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Abstract

In this paper we consider non-singular Morse-Smale flows on closed
orientable 3-manifolds, under the assumption that among the periodic
orbits of the flow there is only one saddle orbit and it is twisted. It is
found that any manifold admitting such flows is either a lens space, or a
connected sum of a lens space with a projective space, or Seifert mani-
folds with base sphere and three special layers. A complete topological
classification of the described flows is obtained and the number of their
equivalence classes on each admissible manifold is calculated.

1 Introduction and formulation of results
In this paper we consider, NMS-flows f t, i.e., not-singular (without fixed points)
Morse-Smale flows defined on closed connected orientable 3-manifolds M3. The
non-wandering set of such a flow consists of a finite number of periodic hyper-
bolic orbits. In the neighborhood of a hyperbolic periodic orbit O, the flow
admits a simple description (up to topological equivalence), namely, there ex-
ists its tubular neighborhood VO homeomorphic to the solid torus V = D2×S1,
in which the flow is topologically equivalent to the suspension over some linear
diffeomorphism of the plane given by a matrix with positive determinant and
real eigenvalues modulo different from unity (see e.g. [6]). If both eigenvalues
are modulo greater than (less than) one, then the corresponding periodic orbit
is repelling (attracting), otherwise it is saddle. A saddle orbit is called twisted if
both eigenvalues are negative and is non-twisted otherwise.

The dynamics of NMS-flows has been studied in a number of papers: M.
Wada [16] showed that the link consisting of periodic orbits of the NMS-flow on
the sphere is obtained from the Hopf link by applying a finite number of certain
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operations (Wada operations); J. Franks [2] described the flows on the three-
dimensional sphere using the Lyapunov graph; It is known from the work of
Azimov [1] that the ambient manifold in this case is a union of circular handles.
However, in the case of a small number of periodic orbits, the topology of the
manifold can be substantially refined. For example, NMS-flows with exactly
two periodic orbits, attracting and repelling (such a pair of periodic orbits must
be contained by any NMS-flow), admit only lens spaces. Moreover, in [9] it
is proved that every lens space admits exactly two equivalence classes of such
flows, except for the 3-sphere S3 and the projective space RP 3, on which the
equivalence class is one. In the case of a larger number of orbits, the topology
of the ambient manifold is considerably richer: in the paper [13] we construct
NMS-flows with three periodic orbits on small Seifert manifolds. The topology
of compact orientable 3-manifolds admitting NMS-flows was studied in more
detail by Morgan in [8].

In the present paper we obtain an exhaustive classification for the set
G−

1 (M
3) of NMS flows f t : M3 → M3 with a single saddle orbit, under the

assumption that it is twisted. Note that such information cannot be obtained
from the general classification of Morse-Smale flows on 3-manifolds obtained in
the works of Umansky [15] and Prishlyak [10].

Since the ambient manifold of the flow f t ∈ G−
1 (M

3) is the union of stable
(unstable) manifolds of all its periodic orbits [14], the flow must have at least one
attracting and at least one repelling orbit. In the present paper the following
fact is established.

Lemma 1. The non-wandering set of any flow f t ∈ G−
1 (M

3) consists of exactly
three periodic orbits S,A,R, saddle, attracting and repelling, respectively.

Due to the equivalence of the flow f t in the neighborhood of a periodic orbit
to a suspension over a linear diffeomorphism, the unstable and stable manifolds
of these orbits have the following topology:

• Wu
S
∼=W s

S
∼= R×̃S1 (open Mobius band);

• W s
A
∼=Wu

R
∼= R2 × S1;

• Wu
A
∼=W s

R
∼= S1.

A consequence of the topology of invariant manifolds of periodic orbits and the
Lemma 1 is the following representation of the M3 ambient manifold.

Lemma 2. The ambient manifold M3 of any flow f t ∈ G−
1 (M

3) is represented
as a union of three solid tori

M3 = VA ∪ VS ∪ VR

with non-intersecting interior, which are tubular neighborhoods of the orbits
A,S,R, respectively, with the following properties:

• torus TS = ∂VS is the union of compact tubular neighborhoods KA, KR of
nodes γA = Wu

S ∩ TS , γR = W s
S ∩ TS, respectively, such that KA ∩KR =

∂KA ∩ ∂KR (see Fig. 1);
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• torus TA = ∂VA is the union of the annulus KA and the compact surface
K = TA \ intKA,

• torus TR = ∂VR is the union of the annulus KR and the compact surface
K = TR \ intKR.

S

TA

A

γA

essential

A

TA

S

γA

inessential

Figure 1: Knot γA

For O ∈ {A,S,R} we choose parallel LO on the torus TO (a curve homologous
in VO to the orbit of O) and meridian MO (a curve, homotopic to zero on VO
and essential on TO) such that the ordered pair of curves LO, MO defines the
outer side of the solid torus VO.

Let γS be the connected component of the set ∂K oriented coherently with
the saddle orbit S. By virtue of the equivalence of the flow f t|VS

to the suspen-
sion, the meridian MS can be chosen such that γS intersects the meridian MS

at exactly two points. Then the generators LS ,MS can be chosen so that with
respect to them the node γS has homotopic type

⟨γS⟩ = ⟨lS ,mS⟩ = ⟨2, 1⟩.

We orient the nodes γR, γA consistent with the node γS . Let us write down
the homotopy type of the node γR with respect to the LR,MR

⟨γR⟩ = ⟨lR,mR⟩

and the homotopy type of the node γA with respect to the LA,MA

⟨γA⟩ = ⟨lA,mA⟩.

Since TR \ γR = TA \ γA, then

(lR,mR) = (0, 0) ⇐⇒ (lA,mA) = (0, 0).
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If (lR,mR) = (0, 0), then let us write the homotopy type of the meridian MR ⊂
K with respect to the formers LA, MA

⟨MR⟩ = ⟨pA, qA⟩.

If (lR,mR) ̸= (0, 0), then choose a node σS ⊂ TS such that

⟨σS⟩ = ⟨1, 1⟩

. and σS intersects with each component of the ∂K connectivity at exactly one
point (this can be done since the intersection index of the nodes γS and σS is
1).

Let us choose nodes σR ⊂ TR, σA ⊂ TA coinciding with each other on the
ring K and such that σS = (σR ∪ σA) ∩ TS . Let us write their homotopy types
with respect to generators

⟨σR⟩ = ⟨bR, cR⟩, ⟨σA⟩ = ⟨bA, cA⟩.

Definition 1. By the flow f t ∈ G−
1 (M

3), we define set

Cft = (l1, b1, l2, b2)

as follows:

• (l1, b1, l2, b2) = (lR, bR, lA, bA) if (lR, mR) ̸= (0, 0);

• (l1, l2, b1, b2) = (0, 2, pA, qA) if (lR, mR) = (0, 0) and the 2-disk bounded
by knot γR remains on the left when moving along the knot;

• (l1, b1, l2, b2) = (0, −2, −pA, −qA) if (lR, mR) = (0, 0) and the 2-disk
bounded by the knot γR remains on the right when moving along the knot.

Note that the set Cft of the flow f t ∈ G−
1 (M

3) is admissible in the sense of
the following definition.

Definition 2. The set of integers C = (l1, b1, l2, b2) is called admissible if

• (l1, b1) = (0,±2) or gcd(l1, b1) = 1;

• gcd(l2, b2) = 1.

Definition 3. We call the admissible sets C = (l1, b1, l2, b2), C ′ = (l′1, b
′
1, l

′
2, b

′
2)

consistent (C ∼ C ′) if:

• li = l′i, i = 1, 2,

and exists δ ∈ {−1, 1} such that

• bi ≡ δb′i (mod li);

• l1l2(2l2(b1 − δb′1) + 2l1(b2 − δb′2) + l1l2(1− δ)) = 0.
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In the present work, the following classification result is established.

Theorem 1. The flows f t, f ′t ∈ G−
3 (M

3) are topologically equivalent if and
only if Cft ∼ Cf ′t . Moreover, for any admissible set C there exists a flow
f t ∈ G−

3 (M
3) such that C ∼ Cft .

We also managed to construct a correspondence between invariants and am-
bient manifolds of flows of the considered class.

Theorem 2. Flows of class G−
1 (M

3) admit all lens spaces Lp,q, all con-
nected sums of the form Lp,q#RP3 and all Seifert manifolds of the form
M(S2, (α1, β1), (α2, β2), (2, 1)). More precisely, let the flow f t ∈ G−

1 (M
3) have

the invariant Cft = (l1, b1, l2, b2). Then

1) If (|l1| − 1)(|l2| − 1) = 0, then M3 ∼= Lp,q, thus:

i) if l1l2 = 0, then
M3 ∼= RP3;

ii) if Cft = (±1, b1, l2, b2), l2 ̸= 0, then
M3 ∼= Ll2−2b2,b2 ;

iii) if Cft = (l1, b1, ±1, b2), l1 ̸= 0, then
M3 ∼= Ll1−2b1,b1 ;

2) If l1l2 = 0 and (|l1| − 1)(|l2| − 1) ̸= 0, then M3 ∼= Lp,q#RP3, thus:

i) if Cft = (0, b1, l2, b2), then
M3 ∼= Ll2, b2#RP3;

ii) if Cft = (l1, b1, 0, ±1),_1l ̸= 0, then M3 ∼= Ll1, b1#RP3.

3) If Cft = (l1, b1, l2, b2), |l1| > 1, |l2| > 1, then M3 ∼=
M(S2, (l1, b1), (l2, b2), (2, 1)).

Due to the fact that the topological equivalence class and the topology of a
manifold are defined using the same invariant, it becomes possible to compute
the number of topological equivalence classes on each admissible manifold. For
this purpose, for any pair p, q of coprime integers, let p̄ = |p| and denote by q̄
– the smallest non-negative of the numbers q′ satisfying the condition q ≡ ±q′
(mod p), and by q̃ – the smallest non-negative of the numbers q′ satisfying the
condition qq′ ≡ ±1 (mod p).

Theorem 3. The set G−
1 (Lp,q), |p|| ̸= 2 decomposes into a count-

able number of equivalence classes, whereas the sets G−
1 (RP3),

G−
1 (Lp,q#RP3), G−

1 (M(S2, (α1, β1), (α2, β2), (2, 1))) consist of a finite
number of classes. Namely,

1) equivalence classes of the set G−
1 (Lp,q) depending on p, q are represented

by flows with the following invariants:
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a) |p| > 2, q2 ̸≡ ±1 (mod p), n, k ∈ Z

(±1, n, p̄+ 2(q̄ + kp̄), q̄ + kp̄) , (±1, n,−p̄+ 2(q̄ + kp̄), q̄ + kp̄) ,

(±1, n, p̄+ 2(−q̄ + kp̄),−q̄ + kp̄) , (±1, n,−p̄+ 2(−q̄ + kp̄),−q̄ + kp̄) ,

(±1, n, p̄+ 2(q̃ + kp̄), q̃ + kp̄) , (±1, n,−p̄+ 2(q̃ + kp̄), q̃ + kp̄) ,

(±1, n, p̄+ 2(−q̃ + kp̄),−q̃ + kp̄) (±1, n,−p̄+ 2(−q̃ + kp̄),−q̃ + kp̄) ,

(p̄+ 2(q̄ + kp̄), q̄ + kp̄,±1, n) , (−p̄+ 2(q̄ + kp̄), q̄ + kp̄,±1, n, ) ,

(p̄+ 2(−q̄ + kp̄),−q̄ + kp̄,±1, n) , (−p̄+ 2(−q̄ + kp̄),−q̄ + kp̄,±1, n) ,

(p̄+ 2(q̃ + kp̄), q̃ + kp̄,±1, n) , (−p̄+ 2(q̃ + kp̄), q̃ + kp̄,±1, n) ,

(p̄+ 2(−q̃ + kp̄),−q̃ + kp̄,±1, n) (−p̄+ 2(−q̃ + kp̄),−q̃ + kp̄,±1, n, ) ;

b) |p| > 2, q2 ≡ ±1 (mod p), n, k ∈ Z

(±1, n, p̄+ 2(q̄ + kp̄), q̄ + kp̄) , (±1, n,−p̄+ 2(q̄ + kp̄), q̄ + kp̄) ,

(±1, n, p̄+ 2(−q̄ + kp̄),−q̄ + kp̄) , (±1, n,−p̄+ 2(−q̄ + kp̄),−q̄ + kp̄) ,

(p̄+ 2(q̄ + kp̄), q̄ + kp̄,±1, n) , (−p̄+ 2(q̄ + kp̄), q̄ + kp̄,±1, n, ) ,

(p̄+ 2(−q̄ + kp̄),−q̄ + kp̄,±1, n) , (−p̄+ 2(−q̄ + kp̄),−q̄ + kp̄,±1, n) ;

c) p = 0, n ∈ Z

(±1, n, 2, 1) , (±1, n,−2,−1) , (2, 1,±1, n) , (−2,−1,±1, n) ;

d) |p| = 1, n, k ∈ Z

(±1, n, 1 + 2k, k) , (1 + 2k, k,±1, n) ;

e) |p| = 2

(±1, 0, 0, 1) , (0, 1,±1, 0) , (0, 2,±1, 0) ;

2) equivalence classes of the set G−
1 (Lp,q#RP3) depending on p, q are repre-

sented by flows with the following invariants:

a) |p| > 2, q2 ̸≡ ±1 (mod p)

(0, 2, p̄,±q̄) , (0,−2, p̄,±q̄) , (0,−2, p̄,±q̄) , (0,−2,−p̄,±q̄) ,
(0, 2, p̄,±q̃) , (0, 2,−p̄,±q̃) , (0,−2, p̄,±q̃) , (0,−2,−p̄,±q̃) ,
(0, 1, p̄,±q̄) , (0, 1,−p̄,±q̄) , (0,−1, p̄,±q̄) , (0,−1,−p̄,±q̄) ,
(0, 1, p̄,±q̃) , (0, 1,−p̄,±q̃) , (0,−1, p̄,±q̃) , (0,−1,−p̄,±q̃) ,
(p̄,±q̄, 0, 1) , (−p̄,±q̄, 0, 1) , (p̄,±q̄, 0,−1) , (−p̄,±q̄, 0,−1) ,

(p̄,±q̃, 0, 1) , (−p̄,±q̃, 0, 1) , (p̄,±q̃, 0,−1) , (−p̄,±q̃, 0,−1) ;

b) |p| > 2, q2 ≡ ±1 (mod p)

(0, 2, p̄,±q̄) , (0, 2,−p̄,±q̄) , (0,−2, p̄,±q̄) , (0,−2,−p̄,±q̄) ,
(0, 1, p̄,±q̄) , (0, 1,−p̄,±q̄) , (0,−1, p̄,±q̄) , (0,−1,−p̄,±q̄) ,
(p̄,±q̄, 0, 1) , (−p̄,±q̄, 0, 1) , (p̄,±q̄, 0,−1) , (−p̄,±q̄, 0,−1) ;
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c) p = 0

(0, 2, 0,±1) , (0, 1, 0,±1) ;

d) |p| = 2

(0, 2, 2,±1) , (0, 2,−2,±1) , (0, 1, 2,±1) , (0, 1,−2,±1) ,

(2,±1, 0, 1) , (−2,±1, 0, 1) ;

3) equivalence classes of the set G−
1 (M(S2, (α1, β1), (α2, β2), (2, 1))) depend-

ing on α1, β1, α2, β2 are represented by flows with the following invariants:

a) α1 = α2 = α, β1 = β2 = β

(α, β, α, β) .

b) |α1 − α2|+ |β1 − β2| > 0

(α1, β1, α2, β2) , (α2, β2, α1, β1) .

Note that on the three-dimensional sphere S3, the list of flows representing
equivalence classes of the set G−

1 (S3) listed in Theorem 3 is exactly the same as
that obtained in Bin Yu’s paper (see Proposition 7.4 in [17]).

Acknowledgements. The work was carried out within the framework of
the fundamental research program of the National Research University Higher
School of Economics.

2 Topology of 3-manifolds

2.1 Lens spaces
Futhere, we will assume that the constituents of the homotopy types of knots
on the boundary ∂V of the standard fullness V = D2×S1 are the meridian M =
(∂D2) × S1 with homotopy type ⟨0, 1⟩ and the parallel L = {x} × S1, x ∈ ∂D2

with homotopy type ⟨1, 0⟩.
A three-dimensional manifold Lp,q = V1∪jV2 resulting from gluing two copies

of a solid torus V1 = V is called a lens space, V2 = V by some homeomorphism
j : ∂V1 → ∂V2 such that j∗(⟨0, 1⟩) = ⟨p, q⟩.

Statement 1 ([5]). Two lens spaces Lp,q, Lp′,q′ are homeomorphic if and only
if |p| = |p′|, q ≡ ±q′ (mod p) or qq′ ≡ ±1 (mod p). In this case,

L0,1
∼= S2 × S1, L1,0

∼= S3, L2,1
∼= RP 3.
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2.2 Dehn surgery along the knots and links
Let

(a) a closed 3-manifold M ;

(b) knot γ ⊂M ;

(c) tubular neighborhood Uγ of node γ, which is a solid torus with standard
generators on ∂Uγ – meridian Mγ and parallel Lγ ;

(d) homeomorphism h : ∂V → ∂Uγ , which induces an isomorphism in the
given generators such that h∗(⟨0, 1⟩) = ⟨β, α⟩.

Manifold
Mγ = (M \ int Uγ) ∪h .V

is called the manifold obtained from the manifold M by Dehn surgery along the
knot γ with equipment β, α.

Let us denote by pγ : (M \ int Uγ)⊔V →Mγ the natural projection. Let us
put γ̃ = pγ({0}×S1), Uγ̃ = pγ(V), h̃ = pγh

−1 : ∂Uγ → ∂Uγ̃ . Then the manifold
M is recovered from Mγ by the following inverse surgery.

Statement 2 ([11]). Let γ ⊂M be a node with β, α and γ̃ be a node with −β, ξ,
where αξ ≡ 1 (mod β). Then

M ∼= (Mγ)γ̃ .

The Dehn surgery naturally generalizes to the case when γ = γ1⊔· · ·⊔γr ⊂M
— disjunctive union (link) of equipped knots. The resulting manifold Mγ in this
case is called the manifold obtained from the manifold M3 by Dehn surgery along
the equipped link γ. A link γ = γ1 ⊔ · · · ⊔ γr ⊂M is called is trivial if the knots
γ1, . . . , γr bound the pairwise non-overlapping 2-discs d1, . . . , dr ⊂M .

Statement 3 ([11]). . Let γ = γ1⊔· · ·⊔γr ⊂M be a trivial link with equipment
β1, α1; . . . ;βr, αr. Then

Mγ
∼=M#Lα1,β1

# . . . Lαr,βr
.

2.3 Seifert fiber spaces
A solid torus V partitioned into fibers of the form {x} × S1 is called a trivially
fibered solid torus. Consider the solid torus V = D2 × S1 as a solid cylinder
D2× [0, 1] with bases glued together by virtue of rotation by an angle 2πν/α for
coprime integers α, ν, α > 1. The partitioning of a solid cylinder into segments
of the form {x} × [0, 1] determines the partitioning of this solid cylinder into
circles called fibers. The segment {0} × [0, 1] generates a fiber called special, all
other are (non-special) fibers of the solid torus are wrapped α times around the
special layer and ν times around the meridian of the solid torus. The number α

8



is called the multiplicity of the singular fiber. A solid torus with such a partition
into fibers is called a nontrivially fibered solid torus with orbital invariants (α, ν).

An Seifert fiber space — is a compact, orientable 3-manifold M , partitioned
into non-intersecting simple closed curves (fibers) such that each fiber has an
tubular neighborhood entirely composed of fibers, layer-by-layer homeomorphic
to the fibered solid torus. Such a partitioning is called Seifert fibration. Fibers
that under some such homeomorphism pass to the center of a nontrivially fibered
solid torus are called special.

The Base of a Seifert fiber space M is a compact surface Σ = M/∼, where
∼ is an equivalence relation such that x ∼ y if and only if x and y belong to the
same layer.

The base of any Seyfert fiber space is a compact surface which is closed if and
only if the manifold M is closed; in particular, the base of any fibered solid torus
is a disk (see, e.g., [7]). Thus, any Seifert fibration M with a given base Σ and
orbital invariants (α1, ν1), . . . , (αr, νr), r ∈ N). is obtained from the manifold

Σ× S1 by Dehn surgery along the link γ =
r⊔
i=1

γi, where γi = {si} × S1, si ∈ Σ

– a knot with equipment βi, αi, νiβi ≡ 1 (mod αi). Therefore, the generally
accepted notation of such a Seifert fibration is as follows

M(Σ, (α1, β1), . . . , (αr, βr)).

Thus, the orientation on the fibers of the Seifert fibration is uniquely deter-
mined by the orientation of the circle S1 in the manifold Σ× S1.

Two Seifert fibrations M,M ′ are called isomorphic if there exists a home-
omorphism h : M → M ′ which maps the fibers of one fibration into the fibers
of the other with preserving the orientation of the fibers. The homeomorphism
h in this case is called isomorphism of Seifert fibrations. It is not difficult to
see that the fibrations on solid tori with orbital invariants (α, ν) and α′, ν′ are
isomorphic if and only if, when α = α′ and ν ≡ δν′ (mod α) (δ = ±1), and
if δ = +1, then the isomorphism preserves the orientation of the solid torus,
otherwise it changes.

The following statement, which gives a criterion for isomorphism of two
Seifert stratifications by their invariants, was proposed by Herbert Seifert in [12].
An exposition of this statement, in notations closer to those given in this section,
but only for orientation-preserving isomorphisms, can be found in the notes by
Allen Hatcher [5] and the textbook by Sergey Matveev and Anatoly Fomenko [7].

Statement 4. The Seifert fibration M(Σ, (α1, β1), . . . , (αr, βr)) and
M ′(Σ′, (α′

1, β
′
1), . . . , (α

′
r′ , β

′
r′)) are isomorphic if and only if r = r′ and

the following conditions are satisfied for δ = ±1 and the permutation
σ : {1, 2, . . . , r} → {1, 2, . . . , r}:

• Σ is homeomorphic to Σ′;

• αi = α′
σ(i); βi ≡ δβ′

σ(i) (mod αi) for i ∈ {1, . . . , r};

• if the surface of Σ is closed, then
r∑
i=1

βi

αi
= δ

r∑
i=1

β′
i

α′
i
.
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Thus, if δ = +1, the isomorphism is orientation-preserving, and if δ = −1, the
isomorphism is orientation-reversing.

Note that some manifolds admit non-isomorphic Seifert fibrations. All such
manifolds are well known (see, for example [5]) and, as can be seen from the
following statement, such manifolds include, for example, lens spaces.

Statement 5 ([3]). 3-manifolds admits a Seifert fibrations with a base homeo-
morphic to sphere and at most two special fibers if and only if it is homeomorphic
to a lens space. Thus, the list of all Seifert fibrations on lens spaces is as follows:

• only the manifold S2 × S1 admits fibrations without special fibers;

• M(S2, (α, β)) ∼= Lβ,α;

• M(S2, (α1, β1), (α2, β2)) ∼= Lp,q, where p = β1α2 + α1β2, q = β1ν2 + α1ξ2
and α2ξ2 − ν2β2 = 1.

The following statement, on the contrary, allows us to infer the non-
homeomorphism of ambient manifolds from the non-isomorphism of Seifert
stratifications.

Statement 6 ([5], Theorem 2.3). If two Seifert fibrations with three special
fibers and a base sphere are not isomorphic, then the manifolds on which they
are defined are not homeomorphic.

3 Dynamics of flows of class G−
1 (M

3)

In this section we prove the lemmas given in the introduction.
Let us start with the lemma 1: the non-wandering set of any flow f t ∈

G−
1 (M

3) consists of exactly three periodic orbits S,A,R, saddle, attracting and
repelling, respectively.

Proof. The basis of the proof is the following representation of the ambient
manifold M3 of the NMS-flow f t with a set of periodic orbits Perft (see, e.g.,
[14])

M3 =
⋃

O∈Perft

Wu
O =

⋃
O∈Perft

W s
O, (1)

as well as the asymptotic behavior of invariant manifolds

cl(Wu
O) \Wu

O =
⋃

Õ∈Perft : Wu
O∩W s

O ̸=∅

Wu
Õ,

cl(W s
O) \W s

O =
⋃

Õ∈Perft : W s
O∩Wu

O ̸=∅

W s
Õ.

In particular, it follows from the above relations that any NMS-flow has at least
one attracting orbit and at least one repelling orbit. Moreover, if the NMS-flow
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has a saddle periodic orbit, then the basin of any attracting orbit has a non-
empty intersection with the unstable manifold of at least one saddle orbit (see
Proposition 2.1.3 [4]) and the same situation with the basin of the repelling
orbit.

Let now f t ∈ G−
1 (M

3) and S be its only saddle orbit. It follows from
the relation (1) that Wu

S \ S intersects only with basins of attracting orbits.
Since the set Wu

S \ S is connected and the basins of attracting orbits are open,
Wu
S intersects exactly one such basin. Let us denote by A the corresponding

attracting orbit. Since the saddle orbit is unique, the attracting orbit is unique.
Similar reasoning for W s

S leads to the existence of a single repelling orbit R.

3.1 Canonical neighborhoods of periodic orbits
The flows admit a simple description (up to topological equivalence) in the
neighborhood of a hyperbolic periodic orbit, namely, they are suspensions over
linear diffeomorphisms of the plane.

Let us recall the definition of suspension. Let ϕ : R2 → R2 be a diffeomor-
phism. Let us define the diffeomorphism Φ: R3 → R3 by the formula

Φ(x1, x2, x3) = (ϕ(x1, x2), x3 − 1).

Then the group {Φn} ∼= Z acts freely and discontinuously on R3, by virtue
of which the orbit space Πϕ = R3/Φ is a smooth 3-manifold, and the natural
projection vϕ : R3 → Πϕ is a covering. In this case, the flow ξt : R3 → R3 given
by the formula

ξt(x1, x2, x3) = (x1, x2, x3 + t),

induces a flow [ϕ]t = vϕξ
tv−1
ϕ : Πϕ → Πϕ, called suspension.

We define the diffeomorphisms a±1, a2, a0 : R2 → R2 by the formulas

a±1(x1, x2) = (±2x1,±x2/2), a2(x1, x2) = (2x1, 2x2), a0 = a−1
2 .

Suppose
V0 = {(x1, x2, x3) ∈ R3| 4x3x21 + 4x3x22 ⩽ 1},

V±1 = {(x1, x2, x3) ∈ R3| 4−x3x21 + 4x3x22 ⩽ 1},

V2 = {(x1, x2, x3) ∈ R3| 4−x3x21 + 4−x3x22 ⩽ 1},

For i ∈ {0,−1,+1, 2}, let

Ti = ∂Vi, Vi = vai(Vi), Ti = ∂Vi, Oi = vai(Ox3).

The following fact asserts canonical neighborhoods at hyperbolic periodic
orbits.

Statement 7 ([6]). For any hyperbolic periodic orbit O of a flow f t : M3 →M3

defined on a closed orientable manifold M3, there exists a tubular neighborhood
VO of the orbit O and a number iO ∈ {0,−1,+1, 2} such that the flow f t

∣∣
VO

is
topologically equivalent, via some homeomorphism HO, to the flow [aiO ]

t|ViO
.

11



Let us call the neighborhood VO = HO(ViO ) canonical neighborhood of the
periodic orbit of O.

On the torus Ti we choose longitude Li (a curve homologous in Vi to the
orbit of Oi) and meridian Mi (a curve, homotopic to zero on Vi and essential
on Ti) such that the ordered pair of curves Li, Mi defines the outer side of the
solid torus Vi.

In the proof of topological equivalence we will use the following fact, which
follows from the proof of Theorem 4 and Lemma 4 in [9], and can also be found
in [15] (Theorem 1.1).

Statement 8. The homeomorphism h : Ti → Ti for i ∈ {0, 2} continues up to
the homeomorphism H : Vi → Vi, realizing the equivalence of the flow [ai]

t with

itself, if and only if the induced isomorphism is of the form 1 h∗ =

(
1 k
0 δ

)
,

where δ ∈ {−1, 1}, k ∈ Z.

The boundary of the canonical neighborhood of a saddle orbit, in contrast
to an attracting or repulsing orbit, contains curves tangent to the suspension
trajectories. Precisely, we denote by Ox1,x2

the flow trajectory ξt intersecting
the plane Ox1x2 at a point with coordinates (x1, x2, 0). It is directly verified
that the trajectory Ox1,x2

intersects the surface T±1 if and only if |x1x2| ⩽ 1
2

and (x1, x2) ̸= (0, 0). The trajectories touch the surface at one point if |x1x2| =
1
2 , transversally intersect the surface at one point if x1x2 = 0, and otherwise
transversally intersect the surface at two points

Ox1,x2 ∩ T±1 = {(x1, x2, xs3), (x1, x2, xu3 )}, xs3 < xu3 .

Let Γ = {(x1, x2, x3) ∈ T±1 : |x1x2| = 1
2}, Γu = Ox1x3 ∩ T±1 and Γs =

Ox2x3 ∩ T±1. The sets Γu, Γs consist of two curves by construction, the set Γ
consist of four curves deviding T±1 into four connected components. The closure
Tu of two of these components contains Γu, the closure T s of two other contains
Γs (see. Pic. 2). We assume that Γu and Γs are oriented in ascending order of
coordinate x3. For i ∈∈ {−1, 1}, let us put

Tsi = vai(T
s), Tui = vai(T

u), Γi = vai(Γ), Γ
s
i = vai(Γ

s), Γui = vai(Γ
u).

3.2 Trajectory mappings
In this section we prove the lemma 2: the ambient manifold M3 of any flow
f t ∈ G−

1 (M
3) is represented as the union of three solid tori

M3 = VA ∪ VS ∪ VR

with non-intersecting interior, which are tubular neighborhoods of the orbits
A,S,R, respectively, with the following properties:

1Throughout the paper, we assume that the string (l,m) is multiplied by the matrix on
the left and the first element of the basis is the parallel of the torus.
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x1

x2

x3

x3= 1

x3= -1

Figure 2: Cylinder T±1

• the torus TS = ∂VS is the union of closed tubular neighborhoods KA, KR

of knots γA =Wu
S ∩TS , γR =W s

S∩TS , respectively, such that KA∩KR =
∂KA ∩ ∂KR;

• the torus TA = ∂VA is the union of the annulus KA and the compact
surface K = TA \ intKA,

• the torus TR = ∂VR is the union of the ring KR and the surface K =
TR \ intKR.

Proof. Without reducing generality we will assume that the neighborhoods
VA = HA(V0), VS = HS(V−1), VR = HA(V2) of orbits A, S, R pairwise dis-
joint.

Note, that knots

γA =Wu
S ∩ TS = HS(Γ

u
−1), γR =W s

S ∩ TS = HS(Γ
s
−1)

have tubular neighbourhoods

KA = HS(Tu−1), KR = HS(Ts−1)

respectively, which are homeomorphic to annuli with a common boundary

ΓS = HS(Γ−1).

Next, we “blow up” the solid tori VA and VR along the trajectories so that they
become “adjacent” to each other and to VS . For this purpose we introduce the
following notations:

13



• let TA = ∂VA, TR = ∂VR,

Ks
R =

 ⋃
t>0, w∈cl(KR)

f−t(w)

 ∩ TR, Ku
R = TR \Ks

R,

Ku
A =

 ⋃
t>0, w∈cl(KA)

f t(w)

 ∩ TA, Ks
A = TA \Ku

A;

• define continuous function τ
R
: TR → R+ such that fτR (r)(r) ∈ KR for

r ∈ KR and the set K =
⋃

r∈cl(Ku
R)

fτR (r)(r) disjoint with torus TA, let

TR = K ∪KR and define homeomorphism ψ
R
: TR → TR by the formula

ψ
R
(r) = fτR (r)(r). Also, let VR denote the connected component of M3 \

TR which contains R;

• define continuous function τ
A
: TA → R+ such that f−τA (a)(a) ∈ KA for

a ∈ Ku
A and f−τA (a)(a) ∈ K for a ∈ Ks

A, let TA = K ∪KA ψA : TA → TA
and define homeomorphism ψ

A
(a) = f−τA (a)(a). Also, let VA denote the

connected component of M3 \ TA which contains A;

• define continuous function τRA : KR \ γR → R+ such that fτRA(w)(w) ∈
KA \ γA, define homeomorphism ψ : TR \ γR → TA \ γA by the formula

ψ(w) =

{
fτRA(w)(w), w ∈ (KR \ γR)
w, w ∈ (TR \KR).

Thus, the constructed solid tori VA, VS , VR satisfy the conditions of the
lemma.

4 Topological classification of flows f t ∈ G−
1 (M

3)

Let us prove the first statement of Theorem 1: flows f t, f ′t ∈ G−
1 (M

3) are
topologically equivalent if and only if their sets Cft = (l1, b1, l2, b2), Cf ′t =
(l′1, b

′
1, l

′
2, b

′
2) are consistent, that is:

• li = l′i, i = 1, 2,

and exists δ ∈ {−1, 1} such that

• bi ≡ δb′i (mod li);

• l1l2(2l2(b1 − δb′1) + 2l1(b2 − δb′2) + l1l2(1− δ)) = 0.

Proof. Recall that for a periodic orbit O ∈ {A,S,R} of the flow f t ∈ G−
1 (M

3)
we denote by VO its canonical neighborhood with boundary TO. In this case,
the ambient manifold M3 of the flow f t is represented as a union of three solid
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tori M3 = VA ∪ VS ∪ VR with non-intersecting interior, torus TS is the union of
compact tubular neighborhoods ofKA, KR knots γA =Wu

S ∩TS , γR =W s
S∩TS ,

K = TR \ intKA = TA \ intKA and the knot γS is the connected component of
the boundary of the ring K.

On the torus T{O, O ∈ {S,R,A} we have chosen the longitude LO (a curve
homologous in VO to the orbit of O) and the meridian MO (a curve, homotopic
to zero on VO and essential on TO) such that the ordered pair of curves LO, MO
defines the outer side of the solid torus of VO. The node γO is oriented coherently
with the saddle orbit S and has homotopy type ⟨γO⟩ = ⟨lO,mO⟩ with respect
to the generators LO,MO.

If (lR,mR) = (0, 0), then we have written the homotopy type of the meridian
MR ⊂ K with respect to the generators LA, MA

⟨MR⟩ = ⟨pA, qA⟩.

If (lR,mR) ̸= (0, 0), then any knot σO ⊂ TO having homotopy type ⟨σO⟩ =
⟨bO, cO⟩ and the intersection index 1 with knot γO has the following property

lOcO −mObO = 1. (2)

Let Σ+1
O (Σ−1

O ) denote set of all knots on TO, having intersection index +1 (-1)
with the knot γO. Then

σ̃O ∈ Σ±1
O ⇐⇒ ⟨σ̃O⟩ = ⟨±bO + nOlO,±cO + nOmO⟩, nO ∈ Z. (3)

It is easily verified that the intersection index of nodes σO, σ̃O is −nO. Then,
if σ̃S = (σ̃R ∪ σ̃A) ∩ TS , then

nA + nR + nS = 0. (4)

Also recall that the generators LS ,MS are chosen such that with respect to
them the knot γS has homotopy type

⟨γS⟩ = ⟨lS ,mS⟩ = ⟨2, 1⟩. (5)

If (lR,mR) ̸= (0, 0) let the knot σS ⊂ TS be chosen such that

⟨σS⟩ = ⟨bS , cS⟩ = ⟨1, 1⟩ (6)

and σS intersects with each connected component of the ∂K at exactly one
point (this can be done since the intersection index of the nodes γS and σS is
1). Let the knots σR ⊂ TR, σA ⊂ TA be chosen such that

σS = (σR ∪ σA) ∩ TS . (7)

By definition Cft = (l1, b1, l2, b2), where

• (l1, b1, l2, b2) = (lR, bR, lA, bA), if (lR, mR) ̸= (0, 0);
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• (l1, b1, l2, b2) = (0, 2, pA, qA), if (lR, mR) = (0, 0) and 2-ball, bounded
by the knot γR remains to the left when traveling along the knot;

• (l1, b1, l2, b2) = (0, −2, −pA, −qA), if (lR, mR) = (0, 0) and 2-ball,
bounded by the knot γR remains to the right when traveling along the
knot.

Similar equalities with primes hold for the flow f ′t.
Let us prove separately the necessity and sufficiency of the conditions of the

theorem1.
Necessity. Let the flows f t and f ′t with periodic orbits A,R, S and A′, R′, S′

be topologically equivalent via the homeomorphism h : M3 → M3. For O ∈
{A,S,R}, without reducing generality, let VO′ = h(VO). Let hO = h

∣∣
TO

: TO →
TO′ .

Since hO is a restriction of a homeomorphism of a solid torus, the action
of the homeomorphism hO in the fundamental group π1(TO) in the generators
LO, MO is given by a matrix:

hO∗ =

(
1 kO
0 δO

)
, kO ∈ Z, δO ∈ {−1,+1}. (8)

Thus, since the tori TA, TS , TR are pairwise intersecting two-dimensional man-
ifolds, all numbers δA, δS , δR have the same sign, let

δA = δS = δR = δR = δ.

From the properties of the conjugating homeomorphism it follows that
hO(γO) = γO′ , O ∈ {S,A,R}, whence we obtain that

lO = lO′ (9)

and
(lR,mR) = (0, 0) ⇐⇒ (lR′ ,mR′) = (0, 0). (10)

Let us prove that the consistency conditions of the sets Cft , Cf ′t holds sepa-
rately for two cases: I) (lR,mR) = (0, 0), II) (lR,mR) ̸= (0, 0).

In case I), it follows from the definition of the sets Cft , Cf ′t that l1 = l2 =
0, |b2| = |b′2| = 2. Since the homeomorphism hR maps the 2-disc bounded by
the node γR into the 2-disc bounded by the knot γR′ with direction of knots
preserved, then b2 = δb′2.

It follows from the equations (8) that hR∗(⟨0, 1⟩) = ⟨0, δ⟩. Thus,
hA∗(⟨pA, qA⟩) = ⟨δpA′ , δqA′⟩. Since (l2, b2) = (±pA,±qA), we have (l′2, b

′
2) =

(δ(±pA′), δ(±q′A)) which implies hA∗(⟨l2, b2⟩) = ⟨l′2, b′2⟩. Also, it follows from the
equations (8) that hA∗(⟨l2, b2⟩) = ⟨l2, δb2 + kAl2⟩, whence l2 = l′2 and b2 ≡ δb′2
(mod l2).

In case II), the equality (9) is equivalent to the equality li = l′i, i = 1, 2. Let
σ̃O′ = hO(σO) and denote by

⟨σ̃O′⟩ = ⟨b̃O′ , c̃O′⟩
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. the homotopy type of the knot σ̃O′ with respect to the generators LO′ ,MO′ .
Then it follows from the formula (8) that

b̃O′ = bO (11)

Since the determinant of the matrix hO∗ equals δ and hO(γO) = γO′ , then
σ̃O′ ∈ ΣδO′ . Then from the formula (3) we obtain that

b̃O′ = δbO′ + nO′ lO′ , c̃O = δcO′ + nO′mO′ . (12)

Whence, taking into account the equalities (9) and (11), we obtain that

bO = δbO′ + nO′ lO, (13)

so
bO ≡ δbO′ (mod lO). (14)

By construction σ̃S = (σ̃R ∪ σ̃A) ∩ TS , which, given the equality (4), entails
equality

nA′ + nR′ + nS′ = 0. (15)

If lAlR ̸= 0, then by expressing nO′ from the equality (13) and substituting into
the equality (15), given that lS = 2, bS = bS′ = 1, we arrive at

2lR(bA − δbA′) + 2lA(bR − δbR′) + lAlR(1− δ) = 0,

which is equivalent to

lAlR(2lR(bA − δbA′) + 2lA(bR − δbR′) + lAlR(1− δ))) = 0,

which is holds when lAlR = 0.
Sufficiency. Let the sets Cft = (l1, b1, l2, b2), Cf ′t = (l′1, b

′
1, l

′
2, b

′
2) of flows

f t, f ′t are consistent via the parameter δ ∈ {−1, 1}. We define the homeomor-
phism Qδ : V−1 → V−1 by the formula

Qδ = va−1
Q̄δv

−1
a−1

, where Q̄δ(x1, x2, x3) = (δx1, x2, x3) : V−1 → V−1.

We check directly that the constructed homeomorphism Qδ realizes the
equivalence of the flow [a−1]

t with itself. Let

hS = HS′QδH
−1
S : VS → VS′ .

We show that the homeomorphism hS |KA
can be extended to a homeo-

morphism hA : TA → TA′ inducing an isomorphism hA∗ =

(
1 kA
0 δ

)
for some

kA ∈ Z and the homeomorphism hS |KR
can be extended to the homeomorphism

hR : TR → TR′ inducing isomorphism hR∗ =

(
1 kR
0 δ

)
for some kR ∈ Z such

that hA|K = hR|K . Then, by virtue of Proposition 8, the homeomorphisms
hA, hR can be extended to homeomorphisms hA : VA → VA′ , hR : VR → VR′
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realizing the equivalence of the flows f t
∣∣
VA

c f ′t
∣∣
VA′

and f t
∣∣
VR

with f ′t
∣∣
VR′

,
respectively, and the desired homeomorphism h : M3 →M3 realizing the equiv-
alence of f t, f ′t flows coincides with hO on VO for O ∈ {S,A,R}.

Let’s consider the cases separately: I) (l1, b1) = (0,±2), II) (l1, b1) ̸= (0,±2).
In case I), it follows from the consistency condition of the sets Cft , Cf ′t that

b1 = δb′1, l2 = l′2 and b′2 = δb2+kAl2 for some kA ∈ Z. Since the annuli KA, KA′

are contractible on tori TA, TA′ , the homeomorphism hS |KA
can be extended to

the homeomorphism hA : TA → TA′ inducing an isomorphism

hA∗ =

(
1 kA
0 δ

)
.

Let us define the homeomorphism hR : TR → TR′ by the formula

hR(x) =

{
hS(x), x ∈ KR

hA(x), x ∈ K
.

Since hA∗(⟨l2, b2⟩) = ⟨l′2, b′2⟩, then hR∗(⟨0, 1⟩) = ⟨0, δ⟩ so

hR∗ =

(
1 kR
0 δ

)
for some kR ∈ Z.

In case II), it follows from the consistency condition of the sets Cft , Cf ′t

that l′i = li, b
′
i ≡ δbi (mod li), i = 1, 2. So,

lR′ = lR, b
′
R ≡ δbR (mod lR); lA′ = lA, b

′
A ≡ δbA (mod lA). (16)

Next, we consider separately cases IIa) lAlR = 0, IIb) lAlR ̸= 0.
In case IIa) we assume without loss of generality that lR = 0 (in case lA = 0

the reasoning is similar). It follows from (16) and (2) that mA′ = δmA+kAlA for
some kA ∈ Z. Then the homeomorphism hS |KA

continues to a homeomorphism
hA : TA → TA′ inducing an isomorphism

hA∗ =

(
1 kA
0 δ

)
.

Let us define the homeomorphism hR : TR → TR′ by the formula

hR(x) =

{
hS(x), x ∈ KR

hA(x), x ∈ K
.

Since lR = 0, then mR = ±1, mR′ = ±δ and hence hR∗(⟨0,±1⟩) = ⟨0,±δ⟩.
Then

hR∗ =

(
1 kR
0 δ

)
for some kR ∈ Z.
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In case IIb), the homeomorphisms hA : TA → TA′ and hR : TR → TR′ are

constructed as in case IIa). Let us show that hR∗ =

(
1 kR
0 δ

)
, where mR′ =

δmR + kRlR.
From the equality (12) we obtain that the knot hS(σS) has the intersection

index
nS′ =

1− δ

2

with the knot σS′ , and the knot hA(σA) has the intersection index

nA′ =
bA − δbA′

lA

with knot σA′ . According to the equality (15), knot hR(σR) has intersection
index nR′ = −(nS′ + nA′). Then from the consistency condition of the sets, we
obtain that

nR′ =
bR − δbR′

lR
.

Whence hR∗(⟨bR, cR⟩) = ⟨bR, c̃R⟩. Since hR∗(⟨lR,mR⟩) = ⟨lR,mR′⟩, then

hR∗ =

(
1 kR
0 δ

)
.

5 Realization of flows f t ∈ G−
1 (M

3)

In this section we prove the second part of Theorem 1: for any admissible
invariant C there exists a flow f t ∈ G−

1 (M
3). Recall that an invariant C is

called admissible if:

• (l1, b1) = (0,±2) or gcd(l1, b1) = 1;

• gcd(l2, b2) = 1.

Proof. Let C = (l1, b1, l1, l1, b1). We construct the three-dimensional manifold
M3 and the flow f t ∈ G−

1 (M
3) such that Cft = C separately for the cases: I)

(l1, b1) = (0,±2), II) (l1, b1) ̸= (0,±2).
In case I), for (l1, b1) = (0,±2), let (p, q) = (±l2,±b2). Let us define a

homeomorphism ψ : T2 → T0 inducing an isomorphism defined by the integer

matrix h∗ =

(
r s
p q

)
with determinant equals to -1. On the torus T2, we choose

a γR essential knot with a tubular neighborhood KR ⊂ (T2 \M2) and orient it
so that the 2-disk bounded by it remains on the left in the case b1 = +2 and –
on the right in the case b1 = −2. Let γA = ψ(γR) and KA = ψ(KR).

Let ψR : KR → Ts−1,

psiA : KA → Tu−1 be such homeomorphisms, that ψ−1
A ψR|∂KR

= ψ|∂KR
,
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ψR(γR) = Γs, ψA(γA) = Γu. Let ∼ be the minimal equivalence relation on
V0 ⊔ V−1 ⊔ V2 for which x ∼ ψ(x), x ∈ (T2 \ intKA), x ∼ ψA(x), x ∈ KA, x ∼
ψR(x), x ∈ KR. Then

M3 = (V0 ⊔ V−1 ⊔ V2)/ ∼ .

We denote by π : V0 ⊔ V−1 ⊔ V2 → M3 the natural projection. Let the flow
f t : M3 →M3 be given by the formula

f t(x) =


π([a0]

t(π−1(x))), x ∈ π(V0)

π([a−1]
t(π−1(x))), x ∈ π(V−1)

π([a2]
t(π−1(x)), x ∈ π(V2))

By construction, Cft = C.
In case II), we represent the sphere S2 as a union of three two-dimensional

disks DA, DS , DR with centers OA, OS , OR, glued along the boundary as
depicted in Picture 3 (glued segments are marked with the same color). Then

DA

DS

DR

DR

U

DS
DA

U

DS

DA

U

DR

Figure 3: Disks DA, DS , DR

the manifold S2 ×S1 is represented as a union of three solid tori VA = DA×S1,
VS = DS × S1, VR = DR × S1, which are tubular neighborhoods of the knots
ℓA = OA × S1, ℓS = OS × S1, ℓR = OR × S1, glued along the boundaries
TA = ∂VA, TS = ∂VS , TR = ∂VR, along the annuliKA = TA∩TS , KR = TR∩TS ,
K = TA ∩ TR, K = TA ∩ TR, respectively.

Let C = (l1, b1, l2, b2). Then the sought manifoldM3 is obtained by the Dehn
surgery along the link ℓA ⊔ ℓS ⊔ ℓR with equipment (−b2, l2), (−1, 2), (−b1, l1).
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Moreover, the homeomorphisms of surgery hA : V0 → VA, hS : V−1 → VS , hR :
V−1 → VS , hR : V2 → VR are chosen such that hS(Tu−1) = KA, hS(Ts−1) = KR.
Denote by π : V0 ⊔ V−1 ⊔ V2 → M3 the natural projection. Let f t : M3 → M3

be defined by the formula

f t(x) =


π([a0]

t(π−1(x))), x ∈ π(V0)

π([a−1]
t(π−1(x))), x ∈ π(V−1)

π([a2]
t(π−1(x))), x ∈ π(V2)

By construction Cft = C.

6 Topology of ambient manifolds of flows f t ∈
G−

1 (M
3)

In this section we prove the theorem 2: flows of class G−
1 (M

3) admit all lens
spaces Lp,q, all connected sums of the form Lp,q#RP3, and all Seifert fiber
spaces of the form M(S2, (α1, β1), (α2, β2), (2, 1)). Exactly, let the flow f t ∈
G−

1 (M
3) have the invariant Cft = (l1, b1, l2, b2). Then

1) If (|l1| − 1)(|l2| − 1) = 0, then M3 ∼= Lp,q, herewith:

i) if l1l2 = 0, then
M3 ∼= RP3;

ii) if Cft = (±1, b1, l2, b2), l2 ̸= 0, then
M3 ∼= Ll2−2b2,b2 ;

iii) if Cft = (l1, b1, ±1, b2), l1 ̸= 0, then
M3 ∼= Ll1−2b1,b1 ;

2) If l1l2 = 0 and (|l1| − 1)(|l2| − 1) ̸= 0, then M3 ∼= Lp,q#RP3, herewith:

i) if Cft = (0, b1, l2, b2), then
M3 ∼= Ll2, b2#RP3;

ii) if Cft = (l1, b1, 0, ±1), l1 ̸= 0, then
M3 ∼= Ll1, b1#RP3.

3) If Cft = (l1, b1, l2, b2), |l1| > 1, |l2| > 1, then
M3 ∼=M(S2, (l1, b1), (l2, b2), (2, 1)).

Proof. Let us prove the theorem separately for the cases: I) l1l2 = 0, II) l1l2 ̸= 0.
In case I), we denote by M3

S the manifold obtained by Dehn surgery along
knot S with equipment (1, 1) in the generators LS ,MS . Let vS : (M3 \ int VS)⊔
V → M3

S — the natural projection. For simplicity, we keep the labels of all
objects on vS(M

3 \ intVS) the same as they were on M3 \ intVS and put S̃ =
vS({0}×S1), VS̃ = vS(V). Then ṼR = VR∪VS̃ is a solid torus with boundary T̃R
and there exists an isotopy ζt : VR → ṼR, t ∈ [0, 1] such that ζ0 = id|VA

, ζt|K =
id|K , t ∈ [0, 1], ζ1(VR) = ṼR, ζ1(σS ∩KR) = σS ∩KA. For any curve c ⊂ TR, let
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us put c̃ = ζ1(c) ⊂ T̃R. Then the isomorphism ζ1∗ is identical in the generators
LR,MR; L̃R, M̃R and

M3
S = ṼR ∪ψ VA, (17)

where ψ : ∂ṼR → ∂VA is homeomorphism inducing isomorphism in generators

L̃R, M̃R; LA,MA and ψ∗ =

(
r s
p q

)
. Hence, M3

S
∼= Lp,q. From the Statement 2,

we obtain that M3 ∼= (Lp,q)S̃ , where S̃ is a knot with equipment (−1, 2). Since
the knot S̃ bounds a 2-ball on at least one of the tori ṼA, VR, then, by virtue of
the Statement 3 (Lp,q)S̃

∼= Lp,q#L2,−1. Whence, by virtue of the Statement 1,

M3 ∼= Lp,q#RP 3. (18)

Let us show how the proof of 2) and 1i) follows from the deductions made.
1i)+2i) (l1, b1) = (0,±2). It follows from the definition of the set Cft that

ψ∗(⟨0, 1⟩) = ⟨±l2,±b2⟩. By virtue of Statement 3,

2i)M3 ∼= Ll2,b2#RP3, |l2| ≠ 1;

1i)M3 ∼= RP3, |l2| = 1.

1i+2i) (l1, b1) ̸= (0,±2). It follows from the definition of the set Cft that
ψ∗(⟨0, 1⟩) = ⟨±l2,±mA⟩, ψ∗(⟨1,±cR⟩) = ⟨±b2,±cA⟩. By direct calculation we
obtain that ψ−1

∗ (⟨0, 1⟩) = ⟨±l, b⟩, where |l| = |l2|, |b| ≡ |b2| (mod l2). By virtue
of Statement 3,

2i)M3 ∼= Ll2,b2#RP3, |l2| ≠ 1;

1i)M3 ∼= RP3, |l2| = 1.

1i+2ii). By reasoning analogous to the above, we obtain that

2ii)M3 ∼= Ll1,b1#RP3, |l1| ≠ 1;

1i)M3 ∼= RP3, |l1| = 1.

In case II), consider first the subcase |l1| = 1. Then ṼS = VS ∪ VR is a filled
torus with boundary T̃S and there exists an isotopy ζt : VS → ṼS , t ∈ [0, 1] such
that ζ0 = id|VS

, ζt|KA
= id|KA

, t ∈ [0, 1], ζ1(VS) = ṼS , ζ1(σS ∩KR) = σR ∩K.
For any curve c ⊂ TS , let c̃ = ζ1(c) ⊂ T̃S . Then the isomorphism ζ1∗ is identical
in the generators LS ,MS ; L̃S , M̃S and

M3
S = ṼS ∪ψ VA, (19)

where ψ : ∂ṼR → ∂VA is a homeomorphism, inducing in the generators

L̃S , M̃S ; LA,MA isomorphism ψ∗ =

(
r s
p q

)
. Hence, M3

S
∼= Lp,q. From the

definition of the set Cft , it follows that ψ∗(⟨2, 1⟩) = ⟨±l2,mA⟩, ψ∗(⟨1, 1⟩) =
⟨±b2,±cA⟩. By direct calculation, we obtain that ψ−1

∗ (⟨0, 1⟩) = ⟨±l, b⟩, where
|l| = ||l2 − 2b2|, |b| ≡ |b2| (mod l2). By virtue of the Statement 3,

1ii)M3 ∼= Ll2−2b2,b2 .
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In the case |l2| = 1 by similar reasoning, we obtain that

1iii)M3 ∼= Ll1−2b1,b1 .

In the case |l1| > 1, |l2| > 1, it follows from the procedure for realizing a
flow over an admissible set (see the proof of the second part of Theorem 1 in
Case II)) that M3 is a Seifert fiber space with base sphere with three special
fibers

M3 ∼=M(S2, (l1, b1), (l2, b2), (2, 1)).

7 Counting the number of topological equiva-
lence classes

In this section we give a proof of Theorem 3. To do this, recall that for any pair
p, q of integer prime numbers, we put p̄ = |p| and denote by q̄ the smallest non-
negative of the numbers q′ satisfying the condition q ≡ ±q′ (mod p), and by q̃
the smallest non-negative of the numbers q′ satisfying the condition qq′ ≡ ±1
(mod p).

Theorem 3. The set G−
1 (Lp,q), |p| ̸= 2 decomposes into a

countable number of equivalence classes, whereas the sets G−
1 (RP3),

G−
1 (Lp,q#RP3), G−

1 (M(S2, (α1, β1), (α2, β2), (2, 1))) consist of a finite num-
ber of classes.

Proof. By virtue of Theorem 2, flows of class G−
1 (M

3) admit three types of
manifolds 1) Lp,q; 2) Lp,q#RP3; 3) M(S2, (l1, b1), (l2, b2), (2, 1)). Let us prove
the proof separately for each of these cases.

1) According to Statement 1, two lens spaces Lp,q, Lp′,q′ are homeomorphic if
and only if p̄ = p̄′ and either q̄ = q̄′ or q̄ = q̃′. Whence it follows that Lp,q ∼= Lp̄,q̄
and, Lp′,q′ ∼= Lp̄,q̄ if and only if at least one of the following conditions for k ∈ Z
is satisfied:

p′ = p̄, q′ = q̄ + kp̄; (20)

p′ = −p̄, q′ = q̄ + kp̄; (21)

p′ = p̄, q′ = −q̄ + kp̄; (22)

p′ = −p̄, q′ = −q̄ + kp̄; (23)

p′ = p̄, q′ = q̃ + kp̄; (24)

p′ = −p̄, q′ = q̃ + kp̄; (25)

p′ = p̄, q′ = −q̃ + kp̄; (26)

p′ = −p̄, q′ = −q̃ + kp̄; (27)

By virtue of the 2 theorem, the lens Lp̄,q̄, p̄ ̸= 2 is a ambient manifold for flows
with invariants

(±1, n, p′ + 2q′, q′); (28)
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(p′ + 2q′, q′,±1, n), (29)

where n ∈ Z. Substituting the condition (20) into (28), we obtain sets of the
form

(±1, b1, p̄+ 2(q̄ + kp̄), q̄ + kp̄).

From the definition of consistency, it follows that two sets of

(±1, n1, p̄+ 2(q̄ + k1p̄), q̄ + k1p̄), (±1, n2, p̄+ 2(q̄ + k2p̄), q̄ + k2p̄), q̄ + k2p̄)

are consistent if and only if k1 = k2, n1 = n2. Thus, each rep-
resentation of the lens Lp,q in the form (20) gives rise to the family
(±1, n, p̄+ 2(q̄ + k + kp̄), q̄ + kp̄) , n, k ∈ Z of pairwise non-consistent sets cor-
responding, by virtue of Theorem 2, to pairwise non-equivalent flows. If |p| > 2,
then similar families are obtained from each of the representations (21), (22),
(23), (23). It is directly verified that the sets of all four families are not pairwise
equivalent. Finally, if q̄ ̸= q̃ (equivalent to q2 ̸≡ ±1 (mod p)), we obtain four
more families of pairwise non-equivalent sets corresponding to the representa-
tions (24), (25), (??), (26), (26), (??). Adding to the list of sets, sets of type
(29), we obtain a list of eight more pairwise non-equivalent sets, directly from
which follows the result of the theorem in cases 1a), 1b).

In cases 1c); 1d), by directly substituting the pairs p̄ = 0, q̄ = 1; p̄ = 1, q̄ = 0
into the sets 1b), respectively, we obtain the announced lists of pairwise non-
equivalent pairs.

In the case |p| = 2, the lens Lp,q is a ambient manifold for the flows with
invariants

(0, c,±1, n); (30)

(±1, n, 0, d), (31)

where n ∈ Z, c ∈ {−2,−1, 1, 2}, d ∈ {−1, 1}. From the definition of consistency,
it follows that the two sets

(0, c1,±1, n1), (0, c2,±1, n2)

are consistent if and only if c1 = ±c2, n1 ≡ ±n2 (mod 1). A similar statement
is true for sets of the form (31), resulting in the announced list 1e).

2) By virtue of Theorem 2 the manifold Lp,q#RP3, |p|| ̸= 1 is an ambient
manifold for flows with invariants

(0, c, p′, q′); (32)

(p′, q′, 0, d), (33)

where n ∈ Z, c ∈ {−2,−1, 1, 2}, d ∈ {−1, 1}. It follows from the definition of
consistency that for |p| > 2 the two sets of

(0, c1, p̄, q̄ + k1p̄), (0, c2, p̄, q̄ + k2p̄)
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are consistent if and only if c1 = c2, k1 ≡ k2 (mod 1). Thus, each representation
of the lens Lp,q in the form (20) gives rise to a family (0, c, p̄, q̄) of pairwise non-
consistent sets corresponding, by virtue of Theorem 2, to pairwise non-equivalent
flows. Similar families are obtained from each of the representations (21), (22),
(22), (23), (24), (??), (26), (27), (27) if q̄ ̸= q̃. Adding to the list of sets, the sets
of type (33), we obtain the list of sets announced in (2a), 2b) of this theorem.

In cases 2c); 2d), by directly substituting into sets 2b) the pairs p̄ = 0, q̄ =
1; p̄ = 2, q̄ = 1, respectively, we obtain the announced lists of pairwise non-
equivalent pairs.

3) By virtue of the 2 theorem, the manifold M(S2, (α1, β1), (α2, β2), (2, 1))
is an ambient manifold for flows with invariants

(α1, β1, α2, β2). (34)

By virtue of Statement 4 M(S2, (α1, β1), (α2, β2), (2, 1)) ∼=
M(S2, (α′

1, β
′
1), (α′

2, β
′
2), (2, 1)) if and only if at least one of the follow-

ing conditions is met:

α′
1 = α1, β

′
1 = β1 + k1α1, α

′
2 = α2, β

′
2 = β2 + k2α2; (35)

α′
1 = α2, β

′
1 = β2 + k1α2, α

′
2 = α1, β

′
2 = β1 + k2α1, (36)

where k1, k2 ∈ Z. By virtue of Theorem refth:top.
M(S2, (α1, β1), (α2, β2), (2, 1)) is an ambient manifold for flows with
invariants

(α′
1, β

′
1, α

′
2, β

′
2). (37)

Substituting (35) into (37), we obtain sets of the form

(α1, β1 + k1α1, α2, β2 + k2α2).

It follows from the definition of consistency that all such sets are equivalent to
the set (α1, β1, α2, β2). A similar situation is obtained with the relation (36).
From where we obtain the sets announced in 3a), 3b).
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