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A CENTRAL LIMIT THEOREM FOR PARTIAL TRANSPOSES
OF MULTIPARTITE WISHART MATRICES

GYUNAM PARK AND SANG-GYUN YOUN

ABSTRACT. The partial transposition from quantum information theory
provides a new source to distill the so-called asymptotic freeness with-
out the assumption of classical independence between random matrices.
Indeed, a recent paper [MP19] established asymptotic freeness between
partial transposes in the bipartite situation. In this paper, we prove al-
most sure asymptotic freeness in the general multipartite situation and
establish a central limit theorem for the partial transposes.

1. INTRODUCTION

The origin of free probability theory can be traced back to Voiculescu’s
works around 1985, and one of the key discoveries is the so-called as-
ymptotic freeness of independent random matrices with Gaussian entries
[Voi91]. This phenomenon extends beyond the Gaussian models and ap-
plies to various other models as well. Amongst them are non-Gaussian
Wigner matrices [Dyk93|], independent Haar unitary random matrices [[Vo198]
and random permutation matrices [Nic93], etc.

It is worth noting that all the results mentioned above are assuming in-
dependence between the random matrices, resulting in the phenomenon of
asymptotic freeness. A natural question arising from this perspective is
whether there are fundamentally different approaches to obtaining asymp-
totic freeness. A positive answer to this question is obtained from the par-
tial transposition [MP19], which plays a crucial role in quantum informa-
tion theory (QIT). Indeed, partial transposition is crucial in the problem
of entanglement of quantum states and quantum channels [Per96, HHH96,
Wor’7/6, I[Cho82], as well as in computing the transmission rate of infor-
mation [Sho02, [SS12]], PPT? conjecture [Chr, KMP18, RJP18, CMHW 19,
CYT19]] and so forth.

This paper focuses on partial transposes of Wishart random matrices,
which arise naturally in the context of QIT since the normalizations of
Wishart matrices are standard models for random quantum states [Bra96,
Hal98|, [ZS01,SZ04]. An important recent discovery is the asymptotic free-
ness between partial transposes of a Wishart matrix in the bipartite situ-

ation [MP19]. Let d;,d> and p be natural numbers, and let G4,4,, be a
1
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dyds x p random matrix with independent complex Gaussian random vari-
ables whose mean and variance are 0 and 1 respectively. Then the Wishart
matrix Wy, 4, , is given by

1 *
Wairdsp = id Gayas pGiydyp € Maya, (C). (1.1)

Let us denote by T or simply by 7' the transpose map A — A’ on My(C) if
there is no possibility of confusion. Then the partial transposes of Wy, 4, ,, €
My, 4,(C) = My, (C) ® Mg, (C) in the bipartite situation are given by

Wd1d2,p = (iddl ® idd2)<Wd1d2,P>7

Wdrldg,p = (iddl ® Td2)<Wd1d27p)7

Wc?ldg,p = (le ® iddz)(Wd1d2,p)’

Wj = (le ® Td2)(Wd1d27p)'

One of the main results of [MP19] is that the family
{Wdld%P’ Wt{ldmlﬂ WC;Ild%P’ WéldQ,p} (1.3)

is asymptotically free under the assumption limd; = oco = limds, with

(1.2)

1d2,p

lim % = ¢ € (0,00). From QIT perspective, it is natural to consider
102

a multipartite scenario of quantum communication. Indeed, the bipartite
setting is the standard framework to model interactions between two parties,
and it is standard to use a multi-fold tensor product to describe possible
interactions between multiple parties. In the general n-partite situation, we
have 2" types of partial transposes of

1
Wdl“'dn»p = mGdr“dmpG;lmdn,p € Md1 ((C) K- ® Mdn (C)> (1.4)
L-d,
given by
Wc(ljl---dn,p = (chl? - ® Tg:)(Wd1~~dn,p)a (15)
where o = (01,02, ,0,) is an arbitrary element of {0, 1}". This paper

focuses on two research questions for these partial transposes Wé’l edy The
first main question is as follows.

Question 1. Is the family {Wi---dmp}ae{m}"
totically free in the general n-partite situation assuming limd; = oo for
all j = 1,2,--- ,nwithlim ;-2 =c € (0,00)? What about almost sure
asymptotic freeness?

of partial transposes asymp-

Note that a partial positive answer to the above Question 1 can be ob-
tained from a recent paper [MP22]. Indeed, [MP22, Corollary 4.15] pro-
vides an asymptotically free family consisting of 2n partial transposes out
of 2" choices. We establish the positive answer with full generality to this
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problem in Theorem [2.5] where we prove almost sure asymptotic freeness
for the whole family of partial transposes { W . dn,p}ge oL Then, an im-
portant advantage of this shift to the multipartite setting is that we have a
limitless number of asymptotically free partial transposes W7 so it

becomes possible to discuss the following problem.

..dn’pa

Question 2. Ifthe partial transposes are asymptotically free, then is it pos-
sible to establish a natural analogue of the central limit theorem?

To do this, in Section we denote by d = (dy,ds, -+ ,d,), regard p =
p(d) and n = n(d) as functions of d, and consider the following averages
after centering

1

|Bal 2

for certain subsets Bg C {0, 1}" with lim | Bq| = oc. Then, we prove that
(sa)a converges in moments to the semicircular element of the mean 0 and
the variance c, 1.e.

lim(E ® tr)(sy) :/ " Vac2 — 24t (1.7)

[—2¢,2c] 2mc?

Sd

> (Wg, —c-1da) (1.6)

o€ Bg

if i [ Ba|™ (4 +
rem [3.6)), where ;(d) = min d;.

1<j<n

T c’) = 0 for all natural numbers m (Theo-
142 n

2. ASYMPTOTIC FREENESS OF PARTIAL TRANSPOSES

Let us begin with generalizing some notations and terminologies in [MP19]
to the multipartite setting. Let p and dy, ds, - - - , d,, be natural numbers with
n > 2, and let

G = Gaydy,dn p (2.1)
be a dyds - - - d, X p random matrix whose entries are independent complex
Gaussian random variables with mean 0 and variance 1. We denote by
[d] = {1,2,---,d} for any natural number d, and [dids - - - d,] = [di] %
[dy] x -+ x [d,] for simplicity. Using a canonical linear isomorphism

M, dy...a,, p(C) = CHE I @ M, (C), (2.2)
dn P
let us write G' = Z e;®Gjand G = Z Z gfﬂi’)yew € My, ,(C).
ie[d1d2~-~dn_1] z=1 y=1

Then the Wishart matrix W = mGG* € Mgy, dy--a, (C) is given by

1 *
m Z €iy j1 X €is j2 Q- €l 1jn1 X GIGJ . (23)
! " i,jeldida---dn_1]
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Note that we should consider 2"-types of partial transpositions of IV in
the n-partite situation. For any o = (01,09, ,0,) € {0,1}", we define
the associated partial transposition

W= el - oT) (W) € Mayg,-q,(C)  (24)

where T is the transpose operator on each My, (C).

To compute (non-commutative) joint moments of the partial transposes,
let us consider a Zy-valued m X n matrix ¢ = (qj)ie[m} jen)- Then there
exist m rows sequences ¢; = (€;;)}_, € {0,1}" and their associated partial
transposes are given by

W W, .o Wem, 2.5)

2.1. Joint moments of partial transposes. In this section, we discuss the
k-th moments E(XF) of the following random variable

— appe.. ey — 1
Xe =tu(WeW W )—dldg"'dn
Here, tr = éTr is the normalized trace on M;(C) and € = (€5)icm) jen] 1S @
Zs-valued m x n matrix with €; = (¢;;)7_; € {0,1}". It is unclear whether
X, is a real-valued random variable for now, but it will be explained later in
Appendix A.

Recall that [MP19, Theorem 3.7] covers the case (n, k) = (2, 1), and our
focus is about the general cases of (n, k). For any natural numbers %k and
m, let us introduce some elementary permutations on

TH(WEWS - W), (2.6)

[£km] = [km] U [—km] = {1,2,--- ,km}U{-1,-2,--- ,—km} (2.7)
as follows. Recall that the following permutations

A=(1,-1)0(2,-2)o---0(m,—m) (2.8)

r=(,2,---,m) (2.9)

on [+m] were introduced in [MP19] to prove asymptotic freeness of partial
transposes in the bipartite situation. We define their natural extensions A®*)
and I'®) on [+km] = [k] x [£m] as the product maps

AW —id, x A, (2.10)
' —id, x T. (2.11)

Then, it is immediate to see that their cycle decompositions on [+km] are
given by

AP =(1,-1) 0 (2,=2) 0 --- o (km, —km), (2.12)
r® =1, m)(m+1,---,2m)---((k—Dm+1,--- ,km). (2.13)
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While the m row sequences €1, - - , €, Of (€;)icim,jcn Were used to
describe multiple partial transposes W, W ... W let us use the j-th
column €; = (€55)iem € {0,1}™ to define a permutation &; on [+m] by

&(x) = { T e =0 (2.14)

—x if €lz|j = 1

Additionally, £; extends to a permutation
EW = idy x & : [K] x [£m] — [k] x [£m] (2.15)

given by £V (s, s) = (s, &(s)).
Now, we are ready to provide an explicit formula for the following k-th
moments

E(XF) =E <[tr(W€1WEQ S Wem)]k) , (2.16)

generalizing [MP19, Theorem 3.7] with full generality under the following
notations.

Notation 2.1. Note that any permutation o € S,, is associated to a partition
7 of [m] using the cyclic decomposition of o. We denote by t(o) the number
of blocks of m, and denote by 7 \/ 7' the supremum of two partitions 7 and
7'. When we regard o € S, as a permutation on [£m), the extension is
considered the identity function on [—m| = {—m,--- , —1}.

Our proof for the following theorem is systematic but requires heavy use
of notations, so let us present the proof separately in Appendix A.

Theorem 2.2. Let € = (€;5)icim],jejn] be a Zo-valued m x n matrix with
¢ = (ei5)}=y € {0,1}" foralli € [m], and let X = tr(WW<e ... Wem),

Then, for any natural number k, we have

o) n
k p Ir,5(€,0)
E(XE): E <d1---dn> I |dj , 2.17)
Jj=1

0ESEm

where the exponent fi. ;(€, o) is given by
H(EWTOABD O LW v G ARG 4 t(g) — k(m+1)  (2.18)
forall o € Sy, and j € [n).
Recall that we have
2. §(my V ) = 4(m 0 72) (2.19)

for any pairings 71, Ty € Pa(n) by [MP13, Lemma 2], and both the permu-
tations S;k)F(k)A(k)(F(k))‘IE}k) and cA®) o~ are indeed pairings. Thus,
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our main focus from now is to analyze

2 4(EFTEABPE)=1eM y g AR 1) (2.20)
= #(EMTOAD(T®) 1M 5 AR G-1) (2.21)

2.2. Almost sure asymptotic freeness in the multipartite setting. To es-
tablish the almost sure asymptotic freeness, our main technical question is
how to compute the exponents f, ;(€, o). Let us write f; = f; ; for simplic-
ity if there is no possibility of confusion. Recall that the case (n, k) = (2,1)
was studied in [MP19] for the bipartite situation. To consider the general
cases of (n,k), it is necessary to develop a new framework to study the
general situation k£ > 2.
Let us consider the following family of sets

Ak = {A17 A27 e 7Ak3}’ (223)

for general k, where A; = [jm]\ [(j —1)m] ={(j —1)m+1,---,jm}.
We also denote by (Ay) := {UsesA : S C Ax}. Then the main theorem of
this section is stated as follows.

Theorem 2.3. Let 0 € Siyy, and let € = (€;5)icim),jen) be a Zy-valued m x n
matrix.

(1) Assume that k > 2 and there exist non-empty disjoint subsets C €
(Ag) and Cy € (Ay) such that o(Cy) = Cy, 0(Cy) = Cy and
[km] = Cy U Cy. Let |Cy| = kym and |Cs| = kym and consider
bijective increasing functions ¢y : [kym] — Cy and ¢y : [kem] —
Cy. Then we have

4 (5](k)r(k)A(k‘)(F(k))—lg;k) v O-A(k)o'_l) (2.24)

= Z i <E;ki)F(ki)A(ki)(F(k"))_lgjgk") v (c{laci)A(ki)(ci_laci)_1>
i=1,2

(2.25)
forall j € [n]. In particular, we have
fri(e,0) = fu j(e,citoct) + fri(€,c5tocs). (2.26)

(2) Assume that k > 2 and there are no non-empty disjoint subsets
C1 € (Ag) and Cy € (Ay) such that o(Cy) = C4, o(Cs) = Cy and
[km| = Cy U Cy. Then we have

frile,0) <2 =2k < =2 (2.27)
forall j € |n].
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A proof of the above Theorem [2.3| will be presented in the next subsec-
tion[2.3] In this section, let us focus on how this result is applied to prove
almost sure asymptotic freeness of the partial transposes {WW7}__ o To
proceed, let us recall an important lemma from [MP19]. For a function
x : [m] — Y, let us denote by

ker(z) = {x7'(t) : t € Y}\{0}. (2.28)

Lemma 2.4. Let 0 € S, and let € = (€;5)icm) jeln) be a Zo-valued m x n
matrix with 5 = (€;5)icim) € {0, 1}

(1) Then fi(e,0) = fi;(€e,0) < 0 holds unless €, is constant on the
cycles of o.

(2) If €} is constant on the cycles of o, then f;(e,0) < 0 with equality
holds precisely when the associated partition of o is non-crossing.

In particular, if fi(e,0) = 0 for all j € [n] and if 7 is the associated
partition of o, then ker(e) > 7 holds, i.e. each block of m is contained in a
block of ker(e).

Then, applying Theorem [2.3] with Lemma [2.4] we reach the following
almost sure asymptotic freeness for the general cases of (n, k).

Theorem 2.5. Suppose that lim d; = oo for all j € [n] with the condition

lim R € (0,00). Then the family {W°},ci013» of the partial
A

transposes is almost surely asymptotically free.

Proof. As the first step, let us prove asymptotic freeness by showing that
all the mixed cumulants vanish as in [MP19]. Recall that the joint moment
(E® tr)(WaWe...We) is given by

Z L (o) ﬁ d‘f] (e,0) (2.29)
di-edy) 1LY

O'ESm

for any Zs-valued m X n matrix € = (€;;)ic[m],je[n) By Theorem Fur-
thermore, Lemma [2.4] tells us that

(o) n
3 p fj(E>U) _ ﬁ(U) . _
lim [(—dl — dn) jl;[ldj ] =c 0=0 (2.30)

if the associated partition of o € .S,, is crossing, so it is enough to consider
only the cases where the associated partitions are non-crossing in (2.29).
Let us denote by NC(m) the set of all non-crossing partitions on [m] and
by S(m, ) the set of all permutations o € S,,, whose associated partition
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is . Then we have

lim(E @ tr)(WEWe - [Wem) (2.31)
= Z Cﬁ(ﬂ—) Z hm H d‘-;cj (670—)7 (232)
meNC(m) oceS(m,m) j=1
and Lemma[2.4]implies
YT ey [ 1 ifker(e) > 7
hml_lldj - { 0 otherwise (2.33)
i

for all o € S(m, ) where we regard i +— ¢; as a function from [m] into
{0,1}". Let V4, Vs, ---,V, be the disjoint block decomposition of m €
NC(m), and write

1 ife, =¢, = =¢
€1 € .. €m\ — 1 2 1
or (W, W, W) { 0 otherwise ' (2.34)
for any subset 1" = {t1,t9, -+ ,t;} C [m] with t; < t5 < --- < t;. Then
(2.32) can be written as
S e (vl =D sy e, we e (235)
TENC(m) i=1
A crucial step here is to note that
[Te- (il =0y (wer, we o wer) (2.36)
=1

coincides with namely the free cumulant

(W, W o W) = [ oy (W WS W) (2.37)
i=1
Thus, the above (2.34) tells us that all mixed cumulants vanish, and this fact
allows us to conclude that the given family {W?} is asymptotically free by
[MS17, Theorem 16] or [NS06, Theorem 11.20].
Now, our second step is to prove

Var(X,) = O(d;?---d;?) (2.38)

n

to establish almost sure asymptotic freeness. Note that the following iden-
tity

o) n
2 _ p f2,5(e,0)
]E(XE) = E (d1 ' "dn) I I dj (2.39)
J

1
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is a direct consequence from Theorem (1). Indeed, for any o € Ss,,
such that o([m]) = [m] and j € [n], we have

jj(5]§2)F(2)A(2) (F(Q))*lfj@) v aA(Z)afl)
=Y HETATTIE V (¢ o) Al oer) ) (2.40)

i=1,2

and fQ,j(E, O') = fl,j (6, Cl_lO'Cl) + ij(E, 62_10'02) by Theorem (1) Here,
¢1 1 [m] — [m] is the identity map and ¢, : [m] — [2m]\[m] is given by
¢2(i) = m + 4. Furthermore, since {o € Sy, : o([m]) = [m]} is naturally
identified with S,, x S,, via o > (c] o1, ¢y ocy), we can see that

ilo) n
> () Lo o

oESom j=1
o([m])=[m]

-1

fe7 tocr)+H(eg toca) n
_ Z D (c] “oc1)+(cy “oca) H d/ﬁ,j(eycl_ltfq)+f1,j(5702_1002)
dy---d, J

Jj=1

(2.42)

)ﬁ(ﬂ)-‘rﬁ(m)ﬁ F H F )
d13167'1 dlﬂzeTQ — (X€>

- Z (dl.].g.dn

T1,72€Sm Ji=1 J2=1

(2.43)
Then Theorem [2.2]and Theorem [2.3](2) tell us that
Var(X.) = E(X?) — E(X,)? (2.44)
(o) n
_ p f21j (570')

-y () I 245

gESom 7=1

o([m])#[m]

with fo;(€,0) < —2for all j € [n]. Finally, since (72 )nen has a
uniform upper bound M > 1 from the assumption, we can conclude that

Var(X,) < (2m)!M*"(dydy - - - d,,) 2. (2.46)

O

2.3. Proof of Theorem Let 0 € Spy, and let € = (€;5)icm] jefn) be
a Zs-valued m x n matrix. Let us begin with a proof of the first part of
Theorem 2.3

Theorem 2.3 (1). Let o € Sk, with k > 2 and suppose that there exist non-
empty disjoint subsets Cy € (Ay) and Cy € (Ay) such that o(Cy) = C,
0(Cy) = Cy and [km] = Cy U Cy. Let |C1]| = kym and |Cy| = kam and
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consider bijective increasing functions ¢, : [kym] — Cy and ¢y : [kam] —
Cy. Then we have

_ Z 4 ( k) p(k:) )(F(ki))—lgﬁk") vV (cfloci)A(ki)(Cflaci)_l>
1=1,2
(2.48)

forall j € [n]. In particular, we have
fri(€,0) = fu, j(e,citoct) + fryi(e, c3tocs) (2.49)
forall j € [n).
Proof. Note that we have
2 t(EPTEAB(PE) 1My gAER 1) (2.50)
= H(EMTOAD (P®) 1M 5 AR G1) (2.51)

for all j € [n] thanks to (2.19), and the given condition ¢(C) = C; and
o(Cy) = Cy implies

(g](k)r(k)A(k)(P(k))—lgj(k)o.A(k)o-—1> (C; U (=Cy)) = C; U (=Cy) (2.52)

for both cases 7 = 1 and 7 = 2. Thus, we reach the following conclusion

9. ﬁ( B AR) (T (k))—lgj(k)\/OA(k)a—l) (2.53)
— H(EMT®A®(T (k)ylgﬂ(k)UA(k)o—fl) (2.54)

-y ﬂ< BPH AR (P0)1gPrAM, 1, (701_)) (2.55)
i=1,2

= D> HETEAB TN TR oe) AR (¢ Toe) ). (2.56)
1=1,2

Additionally, the last conclusion is immediate since £(c) = #(c; 'oc;) +
#(c; ocy) and k(m + 1) = ky(m + 1) + ko(m + 1). 0

From now on, let us suppose that £ > 2 and there do not exist non-empty
disjoint Cy € (A) and Cy € (A) such that o(Cy) = Cy, 0(Cs) = Cy
and [km] = C; U Cy. In this case, we can construct a sequence of elements
()ick—1) and a bijective function 7 : [k] — [k] such that

e, € AyU---UA g foralli e [k —1],
o 0(x;) € Ar(j41) for all z € k—1].

For two disjoint subsets S and 7" of [£km)], let us write S ~ T if there

exists an element = € S such that ¢(x) € T or an element y € T such that
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®(y) € S by a bijective function ¢ on [+km|. Note that ~, is a symmetric
relation.

Lemma 2.6. From the above notations, there exist subsets V; 1, Vj o, -+, Vi
of [+km] such that
o V,;is one of Ay and —A.; for all i € [k],
° U Vit~ Viig foralli € [k — 1] by E;k)A(k)aA(k)a_lgjqk).
te(d]

Proof. Let us use the above sequence 1, s, - - - , Tx_1 to construct the sub-
sets Vj1,Vja, -+, Vji. Letus start with V;; = A,(;). Then, the following
table of direct calculations tells us how to decide Vj ;41 from Vj 1, -, Vj;.
k) . Ti T (k) A (k) - A (k) ——1 (k) . O(Ti) =
(D 6']- Y o(w) s oz = 5]- AW g AR g Ej D e —o(a)
(k) . T X (k) A (k) ~ A (k) —10(k) . —0(Ti) = T
2) 5]- Y o) > —o(z) = 5]- AR g AW g Ej D g o(a)
(k) . T —%; (k) A(B) - A(R) —10(k) . Ti—= —o(x;)
3) Ej Do) > o(x) = Ej AW g AR g EJ Do) o —
(k) . Ti> = (W) A (k) - A (k) —1 (k) . Ti > ()
COR o(2:) > —o(x;) = &AW AW o™ E “o(2s) = —a;

Indeed, if z; € A;;) and Vj; = A, (resp. Vj; = —A.(;)), then we take

Viie1 = Az @esp. Vi1 = —A;i41)) in the first or the fourth cases
and take Vj ;11 = —A-q1) (resp. Vji1 = Aru41)) in the second or the
third cases. ]

Under the notations above, let us denote by W; ; = -V} ;, V; = Uie[k} Vii
and W; = U;cyy Wj.i- Then we are ready to prove the second part of The-
orem 2.3. Our strategy is to adapt the proof of [MP19, Lemma 4.3] and to
divide the general situation into the case where V; ~ W, and the other case

where V; = W; by E;k)A(’“)aA(k)g—lgj(k),

Theorem 2.3 (2). Suppose that k > 2 and there do not exist non-empty
disjoint Cy € (Ax) and Cy € (Ay) such that o(Cy) = Cy, 0(Cy) = Cy and
[km] = Cy U Cy. Then we have

frjle,0) <2 -2k <=2 (2.57)
for any Zy-valued m x n matrices € = (€;j)icim),jein]-

Proof. (Case 1: V; ~ W; by EMA® AR ¢-1£M) In this case, the sub-
group generated by S;k)A(k)aA(k)a‘lé’;k) and T®) A) (D)=L AK) acts on
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[£km] transitively by Lemma[2.6]and the given assumption, so there exists
a non-negative integer g satisfying

2km +2(1 — g)

— ﬁ(g](’f)A(k)gA(k)Ufng(k)) + ﬁ(g](’f)A(k)UA(k)Ufng(k)p(k)A(k)(p(k))*lA(k))
+ (@ E A (@ E)) =1 AR)) (2.58)

= 24(0) + H(EM AP G AW LW PE AR (D)=L AR 4 o, (2.59)

See [MS17] for more details about the existence of g, and the second equal-
ity comes from direct calculations. Then we have

2 4(EPTEAB (PE)=1e® y gAR 51 (2.60)
= 4(EMTHAD(T®) 1M s AR 1) (2.61)
— (A (TE) 10 AW 10 (2.62)
— (T RA® (p(k))—1A(k)gj(k)A(k)aA(k)a—lgj(k)) (2.63)
= t(EP AP AR g=1eWE AE) (pE)) =1 AR)) (2.64)
= 2km +2(1 — k — g) — 24(0), (2.65)

where we used £ }k)A(k) =A®Eg }k) at the third equality. Thus, we obtain

frj(e,0) = HEPTOAB I 1EW v g AP G 1 t(0) — k(m + 1)
=(km+(1—-—k—g)—14(o)) +(o) —k(m+1) (2.66)
=1-2k—g<1-2k<2—2k (2.67)

(Case 2: V; ~ W; by E;k)A(’“)aA(k)a_lc‘f}k)) In this case, we have
EFAPGAR 1B (V) = v (2.68)

and the subgroup generated by 7y, = S;k)A(k)aA(k)a‘lﬁ;k) ‘ and 75,y, =
V.

TEA®(TE)LA®|  acts on V; transitively by Lemma As in the
Vi

case V; ~ W}, there exists a non-negative integer g satisfying

km +2(1 - g) = #(mv;) + i1y, o 7o) + H(721;) (2.69)
= #(ry,) + 811y, 0 ov;) + K, (2.70)

implying

By, 0 To,) = km 42—k — 29 — f(mv,). (2.71)
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On the other side, we define 7y, = E;k)A(k)UA(k)Jflé';k) and 7 1y, =
: W, :
L& A®(TENY=LA® | similarly. Then there exists a non-negative integer
W

g’ satisfying

8(rLw, 0 Tow,) = km+2 —k —2¢" — #(rLw,). (2.72)
Thus, we obtain

2 4(EMTOAW (R ~1e®) g A 51 (2.73)
( K A®) o AF) *15(’@ TR A® ()1 AR) (2.74)
(7'1\/ oTov;) + H(TLw, © Tow;) (2.75)
=2(km+2—Fk)—2(g+¢)—tny) —i(nw) (2.76)
=2(km+2—k) —2(g + ¢) — 4(EV AR AW 1eW)  (2.77)
=2(km+2—k) —2(g+4) — 24(0), (2.78)

which leads us to reach the following conclusion
frile.0) =HETOAOTE) D v o AWG™) +4(0) — k(m +1)
=2-2k—(9g+4)<2—2k. (2.79)
O

3. A CENTRAL LIMIT THEOREM FOR PARTIAL TRANSPOSES
Let us denote by d = (dy, - ,d,) and by p(d) = mﬁ d; > 2 in this
JE€n
section. Let p = p(d) and n = n(d) be functions of d. Recall that there
exist partial transposes {W*} ;13 € &)_; My, (C) of the multipartite
Wishart matrices W = Wy, ...4, »,. In this section, the following product

D(e,0) = ] d}*“. 3.1)
j=1
will play a crucial role.
To establish a central limit theorem, we take a family {a.} consisting of
the centered partial transposes

=W —c-1d € (X) My, (C). (3.2)
j=1

The main result of this section is that, if we take subsets Bq C {0, 1}"@

1 P
h that lim | Bq|™ = 0 for all m € N and
such that lim | B4 (M(d) + ids . ) or all m an

—C
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lim | B4| = oo, then the following random matrices

(3.3)

S84 = Z
\% eEBd

converge in moments to the semi-circular element of mean 0 and variance
c. To compute the limit of m-th moments lim(E ® tr)(sy'), we will focus
on the following values

where x : [m] — Bg is an arbitrary function. Our basic strategy is to
recover the arguments in [MS17, Section 2.1] with detailed analysis of as-
ymptotic bounds. Let us begin with the following lemma.

Lemma 3.1. For arbitrary functions € : [m] — Bq and € : [m| — Bq such
that ker(e) = ker(€¢'), we have

[(E @ tr)(ac) - - tem)) — (E @ tr)(acqy - - Germ))| 3.5)
2m+1m|(1+c)m m < p )5
< : (3.6)
w2\,
Proof. Let us begin with the following formula

Qe(1) * * * e(m) (3.7)

= (WD —c.1d)--- (W™ —¢.1d) = Z (—c)™ 17l H e

EC[m] teE

(3.8)
and write [ = | E/| for simplicity. Consider €| as a function from [I] = [|E]]

into Bg. Then, since

#(r) n
1+ d,

ter
D ﬁ(T)
- Z (dl"'dn> D<€’E77-> (3.10)

for each E C [m] by Theorem 2.2 we have
|(E @ tr)(ac) - - aem)) — (E@tr)(acq) - - aeim))| (3.11)

8(7)
| S o B () D) - D)

EC[m] rES)

(3.12)
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Note that the given condition ker(e) = ker(¢’) implies
D(e|lg,7) =1 < D(¢|p,7) = 1. (3.13)

Indeed, any restriction €|z can be considered a function which is of the form

elp(i) = > 2 xp.(i) (3.14)

2€Bg

for all i € [I| where E, = (¢|g)'(2) = {i € [l] : €|g(i) = z}. Then the
given assumption D(€|g,7) = 1 implies that the partition of 7 is non-
crossoing by Lemma (2), and €| is constant on each cycle of 7, i.e.
each E, is a union of cycles of 7 by Lemma/[2.4](1). Thus, we can write

elp() =Y zxp()=>_ > 2 xe,() (3.15)

2€Bga 2€Bq p

where E, = U ¢.p and ¢, ,’s are the disjoint cycles of 7.

p
On the other hand, €| is also written as

€lp(i) = Y w-xg,(i) (3.16)

where £/ = (¢'|g) ' (w) = {i €[] : €|g(i) = w}, and the given condition
ker(e) = ker(¢') forces E, to be equal to one of E,, which is a union
of cycles ¢,, of 7. Hence, €| is a linear combination of characteristic
functions on cycles of 7. In other words, €| is constant on each cycle of
7. This leads us to conclude that D(€'|g, 7) = 1 by Lemma [2.4] since the
partition of 7 is non-crossing.

Let us return to (3.11)). Using the above conclusion

D(e|lg,7) =1 D(€|g,7) =1, (3.17)
we obtain
|(]E X tI') ((16(1) tee ae(m)) - (E X tr) (ael(l) s ael(m))’ (318)
#(1)
< S e S () D) - Dl
EC[m] T€S;:D(€e|g,7)<1

(3.19)
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Furthermore, since

>

di--
T€S:D(e|g,7)<
<
dy--
T€S;:D( 6|E T)

-d,
PN
T€S;:D(e|g,T)

oy 1<dl...dn> ﬁ—@()

#(r)
d) ID(ele. ) ~ De].7) (3.20)

) D(elg.7)

T7€S;:D(e|g,m)< s=0

(3.22)
we can conclude that
}(E ® '[I') (ag(l) cee ae(m)) - (]E & tI') (aef(l) R aﬁl(m)” (3.23)
2 - m! — P
< B ( > 3.24
- Ecz[m] p(d) ; di--dy G2
2 m! — P )S

< 1+e)™ —— 3.25
2 & (e =
3.26
< ) ; o (3.26)
O

The above Lemma [3.1)allows us to rely on ker(e) whose structure is cat-
egorized into the following four distinct cases:

e (Case A) ker(¢) contains a singleton element
e (Case B) ker(¢) does not contain a singleton element, and € is not a
pairing.
e (Case C) ker(e) is a pairing and there exists ¢ € [m — 1] such that
{i,i+ 1} € ker(e)
e (Case D) ker(¢) is a pairing, and €(i) # e(: + 1) forall ¢ € [m — 1].
Our strategy is to prove Lemma Lemma Lemma to cover
(Case A), (Case C), (Case D) respectively, and the following technical

Lemma plays is an important ingredient to establish Lemma and
Lemma[3.4l
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Lemma 3.2. (1) Forany T € S, let us denote by 11 = To(l+1) € Sj1;.
Then we have

$ETATIE VAT Y = (T A (T IE v A, (3.27)

Here, £, A, T are acting on [£l], whereas E', A', I are the analo-
gous permutations on [£(l 4+ 1)].

(2) Forany T € Sy, let us denote by 7o = 7o (I+ 1,1+ 2) € Si;9. Then
we have

" 1"

BETATLEVTAT ) +1 =4 T A" v A'r ) (3.28)
if sgn(E"(l+ 1)) = sgn(E"(l + 2)). Here, E", A" T are the anal-
ogous permutations on [£(l + 2)].

Proof. (1) First of all, it is straightforward to check the following facts:

A) ATt =1AT o (—(14+1),1+ 1),

(B) (—&(1),&(1)) is one of the disjoint cycles in ETATIE,

(C) ETATIE = ET'A(I)1 on [\ {—&E(1),E(1)},

D) (—&'(1 +1),&(1)) and (E'(I + 1), —&(1)) are disjoint cycles of
E'T'A'(I")~1E’. In particular, we have

ELATTIE = ET'A ()1 oAl o ETA(T)1E (3.29)
on {—&(1),E(1)}.

Let us suppose that { By, By, --- , By} is the disjoint decomposition of
blocks of ETAT 1€ vV 7A7~1, and we may assume that
By = {£(1), €} UT C [+] (3.30)

since (B) implies —£(I) ~ £(1) by ELAT~E. Here, we may assume that
T is disjoint from {£(1), —&E(1) }.
On the other hand, we now claim that

{ByU{£E(I+1)}}U{B,,---, By} (3.31)

is the disjoint decomposition of blocks of £ T'A'(I")'& v nA'r . In-
deed, (A) and (C) explain why By, --- , By are the disjoint blocks, so the
only remaining part is to prove that

BiU{EE (I +1)}={EQ),-EM}YU{xE I+ 1)}IUT  (3.32)

is a disjoint block of £ T'A'(T")~*&" v 1y A'r; . Firstly, let us prove that
any elements z, 2’ in T are connected by £ T"A'(T")~'&" and ; A'7 . Our
assumption provides a sequence (z;)!_, suchthatzg =x € Tz, =2/ € T
and v; = (ETAT'E)(z;_y) or x; = (TAT ) (x;_1) for each ¢ € [t]. If
(z;)i_, C T, then all the actions of ETAT '€ and TA7T™! coincide with
the actions of &'T'A’(I")~'&" and 7y A'r; ! by (A) and (C), so the conclu-
sion follows immediately. Now, if we suppose that 7; = (TA771)(z;_1) €
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{€(1),—&(I)} at the i-th step, then we may assume that the next two ele-
ments are given by

Tip1 = (ETATTE) (z;) € {£(1), =E(1)},

Tiyo = (TAT V) (251) € T. (3.33)

Furthermore, the action ETAT L€ at the (i + 1)-th step can be replaced by
ETAN () o N o ET'A(TY) e (3.34)

as noted in (D), and the action 7A7~! coincides with 7, A’r; " by (A). Thus,
we can conclude that xy = x and z; = 2’ are connected by the pairings
ET'A(I")~1&" and 1y A7, . For example, if z; = —&(I), then the orig-
inal sequence --- ,x;_1,%;, Ti11, Tito, -+ corresponds to the blue-green-
blue paths, and the green path from z; to x;,, is replaced by the three red
paths in the following figure:

€T r“,r)_ o

ta-“l{_—_ T 1'3['[]-1}

TI-dJTI_i

Furthermore, (A) and (D) tell us that all elements of {£(1), —&(])} U
{+&'(I+ 1)} are connected by E'T'A'(I")~1&" and 7, A'r L. Lastly, if we
assume there is no element of 7" connected to {€(1), —E (1) Ju{+E' (1 + 1)},
then it implies that 7" is one of the disjoint blocks of ETAT 1€ v 7AT7,
which contradicts to the fact that 7" is a strict subset of Bj.

(2) In this case, it is straightforward to check the following facts

(A) A"yt =7A7 o (—(1+2),1+1) o (—(1+ 1), +2),

(B) (—&(1),£(1)) is one of the disjoint cycles in ETATIE,

(C) ETATE =E'T"A"(T") 1" on [£1] \ {=E(1),E(1)},

(D) (£(1), —=E"(1+2)), (E"(I4+1), —&(1)) are cycles ofé’”F"A (r"-te”,
and (—&"(1+2),E"(I+ 1)) is a cycle of A" 7, *. In particular, we
have

" " " " "

ETATIE =E'T'A' (I oA o E'T' A (I IE"  (3.35)
on {&(1), -€(1)}.
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As in the proof of (1), let us suppose that { By, By, -+ , By} is the dis-
joint block decomposition of ETAT' 1€ V 7A7~L, and we may assume that

By ={£(1),—EM}UT C [+] (3.36)

and 7T is disjoint from {£(1), —&(l)} since (B) implies —E(1) ~ £(1) by
ETATLE.
From now on, we will claim that there exist precisely N + 1 disjoint

" "

blocks of £'T"A"(I'")1&" v 7,A"7; !, Indeed, (A) and (C) imply that
By, Bs,--- , By are N — 1 disjoint blocks and it is immediate to check that

(E"(1+2),—&"(1+ 1)) is acycle of both £'T"A"(I'")1&" and A" 75,71

Thus, the only remaining part is to prove that all elements in
By U{&"(1+1),-&"(1+2)} (3.37)
=TU{EN),—-EMITU{E"(1+1),-E"(1+2)} (3.38)
are connected by &' T"A"(I'")71&" and A" 7, !, Firstly, all elements in

T are connected by (A), (C), (D), and all elements in {£(1), —£"(I +2)} U

{"(1+1),—E(1)} are also connected by £'T"A"(I'")71£" and A" 7,

thanks to (D) as in the proof of (1). Then, if we assume that there is no
element of 1" connected to

{E(),=E"(1+2)}u{&"(l+1),-&E()}, (3.39)

then 7" should be one of the disjoint blocks of ETAI € v 7A7~L. This
contradicts to the fact that 71" is a strict subset of B;.
O

Now, let us present an estimate of (E ® tr)(ae(1) - - - Ge(m)) for (Case A).

Lemma 3.3. Let ¢ : [m| — Bgq be a function and suppose that ker(e)

contains a singleton set. Then we have
) ) ( : )s
Zso dy---d,

(3.40)

[(E @ 1r) (acyacz) -+~ aeom))|
1

<2™(1+¢)"m! (H(d) +

p
dydy---d,

—C

Proof. We may assume €(i) # e(m) for all ¢ € [m — 1] thanks to the given
assumption and the traciality of E ® tr. Let us begin with the following
formula

ety ey = (WD — ¢ 1d) -+ - (W™ — ¢ 1d) (3.41)

=| > (=g T wO ] (W — ¢ 1d), (3.42)

EC[m—1] teE
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and write [ = | F| for simplicity. Note that

1(o)
Eow ([Hwe ]-wew) =Y (:25) Pl

teE oES|1+1
(3.43)
NG
Eow) [ [Jw®) =) (dl---dn> D(e|p, 7) (3.44)
tek TES)

for each E C [m — 1] by Theorem[2.2] Now, let us understand o € 544
as a permutation acting on [l + 1] = E U {m}. Then the image of the map
T +— 7 = 7o (Il + 1) consists of the permutations o € S, satisfying
o(l 4+ 1) = I + 1. Furthermore, Lemma [3.2] provides the following identity

filelpogmy. 1) = $ET A T)E v A +4(n) — (1+2) (3.45)
= H(ETATE; VAT ) + (H(7) + 1) — (1 +2) (3.46)
+

(
=H(ETATE VAT Y +4(7) — (1 + 1) = fi(elg, 7), (3.47)

and we obtain

(E @ tr) ( [H W€<t>] (Wem —¢. Id)> (3.48)

tcFE
N
= > D(el zugmy, 0) (3.49)
d---d,
oES 11!
o) A+1
. N
_ D . 3.50
+;(d1dn C) (dldn) (GlE‘,T) ( )
T 1

In particular, for o € Sy with o(l + 1) # [ + 1, the given assumption
{m} € ker(e) implies that €(t) # ¢(m) forany t € E C [m — 1], i.e. there
exists j € [n] such that €(t); # €(m);. This means that [¢| g, (+)]; is not
constant on the cycle containing [ + 1, so we should have f;(¢|gupmy, o) <
—1 for some j and D(¢|pugmy,o) < pu(d)~' by Lemma (1). Then,
combining all the discussions above with the standard triangle inequality,
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we obtain

(E ® tr) ([HWG“] petm) c~Id)>‘ (3.51)
teE

m 1 m p S
<m . ! _
=m2\G 27) Z(dd)
(3.52)
1 p S r_\
< ml! + —c ) < > . 3.53
<M(d) dy---d, ; dy---d, (3.53)
Hence, we reach the following conclusion
[(E @ tr)(ac) -~ aemy)| (3.54)
iy 1 p S r N\
< (m=1)—|E| _
= Z ¢ <M +d1--~dn C>Z<d1...dn)
EC[m—1] 5=0
(3.55)
p S r_\
<2™(1+c !( + —c) ( ) (3.56)
( ) w(d) | dy---dy ; dy---d,
O

Now, the following Lemma provides an estimate of (E®tr)(ae(1) - - - Ge(m))
for (Case C).

Lemma 3.4. Let € : [m] — Bq be a function and suppose that there exists
i € [m — 1] such that {i,i+ 1} € ker(¢). Then we have

Eowr) | [] a | —c- E@w) I e (3.57)
jebml jelmi\{ii+1}
p S
dy)

—c > m! Z (d
— 1
- (3.58)

<14 0)"(2+0) (M(ld) 4

dy---d,
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Proof. As in the proof of Lemma[3.3] we may assume {m — 1,m} € ker(e)
using the traciality of E ® tr and we have following identity

Ae(1) " * Qe(m) — Cle(1) * " * Qe(m—2) (3.59)
= Z (_C)m7(2+‘E|) [H We(t)] (We(mfl) —C- Id)(WE(m) —C- Id)
EC[m—2] teE
(3.60)
—ec Z m—(2+| E) [H Wﬁ(t)] (3.61)
EC[m—2] teE

Let us write [ = |E|. Then similar arguments from the proof of Lemma 3.3
give us the following two identities:

(E® tr) ( [H We(t)] Wwem=Dpem) _ .. [H Wﬁ(t)] We(m—1)>

teE eE
(3.62)
D t(p)
- Z D(€|Eu{m—1,m}, p)
dy---d,
PESy2:
p(I+2)#£142
D D i(o)
T Z (dl cod, o C) (dl . dn) D(e|pugm-13,0), (3.63)
UESH_l
(E ® tr) ( [H Wf(t)] wem _ .. [H We(t)] ) (3.64)
teF tcE
#(7)
p
- Z (dr--dn D(e| mugmy > 7)
TESZ+1:
T(I+1)#l+1
- D . 3.65
+;(d1---dn C) <d1"'dn> (¢l&,v) (3.65)
vEo]

Here, both the second sums of (3.63) and (3.63) are dominated by

oy Z (ch ) , (3.66)

d1



A CENTRAL LIMIT THEOREM FOR PARTIAL TRANSPOSES 23

. . m! — p
and the first sum of (3.63) is dominated by ——
Y (@) Z (dl---dn

proof of Lemma 3.3] Thus, it is straightforward to check that

S
) as in the

(E ® tr) ([H W‘(t)] (Wem=t — e 1d)(W™ —c-1d) —c- [ | WE“)) | (3.67)

teE teE

» f(p) » fi(v)
<l X (dl...d) D(dEU{m‘Lm}”’)‘C'Z(dl...dn) Plee.v)

PES|42: vES;
p(1+2)£1+2

+(1+c)< L,

Y )mi(dl_?_dn)s (3.68)

Recall that the image of a function v € S; — vy = vo(I+1,14+2) € Sj42
consists of the permutations whose one of the disjoint cycles is (I + 1,1+ 2)
and that

filelBogm—1,my: v2) (3.69)
= 4(& T A" ") Vv A vy ) + H(ve) — (1 +3) (3.70)
= ($(ETATE VoAv™) + 1) + (8(v) +1) — (1 +3) (3.71)
=H(ETATE VoAv™) +H(v) — (I + 1) = fi(e|g,v) (3.72)

p —C
dy---d,

by Lemma[3.2](2). Let us write ¢ ¢ p if ¢ is not a disjoint cycle of p € Sj;».
Then we have

D #(p) P #(v)
Z (dl"'dn) D(elpugm—1,my,p) — - Z (dlmdn) D(e|g,v)

PES 42t vES)
p(I+2)#1+2
(3.73)
D fi(p)
S Z (dl dn) D(€|EU{m71,m}ap)
PESi42:
p(1+2)#1+2
(I+1,1+2)¢p
» » f(v)
_—— _— D . 3.74
H (atz ) (@ha) puso| e
VES]

From the conditions (I42) ¢ pand (I+1,1+2) ¢ p, there exists by € [[]
such that p(by) = [+ 1 or p(by) = [ + 2. Note that

ElEU{m—l,m} (bO) 7£ E|EU{m—17m} (l + 1) - 6|EU{m—1,m} (l + 2) (375)
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from the given assumption, so there exists j € [n] such that

€] Butm—1,m}(b0)]; 7 (€l Butm—1,m}(I+1)]; = [€| Bufm—1,m} (1 +2)];. (3.76)

This means that (€| gugm—1,m}(-)]; is not constant on the cycle containing by

in p, implying D(€|pugm—1,m}, p) < p(d)~" for such p by Lemma (1).
Thus, we obtain

P #(p) P #(v)
Z (dl"'dn) D(eleugm—1,m},p) —C- Z <d1-~-dn> D(e|g,v)

pESH,z: vES)
p(1+2)£1+2
(3.77)
1 p S P\
S(u(d)+ d1-~dn_c>m!§<d1~-~dn) : (3.78)
Finally, combining (3.68)) and (3.78)), we can conclude that
|(]E ® tr) (aﬁ(l) e ae(m)) —c- (E®tr) (ae(l) e ae(m_g))| (3.79)
B 1 p - p Y\
< Z " (2+|E)(2+c)( + —c)m!Z( )
EC[m—2] ,u(d> dl e dn —0 d1 dn
(3.80)
1 p - p \’
<21 +e)"(2+c + —c| | m! ( )
( ™ ) (M(d) dy---dy ) ;0 dy---dy
(3.81)
O

As of the last ingredient to reach the main conclusion, let us present an
estimate of (E & tr)(ae(1) - - - Ge(m)) for (Case D) in the following lemma.

Lemma 3.5. Let ¢ : [m| — Bq be a function and suppose that €(i) #
€(i+ 1) forall i € [m — 1]. Then we have

|(E @ tr)(aeqry -+ Getmy) | (3.82)
1 D D 3m
< 2™ - 1)! 1 .
m(u(d)+d1 . c)(m—i— )<d1-~~dn+c+

(3.83)
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Proof. Recall that

(E @ tr) (e~ emy) = Y (=)™ P(E @) (H W€<t>) (3.84)

EC[m] tek
. D (o)
=D (=gmEy D(elp, o)
di---d,
EC[m)] oES;

(3.85)
where [ = |E|, and
0= lim (E & tr) (ae(l) <o ae(m)) (3.86)

dh oo dl,—00
n

=> (—c)mfiE‘ZcM“)d lim  J](d;)% =) (3.87)

f e dl, 00
EC[m] €S bt

by the asymptotic freeness of {W}, ;3 (Theorem . Thus,

‘(E & tr)(ae(l) s aé(m))‘ = ’(E & tr)(ae(l) 3 -ae(m)) - 0‘ (3.88)
#(o) n
m— p o : / i(e|lg,o
< Z et Z (dl"'dn> D(e|p, o) — ¢l )d’h..l.g;{l—mo H(dj)f]( =
EC[m] oES; j=1
(3.89)
and the standard triangle inequality tells us
p e () T fi(eleo)
D — 7 i d’,)1i\eleo 3.90
(725) Deso) -, 1T .90
D (o)
< (dl---d) — 9| D(e|p, 0) (3.91)
+ ) |D(e|g,0) —  lim (dy)fiteleo)) (3.92)
df ey =00 <=

Furthermore, the binomial theorem implies

ﬁ(”) 2m
p — )| <« p — 1)! p 1

‘(dl"'dn> ¢ = ldy---d, ¢ (m+1)! dl---dn+c+

(3.93)
and it is immediate to see that
- 1

D — 1 d)lideo)| <~ 3.94
(¢le, ) d’l,‘.ldr/jl—»oo jl( ) ~ u(d) (3.94)
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for all permutations o € ;. Thus we can conclude that

(o) n
p _ g '\ fi(€elE:0)
(dl - dn) Dielm, o) —c d’l,..l.ldr’jlﬁoo j:l(d]) (3.95)
<A@ p — VG
> (6‘E>U) d’l,---ldr/,?aoojl;[(d])
P i(o)
- (dl.__d) — )\ D(e|g, 0) (3.96)
1 » p 2m
< ). - 1)! 1 3.97
<c ,u(d)+d1"'dn cl(m+1) d1"'dn+c+ (3.97)
1 D p 2m
— ! 1 3.98
- (u(d)+ d--d, C)(m+ ) (ch---dﬁ” ) O
and this implies the desired conclusion
|(E ® tr)(ac) - - Gem)) | (3.99)
- 1 » » 2m
< m— — ! 1
—ZC Z(M(d)+d1---dn C>(m+ ><d1---dn+c+ >
Eg[m] 0ES;
(3.100)
1 p p 3m
< 2™m! — 1)! 1
< m(ﬂ(d)+d1"'dn 0)(m+ )(dl"‘dn+c+>
(3.101)
O

Finally, we are ready to establish a central limit theorem for partial trans-
poses by applying Lemma[3.3] Lemma[3.4] and Lemma 3.5}

Theorem 3.6. Let p = p(d) and n = n(d) be N-valued functions of d =
(dy,- - ,dy), and consider a sequence of subsets Bq C {0,1}"™Y. If

1 p
lim |Bq|™ — =0 3.102
for all natural numbers m and lim |Bq| = oo, then the following random
matrices
1

(3.103)

Sd = \/@ Z (W;I'”dn,p —C- Idd1-~-dn)

z€Bg
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converge in moments to the semicircular element of the mean 0 and the
variance c, i.e. we have

Im(E ® tr)(s3) = / —\/402 — t2dt. (3.104)
[

2¢,2¢] 2mc?

Proof. 1t is enough to prove that

m

Iim(E ® tr)(s') = ¢z

NCy(m)| (3.105)

where NC5(m) is the set of all non-crossing pairings on [m]. For any m
and d, we have

1

% |Bd|m [m]—Ba
\/|IT Z Z (E @ tr)( ad,x(l) S adx(m)).

w€P(m) x:[m]—Baq:
ker(z)=m

(E & tr)(s?f) = (]E X tI‘) (ad@(l) - ad,:{:(m)) (3.106)

(3.107)

Now let us take a representative function x4, : [m| — Bg satisfying
ker(zq,) = mforeachd = (dy,--- ,d,) and 7 € P(m). Then we have

Z (E @ tr) (H ad@(i)> — kax - (E @ tr) (H adyxd,w(i)> (3.108)

z:[m]—Bg i=1 i=1
ker(z)=m

2m+1kd m11_|_cm m < >S
< (3.109)

@

2m+1|Bd|mm!(1 + )" & ( P >8
< 3.110
< e ZO i (3.110)

by Lemma[3.1} where kq~ = |Bal| - (|Bal — 1) - - - (| Ba| — () + 1). Thus,
the given condition | B4|™ = o(p(d)) implies

lim(E ® tr)(sy) (3.111)
= Y lim|Ba| *kax(E® tr)(aday, (1) Gdaa(m)-  (3.112)
TEP(m)

As the first step, let us prove that
lim [Ba|™ 2 kar(E @ tr)(Qdeq . (1) ** Qdyw . (m)) = 0 (3.113)
for the following situation

(Case A) the partition 7 contains a singleton block.
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Indeed, Lemma 3.3| provides the following estimate

|Ba|™ % kar |(E ® 1) (@dg (1) * ** Qdoa (m)) | (3.114)

m 1 P n p s

<2"B 21—|—cmm!( + —c> ( )’

Balf (ot gy * o) 2\,
(3.115)
and the given conditions imply
lim [ Ba|% [ —— 4 |—F (3.116)
im 2 —c .
@ " didy

< lim | Bq|™ L + P ) =0 (3.117)

From now on, it is enough to suppose that the permutation 7 does not

contain a singleton set, implying fi(7) < . Furthermore, if we suppose

that 7 is in (Case B) i.e. §(m) < %, then it is straightforward to see that

lim |Ba|™ 2 kar(E @ tr) (Ad ey . (1) * Qdyea . (m)) (3.118)
< lim [Bq['™ ™% (E ® tr) (Qaeq (1) * - Cdzg . (m)) (3.119)
=0- lim(E X tr) (adﬂjdm(l) cee ad,xdﬂ(m)) =0. (3.120)

Thus, let us focus on the cases where 7 is a pairing, i.e. all disjoint blocks
of 7 are given by cycles of length 2. In this case, we have #(7) = % and
the representative function x4, : [m] — Bq should be one of the following
two cases:

e (Case C) ker(zq ) is a pairing, and there exists i € [m — 1] such
that {i,7 4+ 1} € ker(zq )

e (Case D) ker(xq) is a pairing, and xq (i) # za.(i + 1) for all
i€m—1].

If 7 is in (Case D), i.e. ker(xq ) is a pairing satisfying

Tar(i) # zarli+1) (3.121)
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for all i € [m — 1], then we have

lim ‘Bd|_%kd,7r (E®tr) (H ad@d,w(i)) (3.122)
i=1

< 1lim 2™m!|Bq4|? ! + P ¢ (m+1)! P ict1 .
= 12d p(d) " |dy - dy ‘\dy--d,

3.123)
< 2™m!(m + 1)!lim | Bq|™ ! + P ¢ P ict1 .
= ' ‘ d w(d) " |dy e dn dy---d,

(37124)
=0 (3.125)

by Lemma3.5] Now, for the last situation (Case C), there exists i € [m—1]
such that 24 - (io) = Zax(io + 1) and Lemma [3.4]implies

lim | Ba|™ % kq.»(E ® tr) (H ad,zdm(i)> (3.126)

=1

= ¢ lim(E ® tr) I cacao |- (3.127)
i€[m]\{io,io+1}
Note that the restricted function xd7w|[m]\{i0,i0+1} defines a new pairing on

[m — 2], which should be in one of (Case C) and (Case D). Thus, we can
repeat the above arguments, leading us to conclude that

| » m 0, ifm¢ NCy(m)
lim ‘Bd| 2 kd,ﬂ'(E (% tr) (H ad,l}j,w@)) - {Cﬂ; if T i chEm) ‘

=1

(3.128)
Now, combining all the above discussions, we obtain

lim(E ® tr)(sZ) (3.129)
= ) lim|Ba| " kax(E® tr) <H ad,xdm(i)) (3.130)

mEP(m) =1
= Y ¥ =cTINCy(m). (3.131)

TeNCo (m)

O
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APPENDIX A. PROOF OF THEOREM [2.2]

Let us begin with generalizing [MP19, Lemma 3.2] to the multipartite
situation. More precisely, let us explain how to write the random variable

X, = t(WOWe ... Wem), (A.1)

as a polynomial of Gaussian variables for arbitrary Z,-valued m x n matri-
ces € = (€i)icm],jen]- Note that any € = (€;;)ic[m],je[»] can be decomposed
to e[n = (€ij)icmljen—1] and €, = (€in)icfm)- Then e{nfl] and ¢/, define
the associated functions

Em-1] : [n—1] x [£m] = [n — 1] x [£m] and &, : [+m] — [£m)],
where &),_q) is given by &£,_1)(j, ) = (4, &;(x)).
Notation A.1. We denote by A(e) the set of all functions v : [n — 1] x
[£m] — UIZ [d}] satisfying

(1) u(j,-) € [dj] for each j € [n — 1],
(2) L =10 g[n—l] (idn—l X FAF_l) g[n—l]y

and by B(€) the set of all functions q : [£m] — [d,,] satisfying
qg=qo&,IATE,. (A.2)
Using the notations above, we explain how to express
X =tu(Wawe...wem). (A.3)

as a polynomial of Gaussian variables in the following Lemma, which di-
rectly generalizes [MP19, Lemma 3.2] to the multipartite setting.

Lemma A.2. Let ¢ = (ng)ze[m] jeln) be a Zo-valued m x n matrix with
€ = (e5)1— € {0,1}" foralli € [m ] and let X, = tr(WeaWez ... Jyem),
Then we have

(dy - - m+1X _ Z Z Z ng(y)t D))" (A4)
1€A(e) geB(e) t:[m]—[p] y=1

Proof. As the first step, in order to focus on an entrywise expression of

n—1
(dy - dg)Ws = Y Q) T (e1,4.) | @ T (GiG}),
Lj€ldidn-1] Lo=1

let us introduce two functions k = k; ; and n; as follows.
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e Let us identify the following set
F(n—1)=[dy_1] X -+ x[dy] X [dq] x -+ X [dy_1] (A.5)
= [dydy -+ dp_q] X [didy - - - dypi] (A.6)
with the set of all functions k : [+(n — 1)] — U/Z{[d,] satisfying
that k(£t) € [d,] for all t € [n — 1]. More specifically, each pair
(i,j) € [didy - - - dy—1] X [didy - - - d,,—1] is associated with
= (jn—la"' 7j1ai17"' 7in—l) EF(?’L—l) (A8)
In this case, let us write k™ = iand k~ = j as functions from [n — 1]
into U7~ [d;].
e For each i € [m], we define n; : [£(n — 1)] — [£(n — 1)] by
m(a) = (-1 - (A9)
Then 7); o n; is the identity function on [4+(n — 1)], and we have
_ ) ek ife; =0
T Nk(—i)) = . A.10
(exi) k(-5)) { ey ifey =1 (A.10)
= € (kon:) (), (kems) (—): (A.11)
where 7' is the transpose operator.
Using the notations above, we obtain

n—1
(dy---d) W = Z ®T6” (ex(@)x(—)) | ® T (Grer Gy-)

keF(n—1) Lz=1
n—1
= 2 [®e(k°m)(r):(kom)(—r) ® T (Gy+ G- (A.12)
keF(n—1) Lz=1

by (A.TT). Furthermore, since k — ko is a bijective function on F'(n—1)
and 7; o 1; = id[4(,—1)}, we have

n—1
(dy---d,)W = Z [®€k<x>7k(—x>

keF(n—1) Lz=1

® Tem (G(kom)+G>(kkoni)—> :

(A.13)

)m+1

Thus, the joint moment (d; - - - d;,41 X, is written as

n—1 m m
> Tr (@ [H ekym,ky(—w)D T (H TEy"(G<kyony>+G?kyony>)> ,
)

ki, kp€F(n—1 z=1 Ly=1 y=1
(A.14)
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and we have

n—1 [ m n—1 m
Tr (@ [H ekyw),ky(—x)]) =[[ (H eky(m),ky(_x)> . (A15)
x=1

rz=1 Ly=1 y=1

To deal with the multiple functions ki, ks, - - -, k,;, simultaneously, let us
define Ky : [m] x [+(n — 1)] — U= [d;] by

Ko(i, j) = ki(j) € [dyz], (A.16)
and its natural extension K on [+m] x [+(n — 1)] given by
K (i, j) = Ky (sgn(i) - j) € [dy]. (A.17)
Then it is straightforward to see that (A.15]) is given by

n—1 m
[Im <H ekyu),ky(—x)) (A.18)
rx=1

y=1
0 otherwise
where I' = (1,2,--- ,m) € S,,. Now, let us define Fy(m,n) as the set of
Koy = (ki, ko, -+ , k) € F(n — 1)™ satisfying the condition
K(—i,j) = K(I'(), ) foralli € [m] and j € [n — 1]. (A.20)

Then the expression (A.14) is simplified to

> Tr (H Teyn(G(kyony)+Gfkyony)_)) . (A21)
)

(k1, ;km)EFp(m,n y=1

On the other hand, any (ki, ko, -+ ,k,;,) € F(n — 1)™ is associated to a
function ¢ : [n — 1] X [£m] — U’j;ll [d;] given by

u(,1) = K(i,my (7)) € ldy]- (A.22)
Indeed, the above condition (A.20) is equivalent to that . € A(e), i.e.
L =10 Epy (id,_y x TAT™Y) &y (A.23)
on [n—1]x [£m/], and the restricted functions ¢,, = ¢(-,y) and ., = ¢(-, —y)
satisfy
w(7) = K(y,my(7)) = ky(ny(5)) = (ky 0 1y)(5) (A.24)

Ly(j) = K(=y,m,(j)) = ky(=n,(5)) = ky(n,(=7)) = (k, o m,)(—J)
(A.25)
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forall j € [n — 1] and y € [m]. Thus, combining (A.14) and (A.21)), we
have

(di--d)" ' Xe= > Tr (HTE‘J" (G, G )). (A.26)

Lt€A(e) y=1
Note that
T (Gbij_y) A2
dn
=T > Z 9 ) I i) | Erw)r(—w) (A.28)
7“(y)ﬂ"(—y)zl
dn
- Z Z g t(y)g )it(y) | E(ro€n)(y),(ro€n)(—y) (A.29)
7(y),r( ):1
dn -
- Z Z Tiroem) @)t Iroen) (=) itw) | Er@r(-w) (A.30)
r(y)r(-y)=1 |

forany y € [m/, and that the non-trivial terms of the trace of H (G, G )

y=1
arise only from the cases where we have

r(=1) =7r(2), r(=2) =7r(3), -+ ,r(—m) =r(1). (A.31)

Furthermore, is also equivalent to that ¢ € B(e), i.e. ¢ = r o0&,
[£m] — [d,,] satisfies
q=qo&PATT'E,. (A32)
Finally, combining all the discussions above, we obtain

o (HTW(G%GT ) > 2 Hgby Wiy (A33)

y=1 q€B(e) t:[m]—[p] y=1

which leads us to the following conclusion

(di---d)" " Xe= D Y Z Hg Ly (A3

t€A(e) g€B(e) t:lm]—[p] y=1

O

A non-trivial fact from Lemma is that X, is a real-valued random
variable and, moreover, the explicit expression (A.4) can be applied to com-
pute the following k-th moments

E(x}) =E ([wvewe . won)) (A.35)
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Let k be an arbitrary natural number and let € = (€;5)icfm],jen] b€ a Zo-
valued m x n matrix with €; = (€;;) je) € {0,1}". Let us apply the explicit
formula (A.4) of

dy--dp, X =Tr(WIWe ... Wem) (A.36)

to find a suitable expression of the k-th powers

(di---dp) " EXE= | YN Y Hgby ) a2 w)

1€A(e) geB(e) t:[m]—[p] y=1
(A.37)
where we need to consider the following multiple choices of functions:

D€ A(e), ¢ € Ble), ) - [m] = [p] (1 < 5 < k). (A.38)

To deal with all these functions simultaneously, let us introduce the follow-
ing three multivariate functions:

o I:[k] x [£tm] — [dydy - - - d,,_1] given by
I(s,s") = (I1(s,8'), La(s,8"), -+, I_1(s, 8)). (A.39)
and each [; : [k] x [m] — [d}] is given by
Ii(s,8) = 194,58 € [d;). (A.40)
Then all :V), (@, ... 1) are in A(e) if and only if
I = I;0 ENTMA® (D) ~1g®) (A.41)

forall j € [n — 1]. We denote by A(e, k) the set of such functions I.
e Q: [k] x [xm]| — [d,] given by

Q(s,s") = ¢“)(s). (A.42)
Then all ¢V, ¢, - .., ¢™® are in B(e) if and only if
Q = Qo EPTWAM (DK=L (A.43)

Let us denote by B(e, k) the set of such functions Q.
e T : [k] x [m] — [p] given by

T(s,s') =t (s). (A.44)

Note that, for each (s, s') € [k] x [£m], the above I(s, s') can be considered
a function from [n — 1] into U7~} [d,] satisfying

(s, ))(7) = Li(s, &) € [d;). (A.45)
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Then all our discussions are summarized into the following form:

(d1 . d )(erl)k Xk:

Z Z Z H H QS S/) g?s 852) T(s,s’) (A 46)

I€A(e,k) QeB(e,k) T:[k]x[m]—[p] s=1 s'=1

Now, let us present a proof of Theorem [2.2] using the above notations.
Our arguments are analogous to the proof of [MP19, Theorem 3.7].

Proof of Theorem[2.2] By (A.46)), we have
(di -~ dy) ™ TNE(XE) (AA47)

= > > Z . (HH Taoeon (5.9 g?é,—?),T(s,s'))'
p

T€A(e,k) QEB(e,k) T:[k]x[m s=1s'=1
(A.48)
Forany I € A(e, k), Q € B(e, k), and T : [k] x [m] — [p], let us write
_ l(s:8)
Ja(s,s') = 9Q(s,s'),T(s,s') (A.49)
I(s,—s
forall (s,s") € [k] x [m] = [km] to pursue 51mphcity. Then we have
I(s,s’) I(s,—s’)
E(IT11 9Q<s,s/>,T<s,s/>9Q<s,s'>,T<s,s'>> (ASD
s=1s'=1

=K H Ja(z) H 3 | =H{o € Sem : B=aoa},
z€[k]x [m] yE€[k]x[m]

(A.52)
where the second equality comes from the Wick formula. Let us denote by
C(o) the set of all triples (I, Q, T) satisfying § = a oo for o € Sk,,. Then
we have

(di-- - dy) " E(XE)

=D > 1= > 1= [Cl) (A5

LQT 0€Skm: f=a00  0E€Skm (LQT)EC(s)  0ESkm

Using the natural identification [+km| = [k]| X [£-m], we can regard maps
from [k] x [£m] as maps from [+km|. Also bijections on [k] x [£m] can
be regarded as permutations on [+km]. Then (I, Q,T) € C(o) if and only
if the following conditions hold:

(A) I; = ;o0 A®g~ forall j € [n— 1],
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=Qo o AR g1,

(C©) T=Too.

Since the conditions I € A(e, k) and Q € B(e, k) should be taken into
account, |C(0)| is equal to the number of triples (I, Q,T) consisting of
general functions I : [k] x [£m] — [didy - - - d,—1], Q : [k] X [£m] — [d,],
T : [k] x [m] — [p] satisfying

(A) I; = L;oEPTWAW (D0 1eW = [0g AWo~ forall j € [n—1],

B) Q

= Qo & TWA® (™)1l = Qoo AW,

C)T=Too.
Thus the number of such triples (I, Q, T) is given by

n EEIPER) AR (TR =1£F) g A(R) g—1
| A ), (A.54)

J
Jj=1

which leads us to the following identity

(dy---dy) ™R E(XF) (A.55)
L (B) (k) A (k) (T (R)) =1 2Ry A (R) =1
-y i e s
0€Skm Li=1

This implies the following desired conclusion

[Bra96]
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