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ONE-SIDE LIOUVILLE THEOREMS UNDER AN
EXPONENTIAL GROWTH CONDITION FOR
KOLMOGOROV OPERATORS

E. PRIOLA

ABSTRACT. It is known that for a possibly degenerate hypoelliptic Ornstein-
Uhlenbeck operator

L= % 1(QD?) + (Az, D) = % div(QD) + (Az, D), z € RV,

all (globally) bounded solutions of Lu = 0 on R™ are constant if and only
if all the eigenvalues of A have non-positive real parts (i.e., s(4) < 0).
We show that if @ is positive definite and s(A) < 0, then any non-
negative solution v of Lv = 0 on RY which has at most an exponen-
tial growth is indeed constant. Thus under a non-degeneracy condition
we relax the boundedness assumption on the harmonic functions and
maintain the sharp condition on the eigenvalues of A. We also prove a
related one-side Liouville theorem in the case of hypoelliptic Ornstein-
Uhlenbeck operators.

1. INTRODUCTION

Let @ be a symmetric non-negative definite N x N matrix and let A be a
real N X N matrix. The possibly degenerate Ornstein-Uhlenbeck operator
(briefly OU operator) associated with (@, A) is defined as

L= % :(QD?) + (Az, D) = % div(QD) + (Az, D), z€RY. (1)

We will assume the so-called Kalman controllability condition (see, for in-
stance, Chapter 1 in [21]):

rank[\/Q, 4/Q, ..., AN 1/Q] = N. (2)

This is equivalent to the hypoellipticity of L — 9, (see [12] and [13] for more
details). Clearly, in the non-degenerate case when @) is positive definite we
have that condition (2) holds.

We study one-side Liouville type theorems for L, i.e., we want to know
when non-negative smooth solutions u : RN — R to

Lu(z) =0, z € RY,

are constant. Such functions are called positive (non-negative) harmonic
functions for L (see [14]). Positive harmonic functions are important in the
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study of the Martin boundary for L (see [3] for the non-degenerate two-
dimensional case and Chapter 7 in [14] for more information on the Martin
boundary for non-degenerate diffusions).

Before stating our main result we discuss a known Liouville theorem con-
cerning bounded harmonic functions (briefly BHFs) for L. To this purpose
we introduce the spectral bound of A:

s(A) = max{Re(\) : A€ o(A)}. (3)

where o(A) is the spectrum of A (i.e., set of the eigenvalues of A). By Theo-
rem 3.8 of [16] it follows that all BHF's for the hypoelliptic OU operator L are
constant if and only if s(A4) < 0 (cf. Theorem 2.1 and see the comments in
Section 2 for more details). Liouville theorems involving BHF's for diffusions
are considered, for instance, in [14], [1], [16] and [18]. Liouville theorems
involving BHFs for purely non-local OU operators are proved in [20] and
[19]; see also Section 6. Recall that Liouville theorems for BHFs have prob-
abilistic interpretations, in terms of absorption functions (see Chapter 9 in
[14] and Section 6 in [16]) and in terms of successful couplings (see [20], [19]
and the references therein).

Theorem 3.8 in [16] suggests the natural question if under the assumption
s(A) < 0 we have more generally a one-side Liouville type theorem for L.
In general, this is an open problem (see also Section 6). However one-
side Liouville theorems for L have been proved in some cases under specific
assumptions on @ and A (such assumptions imply that s(A4) < 0). We
refer to [8], [9], [10], [11] and the references therein; the papers [8], [9] and
[10] contain also one-side Liouville theorems for other classes of Kolmogorov
operators. We mention the main result in [11] where it is proved a one-side
Liouville theorem assuming that @) is positive definite and that the norm of
the exponential matrix ¢*4 is uniformly bounded when ¢ € R (cf. Theorem
2.4 and the related discussion in Section 2).

The main result of this work states that if () is positive definite and
s(A) < 0, then any positive harmonic function v for L which has at most
an exponential growth is indeed constant. Thus under a non-degeneracy
condition we relax the boundedness assumption on the harmonic functions of
[16] and maintain the sharp condition on the eigenvalues of A (see Theorem
4.1 for the precise statement). We also prove a related one-side Liouville
theorem under a sublinear growth condition which is valid for hypoelliptic
OU operators (see Theorem 4.2).

The plan of the paper is the following one.

We recall and discuss known results in Section 2. In Section 3 we prove the
convexity of positive harmonic functions for L under an exponential growth
condition. This is a consequence of a result given in [17]. Such convexity
property will be the starting point for the proof of our main result. We
state and discuss Theorem 4.1 in Section 4 where we also present Example
1 to illustrate an idea of the proof in a significant case. The complete proof
of the main result is given in Section 5. We finish the paper by presenting
some open problems.

1.1. Notations. We denote by | - | the usual euclidean norm in any R¥,
k > 1. Moreover, x -y or (x,y) indicates the usual inner product in RF,
T,y € RF. The canonical basis in R¥ is denoted by (€:)i=1,... k-
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Let k£ > 1. Given a regular function u : R we denote by D?u(zx) the
k x k Hessian matrix of u at z € R¥, ie., D%u(z) = (8§ixju(x))i,j:17___,k,
where Q,%Z_xju are the usual second order partial derivatives of w. Similarly
we define the gradient Du(z) € R¥.

Given a real k x k matrix A, ||A|| denotes its operator norm and tr(A) its
trace.

Given a symmetric non-negative definite k& x k matrix Q we denote by
N(0,Q) the symmetric Gaussian measure with mean 0 and covariance ma-
trix @ (see, for instance, Section 1.7 in [2] or Section 2.2 in [5]). If in addition

@ is positive definite than N (0, Q) has the density me_%@flm@,

x € R¥, with respect to the k-dimensional Lebesgue measure.

2. SOME KNOWN RESULTS

First we introduce the Banach space By(R") of all Borel and bounded
functions from RY into R endowed with the supremum norm. We define the
following semigroup of operators (P;) acting on By (RY):

(PD)@) = Pf@) = [ 1 +p)NO.Q)dy, v RV >0, (4

Pof = f, f € By(RY); here N(0,Q;) is the Gaussian measure with mean 0
and covariance matrix

t
Qt:/ eSAQeSA*ds
0

(see, for instance, Chapter 6 in [4] for more details). We are using exponen-
tial matrices e and e*4” where A* denotes the transpose of the matrix A;
(P;) is called the Ornstein-Uhlenbeck semigroup (brefly the OU semigroup).

Recall that the Kalman condition (2) is equivalent to the fact that @y is
positive definite for ¢ > 0 (cf. Section 1.3 in [21]). It is also equivalent to the
strong Feller property of (P;) and, moreover, to the fact that P(By(RY)) C
C°(RY), t > 0 (see, for instance, Chapter 6 in [4]).

Now we mention a special case of Theorem 3.8 in [16] (this covers also
some classes of non-local OU operators).

Theorem 2.1 ([16]). Let us consider the hypoelliptic OU operator L (i.e.,
we assume (2)). Let w € C*(RY) be a bounded solution to Lw(z) = 0 on
RN (). Then w is constant if and only if s(A) < 0.

Remark 2.2. Note that a smooth bounded real function w is a solution to
Lw(x) = 0 on RY if and only if it is a bounded harmonic functions for the
OU semigroup, i.e.,

Paw=w on RY, ¢ >0.
This fact can be easily proved by using the It6 formula (we point out that
the It6 formula will be also used in the proof of Proposition 3.2).

To prove <= in the previous theorem one uses the next result, the proof
of which uses control theoretic techniques.

lr is hypoelliptic, so that every distributional solution to Lw = 0 is of class C*°.
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Theorem 2.3 ([15]). Let us consider the matric Qt_lmem, t > 0 (this is
well-defined by (2)). We have

||Qt_1/2etAH —0 ast 00 <= s(A4)<0. (5)

Now we state a one-side Liouville type theorem proved in Theorem 1.1 of
[11] which will be used in the sequel.

Theorem 2.4 ([11]). Let Q be a N x N positive definite matriz. Suppose
that sup,cg [le!d]] < oo (%). Let v be a smooth non-negative solution to
Lv =0 on RY. Then v is constant.

Clearly, we can replace in the previous theorem the condition that v is
non-negative by requiring that v is bounded from above or from below.

Remark 2.5. (i) Theorem 1.1 in [11] is proved when @ = I. On the other
hand, if @ is positive definite then by using the change of variable u(z) =
HQ~'2z), I(y) = u(Q'?y), y € RN, we can pass from an OU operator
associated with (Q, A) to an OU operator associated with (I, Q~/2AQ"/?).
In particular, we have Lu(z) = 0, z € RY, if and only if

1 -
SOUw) +(Q72AQ 2y, Dify)) =0, yeRY.

Therefore, Theorem 1.1 in [11] holds more generally when @ is positive
definite.

(ii) We do not know if the previous theorem holds replacing the assump-
tion that @ is positive definite with the more general Kalman condition

(2).
3. POSITIVE HARMONIC FUNCTION FOR THE OU SEMIGROUP

Note that formula (4) is meaningful even if the Borel function f is only
non-negative. Following [17] we say that a Borel function u : RV — R, is a
positive harmonic function for the OU semigroup (P;) if it satisfies

Pau(z) =u(z), zeRY, t>0. (6)
The next theorem is a special case of Theorem 5.1 in [17] which holds in

infinite dimensions as well. Its proof uses Theorem 2.3 together with an idea
of S. Kwapien (personal communication). We sketch its proof in Appendix.

Theorem 3.1. Assume the Kalman condition (2) and s(A) < 0. Consider
a positive harmonic function u for the OU semigroup (P;). Then u is convex
on RY,

In the next result we provide a sufficient condition under which positive
harmonic functions for L are positive harmonic functions for the OU semi-
group as well. For such result we do not need the Kalman condition (2).

Proposition 3.2. Let u € C?(RY) be a non-negative solution to Lu(z) = 0
on RN, Assume that u verifies the following exponential growth condition:
there exists co > 0 such that

lu(z)| < coe®ll z e RN, (7)

2This is equivalent to require that A is diagonalizable over C with all the eigenvalues
on the imaginary axis; in particular this implies that s(A) < 0.
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Then we have Pu(z) = u(z), x € RN, t >0 (3).

Proof. The proof uses stochastic calculus. Let us introduce the OU stochas-
tic process starting at z € RY (see, for instance, page 232 in [7]). It is the
solution to the following SDE

t t
th:x+/ AX;CdS—l-/ VQdw,, t>0, zeRY. (8)
0 0

Here W = (W) is a standard N-dimensional Wiener process defined and
adapted on a stochastic basis (2, F, (F;),P). The solution is given by

Xy =¢ a:+/ (=94/Qaw.
0

It is well-known that E[u(X?)] = Pau(z), t > 0, z € RY (see, for instance,
Section 5.1.2 in [5]).

By It6’s formula (see, for instance, Chapter 8 in [2] or Chapter 2 in [7])
we know that, P-a.s.,

t
u(Xf):u(a;)—F/ Lu(X®)ds + My = u(x) + M;, t >0, z € RV,
0

using the local martigale M = (M), My = fg Du(X?*)/QdWy. Let us fix
z € RY. By using the stopping times 7¥ = inf{t > 0 : X € B,} (here B,
is the open ball of radius n and center 0) we find

Elu(Xiars)] = w(z) + E[Miprg].

By considering a CZ-function u, with bounded first and second derivatives
on RY which coincides with u on B, +1 we obtain

tAT,
Miprs :/ Duy(X%)\/QdW,, t>0, n>1.
0

Since fg Du,(X%)\/QdWsy is a martingale, by the Doob optional stopping
theorem we know that

tATE
0= E[/ Duy (X7) \/édws} = E[Minrs], t>0,n>1.
0
We arrive at
E[u(Xf )] = ul), £>0,n> 1. )

We fix t > 0. In order to pass to the limit in (9) we use that, for any n > 1,
P-a.s.,

co [(X?® x
u(XEa )| < o e Finegl < g e suPocton IXE1,

It is known that there exists § > 0, possibly depending also on ¢, such that

E[exp 58861[1011]‘/ )] (10)

(for instance, one can use Proposition 8.7 in [2] together with the estimate
supsero.g | Jo e e A/QdW,| < ¢ supsepo | Jo e Ay/Q dW,|). Tt follows

3This result holds more generally assuming that there exists € € [0,2) and C. > 0 such

that |u(x)| < Cee®* ‘”‘276, x € RY. Moreover, the hypothesis that u is non-negative is not
necessary.
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that E[e® SPsci0.0 X5 < 00, Since P-a.s. 7¢ — 0o, we can pass to the limit
in (9) as n — oo by the dominated convergence theorem and get

Elu(X])] = u(x), t>0.
The proof is complete since E[u(X})] = Pu(z). |

According to Theorem 3.1 and Proposition 3.2 we have

Corollary 3.3. Assume the Kalman condition (2) and s(A) < 0. Let u
be a non-negative smooth solution to Lu(x) = 0 on RN which verifies the
exponential growth condition (7).

Then u is a convex function on RY.

We obtain here a first one-side Liouville type theorem for possibly degen-
erate hypoelliptic OU operators. It holds under a sublinear growth condition
and generalizes Theorem 2.1.

Theorem 3.4. Let us consider the OU operator L under the Kalman con-
dition (2). Let u € C%(RY) be a non-negative solution to Lu = 0 on RV,
Assume the following growth condition: there exist 6 € [0,1) and Cs > 0
such that

lu(z)| < Cs (1 + |z|°), zeRN. (11)
If s(A) < 0 then we have that u is constant.
Proof. Since condition (11) implies the exponential growth condition (7) we

can apply Corollary 3.3. The assertion follows since u is a convex function
on RV, |

4. A ONE-SIDE LIOUVILLE THEOREM UNDER AN EXPONENTIAL GROWTH
CONDITION

The main result of the paper concerns non-degenerate OU operators L:
1
L=3 tr(QD?) + (Az, D), (12)
where @) is a positive definite N x N-matrix.

Theorem 4.1. Let us consider the OU operator L with Q) positive definite.
Let u € C?*(RN) be a non-negative solution to Lu(x) = 0 on RYN. Sup-
pose that s(A) < 0 holds. Suppose that u satisfies the exponential growth
condition (7). Then u is constant.

In order to prove the result we need a first lemma which holds more
generally for hypoelliptic OU operators.

Lemma 4.2. Let us consider the hypoelliptic OU operator L. Let u €
C?(RN) be a non-negative solution to Lu(x) = 0 on RYN. Suppose that u
verifies the exponential growth condition (7). Then if s(A) <0 we have the
following identity for any xo, x € RN

u(z) > u(zo) — Du(ao) - o + Du(xo) - 4z, ¢>0. (13)
Proof. We know by Corollary 3.3 that for any zo € RV we have
u(y) > u(xo) + Du(zo) - (y — x), y€RY. (14)
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We apply the OU semigroup (F;) to both sides of (14):

Pou(x) > u(xg) + Du(xp) - / et — 29 4+ 2]N(0,Q;)dz
RN
= u(xo) — Du(xo) - o + Du(z) - 4.
Taking into account Proposition 3.2 we have that Pou = u, t > 0, and the
assertion follows. [}

To illustrate the proof of Theorem 4.1 we first examine an example when
N = 3.

Example 1. We introduce

010 1+ tes + L
A= 0 0 1 |, ety = To +txs ,
0 0 O T3

r = (r1,22,23) € R3. Let Q can be any positive definite 3 x 3 matrix. We
consider the OU operator associated to (Q, A).

We first prove that, for any zg € R3, 0,,u(xg) = 0,u(rg) = 0. Suppose
by contradiction that

k = 0y, u(zo) # 0,
for some x¢ € R3. Then we consider = = (0,0, k) and by (13) we get
u(0,0,k) > u(zg) — Du(zo) - 2o + Du(xg) - (0,0, k)

2
= u(zg) — Du(xg) - o + Du(zg) - (%kz,tk, k)
2
= u(xo) — Du(z) - o + 5 k? + t0pu(wo)k + Opgu(o)k, t>0.

Letting t — co we get a contradiction since % k? + t0p,u(xo)k tends to oo.
It follows that 0,,u(xg) = 0. We have u(z1,x2, 23) = u(0, v, 23) on R3.

Suppose by contradiction that [ = 9y, u(zg) # 0, for some 2o € R3. Then
we consider z = (0,0,1) and by (13) for any ¢ > 0 we get

2
u(0,0,1) > u(xg) — Du(xg) - o + Du(xp) - (El,tl,l)

= u(z0) — Du(wo) - o + t1* + pyu(zo)l.

Letting t — oo we get a contradiction. It follows that d,,u(zg) = 0, for any
ro € RN. We have obtained that u(xy,z2,z3) = (0,0, 23) = v(x3) on R3.

Since 0 = Lu(z) = %292

2
s 1(0,0,23) = q%dd—x%v(:ng), r3 € R, where

q33 = Qes - e3, we finally obtain that u = cost.
In the proof of Theorem 4.1 we will also use the following remarks.

Remark 4.3. Arguing as in (ii) of Remark 2.5 we note that it is enough to
prove Theorem 4.1 when @ is replaced by

0Q
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for some § > 0. Indeed by using the change of variable u(z) = v(6'/2z),
v(y) = u(6~/?y), we can pass from an OU operator associated with (Q, A)
to an OU operator associated with (6@, A). We have

Lu(z) =0, ze€RY «— gtr(QD%(y)) + (Ay, Du(y)) =0, y € RY.

Remark 4.4. In the sequel we will always assume that in (12)
the matriz A is in the real Jordan form, (15)

possibly replacing () by PQP* where P is a N x N real invertible matrix.

Note that PQP* is still positive definite. Let us clarify the previous
assertion. Let P be an invertible real matrix such that PAP~! = J.

Using the change of variable u(x) = v(Pz), v(y) = u(P~'y), we can pass
from an OU operator associated with (@, A) to an OU operator associated
with (PQP*, PAP~!). We have

Lu(z) =0, z € RY — %tr(PQP*DZU(y)) + (Jy, Du(y)) =0, y € RV,
We also remark that s(.J) = s(A).

5. ON THE PROOF OF THEOREM 4.1

According to Remarks 4.3 and 4.4 we concentrate on proving the Liouville
theorem for L in (12) assuming that A is in the real Jordan form. Moreover,
when it will be needed we will replace @) by §Q with ¢ > 0 small enough.

5.1. A technical lemma. Recall that (e;) denotes the canonical basis in
RYN. Given a real N x N matrix C we write C = By & B, @ ... ® B,, if

By 0 ... 0
0o B 0
¢= 0o .. .. 0|’
o .. 0 B,
where B; is a real k; x k; matrix, 1 =0,...,n, k; > 1 and ky + ... + k, = N.

Let z € RY. We write
x = (xBy,s -, TB,) (16)
where x5, = (29, ...,x%g) = (Z1, ..y Thy ),
TB; = ($Zlv ,xil) = (Thot..4ki1+1s o Thy_y+k;)- (17)

We say that a:li, e a:}ﬁ are the variables corresponding to B;.
We also consider the related orthogonal projections 7, : RY — RF::

TB,T = Ip, zeRY i=0,..,n. (18)
Clearly, we have
Cx = (BOxBO, ...,anBn) = (B()T(BO:E, ...,anBn:E), r e RY. (19)

Now we write the N x N matrix A appearing in (12) with s(A) < 0 in
the following real Jordan form:

A=SeEy®J(0,k1)®..aJ(0,ky)DJ(0,d1,91)®...0J(0,dy, g4) B Er, (20)
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p,q > 1. Note that some of the previous blocks could be not present (for
instance, it could be possible that A = S@ Fj). In the sequel we will examine
the various possibile blocks in (20).

The block S is a s x s matrix, s > 1, and corresponds to the stable part
of A (i.e., it corresponds to the eigenvalues of A with negative real part).

The block Ey is the null ky x kg matrix, kg > 1. The 2t x 2t block Fjq,
t > 1, corresponds to all possible simple complex eigenvalues ih, ..., 1h; of
A (with hy,...,h € R):

0 m
BT
Ey = .
0 h
o [
Moreover, J(0, k;) is the k; x k; Jordan block, k; > 2,i=1,...,p,

0 1 o --- 0
0 0 N

o o0 0 o0 1
o o0 0 0 O

such that J(0, ;) is the null k; x k; matrix. Finally, the 2g; x 2g; Jordan
block J(0,d;,g;) is

-d; 0 0 1
J(0,d;,g5) = 0 0 1 0 |, (21)
o - 0 . . .0 1
0 0 0 d;
0 o . . .o —d; 0

where d; € R, g; > 2, j =1,...,q. If all blocks are present, according to (20)
we have
s+ko+ki+...+ky+2[g1+ ...+ g +2t=N.

Let us consider (20) and fix a real function u(xy,...,xn).

In the following definition we suppose that at least one Jordan block like
J(0,k;) or J(0,d;, g;) is present in (20).

We say that u is quasi-constant with respect to Jordan blocks like J(0, k;)
or J(0,d;, g;) if the following conditions hold:

(1) If the block J(0,k;) is present in formula (20) then u is constant in
the variables

£yl o,
where x5 1) = (21, ,le) (cf. (17); i.e., if we consider only the variables
xil,...,a;%%, correspondipg to the block J(0,k;), i = 1,...,p, we say that u
may only depend on zj .
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(2) If the block J(0,d;, g;) is present in formula (20) then u is constant
in the variables

J J
L5 e Tog, 9

where 25,4, 4,) = (21, -+, a;%gj ); i.e., if we consider only the variables z7, ..., a:%gj,

corresponding to J(0,d;, g;) we say that u may only depend on mggj_l and
7, .

Lemma 5.1. We assume the hypotheses of Theorem /.1 about L and wu.
Then u is constant in the following cases.

i) there is not the stable part S in (20). Moreover, blocks like J(0,k;) or
J(0,dj,g;5) are not present.

i1) there is not the stable part S in (20). Moreover, u is quasi-constant
with respect to Jordan blocks like J(0,k;) or J(0,d;, g;).

i11) there is the stable part S in (20). Moreover, u is quasi-constant with
respect to Jordan blocks like J(0,k;) or J(0,d;,g;).

Proof. i) In this case L verifies the assumptions of Theorem 2.4 and the
assertion follows (note that in such case we do not need to impose any
growth condition on the non-negative function w).

To treat (ii) and (iii) we concentrate on the most difficult case when both
blocks like J(0,k;) and J(0,d;,g;) are present in (20) (otherwise, we can
argue similarly).

ii) We start to study the term Az - Du (cf. (12)) .
Let 1 <i < p. If u is constant in the variables z¢, ..., 3321-—1 corresponding
to the block J(0, k;) then, for any 2 € RY of the form

(0,.,0,25(0 %), 0, .-, 0) = (0, ..., 0, 2}, ..., 2¢,,0,...,0)

(cf. (16)) ie., x has all the coordinates 0 possibly apart the coordinates
xy, ...,a:}%, we have:

A0, ..., 0,28, oy T4, 0,...,0) - Du(z) = J(0, k;)(a}, ,a:}ﬂ) . D(mi’m’x};_)u(az)

where D(xi,---,x};i)u(x) € R¥i denotes the gradient with respect to the %, ..., a:}%

variables of u at x € RYV.

Let 1 < j < q. If u is constant in the variables x{, - x%gi—2 corresponding
to J(O, dj, gj) then

A(0, ..., 0,27, ...,$%gj,0, ..,0) - Du(z) = J(0,d;, g;) (=], ...,x%gj) - Dgu(x)

= (dj J}%gj, —dj xggj—l) : (ax%gjflrlIL(x), ax%gj u(l’))

—d;zl 0 i
J 2g3 x29j71

u(@) = dj w1 0,y (), (23)

where Dyu(z) = D j )u(x) € R?9 denotes the gradient with respect

J
(xlv"'vngj

to the x{, - :E%gj variables of u at € RN,
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Note that according to (20) and (19) we have, for any x € RV,

Azr = <E07TEO$, J(0, k1) T 0,k1)T5 o S (05 Kp) T 1(0,1,) T

J(07 dl7 gl)ﬂ-J(O,dl,gl)x7 EEE) J(07 dQ7 gq)ﬂ-J(O,dq,gqﬁ Elﬂ-Elx> .

By the assumptions u depends only on m variables, m < N. Taking into
account (22) and (23) we get, for any z € RV,

Az - Du(x) = Egmg,x - Dgyu(z) + [di a:%gl 896%917111(3;) —d m%gl_l 896591”(33)]

+ot [dg 23, 8mggq71u(x) —dgad, 4 8xggqu(x)] + Eymg,x - Dgyu(z), (24)
where D, denotes the gradient with respect to the kg variables correspond-
ing to Ey and Dp, denotes the gradient with respect to the 2¢ variables

corresponding to Ej.
We can set

w1, e tn) = 0(T1, ey o) = v(T0), (25)

with v : R™ — R,
1 1
TC = (T15 0, Tm) = (TEy Tag,—15 Tagy s s Ty, 15 Tg s TEy )-
By (24) we see that
Az - Du(z) = Acze - Dv(zc)
for a suitable m x m-matrix Ac which is diagonalizable over the complex
field with all the eigenvalues on the imaginary axis. We obtain
- 1 -
0= Lv(zc) = 5 tr(QD*v(zc)) + Acxo - Dv(zc), zc € R™,

for a suitable positive definite m x m matrix Q. By applying Theorem 2.4
we obtain that v is constant and so u is constant as well.

(iii) We start as in (ii). We denote the variables corresponding to the stable
part S of A by

T1y.eeyLsg-
By the assumptions u depends only on n variables, n < N. Moreover
n = s+ m where m is considered in (25). So we write
W1y ooy TN) = WL ey Ty Tt 1y ey Ty) = W(T5, TCO), (26)

where w: R" — Ry, g = (21, ....,z5) and x¢ = (Ts41, .., Tn)-
Arguing as before we obtain that there exists an (n — s) x (n — s)-matrix
Ac such that, for any z = (zg,z¢) € R,

0= Lw(x) = % tr(QD?w(x)) + Szg - Dgw(x) + Acxc - Dow(z),

for a suitable positive definite n x n matrix Q. Moreover, Dg denotes the
gradient with respect to the first s variables and D¢ the gradient with
respect to the x411, ..., x, variables.

In the rest of the proof it is convenient to replace Q by

8Q, for some & >0 small enough to be chosen later.

(cf. Remark 4.3). We also recall that the matrix A¢c is diagonalizable over
the complex field with all the eigenvalues on the imaginary axis.
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To finish the proof we prove that w does not depend on the xg-variable.
Indeed once this is proved we can apply Theorem 2.4 and obtain that w is
constant.

To obtain such assertion it will be important the exponential growth con-
dition (7).

By the previous notation, x = (zg,z¢) € R", since in particular w verifies
the exponential growth condition (7) we have: Pw=mw,t>0,ie.,

/ w(e®rs +ys, eCro +yo) N(0,Qr)dysdyc = w(zs, zc),  (27)

t > 0, where N(0, Qt) is the Gaussian measure with mean 0 and covariance
matrix

~ t 1T ~ "*
Q=96 / e*AQe* A ds.
0

Here we are considering the n x n-matrix A = S @ A¢ so that

oA — oS @ otAc

By Corollary 3.3 w is a convex function on R™. Applying a well-known result
on convex functions (cf. Section 6.3 in [6]) we obtain in particular that, for
any ¢ € R", |z| > 1,

cin
sup [Du(y)| < &) ][ w(y)dy.
lyl<|z| 2lz| JB,24))

It follows that possibly replacing ¢ in (7) by another constant ¢ > 0 we
have

|Dw(z)| < cefl®l, z e R (28)

Let us fix hg € R"° and « = (xg,z¢) € R". Differentiating both sides of
(27) along the direction hg we find

Ds’w(etsxs +ys, elAc To +yc)'€tsh5' N(0, Qt)dysdy(j = Dgw(zg,zc) hs.

R?’L
(29)
where as before Dg denotes the gradient with respect to the first s variables.
Recall that since the matrix S is stable there exist C' > 0 and w > 0 such
that

le¥hg| < Ce Y hgl|, t>0. (30)
By (28) we infer

Dsw(eSas +ys, e Cac +ye)| < cele wsleclet el eeluslgelucl

Note that |e!Cxc| = |zc|, t > 0. Tt follows that there exists a positive
function A(z) (independent of ¢t > 0) such that

|Dsw(e®zg + ys, exo +yo)| < Mx) e |Wswoll ¢ > g, (31)

Setting y = (ys,yc) it is not difficult to prove that there exists ¢; > 0
(independent of t) such that

/ e2WIN(0,Qy)dy < c1e® ot (32)
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To this purpose we first remark that

t - ~
10:] <6 /0 les A1 Q] fle*

for some constant Cy > 0 independent of ¢. Then recall that if Risan xn
symmetric and non-negative definite matrix, using also the Fubini theorem,
we obtain

ds < Cobt, >0, (33)

/e”yN(O,R)dy:/ e B2UIN (0, I dy

2 0 1/2 2 n
</ e IR -+ lynl) N (0, Ty = <_ IRy, y/zdy)
= N I /_271' 0

< QnQ%TQHRH’ r > 0.

Combining the last computation and (33) we obtain (32). Using (29), (31)
and (32) and we infer

|Dsw(xzg,xzc) - hg|

= ‘ Dsw(e®zg +ys, e ac +yc) - e hg N(0,Qr)dysdyc
Rn

< A\@)[eShg| [ e2WIN(©,0)dy < e1C\(x) e 0 e “hg|, ¢ > 0.
R
Since ¢ and ¢ are independent of ¢ and w, choosing ¢ > 0 small enough and
passing to the limit as t — co, we get

Dsw(zs,rc) - hs = 0.

It follows that w does not depend on the zg-variable. We have w(zg, z¢) =
g(z¢) for a regular function g : R"™* — R,. Moreover,

6 ~ —5
Lw(zg,xzc) = 3 tr(QoD% g(xc)) + Acxe - Dog(ze) =0, zo € R,

where Qg is a positive definite (n — s) x (n — s)-matrix.
Applying Theorem 2.4 to the OU operator % tr(QoD%) + Acxc - Do we
obtain that ¢ is constant and this finishes the proof. [ |

5.2. Proof of Theorem 4.1. We concentrate on the most difficult case
when both blocks like J(0, k;) and J(0, d;, g;) are present in (20). By Lemma
5.1 it is enough to show that u is quasi-constant with respect to the Jordan
blocks

J(07 kl)v ceey J(07 kp)7 J(Ov d17gl)7 ceey J(07 dQ7 gq)

I Step.  We fix i = 1,..,p, and consider the block J(0,%;) (see (20)). Let
7, ...,y be the variables corresponding to J(0, k;) according to (17). Let
zo € RY. We prove that 8%11(:50) =0when k=1,....,k — 1.

To this purpose we first consider £k = 1. We argue by contradiction and
suppose that

avzlu(ﬂfo) 75 0, (34)

for some x5 € RY. In order to apply Lemma 4.2, we ﬁrst choose x having
0 in all the coordinates apart the coordinates 7, ...,z , l.e., we have z =
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(0,...,0,%, ...,xzi, 0,...,0). We find, setting M,, = u(xo) — Du(zg) - xo
u(0, ..., 0, z¢, ...,xii,O, s 0) > My, + Du(zp) - etA(O, 0,28 ...,x};i,O, 0, 0),
= Mz + Diyi | o yu(zo) - et IOk (g1 ,xﬁgz), t >0,

k

where D, ol yu(zo) denotes the gradient with respect to the variables

xil, e a:}ﬁ Recall that

2 thi—1

Lt 5 o1

tki72

oot )

ki3

ey _ | 00 1 e o
0o 1 ¢
0o 1

Choosing further x1 =0, ..., x?ci_l =0, xﬁgz = 8x§u(x0) we find

tki—l

(0, ., 0, 9y u(0), 0, ..., 0) > My, + i u(xo) [0+t0+ ..+ mgp;ﬂ]
tki—l
+p(t, zo) = My, + (8leu(x0))2 m + p(t,x0), t >0,

where p(t,xg) is a polynomial in the ¢-variable which has degree less than
k; — 1. Letting t — oo we find a contradiction since (amiu(xo)ﬁ % +
p(t, zo) tends to co. Hence (34) cannot hold and we have proved that u does
not depend on the x{-variable.

Similarly, we prove that u does not depend on the z}-variable as well.

Proceeding in finite steps, once we have proved that u does not depend
on the variables :E%,...,l‘i_l, k =1,...k; — 1, we can show that for any
zo € RY we have 8% u(zg) = 0. To this purpose we argue by contradiction

and suppose that

axzu(xo) 75 0, (35)
for some o € RY. In order to apply Lemma 4.2, we choose z having 0 in all
the coordinates apart the coordinates 7, ..., zj . Moreover, choosing further
ri =0, "'75522-—1 =0, xﬁgz = Gmiu(xo) we find (using that v does not depend
on the variables z1, ...zt ;)

u(0, ..., 0, amiu(mo), 0,...,0)
tki—k

tki—k

+qr(t, x0) = My, + (8%11(3;0))2 T+ q(t,zg), t >0,

(ki — k)
where ¢(t,zo) is a polynomial in the ¢-variable which has degree less than
ki — k.
k;—k
Letting t — oo we find a contradiction since (ami u(zo))? ﬁ +q(t, o)
tends to oo. Hence (35) cannot hold and we have proved the assertion.
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IT Step.  We fix j = 1,..,q and consider the block J(0,d;,g;) (see (20)).
Let x1, ...,x%gj be the variables corresponding to J(0,d;,g;). Let 2o € RY.
We prove that d_ju(zo) = 0 when k = 1,...,2g; — 2.

k

We first consider k = 1. We argue by contradiction and suppose that
0,u(zo) £ 0. (36)

for some o € RY. As in I Step in order to apply Lemma 4.2, we choose x
having 0 in all the coordinates apart the coordinates z7, ..., 3 9 Moreover,
we choose further

x]l =0, ...,:E%gj_l = 0,:17%%_ = 8x{u(xo)
and set My, = u(xo) — Du(zg) - xo. By considering t = T,,, with
dj-Tn:g+2n7T, n >0 (37)
we find
u(0, ...,O,OI{u(xo),O, iy 0) > My,
—i—(‘?x{-u(a;o) [a;{ cos(d;Ty,) + a2 sin(d;Ty,) + 23T, cos(d;Ty,) + 4T, sin(d,T,)
9;—1 9;—1

m COS(dan) + .Zégj m Sln(d]Tn)}

+p(T, 20) = My + (9,5u(0))?

J
e Z'ng_l
95— 1

_n
(95 —1)!
where p(t,xo) is a polynomial in the ¢-variable which has degree less than

+p(Tn7‘TO)7 n 2 07

g;—1
gj — 1. Letting n — oo we find a contradiction since (9, ;u(z))? % +
J .
p(Th, o) tends to oco. Hence (36) cannot hold and we have proved that u
does not depend on the z9-variable.

Similarly, one can prove that u does not depend on the xé-variable as well.
We only note that in this case we choose x having 0 in all the coordinates
apart the coordinates 7, ...,x%gj. Moreover, ] = 0,...,:17%%__1 =0, :E%gj =
8xju(x0) and define T;, such that d; - T}, = 2nm, n > 0. We have

2

u(0, ...,O,@xgl-u(xo),o, oy 0) > My,
+8m%-u(:170) [ — x]l sin(d;T,) + x% cos(d;T,) — x?,;Tn sin(d;T,) + xiTn cos(d;T})

g;—1 ) ng—l
sin(d;T,) + x%gj ———cos(d;T,,)]

+... =
2 (g5 — 1!

' _n

971 (gj —1)!
+Q(Tn7x0)7 n > 07

where ¢(t,z¢) is a polynomial in the ¢-variable which has degree less than

g9; — L.

Proceeding in finite steps, once we have proved that u does not depend
on the variables xi, ...,xi_l, k=1,..,2g; —2, we show that for any z¢ € RN
we have d_ju(xg) = 0. To this purpose we suppose that k is even (we can

k

proceed similarly if k£ is odd). We argue by contradiction and suppose that
axiu(xo) # 0, (38)
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for some zy € RN . We choose z having 0 in all the coordinates apart
the coordinates 7, ...,:E%gj. Moreover, we set x% =0, ...,x%gj_l =0, xégj =
8xiu(x0). We find (using that u does not depend on the variables x1, ..., )
with 7), as in (37):

u(0, ...,0,8xiu(x0),0, iy 0) > My,

—i—(‘?miu(xo) [azi cos(d;T;,) + xiﬂ sin(d;T},) + azchTn cos(d;T,,) + azfﬁng sin(d;T5,)

. k+1 k41
, 9T ; it
...+ :E%gj—lﬁ COS(dan) + x29j ﬁ Sln(d]Tn)]
(9] 2 ) (9] 2 )
_k+1
,
+h(Th, T0) = My, + (8%“@0)) m + h(Tn, o), n >0,
where h(t,z() is a polynomial in the ¢-variable which has degree less than
 kt1
gj — L. Letting n — oo we find a contradiction since (8, u(wo))? %
k =5 )!
+h(T,, o) tends to co. Hence (38) cannot hold and we have proved the
assertion. The proof is complete. [ ]

6. SOME OPEN PROBLEMS

We list some open problems related to Liouville type theorems for OU
operators.

(1) In general it is not known if under the Kalman condition (2) and the
condition s(A) < 0 all non-negative smooth solutions v to Lv = 0 on R¥
are constant. This problem is also open in the non-degenerate case when we
assume in addition that @) is positive definite.

(2) The papers [20] and [19] treat non-degenerate purely non-local OU op-
erators L

Lf(z)= /RN (f(z+y) = f(@) = Ly<y (v, Df(2))) v(dy) + Az - D f(x),

r € RN, f:RY — R bounded and smooth, where v is a Lévy measure.
The hypotheses of [19] on v improve the ones in [20]. Theorem 1.1 in [19]
shows that under suitable hypotheses on v and assuming sup;sg ||e*|| < oo
all bounded smooth harmonic functions for L are constant. It is not known
if such result holds more generally under the assumption that s(A) < 0 (for
instance, a matrix like A in Example 1 is not covered in [20] and [19]).

(3) In [11] the result below has been proved using probabilistic methods
based on the known characterization of recurrence for OU stochastic pro-
cesses. It seems that a purely analytic proof of such result is not known.

Theorem 6.1 (Theorem 6.1 in [11]). Let us consider hypoelliptic OU oper-
ator L. Let v : RN — R be a non-negative C?-function such that Lv < 0 on
RN, Then v is constant if the following condition holds:
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The real Jordan representation of B is <B0 0 ) where By is stable and

0 B

By is at most of dimension 2 and of the form By = [0] or By = <2 —00z>

for some a € R (in this case we need N > 2).

APPENDIX A. PROOF OF THEOREM 3.1

The proof of Theorem 3.1 is based on the following lemma which is a
special case of an infinite dimensional result proved in Section 5 in [17]. We
include the proof for the sake of completeness.

Lemma A.1. Let (P;) be the OU semigroup. Assume (2) and s(A) < 0.
Then for any non-negative Borel function f : RN — R, there results:

Pf(z+a)+ P f(z—a) > 2Ci(a) Pf(z), z,acRY, (39)

where Ci(a) = exp[—%\Qt_lﬂemalz], t > 0 (note that both sides in (39) can
be +00).

Proof. We fix z,a € RY and set N(0,Q;) = No,q,- By a direct computation
we have

dNetAa,Qt

Pf(zx+a)= / f(elz +y) N

(y)No,@. (dy)

7Qt
1 - _
= [ Fee sy expl=51Qr e el + (@ e @ Ny (i)

Note that the previous identity also holds in infinite dimensions by the
Cameron-Martin formula (see, for instance, Chapter 1 in [4]). It follows
that

S(Pf (@ +a) + Pif (e — a)

— e 2 Lo, 1/2etAa‘2 f(etA:E + y)l <6<Q;1/2etAa,Q;1/2y>
RN 2

+ e_<Q;1/2etAa,Q;1/2y>)N07Qt(dy);
> _1 —1/2 tA |2 1A N J
= expl—5|@, e al] . f(ex +y)Noq,(dy)
1
= Cy(a) Pif(z), where Cy(a)= eXp[_g’Q 1254 q12).
[ |

Proof of Theorem 3.1. Let u be a positive harmonic function for (7).
By the previous lemma, we have, for any z,a € RV,

1 1
é(u(az +a) +ulx —a)) = é(Ptu(x +a) + Pu(z — a))
> expl- 5 Q72 al?) Pru(a) = expl—51Q; e alPu(a).
Passing to the hmlt as t — oo, we infer by Theorem 2.3

%(u(a:%—a) +u(x —a)) >u(z), z,ac RN,
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By a well-known result due to W. Sierpiski this condition together with the
measurability of u imply the convexity of u. [
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