]. Moreover,
any modified r-matrix induces a post-Lie algebra [4].

Example 3.7. Consider the quasi-twilled Lie algebra (g =, b, g, b) given in Example 2.4 obtained
from the action Lie algebra g, . In this case, a ©-map of (g, b,g,bh)isalinearmap D : g — )
such that

D([x,yly) = p(X)D(y) = p(ND(x) + ALD(x), DY)y,

which is exactly a crossed homomorphism of weight 1 from the Lie algebra g to the Lie algebra

b [38].

Remark 3.8. Note that crossed homomorphisms of weight —1 are e-derivations on the Lie al-
gebras, which play crucial roles in the Jacobian conjecture [57] and the Mathieu-Zhao subspace
theory [56]. On the other hand, crossed homomorphisms of weight 1 are deeply related to the
representation theory of Cartan type Lie algebras [44] and post-Lie algebras [4{].

Example 3.9. Consider the quasi-twilled Lie algebra (g%, V, g, V) given in Example 2.5 obtained
from the semidirect product Lie algebra g <, V. In this case, a ©-map is alinearmap D : g — V
such that

D([x,yly) = p(x)D(y) — p(y)D(x),

which implies that D is a derivation from (g, [+, *],) to V. In particular, if p is the adjoint repre-
sentation of g on itself, then we obtain the usual derivation.

Example 3.10. Consider the quasi-twilled Lie algebra (g @, g, ) given in Example 2.6 obtained
from the direct product Lie algebra. In this case, a D-map of (g®b, g,)) isalinearmap D : g — b
such that

D([x, yls) = [D(x), D(y)]y,
which is exactly a Lie algebra homomorphism from (g, [+, -1;) to (9, [, -Ip).

At the end of this subsection, we illustrate the roles that D-maps play in the twisting theory.
Let D : g — b be alinear map. It follows that D* = 0 and [-, D]xg is a derivation of the graded
Lie algebra (&%) Hom(A™!(g®b),a@®b), [-, -Inr). Then we gain that el*PM? is an automorphism
of the graded Lie algebra (&2 Hom(A" (g ®b),a@b), [, Ixr)-

Definition 3.11. Let D : g — b be a linear map. The transformation QP 2 ¢l"PNrQ) is called the
twisting of Q by D.
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Proposition 3.12. With the above notations, we gain that
) QP =ePoQo("®e")

is a Lie algebra structure on g ® b and e® : (G,QP) — (G, Q) is an isomorphism between Lie
algebras.

Proof. Since el"P* is an automorphism of the graded Lie algebra ( &'% Hom(A"!'(h & g),h &
a), [, -Inr), we deduce that QP is a Lie algebra structure on g @ ). Moreover, by the similar
computation in [52, 521, we obtain that Q” = ¢™? 0 Qo (¢ ® €”) and €” : (G, QP) — (G, Q) is
an isomorphism between Lie algebras. O

Theorem 3.13. Let (G, 1, o) be a quasi-twilled Lie algebra and D : ¢ — V) a linear map. Then
(G, QP), 8,b) is a quasi-twilled Lie algebra. Moreover, write QP = P + pP + u? + nP? + 6°, nP €
Hom(A%g,g), p” € Hom(g®D, D), u” € Hom(A%D, D), n° € Hom(g®D, g) and 6° € Hom(A%g, D).
We have

7°(x, y) m(x, y) + n(x, D(y)) = n(y, D(x)),

PP(xv) = p(x,v) +u(D(x),v) = DO(x, v)),

PP v) = puu,v),

(e v) = n(x,v),

0°(x,y) = 6(x,y)+p(x, D)) = p(y, D(x)) = D(x(x, y))
+u(D(x), D(y)) = D(n(x, D(y))) + D((y, D(x))),

forall x,y € g,u,v €.
Consequently, D : g — b is a D-map if and only if the Lie algebras (g,7°) and (b, i) form a
matched pair of Lie algebras.

Proof. By (9), we have
QP(0, u), (0, v)) = e PQ(P(0, u), €2(0, v)) = Q((0, u), (0,v)) € b.

Thus b is a Lie subalgebra of (G, QP), which implies that (G, QP), g,b) is a quasi-twilled Lie
algebra.
For all x,y € g,u,v € b, by (%), we have

(7 (x,),6°(x, ) = Q°((x,0), (7,0))
= (7(x,y) + n(x, DGY) = 0y, D), 6(x, y) + p(x, DY) = p(y, D(x)) = D(x(x, y))
+u(D(x), D(y)) = D(p(x, D)) + D(n(y, D(x)))),
and
Q°((x,0),(0,v))

(n(x, v), p(x,v) + p(D(x), v) = D(11(x, v))),
which completes the proof. O

P (x, ), pP(x,v))

Apply the above result to the quasi-Lie bialgebra (g, 7, 1, ), a D-map gives rise to a Lie bial-
gebra.

Proposition 3.14. Let D : ¢ — g* be a D-map of the quasi-twilled Lie algebra (g ® g%, 9,3")
obtained from the quasi-Lie bialgebra (g, n, i, ) such that D = —D*. Then ((g,7n°), (3%, u?)) is a
Lie bialgebra.
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Proof. By Theorem 3.3, 8° = 0. Thus ((g,7"), (g%, 4P)) is a matched pair of Lie algebras.
Moreover, by D = —D*, we can deduce that ((g, 7°), (g%, «P)) is a Lie bialgebra. O

3.2. The controlling algebra of D-maps. In this subsection, we give the controlling algebra
of deformation maps of type I, which is a curved L.-algebra. An important byproduct is the
controlling algebra of modified r-matrices, which is totally unknown before.

Definition 3.15. ([27]) Let g = @czg* be a Z-graded vector space. A curved L..-algebra is a
Z-graded vector space g equipped with a collection (k > 0) of linear maps [; : ®g — g of degree
1 with the property that, for any homogeneous elements xi, - - - , x,, € g, we have

(1) (graded symmetry) for every o € S,
ln(-x(r(l)’ T, x(r(n)) = 8(0-)ln(xl’ T, xn),

(i1) (generalized Jacobi identity) for all n > 0,

n
Z Z S(O')Zn—iﬂ(li(xcr(l), ce ,Xcr(i)),xcr(m), ttt, -xo'(n)) =0,

i=0 oeS(i,n-i)

where (o) = &(o7; x1, - - - , x,,) s the Koszul sign for a permutation o € §, and x,--- , x, € g.

We denote a curved L..-algebra by (g, {{i};5). A curved Ly-algebra (g, {{i}[5) with [y = 0 is
exactly an L.,-algebra [34].

Definition 3.16. Let (g, {/;};%) be a curved L.-algebra. A Maurer-Cartan element is a degree
0 element x satisfying

+0o0 1
ZO+ZElk(x,-~ ,x) = 0.
k=1 :

Let x be a Maurer-Cartan element of a curved L,.-algebra (g, {{;}; ). Define [ : g — gk >
1) by

+00 1
Li(xy, -, x) = Z _'lk+n(x"" s Xy X1, 0, Xg).
L n! N

n

Theorem 3.17. ([17, 23]) With the above notation, (g, {l;};5]) is an Le-algebra which is called
the twisted L.,-algebra by x.

Remark 3.18. To ensure the convergence of the series appearing in the definition of Maurer-
Cartan elements and Maurer-Cartan twistings above, one need the L.,-algebra being filtered given
by Dolgushev and Rogers in [16], or weakly filtered given in [33]. Since all the L.,-algebras under
consideration in the sequel satisfy the weakly filtered condition, so we will not mention this point
anymore.

We recall Voronov’s derived bracket construction [55], which is a powerful method for con-
structing a curved L,-algebra.

Definition 3.19. ([53]) A curved V-data consists of a quadruple (L, F, P, A), where
e (L=aL,[-,-]isa graded Lie algebra,
e Fis an abelian graded Lie subalgebra of (L, [, -]),
e P: L — Lisaprojection, thatis Po P = P, whose image is F and kernel is a graded Lie
subalgebra of (L, [+, -]),
e Ais an element in L' such that [A, A] = 0.
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When A € ker(P)! such that [A, A] = 0, we refer to (L, F, P, A) as a V-data.

Theorem 3.20. ([55]) Let (L, F, P, A) be a curved V-data. Then (F, {/;}{2)) is a curved L,-algebra,
where [, are given by

lo=P), hLlxy, -+ ,x) =P [[A x1], x],---, x)).

Now we are ready to give the controlling algebra of D-maps of a quasi-twilled Lie algebra.
Theorem 3.21. Let (G, ,0)) be a quasi-twilled Lie algebra. Then there is a curved V-data
(L, F, P,A) as follows:
the graded Lie algebra (L, [-,-]) is given by (@;ﬁ‘(’)Hom(A”“g @h,ag®bh), [ Inr),
the abelian graded Lie subalgebra F is given by @;:(’)Hom(/\”“g, h),

P : L — Lis the projection onto the subspace F,
A=n+p+u+n+6.

Consequently, we obtain a curved L.,-algebra (@Zﬁ‘(’)Hom(/\"“g, b), ly, 11, 1), where 1y, 1,1, are
given by

lh = 6
L(f) = [m+p, flxe
L(f,g) = [lu+n fisk, gInr

Furthermore, a linear map D : ¢ — Y is a D-map of (G, g,b) if and only if D is a Maurer-
Cartan element of the above curved L.,-algebra.

Proof. 1t is obvious that F is an abelian graded Lie subalgebra of L. Since P is the projection
onto F, it is obvious that P> = P. Moreover, the kernel of P is a graded Lie subalgebra of L.
Thus (L, F, P, A) is a curved V-data. By Theorem 3.20, we obtain a curved Lo.-algebra (F, {[,}{%),
where [, are given by
lk(fl’ e ’,f;’l) = P([ o [[A’ fl]NR3 f2]NR3 Y fn]NR)'
By Theorem 3.2(, we have [, = P(A) = 6 and
L(f) P(m+p+pu+n+0, flng) = [ +p, flng,
L(f,g) P([[r+p+u+n+0, fixg, glNv) = [[1 + 7, fINrs 8INrs

where f € Hom(A"g, D), g € Hom(A™g, b). Since F is abelian and

[[7‘( +p+u+n+ 0, f]NR’ g]NR S Hom(/\"+m9, b),

we have [, = 0 for all £k > 3. Moreover, we have

1
lo(x,y) + L(D)(x,y) + zlz(D, D)(x,y)
9(%)’) + [7T + 0, D]NR(-X’y) + [[/’L +7, D]NRa D]NR(x’y)
0(x,y) + p(x, D(y)) — p(y, D(x)) — D(nt(x, y)) + u(D(x), D(y)) — D(n(x, D(y))) + D(17(y, D(x))).

Thus, D is a Maurer-Cartan element of the curved L., -algebra (GBZQ‘(’)Hom(/\"+1 a,0), 1, 11, ) if and
only if D is a ©D-map of (G, g, ). The proof is finished. O

As an immediate application of the above theorem, we obtain the controlling algebra of mod-
ified r-matrices, namely a curved L. -algebra whose Maurer-Cartan elements are modified r-
matrices.
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Corollary 3.22. Consider the quasi-twilled Lie algebra (g ®y 6,8,9) given in Example 2_3.
Then (EB;;"(’)Hom(/\”“g, 8), lo, l1, o) is a curved L-algebra, where ly, 1, and I, are given by [y =
/l['s ']g, ll = O’ and

lZ(f’ g)(xl’ Tt -xp+q)

= (_l)p(_l)o—f([-xa'(q+l)a g(xcr(l), ttt Xcr(q))]g, Xo(g+2)s " * " » xa'(p+q))
oeS(q,1,p-1)
1

- Z (_1)p(q+ )(_l)a-g([xtr([ﬁl)a f(-x(r(l)a Y x(r(p))]g’ Xo(p+2)s " » x(r(p+q)))

oeS(p,1,g-1)

1

£ EP DT Gy Xop)s 8ot~ s Xotpra) g

oS (p.q)

for all f € Hom(A?g, g), g € Hom(Ag, g).
Moreover, Maurer-Cartan elements of this curved L.,-algebra are exactly modified r-matrices
on the Lie algebra (g, [+, ‘1,).

Through Theorem 3.2 1, one can also recover the controlling algebras for crossed homomor-
phisms, derivations and Lie algebra homomorphisms after the suspension.

Corollary 3.23. Consider the quasi-twilled Lie algebra (3,9, g, ) given in Example 2.4 obtained
from the action Lie algebra g =, V. Then (&'2Hom(A"g,b),d, [, 1) is a differential graded Lie
algebra, where the differential d is given by

n+l1

(10) A X)) = D D)@ F e X)
i=1

[+ j—1 A A
+ Z(_l)"+l+] f([xi’ -xj]g, Xy Xyttt xj’ Tt -xn+1)’

i<j
for all f € Hom(A"g, V), and the graded Lie bracket [-, -] is given by
(11) [[f, g]] (X1, -xp+q) = Z (—1)M+1(—1)U/1[f(xa(1), T, -xo'(p))a g(-xa'(p+l)’ N -xa'(p+q))]ba
oeS(p.q)

for all f € Hom(A?g,h),g € Hom(Ag,b). This differential graded Lie algebra is exactly the
controlling algebra for crossed homomorphisms of weight A given in [44].

Corollary 3.24. Consider the quasi-twilled Lie algebra (g <, V, 8, V) given in Example 2.5 ob-
tained from the semidirect product Lie algebra g <, V. Then (&;]Hom(A"g, V), d) is a cochain
complex, where d is given by (1U). A linear map D € Hom(g, V) is a derivation if and only if
d(D) = 0. Therefore, the cochain complex (&;>;Hom(A"g, V), d) can be viewed as the control-
ling algebra for derivations from the Lie algebra (g, [+, -],) to V. See [53] for more details.

Corollary 3.25. Consider the quasi-twilled Lie algebra (9®), g, 1) given in Example 2.6 obtained
from the direct product Lie algebra g®V. Then (&'>JHom(A"g, D), d, [, -1) is a differential graded
Lie algebra, where the graded Lie bracket [-, -] is given by (11)) and the differential d is given by

d(f)(-xl"" 3'x]7+1) = Z(_l)p+i+j_lf([-xi’ xj]g, Xy 3-21'9"' 3-2]'9“' a-xp+l)9
i<j
for all f € Hom(APg, ). This differential graded Lie algebra is exactly the controlling algebra
for Lie algebra homomorphisms. See [114, 18, 20, 42 for more details.

1
[5
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Let D : g — bhisaD-map of (G, g,0). By Theorem 3.2 1;, we obtain that D is a Maurer-Cartan
element of the curved L-algebra (&5 Hom(A"™'q,b), ly, 11, ). By Theorem 3.7, we have the
twisted Le.-algebra structure on &% Hom(A"*'g, b) as following:

(12) () = L)+ hLD,f,
(13) B(f.e) = hif. e,
(14) P =0, k>3,

where f € Hom(A?g, D), g € Hom(A4g, ). Now we are ready to give the L -algebra that controls
deformations of the ©-map D.

Theorem 3.26. Let D : ¢ — b be a D-map of (G, a,b). Then for a linear map D’ : g — b,
D + D" is a D-map if and only if D" is a Maurer-Cartan element of the twisted L..-algebra
(@' Hom(A"™ g, b), [P, 1D), that is D’ satisfies the Maurer-Cartan equation:

’ 1 ’ ’
P(D) + El?(D ,D’) =0.
Proof. By Theorem 37T, D + D’ is a ©-map if and only if
1
lo+ L1 (D+ D)+ EIZ(D +D',D+D") =0.

Since D is a Maurer-Cartan element of the curved L.-algebra (EB;SE)Hom(/\”“g, D), lo, 11, 1), we
deduce that the above condition is equivalent to

1
L(D)+ 1,(D,D") + EIZ(D', D) =0.
That is, [?(D") + 312(D’, D’) = 0, which implies that D’ is a Maurer-Cartan element of the twisted
Le.-algebra (&% Hom(A"™ g, b), IV, D). o

Remark 3.27. Apply Theorem 3.26 to Corollary 3.77, one obtains the differential graded Lie
algebra governing deformations of a modified r-matrix. Note that this differential graded Lie
algebra was first given in [24] via a different approach. Apply Theorem 3:26 to Corollaries

derivations and Lie algebra homomorphisms.

3.3. Cohomology of ©-maps. In this subsection, we introduce a cohomology theory of D-
maps which will unify the cohomologies of various operators.

Lemma 3.28. Let (G, g,Y) be a quasi-twilled Lie algebra and D : ¢ — Y be a ©-map of (G, g, D).
Then

72(x,y) = n(x,y) + n(x, D)) = (y, D(x))
is a Lie algebra structure on g and

P (v = p(x,v) + (D(x), v) = D(1p(x, v))
is a representation of (g, n°) on b.

Proof. Since ((g, ), (b, u); pP,n) is a matched pair of Lie algebras, we gain that (g, 7”) is a Lie
algebra and (b; p?) is a representation of (g, 7°). m]
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Let d2_ : Hom(Afg,h) — Hom(A**!g, ) be the corresponding Chevalley-Eilenberg cobound-
CE
ary operator of the Lie algebra (g, 7”) with coefficients in the representation (b, p”). More pre-

cisely, for all f € Hom(Afg,b) and xy, - - - , X341 € g, we have
(15) dgEf(Xb'“ s Xkt 1)
k+1

= D DT O f e )
i=1

S D R R
+Z(_1)H—jf(7r (xi’ Xj), Xipoor 5 Xy oo ,Xj,”’ ,Xk+1)

i<j
k+1 ' k+1 '
= D EDTUD@), fO, - R 1)) + (=D el fO, e B X))
i=1 i=1
k+1

= > EDMD@, fer, e B X))

i=1
+ Z(_l)H—jf(ﬂ(xH Xj), X1, 9-xAi9 e 9-fj9 e 9-xk+1)
i<j
£ 3 =DM Fx D)) = 00 D@D, g, fe e Ejy X,
i<j
Now, we define the cohomology of a D-map D : ¢ — b. Define the space of 0-cochains C°(D)

to be 0 and define the space of 1-cochains C'(D) to be b. For n > 2, define the space of n-cochains
C"(D) by C*(D) = Hom(A"'g, b).

Definition 3.29. Let D : ¢ — [ be a D-map of a quasi-twilled Lie algebra (G, g, )). The cohomol-
ogy of the cochain complex (&7 C'(D), dgE) is defined to be the cohomology for the D-map D.

Denote the set of n-cocycles by Z"(D), the set of n-coboundaries by B"(D) and the n-th coho-
mology group by
H"(D) =Z"(D)/B"(D), n=>0.
It is obvious that u € b is closed if and only if
H(D(x), u) + p(x, u) — D(n(x,u)) =0, VYxeg,
and f € Hom(g, b) is closed if and only if

u(D(x), f(y)) = (D), f(x)) + p(x, f) = p(, f(x)) + D((y, f(x))) — D((x, f()))
= f(r(x,y) + f(n(x, D(y)) — n(y, D(x))), Vx,y€aq.

Here we provide another intrinsic interpretation of the above coboundary operator.
Let D be a D-map of a quasi-twilled Lie algebra (G, g,b). Recall the twisted L,-algebra
(@ Hom(A™ g, ), [P, ID) from Theorem 3776, we have

Proposition 3.30. With the above notations, for any f € Hom(A*g, ), one has
() = (-1)""dgef.
Proof. For f € Hom(A*g, D), by (12) and Theorem 3.2, we have

P = L) +hLD,f
= [x+p, fIng + [ + 17, DIngrs fINr



14 JUN JIANG, YUNHE SHENG, AND RONG TANG

= [7”+p", flxr
= (-D"'dZ(f),

which finishes the proof. O

Example 3.31. Consider the quasi-twilled Lie algebra (g @, g, g, g) given in Example 2.3. Let
D : g — gbe amodified r-matrix. Then (g, [-, -]p) is a Lie algebra, where the Lie bracket [-,]p
is given by

[x, ¥lp = [x, D(Y)]y = [y, D(x)];-
Moreover, the Lie algebra (g, [+, -]p) represents on the vector space g via p? : g — gl(g) given by
P (x)u = [D(x), uly — D([x,uly), Yu€b,xe€aq.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for a modi-
fied r-matrix [24].

Example 3.32. Consider the quasi-twilled Lie algebra (g, b, g, b) given in Example 2.4 obtained
from the action Lie algebra g, b. Let D : ¢ — b be a crossed homomorphism of weight A. Then
the Lie algebra (g, [+, -];) represents on the vector space ) via pP : g — gl(h) given by

pD(x)u = p(x)u + A[D(x),uly, VYue€bhxeaq.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for a crossed
homomorphism of weight A [23, 44].

Example 3.33. Consider the quasi-twilled Lie algebra (g, V, g, V) given in Example 2.5 obtained
from the action Lie algebra g =<, V. Let D : ¢ — V be a derivation from Lie algebra (g, [-, -]5)
to the g-module V. Then the Chevalley-Eilenberg cohomology of the Lie algebra (g, [, -];) with
coeflicients in the representation (V; p) is taken to be the cohomology for a derivation from the
Lie algebra (g, [+, -]4) to the g-module V [53].

Example 3.34. Consider the quasi-twilled Lie algebra (g @10, g, ) given in Example 2.6 obtained
from the direct product Lie algebra g@® §. Let D : ¢ — b be a Lie algebra homomorphism. Then
the Lie algebra (g, [+, -];) represents on the vector space ) via oP : g — gl(h) given by

pP(u = [D(x),uly, VYuehxeag.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for a Lie

algebra homomorphism. See [14, 18, 2, 42] for more details.

4. THE CONTROLLING ALGEBRAS AND COHOMOLOGIES OF DEFORMATION MAPS OF TYPE [1

In this section, (G, g,0) is always a quasi-twilled Lie algebra, and the Lie bracket on G is
denoted by

Q=n+p+u+n+0,

where 7 € Hom(A%g,q), p € Hom(g ® b,b), 4 € Hom(A*h,b), n € Hom(g ® b, g) and 6§ €
Hom(A%g, b).
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4.1. Deformation maps of type II of a quasi-twilled Lie algebra. In this subsection, we intro-
duce the notion of deformation maps of type II of a quasi-twilled Lie algebra, which unify relative
Rota-Baxter operators, twisted Rota-Baxter operators, Reynolds operators and deformation maps
of matched pairs of Lie algebras.

Definition 4.1. Let (G, g,b) be a quasi-twilled Lie algebra. A deformation map of type II (D-
map for short) of (G, g,b) is a linear map B : ) — g such that

m(B(u), Bv) + n(B(u), v) = n(B(v), u) = B(u(u, v) + p(B(u), v) = p(B(v), u) + 6(B(u), B(v))).
These two types of deformation maps are related as follows.

Proposition 4.2. Let D : ¢ — Y be an invertible linear map. Then D is a D-map of (G, g, b) if and
only if D™' : ) — g is a D-map of (G, g, b).

Proof. 1t is straightforward. O

Example 4.3. Consider the quasi-twilled Lie algebra (g <, b, g, h) given in Example 2.4 obtained
from the action Lie algebra g, b. In this case, a O-map of (g, b, g,h)isalinearmapB: ) — g
such that

[B(w), BOV)]y = Blo(Bw))v — p(BW)u + Au,vly), Yu,veb,
which is exactly is a relative Rota-Baxter operator of weight 1 on g with respect to the action

(b p) [H1].

Example 4.4. Consider the quasi-twilled Lie algebra (g, V, g, V) given in Example 2.5 obtained
from the semidirect product Lie algebra g <, V. In this case, a O-mapisalinearmap B: V — g
such that

[B(uw), BV = B(p(Bw)v — p(BW)u), VYu,veV,
which is exactly is a relative Rota-Baxter operator of weight 0 (also called an O-operator) on g
with respect to the representation (V; p) [32, 48].

Example 4.5. Consider the quasi-twilled Lie algebra (g, , V; g, V) given in Example 2.7 obtained
from a representation p of g on V and a 2-cocycle w. In this case, a O-map of (g<,, V,g,V)is a
linear map B : V — g such that

[B(u), By = B(p(B(w)v — p(B(v))u + w(B(u), B(v))), Vu,veV,

which implies that B is a twisted Rota-Baxter operator [11{]].

Example 4.6. Consider the quasi-twilled Lie algebra (g =,4, 8, 8, g) given in Example 2.8. In this
case, a D-map of (g <, 8,9, 9) is a linear map B : ¢ — g such that

[B(w), BW], = B([B(u), v]y — [BW), ulg + [Bw), BOW)]y), Vu,v € g,
which implies that B is a Reynolds operator [ 0].

Example 4.7. Consider the quasi-twilled Lie algebra (g = b, g, ) given in Example 2210 obtained
from a matched pair of Lie algebras. In this case, a D-map of (g »< b,g,b) is a linear map
B : b — g such that

[B(uw), By — n(v)B(u) + nw)B(v) = B([u, vy + p(Bw)v — p(BO)u), Yu,v €D,

which is exactly a deformation map of a matched pair of Lie algebras introduced in [1}].
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At the end of this subsection, we illustrate the roles that -maps play in the twisting theory.

Let B:bh — gbe alinear map. It follows that B> = 0 and [-, B]xr is a derivation of the graded
Lie algebra (@) Hom(A"(g® D), g®b), [, -]xg)- Then we gain that el"Br is an automorphism
of the graded Lie algebra ( &%) Hom(A"'(g® 1), a®bh), [, - Inr)-

Definition 4.8. The transformation Q8 2 ¢l“BNrQ) is called the twisting of Q by B.
Parallel to Lemma 3.7, we have the following lemma.
Lemma 4.9. With the above notations, QF = e™2 o Q o (¢? ® €?) is a Lie algebra structure on G.

Obviously, Qf is decomposed into the unique six substructures 7% € Hom(AZ%g,q), p? €

Hom(s ® b, D), 4* € Hom(A%D,b), n” € Hom(g®b, ), 6° € Hom(A’g, D), £ € Hom(A%D, g). We
have the following result.

Theorem 4.10. Write Q =n+p+u+n+60and Q8 = 78 + pB + u® + n® + 6% + £8. Then we have

7(xy) = m(x,y) = B(x,Y)),
p(x,v) = plx,v) = 6(B(), x),
fr,v) = uu,v) +p(B(w),v) — p(B(), u) + 6(B(u), B(v)),
n°(x,v) = n(x,v) = a(Bv), x) - B(p(x, v)) + B(O(B(v), X)),
0°(x,y) = 60(x,y),
Eu,v) = n(Bu),v) = n(Bv), u) + m(B(w), B(v))
—B(u(u, v)) = B(p(B(u),v) + B(p(B(v), u)) + B(O(B(v), B(u))),
forall x,y € g,u,v €.
Consequently, B : ) — g is a D-map if and only if (G, QB), 8,b) is a quasi-twilled Lie algebra.

Proof. It follows from a direct but tedious computation. We omit details. O

4.2. The controlling algebra of D-maps. In this subsection, we give the controlling algebra of
deformation maps of type II, which is an L.-algebra. An important byproduct is the controlling
algebra of deformation maps of matched pairs of Lie algebras introduced in [1].

Theorem 4.11. Let (G, g,V) be a quasi-twilled Lie algebra. Then there is a V-data (L, F, P, A) as
following:

the graded Lie algebra (L, [-,-]) is given by (@Zﬁ‘(’)Hom(/\"“g @h,a®h), [, Inr)

the abelian graded Lie subalgebra F is given by &' Hom(A"*'D, g),

P : L — Lis the projection onto the subspace F,

A=n+p+u+n+6.

Consequently, we obtain an L..-algebra (GB;:(’)Hom(/\”“b, 8), 11, b, I3), where 1, 1, l5 are given by

L(f) = [p+n fixw,
L(fi,f) = llx+p, filsg, f2]NR
L(f1, f2, 3) = 9, filxw, f2]nRs f3]NRS
Lk = 0, k=>4.

Furthermore, a linear map B : ) — g is a D-map of (G, a,)) if and only if B is a Maurer-
Cartan element of the above L..-algebra.
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Proof. Ttis obvious that F is an abelian graded Lie subalgebra of L and [A, Alxg = 0, A € ker(P)'.
Since P is the projection onto F, it is obvious that P?> = P. Thus (L, F, P, A) is a V-data.
By Theorem 3.2, we obtain an L-algebra (&= Hom(A"'D, g), {{}}=)), where [, are given by

L(fis -5 fo) = P(L- - [TA, filng, 2INgs <+ 5 fulNR)-
For f € Hom(AD, g), we have
L(f) = P(r+p+p+n+06,flxg) = [1+1, fINg.
Moreover, for f; € Hom(APY, g), f» € Hom(A%Y, g) and f; € Hom(A"D, g), we obtain

L(fi, f2) = P([r + p+ p + 1+ 0, filng, 2Inv) = [T+ o, filng, f2INr

and

L(f1, f2, f3) = P([[mr + p + u + n + 6, filng, f2Ings 3Inw) = [0, filng, f2INRs f3]NR-

Since F is abelian and [[[7 + p + u + 1+ 6, filnrs f2]Nr, f3Ing € Hom(APT4 71 q), we have [ = 0
for all k > 4.
It is straightforward to obtain

Li(B)(u,v) + %ZZ(B, B)(u,v) + él3(B, B, B)(u,v)

1 1
= [u+n, Blng(u,v) + 3 [[7 + p, Blnr, Blnr (4, v) + 6[[[0’ B]xwr, Blnwr, Blnr(#, v)

= =B(u(u,v)) + n(Bw),v) = n(B(v), ) + 7(B(u), B(v)) + B(p(B(v), u) - p(B(u), v))
+B(6(B(v), B(u))).

Thus, B € Hom(}, g) is a Maurer-Cartan element of (@Z;"(‘)Hom(/\”“b, 8), 11, b, I3) if and only if
B:bh — gisaD-map of (G, g,b). The proof is finished. O

Corollary 4.12. Consider the quasi-twilled Lie algebra (g%,b, g, b) given in Example 2.4 obtained
from the action Lie algebra g =, V). Then (&, 5Hom(A"), g),d, [-,-]) is a differential graded Lie
algebra, where the differential d : Hom(APY, g) — Hom(AP*'Y, g) is given by

df(l/ll, T, up+1) = Z(_l)p+i+j_l/1f([ui’ uj]b’ Up, -y I:ii’ T, I//[j, Tt up+l),

i<j
and [[-, -] is given by
(16) [fi, ol Gurs - upeg)
= - Z (_1)0—f1(p(f2(u0'(1)’ ) u(r(q)))(u()'(q+1))a u(r(q+2)a Y u(r(q+p))
oeS(q,1,p-1)
+ Z (—l)pq(—l)afz(/o(fl(ua(l), ttt ua’(p)))(ua'(p+l))’ Us(p+2)s " ’uo‘(q+p))
oeS(p,1,g-1)
- Z (_1)pq(_1)0'[f1(u0_(1)’ R uo-(p))a fZ(uU(pH)’ T utr(p+q))]g’
oS (p.q)

for all fi € Hom(APY, g), f» € Hom(A%, g). This differential graded Lie algebra is exactly the
controlling algebra for relative Rota-Baxter operators of weight A initially given in [5];, Corol-
lary 2.17].
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Corollary 4.13. Consider the quasi-twilled Lie algebra (g <, V, 8, V) given in Example 2.5 ob-
tained from the semidirect product Lie algebra g, V. Then (&' Hom(A"V, g), [, -]) is a graded
Lie algebra, where the graded Lie bracket [+, -] is given by (186). This graded Lie algebra is ex-
actly the controlling algebra for O-operators on g with respect to the representation (V; p) given
in [50, Proposition 2.3].

Corollary 4.14. Consider the quasi-twilled Lie algebra (g =,,, V,q,V) given in Example 2.7
obtained from a representation p of g on V and a 2-cocycle w. Then (@rf:g)Hom(/\"“ V,q), b, 1) is
an Ly-algebra, where |, and 5 are given by

lZ(fl’ fZ)(ula T up+q)
= Z (—l)p(—l)(rfl(/o(fz(ua(l), T, Ma(q)))(ucr(q+1)), Us(g+2)s """ » uo‘(q+p))

oeS(g,1,p—1)
1
—(=1)r*D Z (=17 f(o(fi(toqys -+ 5 Uap) U (p+1))s Uor(p+2ys ** * » Ucr(gep))
oeS(p,1,q-1)
1
+(—1)p(q+ ) Z (—1)U[f1(ua(1), te ,u(r(p)),fZ(uo'(p+l)a te ,Ma(p+q))]g,
oeS(p.q)

and

l3(f1’ fZ’ f3)(1/t1, T up+q+r—1)
= Z (=D)Pr (=) [UD(fa(ttor(1ys * » Uorg)s 3Uargatys =+ Uergen))s

oeS(g,r,p—-1)

Us(g+r+1)s """ s urf(p+q+r—1))

= DL EDPE Y A1y, o), oty s open)),
oeS(p,r,g—1)

Us(p+r+1)s """ s u(r(p+q+r—1))

DL DI ) Oy o) ottt Uatprg),
oeS(p,q.r-1)

Us(p+g+1)s " » ua’(p+q+r—l))-

for all fi € Hom(A?PY, q), f» € Hom(AY, g) and f; € Hom(A™Y, g). This L.-algebra is exactly
the controlling algebra for twisted Rota-Baxter operators given in [0, Theorem 3.2].

Corollary 4.15. Consider the quasi-twilled Lie algebra (3,40 8, 8, 8) given in Example 2.5. Par-
allel to Corollary 414, (@;:(’)Hom(/\”“g, ), b, 3) is an L.-algebra. This L.-algebra is exactly
the controlling algebra for Reynolds operators. See [1]] for more details.

Theorem % .1 [: can not only recover some known results, but also gives rise to some new results,
e.g. it gives rise to the controlling algebra for deformation maps of a matched pair of Lie
algebras.

Corollary 4.16. Consider the quasi-twilled Lie algebra (g > b, g,b) given in Example 210 ob-
tained from a matched pair of Lie algebras. Then (&;5Hom(A"D,q),d, [-,-]) is a differential
graded Lie algebra, where d : Hom(APY, g) — Hom(AP*D, g) is given by

p+1

df G, supn) = 3 (D@ G, i)
i=1
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+ Z(_l)p+i+j_1f([ui? uj]b9 Upy -y I:ii’ T, I//[j’ T, up+1)
i<j
and the graded Lie bracket [[-,-] is given by (16). Maurer-Cartan elements of this differential
graded Lie algebra are exactly deformation maps of a matched pair of Lie algebras.

At the end of this subsection, we give the L.,-algebra governing deformations of 9-maps of a
quasi-twilled Lie algebra.

Let B be a D-map of the quasi-twilled Lie algebra (G, g,b). By Theorem 3.1, we have the
twisted Lo.-algebra structure on &% Hom(A™*'D, g) as following:

1

(17) ) = ll(f)"‘lz(B’f)"'513(B,B’f),
(18) Bfi, ) = LA, f)+ LB, fi, H)

(19) B, ) = Lfi, fo o)

(20) =0, k>4,

Theorem 4.17. Let B be a D-map of the quasi-twilled Lie algebra (G, 8,b). Then for a linear
map B': ) — g, B+ B’ : ) — gisa D-map of the quasi-twilled Lie algebra (G, g, ) if and only
if B is a Maurer-Cartan element of the twisted L.,-algebra (@;:(’)Hom(/\”“b, q), 18, lg, lf).

Proof. By Theorem &1 I, the linear map B + B’ is a D-map if and only if

1 1
L(B+B)+ EZQ(B +B,B+B)+ 513(B +B,B+B,B+B)=0.
Moreover, by the fact B is a -map, we gain that the above condition is equivalent to
1 1 1 1
[i(B) + L(B,B’) + 513(3, B,B’) + Elz(B',B') + 513(3, B',B) + 513(3’, B',B") =0.

Thus B+ B’ : h — gis a D-map of the quasi-twilled Lie algebra (G, g,b) if and only if B’ is a
Maurer-Cartan element of the twisted Lo,-algebra (&> Hom(A"*'Y, g), 1%, 15, 15). ]

Apply the above theorem to Corollary 416, we obtain the differential graded Lie algebra gov-
erning deformations of deformation maps of a matched pair of Lie algebras.

Corollary 4.18. Let B : ) — g be a deformation map of a matched pair (g, b; p, n) of Lie algebras.
Then (s( @'°] Hom(A"D, g)), dB,[-,-1) is a differential graded Lie algebra, where [, -] is given by
(16), and dB is given by

dBf(Mb T, Mp+1)

p+l1
= DD fu, et upe) = D g gyttt )
i=1 i<j

p+1 p+1

£ D B, oty sty D) = (<D FOUB@)), )
i=1 i=1

p+1

# D PIBa), F, - iy )y,
i=1

Moreover, for a linear map B : ) — g, B+ B’ is a deformation map if and only if B’ is a
Maurer-Cartan element of the differential graded Lie algebra ( @;fl Hom(A™, g),d5, [+, -] ).
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governing deformations of relative Rota-Baxter operators, twisted Rota-Baxter operators and
Reynolds operators. See [17, 13, 5{]] for more details.

4.3. Cohomologies of D-maps. In this subsection, we introduce a cohomology theory of a D-
map using the Chevalley-Eilenberg cohomology of a Lie algebra, and illustrate that it unifies
the cohomologies of relative Rota-Baxter operators, twisted Rota-Baxter operators and Reynolds
operators. It also helps us to define a cohomology theory of a deformation map of a matched pair
of Lie algebras.

Lemma 4.20. Let B : ) — g be a D-map of a quasi-twilled Lie algebra (G, g,Y). Then
1w, v) = p(u, v) + p(B(u), v) = p(B(v), u) + 6(B(u), B(v))
is a Lie algebra structure on t) and
oW)x = =" (x,v) = =1(x,v) + 7(B(¥), x) + B(p(x, v)) = BO(B(»), x))

is a representation of the Lie algebra (b, u®) on the vector space g.

Proof. Tt follows from Theorem #.[() and Proposition 2.2 directly. mi

Let d2; : Hom(A*D, ) — Hom(A**'h, g) be the corresponding Chevalley-Eilenberg cobound-
ary operator of the Lie algebra (9, u®) with coefficients in the representation (g, o). More pre-

cisely, for all f € Hom(A*b, g) and uy, - - - , ug,; € b, we have
(21 dgEf(ul, Cre, Uge)
k+1 _ o
= Z(_l)H—lo-(ui)f(ul’ T ﬁi’ Tt I/lk+1) + Z(_l)H—]f(ﬂB(ui’ uj)’ Up, =y I:ii’ T I//[j’ S I/lk+1)
i=1 i<j
k+1 k+1

DU sty ) ) + (D B, )

i=1 i=1
k+1 . k+1 .

F DM B, iy ), ) = D (=1 BOB@), f, iy w0)))
i=1

i=1

DM )t it )

i<j

£ (D™ OB, By, -+ e iy )
i<j

+ ) D (B, u) = p(B), ), - iy iy i),
i<j

Now, we define the cohomology of a D-map B : ) — g. Define the space of 0-cochains C°(B)
to be 0 and define the space of 1-cochains C'(B) to be g. For n > 2, define the space of n-cochains
C"(B) by C"(B) = Hom(A"™', 9).

Definition 4.21. Let (G, D, g) be a quasi-twilled Lie algebra and B : h — g be a D-map of
(G, ), 9). The cohomology of the cochain complex (& 55C (B), dgE) is defined to be the cohomol-
ogy for the D-map B.
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Denote the set of n-cocycles by Z"(B), the set of n-coboundaries by B"(B) and the n-th coho-
mology group by
H"(B) =Z"(B)/B"(B), n>0.
It is obvious that x € g is closed if and only if
—n(x, u) + 7(B(w), x) + B(p(x, ) — BOB(), x)) =0, Vu €,
and f € Hom(}, g) is closed if and only if

—n(f(v), w) + n(f(u),v) + 7(B(u), f(v)) — n(B(v), f(w)) + B(p(f(v), u)) — Blpo(f(u),v))
= B(0(B(uw), f(v))) — BO(B(v), f())) + f(u(u, v) + 6(B(u), BV)) + f(p(B(u),v) — p(B(v), u)),
for all u,v € b.
Here we provide an intrinsic interpretation of the above coboundary operator.
Let B:h — gbe aD-map of a quasi-twilled Lie algebra (G, g,b). The twisted L -algebra
(@' Hom(A™'D, g), 15,18, 1%) controls deformations of the D-map B. Parallel to Proposition 3,30,
we have the following proposition.

Proposition 4.22. With the above notations, for any f € Hom(A*D, g), one has
L(f) = (=D dgef.

Definition 4.7 [: also recover the existing cohomology theories of relative Rota-Baxter opera-
tors, twisted Rota-Baxter operators and Reynolds operators.

Example 4.23. Consider the quasi-twilled Lie algebra (g, b, g, h) given in Example 2.4 obtained
from the action Lie algebra g »<, h. Let B : h — g be a relative Rota-Baxter operator of weight A
on g with respect to the action (b; p). Then (b, [, -]p) is a Lie algebra, where the Lie bracket [, -]
is given by
[u,vlp = Au, v]ly + p(B(w)v — p(B(v))u, VYu,v€D.
Moreover, the Lie algebra (b, [+, -]) represents on the vector space g via o : h — gl(g) given by
o()x = [B(v), x]; + Blp(x)v), VYvebhxeaq.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for the rel-
ative Rota-Baxter operator of weight 1. See [13, 26] for more details.

Example 4.24. Consider the quasi-twilled Lie algebra (g%, V, g, V) given in Example 2.5 obtained
from the semidirect product Lie algebra g, V. Let B: V — g be a relative Rota-Baxter operator
of weight 0 or an O-operator on g with respect to the representation (V;p). Then (V,[-,]p) is a
Lie algebra, where the Lie bracket [-, -] is given by
[, vlg = p(Bw))v — p(B(W)u, Vu,veV.
Moreover, the Lie algebra (V, [-, -]g) represents on the vector space g via o : V — gl(g) given by
o(u)x = [B(u), xly + Blp(x)u), YueV,xeg.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for the O-
operator B. See [50] for more details.

Example 4.25. Consider the quasi-twilled Lie algebra (g =,,, V, g, V) given in Example 2.7 ob-
tained from a representation p of g on V and a 2-cocycle w. Let B : h — g be a twisted Rota
Baxter operator. Then (V, [+, -]p) is a Lie algebra, where the Lie bracket [, -]5 is given by

[u,v]s = p(Bw)v = p(B(W)u + w(B(u), B(v)), Yu,veV.
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Moreover, the Lie algebra (V, [+, -]p) represents on the vector space g via o : V — gl(g) given by
o(v)x = [B(v), x], + B(p(x)v) — B(w(B(v),x)), VYveV,xeaq.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for the
twisted Rota-Baxter operator B. See [10f] for more details.

Example 4.26. Consider the quasi-twilled Lie algebra (g<,q.., 8, 8, 8) given in Example 2.8. Let
B : g — g be a Reynolds operator. Then (g, [+, -]p) is a Lie algebra, where the Lie bracket [-, -]z
is given by

[x, ¥]g = [B(x), yly — [B(y), x]y + [B(x), B()];, VYx,y €g.
Moreover, the Lie algebra (g, [+, -]) represents on the vector space g via o : g — gl(g) given by

o(x)y = [B(x),yls + B([y, xl) — B([B(x),yly), VYx,y€a.

The corresponding Chevalley-Eilenberg cohomology is taken to be the cohomology for the
Reynolds operator B. See [1{]] for more details.

Definition 4.2 lileads the following definition of cohomologies of deformation maps of a matched
pair of Lie algebras.

Consider the quasi-twilled Lie algebra (g > b, g,b) given in Example 2.10 obtained from a
matched pair of Lie algebras. Let B : ) — g be a deformation map of a matched pair of Lie
algebras. Then (b, [+, -]p) is a Lie algebra, where the Lie bracket [-, -] is given by

[u,vlp = [u,v]y + p(B(w))v — p(B(v))u, Yu,v €.
Moreover, the Lie algebra (b, [+, -]) represents on the vector space g via o : ) — gl(g) given by
o(W)x =n)x + [B(W), x]l; + Blp(x)v), Yvebhxeg.

Definition 4.27. The corresponding Chevalley-Eilenberg cohomology of the Lie algebra (b, [-, -]5)
with coeflicients in the representation (g, o) is taken to be the cohomology for the deformation
map B of a matched pair (g, ) of Lie algebras.

Remark 4.28. In [1], authors constructed the Lie algebra structure [-, -]z on b via another ap-
proach, namely transfer the Lie algebra structure on Gr(B) to b.

Remark 4.29. In [10,13, 28, 57, it was showed that one can use the established cohomology the-
ory to classify infinitesimal deformations of relative Rota-Baxter operators, twisted Rota-Baxter
operators and Reynolds operators. Similarly, one can also study infinitesimal deformations of a
deformation map of a matched pair and show that they are classified by the second cohomology
group of a deformation map of a matched pair given in Definition 4.27. We leave the details to
readers.
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