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Abstract

In this paper we consider non-singular Morse-Smale flows on closed
orientable 3-manifolds, under the assumption that among the periodic
orbits of the flow there is only one saddle orbit and it is twisted. It is
found that any manifold admitting such flows is either a lens space, or a
connected sum of a lens space with a projective space, or Seifert mani-
folds with base sphere and three special layers. A complete topological
classification of the described flows is obtained and the number of their
equivalence classes on each admissible manifold is calculated.

1 Introduction and formulation of results

In this paper we consider, NMS-flows f!, i.e., not-singular (without fixed points)
Morse-Smale flows defined on closed connected orientable 3-manifolds M?3. The
non-wandering set of such a flow consists of a finite number of periodic hyper-
bolic orbits. In the neighborhood of a hyperbolic periodic orbit O, the flow
admits a simple description (up to topological equivalence), namely, there ex-
ists its tubular neighborhood V homeomorphic to the solid torus V = D? x S!,
in which the flow is topologically equivalent to the suspension over some linear
diffeomorphism of the plane given by a matrix with positive determinant and
real eigenvalues modulo different from unity (see e.g. [6]). If both eigenvalues
are modulo greater than (less than) one, then the corresponding periodic orbit
is repelling (attracting), otherwise it is saddle. A saddle orbit is called twisted if
both eigenvalues are negative and s non-twisted otherwise.

The dynamics of NMS-flows has been studied in a number of papers: M.
Wada [16] showed that the link consisting of periodic orbits of the NMS-flow on
the sphere is obtained from the Hopf link by applying a finite number of certain
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operations (Wada operations); J. Franks [2] described the flows on the three-
dimensional sphere using the Lyapunov graph; It is known from the work of
Azimov [I] that the ambient manifold in this case is a union of circular handles.
However, in the case of a small number of periodic orbits, the topology of the
manifold can be substantially refined. For example, NMS-flows with exactly
two periodic orbits, attracting and repelling (such a pair of periodic orbits must
be contained by any NMS-flow), admit only lens spaces. Moreover, in [9] it
is proved that every lens space admits exactly two equivalence classes of such
flows, except for the 3-sphere S* and the projective space RP3, on which the
equivalence class is one. In the case of a larger number of orbits, the topology
of the ambient manifold is considerably richer: in the paper [13] we construct
NMS-flows with three periodic orbits on small Seifert manifolds. The topology
of compact orientable 3-manifolds admitting NMS-flows was studied in more
detail by Morgan in [§].

In the present paper we obtain an exhaustive classification for the set
G7 (M?3) of NMS flows f': M® — M? with a single saddle orbit, under the
assumption that it is twisted. Note that such information cannot be obtained
from the general classification of Morse-Smale flows on 3-manifolds obtained in
the works of Umansky [I5] and Prishlyak [10].

Since the ambient manifold of the flow f! € Gy (M?) is the union of stable
(unstable) manifolds of all its periodic orbits [14], the flow must have at least one
attracting and at least one repelling orbit. In the present paper the following
fact is established.

Lemma 1. The non-wandering set of any flow f' € Gy (M?3) consists of exactly
three periodic orbits S, A, R, saddle, attracting and repelling, respectively.

Due to the equivalence of the flow f* in the neighborhood of a periodic orbit
to a suspension over a linear diffeomorphism, the unstable and stable manifolds
of these orbits have the following topology:

o W¥ W5 = RxS! (open Mobius band);
o W= Wi 2R xS
o Wi =Ws St

A consequence of the topology of invariant manifolds of periodic orbits and the
Lemma [1]is the following representation of the M3 ambient manifold.

Lemma 2. The ambient manifold M3 of any flow ft € G| (M?) is represented
as a union of three solid tori
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with non-intersecting interior, which are tubular meighborhoods of the orbits
A, S, R, respectively, with the following properties:

o torus Ts = OVg is the union of compact tubular neighborhoods K 4, Kr of
nodes ya = Wg NTs, yr = W5 NTs, respectively, such that K4 N Kgr =
OKANOKp (see Fig. [1);



o torus T4 = OV is the union of the annulus K 4 and the compact surface
K =Ty \ int K4,

o torus Tr = OVR is the union of the annulus Kr and the compact surface
K=1Tg \ int Kg.
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Figure 1: Knot v4

For O € {A, S, R} we choose parallel Lo on the torus T (a curve homologous
in Vp to the orbit of O) and meridian Mo (a curve, homotopic to zero on Vo
and essential on Tp) such that the ordered pair of curves Lo, Mo defines the
outer side of the solid torus Vp.

Let s be the connected component of the set 0K oriented coherently with
the saddle orbit S. By virtue of the equivalence of the flow f*|y, to the suspen-
sion, the meridian Mg can be chosen such that g intersects the meridian Mg
at exactly two points. Then the generators Lg, Mg can be chosen so that with
respect to them the node g has homotopic type

(vs) = (ls,ms) = (2,1).

We orient the nodes yg, 74 consistent with the node ~yg. Let us write down
the homotopy type of the node v with respect to the Lg, Mg

(vr) = (Ir, mR)

and the homotopy type of the node v, with respect to the L4, M4
(ya) = (la,ma).

Since Tr \ Yr = T4 \ va, then

(lRamR) = (070) — (lAva) = (an)



If (Ir,mg) = (0,0), then let us write the homotopy type of the meridian M C
K with respect to the formers L4, M4

(MRg) = (pa,qa)-

If (Ir,mg) # (0,0), then choose a node og C Tg such that
{os) = (L, 1)

. and og intersects with each component of the 0K connectivity at exactly one
point (this can be done since the intersection index of the nodes vyg and og is
1).

Let us choose nodes o C Tg, 04 C T coinciding with each other on the
ring K and such that g = (6g Uoa) NTs. Let us write their homotopy types
with respect to generators

(or) = (bR, CR), (0a) = (ba,ca).
Definition 1. By the flow f* € Gy (M3), we define set
Cpe = (l1, by, g, b2)
as follows:
o (l1, b1, la, b2) = (Ir, br, la, ba) if (Ir, mr) # (0, 0);

o (I, s, b1, b2) = (0, 2, pa, qa) if (Ir, mgr) = (0, 0) and the 2-disk bounded
by knot ygr remains on the left when moving along the knot;

o (Iy, by, I, ba) = (0, =2, —pa, —qa) if (Ir, mg) = (0, 0) and the 2-disk
bounded by the knot yg remains on the right when moving along the knot.

Note that the set C}: of the flow f! € Gy (M?) is admissible in the sense of
the following definition.

Definition 2. The set of integers C = (l1,b1,12,b2) is called admissible if
e (I1,01) = (0,£2) or ged(ly,b1) = 1;
e ged(ly, be) = 1.

Definition 3. We call the admissible sets C = (I1,b1,12,b2), C' = (I1,b],15,05)
consistent (C ~ C”) if:

o =1, i=1,2,
and exists § € {—1, 1} such that
o b; =0b; (mod I;);
o Lyly(2la(by — 8b)) + 21y (by — 8bY) + L1lo(1 — ) = 0.



In the present work, the following classification result is established.

Theorem 1. The flows ft, f'* € G5 (M3) are topologically equivalent if and
only if Cye ~ Cyn. Moreover, for any admissible set C there ewists a flow
ft e G5 (M?3) such that C ~ Cj:.

We also managed to construct a correspondence between invariants and am-
bient manifolds of flows of the considered class.

Theorem 2. Flows of class G7 (M?) admit all lens spaces L, ,, all con-
nected sums of the form an#RP?’ and all Seifert manifolds of the form
M(S?, (an, B1), (a2, B2), (2,1)). More precisely, let the flow f' € G7 (M?3) have
the invariant Cpe = (I1,b1,12,b2). Then

1) If (Jli]) = 1)(Jlz| = 1) = 0, then M3 = L, ,, thus:

i) if lilo =0, then
M3 ~RP3;

Z’L) Zf Cft = (:l:]., bl, 12, 62)7 ZQ # 0, then
M? 2 Ly, op, b,

ZZZ) Zf Cft = (ll, bl, :tl, b2)7 ll # 0, then
M? 2 Ly, o, b,

2) If lils = 0 and (|l1] — 1)(|l| — 1) # 0, then M?® = L, ,#R P>, thus:

Z) Zf Cft = (O, bl, lQ, bg), then
M3 = Ly, 4, #RP?;

i) if Cpe = (I1, by, 0, £1), 11 #0, then M?> = L;, , #RP?.

3 If Cpe = (L, bi,lo, o), |l > 1, [lo] > 1, then M> =
M (S, (1, b1), (I2, b2), (2, 1)).

Due to the fact that the topological equivalence class and the topology of a
manifold are defined using the same invariant, it becomes possible to compute
the number of topological equivalence classes on each admissible manifold. For
this purpose, for any pair p, g of coprime integers, let p = |p| and denote by ¢
— the smallest non-negative of the numbers ¢’ satisfying the condition q = +¢’
(mod p), and by ¢ — the smallest non-negative of the numbers ¢’ satisfying the
condition q¢’ = +1 (mod p).

Theorem 3. The set Gy (Lpq), |pll # 2 decomposes into a count-
able number of equivalence classes, whereas the sets GI(RPB),
GT (L #RP?), GT(M(S?, (au1,B1), (az,B2), (2,1))) consist of a finite
number of classes. Namely,

1) equivalence classes of the set Gy (Lp,q) depending on p,q are represented
by flows with the following invariants:



a) |p| >2,¢*# +1 (mod p), n,k € Z
(£1,n,p+2(q + kp),q + kp) , (£1,n, —p + 2(q + kp),q + kp) ,
(£1,n,p+2(=q + kp), —q + kp) , (£1,n, —p + 2(—q + kp), —q + kp) ,
(£1,n,p+2(q + kp), G + kp) , (£1,n, —p + 2(q + kp),q + kD) ,
(£1,n,p +2(=q + kp), =G + kp) (£1,n, —p + 2(—G + kp), =G + kp) ,
(p+2(q+kp),q+kp,£1,n), (=p+2(q + kp), ¢ + kp,£1,n, ),
(P +2(=q+ kp), —q + kp,£1,n) , (=p + 2(—q + kp), —q + kp, £1,n)
(P+2(q+kp),q + kp,£1,n), (—p + 2(¢ + kp), ¢ + kp, £1,n),
(P+2(=q+kp), =4+ kp, £1,n) (=p + 2(—=q + kp), =G + kp, £1,n,);
b) |p| > 2, ¢> ==+1 (mod p), n,k €Z
(£1,n,5 + 2(G+ kp), G+ kp) , (£1,n, —p + 2(G + kp), G+ kp) ,
(£1,n,p+2(=q+ kp), —q + kp) , (£1,n, —p + 2(—=q + kp), —q + kp) ,
(p+2(q+kp),qg+ kp,£1,n),(—p+ 2(q + kp),q + kp, +1,n,),
(P +2(—=q+ kp), —q + kp,£1,n) , (=P + 2(—q + kp), —q + kp, £1,n) ;
¢) p=0,neZ
(£1,m,2,1),(£1,n,—-2,—-1),(2,1,+1,n),(-2,—1,+1,n);
d) lpl=1LnkeZ
(£1,n, 1+ 2k, k), (1 + 2k, k,£1,n);
e) [p| =2
(£1,0,0,1),(0,1,+1,0),(0,2,%+1,0);

2) equivalence classes of the set G (Lp o#R P?) depending on p, q are repre-
sented by flows with the following invariants:

a) |p| > 2, ¢*# +1 (mod p)

(0,2,p,£q),(0,-2,p, £q), (0, =2,p,£q) , (0, =2, —p, £q)
(0,2,p,£9), (0,2, -p, £q), (0, =2,p,£q) , (0, =2, —p, £q)
(0,1,p,£4),(0,1,-p, £q), (0, —1,p,%£q) , (0, -1, —p, £q)
(0,1,p,£q), (0,1, -p, £q), (0, =1, p,%£q) , (0, =1, —p, £q) ,
(p,%+4¢,0,1), (=p,£4,0,1), (p, £4,0, -1), (=p, £¢,0, 1),
(p,%£4¢,0,1), (=p,£4,0,1), (, £4,0,-1), (=p, £¢,0, —1);

b) |p| > 2, ¢* =1 (mod p)

(0 2 pu iq) (07 27 _ﬁa iq) ’ (07 _27]§u iQ) ’ (07 _27 _}57 iQ) )
(07 17pa iq) ’ (07 ]-7 7133 :t(j) ’ (07 717133 :t(j) ’ (07 717 713’ iLj) )
( :l:Q7 O 1) ) (_pv :l:qv 07 1) ) (ﬁy iq, 07 _1) ’ (_p7 :l:qv 07 _1) ;



¢)p=0

(0,2,0,+1),(0,1,0,£1);

d) |p| =2

(0,2,2,+1),(0,2,-2,£1),(0,1,2,£1),(0,1, -2, 1),
(25 :t17 07 1) ) (_27 :l:la 07 1) 5

3) equivalence classes of the set Gy (M(S?, (a1, B1), (a2, B2), (2,1))) depend-
ing on aq, B1, as, Ba are represented by flows with the following invariants:

a) ar =ay =a, By =P2=f
(a7ﬂ7a?6)'
b) lar — az| +[B1 — B2| >0

(041,51,042752) ) (042,52,011,51).

Note that on the three-dimensional sphere S3, the list of flows representing
equivalence classes of the set G| (S?) listed in Theorem is exactly the same as
that obtained in Bin Yu’s paper (see Proposition 7.4 in [I7]).
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2 Topology of 3-manifolds

2.1 Lens spaces

Futhere, we will assume that the constituents of the homotopy types of knots
on the boundary 8V of the standard fullness V = D? x S! are the meridian M =
(0D?) x S' with homotopy type (0,1) and the parallel L = {z} x S!, 2 € oD?
with homotopy type (1, 0).

A three-dimensional manifold L, , = V71U; V> resulting from gluing two copies
of a solid torus Vi =V is called a lens space, Vo = V by some homeomorphism
j: OV4 — OV, such that 4,.((0,1)) = (p,q).

Statement 1 ([5]). Two lens spaces Ly, 4, Ly o are homeomorphic if and only
if Ipl = '], ¢ = %4 (mod p) or q¢ = £1 (mod p). In this case,

L(]71 = 82 X Sl, Ll,O = 837 L2?1 = RP?’



2.2 Dehn surgery along the knots and links
Let

(a) a closed 3-manifold M;
(b) knot v C M;

(c) tubular neighborhood U, of node +, which is a solid torus with standard
generators on OU, — meridian M., and parallel L.;

(d) homeomorphism h: 0V — 90U, which induces an isomorphism in the
given generators such that h,((0,1)) = (5, ).

Manifold
M, = (M\int U,) Uy .V

is called the manifold obtained from the manifold M by Dehn surgery along the
knot v with equipment 3, .

Let us denote by p,: (M \ int U,) UV — M, the natural projection. Let us
put 7 = p, ({0} xSY), Us = py(V), h = p,h~": dU,, — AU5. Then the manifold
M is recovered from M, by the following inverse surgery.

Statement 2 ([I1]). Lety C M be a node with 3, and ¥ be a node with —f3, &,
where o€ =1 (mod B). Then

M= (M'v)’?'

The Dehn surgery naturally generalizes to the case when v = v L. - Uy, C M
— disjunctive union (link) of equipped knots. The resulting manifold M., in this
case is called the manifold obtained from the manifold M? by Dehn surgery along
the equipped link ~. A link v =, U---U~, C M is called is trivial if the knots
Y1, - .-, bound the pairwise non-overlapping 2-discs d1,...,d, C M.

Statement 3 ([I1]). . Lety =y U---Uy,. C M be a trivial link with equipment
Bi,1;.. .5 Bry . Then

M, = M#Lo, g #-.-La, g,-

2.3 Seifert fiber spaces

A solid torus V partitioned into fibers of the form {z} x S! is called a trivially
fibered solid torus. Consider the solid torus V = D? x S! as a solid cylinder
D? x [0, 1] with bases glued together by virtue of rotation by an angle 27v/a for
coprime integers o, v, « > 1. The partitioning of a solid cylinder into segments
of the form {z} x [0,1] determines the partitioning of this solid cylinder into
circles called fibers. The segment {0} x [0, 1] generates a fiber called special, all
other are (non-special) fibers of the solid torus are wrapped « times around the
special layer and v times around the meridian of the solid torus. The number «



is called the multiplicity of the singular fiber. A solid torus with such a partition
into fibers is called a nontrivially fibered solid torus with orbital invariants (o, v).

An Seifert fiber space — is a compact, orientable 3-manifold M, partitioned
into non-intersecting simple closed curves (fibers) such that each fiber has an
tubular neighborhood entirely composed of fibers, layer-by-layer homeomorphic
to the fibered solid torus. Such a partitioning is called Seifert fibration. Fibers
that under some such homeomorphism pass to the center of a nontrivially fibered
solid torus are called special.

The Base of a Seifert fiber space M is a compact surface ¥ = M/, where
~ is an equivalence relation such that x ~ y if and only if z and y belong to the
same layer.

The base of any Seyfert fiber space is a compact surface which is closed if and
only if the manifold M is closed; in particular, the base of any fibered solid torus
is a disk (see, e.g., [7]). Thus, any Seifert fibration M with a given base ¥ and
orbital invariants (aq,v1),..., (@, ), r € N). is obtained from the manifold

I
¥ x S! by Dehn surgery along the link v = | | 4, where v; = {s;} x S!, s; € X
i=1
— a knot with equipment 5;, a;, v;8; = 1 (mod «;). Therefore, the generally
accepted notation of such a Seifert fibration is as follows

M(Ea (041’/81)7 e (ara/Br))'

Thus, the orientation on the fibers of the Seifert fibration is uniquely deter-
mined by the orientation of the circle S* in the manifold ¥ x S!.

Two Seifert fibrations M, M’ are called isomorphic if there exists a home-
omorphism h: M — M’ which maps the fibers of one fibration into the fibers
of the other with preserving the orientation of the fibers. The homeomorphism
h in this case is called isomorphism of Seifert fibrations. It is not difficult to
see that the fibrations on solid tori with orbital invariants (o, v) and o', are
isomorphic if and only if, when o = o and v = 0¥/ (mod «) (6 = £1), and
if § = +1, then the isomorphism preserves the orientation of the solid torus,
otherwise it changes.

The following statement, which gives a criterion for isomorphism of two
Seifert stratifications by their invariants, was proposed by Herbert Seifert in [12].
An exposition of this statement, in notations closer to those given in this section,
but only for orientation-preserving isomorphisms, can be found in the notes by
Allen Hatcher [5] and the textbook by Sergey Matveev and Anatoly Fomenko [7].

Statement 4. The Seifert fibration M(3,(aq,B1),-.., (., Br)) and
M(¥,(ah,B1), ..., (., BL)) are isomorphic if and only if r = r' and
the following conditions are satisfied for 6 = =1 and the permutation
o {1,2,...,r} = {1,2,...,1}:

e X is homeomorphic to X';

o o = a;(i); Bi = 5[3;(1.) (mod o) forie {1,...,r};

o if the surface of ¥ is closed, then 2— =4
4

(2



Thus, if § = +1, the isomorphism is orientation-preserving, and if 6 = —1, the
isomorphism is orientation-reversing.

Note that some manifolds admit non-isomorphic Seifert fibrations. All such
manifolds are well known (see, for example [5]) and, as can be seen from the
following statement, such manifolds include, for example, lens spaces.

Statement 5 ([3]). 3-manifolds admits a Seifert fibrations with a base homeo-
morphic to sphere and at most two special fibers if and only if it is homeomorphic
to a lens space. Thus, the list of all Seifert fibrations on lens spaces is as follows:

o only the manifold S?> x S admits fibrations without special fibers;
b M(SQ’ (Oé,ﬁ)) = L,@,a;

o M(S?, (a1, /1), (a2, 82)) & Ly q, where p = fras + o182, ¢ = fiva + a1 e
and (1252 — 1/252 =1.

The following statement, on the contrary, allows us to infer the non-
homeomorphism of ambient manifolds from the non-isomorphism of Seifert
stratifications.

Statement 6 ([5], Theorem 2.3). If two Seifert fibrations with three special
fibers and a base sphere are not isomorphic, then the manifolds on which they
are defined are not homeomorphic.

3 Dynamics of flows of class G| (M?)

In this section we prove the lemmas given in the introduction.

Let us start with the lemma the non-wandering set of any flow f* €
G (M?3) consists of exactly three periodic orbits S, A, R, saddle, attracting and
repelling, respectively.

Proof. The basis of the proof is the following representation of the ambient
manifold M3 of the NMS-flow f! with a set of periodic orbits Per: (see, e.g.,

[14])

M= we= UJ we, (1)
(’)EPerft OGPerft

as well as the asymptotic behavior of invariant manifolds

U W,

O€Per i : WENWE#o

A(Ws) \ Wo

A(W5) \ W = U W,
@GPerft: ngwg;érz

In particular, it follows from the above relations that any NMS-flow has at least
one attracting orbit and at least one repelling orbit. Moreover, if the NMS-flow

10



has a saddle periodic orbit, then the basin of any attracting orbit has a non-
empty intersection with the unstable manifold of at least one saddle orbit (see
Proposition 2.1.3 [4]) and the same situation with the basin of the repelling
orbit.

Let now f! € Gy (M?3) and S be its only saddle orbit. It follows from
the relation that W§ \ S intersects only with basins of attracting orbits.
Since the set W¥ \ S is connected and the basins of attracting orbits are open,
W¢ intersects exactly one such basin. Let us denote by A the corresponding
attracting orbit. Since the saddle orbit is unique, the attracting orbit is unique.
Similar reasoning for W§ leads to the existence of a single repelling orbit R. O

3.1 Canonical neighborhoods of periodic orbits

The flows admit a simple description (up to topological equivalence) in the
neighborhood of a hyperbolic periodic orbit, namely, they are suspensions over
linear diffeomorphisms of the plane.

Let us recall the definition of suspension. Let ¢: R? — R? be a diffeomor-
phism. Let us define the diffeomorphism ®: R? — R3 by the formula

O(w1, 22, 73) = (H(71,22), 23 — 1).

Then the group {®"} = Z acts freely and discontinuously on R®, by virtue
of which the orbit space Ily = R3/® is a smooth 3-manifold, and the natural
projection vg: R3 — I, is a covering. In this case, the flow £°: R3 — R3 given
by the formula
a1, w2, w3) = (w1, 29,23 + 1),
induces a flow [¢]* = vs&tv, " : Ty — Ty, called suspension.
We define the diffeomorphisms a1, as,ao: R? = R? by the formulas
ag1 (w1, 12) = (£221, £12/2), ag(21,72) = (221,212), ag = a5 '
Suppose
Vo = {(xl,l‘g,xg) S R3| 4131‘% + 41333% < 1},

Vi = {(xl,l‘g,l‘g,) €R3| 4_z31‘%—|—4z3 },

Vo = {(.’171,.%‘2,333) €R3| 4_3633?%-‘,-4_3:3 },
For i € {0, —1,+1,2}, let

r3 <1
r3 <1

T; = 0Vi, Vi = v,,(V;), Ty = 0V;, O = vg, (Oxs).

The following fact asserts canonical neighborhoods at hyperbolic periodic
orbits.

Statement 7 ([6]). For any hyperbolic periodic orbit O of a flow ft: M> — M3
defined on a closed orientable manifold M3, there exists a tubular neighborhood
Vo of the orbit O and a number ip € {0,—1,+1,2} such that the flow ft|vO is

topologically equivalent, via some homeomorphism Ho, to the flow [aio]twio.

11



Let us call the neighborhood Voo = Ho(V;,) canonical neighborhood of the
periodic orbit of O.

On the torus T; we choose longitude I; (a curve homologous in V; to the
orbit of @;) and meridian M; (a curve, homotopic to zero on V; and essential
on T;) such that the ordered pair of curves L;, M; defines the outer side of the
solid torus V;.

In the proof of topological equivalence we will use the following fact, which
follows from the proof of Theorem 4 and Lemma 4 in [9], and can also be found
in [I5] (Theorem 1.1).

Statement 8. The homeomorphism h: T; — T; for i € {0,2} continues up to
the homeomorphism H: V; — V;, realizing the equivalence of the flow [a;]* with

itself, if and only if the induced isomorphism is of the form he = <(1) ](;)7
where 6 € {—1,1}, k € Z.

The boundary of the canonical neighborhood of a saddle orbit, in contrast
to an attracting or repulsing orbit, contains curves tangent to the suspension
trajectories. Precisely, we denote by Oy, ., the flow trajectory &' intersecting
the plane Ozjz9 at a point with coordinates (z1,x2,0). It is directly verified
that the trajectory O, ,, intersects the surface T4 if and only if |z122] < %
and (z1,2z2) # (0,0). The trajectories touch the surface at one point if |x;25| =
%, transversally intersect the surface at one point if z1x5 = 0, and otherwise
transversally intersect the surface at two points

Opyzo NTa1 = {(x1, 22, 23), (21, 22, 75) }, 23 < 5.

Let I' = {(x1,22,23) € T4y : |x122] = %}7 I''' = Oz1z3 N T4 and I' =
Oxox3 NTyq. The sets T'", I'® consist of two curves by construction, the set I'
consist of four curves deviding T+ into four connected components. The closure
T" of two of these components contains I'*, the closure T of two other contains
I'* (see. Pic. . We assume that I'* and I'® are oriented in ascending order of
coordinate x3. For i €€ {—1,1}, let us put

Tzs = Va; (Ts)a T? = Va; (Tu)7 ;= Va; (F)v Ff = Va; (Fs)a F? = Va; (Fu)

3.2 Trajectory mappings

In this section we prove the lemma the ambient manifold M? of any flow
ft € Gy (M?) is represented as the union of three solid tori

M?=V,UVsUVg

with non-intersecting interior, which are tubular neighborhoods of the orbits
A, S| R, respectively, with the following properties:

! Throughout the paper, we assume that the string (I,m) is multiplied by the matrix on
the left and the first element of the basis is the parallel of the torus.
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Figure 2: Cylinder T4

e the torus T's = dVs is the union of closed tubular neighborhoods K4, Kr
of knots v4 = W{NTs, yr = WENTs, respectively, such that KANKgr =
8KA N aKR;

e the torus T4 = 9V, is the union of the annulus K4 and the compact
surface K = T4 \ int K4,

e the torus Ty = 9Vg is the union of the ring Kr and the surface K =
Tr \ int Kg.

Proof. Without reducing generality we will assume that the neighborhoods
Va = Ha(Vy), Vo = Hs(V_1), Vr = Hx(V3) of orbits A, S, R pairwise dis-
joint.
Note, that knots
ya=WgNnTs=Hs(I'y), yr=W5NTs = Hs(I',)
have tubular neighbourhoods
Ka=Hs(T",), Kp = Hs(T%;)
respectively, which are homeomorphic to annuli with a common boundary

I's = Hg(T_y).

Next, we “blow up” the solid tori V4 and Vg along the trajectories so that they
become “adjacent” to each other and to Vg. For this purpose we introduce the
following notations:

13



e let T4 =0V4, Tr=0Vg,

Kg = U '@ |nTe, Ki=Tr\Kf,
t>0, wecl(KR)

KY = U  Ffw) | nTa Ki=Ta\KY;
t>0,wecl(Ka)

e define continuous function 7,: T — RT such that f7=("(r) € Kp for
r € Kg and the set K = |J f=()(r) disjoint with torus 7, let
recl(K)
Tr = K U K and define homeomorphism v, : Tr — Tx by the formula
¥, (r) = fr)(r). Also, let Vi denote the connected component of M3 \
Tr which contains R;

e define continuous function 7,: 74 — R such that f~74(?(a) € K4 for
a € K and f_TA(a)(a) ceKforaeKi,let Ty =KUKg Ya:Ta—Ta
and define homeomorphism ¢, (a) = f~74(®)(a). Also, let V4 denote the
connected component of M3\ T4 which contains A;

e define continuous function 7ra: Kg \ 7z — R such that f7r4(®)(w) €
K4\ va, define homeomorphism t: Tr \ vy — Ta \ 74 by the formula

_Jrmaw), we (Kr\vr)
vlw) = {’w, w € (Tr \ Kg).

Thus, the constructed solid tori Va, Vg, Vi satisfy the conditions of the
lemma. O

4 Topological classification of flows f' € G| (M?)

Let us prove the first statement of Theorem flows f!, f'* € Gy (M?3) are
topologically equivalent if and only if their sets Cp+ = (I1,b1,1l2,b2), Cpr =
(11,b4,15,b5) are consistent, that is:

[ ] ll:l/

79

i=1,2,
and exists § € {—1, 1} such that

e b, = 0b, (mod [;);

o 1112(2l(by — &b}) + 211 (b — dbh) + 1112(1 — 0)) = 0.

Proof. Recall that for a periodic orbit O € {4, S, R} of the flow f! € G (M?)
we denote by Vi its canonical neighborhood with boundary Tx. In this case,
the ambient manifold M3 of the flow f? is represented as a union of three solid
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tori M3 = V4 U Vg U Vg with non-intersecting interior, torus T is the union of
compact tubular neighborhoods of K 4, K knots y4 = W¢NTg, yr = WENTs,
K =Tgr\int K4 = T4 \ int K4 and the knot g is the connected component of
the boundary of the ring K.

On the torus Tip, O € {S, R, A} we have chosen the longitude Lo (a curve
homologous in Vo to the orbit of O) and the meridian Mo (a curve, homotopic
to zero on Vo and essential on Tp) such that the ordered pair of curves Lo, Mo
defines the outer side of the solid torus of Vi». The node ¢ is oriented coherently
with the saddle orbit S and has homotopy type (yo) = (lo, me) with respect
to the generators Lo, Mo.

If (Ig, mgr) = (0,0), then we have written the homotopy type of the meridian
Mpr C K with respect to the generators L, Ma

(MRg) = (pa,qa)-

If (ir, mg) # (0,0), then any knot oo C Te having homotopy type (cp) =
(bo, co) and the intersection index 1 with knot v» has the following property

loCO — m@bo =1. (2)

Let 25! (25') denote set of all knots on Tp, having intersection index +1 (-1)
with the knot y». Then

oo € Egl — (6p) = (£bo + nolo,Ltco + nome), no € Z. (3)

It is easily verified that the intersection index of nodes oo, 6o is —ne. Then,
if 65 = (5RU5A)QT5, then

na +ng+ng =0. (4)

Also recall that the generators Lg, Mg are chosen such that with respect to
them the knot g has homotopy type

<IYS> = <stmS> = <27 ]-> (5)
If (Ig,mg) # (0,0) let the knot og C Ts be chosen such that
(o5) = (bs,cs) = (1, 1) (6)

and og intersects with each connected component of the 0K at exactly one
point (this can be done since the intersection index of the nodes yg and og is
1). Let the knots or C Tgr, 04 C Ta be chosen such that

JS:(URUUA)ﬂTs. (7)
By definition Cy+ = (1, b1, 12, b2), where

L4 (ll7 bl7 127 b2) = (lR7 bRa lAa bA)7 if (ZR7 mR) 7é (03 0)5
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o (I3, b1, la, ba) = (0, 2, pa, qa), if (Ir, mg) = (0, 0) and 2-ball, bounded
by the knot i remains to the left when traveling along the knot;

hd (l17 b17 127 b2) = (07 _27 —pAa, _QA)7 if (lRa mR) = (O? 0) and 2_ba‘115
bounded by the knot v remains to the right when traveling along the
knot.

Similar equalities with primes hold for the flow f't.

Let us prove separately the necessity and sufficiency of the conditions of the
theorem(Il

Necessity. Let the flows ft and f’* with periodic orbits A, R, S and A", R', S’
be topologically equivalent via the homeomorphism h: M3 — M?3. For O €
{4, S, R}, without reducing generality, let Vo = h(Vo). Let ho = h|T@ :To —
Tor.

Since ho is a restriction of a homeomorphism of a solid torus, the action
of the homeomorphism he in the fundamental group m (T) in the generators
Lo, Mo is given by a matrix:

1 k
how — (0 52) ko €7, b0 € {—1,+1}. (8)

Thus, since the tori T4, Ts, Tr are pairwise intersecting two-dimensional man-
ifolds, all numbers d4,dg,dr have the same sign, let

04 =05 =0gp=0r=20.

From the properties of the conjugating homeomorphism it follows that
ho(vo) = vor, O € {S, A, R}, whence we obtain that

lo =lo (9)

and
(ZR7mR) = (0,0) < (ZR/,mR/) = (0,0) (10)

Let us prove that the consistency conditions of the sets Cy:, C'y»« holds sepa-
rately for two cases: 1) (Ig,mg) = (0,0), IT) (Ig,mgr) # (0,0).

In case I), it follows from the definition of the sets Cyt, Cpe that [} = Iy =
0, |b2| = |by| = 2. Since the homeomorphism hp maps the 2-disc bounded by
the node g into the 2-disc bounded by the knot g with direction of knots
preserved, then by = 6b).

It follows from the equations (8) that hgr.((0,1)) = (0,6). Thus,
has({Da,qa)) = (dpas,0qas). Since (lz,b2) = (£pa,£qa), we have (I5, b)) =
(6(£par),6(£q¢,)) which implies ha.({l2,b2)) = (I5,05). Also, it follows from the
equations that ha«({l2,b2)) = (l2,0bs + kala), whence lo = I and by = 00
(mod I5).

In case II), the equality @ is equivalent to the equality I; =1}, i = 1,2. Let
dor = ho(op) and denote by

(6o) = (bor, éor)
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. the homotopy type of the knot ¢, with respect to the generators Lo:, Moy .
Then it follows from the formula that

Bo/ =bo (11)

Since the determinant of the matrix ho. equals 0 and ho(yo) = 7Yor, then
gor € E‘z,),. Then from the formula we obtain that

Eo/ = 0bor +nolor, éo = dcor + normor. (12)
Whence, taking into account the equalities @D and , we obtain that
bo = dbor + norlo, (13)

SO
bo = dbor (mod lo). (14)

By construction 6g = (6g Uda) NTs, which, given the equality 7 entails
equality
na +ng +ng =0. (15)
If islg # 0, then by expressing nes from the equality and substituting into
the equality , given that g = 2, bg = bg: = 1, we arrive at

QZR(bA — 5(),4/) + ZZA(bR — 5bR/) + lAlR(l — 5) =0,
which is equivalent to
lalr(2lg(ba — 6bar) +2la(br — dbr/) + lalr(1 = 9))) =0,

which is holds when l4lr = 0.

Sufficiency. Let the sets Cpt = (I1,b1,12,b2), Cpr = (11, 7,15,05) of flows
ft, f'* are consistent via the parameter § € {—1,1}. We define the homeomor-
phism Qs: V_; — V_; by the formula

Qs = vale(;v,;ll, where Qs(21, 20, 73) = (621,72, 23): Vo1 — V_1.

We check directly that the constructed homeomorphism @5 realizes the
equivalence of the flow [a_;]? with itself. Let

hg = HS/Q(ngl : Ve — V.
We show that the homeomorphism hg|k, can be extended to a homeo-

0 9
k4 € Z and the homeomorphism hg|k,, can be extended to the homeomorphism
1 kg
0 4
that ha|xk = hr|x. Then, by virtue of Proposition |8, the homeomorphisms
ha, hr can be extended to homeomorphisms hya: V4 — Var, hg: Vg — Vg

. . . . . 1 k
morphism hy: T4 — T4 inducing an isomorphism h 4, = A) for some

hr : Tr — Tg inducing isomorphism hr., = for some kr € Z such
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realizing the equivalence of the flows ft|VA ¢ ], and ft’VR with [, |
Al R/

respectively, and the desired homeomorphism h: M3 — M?3 realizing the equiv-
alence of f*, f'* flows coincides with hp on Vo for O € {S, A, R}.
Let’s consider the cases separately: 1) (I1,b1) = (0,+2), IT) (I1,b1) # (0, £2).
In case I), it follows from the consistency condition of the sets C'yt, Cye that
by = b}, lo =15 and b, = §ba+k als for some ky € Z. Since the annuli K4, K4/
are contractible on tori T4, T4+, the homeomorphism hg|x, can be extended to
the homeomorphism h4: T4 — T4/ inducing an isomorphism

(1 ka
o= (1 %)

Let us define the homeomorphism hg: Tr — Tg by the formula

) hs(z), ze€Kpg
hR(m){hA(x), reK

Since has((l2,b2)) = (I, b5), then hp.({0,1)) = (0, ) so

(1 kg
fre = (o 5 )
for some kg € Z.

In case II), it follows from the consistency condition of the sets Cjyt, Cyn
that I} = ;, b, = §b; (mod I;), i = 1,2. So,

ZR/ ZZR, blREtsbR (mod lR); lA/ :lA, b;‘E(SbA (mod lA) (16)

Next, we consider separately cases ITa) [4lg = 0, IIb) l4lg # 0.

In case ITa) we assume without loss of generality that (g = 0 (in case 4 =0
the reasoning is similar). It follows from and that ma = dma+kala for
some k4 € Z. Then the homeomorphism hg|k, continues to a homeomorphism
ha: Tas — Ta inducing an isomorphism

(1 ka
o=y %)

Let us define the homeomorphism hr: Tr — Tgs by the formula

) hs(x), z€Kg
hR(z)_{hA(m), reK

Since g = 0, then mp = £1, mp = 0 and hence hr.((0,£1)) = (0,£J).

Then
(1 kg
hre = (0 ) )
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In case IIb), the homeomorphisms ha: Ty — T4 and hr: T — Tr are

1 kg _
0§ ) , where mp, =

constructed as in case I1a). Let us show that hgr, = (
odmp + krlg.
From the equality we obtain that the knot hg(cg) has the intersection
index
1-6
ngr = D)

with the knot og/, and the knot h4(c4) has the intersection index
bA - 5bA/
la

na =

with knot o4/. According to the equality , knot hr(or) has intersection
index ng: = —(ng: +nas). Then from the consistency condition of the sets, we
obtain that
br — dbg
ng = ——.
Ir

Whence hR*(<bR,CR>) = <bR,ER>. Since hR*(<ZR,mR>) = <ZR,mR/>, then

(1 kg
o= (g ).

5 Realization of flows f! € G| (M?)

In this section we prove the second part of Theorem for any admissible
invariant C' there exists a flow f' € G (M?3). Recall that an invariant C is
called admissible if:

e (I1,b1) = (0,£2) or ged(ly,b1) = 1;
° ng(ZQ,bg) =1.

Proof. Let C = (I, by, 11, l1, b1). We construct the three-dimensional manifold
M? and the flow f! € G (M?) such that Cy = C separately for the cases: I)
(lh,01) = (0,£2), II) (l1,b1) # (0, £2).

In case I), for (Iy, b1) = (0,%£2), let (p,q) = (Ela, £b2). Let us define a
homeomorphism 1 : Ty — Ty inducing an isomorphism defined by the integer
matrix h, = ; Z with determinant equals to -1. On the torus Ts, we choose
a g essential knot with a tubular neighborhood Kr C (T2 \ Ms) and orient it
so that the 2-disk bounded by it remains on the left in the case by = +2 and —
on the right in the case by = —2. Let y4 = ¢¥(yr) and K4 = ¢(Kg).

Let 1/)RI Kgp — Ts_l,
psig: Ky — T"; be such homeomorphisms, that ¢21¢R|8KR = Ylokg,
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Yr(yr) = %, Ya(ya) = T*. Let ~ be the minimal equivalence relation on
VoUV_; UVy for which & ~ ¢(z),z € (Ta \int Ka),  ~ a(x),x € Ky, x ~
Yr(x),z € Kg. Then

M? = (VouV_1UVy)/ ~.

We denote by m: Vo L V_; LUVy — M3 the natural projection. Let the flow
ft: M3 — M?3 be given by the formula

m(lao]' (77} (x))), @ € m(Vo)
fi@) = ¢ m(laa]'(n 71 (2))), @€ m(Voy)
m([a] (77 (@),  zEem(V2))

By construction, Cy: = C.

In case II), we represent the sphere S? as a union of three two-dimensional
disks D4, Dg, Dg with centers O4, Og, Og, glued along the boundary as
depicted in Picture [3| (glued segments are marked with the same color). Then

DA@A | DOR

D.ND D .ND,

D

N
Figure 3: Disks D4, Dg, Dg

the manifold S? x S! is represented as a union of three solid tori V4 = D4 x St,
Vs = Dg x S', Vg = Dgr x S', which are tubular neighborhoods of the knots
by = O4 xS', g = Og x St, g = Ogr x S, glued along the boundaries
Ta=0Va, Ts = 0Vs, T = OV, along the annuli K4 = T4NTs, Kr = TrNTs,
K =TsNTgr, K =T4NTg, respectively.

Let C = (I1,b1,l2,bs). Then the sought manifold M? is obtained by the Dehn
surgery along the link £4 U fg U £r with equipment (—bg,ls), (—1,2), (—=b1,11).
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Moreover, the homeomorphisms of surgery ha: Vo — Va, hg: V_1 = Vg, hg :
V_1 = Vg, hg: V3 — Vi are chosen such that hg(T";) = K4, hs(T¢,) = Kg.
Denote by m: Vo U V_; UV, — M3 the natural projection. Let f: M3 — M3
be defined by the formula

m(lao]' (771 (x))), @ € m(Vo)
fi@) = ¢ mlaa]'(r 71 (), @€ m(Voy)
m([a2]' (771 (2))), @ €m(Va)

By construction C'y: = C. O

6 Topology of ambient manifolds of flows f! ¢
Gy (M?)

In this section we prove the theorem [2f flows of class G (M?3) admit all lens
spaces Ly 4, all connected sums of the form L, ,#R P3, and all Seifert fiber
spaces of the form M(S?, (a1, B1), (a2, B2),(2,1)). Exactly, let the flow f! €
G7 (M?3) have the invariant Cye = (I1,b1,l2,b2). Then

1) If (Jl1] = 1)(Jl2] — 1) = 0, then M3 = L,, ,, herewith:

l) if Z1Z2 = 0, then
M3 ~RP3,

ll) if Cft = (:l:l, bl, 12, bg), l2 75 O, then
M? = Ly, op, b5

111) if Oft = (ll, bl, :l:l, bg), ll # O, then
M3 22 Ly, _op, by

2) If l1ly = 0 and (|ly]| — 1)(|lz| — 1) # 0, then M> = L, ,#RP?, herewith:

i) if Oft = (0, by, Iz, ba), then
M3 = Ly, 4, #RP3;

11) if Cft = (ll, bl, 0, :tl), ll 7é 0, then
M3 2 Ly, o #RP?.

3) If Cft = (ll, by, ls, bg), |l1| > 1, |12| > 1, then
M3 = M(S27 (llabl)a (l2a b2)a (27 1))

Proof. Let us prove the theorem separately for the cases: 1) l1lo = 0, 1) I112 # 0.

In case I), we denote by M3 the manifold obtained by Dehn surgery along
knot S with equipment (1, 1) in the generators Lg, Mgs. Let vg: (M?3\int Vg)U
V> M g — the natural projection. For simplicity, we keep the labels of all
objects on vg(M? \ int Vg) the same as they were on M3 \ int Vg and put S =
vs({0} xS"), Vg = vg(V). Then Vg = VRUV is a solid torus with boundary Tg
and there exists an isotopy (;: Vg — Vg, t € [0, 1] such that (o = id|v,, (|x =
id|K, t e [0, 1], Cl(VR) = VR, Cl(USmKR) = 05N K 4. For any curve ¢ C Ty, let
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us put ¢ = (i(c) C Tx. Then the isomorphism (;. is identical in the generators
LR7MR, LR,MR and 5
ME = Vi Uy Va, (17)

where 1: 9Vp — 0V is homeomorphism inducing isomorphism in generators
T

L, Mpg; La, M4 and ¢, = <p 2) . Hence, M3 = L, ,. From the Statement
we obtain that M? = (L, ;) 5, where S is a knot with equipment (—1,2). Since
the knot S bounds a 2-ball on at least one of the tori V4, Vg, then, by virtue of
the Statement [3{ (Lp q) g = Ly q#L2,—1. Whence, by virtue of the Statement

M3 =L, #RP3. (18)

Let us show how the proof of 2) and 1i) follows from the deductions made.
1i)42i) (I1,b1) = (0,42). It follows from the definition of the set Cy+ that
¥«((0,1)) = (£la, £b2). By virtue of Statement

2i) M® = Ly, 4, #R P |Io| # 1;
1) M3 = RP3, |ly| = 1.
1i+2i) (I1,b1) # (0,£2). It follows from the definition of the set Cy+ that
¥ ((0,1)) = <j:lg,j:mA>, ¥« ((1,£cr)) = (£bs, £ca). By direct calculation we
obtain that 7 ((0,1)) = (£1,b), where |I| = |l2], |b] = |b2] (mod I3). By virtue
of Statement [3]
2) M3 2 Ly, o, #RP?, |lo] # 1;
1) M3 = RP3, |y = 1.
1i+2ii). By reasoning analogous to the above, we obtain that
2ii) M? = Ly, #RP?, |ly] # 1;
1) M3 =RP3, || =1.

In case II), consider first the subcase |I;| = 1. Then Vs = Vs U Vg is a filled
torus with boundary T and there exists an isotopy Gt: Vs — Vg, t € [0, 1] such
that o = id|vs, Gtlxs = id|x,, t € [0,1], (1(Vs) = Vs, G(os NKR) = op N K.
For any curve ¢ C Ts, let ¢ = (3(¢) C Ts. Then the isomorphism (3, is identical
in the generators Lg, Mg; i57 ]\Zfs and

Mg = ‘75' Uy Va, (19)
where : OV — OV4 is a homeomorphism, inducing in the generators
Lg,Mg; L, M, isomorphism 1, = (; Z) Hence, M2 = L,,. From the

definition of the set Cy¢, it follows that ¢.((2,1)) = (s, ma), ¥«((1,1)) =
(£by, +ca). By direct calculation, we obtain that ¥, 1((0,1)) = (£l,b), where
[I| = [|l2 — 2b2], |b] = |b2] (mod I3). By virtue of the Statement

111) M3 Ll2 2bo,by -
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In the case |lo| = 1 by similar reasoning, we obtain that
i) M? =2 Ly, —op, 4, -

In the case |l1] > 1, |la] > 1, it follows from the procedure for realizing a
flow over an admissible set (see the proof of the second part of Theorem [I] in
Case II)) that M3 is a Seifert fiber space with base sphere with three special
fibers

M?® 22 M(S?, (I1,b1), (I2, b2), (2, 1)).

O

7 Counting the number of topological equiva-
lence classes

In this section we give a proof of Theorem [3] To do this, recall that for any pair
p, q of integer prime numbers, we put p = |p| and denote by ¢ the smallest non-
negative of the numbers ¢’ satisfying the condition ¢ = +¢’ (mod p), and by ¢
the smallest non-negative of the numbers ¢’ satisfying the condition q¢’ = +1
(mod p).

Theorem The set Gi(Lpq),|pl # 2 decomposes into a
countable number of equivalence classes, whereas the sets G (R PB),
Gy (L #RP?), GT(M(S?, (a1,51), (az,B2), (2,1))) consist of a finite num-
ber of classes.

Proof. By virtue of Theorem flows of class Gy (M?3) admit three types of
manifolds 1) Ly 4; 2) L, (#RP°; 3) M(S?, (I1,b1), (I2,b2),(2,1)). Let us prove
the proof separately for each of these cases.

1) According to Statement |1} two lens spaces Ly, 4, Ly o are homeomorphic if
and only if p = p’ and either § = ¢ or § = ¢’. Whence it follows that L, ;, = L; 5
and, L, o = L 7 if and only if at least one of the following conditions for k € Z
is satisfied:

P =04 =q+kp; (20)
P =—p, ¢ =q+kp; (21)
P =pq =—q+kp; (22)

p=-p,q =—-q+kp; (23)

P =0 d =q+kp; (24)
p=-pqd =q+kp; (25)
P =p,qd =—-q+kp; (26)

p'=-p, ¢ =—-q+kp; (27)

By virtue of the [2 theorem, the lens L; 5, p # 2 is a ambient manifold for flows
with invariants
(+1,n,0" +2¢, ¢); (28)
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(' +24',q,%1,n), (29)
where n € Z. Substituting the condition into , we obtain sets of the

form

From the definition of consistency, it follows that two sets of
(ila nlaﬁ + 2((j + klﬁ)a q + klﬁ)ﬂ (ila 77'271_) + Z(q + k?ﬁ)a q + k?ﬁ% q + kQﬁ)

are consistent if and only if k1 = ko,ni = mno. Thus, each rep-
resentation of the lens L,, in the form (20) gives rise to the family
(£1,n,p+2(G+ k+ kp),q+ kp), n,k € Z of pairwise non-consistent sets cor-
responding, by virtue of Theorem to pairwise non-equivalent flows. If |p| > 2,
then similar families are obtained from each of the representations , ,
, . It is directly verified that the sets of all four families are not pairwise
equivalent. Finally, if ¢ # ¢ (equivalent to ¢ #Z 41 (mod p)), we obtain four
more families of pairwise non-equivalent sets corresponding to the representa-
tions , , (?7), , , (?7). Adding to the list of sets, sets of type
, we obtain a list of eight more pairwise non-equivalent sets, directly from
which follows the result of the theorem in cases 1a), 1b).

In cases 1¢); 1d), by directly substituting the pairs p=0,g=1;p=1,4=0
into the sets 1b), respectively, we obtain the announced lists of pairwise non-
equivalent pairs.

In the case |p| = 2, the lens L, 4 is a ambient manifold for the flows with
invariants

(0,¢,+1,n); (30)

(£1,n,0,d), (31)

wheren € Z, c € {—2,—1,1,2}, d € {—1,1}. From the definition of consistency,
it follows that the two sets

(0, C1, :I:l,nl), (0, Co, :l:l,ng)

are consistent if and only if ¢; = dco, ny = £ns (mod 1). A similar statement
is true for sets of the form (31)), resulting in the announced list 1e).

2) By virtue of Theorethe manifold L, ,#RP?, |p|| # 1 is an ambient
manifold for flows with invariants

0,¢,90",¢); (32)

(p',q',0,d), (33)

where n € Z, c € {—2,-1,1,2},d € {—1,1}. It follows from the definition of
consistency that for |p| > 2 the two sets of

(0701713’ Q+ klﬁ)? (07 CQaf)a Cj+ k?ﬁ)
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are consistent if and only if ¢; = ¢g, k1 = k2 (mod 1). Thus, each representation
of the lens L, ; in the form gives rise to a family (0, ¢, P, §) of pairwise non-
consistent sets corresponding, by virtue of Theorem[2} to pairwise non-equivalent
flows. Similar families are obtained from each of the representations , ,
, (23), , (?7), , , if § # ¢. Adding to the list of sets, the sets
of type (33)), we obtain the list of sets announced in (2a), 2b) of this theorem.

In cases 2¢); 2d), by directly substituting into sets 2b) the pairs p = 0,7 =
1; p = 2,q = 1, respectively, we obtain the announced lists of pairwise non-
equivalent pairs.

3) By virtue of thetheorem, the manifold M (S?, (ay, 1), (a9, B2), (2,1))
is an ambient manifold for flows with invariants

(01,51,a2,52)~ (34)

By virtue of Statement M(S%  (a1,B1), (a2,82), (2,1)) =
M(S?, (o, 8)), (ab,B5), (2,1)) if and only if at least one of the follow-
ing conditions is met:

o) =aq, B = P+ kg, ay = ag, By = B + koaw; (35)
CVIl:OZZ; 51:52—1—]910[2, a'2=a1,5é=51+k20¢1» (36)
where ki, ks € Z. By virtue of Theorem refth:top.

M(S?, (a1,B1), (a2,B2), (2,1)) is an ambient manifold for flows with
invariants

(o4, B, vy, B3).- (37)
Substituting into , we obtain sets of the form

(0, Br + kg, g, B + kaar).

It follows from the definition of consistency that all such sets are equivalent to
the set (aq, 81, @2, F2). A similar situation is obtained with the relation .
From where we obtain the sets announced in 3a), 3b). O
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