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ASYMPTOTIC BEHAVIOR TOWARD VISCOUS SHOCK FOR
IMPERMEABLE WALL AND INFLOW PROBLEMS OF BAROTROPIC
NAVIER-STOKES EQUATIONS

XUSHAN HUANG, MOON-JIN KANG, JEONGHO KIM, AND HOBIN LEE

ABSTRACT. We consider the compressible barotropic Navier-Stokes equations in a half-line and
study the time-asymptotic behavior toward the outgoing viscous shock wave. Precisely, we consider
the two boundary problems: impermeable wall and inflow problems, where the velocity at the
boundary is given as a constant state. For both problems, when the asymptotic profile determined
by the prescribed constant states at the boundary and far-fields is a viscous shock, we show that
the solution asymptotically converges to the shifted viscous shock profiles uniformly in space, under
the condition that initial perturbation is small enough in H' norm. We do not impose the zero-
mass condition on initial data, which improves the previous results by Matsumura and Mei [20] for
impermeable case, and by Huang, Matsumura and Shi [§] for inflow case. Moreover, for the inflow
case, we remove the assumption v < 3 in [8]. Our results are based on the method of a-contraction
with shifts, as the first extension of the method to the boundary value problems.
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1. INTRODUCTION

We consider the one-dimensional compressible barotropic Navier-Stokes(NS) equations in a half-
line Ry = (0, 00):

pt+(pu)23:07 t€R+, JIER+,

(pu)s + (pu* + p)z = pls, (1.1)

subject to the boundary condition
(p7 u)|$=0 = (p—7u—)7 t> 07 (12)
and the far-field condition
(pyu) = (py,us), as x —oo0, t>0. (1.3)

The initial data (p,u)|;=0 = (po, ug) satisfies the two conditions (L2)-(L3]). Here, p and u denote
the density and velocity of the fluid, and p = p? is the pressure with adiabatic constant v > 1. For
simplicity, p is the viscosity coeflicient, which will be chosen as y = 1.

The initial-boundary value problem (LI)—(L3]) is classified into three classes. When u_ > 0,
which implies that the fluid flows through the boundary = = 0, it is called the inflow problem; when
u_ < 0, that is the flow recede through the boundary, the problem is called the outflow problem;
finally, when u_ = 0, there is no flow through the boundary and therefore, the problem is called
impermeable wall problem. In the case of the impermeable wall problem, the condition p(t,0) = p_
should be removed and the boundary condition (L.2]) becomes simply u(¢,0) = u_. In the present
paper, we consider the impermeable wall and inflow problems.

e (Impermeable wall problem): We first focus on the impermeable wall problem. In this case, the
NS equations (II) together with the boundary condition u— = 0 can be represented in terms of
the Lagrangian mass coordinates (t, ), as in [20] : (Here, we still keep the variable z to denote the
mass variable)

v — Uy = 0, teRy, xzeRy,

wra. = (). o

subject to the boundary and far-field conditions:
u(t,0) =u_ =0, (v,u)— (vy,uy) as x—o0, t>0, (1.5)

which is also satisfied by initial data (v, u)|t=0 = (vo, up). Here, v = 1/p > 0 denotes the specific
volume, vy := 1/p; and the pressure is now given as p(v) = v~ 7.

We are interested in the large-time behavior of the solution (v, u) to the NS equations ([4]). In
particular, we consider the case when u, < 0, in which the solution is expected to converge toward
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the outgoing viscous shock (or equivalently, 2-shock) [20]. The viscous shock profile uniquely exists
up to shift if the values (v, uy) satisfy the Rankine-Hugoniot(RH) conditions:

— ooy —v-) = (s —u_) =0,
— o(us —u_) + (p(vs) — plv-)) = 0.

In the case of impermeable wall condition u_ = 0, for any given vy > 0 and uy < 0, the values of
v_ and the shock speed o are determined from the RH conditions (L6]) as

) ) o

with v_ < vi. For these far field states (v, us ), the viscous shock wave (v(¢), u(¢)) with ¢ = z—ot
is given by the solution to the following ODEs:

—o(@) - (@) =0,
—o(m) +p@) = (@)l (1.8)

(0,u)(—00) = (v—,u-), (V,u)(+00) = (vy,uy).

(1.6)

The first goal of the present paper is to attain the convergence of the solution (v(t, ), u(t,x)) to
the impermeable wall problem (L4])-(L3]) towards the shifted viscous shock profile satisfying (I.8]).

e (Inflow problem): On the other hand, for the case of the inflow problem, the NS system (LTI)
is transformed to the Lagrangian mass coordinates, as in [8, 19] : (We still keep the variable x to

denote the mass variable)

v — U, =0, t>0, x>o0_t,

U 1.9
w -t a0 = (1) . .
v/ x
subject to the boundary and far-field conditions:
(v,u)(t,x)|g=0_t = (v_,u_), (v,u) = (vy,uy) as xz— o0, t>0, (1.10)
where o_ = _Z_: < 0 and vy := 1/py. We fix boundary x = o_t of the system (9 by using a
change of variable £ = x — o_t > 0, and so ([[L9]) is rewritten as
vp—o_ve—us =0, t>0, £>0,
¢ (1.11)

u
u —o_ug +p(v)e = <7>§,
with the boundary and far-field conditions:
(v,u)(t,0) = (v_,u—), (v,u) = (v4,uy) as & —o0, t>0, (1.12)

which is also satisfied by initial data (v, u)|;—o = (vo, uo).

Different from the impermeable wall problem, the boundary value v_ should be imposed and
the values (vi,uy) satisfy the same RH conditions (L)) and the entropy condition v_ < v; and
u_ > uy, where now the shock speed o becomes

o= \/—M > 0. (1.13)

Vy — U=

We are also interested in the time-asymptotic behavior of solutions to the inflow problem (LII])-

(CI2) (and ([IA)-(TI0)) toward the outgoing viscous shock (v(¢),u(¢)) with ( =z —ot =& — (0 —
o_ )t satisfying (L.8]). For that, as in [§], we consider when the boundary state (v_,u_) belongs to
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the subsonic region Qg == {(v,u) € Ry x Ry | |u| < vy/—p'(v)} and the far-field state (vy,u4)
lies on the 2-shock curve starting from (v_,u_), that is, the RH condition (L6]) and the entropy
condition v_ < vy, u— > uy hold. For this situation, it is expected from a heuristic argument
[8, 19] that solutions (v(t,§),u(t,§)) to (LII) asymptotically converge to the viscous shock profile
(u(¢ — (0 —0-)t),0(§ — (0 —o-)t)) up to shift. For the rest of the paper, we interpret the solution
(v,u) as a function of (¢,z) for the impermeable wall problem, and as a function of (¢,&) for the
inflow problem.

1.1. Literature review. Large-time behaviors of the one-dimensional compressible NS equations
have been extensively studied after the pioneering work of Matsumura-Nishihara [21] 22], Goodman
[3], Liu [18], and Szepessy-Xin [27]. Although there are plenty of results when the spatial domain
is the whole line R, we focus on reviewing the previous results on the large-time behavior of the
compressible NS equations for the case of half-line R,. For the impermeable wall problem, the
asymptotic behavior of the solution can be classified into two cases, namely the outgoing viscous
shock and rarefaction wave, which are investigated in [20] and [23] respectively. However, the
patterns for asymptotic behaviors of the inflow and outflow problems are much more complicated,
due to the presence of the boundary layer solution, and they are classified depending on the states
at the boundary and far-field [19]. In [24], the asymptotic convergence towards both the rarefaction
wave and the superposition of the boundary layer solution and the rarefaction wave are established.
On the other hand, the cases of viscous shock wave and its superposition with the boundary layer
solution are considered in [8]. Finally, for the case of outflow problems, the asymptotic stability
of the boundary layer solution and the superposition of rarefaction wave and the boundary layer
solution were studied in [9, 16, I7]. We also refer to [7, [6 25 [26] and references therein for the
large-time behaviors of the Navier-Stokes-Fourier equations on the half-line.

Note that the results in [8, 20] regarding the stability of the viscous shock wave are based on
the anti-derivative method which requires the zero-mass condition. Recently, the stability results
on the viscous shock wave and its composition with the other elementary waves are investigated
in [4, 14l 5] by using the method of a-contraction with shifts developed in [10], which does not
introduce the anti-derivative variables. Instead, it directly uses the original perturbation itself, and
so does not need the zero-mass condition.

1.2. Main results. We now state the main results on the global existence and large-time behavior
of the impermeable wall problem and the inflow problem.

Theorem 1.1 (Impermeable wall problem). Assume v > 1. For a given constant state (vy,uy)
with vy > 0 and uy < 0, there exists g, €0, 8 > 0 such that the following holds.

For any (v_,u— = 0) satisfying (L) such that vy —v_| ~ |uy —u_| = |ug| < do, let (v(z —
ot),u(x —ot)) be the viscous 2-shock wave satisfying (L8] where the shock speed o is given in (LT).
Let (vg,up) be any initial data such that

[ (vo,u0) = (V4 ug)l22(8,00) + [ (v0,w0) — (v, u)[|2¢0,8) + 1(Orv0, Ozu0)l|L2(r,) < €0-  (1.14)

Then, the impermeable wall problem (LA)-(L35]) subject to the initial data (vo,ug) admits a unique
global-in-time solution (v,u)(t,x) as follows: there exists a Lipschitz shift t — X(t) such that

(v,u)(t,2) — (V,0)(x — ot = X(t) — B) € C(0,00; H' (R+)),
Uge (£, ) — Uge(x — ot — X(t) — B) € L?(0, 00; L*(R,)).

Moreover,
lim sup |(v,u)(t,z) — (v,u)(x — ot —X(t) — )] =0 (1.15)

t—00 zeR

and limy_, |X(t)| = 0.



NAVIER-STOKES EQUATIONS IN HALF SPACE 5

For the inflow problem, a similar statement holds. The only difference is that we use the variable
& = x — o_t instead of the variable .

Theorem 1.2 (Inflow problem). Assume v > 1. For a given constant state (v_,u_) € Qgup :=
{(v,u) € Ry xRy | |u| < v/—p'(v)}, there exists by, 0,5 > 0 such that the following holds.

For any (vy,uy) € Ry x R satisfying (LQ) and the entropy condition v— < vy and u_ > uy
such that vy —v_| ~ |uy —u_| < dg, let (V(§ — (0 —o_)t),u(é — (o —o_)t)) be the viscous 2-shock
wave satisfying (L8) where the shock speed o is given in (LI3)). Let (vo,ug) be any initial data
such that

[1(vo, uo) — (v, up)ll 22(8,00) + [[(v0, u0) = (v, u)ll2(0,8) + [1(Ozv0, Drtio) || L2(ry) < €0- (1.16)

Then, the inflow problem (LII)—~(LI2)) subject to the initial data (vo,ug) admits a unique global-
in-time solution (v,u)(t,&) as follows: there exists a Lipschitz shift t — X(t) such that

(v,u)(t,€) — (T, 0)(§ — (0 — o)t = X(t) = B) € C(0,00; H' (R4)),
uge(t,€) — Uge(§ — (0 — o)t = X(t) — B) € L*(0, 00; L*(R4)).

Moreover,
lim sup |(v, u)(t, &) — (B, 0)(€ — (0 — o-)t = X(t) = B)| = 0 (1.17)

t—o0 ¢ER,
and limy_, . |X(t)| = 0.

Remark 1.1. As in [8,20], we consider the time-asymptotic stability of viscous shock under small
perturbation in H' norm. For that, we consider the situation where the initial data (vo,ug) are
given in a neighborhood of (v,u)(x — B) for some large constant § > 0 as in (LI4) and (TI6).
Then, our results imply the long-time behavior toward the asymptotic profile (v,u)(x — ot — ) up
to a dynamical shift X(t) where the asymptotic proflie is far away from the boundary.

Indeed, in the above results, the decay estimate limy_,o |X(t)| = 0 implies

which means that the shift function X(t) grows at most sub-linearly as t — oo. Thus, the dy-
namically shifted wave (v,u)(x — ot — X(t) — ) time-asymptotically tends to the original wave
(v,0)(x — ot — B) shifted by the constant [3.

Remark 1.2. Theorems[I 1 and[I.2 do not require the zero-mass condition imposed by the previous
results [8,20]. In particular, for the inflow problem, Theorem[L.2 holds for any v > 1, which removes
the assumption v < 3 of [8]. Our results handle a shock wave of small jump strength, while the
results of [8L20] are for a shock wave of moderate strength. However, we do not need the smallness
assumption on u_ that is crucially used in [8] for the inflow problem.

1.3. Main ideas for the proof. As we mentioned above, the main tool for proving the results
in Theorem [L.T] and Theorem is the method of a-contraction with shift, which was developed in
[10] to study the stability of the shock wave. Consider a system with an entropy 7. For example,
the NS system (L4]) is equipped with a natural entropy (as a mechanical energy of the system)

nU) = % + Q(v), where

U= (’U’u)v Q(U) =

Then, one of the natural quantities to measure the difference between the state U and the reference
state U is the relative entropy defined by

n(UIU) =nU) —n(U) = Vo(U)(U - U),
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which is always nonnegative due to the convexity of  with respect to U and it vanishes if and only
if U = U. In [I1} 2], the method of a-contraction with shift was used to show the contraction of
large perturbations of a viscous shock. More precisely, if U is any large NS solution, and U is a
viscous shock, then

i/ axn(U|UX) dzr <0,
dt Jq

where some weight function a and the viscous shock are shifted by some dynamical shift X(¢).
This contraction property plays a crucial role in the inviscid limit problem as in [12, 13]. The
property also successfully derives the large-time behavior of the composite waves of NS [4] [14] or
Naiver-Stokes-Fourier systems [15]. In the same context, the goals of the present paper are to carry
out an establishment of the method of a-contraction with shift to the boundary value problems:
the impermeable wall and inflow problems.

However, when applying the method to the boundary problems, we would naturally encounter
the following main difficulties.
First, when applying the Poincaré-type inequality of Lemma to the main terms in (6] that
are localized by derivative of weight and viscous shock, we use the change of variable x — y as in
([£I4) that is defined by the viscous shock. However, the range [yo, 1] of the new variable y, as a
time-dependent interval, is slightly smaller than the normalized interval [0, 1], contrary to the whole
space case R (as in [T, [I4]), since the viscous shock connects the left state (v_,u_) at z = —c0
to the right state (vy,u4) at @ = 400 whereas the solution stays only on the half space Ry. To
overcome it, we use the smallness of |X(t)| to get 0 < yo < Ce™ %% as in ([@IH), by which yo ~ 0
for 5 large enough. At this point, we also use the important fact that the optimal constant % of
the Poincaré-type inequality does not depend on the range of y as in Lemma
Second, we should control the size of boundary values arising in using integration by parts, as in
Lemmas 435 511 and For that, we use the interpolation inequality, the a prior bounds and
some cancellation structure.

1.4. Organization of the paper. The paper is organized as follows. In Section 2 we provide
preliminaries on the estimates for the relative quantities, viscous shock wave, and the Poincaré-
type inequality, which are used in the later analysis. Section [3] presents a statement of the a priori
estimates on H'-perturbation of the solution. Based on them, we also provide the proof of the
main theorems. Then, we provide detailed proof of the a priori estimate on the impermeable wall
problem in Section ] and Section Bl Finally, we provide the proof of the a priori estimate on the
inflow problem in Section [0, highlighting the difference in the proof compared to the impermeable
wall problem.

2. PRELIMINARIES

We first present several estimates on the relative quantities and viscous shock wave, which will
be used in the later analysis. We also provide the Poincaré-type inequality for general domain.

2.1. Estimates on the relative quantities. For any function F': (0,00) — R and v,7 € (0, c0),
we define the relative quantity F'(v|v) of F' as

F(|p) :== F(v) — F(0) — F'(v)(v — ).
In particular, we consider the relative quantities for the pressure p(v) = v~7 and the internal energy

Qv) = %7 and present the lower and upper bound estimates on them. Since the proof of the
following lemma can be found in [I1], we omit the proof for simplicity.

Lemma 2.1. Let v > 1 and vy be given constants. Then, there exist constants C and 04 such that
the following assertions hold:
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(1) For any v, satisfying 0 <7 < 2v4 and 0 < v < vy,
o =T < CQ(v[p), |v—T|* < Cp(vfv).

(2) For any v,v > <,
p(v) —p(@)] < Clv—7].
(3) For any 0 < 0 < 0 and any v,T > 0 satisfying |p(v) — p(v)| < § and |p(v) — p(vy)| < 0,

p(u]7) < ( 7+ 1 +ca> p(v) — p()P%,

2vp (o)
=11 .
Q(v[v) > %Ip(v) —p@)|* - 13:27 @)~ 2 (p(v) — p(@))?,

2.2. Viscous shock wave. Recall that the profile of the viscous shock wave satisfies the ODEs
([CH), and the existence, uniqueness, and properties of the viscous shock wave are now well under-
stood. The following lemma summarizes the main properties of the viscous shock wave, which will
be used in the later analysis. We refer to [3| 2I] for the proof of the lemma.

Lemma 2.2. For a given right-end state (v4,uy), there exists a constant C > 0 such that the
following holds. For any left-end state (v_,u_) connected with (vy,uy) via 2-shock curve, there
exists a unique solution (v(¢),u(¢)) to ([L8). Let § be the strength of the shock defined as § =
|ug —u_| ~ vy —v_|. Then, we have

ve >0, uc <0,
and
5(0) = ve], [U(¢) — ux| < Coe™ Ol £ >0,
(T, Tie)| < C6%e= Ol ¢ eR, (2.1)
|(Vee, )| < Col(0g, we)|, ¢ €R.

2.3. Poincaré-type inequality. One of the main tools for attaining asymptotic stability result
is the Poincaré-type inequality. The optimal constant % of the Poincaré-type inequality in [I1] is
independent of the size of domain as follows. This is useful in our analysis.

Lemma 2.3. For any ¢ < d and function f : [c,d] — R satisfying f y—c)(d—y)|f (y)|2dy < oo,

[hw-2 ]

Proof First, we recall the Poincaré-type inequality in [II]. For any ¢ : [0,1] — R satisfying
fo 2(1 — 2)|¢'(2)|? dz < oo, we have

1 1
/ g—/ gdz
0 0

Then, we use change of variables y = ¢+ (d — ¢)z to observe that

d
d <3 [ =ad—ylr Wl

2

1
dz < %/ 2(1—2)|d'|? d=. (2.2)
0

1 d 1
ﬁ/ f(y)dy—/o 9(z)dz, g(z) = fly) = fle+ (d - )2).
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Therefore we use (2.2) to obtain

/cd

2
dy

2

d
f@)—g%;/‘ﬂwdy
= — C 1 zZ)— 122’ z d—c 12 —Z /222'
(=0 [ o) = [ aas| as< 5 [ 2lg )P

d—c [Ty—cd—y 2 12 Y
e Ay e R Ol

1

d
-2 / (y — o) (d — )| f'(v) 2 dy.

3. A PRIORI ESTIMATE AND PROOF OF THE MAIN THEOREM

In this section, we state a priori estimates for the H'-perturbation between the solution and the
viscous shock wave, and based on them, we prove the large-time behavior of the impermeable and
inflow problem towards the viscous shock waves.

3.1. Local existence of solutions. We first ensure that the impermeable wall problem admits a
unique local-in-time solution.

Proposition 3.1. For any constant 8 > 0, let v and u be smooth monotone functions such that

(g(az),g(m)) = (’U+,U+), fOT’ x> 57 Q(O) > 0.

For any constants My, My, Ky, Ko, k1, and K1 with 0 < My < My and 0 < k1 < Ky < Ko < K1,
there exists a constant Ty > 0 such that if

the impermeable wall problem (LA)-([L3) has a unique solution (v,u) on [0,Ty] such that
v—veC([0,To; H' (Ry)), u—ueC([0,Tol; H' (Ry)) N L0, To; H*(R4)),
and
[(v = v, u — W)l Loo 0,105 (R4 )) < M-
Moreover,

£ <wo(t,z) <F, u(t,0) =0, Vt>0, zeRy.

Proof. Since the local existence can be proved using the standard iterative method by considering
the following sequence of functions {(v™,u™)}22 ;:

opth =0, >0, x>0,

) Cum(0) = 0,
T

we omit the proof. O

n+1
Uy

U:H-l +p(v")z = ( o

Similarly, we also obtain the local existence for the inflow problem, that is presented by the same
statement as in Proposition B1] by replacing the boundary condition u(t,0) = 0 by (v, u)(t,0) =
(v_,u_).
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3.2. Construction of shift. As we mentioned in the introduction, it is expected that the viscous
shock wave should be shifted to attain the stability estimate. In this part, we explicitly construct
the shift function. For the impermeable wall problem, we first define the weight function a = a(()

as
u(¢)

a(C) :=1— —=, =z —ot 3.1

(©) 75 S (3.1)

where 0 = |uy — u—_| = |u4| denotes the strength of shock. We note that the weight function a
satisfies 1 <a <1+ V0 < % for small enough J, and

~ ~ ~
(=29 T s e~ LY (3.2

Vi s Ve

Then, we define the shift function X : Ry — R as a solution to the following ODE:

M

X(t) = -~ ( | P OTOutt) =) d

(3.3)
+ l/R a7 ()0 [p(T™F ()] (v(t, ) —?7X’ﬁ(é))d:v>, X(0) =0,

o
where M, 5 > 0 are positive constants which will be chosen later. Here, for any function f : R — R,
we use the abbreviated notation

FEOC) = f=X(E) = B).
Similarly, the weight function and shift function for the inflow problem are defined exactly in

the same manner, except that we use the variable £ = x — o_t instead of x. More precisely, define
the weight function a for the inflow problem as

u_ —(¢)
a(Q) =1+ ——==, =&— (0 —oo)t,
(©) 7 (=&~ )
where § = |uy — u_| and the same estimates in ([3.:2) hold. We define the shift function X for the
inflow problem as

M

X(t) =~ ( /R (O ()t €) = T(0)) d

(3.4)

g

+ l/R ™ ()0 (TP (¢)))(v(t, €) —5X’B(C))d£), X(0) =0

As in [I4) Lemma 3.3], we ensure the existence of Lipschitz solution to the above ODEs ([83) and
B4) under the the condition that v has positive upper and lower bounds, and u is bounded, which
is guaranteed by Proposition Bl and the a priori assumption (B3)).

At this moment, it is unclear why the shifts are defined in the above manner. However, this
becomes clear in Section E], where we apply the method of a-contraction with shift.

3.3. A priori estimates. Now, we are ready to present the main proposition on a priori estimates
for both the impermeable wall problem and the inflow problem, which are the key estimates for
obtaining the large-time behaviors of the systems. In the following proposition, for the impermeable
problem, the shifted viscous shock wave (v%7,7%+#) is understood as a function of (¢, z) :

At x) =0z —ot —X(t) —B), @WP(t,x) =u(x—ot —X(t)— ).
For the inflow problem, the shifted viscous shock wave is understood as a function of (¢,¢) :

FI,E) =0 — (0 —o )t = X(t) = ), @P(t,€) = (6 — (0 — o)t — X(t) - B).
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Proposition 3.2. For a given (vi,uy) € Ry x R, there exist positive constants Cy,d,e, and [
such that the following holds. Suppose that (v,u) is the solution to the impermeable wall problem

([CA)—-@H) (resp. inflow problem (LII)-LI2)) on [0,T] for some T >0, and (v,u) is the viscous
shock profile satisfying ([L8]) with 6 = |uy| (resp. 6 = |uy —u_]), and the shift X is defined in (3.3))

(resp. B4 ). Suppose that
v =07 € ([0, T]; H' (R4)),
u— " e C([0,T]; H' (Ry)) N L*(0,T; H*(R4)),
and
lv =T L 011 1)) + 1w = TP Lo 11 R4 )) < & (3.5)

Then, for all0 <t <T,

sup [Ilo =77,y + lu = e,
t€[0,7]

t
+ \// (6|X|2 + G1 4+ G5 + Dy, + Dy, + Dy,)ds (3.6)
0

< Co (Jlvo =720, )l ey + 1o = P20, )l ) + Coe™ %,

where Cy is independent of T and

Gy ::/ g
R4

D, = /R i) =l (3.7)

X,B |2

Xy L ‘dm, GS::/ B — TP da,
R4

OB e

Dy, ::/ |(u—ﬂx’ﬁ)m|2d:p, D, ::/ |(u—ﬂx’5)m|2dm,
Ry Ry

where x is replaced by & for the inflow problem.
In particular, for all 0 <t < T,

X (0] < Coll(w = TPt )| oo ) (3.8)

3.4. Proof of Theorem [I.1] and Theorem Based on Propositions Bl and B:2, we use the
continuation argument to prove the global-in-time existence of perturbations. We also use Propo-
sition to prove the long-time behavior. Those proofs are similar to that of the previous articles
(e.g. [, [14]). Therefore, we present them in Appendix, and complete the proofs of Theorem [l
and Theorem

Therefore, it only remains to prove the main Proposition We will present detailed proofs of
Proposition for the impermeable case in Section M and Section Bl Since the proof of Proposi-
tion for the inflow case shares a lot of parts with the impermeable case, we will only provide
estimates for some new terms in Section [Gl

4. RELATIVE ENTROPY ESTIMATES FOR THE IMPERMEABLE WALL PROBLEM

In this section, we obtain estimates on the L?-norms of the perturbation for the impermeable
wall problem, by using the method of a-contraction with shift. In what follows, we suppress the
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dependency on the shift X and [, that is, we will use the following concise notation with no
confusion:

a(t,z) = a(z — ot — X(t) — ),
(t,x) = %Pt ) = Bz — ot — X(t) — B),
u(t,z) = Pt 2) = u(z — ot — X(t) — f).

In the remaining part, C' denotes a positive O(1)-constant that may change from line to line, but
is independent of the parameters d, ¢, 8 and the time T'.
The goal of this section is to prove the following lemma.

Lemma 4.1. Under the hypothesis of Proposition[3.3, there exists a positive constant C' such that
for all t € [0,T],
t
o =1,y + e =Tl + | G + G+ G + D) s
t
§OQM—aaﬂémywm—mawaMﬂ+&ﬂm+ogﬁuw—mm@mﬂa
(4.1)
where Gy, G°, and D, are the terms defined in ([B.1).

4.1. Weighted relative entropy estimate. To prove Lemma 1], we use the celebrated relative
entropy method introduced by Dafermos and DiPerna [I], 2]. To this end, we rewrite the system
(L4)) into the general form of viscous hyperbolic conservation laws:

U + 0, A(U) = 0, (M(U)0:Vn(U)) (4.2)
where
v —u
U .= , AU) = .
() 4@= ()
Here the entropy 1 of the system ([@2]) is given by n(U) := % + Q(v), where Q(v) = %, ie.,
Q'(v) = —p(v) and the matrix M (U) is given by
0 0
Similarly, the shifted viscous shock wave
r7 _ ;J(t,l')
a0 = (56.2)
satisfies a similar system given as
8,0 + 0, A(U) = 8, (M(ﬁ)axvn(ﬁ)) —X0,0. (4.3)

To estimate the difference between U and (7, we use the relative entropy as a measurement of the
difference. The relative entropy functional is defined as

nUV) =nU) —n(V) = Vn(V)(U = V),
and the relative flux is given by
AU|V)=AU) - AV) - VAWV U -V).
Finally, let G(+;-) be the relative entropy flux defined as
GU; V) =GU) = G(V) = Vn(V)(AU) = A(V)),
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where G is the entropy flux of 7, i.e., %;G(U) = S7_, Dpn(U)d; A (U) for i = 1,2. For the system
([#2), a straight computation yields

B lu — |

nU1T) = "

QU AU = (yul ) GO = (60~ p@) ). (4

Below, we will estimate the relative entropy, weighted by the function a in ([B.I), between the
solution U(t,z) of ([42]) and the shifted viscous shock wave U(t,z) of (L3).

Lemma 4.2. Let a be the weight function defined in @), U be a solution to @2) and U be the
shifted shock wave satisfying (A3)). Then,

il a(t,z)n(U(t,2))|U (¢, 2))dz = X(£)Y + JP4 — g80d 4 p, (4.5)

where

= - a U X a 2 U U —N XT
Y = /R (U0 d + /R VOOt - D)

ghad .= /[R a;(p(v) — p(@))(u — ) dx — / atp(v|v) dx

R4

_/ amu_uaw(u—ﬂ)dx—l—/ ax(u—ﬂ)(v—ﬂ)aiud:n
Ry v Ry VU

+ / a0y (u — B)—2 0,1 d, (4.6)
Ry VU

Jeood .= z/ aw|u—ﬂ|2d:17—|—0'/ a;Q(v|v) dx

2 Jr, Ry

+/ 210, (u — @) de,
Ry Y

P = [—a'd(p(v) —p(v)) + aﬁw —au(v — mu—f
v V0|,

Remark 4.1. Since a, > 0, the terms in J8°°% have positive signs as good terms, while the signs
of the terms in T are indefinite. Moreover, the terms in P come from the boundary value, when
we take the integration-by-parts from x =0 to x = 4o0.

Proof. Following the same computations as in [11l, Lemma 2.3], it holds from (£2]) and (£3]) that

5
4 an(U|U)dz = X(t)Y — a/ azn(U|U)dx + Z I;,
dt Jg, - -
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where
I = —/ ad,G(U; U)da,
Ry
= — / a0, V() A(U| T ) da,
Ry
Iy = /R a (Vn(U) = V(@) 8, (M(U)3,(Vi(U) = V(D)) da, (4.7)
+
I - /]R o (V) ~ Vn(@)) 8, (M(U) ~ M(@)8, V(D)) de.
+
I = / (V) (U100 (M(D)0.9n(D)) di.
Ry
Although the overall estimates for I; for i = 1,2,...,5 are the same as in the previous literature,

e.g., [11], we present the estimates on them for the readers’ convenience, especially taking care of

the boundary terms.

e (Estimate of I7): We use the definition of G(-;-) in (£4]), boundary condition wu(t,0) = 0, and

integration-by-parts to derive

=0

L :/ axG(U;U)dx + |:CLG(U; (7)}
Ry
= /R az (p(v) — p(0))(u — w)dx — a(t, 0)u(t, 0)(p(v(t,0)) — p(v(t,0))).
e (Estimate of I): Using the definition of A(U|U) in (4), we have
I, =— /R+ at,p(v|v)dz.

e (Estimates of I and I4): As in the estimate of I, we use integration-by-parts to obtain

I3 = /]R+ a(u —u)0y <%8x(u - ﬂ)) dx
= /[R+ %\(%(u —)|*dx —/ axu — ﬂ(‘?:(/,(u —u)dx

Ry v
(ux(tv 0) - ax(t7 O))
v(t,0) ’

I = / a(u— )0, (” i”a;a) do
Ry VU

:/ ax(u—a)(v—a)aif‘dw/ a0y (1 — W) —— 8,7 d
Ry VU Ry VU

Uy (t,0)
v(t,0)0(t,0)

o (Estimate of I5): Finally, it can be directly obtained that I5 = 0.

+ a(t,0)a(t, 0)

and

— a(t, 0)a(t,0)(v(t,0) — B(t,0))
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Therefore, combining the estimates on I; for i = 1,2,...,5, we obtain

g / alt, 2)n(U (t,2)|0 (¢, 7)) d

“XOY + [ o) - @) - Do~ [ atp(eld)do

Ry Ry

_/ axu_uax(u—ﬁ)dx—k/ ax(u—a)(u—a)awfbdﬁ/ a0y (u — 1) "= 0,7 dx
Ry v Ry VU Ry VU
(o2

—5/ ax\u—ﬂ\2dx—a/ axQ(v]T))dx—/ 9\8x(u—ﬂ)]2da;
Ry Ry Ry U

—aii(p(v) — p(@ aﬂ(%—aﬂ(v—ﬂ)%
+ [attoto) — pien + ol |

— X(t)Y—l—jbad _ jgood +P.
U
4.2. Maximization on p(v) — p(v). Our strategy is to control the bad terms J"* on the right-

hand side of ([@H) by using the good terms J8°°d. However, the most troubling one among the
terms in JP2d is

/ 0z (p(v) — p(3))(u — @) de,
Ry

where the perturbation p(v)—p(v) and u—u are coupled. Therefore, to decouple those perturbations,
we will rewrite 74 into the maximized representation in terms of p(v) — p(v). We will use the
following lemma, which is exactly the same as [5, Lemma 4.3].

Lemma 4.3. [5, Lemma 4.3] For any 6 > 0 small enough, let C, be the constant as

1/1 y+1 1
Coi==(——-Vo1— >, op:=+/—p'(v_).
2<01 7 p(v-) : pv-)

Then we have

—/ aﬂxp(vﬁ)dx—a/ a,Q(v[v) dx
R4

R4

< —Ci | aglp(v) — p(@)* da
Ry

+Co az|p(v) —p(ﬂ)fdx—l—C’/ az|p(v) —p(1~))|3d:17.
Ry Ry

Using Lemma and the quadratic structure with respect to p(v) — p(v), we can represent
ghad _ geood ip the another form.

Lemma 4.4. For 724 gnd jg8°0d defined in ([4.6]), we have
jbad o jgood S B— g7

where
1
B = ax\u—ﬂ\de—i-Cé/ ax‘p(v)—p('ﬁ)Fda:—i—C/ ax‘p(v)—p('ﬁ)‘gdx
4C* Ry Ry Ry
_/ amu_uﬁw(u—ﬂ)dzn—l—/ am(“_“)(”j”)aﬂﬂ“czﬁ/ 0ty — 1) L=
Ry (Y Ry (0 Ry (Y
~ 2
G:=C. | ag|p(v) —p@) " d:p+f/ am|u—ﬂ|2dx+/ 210, (u — W)|? da.
Ry 20* 2 Ry RJrU
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Again, since 0 > 0, a; > 0, and a > 0, the terms in G have positive sign.

Proof. Let J; and Jy be the first and second term of 724, and let J3 be the second term of 78°°4:
Jp = / az(p(v) — p))(u —u)dz, Jy:= —/ auzp(v|v)de, J3:= O'/ a;Q(v|v) dx.
Ry Ry Ry
Then, we use Lemma [£3] to derive

Bt d=Jo < [ anplo) = pO)u-Wde = C. [ aslp(o) - p@) do
Ry R+ (4.8)
2 3
+Co az|p(v) — p(v)|” dx + C’/ az|p(v) — p(v)|” da.
Ry Ry
However, since the first two terms in the right-hand side of (48]) can be rewritten by using the
quadratic structure of p(v) — p(v) as

/R 4 (p(v) = p@)(u - Wdz — Cu | aglp(v) — p(@) P

Ry
_ . O (1 1) [ e B Bk i W Ui
- /& % { < <(p(’0) p(v)) C. T )T e | *
~\ 2 ~\2
B - uU—1u (u —u)
= /]1h ay | —Cx <(p(v) p(v)) 20, > * 40, -
Since the other terms in 7% and 728°°¢ are unchanged, we obtain the desired inequality. 0

4.3. Bound for shift. Applying Lemma 22 to [38]), and using |(v)'| ~ |(@)’|, we have

: C - - -
X< 5 (10 =8 Mooy + 1w =Tl ) ey)) /R |0z | de

+
< C (v =0t Mooy + 1w — @t )l oo (ry)) »
which yields (Z.8]).
4.4. Estimate on the boundary terms. Compared to the previous results [4] [I4] on the large-
time behaviors on R, the most prominent difference is the presence of the boundary terms P. Since
the terms in P are pointwise values at z = 0, they should be treated separately. In the following

lemma, we provide the time integration of the boundary terms can be controlled by the constant
shift 8 and the second-order term of u — w.

Lemma 4.5. There exists C' > 0 independent of § such that

t
/Pds
0

Proof. First, using (B8.8]), the a priori assumption (33 with Sobolev inequality and the smallness
of €, we have

t
< Ce 99 1 oe? /0 [ (u— ﬂ)mH%Z(RH ds

for all t € [0,T].

1X(t)] < Ce < % t<T,

and so

which yields
—at—X(t)—ﬁg—%t—ﬁ<0, t<T. (4.9)
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We split the boundary terms into three parts as

P = [—au(p(v) — p(V))],_o + [aﬂw] + [—aﬂ(v — 'ﬁ)u—f]
v 2=0 VU J2=0
=:P1+ P2+ Ps.
We first use ([2I)) and (£9]) to have
U(t, 0)] = [a(—ot — X(t) — ) —u_| < Coe~COI=ot=XO=Bl — 0 ge=Co =05, (4.10)

Then we use (0] to estimate P; as

t
/ Py ds
0

Using the interpolation inequality, Young’s inequality and (B.5]), we obtain

t
< Cllp() - p@) ey /0 (s, 0)|ds < Cee=C9%.

/Ot % (4 — @) — W, _yds

v

/Ot Py(U) ds

t
<c / (5, 0)| | (1 — W) oo (1
0
t _ 1 t _ _
<c /O (s, 0)|3ds + C /O (= e 22 1 — Do Zam, s
t
< 053¢0 4 052/ II(u — ﬂ)m“%z(ﬂa”ds.
0

Likewise, since

[t (t,0)] = [t (—at — X(t) — B)] < Co2e™COte=C5,

t _ t aﬂx
/Pgds gcnv—vHLw/ { ~]
0 0 VU 1z=0

Combining the estimates on P; for ¢ = 1,2, 3, we finally derive

¢
/Pds
0

we have

ds < Ced?e 08,

t
< Ce O 4 CE2/0 ll(u — g)m|]2L2(R+) ds.

O

4.5. Proof of Lemma [4.I1 We now provide the proof of Lemma [ZIl It follows from the results
of Lemma and Lemma [£.4] that

L U0 de < X()Y + B -G+ P. (4.11)
it Jn.,

We split the bad terms B and the good terms G as follows:

6
B::ZBZ', G:=G1+Gy+ D,

i=1
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where
By — 4(1j* /]R+ aplu —Udz, Bo:= _/}R+ amu;uaw(“_ﬂ)d:E’
= + ol =)0 -0 do, By [ =) 0w,
By =3 [ aslp(e) = p@ dr, Boi=C [ aclpv) ~p()" da.
Ry R+
and
G C (v) — p(v) u_ﬂ2dx G U/ azlu — u|* dz
= Uy Qg v) — v)— 5 = = T - )
! Ry P P 20 ’ 2 Ry
D= Y0,(u— ) de.
Ry Y

Moreover, we also split the term Y as

Y:—/ axn(U\ﬁ)dx—k/ aV2n(U)U,(U — U) dx
Ry Ry

:_/R+ o (lu—zﬂP +Q(U|1~))> dx+/R+ aﬂm(u—ﬂ)da:—/ ap' ()0, (v — 7) dz

Ry
6
- E Yi7
i=1
where

1 -
Y, - / Gl (u — W) de, Yo im - / ap! (@7, (u — @) de,
Ry

R4+ o

Yoo [ ar@n2 (o) -5 - 457 ) as

which implies
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Therefore, the right-hand side of ({I1]) can be written as follows:

d - 5 . 3
— =——|X|?+B—Gy— =D
dt/]R+a17(U|U)dx S X2 By -G — Y
=R
5 6 6 D (4.12)
—XP+x Y'Y, B;— Gy — = +P.
oy X1+ ZZ:; +; Gi—+P

=Ro

Observe that, the definition (B3] of shift X is motivated by the above decomposition. Among
the bad terms B;, the first term B; is the worst term to be controlled, as the other bad terms
are comparably small, thanks to the smallness of the perturbation or shock strength. Therefore,
estimating R1 would be the main issue, which uses a careful analysis and sharp Poincaré-type
inequality in Lemma[2Z3] After obtaining the estimates for Rq, the estimate on Ro can be obtained
in a straightforward manner.

4.5.1. Estimate of Rq1. We first focus on obtaining the following estimate on R;.

Lemma 4.6. For sufficiently large 5 > 0, there exists a constant C7 > 0 independent of § such
that

5 < 3 _ _
Ri=——|X?+B—Gy— =D < —Cl/ |t | [u — U?d2 =: —C1G®. (4.13)
2M 4 R,

Proof. Since X is bounded by B8], for a fixed ¢ € [0, 7], we consider a change of variable = — y as
u- —u(x—ot —=X(@t)—p)  ulx—oat—X(t) - )

= = 4.14
y 3 3 (4.14)
Indeed, the map z — y = y(x) is one-to-one and increasing function satisfying
dy  Ug(x — ot —X(t) - B) . _ . -
. ; >0 Jmy=w. Jmoy=1
where
—u(—ot — X(t) —
o u(—o ' -5 _,
As in ([@I0), we have
yo < C«e—Cé|at+X(t)+B| < 06_066, (4‘15)

which implies that yy can be chosen arbitrary small by taking large 5. In particular, we choose

large enough (§ so that yy < %. Moreover, we represent the perturbation u — % in terms of the

variable y as

fy) = (ult,) —a(- — ot =X(t) = B)) oy~ .
We also note that the weight function a defined in (&I]) implies that a(t, z) = 1++/dy and therefore
dra = \/6(dy/dz). Below, we will get a sharp estimate for each term of R; separately.

In the sharp estimates, we will use the following O(1)-constants:
v+1
o =+v—-pvo), aq:=———, 4.16
(v-) 2yoip(v-) (4.16)
which are indeed independent of the shock strength ¢. The following approximations for o; will be
importantly used:

o —oy| <C3, |of +p' (D) < O, < . (4.17)
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o (Estimate of —ﬁ|X|2): We first represent Y; and Yo by using the new variable y as

1
le/R aﬂx(u—ﬂ)dx:—é/ (14+Voy)f dy
+ y

0
| I o [ =
Yo=—— [ ap(0)t,(u—u)dz = _2/ (1+Voy)p'(0) f dy.
g Ry g Yo
Therefore, we have

1 1
‘Y1+5/ fdy'§53/2/ | fldy,
Y Y

0 0

and by using (£I7]),

! § [,
Yo+ 0 fdy‘ < 'Y2——2/ p/(v)fdy‘+
Yo 9 Jyo

[ v@sanss [ saf

Yo Y

g2 5o,
<2 [ @Ity + 5 [ 1o+ @) 1f1dy
0

Yo Y

1 1
<CO*2 8% | |fldy <082 | |f|dy.
Yo Yo

Combining the estimates ([AI8]) and (£I9]), we obtain
2

M 1
—Y;+6 d>
S5 (vira [ ra

i=1

1 2 1
— 3 2
(‘QM/yofdy' pq) gca/yo 1712 dy.

The above inequality and a simple inequality %2 —q?> < (p—q)? for all p,q € R yield

scﬁ/l 7l dy.

Yo

'X—2M/1fdy‘ =
Yo

which yields

1 2 1
o2 ([ ray) - xpP<cs [ ik
Y

0 Yo

Thus, we obtain

5 . 1 2 1
- X< -M 2 2 dy.
KR <y ([ ray) wer [ ireay
e (Estimates of By and G2): Recall that By and Gy are defined as

1 o
B, = azlu — | de, GQZ—/ azlu —w|? du.
ic, ., | | 2 ). | |
Therefore,
1 o 1 o\ 1

B — = _— T —~2 — — _ = ] Nm —~2

1 — Go (40* 2>/R+a |u — ul® dx (40* 2)\/3 R+u |u — ul® dx
1 g 1 2

—JS<4C*—§> |17 dy.

where the constant C, defined in Lemma can be written as
1

Ci=—
207

—Voaoy.

19

(4.18)

(4.19)

(4.20)
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Using (4I7), we obtain

1 o o Vo o
89S0
T 21-2Vb0ta; 2

Ve 1
5 (O’l <71 - 2\/(_50720[1 — 1) + (o7 — O’))

< dopag + C6/2.

IN

Therefore, we have

1 1
— Gy < 0130415/ |12 dy + (153/2/ |f1? dy. (4.21)
Yo Yo
e (Estimate of D): First, using a > 1 and change of variables, we estimate D in terms of f as
1 _ 1/d
Dz/ Lo, (u — )2da = |a e < y) dy.
Ry v dx

To estimate g—:yc above, we use the following estimate: there exists C' > 0 such that

L1 () o )

y(L—y)v \dz) 20, [v'(p-)[?

Where v(p) = p~ V7. We refer to [5, Appendix A] for the proof of @22)). On the other hand, since
Cl<o< C we have

< C8%, VreR, (4.22)

‘%—1‘§C\6—UI§CE. (4.23)
Then, using (£22]) and (m we obtain the lower bound for D as

v 1 dy
(0,41 S ()
Yo dx

g v _ 1
S (1 Co) (2_01% - ca?) / y(1 — 1) 10,2 dy.

0
Finally, since
1 v"(p-) 1 1 3
W 2 — =
2‘U/(p_)’2 2( +’Y)'U_ Ulal7

we obtain

1
D> afad(t ~C6+2)) [yt~ ), 1Py

" (4.24)

> odad(l - C(6 +¢)) / (v — o) (1 — )10, /| dy.

Yo

We combine the estimates (4.21)) and (4.24)) to obtain

1 1

Bi—Gy— D<ot [ |f]2dy+ 6> / P dy
4 Yo Yo
1

- Jotes(1= C6 +2) [ - w)1 - 0)lo, P dy.

Yo
Now, we use Poincaré-type inequality in Lemma with ¢ = yg,d = 1 to have

1 B 1
fdy, and [ |f— FPdy= / Py — (1 o) 2.

Yo Yo

1—0
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Thus,

1
Py Co [ 1ay
; o (4.25)
- Jotasti-c+ o) | [ 17Pay- - w.
Yo
Thus, we combine (£20)) and (£25]), and using the smallness of J, e, and yg, we have

5 < 3
——|X?+B, -Gy — =D
M\ |+ B1 — Go 1

3 5 !
—GQ—ZDSUIOQ(S

Yo

1 2 1
< —M§ </ fdy) +(al3al(5+C52+C(53/2)/ |f|? dy
Yo Yo

1
- otas | [ 1Py - 1= w7
Yo

1 2 1 1 3 1 2
9 10 5 0710
< M6 </ fdy> + Jofaud |f|2dy—§afal5/ £ dy+ 2 T </ fdy> .
Yo Yo Yo — Yo Yo

Choosing M = %Jlgal and using the smallness yy < %, we have

0 3 ooy 1
——|X*+B; -Gy - -D< L= 2 dy.
Therefore, taking C; = =, we get the desired inequality (ZI3]). O

4.5.2. Estimate of Ro. Now, we provide the estimate for the remaining terms Ry. We use Cauchy-
Schwarz inequality to estimate Rq as

5 6 6 D
= ——XPP+X) Y, B, — Gy — —
Ry 2Ml 1 + ; +i§:; G =

6 6
§ < C D
<—— X4+ =) YR B; — Gy — —.

We first obtain the following estimates on the bad terms in Rs.

Lemma 4.7. For suﬂficz'ently small § and €,

—Z\Y\2 %G1+01G5 ZB 33G1+chS+D).

Proof. Since the proof is essentially the same as in [5, Section 4.5], we omit the proof. O

The estimates in Lemma 7] yield the following bound on Rs:

D
Ro < ——’XF (Gl + Cle) + 2l) -Gy — 1
2 3 (4.26)
- 2 2 S _ a2 2
- 4M’X‘ - 3201G G 57
Therefore, from ({12), ({13, and [@26]), we have
i/ an(U|U)dx < ——]X!z — —G1 - —ClGS - —D +P. (4.27)
dt Jg., 32

We now integrate ([£27) over [0,¢] for any ¢ € [0,7] to derive
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/&a(t, 2y(U (t, 2)|U (¢, z)) de + /Ot (5\5{12 + G+ G+ D> ds

<C </]R+ a(0, 2)n(U(0,2)|U (0, %)) da + /Oths> .

Using 1 <a < % and the estimate on the boundary term in Lemma [£5], we obtain

/R+n(U(t,x)\(7(t,x))d:c + /Ot <51X\2 +G+G° +D) ds

- t
< Ce 9Pt C n(U(0,2)|U(0,z))dx + Ce? / [[(u — 'd)m|]2L2(R+)ds.
R, 0

Finally, by Lemma 2.1} the relative entropy is equivalent to the L?-distance under the a priori
assumption on small perturbation, that is,

U =Tt Magm,y ~ [ 0T ) de, 0<e<T,

+

we derive the desired estimate on the L?-norm of the perturbation:

t
(v =)t )2,y + 1w = D)) 2,y + /0 (&XP +G1+ G+ D) ds

t
<C (H(U - TJ)(O? )“%2(R+) + ”(u - ﬂ)(ov )“%2(R+)) + 06_056 + Ce? /0 ”(u - E)IIH%2(R+)CZS

Finally, since D ~ D, , we obtain the desired estimate ([dI]). This complete the proof of Lemma
41

D. Hl—PERTURBATION ESTIMATE FOR THE IMPERMEABLE WALL PROBLEM

In order to attain the H'-estimate for the perturbation, we need another good term to control
0, (v—") term. Inspired by the previous literature [I1} [I4] on the long-time behavior of the Navier-
Stokes equations in the whole line, we introduce an effective velocity h := u — (Inv), and consider
the NS system in terms of (v, h)-variables:

v — hy = (Inv)y (5.1)
ht + p(v)x = 0. ’

The equations for the corresponding viscous shock wave in terms of (7, ﬁ) become
— o0 —h' = (Inv)”
— ol + (p(¥)) = 0.
Again, the system (5.1 can be written as general hyperbolic system of the form
Ut + A(U)e = 0:(M(U)9:V(U)),

where now the conserved quantity U, flux A and the diffusion matrix M are

1= (). 0= (38). (37 9.

Then, the entropy and relative entropy for this system are thus given by

2 " 72
w0 =" o), w1ty = P2 i) (5:2)
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Similarly, the shifted shock wave (7, k) := (3, h)(z — ot — X(t) — B) for the system (5.1 satisfies
Uy + A(U)y = 8,(M(U)0,V(U)) — X, U.
Then, using (v, h) variables, we obtain the following estimate on the H'-perturbation of v.

Lemma 5.1. Under the hypothesis of Proposition[3.3, there exists a positive constant C' such that
for all t € [0,T],

t t
o= ey + = e, 6 [ KPds+ / (G1+G +D, *Du

< C ||U0 - 'U( )Hfﬂ R + ||U() ( )||[2 R + Ce ¢ + CE H ~u)-’E-’E||L2 R ?

where Dy, is the same term defined in ([B.7).

Proof. Following the proof of Lemma with a(t,z) = 1, we obtain the estimate on the time
derivative of the relative entropy n(U|U) given as (0.2)):

d
@/M (U (t,2)|T(t, 2) da y+ZL,
where
Vie [ Halh-Rydo— [ P05 dei= i+ Ve
Ry Ry

7= /R 0. ((plv) = p@)(h— 1)) dz, Tp =~ /R Rop(v]F) da

+

Zoim [ (p00) = 9000 ( =02 ()~ (@) ) (5.4
L V) — o p(?))—p(’u) v T
7= [ 60) 9@ 0. (AR o)

Is := —/ p(v|0)(In )y, de.
R4
However, from the definition h = v — (Inv), and (2.1) we have
|h—h| < Clu— | + Cig|[v — 3] + C|(v = )|, and  [he| < C[T] < Cliiy]-
Therefore, we control ) by using |v — v| < Clp(v) — p(v)| and Cauchy-Schwarz inequality as
Wl < c/ il [ — 71 o + c/ Bullo — ] da + c/ Bl (0 — D) de
R R Ry

u—mu

) —p(v) — 2C. dx

< c/ ([ ] + 3 ) Ju — 7 d:c+c/ %l p(o
R, Ry

+C [Uz][(v —0),| dz
Ry

< CVOVGS + Co\/G1 + CO|(v = 0)al L2 (r)-
Thus, we get
. 5 . ~
CIX||W1] < Z\XP +CG® + C6G1 + Co||(v = )72y
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Similarly, we also obtain
) 5.
CIX[[32] < 7 X[+ CG* + CoGr.

We now focus on estimating Z; for i = 1,2,...,5. We first consider the terms Z;, Z3, and Z4. Using
integration-by-parts, we get

7 = () —p@) = H)| _

r=

Ty = |y 0l0) ~ @00 0) =) = [ sl 0(0) P
=: T3 — D,
_Nepe) — pan2 2@ N () R G PR
7= [0t P ]+ [ oo - BT 0
=:Ty1 + Lyo.

Substituting 2 = u — (Inv), and p'(v) = —yv "1, we have

Ti +Ts1 = [(p(v) — p(0))(u = )], + [(p(v) —p(?)) (zf e %)]x:o '

v v
Since u(t,0) = 0, we use the same argument as in the proof of Lemma [L.5] to obtain

[(p(v) = p(D))(u = W)],—g < IP(v) = PO)l| o0 ey U2, 0)] < Cede™ e,

mr]
=0

and

Uy v

Ux)L:o < lp(v) = p(V)l Lo r ) [

< CE(52€_C(SB€_C&.

o | o

v v v

On the other hand, we estimate Z4; as
Zut] < Cllp() — PO s, |Bp (2, 0))] < C2026C3=Co1,

These estimates imply that
Il +Ig1 —|—I41 < 0656_0(566_0&.

Finally, we estimate Z,o as

L[ lp(v) — p(@)al? 2 (2
T g—/ dr +C p(v) — p(v)|*|vy|* dx
ey [ [ o)~ @ PP
1~ u—1u
<2D U, | —p(?) —
< gD+ 0 [ o) —p® 5

< iﬁ L O8Gy + OGS,

2
dx + C’/ |t |?|u — @) da
R4

Therefore, we obtain

3 ~
L+T+Ti<— D+ C8Gy + C5G® + Ce™ 8,

To estimate Zy, we first note that ||v — V|| o) < Ce. Therefore, we can apply Lemma 211 (3) to
obtain

0 < p(v[t) < Clp(v) = p(D)[.
Since |hg| < Clv,| we have
1T, < V6G, + CG”.
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Similarly, it is straightforward to estimate Z5 as
1Z5| < €82Gy + CGS.

Thus, combining all the estimates above and integrating over [0,¢] for 0 < ¢ < T, and using the
fact that D ~ D, , we obtain

1 =)t Za g,y + 00— B)E )22, /mm
< 0 (10 =90 Mg, + 1= BOMey) + 5 [ K s (55)
t t
+\/5/ Glds+C2/ G ds + Cee 9B,
0 0

where C5 > 0. Therefore, we multiply the estimates (B.5]) by m and combine it with (ZI)
to derive

v =332, ) + v — T2,y + I1h = RlF2@,)
t t
+5/ |X|2ds+/ (G1+ G5 + Dy, + Dy, ) ds
0 0

< € (llvo = 50, )3 s, + o = W0, Mz e, + llho = Fl0, )2, ) + e

Hk/u DeallFage, ds.

Finally, since
(=)l <C (0 =Tl +lo=5+u—al) and [b=F<C(ju=al+v—7]+]|©-D.l),
we obtain the desired H'-estimate (5.3)) for the perturbation on v. 0

5.1. Estimate of ||(u — @)y|[z2. Finally, we complete the proof of the main proposition for the
impermeable case by obtaining the H'-norm of u perturbation.

Lemma 5.2. Under the hypothesis of Proposition[3.3, there exists a positive constant C' such that
for all t € 0,77,

v =T gy + e = llF e,
t t
+5/ |X|2ds+/ (G1+ G® + Dy, + Dy, + Dy,) ds

< C (Iloo = 50, 31 + a0 = TO, ) e, ) + Ce™,
where D, is the term defined in ([B.71).
Proof. Recall that perturbations v — v and u — u satisfy

(v =) = (u— W)y + X(t)0s,
(5.6)

Uy Uy

(1= = ~(plo) ~ o)+ (= ) + X0
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We multiply (G8)2 by —(u — )4, and integrating over [0,t] x Ry to get

—/t/ﬂh(u—ﬂ)t(u—ﬂ)mdzbds
//thv (u—umda:ds—/ /R+ <—x——>x(u—ﬂ)mdxds

‘/ X = W) duds.

Applying the integration-by-parts to the lL.h.s., we have

‘Ai@f“—@du—mmdws

:/Ot[(u—ﬂ)t(u—ﬂ)x]xzo ds+/0t%/R+deds

= [ == Dy st Gl Dl ey — 50— D0 e,

Thus, we rewrite (5.7)) as

1 - 1 -
5”(“ — ) (1, ')H%m&) = 5”(“ — )z(0, ')”%2(&) + Fi + Fy + I3 + Fu,

where
t
From [ [ 00) = p0)s(u =0 dads.
Ry
F2 / / (_x — —> (’LL - ﬂ)xw dxds,
Ry T
F3 = —/ X(S)ﬂm(u - a)mm d$d8,
R
t
By o= _/ (= @) — )],y ds.
0
Below, we estimate F; for i =1,...,4.

e (Estimate of F}): Using Young’s inequality, we have
\F1\<C// Nel? dzds + = // — “‘ d ds.
Ry Ry

e (Estimate of Fy): To estimate Fy, we split it as

//R+ =Bl g - //M( > (u — W)t — W)o s
—1/Lé+(am<——%>>xdﬂm

/ / m| dxds + Fo1 + Fyo.
R
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Then, we again separate Fb; as

R T
Ry U
_ ‘ _
= / / v 2’[) x(u—a)x(?ﬁ—a)xa‘ d$d8+/ / U—z(u—ﬂ)x(u_a)xx dxds
0 JRy Y 0 JrRy U

=: Fo11 + Foo.

We use the a priori assumption, Holder’s inequality and the Sobolev interpolation inequality to
obtain

t
Pou < C [ 10 = el I = Dl [0 = el e ds
3
< Ce / 10 = @l Za gy | 1 = ) oy

< 0= [ (1w =l + 0 = Do) s

t
< Ce / (Duy + D) ds.
0

We estimate F5io in a similar manner as

t
|Fh19| < C82 /0 (Dy, + D.,) ds.

To estimate Fho, we use Young’s inequality to derive

Uy Uy

|F22| = |:u:c:c U—U +%(’U—5)x+m(v2 —52):| dxds

R4

gc&?/O/R (Jo =32 + (0 — D)ol + | (4 — @)qal?) dads
+

t
< 052/ (G1+ G® + Dy, + Dy,) ds.
0

e (Estimate of F3): We use Cauchy-Schwarz inequality to obtain
Iy <ca2/ / )|t = 7)o dvds
R4

<C(52/\X (8)*ds + = // m' dxds.
R4

o (Estimate of Fy): Finally, to estimate the boundary term F), we use (.0]); to observe that

Fr= = [ =0t = Dl ds+ [ K06 (0= ]y ds
= (u — )¢(0,0)(v — ©)(0,0) — (u — W) (t,0)(v — V)(t,0) + /O (= Do — T, ds
+/0 X(S) [(u — )0z, ds.

Note that the impermeable boundary condition u(t, 0) = 0 implies wu(t,0) = ug(t,0) = 0. Moreover,
using the same argument as before, together with

| (@) z—ol, | (Tt )omo| < Ol (—at — X(t) — B)||o + X(t)| < C§2e~ClH ¢ < T,
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we have
|Fy| < Coee™°

Therefore, combining the estimates for F; for ¢ = 1,2,3,4 and substituting them to (5.8]), we
conclude that

~ :L‘:L"
= Dalt, Ve, / | de ds
Ry
< [ = @)z (0, ) |72, ) + Coze™ P + c/ 5\X\2 + G+ G+ Dy, + Dul) ds

0

t
+C(a+62)/ Dy, ds.
0
However, since

12
/ M dx ~ D,,, (5.9)
Ry v

we have

= )t e, + //R I~ Deel” g

< (= @)a(0, )22 g, + Cze=C 1 03/0 (1P + Gy + G5+ D, + Dy, ) ds.

(5.10)

We now multiply (5.10) by m and then add to (5.3]) and then again use (5.9) to derive
No=D)E M e,y + 11— @) 20

t
+/ (5|X|2 +G1+G® + Dy, + Dy, + DW) ds
0

<C (1w = 0)0, N gy + I = DO, ) + e,

which is the desired estimate on the H!'-perturbation. This complete the proof of Proposition
O

6. PERTURBATION ESTIMATES FOR THE INFLOW PROBLEM

In this section, we consider the inflow problem (CII)-(LI2). Below, we provide L? and H!-
perturbation estimates and thereby, prove Proposition for the inflow problem. Since the proofs
share a lot of parts with the proof of Proposition in the previous sections, we focus on delivering
the difference between the inflow problem and the impermeable wall problem.

6.1. Relative entropy estimate for the inflow problem. Let us first present the estimate on
the L2-perturbation for the inflow problem.

Lemma 6.1. Under the hypothesis of Proposition[3.3, there exists a positive constant C' such that
for all t € [0,T],

t
v — 6”2L2(R+) + [lu - ﬂ”%%ﬂh) + / (61X (s)* + G+ G® + Dy,) ds
0 . (6.1)
< Cllvo = 0(0,) 72y + lluo = (0, )2, ) + Ce™ P + 052/0 1(u — @)gel|Z2 ds,

where G1, G, and D, are the terms defined in (B1).
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Since the inflow problem is written in terms of £ = x — o_t, we consider the weight function «

in &-variable:
.= 4 )y uo Tl X0 ) 62)
Then, the weight function a still satisfies 1 < a < 3 and
Dea = —%d - "3%” >0, and |ag| ~ %"7.
Moreover, the system ([II) can be written in the same structure as before
OU + 0:A(U) = 0: (M(U)0:Vn(U)) , (6.3)
where
= (2). mar=(y 1), w0 =% oo
and the flux A now becomes
A0)= (7 )
Then, the relative quantities for the system (6.3)) can be written as
~ lu — | - ~ 0
w10) =S e, 401D = (01 ) o
G(U;U) = (p(v) = p(@))(u — @) — o-n(U|U).
Moreover, the shifted viscous shock profile U
S e T A e
u(t, €) u(§ = (o —o)t = X(t) - )
satisfies
(6.5)

0,0 + 0 A(U) = Ok <M(ﬁ)8§V77(ﬁ)> — X8, U.
Below, we estimate the weighted relative entropy between the solution U of (6.3)) and the shifted

viscous shock wave (G.3]).
Lemma 6.2. Let a be the weight function defined by ([6.2)), U be a solution to (6.3)), and U be the

shifted viscous shock wave satisfying (6.3). Then,

d

7 [, et MU =XOYU) +T*(U) - T<UV) + PU),
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YW)i= - [ aenUDyde+ [ VT - 0 de

TJU) = / ag(p(v) —p(v))(u —u)d§ — | augp(v|v) dg
Ry

Ry

_/R+a5”;ﬂa§(u—a)d§+/Ra5(u—a)(u—a)a—idg

V0
+/ ale(u — a)vv—aﬂ% d¢, (6.6)
R4
jgood(U) = %/R+ aglu — a2 de + U/RagQ(v\%?) d¢ + /]R+ %\85(u — )| de,

o_

P(U) = [a(u— @)(p(v) = p(¥)) — aZ (u = 0)? = ao—Q(vf?)
=) W) — (o= )0~ i)

Proof. Since the proof is almost the same as the proof of Lemma [4.2] we only explain the different
points. Again, the time derivative of the weighted relative entropy is given as

5
d ~ . .
G| aton (Ue0000) d =XOY ~ (=) [ aen@D)c+ 3L (6)
+ + i—1
where I; are given as in (A7) in terms of {-variable. Note that, the coefficient in front of the relative
entropy on the right-hand side of (6.1)) becomes (0 — ¢-), instead of . Then, compared to the
estimates in the proof of Lemma [4.2] the only difference is that G(U;U) is changed from (4] to
(64). Due to this change, the term I; becomes
~ ~ o_ _ -
I =a|(u=@)(p) = p(@) = G (u—0)? = o Qf¥)]

£=0
- - o_ ~ -
+ [ au- 00w - p@)de -G [ actu-0Pde—o- [ acQu) de
Ry R+ Ry
and the other terms I; for i = 2,3,4,5 are unchanged, except that the boundary value of wu(t,0)
does not vanish in the case of inflow problem. This induces that the boundary terms P(U) are

slightly changed compared to that of the impermeable wall problem. Thus, combining all the terms
I; fori=1,2,...,5, we get the desired estimate on the weighted relative entropy. O

Observe that, all the terms in (6.0)) are the same as in ([4.0)) and the only difference appears in the
boundary terms P(U). In the following lemma, we provide the estimates on the boundary terms
for the case of the inflow problem.

Lemma 6.3. There exists C > 0 such that

t t
/ PU)ds| < Ce % + 052/ 1w — Wee |72y ds
0 0
for allt € [0,T7].

Proof. We split P(U) as
o_

P(U) = [a(u = 0)(p(v) = p(?)) = a=(u = W)* = ao-Q(v[?)

_ %(u —u)(u—u) — %(U —u)(v — 5)%5]

£=0
=:P1(U) +P2(U) +P3(U) + Pa(U) + P5(U).
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First of all, since 0 > 0, 0_ < 0, and 8 > 0, we have
| = (0 =0 )t =X(t) = Bl = (0 — o)t — |X(t)| + B,
which together with |X(¢)| < Cet, we have

| = (-0 )t =X(t) =8| = 5(0 -0 )t + 5.

DO =

This yields
\'d(t, 0) - u_’ < 056—05|—(0—U—)t—x(t)—5| _ C«(Se—C(S(J—U,)te—Céﬁ7

[5(4,0) — v_| < Ce=COl=r=r =X O] _ (150=CF(o=0)t=C35, 0
Below, we estimate P;(U) separately. First, we use a priori assumption and (6.8]) to obtain
t t
/ P1(U)ds| < C|lp(v) —p(T))HLoo(RH/ [u(s,0) —u_|ds < Cee 98,
0 0
Similarly, we estimate Py (U) and P3(U) as
t t
| Py ds| < Cllu =gy [ [(5,0) — | ds < 0,
0 0
and . .
‘/ Ps3(U)ds| < C|v— 5||L00(R+)/ [5(s,0) — v_|ds < Cee™ 9.
0 0
For P4(U), we use interpolation inequality and Young’s inequality to get
t t
/ PuU) ds| = / (%) —ae] ds
0 0o v §=0
t
<C [ us =5, 0l (u = Dl ey
! ~ 4 ! ~\ 112 ~ 2
<C [ us s, 0 ds+ € [ =Dl I~ el 0
t
< C§heCoB 052/0 (o — el 2z ds.
Similarly, we also easily get the estimate of P5(U) as
t
/ Ps(U)ds| < Ced?e™C%,
0
Combining the estimates on P;(U) above with smallness of parameters, we obtain the desired
estimate. O

With the above control on the boundary terms, the remaining process for proving Lemma
is the same as the proof of Lemma 1] in Section 1] except the small changes that we need to
rewrite the z-variables as £ +o_¢. For example, when we obtain the counterpart of Lemma 1.6l we
need to define the f and y variables as

fr=u—u(§—(0—o)t = X(t) - B),

and

u-—u(§— (o —o )t —X(t) - B)
Yy = 5 )

so that these are written in terms of ¢ and t. Except for replacing x by &, the entire procedure is
the same, and we conclude that the desired estimate (6.1]) in Lemma [6.1] holds.
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6.2. H'-estimate for the inflow problem. To attain the H'-estimate for the inflow problem,
we again introduce an effective velocity h := u — (Inv)¢. Then, the NS system in terms of (v, h)
variable becomes

Ut —0-V¢ — hg = (hl’l))gg,
hy —o_hg +p(v)§ =0,

and the equations for corresponding viscous shock wave becomes

@}/ - 0'_55 - }ng = (1H5)§§ - Xﬂf,
he — 0-hg + p(V)¢ = —Xhe,

where h := @ — (In 0)¢. Similar to Lemma [BI], we can obtain the following H'-estimate for v-
perturbation.

Lemma 6.4. Under the hypothesis of Proposition[3.3, there exists a positive constant C' such that
for allt €[0,T7,

t t
(v =)t N @) + (@ =t ) Z2w,) + 5/0 1X|?ds + /0 (G1+ G + Dy, + Dy,) ds
(6.9)

_ . _ I
<c (”(U = 0)(0, )11 g,y + [l(w = )(0, ')”2L2(]R+)> +Ce P ¢ ﬁ/o Dy, ds,

where D, , Dy, are the term defined in (3.7]).

Proof. As in the proof of Lemma [0l we can estimate the relative entropy between U = (v, h) and
U:=(v,h) as

5

2 w97, = Xpw) + YT,

i=1

where
W0)i= [ @) O)ew - O e
R
Ti=— | 9:GU;U)de,
R4
Ty = — i d:Vn(U)A(U|U) de,

Zyi= [ (Vav) = Va(®) o (M@)0(Vn(v) = V(D)) e

N

Zui= [ (T0) = I@) 0 ((4(0) ~ MD)2:T0(D)) e

7

(S8

= | (V1D (M(@)3en(D)) d.
R4
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Each of term above can be written as

Y(U) = /R he(h—hyde — [ p@elv —7)de.

Ry

Ti=— [0 ((0(0) ~ p@)h )~ o-n(UID)) dt

= | () = p@)(h = B) = Tl =B = 0 Q)| _ .

0 (p(0) ~ (D) ) (6.10)

1
L p(v)

{— ! <p<v>—p<’6>>as<p<v>—p@))] = [ o) — el de
e=0 JR

Zi= [ o) - p(@) 2 %a@@)) e

vp
—Niwtor — pan2 _%2®) 3 o) oy PO =) o
= [ty —p@ SES] [ o) —po) B

Zi—— | p)nDeede.
R4
Compared to the proof of Lemma [5.1] the only additional terms are included in Z;, namely,

—%!h—ﬁlz—o—Q(vW)L:O- (6.11)

However, we use the definition of h and I to observe that

/Ot h—hP]_ ds< c/ot [l — 12 + fie(v — D)2, ds + C’/OtH(v D)e[Pleo ds

t (6.12)
< Cee 9% + CesPeC 4 C/ [(v = )el?] ¢y ds.
0

From the equations, we obtain the equation for the perturbation v — v as

(0= V) —0_(v = V)¢ — (u— )¢ = X0,
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from which we derive

¢ [ lw-ePe
< C/O <[(v ~ 0] e+ 1X(s)|? [15[*] g + [(u — ﬂ)g}gz()) ds

t
< Ce O 4 CefdeC0 4 C/ 1w = Wel[Foo m, s
t 0 (6.13)
< Ce 990 4 C/ [(u —Well L2y (v — Weell 2w, ) ds

0040 [ = Delfage, ds+ 135 [ 10— Dl s

t

= Ce 055+0/ Dy, ds + —— | D,,ds.

100

We now substitute ([G13]) into (612) to derive
/t [\h—ﬁﬁ] ds < Ce=C8 +C/tDul ds + i/tDuz ds.
o £=0 0 100 J,
On the other hand, it is easy to observe that

t t
/0 Q)]e—ods| < Cllv — Tl (o 22m)) /0 [5(s,0) — v_| ds < Cee™C%.

Therefore, the above computation shows that the time integration of the new terms in (GI1) can
be bounded by

t

Ce 055+0/ Dyyds + —— [ D,,ds.

100

Since the other terms in (G.I0) are the same as (5.4]), we deduce that the desired estimate can be
obtained by using exactly the same estimate as in Lemma 5.1l O

Finally, we close the estimate on the H'-perturbation in the following lemma.

Lemma 6.5. Under the hypothesis of Proposition [33, there exists a positive constant C' such that
for all t € [0,T],

t
10 =)t ) e,y + =) ) e,y +0 /0 IX|* ds
t
+/ (G1+ G® + Dy, + Dy, + Dy,) ds
0
< C (10 =)0,y + 1@ = DO, M g,)) + Ce .

Proof. We first observe that the perturbation u — w satisfies

(e == e~ (0 —pe+ (% -5+ X0
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We multiply the above equation by —(u — @)¢¢ and integrate it over [0,¢] x R4 to get

—/Ot/R+(u—ﬂ)t(u—ﬂ)55d§ds
:/ /R+pfu (u—u§§d§ds—/ /R+< T) (0= ecdeds

- / X (s)iie(u — )ec d€ ds — o / [ (w= Dt~ Deede s
0o Jr, 0o Jr,
= J1+ Jo+ J3 + Js.

Applying integration-by-parts for the left-hand side of (6.14]), we have

- /Ot /Ooo(u—ﬁ)t(u—ﬁ)ggdfds

— [ = Dhlu = Dy ds + 3w = Delt. N Bage,) ~ 50~ DelO Mg,

0
Thus, we rewrite ([G.14]) as

1 _ 1 ~

5”(“ —W)e(t, )72,y = 5”(“ —We(0, N2y + 1+ T2+ s+ Ja+ T, (6.15)
where J5 := — fg[(u —u)¢(u — W)¢le=o ds. Observe that the terms Ji, Jo, and J3 are exactly the
same terms as in (5.7), except that the variable is changed to {. Therefore, these terms can be

treated exactly in the same manner as before. Thus, we focus on estimating .J; and J5.

e (Estimate of Jy): By virtue of Cauchy-Schwarz inequality and Young’s inequality, we have

t
< c /0 (u = Dell g2y (1 — Deell2qe, ) ds

t
gc/o Dulds+100/Du2ds

e (Estimate of J5): Using the equation
(v =) — 0 (v — D) — (u— W)e = X,
we split J5 as
t t t
Js = —/ [(u—)e(v—V)leg ds + 0 / [(u—u)e(v—"0)ele—y ds + / X(s) [(u = )¢ve] ey ds
0 0 0
=: J51 + Js2 + J53.

For Js1, using integration-by-parts in time variable, we have

[ J51] < [((u = @)e(v = 0))(¢,0) = ((u = w)e(v = 0))(0,0)] +

/0 [(u —w)u(v — 5)]520 ds

t
< Ollo — o rur20e) (mg(t,on T lie(0,0)] + /O e (5.0)] ds>

< Ceb2e 095,
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By Young’s inequality and the same method as done in (6.13]), we estimate F5o as
t
\J52]§C/ [(u—u) ds+C/ o ds
0
< Cem 9 4 OeiBe™00 ¢ C/ Dy, ds + 100/ D,, ds.
0

Similarly, we can obtain |Js3] < Ce~% by using the fact that |X| < Ce. Substituting the above
estimates into (6.10)), there exists a positive constant Cy4 such that

I — et e, /Duzds

t
< C”(u - a)ﬁ(ov )”2L2(]R+) + Ce—055 + C4/0 (6’X‘2 + Gl + GS + Du1 + Dvl) ds.

Multiplying the above inequality by the constant m, and then adding the result to (6.9),
we have

t
(v =3)(t, )70 ®y) + (@ —=u)(t, ')H%p(&) + 5/0 X |*ds
t
+/ (G1+ G + Dy, + Dy, + Dy,) ds
0

< C (10 =)0, ),y + 1@ = DO, M gy ) + Ce™.

This implies the desired result in Lemma 6.5 and completes the proof. ]

APPENDIX A. GLOBAL EXISTENCE

Based on the a priori estimates, we present the global existence of (L4]) and (LII]). Since the
proofs are almost identical, we focus on the impermeable wall problem (L4]). We choose smooth
monotone functions v and u defined on Ry such that

lv = villz2(s,00) + I = v=llL2(0,8
+ Jw = us[[r2(8,00) + [l = u—l200,8) + IVl L2y ) + el 2@,y < C6,
for some constant C. Then, noticing (0%, 7%%)(0,2) = (v,4)(z — #) and using (1)), we have
[2() = PO, ey + ) = 20, ) e
< v —villz2(8,00) T lo = v-[lL2(0,8) + |t — s L2(8,00) + le — u—[[2(0,8
+[[0%7(0,) = vill L2 (g,00) + 1757(0,5) = v-llL2(0,)
+TP(0, ) — ugl p2(p.00) + 1TP(0,7) — u_|| 20,5
+llvsllz2@y) + 10070, 2@y + ol 2@y + 10277700, 22 ey
< Vs,

for another positive constant C. We now define a positive constant g and e, as

g0 =&« — (0, &4 2(00 T 1) Cl\/g € )

where the constants € and C( are the same constants in (3.3 and ([B.6). Here, £y and €, can be
chosen as positive constant and e, < 5, thanks to the smallness of § and e #. Now, consider any
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initial data (v, uo) that satisfies (ILI4)) in Theorem [T} that is,
[0 = v+l 22(8,00) + llvo — v-Ilz2(0,8)
+ lluo — utllr2(8,00) + luo — u=ll12(0,8) + Vol L2(ry ) + w02l 2R, ) < €0-
Then, this implies
lvo — vl gy + lluo — ullm gy
<o = v ll2(8,00) F w0 = wt | £2(8,00) + 10— V11| 22(8,00) + 1t — Ut L2(8,00)
+ [lvo = v-llz20,8) + lluo — u=llz2(0,8) + ll2 = v=llz2(0,00) + Il — u—[£2(0,5)
+ lvozll L2 ryy + ozl 2@y ) + lvallze@y) + |zl z2 @y
<é&o+ Q(S = Ex.

In particular, Sobolev inequality implies ||vg — v|| ®4) < Ce. and therefore, for small enough e,
v_
- <wvp(z) <20y, x€RL.

Therefore, the local existence theorem implies that there exists Ty > 0 such that the system (L4])
admits a unique solution (v,u) on [0, Tp] satisfying

(A1)

| ™

v — vl oo (0,10; 11 (R4 )) + U — | oo (0,70; 1 (R4 ) <

and "
?_ <wv(t,x) <3vy, t>0, zeRy.

Then,

lo = Pt ) i@y + e — TP @) =y

< lw = villzz(seo) + 1w — uillzz(s,c0) + TP () = villr2(s,e0) + 1P (t, ) = ugllr2(s,00)
+ v = v-llzeqo.8) + lw — u—ll 2,8y + TP (£, ) — vl L20,5) + TP (8, ) — u—|l2(0,5)
+ 0.0 (8, 2y + 10287 (& 2wy ) + 1allz@y) + 2@,

< CVE(1+/]X(1)]) < CVE(1 + V7).
Therefore, if we choose § and Ty € (0, 7)) small enough so that Cv/3(1 + /T1) < £, we have

lo = 7 (8, )| oo 0.3 4y + Nl = TP (| oo 0,170 24 )) <

N ™

Combining with the estimate (A.T]), we obtain

lv — 5% (¢, Moo 0,111 (1)) + 1w — ot Moo 0,1 m1 (RL)) < €

Moreover, since the shift X is absolutely continuous, and
V—U,Uu—UC C([07 T1]7 Hl(R-l—))v

we obtain v —v,u—u € C([0,T1]; H'(Ry)). Therefore, we prove that (3.5]) holds in the time interval
[0,771]. We now show that the solution can be globally extended by using the standard continuation
argument. To this end, suppose that the maximal existence time

Ty = sup{t >0

sup <”U - 17X’BHH1(R+) + Jlu — aX’ﬁ”Hl(Hh)) = 5}
te[0,T

is finite. Then, we have

sup (v = |, + = TP e, ) =<
t€[07T1V1}
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On the other hand, since

v — 7%7(0, P00, )

XB(

e @,y + llwo —
= llvo — 2llgr ) + llwo — wllgrw,) + I = X5

the a priori estimate (3.6]) implies that

0, M ey + Nl — a7 (0, ) g1y

~ ~ _ 13
sup (HU — 7wy + lu— UX’BHHl(RH) < Colex + C1V8) + Coe™ 9 < 5
te[0,Thr]

which is a contradiction. Therefore, we obtain Th; = 400, and in particular, the a priori estimate
holds for the whole time interval:

sup [ Il = Pl g+l = 7 iy

+ \// (01X|2 + Gy + GS + Dy, + Duy + D) ds (A.2)
0

< Co (Jloo =770, )l gy + llao = TX4(0, )1 a ) + Coe™ 7,

moreover, for all ¢ > 0,

X)) < Co (0 = T2) My + I = PP e ey)) - (A.3)

APPENDIX B. LONG-TIME BEHAVIOR

We now show that the global-in-time estimate for the perturbation implies the desired long-time
behaviors (LI5) and (LI7)) and thereby complete the proofs of Theorem [[LI] and Theorem
First, we define

9(t) = (0 = TP )ulFag,y + 1w = T0)u|[F2 g, ).

for the impermeable wall problem, and the same quantity is defined for inflow problem by substi-
tuting the variable = by &. Once we show that g € WH(R ), we have

tlggo 9(t) = 0.

Then the interpolation inequality and the uniform bound on the L2-perturbation in the a priori
estimate imply that

XBH1/2

Fotg 10 = 72 |1

~X,
HU —-v 6||L°° (Ry) < HU - L2(Ry)

as t— o0,

and the same estimate holds for u — u*?. Therefore, we only need to show that g € Wh1(R,).
Due to the different boundary conditions, we need to prove impermeable wall problem and inflow
problem separately.

B.1. Impermeable wall problem. We first show that g € WH1(R,) for the impermeable wall
condition problem.

e (g€ LY(Ry)): We first observe that

(p(v) = p(TP))a = P'(0) (v = TF)z + TP (' (v) — ' (@),
which yields
(v = 0%)a] < Cl(p(v) — p(@7))a| + Clo3P [0 — 7).
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Therefore, using the relation o|v¢| = |u¢| and (A2)), we obtain
/ yg(t)ydtgc/ (G® + Dy, + Dy,) dt < +cc.
0 0

e (¢ € L'(R,)): To show that ¢ € L*(R,), we first note that the perturbations v — % and
u — uP satisfies

(v —7F), — (u — T*F), = XXP,

Uy u:cX B

(u = a™%), + (p(v) = p(@™7)), = <7 - ~XB> + X,

Using the equations (B.4]) and integration-by-parts, we obtain

| iwna= [
<2 [

dt

/ (v — 7% (v — %) da + / (u —0P)p (u — P )y da
R

R4

/ (v— T)X’B)x [(u — 'QIX’B);C + X’ﬁffﬁ} dx
Ry

dt

o0 ~X,8
X8 X8 Uz _ Uz X8
+ 2/0 /}R+(u — U ) g [—(p(v) —p(™"))z + (7 — 5}(,&) + X, ] dz| dt
12 / [ @2)su—a%9),] | a
0 =0
; AN
2 T
§2/0 (5|X| e, +Dm+Dul+Du2) dt +2 < —m> dadt

+2 /0 h ‘ (0= @8), (u — 759,

However, the second term on the right-hand side can be estimated by using the same argument as

in [14], which yields
[l
0 JRy v 7B .

On the other hand, using |X ()| < C by (A2) and [B8), and the interpolation inequality, the last
term is estimated as

[l
0
</ |(u = @), (¢, 0y P (¢, 0)|o + X (¢ )Idt‘SC/0 1w = @Yo | oo [P (2,0) | dt

: 0/ el b2l 0= TP |2 A (1,0 de

‘ dt.
=0

2
dzdt < 0/ (G® + Dy, + Dy, + Dy,) dt < +o0.
0

( dt
=0

L2(R
<C /0 (N O O I R e I

(o]
< 0/ (Dy, + Dy, + 0% dt < 400.
0
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To sum up, we obtain

/ 19/(8)] dt < +oo,
0

which completes the proof of g € WHL(R,).

B.2. Inflow problem. Since the proof of ¢ € L'(R,) is the same as in the impermeable wall
problem, we focus on showing ¢’ € L'(R). For the inflow problem, the perturbation satisfies

(v =P — (v —TF)e — (u — TP), XT)?’B,

o’
(u— @), — o (u = @) + (p(v) — p(T*F))e = <%—1~)§(—5> + X’
3

Using these equations, we obtain

| iwna= [ 2| [ o= P e+ / +<u—axvﬂ>g<u—axvﬁ>tgd5' d

o0
o
0
~XB

b2 [ e P | <o) - p@ et (% - s ) + X7 de| e
0 Ry v P ¢
P =Xpy X, Ky
+2/0 H(u P )e(u —u )tL ‘dt+|a |/ ‘ v—% £]£=0
°° * ug g 2
< X |2+ g° S
_2/0 <5|X| +G +Dv1+Du1+DuQ) dt—|—2/0 /R+ <v 5X75>§ dgdt

+2/0 H(u-ﬂxﬂ)f(u—ﬂxﬁ)th dt + |o— |/ (v —o% g]g:o

Notice that, the only difference compared to the impermeable wall problem is the last term:

[ |-,

However, using the equation for v — 9%#, the boundary condition v(t,0) = v_, and (21), we have

/OOH(U_;JXB)EL 0
<C / ( )2LZO+ X (s)2 Uﬂ?ﬂﬂg:f [(u—axﬂ)g}gﬂ) dt

< CeC% 4 0§Be=C%B 4 ¢ / (= )| F oo ey
0

/R (0= 7)o (v = T F)ge + (u— T P)ge + Xy dg‘ dt
+

dt

dt.

dt.

dt

<0 1 /0 = e L2y [ — TP )| 2 s
< Ce 9 ¢ C/ Dy, dt + C’/ D, dt < +o0.
0 0

Therefore, we show that ¢’ € L'(R,) and this completes the proof of g € WHH(R,).
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Hence, it holds from (A.3]) that

X)) < Co (10 = TPt Maway + 1w = TP, Mz, ) =0 as £ oo,
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