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Abstract

The notion of qausi-product actions of a compact group on a C*-algebra
was introduced by Bratteli et al. in their attempt to seek an equivariant ana-
logue of Glimm’s characterization of non-type I C*-algebras. We show that
a faithful minimal action of a second countable compact group on a sepa-
rable C*-algebra is quasi-product whenever its fixed point algebra is simple.
This was previously known only for compact abelian groups and for profinite
groups. Our proof relies on a subfactor technique applied to finite index in-
clusions of simple C*-algebras in the purely infinite case, and also uses ergodic
actions of compact groups in the general case. As an application, we show
that if moreover the fixed point algebra is a Kirchberg algebra, such an ac-
tion is always isometrically shift-absorbing, and hence is classifiable by the
equivariant KK-theory due to a recent result of Gabe-Szabd.

1 Introduction

Compact group actions on C*-algebras have been extensively studied, especially
in relation to mathematical physics in the early history of operator algebras, as
internal symmetries in models in physics are often described by compact group
actions (see, for example, [13], [14]). Araki-Haag-Kastler-Takesaki’s work [1] on
chemical potential is one of the highlights in this subject in the 70’s, which inspired
a lot of subsequent work both in mathematics and physics.

In the pure mathematics side, the most notable class of compact group actions
on C*-algebras is probably quasi-product actions introduced by Bratteli et al. [5],
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2], [3]. Roughly speaking, while the classical Glimm theorem characterizes non-
type I C*-algebras as those having sub-quotients isomorphic to the CAR algebra
(see [40, Theorem 6.7.3] for the precise statement), quasi-product actions are, by
definition, those having invariant-quotients equivariantly isomorphic to the UHF
algebras with product type actions. [3, Theorem 1] shows that ten conditions on a
compact group action are mutually equivalent, which can be taken as the definition
(and characterization) of a quasi-product action. The existence of an invariant pure
state is one of them, which is very useful for practical applications because it assures
that every invariant state can be approximated by invariant pure states (see [6]).

A Galois correspondence for minimal actions of compact groups on factors was
established by Izumi-Longo-Popa [25]. Its C*-counterpart was recently obtained by
Mukohara [37] for quasi-product actions with simple fixed point algebras. She also
showed that the fixed point inclusions for such actions are C*-irreducible in the sense
of Rgrdam [47]. This also proves the importance of quasi-product actions.

One of the purposes of this paper is to prove the following result, which shows
that the class of quasi-product actions is broad and relatively easy to recognize:

Theorem 1.1. Let o be a faithful action of a second countable compact group G
on a separable C*-algebra A. We assume that o is minimal in the sense that the
relative commutant A% N M(A) is trivial, where A* is the fized point algebra of «
and M(A) is the multiplier algebra of A. Assume further that A% is simple. Then
« is quasi-product. (Note that A is necessarily simple thanks to [50, Lemma 24/, [3,
Theorem 1,(3)].)

When G is abelian, the statement of the theorem is reduced to the proper outer-
ness of the dual action (see [2, Theorem 1]), which in turn follows from Kishimoto’s
result [33, Lemma 1.1] for automorphisms. In the general case, the dual action con-
sists of endomorphisms whose proper outerness is technically much subtler as was
observed in [3] and [23]. In fact, the author challenged the problem of generalizing
Kisimoto’s result to irreducible endomorphisms of finite index, and ended up with
a result under the assumption of finite depth condition [23, Theorem 7.5], which
implies the statement of Theorem 1.1 for profinite G. This work is to challenge the
problem again after more than 20 years.

Classification of group actions on Kirchberg algebras is a growing subject and a
recent ground breaking result of Gabe-Szabé [17] established an equivariant version
of the Kirchberg-Phillips classification theorem [42] (see also [16], [24], [27], [28],
[36], [39], [49] for related results). They showed that amenable isometrically shift-
absorbing actions of second countable locally compact groups on Kirchberg algebras
are completely classified by equivariant K K-equivalence. An action of a locally
compact group GG on a C*-algebra A is said to be isometrically shift-absorbing if the
quasi-free action on the Cuntz algebra O, arising from the infinite direct sum of
the regular representation of G equivariantly embeds in the central sequence algebra
of A. For a countable discrete group, this condition is equivalent to the outerness
of the action (see [26]). However, for other classes of groups, it is a non-trivial task
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to characterize when this property holds. In fact, for the real numbers G = R, it is
equivalent to the Rokhlin property (see [17, Corollary 6.15], [49]).

When G is compact, every isometrically shift-absorbing action is quasi-product
by [3, Theorem 1,(8)], and Mukohara [37] showed that it is a minimal action having
the fixed point algebra purely infinite and simple. We show the converse when the
fixed point algebra is a Kirchberg algebra, as an application of Theorem 1.1.

Theorem 1.2. Let G be a second countable compact group, and let o be a faithful
minimal action of G on a separable C*-algebra A whose fixed point algebra is a Kirch-
berg algebra. Then « is isometrically shift-absorbing. (Note that A is necessarily a
Kirchbeg algebra thanks to [10, Proposition 3].)

This paper is organized as follows. In Section 2, we summarize the basics of
properly outer endomorphisms, inclusions of simple C*-algebras of finite indices,
and quasi-product actions of compact groups. A common key notion in the above
three subjects is, what we call, the property (BEK) for an inclusion of prime C*-
algebras introduced in Bratteli-Elliott-Kishimoto [3].

In Section 3, we show that every irreducible inclusion of purely infinite simple
C*-algebras of finite index has the property (BEK). For the proof we crucially use
an ultraproduct technique and the fact that every irreducible inclusion of simple C*-
algebras of finite index is C*-irreducible in the sense of Rgrdam. As a consequence,
we prove the proper outerness of every irreducible proper endomorphism of finite
index in the case of purely infinite simple C*-algebras. This immediately implies
Theorem 1.1 in the case of purely infinite A*. The general case is reduced to
this case by a tensor product trick in Section 4, but the reduction argument is
rather complicated. In fact, we use ergodic actions of GG, which appear for a tensor
categorical reason (see Remark 4.6).

In Section 5 we show an equivariant version of the completely positive approxi-
mation property (CPAP) of a nuclear C*-algebra with a compact group action, as
preparation for the proof of Theorem 1.2. Theorem 5.4 is of interest in its own right
as a Fejér type approximation of a general compact group. We prove Theorem 1.2
in Section 6 by showing an equivariant version of Kirchberg’s dilation theorem for
unital completely positive (ucp) maps of Kirchberg algebras.

In Section 7, we treat quasi-free actions of compact groups on the Cuntz algebras
as applications of our main results.

2 Preliminaries

2.1 Notation

We use the following notation throughout the paper. For a C*-algebra A, we denote
by U(A) the unitary group of A. Foru € U(A), we denote by Ad u the automorphism
of A defined by Adu(z) = uau* for v € A. An automorphism of A is called inner



if it is of the form Adwu, and otherwise it is called outer. We denote by A; the
unit ball of A, and by A, the set of positive elements in A. We denote by M (A)
the multiplier algebra of A. For two C*-algebras A, B, we denote by A ® B the
minimal tensor product. An action « of a topological group G on a C*-algebra A
is a continuous homomorphism from G into the automorphism group Aut(A) of A
equipped with the point norm topology. We denote the fixed point algebra of o by
A or A% when there is no possibility of confusion.

An inclusion of C*-algebras A D B is called irreducible if the relative commutant
M(A)N B’ is trivial. We denote by End(A) the set of endomorphisms of A, and call
p € End(A) irreducible if the inclusion A D p(A) is irreducible.

For a C*-algebra A and a free ultra-filter w € SN\ N, we define

A® =1"(N,A)/cy(N, A),
AY =1*(N,A)/c,(N, A),
eu(A) = {(@,) € C=(N. A); im || = 0}.

We treat A as a subalgebra of A* and A% as usual.

We denote by M, (C) the n by n matrix algebra. We denote by K(H) the
set of compact operators on a Hilbert space H, and denote K = K(¢?). We denote
T ={z € C; |z| = 1}. We use the capital Greek letters I, ¥, etc. for representations
of C*-algebras, and reserve 7, o, etc. for representations of compact groups.

2.2 Properly outer endomorphisms

Definition 2.1. Let A be a C*-algebra. We say that p € End(A) is properly outer
if the following holds: for any a € A and non-zero hereditary C*-subalgebra C of A,

inf{[lcap(c); c € Cy, |lc[ =1} = 0.

Kishimoto [33, Lemma 1.1] showed that if A is simple, any outer automorphism
of A is properly outer. It was observed in [3, p.322] that the same argument shows

Lemma 2.2. Let A be a separable simple C*-algebra, and assume that p € End(A) is
not properly outer. Then for any irreducible representation I of A, the composition
ITo p contains I1 as a subrepresentation.

The following theorem of Bratteli-Elliott-Kishimoto is one of the main technical
results in their analysis of quasi-product actions of compact groups.

Theorem 2.3 ([3, Theorem 3.1]). Let A D B be an inclusion of separable C*-
algebras. Then the following conditions are equivalent.

(1) For any x,y € A,
sup [|zby|| = [l ly]-
beB;
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(2) There exists § > 0 such that for any x,y € A,
sup [lzby | > dl[z|[[|y-
beB;

(3) There exists an faithful irreducible representation Il of A whose restriction to
B is irreducible.

Definition 2.4. We call the condition of A D B in Theorem 2.3 the property
(BEK).
Remark 2.5. The property (BEK) forces the inclusion A D B to be irreducible.

The following lemma is shown in [3, p.322] when there exists n > 2 such that p”
is reducible. For the sake of completeness, we give a proof in full generality.

Lemma 2.6. Let A be a separable simple C*-algebra and let p € End(A). We
assume that the image of p is a proper irreducible subalgebra of A and the inclusion
A D p(A) has the property (BEK). Then p is properly outer.

Proof. Assume on the contrary that p is not properly outer. Since A D p(A) has
the property (BEK), there exists an irreducible representation (I, H) of A whose
restriction to p(A) is irreducible, which means that II o p is irreducible. Since p
is not properly outer, the composition II o p contains II, and so Il o p is unitarily
equivalent to II, and there exits a unitary u € B(H ), unique up to scalar multiple,
satisfying ITo p = Adw o II. If there exists n > 2 such that p" is reducible, on one
hand IT o p™ is unitarily equivalent to Il and on the other hand it is reducible, which
is a contradiction. Thus p" is irreducible for all n € N.

Proof of [33, Lemma 1.1] shows that there exist a € A\ {0}, § > 0, and a
non-zero hereditary C*-subalgebra C' C A such that for any ¢ € C,

(") (I(a)u 4+ w*TI(a™))II(c) > 6II(c*c). (2.1)

For non-negative integers n, we set A, = uw*"II(A)u". Then {A4,}5°, is a strictly
increasing sequence of simple C*-algebras. Let B be the norm closure of its union,
which is simple. We introduce # € Aut(B) by the restriction of Adu to B. By
construction, we have 0(A,) = A,_; and 0(Il(x)) = ll(p(zx)) for all x € A.

We claim that 6™ is outer for all n € N. Assume on the contrary that there
exists n € N with 6" inner. Then there exists v € U(B) satisfying " = Adv. Since
0" (I1(z)) = Adu™(Il(x)), we see that v*u™ € II(A) = C, and there exists ¢ € T
satisfying v = cu”. For any € > 0, there exist m € N and w € U(A,,) satisfying
|lv —wl|| < e. Then Adu™(w) € II(A) and

lcu” — Adu™(w)|| = || Adu™(cu”™ — w)]| < e.

Since € > 0 is arbitrary, this means u" € II(A), and p" is an inner automorphism of
A, which contradicts A 2 p(A). Thus the claim is shown.

By the claim, the crossed product B x4 Z is simple, and it is canonically iso-
morphic to the C*-algebra C*(B U {u}) generated by B and u. Thus there exists a
conditional expectation F : C*(BU{u}) — B satisfying F(u) = 0. This contradicts
Eq.(2.1), and we get the statement. O



2.3 Finite index inclusions of simple C*-algebras

Our basic reference for inclusions of simple C*-algebras is [23].

Let A D B be an inclusion of C*-algebras with a conditional expectation E :
A — B. Pimsner-Popa [43] defined the index of E, denoted by Ind E, by the best
constant A > 1 such that the map £ — A~'id : A — A is positive (note that [23,
Definition 2.1] contains typographic errors). When there is no such a constant A,
we set Ind £ = co. When B has no non-zero finite dimensional representation, we
can replace positivity by complete positivity in the definition (see [23, Lemma 2.2]).

Watatani [52] introduced an alternative definition of the index of F in terms of a
quasi-basis, a generalization of the Pimsner-Popa basis. His definition is particularly
well-behaved when we discuss the C*-basic construction, which we will do now. The
two definitions coincide when A and B are infinite dimensional simple C*-algebras
[23, Theorem 3.2, Corollary 3.7, which we always assume in what follows.

For a given conditional expectation £ : A — B of finite index, we can introduce a
Hilbert B-module &g as follows. We let £ = A as a right-B module, and introduce
B-valued inner product by (z,y)r = E(z*y). The Pimsner-Popa inequality assures
that &g is already complete. When x € A is regarded as an element in £g, we often
denote ng(z) to avoid possible confusion. We denote by Lp(E€g) the C*-algebra
of adjointable B-module maps on £g. We regard A as a C*-subalgebra of Lg(Eg)
through the left multiplication. The Jones projection ep € Lg(Eg) is defined by
epne(r) = ne(E(x)) for x € A, which belongs to the commutant of B. Then we
have the relation egrep = E(x)er for all x € A. The C*-basic construction of
A D B is the norm closure of the linear span of AegA, which coincides with the
set of “compact operators” Kg(Eg). Under the assumption of Ind £ < oo and
the simplicity of B, we always have Kg(£€g) D A and there exists a conditional
expectation F) : Kg(Eg) — A given by Fi(eg) = 1/Ind E, which is called the dual
conditional expectation of E (see[23, Corollary 3.4]). We have Ind F} = Ind F.

When there exists a conditional expectation ¥ : A — B of finite index, there
exists a unique conditional expectation Ey : A — B satisfying Ind Fy < Ind E for
all faithful £ (see [20], [52]). We call E, the minimal conditional expectation of
A D B. We denote [A : B]y = Ind Ej and call it the minimum index of A D B. If
moreover A D B is irreducible, there is only one conditional expectation.

The following result is a consequence of the second dual approach developed in
[23], which will be used in one of our main technical results (see [23, Theorem 3.3]).

Lemma 2.7. Let A D B be an irreducible inclusion of simple C*-algebras with a
conditional expectation E : A — B of finite index. Then every intermediate C*-
subalgebra between A and B is simple, that is, the inclusion A D B is C*-irreducible
in the sense of Rordam [47, Definition 3.1].

Next we give a brief account of sector theory for C*-algebras developed in [23,
Section 4]. For two simple C*-algebras A and B, we denote by Mor(B, A), the set
of homomorphisms from B into A whose image has a finite index. When A and



B are non-unital, every p € Mor(B, A)y uniquely extends to a strictly continuous
homomorphism from M (B) to M(A), which we denote by the same symbol p. For
p € Mor(B, A)y, we denote by E, the minimal conditional expectation E, : A —

p(B), and denote d(p) = [A : p(B)](l)/ ?_ which is called the statistical dimension of
p. We say that two homomorphisms p,o € Mor(B, A) are equivalent if there exists
a unitary u € M(A) satisfying p = Adu o o.

For p,o € Mor(B, A)y, we denote by (p, o) the intertwiner space

(p,0) = {v e M(A); Vx € B, vp(x) = o(x)v},

which is always finite dimensional. When p is irreducible, it is a Hilbert space with
(v,w) = wv.
We mainly work on the following two classes of C*-algebras:

e (C;: the class of simple stable o-unital C*-algebras.

e (Cy: the class of unital purely infinite simple C*-algebras in the Cuntz standard
form, that is [14]o = 0 in Ko(A).

Assume that A and B are C*-algebras belonging to either C; or C;. Then ev-
ery p € Mor(B, A)y has its conjugate p € Mor(A, B)y, uniquely determined up
to equivalence and characterized by the following property: there exist isometries
R, € (idp,pp) and R, € (ida, pp) satisfying

R, 0(R,) =+, R,'p(R,) = —
p(R,) = ——, p(R,) = ——.
PEET d(p)y T d(p)
The inclusion B D p(A) is isomorphic to the dual inclusion K,y (Eg,) D A of
A D p(B) (see [23, Lemma 4.4]).

For p,o € Mor(B, A)y, their direct sum p & o € Mor(B, A)g, which is uniquely
determined up to unitary equivalence, is defined as follows: we choose two isometries
s1, 89 € M(A) satisfying the Cuntz algebra O, relation s;s} + s2s5 = 1 and let

(0 ® 0)(2) = s1p(2)s] + 520(2)s83.

With these operations together with composition as monoidal product, the two sets
End(A)y and End(B) are rigid C*-tensor categories and Mor(A, B), and Mor(B, A)
are their module categories. In particular, the Frobenius-reciprocity holds (see [22]).

One of advantages to work in the classes C;, © = 1, 2, is that we have the following
crossed product type decomposition. Let A D B be an irreducible inclusion of simple
C*-algebras belonging to either C; or C, with a conditional expectation £ : A — B
of finite index. Let ¢ : B < A be the inclusion map and let

[12] = EP nelpe]

£eE



be the irreducible decomposition, where n, is the multiplicity of pe € End(B),. We
may and do assume 0 € = and pg = idp. Since ¢ is irreducible, we have ng = 1. By
the Frobenius reciprocity,

dim(e, 1pe) = dim(ze, pe) = ne.

Let {V(£)};5, be an orthonormal basis of (¢,1p¢). Then every x € A is uniquely

decomposed as
ng
=Y Y @V
g€z i=1

2(§)i = d(pg) E(zV (§);) € B,
(see [23, p.124]). Note that z(0); = E(z), and

3

b(z — E(x Z ipe(DV(E)i, be B.
ge2\(0) i=1

For two representations (Il;, Hy), (Ily, Hy) of a C*-algebra A, we denote by
Hom 4 (I14, IT5) the set of intertwiners

{T c ]B(Hl,Hg) Vx € A THl( ) HQ(LU)T}

Lemma 2.8. (1) Let A D B be an inclusions of simple C*-algebras of finite index,
and let IT be an irreducible representation of A. Then the restriction of I1 to
B is a finite direct sum of irreducible representations.

(2) Let A and B be C*-algebras belonging to Cy or Ca, and let p € Mor(B, A)o. Let
® and U be irreducible representations of A and B respectively. Then

dim Hom(® o p, ¥) = dim Hom4 (P, ¥ o p).

Proof. The statements follow from [23, Lemma 5.1, Lemma 5.2]. O

2.4 Quasi-product actions

For a compact group G, we denote by U(G) the category of finite dimensional unitary
representations of GG. We choose and fix a transversal G of the set of equivalence
classes of irreducible unitary representations of G. For m € G, we denote x,(g) =

Tr7(g) and d(7) = dim7. We choose and fix an orthonormal basis {{ (71')}?:? of
the representation space H, of m, and identify m(g) with its matrix representation

(mij(9))ij- For m o, p € G, we let N}, = dim Homg(p, 7 ® ).
Let o be an action of G on a C*-algebra A. For w € @, we define P, : A — A by

Py(x) = d(r) / @)ty (),
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where dg is the normalized Haar measure. Then we have P; o P, = 0, ,F; for
T,0 € G. The image of P, is called the spectral subspace corresponding to 7 € @,
and we denote it by A*(7). The Peter-Weyl theorem together with the Hahn-Banach
theorem implies that the linear span of U __szA%(7) is dense in A. Or alternatively,
we can see it more directly from a Fejér type approximation (see Theorem 5.4). Let

A (m) = {x = (21,22, .., Tam)) € AN} () = 2m(g)}.

Then A%(m) # {0} if and only if A¥(7) # {0}.
Let E, = Py, which is a conditional expectation from A to the fixed point algebra
A%. From the compactness of G, we get the following well-known lemma:

Lemma 2.9. If {uy}rea is an approzimate units of A, so is {Eq(ux)}ren-

The lemma implies AoAl = A, and we have the inclusion relation M(A%) C
M(A). We denote the extension of ay to M(A) by the same symbol «,. Then the
map g — a4(T) is is continuous in the strict topology for all '€ M(A). We have
M(AY) = M(A)™ (see, for example, [41, Lemma 2]).

Bratteli-Elliott-Kishimoto [3, Theorem 1] showed that 10 conditions on a com-
pact group action are mutually equivalent, which are the defining conditions of a
quasi-product action. We name some of them under the assumption of Theorem
1.1 now. Recall that « is said to be minimal if the inclusion A D A is irreducible,
which is a necessary condition for a to be quasi-product because of the condition
(1) below. Note that the crossed product A x, G is automatically simple under the
assumption of Theorem 1.1 (see [37, Proposition A]).

Theorem 2.10 (Quasi-product action). Let G be a second countable compact group,
and let « be a faithful minimal action of G on a separable C*-algebra A whose fixed
point algebra A% is simple. Then the following conditions are equivalent:

(1) The inclusion A D A has the property (BEK).
(2) There exists an a-invariant pure state of A.

(3) For each w € G, there exists a sequence {y,}°°, in A% () such that

(i) [lynall =1 for alln € N,
(i) {yn1}o2, is a central sequence in A,
(iii) limsup,, ||ayni|| > ||al|/d(7) for all a € A.

(4) The dual endomorphisms é, m € G\ {1}, of the stabilized crossed product
(A%, G) @K are properly outer.

Remark 2.11. When the above equivalent conditions hold, the C*-algebra A is
simple too, which follows from Landstad’s observation [50, Lemma 24] because (1)
implies that A is prime. We can also use (4) to show that A ® K is simple as in the
case of a crossed product by a discrete group (see [33, Theorem 3.1]).
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The condition (4) is the most tractable for our purpose. On the other hand, the
definition of &, in [3] is rather tedious, and we reformulate it, following the original
formulation by Roberts [45], in the special case where A® belongs to either C; or Cs.

By a Hilbert space H in M(A), we mean a finite dimensional subspace of M (A)
such that it is a Hilbert space with respect to the inner product given by (V, W) =
W*V for VW € H. For a Hilbert space H in M(A), we choose an orthonormal
basis {)(H);}: of H and define the support s(H) of H by

Zwmwm)z,

which does not depend on the choice of {1)(#);};. For two Hilbert spaces H, Hs in
M (A), we denote by HiHs and HiH; the linear spans of {VIW; V € Hy, W € Hs}
and {VW*; V € Hy, W € Hy} respectively. Then H;H; is identified with the tensor
product H; ®Ha, and HiH3 is identified with B(Hz, H1) through left multiplication.
Occasionally, we consider infinite dimensional Hilbert spaces in M(A), and in that
case we take the norm closure to define H,Hs and H;Hj. Then HiH, is a Hilbert
space again and H;H; is isometric to the space of compact operators K(Hs, H).

If a Hilbert space H in M(A) is globally invariant under «, it carries a unitary
representation of GG, and hence H is considered as an object in the category U(G).
We denote by U(G, ) the set of globally a-invariant Hilbert spaces in M (A) with
support 1. For Hy, Hy € U(G, o), we define the space of morphisms (Hy, Hs)g from
Hi to Hs in the category U (G, «) by

(7‘[1, HQ)G = HQHT N M(Aa)

In this way, we get a tensor subcategory U (G, «) of U(G).
For H € U(G, a), we define py € End(A)q by

pu(z) = Z b(H )i (H):,

which does not depend on the choice of the orthonormal basis, and hence py com-
mutes with «,. By construction, we have [py| = dim H[id4], and d(py) = dimH.
We define ¢y € End(A®%)o to be the restriction of py to A% Note that Va =
ay(z)V holds for all x € A% and V € H. Since (py,, pu,) = HoHj, we have
(H1,H2)g C (G, vy, ), and the irreducibility of A D A% implies the equality of the
two sets. Since py, © Py, = PriH,, We have dyy z, = Ay, © Gyy,. Setting ap =T for
T € (H1,Ha)a, we get a tensor functor & : U(G, o) — End(A%)y, which is in fact
an embedding of U(G, «) into End(A®)o.

Using the assumption that A% belongs to either C; or Cs, we can show that
U(G, a) has a direct sum, up to equivalence, and that every object in U(G, «) is a
direct sum of simple objects. Indeed, for H;, Hs € U(G, «), we choose isometries
s1,82 € M(A®) satisfying the Oy relation sys] + ses5 = 1, and set H; & Hy =
s1H1 + soHa € U(G, a). Then we have

Qg em, (1) = 8100, ()87 + 52634, (1) 53,
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which is compatible with the definition of a direct sum in End(A%)y. Let H €
U(G, «) and let {p;}"; be a set of minimal projections in (H, H)g = (v, digy) whose
summation is 1. Then [23, Lemma 4.1] shows that p; is equivalent to 1 in M (A%), and
there exist isometries V; € M (A%) satisfying V;V.* = p;. Now H; := V*H e U(G, ),
and H is equivalent to the direct sum of H;, i =1,2,...,n.

Lemma 2.12. Under the assumption of Theorem 1.1, assume that A% belongs to
either Cy or Co. Then for every representation o € U(G), there ezists H, € U(G, )
equivalent to o.

Proof. This essentially follows from [1, Lemma III 3.4]. O

Remark 2.13. If we only assume that A“ is unital simple purely infinite in the
above lemma, we can still have a globally a-invariant Hilbert space equivalent to
o, not necessarily with support 1. Indeed, choosing a non-zero projection e € A®
with [e]p = 0 in Ky(A®) and applying the lemma to eAe, we get H, € U(G, alcac)
equivalent to 0. We choose an isometry V € A® with VV* < e. Then H,V is the
desired Hilbert space.

We call the functor & the pre-dual action of «. For each 7 € CAJ, we fix H, €
U(G, ) equivalent to m, and denote &, = dy, for simplicity. We arrange the
orthonormal basis {¢(H,);}; so that it is consistent with the orthonormal basis
{&(m);}i of Hy we have already chosen, and denote ¢ (7); = ¢ (H,); for simplicity.

Let 7 be the complex conjugate representation of m € G. We choose an orthonor-
mal basis {£(7);}; of the representation space of ™ so that 7;;(g) = m;;(g) holds.
When 7 and 7 are inequivalent, we can arrange 7 to be a member of G. When 7
and 7 are equivalent, we have two specially chosen orthonormal bases {¢();}; and
{Y(7);}s of H, corresponding to {&(m);}; and {&(7); }; respectively .

For m € é, we set

1 d(m) B ‘ o
RT( = d(’]‘(‘) ;¢(W)Z¢(W)Z € (1d> afaﬂ%
o 1 d(m) B . o
™ — d(’]‘(‘) ;¢(W>Z¢(W)Z S (1d7 aﬂ'af)v

R 6, (R;) = Rtax(R,) = %

This in particular shows that d(&,) = d(7) as &, is irreducible, and more generally
shows d(dy) = dim H by the additivity of the statistical dimension.
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The standard left inverse ¢, : A* — A® of &, is given by

d(m)

On(2) = o D_v(mizv(m), @€ A,

which is also expressed as ¢.(x) = Ridz(r)R.;. Then the minimal conditional
expectation for the inclusion A% D &,(A%) can be expressed as &, o ¢,.
Now we can reformulate the (4) part of Theorem 2.10 as follows:

Lemma 2.14. Under the assumption of Theorem 1.1, assume that A% belongs to
either Cy or Cy.  Then « is quasi-product if and only if the endomorphisms d,
m € G\ {1}, are properly outer.

We denote by Ay the linear span of U __sA%(7), which is a G-invariant dense
x-subalgebra of A. A direct computation shows the following:

Lemma 2.15. Under the assumption of Theorem 1.1, assume that A* belongs to
either C; or Cy. Then

(1) Foranyx € A* and 7 € G, we have

d(m) d(m)

Pr(w) = d(m) Y Ba(z(m)})(m)i = d(m) Y & (7); Ea(4(7)i).

i=1 i=1

In particular, the linear span of U__=A*H. is a dense x-subalgebra of A.

TeG

(2) Every x € Ay is uniquely expanded as

where x(m); = d(m)Eq(z(m)}) € A,

Since we need the Doplicher-Roberts reconstruction theorem [12], we recall the
permutation symmetry 6 of the category U (G, o), which is an assignment of a unitary

9(7‘[1,7‘[2) € (HlHQ,HQ%l)G to each H{. Hq € U(G, Oé) given by

0(H1, Ha) = Z¢ (Ha)ito(Ha) o (Ha) j0o(Ha )}
Then we have
0(H1, Ha)" = 0(Ha, Ha), (2.2)
0(H1 @ Ha, Ha) = 0(H1, Ha) pr, (0(Ha, Hs)), (2.3)
PH, (T) = Q(Hg,Hl)TQ(HQ,Hl)*, VT € (7‘[2, 7‘[3)@. (24)

12



Before ending this section, we recall quasi-free actions on the Cuntz algebras.
The Cuntz algebra O is the universal C*-algebra generated by a separable infi-
nite dimensional Hilbert space H in a C*-algebra. By universality, every unitary
representation of a group G in B(#) induces its action on O, which is called the
quasi-free action arising from the unitary representation. We define the Cunzt alge-
bra O,,n = 2,3, ..., and quasi-free actions on them in a similar way with dimH = n
and an extra condition that H has support 1.

3 Finite index inclusions with the property (BEK)

The following is our first main technical result.

Theorem 3.1. Let A D B be an irreducible inclusion of separable unital purely
infinite simple C*-algebras with a conditional expectation E : A — B of finite index.
Then the inclusion A O B has the property (BEK).

We need to prepare a few lemmata before proving the theorem. For two operators
S, T acting on the same Hilbert space, we denote [S,T] = ST —TS.

Lemma 3.2. Let B be a C*-algebra, let (P, K) be an irreducible representation of
B, and let 6 > 0. Then if T € B(K); satisfies

sup [|[@(b), T1|| <0,

be By
there ezists A € C satisfying ||T — M k|| < 30.

Proof. By the Kaplansky density theorem, we have ||[S,T]|| < § for all S € B(K);.
We assume dim K = oo as the finite dimensional case can be easily handled.

We first claim that ||[T¢ — (T€,£)¢]|| < 0 holds for every unit vector £ € K. The
claim holds for an eigenvector of T'. Assume that £ and T¢ are linearly independent,
and let A = (T¢,€) and n = ||T¢ — XE|| 71 (T€ — AE). Then we can choose a unitary
uy € B(K) satisfying us€ = n and usn = ££. We have

[us, TIE = us T = Ty = us (A + [T = An) — Tp = An — Tn £ || TE — AS||€.

Since ||[ux, T|| < 6, we get ||T¢ — X¢|| < §, and the claim is shown.

Next we claim that if £ and 1 are mutually orthogonal unit vectors in K, we
have [(T€,&) — (T'n,n)| < . We choose a unitary u € B(K) satisfying u{ = n and
un = £. Note that we have u*n = £. Then the claim follows from

([u, TIE,m) = (T€,u'n) — (Tug,n) = (T€,&) — (T'n,n).

Finally, we fix a unit vector £ € K, and set A = (T€,&). Let n be an arbitrary
unit vector in K. Choosing a unit vector ¢ € {£,n}+ and applying the second claim,
we get [(T€, &) — (T'n,n)| < 26, which together with the first claim implies

[T — M|l < [|[Tn — (Tn,mnll + [[{Tn,n)n — An|| < 36.

Thus the statement is shown. O
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Lemma 3.3. Let A D B be an inclusion of C*-algebras with finite index, and let
(I, H) be an irreducible representation of A. Then there exists a constant C' > 0
depending only on 11 satisfying the following property: whenever T € B(H ), satisfies

sup [|[TI(b), TT[| <0,

beB;
there ezists Ty € 1I(B)" satisfying || T — T'|| < C6.

Proof. Thanks to Lemma 2.8, the restriction II|z of IT to B is a finite direct sum of
irreducible representations. Let (Ilj, Hy), k = 1,2,...,m, be the mutually disjoint
irreducible components of the restriction IT| 5. Then we may assume

m

H=@H oC™* 0b)=Pbd) @lew, be B,

k=1 k=1
where ny is the multiplicity of II;. Note that we have

m

(B)" = @ B(Hi) ® lcm.

Let 2z = 1g, ® 1cne. By the Kaplansky density theorem, we have ||[zx, T']|] < J. Let

m

k=1

Then ||T — A(T)|| < mé.
We take a system of matrix units {eg?)}lgd-gnk in B(C™) and express A(T) as

k k
AT =P Y TP e
k=1 1<i,j<nj
where Ti(f) € B(Hg). For b € By, we have

175 L@ < AT, TG < (2m + 1)5.

1] 7

By Lemma 3.2, there exist )\Ef) € C satisfying ||TZ(Jk) - )\E;?)]‘Hk | <3(2m +1)d. Let

T, = é <1H,c ® Z )\Z(-f)egf)) )

k=1 1<i,j<ng
Then T € II(B)’, and
Ty =T < ||Ty — A(T)|| + ||A(T) = T <3(2m+ 1)51r<rka<x n; 4+ md,

which shows the statement. O

14



Proof of Theorem 3.1. When B is not unital, it is stable because it is purely infinite
and simple. In this case, we can choose a projection p € B satisfying

(A, B,E) = (pAp @ K, pBp @ K, El,4, ® idk).

Thus we may and do assume that A and B are unital to prove the statement.
Assume on the contrary that the inclusion A D B does not have the property
(BEK). Then for each natural number n € N, there exist x,,y, € A with ||z,| =
|lyn|| = 1 satisfying
1
sup ||zbynl < —.
beBy n
We choose a free ultra-filter w € SN\ N. Note that A is purely infinite and simple
(see [46, Proposition 6.2.6]). Then A¥ D B“ is an inclusion of purely infinite simple
C*-algebras with a conditional expectation E“ : A — B“ given by

EX([(zn)]) = [(E(z0))].

Note that we have Ind £ = Ind E. We define z,y € A by z = [(z,,)] and y = [(yn)].
Then ||z|| = ||ly|| = 1 and xB“y = {0} by construction.

As was observed in [3, Section 3], the C*-algebra generated by B“xB“, B“yB¥,
and B* is not prime. Thus Lemma 2.7 implies that AY D B is not irreducible. Let
r=|[(r,)] € A* N B* with ||r|| = 1. Then we have

lim sup ||br, — r,b|| = 0.
n—w beB;

We choose an irreducible representation (II, H) of A. Then Lemma 3.3 shows that
there exist @), € [I(B)’ satisfying

lim [[II(r,) — Q.|| = 0.
n—w

We may assume that {Q,} is bounded. Since II(B)’ is finite dimensional, the norm
limit lim,, ., @), exists. Since B is simple, the restriction of Il to B is faithful, and
the norm limit lim,,_,,, 7,, exists too. This means that r €¢ AN B’ = C and A¥ D B¥
is irreducible, which is a contradiction. O

Corollary 3.4. Let A be a separable purely infinite simple C*-algebra, and assume
that p € End(A)g is irreducible and d(p) > 1. Then p is properly outer.

Although the following result is not used later, it is of interest in its own right.

Theorem 3.5. Let A D B be an irreducible inclusion of separable simple C*-algebras
with a conditional expectation E : A — B of finite index. Let Kg(Eg) D A be its
basic construction, and let Ey : Kg(Eg) — A be the dual conditional expectation.
Let 1 : B — A be the inclusion map. Then the following conditions are equivalent:
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(1) The inclusion A D B has the property (BEK).
(2) The inclusion Kg(Er) D A has the property (BEK).

(3) For any x € A and any non-zero hereditary C*-subalgebra C' of B,

inf{[|c(z — E(z))c|; c€ Oy, |[c| =1} = 0.

(4) For any y € Kg(Eg) and any non-zero hereditary C*-subalgebra D of A,

inf{[|d(y — E1(y))d||; d € Dy, ||d| =1} = 0.

If moreover B belongs to either the class C; or Co, the above conditions are further
equivalent to the following two conditions:

(5) Every irreducible component of (T not equivalent to id4 is properly outer.
(6) FEwvery irreducible component of T not equivalent to idg is properly outer.

Proof. Since the conditions (1)-(4) persist after taking tensor product with K and
passing to the corners by a non-zero projection in M(B), we may and do assume
that A, B € C; to prove the theorem.

(1)=-(5). We choose an irreducible representation II of A whose restriction to B
is irreducible. Then

1 = dim Homp(IT o ¢, 1T o ¢) = dim Hom 4 (IT, IT o 7).

Thus if p € End(A)g is an irreducible component not equivalent to id4, we have
dim Hom 4 (IT, T o p) = 0, which shows that p is properly outer by Lemma 2.2.

(5)=(4). Note that the dual inclusion Kg(Eg) D A is isomorphic to B D 7(A).
Thus the statement follows from the crossed product type decomposition of the
inclusion Kg(€g) D A (see Section 2.3).

(4)=>(2). We denote A = (Ind E)~!. Let x1, 22 € Kp(Ep) with ||z1]| = ||z2| = 1.
Our task is to show sup,c 4, [[z1azs]| > A% Since ||ziazs| = |||21|alz.|||, we may
and do assume that z,x, are positive. By the Pimsner-Popa inequality, we have
|Ev(z)|| > A for i = 1,2. Let 0 < € be a sufficiently small constant. Then by
assumption we can choose aj,as € A, of norm 1 satisfying

lai(z; — Er(z:))ail| <e,

laiEr (zi)asl| > [ Er ()] —e = A =,

for i = 1,2. Since A is simple, there exists a € A; satisfying

||CL1E1(.lel)alaagEl(Ig)CLQH Z ()\ - 8)2,
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and so

||:L’1a1aa2x2|| Z Halxlalaagxgagﬂ
> |lar By (71)araas By (72)as|| — 22
> (A—¢)? - 2e.

Since € > 0 is arbitrary, we obtain (2).
The implications (2)=-(6)=(3)=-(1) follow from the same arguments. O

Remark 3.6. It was shown in [23, Theorem 7.5, Corollary 7.6] that the above
condition holds for every finite depth inclusion. The condition (3) is adapted as the
definition of the outerness of F in [38], which is essentially the same as the pinching
property in [47, Definition 3.13].

4 Proof of Theorem 1.1

As a corollary of Corollary of 3.4, we get the following.
Corollary 4.1. Theorem 1.1 is true if A% is purely infinite.

Proof. We choose a non-zero projection e € A* with [e]o = 0 in Ky(A*). Then the
inclusion A D A is isomorphic to eAe ® K D eA% ® K if A% is not unital, and to
a corner inclusion of it if A% is unital. Thus A D A® has the property (BEK) if and
only if eAe D eA%e has the same property, and we may and do assume that A* € C,
to prove the statement. R

Theorem 3.4 implies that the endomorphisms d&,, # € G \ {1}, d(w) > 1, are
properly outer. Assume that 7 € G\ {1} has d(x) = 1. Note that , is an
automorphism and it is outer thanks to the irreducibility of A D A®. Thus it is
properly outer by Kishimoto’s theorem [33, Lemma 1.1]. O

Remark 4.2. When A% belongs to Cy, we can apply Doplicher-Roberts’ construction
[12, Theorem 5.1] to A = A%, A = {&p }rcu(c,a), and e(dyy,, dpg,) = 0(Ha, Hs), and
we obtain the universal C*-algebra B containing A with a G-action « satisfying the
following properties (1)-(4):

(1) A= B2

(2) For each H € U(G, ), there exists a copy 7:Z~€ U(G,a), as a G-space, of H
such that B is generated by A and Uyeya,a)H.

(3) The Hilbgrt space H implements vy in the sense that Vo = d(z)V holds for
all V € H and x € A.

(4) 8(@7.,51, dﬂz) = 9(#1,#2).
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Moreover the inclusion B O A is irreducible.

By the universality of B, there exists a G-equivariant surjection from B onto A
that is the identity on A% On the other hand, we can apply Corollary 4.1 to B
and see that B is simple. Therefore the map from B to A is an isomorphism. This
means that A has universality with respect to (1)-(4), which we will use in the proof
of Theorem 1.1 in the general case.

As a consequence of Corollary 4.1, we get the following lemma. Recall that if
$ is an ergodic action of G on a C*-algebra B, i.e. B? = C, the C*-algebra B is
necessarily nuclear (see [50, Lemma 22], [10, Proposition 3]).

Lemma 4.3. Let the notation be as in the assumption of Theorem 1.1. Let 3 be an
ergodic action of G on a C*-algebra B, and let v be the diagonal action v, = oy ® f3,
of G on A® B. Then the fized point algebra (A ® B)" is simple. More over there
exists a conditional expectation F: (A® B)Y — A*® C.

Proof. Note that the restriction F' of E, ® E3 to (A® B)" is a faithful conditional
expectation from (A ® B)? onto A* ® C.

Replacing A and o with A ® O, and a ®idp_ respectively, we may assume that
A% is purely infinite. Moreover, passing to the corner by a projection in A%, we may
and do assume that A% € Cs.

We first recall basic facts about ergodic actions (see [19, Proposition 2.1, Theorem
4.1], [51, Theorem 1]). The conditional expectation Ejz : B — B? = C is a trace, and
we denote it by 7 for simplicity. There exist non-negative integers m, < d(m) with
dim B%(7) = mnd(n) for 7 € G. We can choose X(7), € Bl(n), a = 1,2, ,ma
such that {X ()4} form an orthonormal basis of Bf(7) with respect to the inner
product given by 7. Then we have

d(m)
X (1) i X (7)p; = Sapd(T).
i=1

Let
d(m

)
1
W(m)q = )i @ X ()5
() NG ; () (m)
Then W(7),, a = 1,2,...,m,, are isometries in (A® B)? with mutually orthogonal
ranges. Since the linear span of Uy, ., A%(m) ® BP(m,) is dense in A ® B, the linear
span of Uy, r, B, (A%(m1) ® BP(73)) is dense in (A® B)7. On the other hand, we have
A%(m) = A"H,., and E,(A%(m) ® BP(m2)) survives only when m is equivalent to 7.
Thus we can see that the linear span of U, ,(A* ® 1)W(7), is dense in (A ® B)7.
Note that

W(W)a(z ® 1) = (dﬂ(z) ® I)W(Tr)m

holds for all x € A%*. Since F' is faithful and &,, 7w € CA;\ {1}, are all properly outer,
we can conclude that (A ® B)” is simple as in the case of a crossed product by a
discrete group. O
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We proceed to the proof of Theorem 1.1 in the general case, which requires
several reduction steps. Since the inclusion A D A® has the property (BEK) if and
only if A®@ K D A* ® K has the same property, we may assume A* € C; to prove
Theorem 1.1. Our task is to show that ¢, is properly outer for 7 € G with d(7) > 1.

We fix 7y € G with d(m) > 1 and assume on the contrary that d,, is not
properly outer. Then the proof of [23, Theorem 7.5, which is an adaptation of
Kishimoto’s argument in [33] to the endomorphism case, shows that there would
exist b € M(A®), a non-zero hereditary C*-subalgebra C' of A%, and ¢ > 0 such that
for any irreducible representation (II, H) of A%, there exists a finite rank self-adjoint
operator 7" on H and isometry V' € Homu(II, IT o ¢, ) satisfying

T(c)*(II(B)V + V*TI(b)* + T)TI(c) > dTI(c"c),

forallc € C. Let £, = Hom o (I1, ITod, ), which is a finite dimensional Hilbert space
in B(H). Let D be the C*-algebra generated by U__asII(A%)L,. As was observed
in the proof of [23, Theorem 7.5], if D is simple and there exists a conditional
expectation F' from D onto II(A%), we can get a contradiction. Therefore Theorem
1.1 is reduced to the following lemma:

Lemma 4.4. Under the assumption in Theorem 1.1, we assume A* € Cy. Let (11, H)

be an irreducible representation of A, let L, = Homaa(I1, 11 0 &) for m € @, and
let D be the C*-algebra generated by U __aIl(AY)Lr. Then D is simple and there

exists a conditional expectation from D onto I1(A%).

For simplicity, we suppress the symbol II in I[I(A%), and treat A* as a subalgebra
of B(H) irreducibly acting on H. For each m € G, we choose an orthonormal basis

{V(m)ptpzy of L. Note that we have m; = 1, and we can choose V/(1); = 1. Then

as in [23, Lemma 7.1], we can show that there exist C((::’;

I ! ))7(0#1) € (duvdwd0> and
C(rp),(mq) € C satistying

V() V(o) =D Ol V(). (4.1)
T
V(WE = Z C(mp%(ﬁq)R;V(f)q- (4-2>
q

Let Dy be the linear span of U __sA“L;. Then the above relations show that Dy is a
dense *-subalgebra of D, and every approximate unit of A® is an approximate unit

of D. In particular, we have Aap' = p.

We prove Lemma 4.4 by using Doplicher-Roberts’ endomorphism crossed product
n [12]. As it is formulated only for unital C*-algebras, we show that Lemma 4.4 is
reduced to the same statement with A® € C,.

We first show that Lemma 4.4 is reduced to the case where A is purely infinite.
To see it, we fix an irreducible representation (Il;, H;) of O, and replace A and
(I, H) with A ® O and (Il ® II;, H ® Hy) respectively. If Lemma 4.4 holds for
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purely infinite A“ € C;, we see that D ® O, is simple and there exists a conditional
expectation from D ® Oy onto A* ® O4. This implies that D is simple and there
exists a conditional expectation from D onto A“.

Next we show that Lemma 4.4 for purely infinite A* € C; is reduced to the
same statement for A* € C;. We choose a system of matrix units {e; ;}; ;> in A®
such that [e11]op = 0 in Ko(A%) and {3}, e;}52, is an approximate unit of A%,
and hence converges to 1 in the strict topology. We denote e = e; and p, =
> ei; for simplicity. Note that e is a full projection of D because {p,}2, is an
approximate unit of D too. Note that {d,(p,)}52, is an approximate unit of A* as
Ové7r € EIId(Aa)Q.

For each m € @, we choose a partial isometry v, € A satisfying v,v: = e and

viv, = dr(e). Then

Ur = Zeilvwdw(eli)
i=1
converges to a unitary in M(A®) in the strict topology, and Ad Uy - &, (e;;) = €.
Replacing H, with U,H, implies replacing £, with U,L,, which does not change
D. Thus we may do assume &, (e;;) = e;;, and

(DD A% a,) = (eDe®@K D eA% @ K, r|esne ® idk).

Therefore if the same statement as in Lemma 4.4 for A* € C, holds, we can see that
eDe is simple and there exists a conditional expectation from eDe onto eA%e, which
shows that Lemma 4.4 holds.

Now Theorem 1.1 is reduced to the following lemma:

Lemma 4.5. Under the assumption in 1.1, we assume A* € Cy. Let (I, H) be an
irreducible representation of A%, let L, = Hom o (I, Ilo ) form € @, and let D be
the C*-algebra generated by I1(A%) and U__sL,. Then D is simple and there erists
a conditional expectation from D onto T1(A®).

Remark 4.6. Let Rep(A®)y be the category representations of A unitarily equiv-
alent to finite direct sums of irreducible representations of A%. Then Lemma 2.8
shows that Rep(A®)y is a module category of U(G, ) via Il @ H := Il o dy. It
is known that there is a correspondence between module categories of U(G) and
ergodic G-actions (see [9, Theorem 6.4]). In fact, we prove Lemma 4.5 by describing
the structure of D in terms of an ergodic G-action.

From now on, we assume A® € Cy. We choose an orthonormal basis {V(7),},
of L, for each 7 € G. Then there exists C((:::;)),(J,q) € (G, drdty) and Cirp) rq) € C
satisfying Eq.(4.1) and (4.2).

Instead of working on D directly, we first consider its universal counterpart.
Let D be the universal C*-algebra generated by A“ and isometries V'(7),, m € G,
p=12,--- m,, satisfying the following relations:

V,(W);V/(W)q = Op.q» (4.3)

20



V/(T(') x = dﬂ(x)V'(ﬂ)p, x e A°, (4.4)
Z Cn oV (1 (4.5)

V/(ﬂ'); = Z C(ﬂ—’p)7(f7q)R:‘.V,(ﬁ)q. (4.6)
q

Lemma 4.7. Let the notation be as above.

(1) For each H € U(G, o), there exists &%y, € End(D) satisfying &y|ae = éyy, and
Ay (V' (m)p) = 6(m, H)V'(7)p

(2) We set &/, =T for T € (H1,Ha)g. Then &' is a tensor functor from U(G, «)
to End(D).

Proof. (1) By the universality of D, it suffices to show that &}, preserves the relations
(4.3)-(4.6). Since 0(m,H) is unitary, the relation (4.3) is preserved. We can see that
(4.4) is preserved from

O(m, H)V' (1) pbtn (x) = O(7, H) iz (x) V' (), = dgyin(x)0(m, H)V' (7).

To see that (4.5) is preserved, it suffices to show

O(m, H)V'(),0(c, H)V' (0 ZQH (w o) )00 HOV' (1),

The left-hand side is equal to

O(m, H)dr(0(o, H))V'(7),V'(0)y = 0(7 @ 0, H) Z C’(’” WV (1)

(m,p),(0,q
w,r

= Z (007 @ 0. H)CET) O, 1) 0 H)V (1),

which coincides with the right-hand side thanks to Eq.(2.4). Finally to see that the
relation (4.6) is preserved, it suffices to show

V/(@s0(H. 1) =Y Cap) i (RDOF H)V' (7).

q

The left-hand side is
> o BV @) OH,T) =Y crp)mo Rad=(0(H, )V (7),
q

q

=" ) ira) (Redw(O(H, m)O(H. 7)) 07 H)V'(7),.

q
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Since Eq.(2.3) and(2.4) imply
(T, H)a=(0(m, H))Re = 0(T @ m, H) R = ap(Ry),

the relation (4.6) is preserved, and &, is well-defined.
(2) It suffices to show that T' € (H;, Hz)g satisfies

TO(m, H1)V'(7), = 0(7, Ha)V'(7),T.
The right-hand side is
O(m, Ha)ovr (T)V' (), = TO(m, H1)V' (1),
by Eq.(2.4), and the equality holds. O

Proof of Lemma 4.5. We apply [12, Theorem 5.1] to A = D, A = {& }neu(c,a), and
(A, aLy,) = 0(H1,H2). Although [12, Theorem 5.1] is stated under the condition
that A has trivial center, their construction itself works without this condition.
Thanks to Remark 4.2, the resulting algebra B satisfies the following properties:

(1) The C*-algebra B is generated by D and A with a common C*-subalgebra A®.
(2) For every H € U(G, ), the Hilbert space H implements &7,.
(3) There exists a G-action o/ on B extending « such that B = D.

Form € G, let Y (m)p = V'(7);¢(n);. Then Y (m), € B (). Since D is generated
by A% and U__sL:, and A is generated by A% and U __sH., the C*-algebra B
is generated by A and {Y(7)pi}pi. We claim that Y(7),; commutes with A. It

commutes with A% by construction. Since the linear span of U _zA“H, is dense in

A, it suffices to show that Y (),; commutes with ¢(c);. Indeed,
()Y (m)pi = g (V' (7)) (0) 2 (7))
= V'(m)p0(0, m)(0) ()i = V() o (m)ib(0); = Y (7))t (0);,

which shows the claim.
We next claim that the linear span By of {Y (7)4;}rq.15 a *-algebra. Indeed,

Y (m) = (r =/ d(m) Ry () V' (1), = d(m) Ryl (V! (7)) ()
=+/d R; T, T)V'( W)pw(ﬂ')i d(ﬂ')ﬁzvl(ﬂ')pqﬁ(ﬁ)i
= \/dor)E;i > cl(mp), @ a)V'(7);Rato(7)i

q

— Va(r) Z 7,p), (7. 0))V' (7) i (R Rt (7);

\/—Z (m,p), (7, 9)Y (T)gi,
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shows that By is closed under *. For the product, we have

Y(0)gY (m)pi = V(o )*@D(U)'V'( )*w< )i = V'(0)q05 (V' (m),)¥(0) ;0 (7);
= V(o) V'(m),0(0, m)Y(0), ZV’ C(::; ) o) *’l/)(ﬂ')i'l/)((f)j

=33 dwviicts) <aq>*Eaw(w)iwa»wu)zwwn.

wr vk

Since C'(” ))(U o € (G, ards) and Eq(¢(m)iv(0);40(v);) € (du, Grde), the product
C'(’” Ea( (m)ip(0) ;4 (v);) survives only if 4 = v, and

(m,p),(
Y(0)gY (M) = Y d(p)(Ba((m)itp(0) (1)), CET) 0 WV ()30 ()

HsT5S

=" d() (Ba((m)ab(0) 0 (1)3), CL1) L Y ()

M7y S

Therefore the claim is shown.

Let B be the closure of By and let 3 be the restriction of o/ to B. Then B”(r)
is the linear span of {Y ()4}, and in particular we have B® = C, that is, the
action [ is ergodic. Thus B is nuclear. Since A is simple and B is generated by two
mutually commuting C*-subalgebras A and B, we can identify B with A ® B. Thus
Lemma 4.3 implies that D = B*' is simple and there exists a conditional expectation
from D onto A®. By the universality of D, there exists an isomorphism from D onto
D that is the identity on A% Thus Lemma 4.5 is shown. U

5 Fejér type approximation for compact groups

In this section, we assume that G is a second countable compact group, and we
use the notation in Section 2.4. We always use the normalized Haar measure of
G. We equip C(G) with a G-action by the left translation L,(f)(h) = f(g~'h) for
f € C(G). We denote by A the left regular representation of G. For f € C(G), we
denote by M; € B(L?(G)) the multiplication operator by f.

We first establish a G-equivariant CPAP of C(G), which may be interpreted
as a Fejér type approximation. The orthogonality relation shows that we have a
completely orthonormal system {\/d(7)mi;},ca 1< j<aem) Of L?*(G). We denote by

{Ew [d(7) 15,/ d(0) o }W,UE@, 1<4,j<d(r), 1<k,1<d(c)

the corresponding system of matrix units in B(L?(G)). For a finite subset F' C G,
we define a finite rank projection Pr € B(L*(G)) commuting with A, by

Pp = Z Z \/mﬂ'ij,\/mﬂ—ij.

el 1<¢,j<d(m
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Mimicking the construction in the proof of [7, Theorem 2.6.8] for the reduced
group C*-algebra of a discrete group, we define ucp maps pr : C(G) — B(PrL?*(G))
and ¢y : B(PrL*(G)) = C(G) by ¢p(f) = PrM;Pr, and

/ _ 1 _
SOF(EMW,\/@UM) ~ w(F) d(m)d(o)mi; o,

w(F) =Y d(r).
reF
Then pp and ¢’ are G-equivariant in the sense that ¢p o L, = Ad(Pp),) o pr and
Yo Ad(PrA,) = Ly o ¢y hold.
We define a kernel function Kr € C(G) associated with F' by
2

> d(m)xa(g)
Recall that the convolution f * fy of fi, fo € C(G) is defined by

frofle) = [ £ g = [ filgh™) fa)an
e e
Lemma 5.1. For f € C(G), we have
prowr(f)=f* K.

Kr(g) = ﬁ

Proof. We have
er(f) = Z Z (Mg\/d(o)oks, d(ﬁ)mﬂE\/ﬁmpmou

m,0€F i,5,k,l

= Z Z d(w)d(a)/Gf(h)Ukl(h)Wz'j(h)dhE\/ﬁw,\/%akl’

m,0€F i,5,k,l

/ ]‘ I N_ 71\
e o er(N(9) = o5 > > d(m)d(o) /G F(h)ora(h)or(g)m; (R)mi;(g)dh

m,0€F 1,5,k

i ﬁ 2 d(ﬂ)d((j)/af (8o (e (7 g) = /Gf (h)Ep(h™"g)dh,

m,0€F

which shows the statement. O

Popa [44] introduced the notion of amenability for rigid C*-tensor categories in
the context of subfactors. As in the case of discrete groups, he formulated a Fglner
sequence and showed that amenability is equivalent to the existence of a Fglner
sequence. It was observed in [21] that the amenability is a property depending only
on the fusion algebra structure of the category. The following version of the definition
of a Fglner sequence was formulated in [21, Definition 4.5], and it is equivalent to
Popa’s original definition.
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Definition 5.2. A sequence {F),}>, of finite subsets of G is said to be a Fglner
sequence if for every 7 € GG, the following holds:

o)d(p o)d(
lim BPPE UL e D IPIE L i =0,

oeFy, neFs oc€FS peky,
where F¢ is the complement of F,,.

It is well-known that the representation category of G is amenable, and G always
has a Fglner sequence (see, for example, [48, Theorem 4.5], [35, subsection 2.3]).
One easy way to see it is as follows. Since every finitely generated subcategory of
U(G) is equivalent to the representation category of a closed subgroup of SU(n), it
has polynomial growth, and hence has a Fglner sequence (see [21, Example 7.6]).
Therefore the whole category has a Fglner sequence too.

Example 5.3. When G = T, we have T = Z,and F, ={0,1,...,n}, n € N, give a
Fglner sequence. The function K, in this case is

n 2

2 eikt

k=0

-2 (n+1)t
1 sin” =+

n+1 sinzé

1
n+1

KFn (eit> —

)

which is nothing but the Fejér kernel.
Theorem 5.4. Let {F,}>°, be a Folner sequence for G. Then for all f € C(G),
L (I, © 0, () = flle = 0.

Proof. Since the linear span of the matrix coefficients of the irreducible representa-
tions is uniformly dense in C(G), it suffice to show the statement for f = m;; with

7 € G. For a finite set F C CAJ, we have

5 Kelg Zm S d(o)d ﬁMWMWWM

o,uel
d(o
wlF Z 9) Y d(o)d(p) > NYy /7% X (h)dh
k: O'MEF vel

(QZ
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Since N7, = N7, and ) _sd(o)Ny7 , = d(m)d(p), we get

7T7/”/’

WF) 22 " dlm) T W) 2 dm)
L W) o A .,
w<F>;(§@ ISR D =
L do)dp) s
BRRTIP 2P Dt

This shows

I = o ol < 12l 57 52 LDy g s o),

HEF oEFS
U

As an application, we show that every nuclear C*-algebra with a compact group
action has the following equivariant CPAP.

Lemma 5.5. Let B be a unital nuclear C*-algebra with a G-action 3. Then for
any finite subset ' C B and € > 0, there exists n € N, ucp maps ¢ : A — M,,(C),
¢ M, (C) = B, and a unitary representation v of G in M, (C) such that p o B, =
Adu(g) o, ¢ o Adu(g) = B0 ¢, and ||¢' o p(z) — x| < e for allz € F.

Proof. Since B is nuclear and S5 (F') is a compact set, there exists ng and ucp maps
o : B — M, (C) and ¢ : M,,,(C) — B satisfying

l0h 0 wo(By(x)) — By(x)|| < /2, Vg€, VeeF

We define ucp maps ¢ : B — C(G) ® M,,,(C) and ¢ : C(G) ® M,,,(C) — B

by ®(@)(g) — wolBy+(2)) and V(f) — [ By(A(F(9)dg. Then  and ' are
equivariant in the sense that ® o 5, = (L, ®id) o ® and ¢’ o (L, ®id) = f, 0 ¢’ hold.
For x € F', we have

|90 &(x) — x|l = || /Gﬁg(% © o(fg-1(x)))dg — || < e/2.

Now the statement follows from Theorem 5.4. O

6 Proof of Theorem 1.2

We first establish an equivariant version of Kirchberg’s dilation theorem [30], [31,
Proposition 1.7], as an application of Theorem 1.1 and Lemma 5.5.
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Theorem 6.1. Under the assumption of Theorem 1.2, we assume that A is unital.
Let v : A — A be a G-equivariant ucp map. Then for every finite set F C A and
e > 0, there exists V' in A% such that ||v(x) — V*aV| < e for allx € F.

Proof. Since A is nuclear, Lemma 5.5 shows that there exist n € N, a unitary
representation u of G in M,,(C), and G-equivariant ucp maps ¢ : A — M,,(C) and
¢ M, (C) — A satisfying ||¢' o p(x) — v(x)|| < &/2 for all z € F, where M, (C) is
equipped with a G-action given by Ad u,.

Thanks to Remark 2.13, there exist globally a-invariant Hilbert spaces H and
H with orthonormal bases {t;}", and {t,;}", respectively satisfying «a,(1;) =

Zj uji(9)Yj, and ay(;) = Zj uji(g);. We let Fy = Ui,j@iF@;-
Let {&}7, be the standard basis of C* and let {e;;};; be the corresponding
system of matrix units. We define a state w of A by

@)= 3 (e, 6).

1<i,j<n

Then a direct computation shows that w is a-invariant. We have
¢ op(x)=n Z W(Eﬂ@j)@/(ezj)-
i7j

We claim that there exists an isometry v € A® satisfying
lw(z) — v yol| <0, Vy e I,

where § = £/(2n?) for our purpose. Thanks to Theorem 1.1, the action « is quasi-
product, and w can be approximated by a-invariant pure states in the weaks* topol-
ogy (see [6, Theorem 3.1]). Thus there exists an a-invariant pure state wy of A
satisfying |wo(y) —w(y)| < §/2 for all y € Fy. Let L = {y € A; wo(y*y) = 0}. Then
LN L* is a globally a-invariant hereditary C*-subalgebra of A, and there exists an
approximate units {u,}, of L N L* in A* by Lemma 2.9. Let a, = 1 — u,. Then
{an}n is a decreasing sequence in AS of norm 1 such that {||a,(z — wo(z))an||}s
converges to 0 for all x € A because © — wy(z) € kerwy = L + L*. Since A® is
purely infinite, we can see from this that there exist isometries {v,}, in A% such
that {vizv, —wo(z)}, converges to 0 for all x € A. Thus the claim is shown.
Next we claim that there exists an isometry w € A® satisfying

¢'(eyy) = wbjw, 1<4,5<n.

Since ¢’ is completely positive, we have a := (¢'(e;;)) € M(A),, is positive, and a
direct computation shows that it is fixed by a, ® Ad%,. Since b = a'/? is fixed by
ay, ® Ad,, we get

wi= Yty € A

j7k
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Now we have

wrpiprw =Y b = oles;),
k

and the claim is shown.
Let

Vi=vn} i,
j=1
which is an element in A%*. Then for z € F,

' 0 () = VZaV| = |In Y w*di(w(@ad;) — v dadiopiu] < e/2,

and the statement is shown. O

Proof of Theorem 1.2. Let e € A“ be a non-zero projection with [e]o = 0 in Ky(A).
To show that « is isometrically shift-absorbing, it suffices to show that the restriction
of o to eAe has the same property. Thus we may and do assume A% € C,.

We denote by ag°® the automorphism of A% induce by «,. Since the infinite
direct sum of the regular representation is equivalent to @ g 7>, it suffices to
show that there exists a Hilbert space Ky in A* N A" globally a*-invariant and
equivalent to 7 for each m € G (not necessarily with support 1), and there exists a
unital embedding of O into (A*)>* N A’. Indeed, we choose an orthonormal basis
{n(ﬂ)}?g) of K,; for each 7 € G, and isometries { S} (rmyedxn I (A%)> N A" with
mutually orthogonal ranges. Then

{Sran(n)i; 7€ G, 1<i<d(r), neN}

give a desired set of generators of Oy in A N A’

For each H € U(G,«), we apply Theorem 6.1 to py, and obtain an isometry
Vi € (A%)> satistying py(x) = V;2Vy for all z € A. We set Ky = VyH, which
is a Hilbert space in A*°, and the restriction of a® to Ky is equivalent to H. For
x € A, we have

V(H); ViaVud(H): = Y(H); pu(z)v(H)s = ,

and

[z, Vi (H) ][, Vap (1) ]
= Y(H); Vi eV (H)i — ©(H); VeV (H)iw — 2™ (H); VeV (H)i + 2™
=0.
Thus the C*-condition implies K3y C A N A". We let K, = Ky
When H is equivalent to 1 @ 1, we have Ky C (A%)*° N A’. This shows that

there exist two isometries with mutually orthogonal ranges in (A%)* N A’ and there
exists a unital embedding of O, in (A*)>* N A’ O
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7 Quasi-free actions on the Cuntz algebras

Before ending this paper, we discuss quasi-free actions of a compact group G on
the Cuntz algebras O,, and O, as applications of our main results. We follow the
convention in [15] for graph C*-algebras.

Example 7.1. Let p be a faithful unitary representation of a compact group G in
M, (C), and let a be the quasi-free action of G arising from p on O,. It is known
that O, N (0,Y™)" is trivial (see [4, Theorem 3.2], [11, Corollary 3.3]), and hence
« is minimal. Thus if O, is simple, Theorem 1.1 implies that « is quasi-product.
In fact, [11, Theorem 3.1] shows that O,,* is simple if p(G) C SU(n). We can relax
this assumption to the following:

(x) For every 7 € @G, there exists n > 0 such that 7 is contained in p®".

[34, Theorem 7.1] shows that O,“ is isomorphic to a corner of the graph algebra
C*(G,) of the followmg graph G,: the vertex set (]0 is G and the number of edges

from o € G to m € G is dim Homg(m, p ® ). Now [15, Theorem 3, 4] imply that
O,,“ is purely infinite and simple under the condition (), and our main results show
that « is isometrically shift-absorbing. It is very likely that (x) is also necessary for
0, to be purely infinite and simple, but it does not seem to be known yet.

For the Cuntz algebra O, we have the following statement, previously known
only for abelian G (see [29, Proposition 7.4], [32, Theorem 5.1|, [37, Corollary 4.17],
and also [8] for a related result).

Proposition 7.2. Let (p, H) be a faithful unitary representation of a compact group
G on a separable infinite dimensional Hilbert space H, and let o be the corresponding
quasi-free action of G on Oy. Then the following conditions are equivalent:

1) « is isometrically shift-absorbing.

3

(1)
(2) O is purely infinite and simple.
(3) O is simple.

(4)

4) The Condition (x) holds.

Proof. Let
(F(H), F(p) = (P P r™").

By convention H®® = CQ where Q is the vacuum vector. We regard O, as a
concrete C*-algebra acting on the full Fock space F(H) generated by the left creation
operators [(§), & € H. Then the quasi-free action « is the restriction of Ad F(p)
to O4. Since the vacuum state is a-invariant and pure on Oy, if O,* simple, the
action « is quasi-product, and in particular it is is minimal.
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= (2). This is shown in [37, Example 4.5].
= (1). This follows from Theorem 1.2.
= (3). This is trivial.

(3) = (4). Since O, is simple and « is minimal, the crossed product Oy X, G
is simple (see [37, Proposition A]). Thus the defining representation of O, and F(p)
give a faithful representation of O X, G on F(H), and hence F(p) gives rise to a
faithful representation of the group C*-algebra of G, which implies (4).

(4) = (2). We show the implication by identifying O* with a corner of C*(G,)
as in the case of O,. Since the argument in [34] does not work in this case, we
give a more direct argument here. We let K = P, 5 H,, and equip K(K') with the
G-action given by Ad(@D, g m). We first embed C*(G,) into (O @ K(K))C.

For each 7,0 € G, we fix an orthonormal basis {¢} of Homg(H,, H® H,), where
the inner product of e and f is given by (e, f) = f*e € Endg(H,) = Cl,. We
identify {e} with the set of edges from o to 7, and U__ a{e} with the edge set G.
For e, we define S, to be the corresponding element in

S— N

(1
(2
(2

(I(H) © (H, ® Hy))? C (O © K(K)),

where H, ® H} is identified with a subspace of K(K) in a natural way. Then
we have SIS, = 1 ® pr and 5.5 < 1 ® p,, where p, is the projection from K

onto H,. If ey, eq,...,e, € Q; are distinct edges with a common source o, we
have S} Se, = i j1 ® pr(e;), which shows that {55} }i-, are mutually orthogonal

subprojections of 1®p,. Thus {S., 1®@p,} form a Cuntz-Krieger G,-family, and there
exists a surjection from the graph algebra C*(G,) onto the C*-algebra B generated by
{Se}eegs- [15, Theorem 3, 4] show that C*(G,) is purely infinite and simple thanks to
the condition (x), and so is B. Now our task is to show (1@p;)B(1®p;1) = Ox“®p1,
which implies (2).

Let G,(1,m;n) be the set of paths £ in G, of length n satisfying s(§) = 1 and
r(§) = m. Then the linear span of {S¢}¢eg,(1,mn) is dense in (I(H)" ® (H; ® H:))®
by construction, and so the linear span of

{Sesy: € € Gol1,min), 0 € Gy(1,mm), = € G}
is dense in (I(H)™I(H)™" )¢ @ p;. Thus (1@ p1)B(1®p1) = Ox® @ p1. O

The following is a consequence of our main results and [17, Corollary 6.4], and
it is a generalization of [18, Theorem 5.1] in the finite group case.

Corollary 7.3. For a compact group G, any two faithful quasi-free actions of G
on the Cuntz algebras O, satisfying the condition (x) are mutually conjugate. Such
actions are absorbed through tensor product by every faithful minimal action of G
on a Kirchberg algebra whose fized point algebra is a Kirchberg algebra. (Note that
when G is finite or SU(n), the condition (x) is automatically satisfied.)
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