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ON ANOMALOUS DISSIPATION INDUCED
BY TRANSPORT NOISE
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ABSTRACT. In this paper, we show that suitable transport noises produce
anomalous dissipation of energy of solutions to the 2D Navier-Stokes equations
and diffusion equations in all dimensions. The key ingredients are Meyers’
type estimates for SPDEs with transport noise which are combined with recent
scaling limits for such SPDEs. The former allow us to obtain, for the first time
for such type of scaling limits, convergence in a space of positive smoothness
uniformly in time. Compared to known results, one of the main novelties is
that anomalous dissipation might take place even in presence of a transport
noise of arbitrarily small intensity. Further, we discuss physical interpretations.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The goal of this manuscript is to investigate the effect of transport noise on the
anomalous dissipation of the 2D Navier-Stokes equations (NSEs in the following),

oru” + (u” - V)u¥ = =Vp” + vAu”

+4/2p Z [ — VD) + 6y, (Uk-V)u”]thk on T?,
(1.1) kel
Vou' =0 on T?,

u”(0,-) = ug on T?;
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and of diffusive scalars in all dimensions d > 1,

Q" = AG + Vel Y, Y O (ke V)@ o W on T,
(1'2) kezd 1Sas<d-1

07(0,+) = 0o on T%.

Here, T denotes the d-dimensional torus, v > 0 the kinematic viscosity of the fluid,
v > 0 the diffusivity of the passive scalar, (Wk)kezg and (kao‘)kezg_’ae{lqufl}
families of complex Brownian motions, o the Stratonovich product, 6” = (6%) kez2 €
? and 0" = (0))yezg € €° with Z§ = Z\{0}, o4 and oy o divergence-free vector
fields described in Subsection 2.2, and g > 0 the noises intensity (cf., (1.5) below).

Anomalous dissipation of energy in fluid flows has been proven experimentally to
a large degree [73] and stands at the basis of turbulence theory [40, 50, 51, 52]. For
this reason, it is sometimes referred to as the zeroth law of turbulence. Anomalous
dissipation states that at high Reynolds numbers (i.e., v | 0) the averages of the
energy dissipation rate (v |Vu"|?) is uniformly bounded from below. More precisely,

1. lim inf Y2 .
(1.3) im in (v|Vu’[?) >0

In the above, u” is (typically) the solution of the 3D NSEs with kinematic viscosity
v > 0 and the (unspecified) operator {-) typically represents an ensemble average,
e.g., space-time average or an expected value of it in case of random environments.
The physical mechanism behind the anomalous dissipation of energy is the trans-
fer, as v | 0, of the energy from large to small spatial scales by the nonlinear
convective term. This transference produces high gradients |Vu”|? which cannot
be compensated by the small multiplicative factor v and therefore yielding a non-
trivial limit energy dissipation rate as v | 0, cf., (1.3). In contrast to the clarity
of the physical picture, anomalous dissipation is difficult to prove rigorously. In
the mathematical community, anomalous dissipation for NSEs or diffusive passive
scalars (e.g., the temperature) advected by turbulent flows has attracted a lot of
interest in recent years. For passive scalars, anomalous dissipation by turbulent
flows is at the basis of the corresponding theory of scalar turbulence [27, 71, 72].
It can be defined by replacing in (1.3) the viscosity v and the velocity u” by the
diffusivity v > 0 and the intensity of the passive scalar ¢¥ (solving an advection-
diffusion such as (1.2)), respectively. In the deterministic setting, many results have
been established in the context of anomalous dissipation. It is not possible to give
here a complete overview of the deterministic results on anomalous dissipation and
the reader is referred to, e.g., [12, 16, 20, 23, 24, 28] and the references therein.

Here, we are not aiming at capturing the sophisticated mechanics behind anoma-
lous dissipation. Instead, in this manuscript, we prove that transport noises, lo-
calised at high frequencies and varying with the viscosity /diffusivity, lead to anoma-
lous dissipation. In particular, anomalous dissipation is created by the ‘turbulent
flows’ 3] kez2 0ok W* rather than the convective nonlinearity as expected in three-
dimensional turbulence. Surprisingly enough, this is also true for noises of ‘small
intensities” and for ‘nonlinear passive scalar’ such as the 2D NSEs (here, we mean
the turbulent flows differ from the advected quantities). This justifies that anoma-
lous dissipation also occurs in two dimensions, although no anomalous dissipation
is expected in two-dimensional turbulence. For comments on the three-dimensional
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case, see Remark 1.2 below. Further details about a possible physical interpretation
of our results are given in Subsection 1.2 below.

Before discussing works on anomalous dissipation and related topics in the con-
text of stochastic fluid dynamics, let us first discuss the physical relevance of trans-
port noise in stochastic fluid dynamics. Nowadays there are several derivations
of NSEs with transport noise available in the literature, see e.g., [25, 37, 38, 47,
60, 61], and it is by now a well-established model in stochastic fluid dynamics
[17, 18, 19, 22, 32, 36, 44, 45]. To some extent, at the basis of such derivations is
the idea of separation of scales. A heuristic derivation using the latter principle is
given in Subsection 1.2 below. This allows us to stress the physical relevance of
the v-dependence of transport noise in (1.1) and provide an interpretation of our
results for 2D NSEs. Starting from the works [34, 41], the effect of transport noise
on mixing and enhanced dissipation of NSEs or advection-diffusion equations is by
now well-understood, see e.g., [31, 56, 30] (see also [1, 21, 29, 33, 35, 39, 54, 57] for
related works). The same is not true for anomalous dissipation of energy. To the
best of our knowledge, the only results on the anomalous dissipation for SPDEs
with transport noise are given in [46, 68]. A comparison is postponed to Subsection
1.3.4 where a more detailed discussion on our contribution is possible. Finally, from
a technical point of view, our proofs rely on a refinement of the scaling limit argu-
ments [34, 41] in the parabolic setting which is interesting on its own. A detailed
discussion is given in Subsection 1.3.2 below.

1.1. Anomalous dissipation results. Our main results show that, with a suit-
able transport noises, anomalous dissipation holds with:

e small noise — Theorems 1.1(1) and 1.3(1).
o prescribed rate — Theorems 1.1(2) and 1.3(2).

As highlighted above, compared to the existing literature, the main contribution
of the current work is to reveal that anomalous dissipation can take place even in
presence of a small transport noise; while previous works typically require noise
with high intensity (as above, details are given in Subsection 1.3.4).

In the statement of our main results, we employ the following notation

(14) 8% {9 = (Ok)ezg € % ¢ 62 = 1 and #{k : 0, # 0} < oo}

for the set of normalized ¢2-vectors with finitely non-zero components. Here, for
simplicity, we did not display the dependence on the dimension d > 1.

Theorem 1.1 (Anomalous dissipation by transport noise — 2D NSEs). Let N > 1

and § > 0 be fixed. Then the following hold.

(1) (Small noise). For all pn > 0, there exists a family (0”),e0,1) S Spe such that,
for all mean-zero and divergence-free ug € H®(T?;R?) satisfying N~* < |luol| 2
and |luo|gs < N, we have

1
inf EJ J v|Vu’*dzdt > 0.
ve(0,1) o Jr2

(2) (Prescribed rate). For all n € (0,1) and p > —4In(1 — n), there ezists a
Jamily (0"),e0,1) S ng such that, for all mean-zero and divergence-free ug €
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HO(T?;R?) satisfying N™' < |uol|z> and |Jug|gs < N, we have

1
. v n 2
f E Vo'l dzdt > = )
ve%,l) L JWV' u'f de 2 Jollz

In the statements in (1)-(2), u” denotes the unique global smooth solution to (1.1).

As commented in (1.9) below, as 6 € Sp,, the ‘energy’ of the transport noise
(V2100 ) kezz s related to the intensity parameter p:

(1.5) Nem up 1O 0n)kezz | Lo 2202y < /20

ve(0,
Since Theorem 1.1(1) holds for all u > 0, it indeed corcerns ‘small’ noises. Instead,
Theorem 1.1(2) ensures that one can prescribe the rate of dissipation at the expense
of considering a bounded but large transport noise, i.e., y > 1.

The case ug = 0 is excluded as no anomalous dissipation can take place. The
existence of a global smooth solution of (1.1) with §” € Sy is proved in [9, Theorems
2.7 and 2.12]. An inspection of the proof of Theorem 1.1(1)-(2) shows that the
time ¢t = 1 can be replaced by any time ¢ > 0; however, the corresponding choice
of (60”),e(0,1) depends on such time ¢. In addition, we can take 6 to be constants
for values of v € [vj41,v;) where (vj);51 € (0,1] is a sequence satisfying 11 = 1,
vjy1 < v; and lim;_, v; = 0. Finally, the proof of Theorem 1.1 shows that 6"’s
are concentrated at high frequencies, i.e.,

(1.6) suppf” € {keZ% : NV < |k| <2N"} and liIBliOanU = 0.
Before going further, let us comment on the three-dimensional case.

Remark 1.2 (3D NSEs). The dimension restriction in Theorem 1.1 is related to the
criticality of L? for the 2D NSEs. A version of Theorem 1.1 also holds for 3D NSEs
provided, at a fized viscosity v > 0, well-posedness and a-priori bounds for the 3D
version of (1.1) hold in the sub-critical space L"(T3;R?) with r > 3. We refrain
from formulating the latter assumption, as it implies the regularization by noise for
3D NSEs, which is one of the major open problems in stochastic fluid dynamics.

For passive scalars a version of Theorem 1.1 holds in all dimensions.
Theorem 1.3 (Anomalous dissipation by transport noise — passive scalars). Let
deNs1, N>=1 and § > 0 be fized. Then the following hold.
(1) (Small noise). For all p > 0, there exists a family (67),e0,1) S Sge such that,

for all mean-zero initial datum oy € H5(’]I‘d) satisfying N1 < loolzz and
loollgs < N, we have

1
inf EJ f v |Vo 2 dzdt > 0.
’yE(O,l) 0 JTd

(2) (Prescribed rate). For all n € (0,1) and p > —1In(1 — n), there exists a fam-
ily (07)ye0,1) S Spo such that, for all mean-zero initial datum oo € H(T%)
satisfying N~ < |oo| 2 and |oo|zs < N, we have

1
. n 2
f E Vo' Pdedt > = .
anf LLdVI o7 dx 2HQoHLz

In the statements in (1)-(2), 07 denotes the unique global smooth solution to (1.2).
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The comments below Theorem 1.1 extend to the above result, while the existence
of a global smooth solution of (1.2) with 67 € S, follows from, e.g., [6, Theorem
4.2]. In particular, arguing as in (1.5), Theorem 1.3(1) yields anomalous dissipation
for passive scalars even in presence of a small transport noise.

In the next subsection, we provide a heuristic motivation for the v-dependence of
the transport noise in the context of NSEs with transport noise (1.1) and a possible
physical interpretation of our results.

1.2. Heuristics for v-dependent transport noise. Here, to motivate transport
noise, we follow the heuristic motivations given in [34, Section 1.2] based on two
scale arguments. Rigorous justifications of the transport noise in fluid dynamics
models are given in e.g., [25, 38, 47, 60, 61].

As in [34, Section 1.2], let us assume that the velocity field u” of a turbulent
fluid decomposes into large and small scales, i.e., u” = u} + u% where u% and uf
are the ‘small’ and ‘large’ scales, respectively; and

oy + ([us +uf] - V)uy = —Vpi + vAuy,
(1.7) oug + ([ug +ui] - Viug = =Vp% + vAuj,
V-uy =V-ug =0,

on T?, with d € {2,3}. In particular, u” solves the (deterministic) NSEs. Heuris-
tically, one could think that, in a turbulent regime, ug varies in time very rapidly
compared to u%. Therefore, u% can be approximated, in time, by a white noise:

(1.8) ug(t,x) ~ Z Z GNZ eQWik'xakyaWtk’a,

kezg 1Sasd—-1

where (ak,a)aefo,....d—1} R is an orthonormal basis of k* = {k' e R? : k'-k = 0}
(this fact ensures the incompressibility of the small scales). It is clear that using
(1.8) in the first of (1.7) one obtains the d-dimensional version of (1.1), where
DY is the corresponding ‘noisy’ component of the pressure py. The choice of the
Stratonovich formulation in (1.1) is due to Wong-Zakai type results which, roughly,
ensures that (1.1) can be obtained as a limit of regular approximations of the white
noises Wtk’o‘. At this point, there are no physical motivations for the independence
on v > 0 of the coeflicients 5,’; in (1.8). In contrast, one expects that small scales
are more active at the Kolmogorov length scale ~ v—%@ where £5 = % and {3 = %,
c.f., [74, pp. 350]. As u% in (1.8) is a model for small scales, then one expects that
k — 6% ‘accumulates’ at (high) frequencies ~ v,

In light of the above facts and the support condition in our results (1.6), we
conjecture that the anomalous dissipation in Theorem 1.1, which is physically not
expected, is due to the incorrect scaling for supp 6” in Theorem 1.1; and therefore
corresponds to an overestimation of the ‘excitement’ of small scales. More pre-
cisely, anticipating that 6 = (8% )kezg is radially symmetric, we conjecture that
lim, o v"/27*M" = oo for all ¢ > 0 where MV satisfies supp#” < {|k| < M"}
and (60”),e(0,1) is such that anomalous dissipation for (1.1) holds. Let us stress
that we do not expect the latter for advection-diffusion equations as anomalous
dissipation for passive scalars can also happen for d = 2. For 2D NSEs, the con-
jectured behaviour should be produced by the convective nonlinearity that might
contrast anomalous dissipation. In the case of advection-diffusion equations, in
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agreement with the fact that anomalous dissipation can be obtained by a (de-
terministic) Holder continuous flow [12, 23], we instead expect that MY ~ v~ for
d > 0 is enough for obtaining anomalous dissipation for solutions to (1.2) (as above,
M" satisfies supp 87 < {|k| < M"} for v > 0). The proof of the above conjectures
goes beyond the scope of this manuscript.

Next, we explore a consequence of the energy conservation for the small scales in
combination with (1.8). It is reasonable to postulate that, although the small scales
are more excited as v | 0, the corresponding ‘energy’ stays uniformly bounded in
v. On the one hand, due to the white-in-time ansatz (1.8), the energy cannot be
defined directly. On the other hand, the kinetic energy ICg’¢ of the small scales u%
at an observable ¢ € L2 _([0,0)) can be defined as

loc

t
K0 N e N . [ ats)awte
0

kezZd 1<a<d-1
for (t,x) e Ry x T?, and satisfies,
(1.9) B (8, )2 ra) =a |18 12161320, for ¢ > 0.
The requirement of bounded energy of the small scales, as v | 0, therefore implies

sup 6”2 < 0.
ve(0,1)
The above condition is indeed satisfied in Theorem 1.1 with d = 2 and 6% = /2 6%.

In contrast to NSEs, physical motivations for the y-dependence of the transport
noise in advection-diffusion equations (1.2) are less clear. In any case, we will use
the proof of Theorem 1.3 as a guideline for the one of Theorem 1.1.

To conclude, let us stress that some criticisms can be made about the decom-
position (1.7) and the corresponding ansatz (1.8). Indeed, as commented in [34,
Section 1.2], the above scale separation has never been established so strictly in real
fluids. However, simplified models such as (1.7)-(1.8) can be used to understand
basic features of certain phenomena. The reader is referred to [58] for discussions.

1.3. Strategy, novelty, physical interpretation and comparison. We begin
by discussing the strategy used in the proofs of our main results.

1.3.1. Strategy. Here, we describe the strategy used to prove Theorem 1.3. The
one of Theorem 1.1 is slightly more involved due to the presence of the convective
nonlinearity. The main step in the proof of Theorem 1.3 can be roughly summarized
as follows (cf., Corollary 4.5):

MAIN STEP. For each fixed > 0 and v > 0, there exists §7 € Sp, such that the
unique global solution o7 to (1.2) satisfies

(1.10) E[o" (1|72 ~ [ede (V)72

where o], solves

0100 = (v + 1)Ag),, on T
(1.11) { t0der = (7 + 1) A0

046:(0,) = 00 on T

Here, ~ means that the difference between the two quantities in (1.10) can be
made as small as needed by choosing 87 appropriately.
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The advantage of (1.11) compared to (1.2) is that the operator uA provides
an additional dissipation/diffusion (sometimes referred to as eddy viscosity). It is
important to note that the same is not true for the transport noise in (1.2). Indeed,
due to the incompressibility of the noise coefficients V - 01 o = 0 required below,
the following energy balance holds:

1 ’ 1
(1.12) 5“97@)“%2 +J f Y|V ?dzds = 5”@“%2 a.s. for all £ > 0,
0 Jra

where o7 solves (1.2). Therefore, the transport noise in (1.2) with intensity p > 0
does not produce any additional dissipation.

If (1.10) holds, then the proof of Theorem 1.3 readily follows from the additional
viscosity /diffusivity in (1.11):

1
1.12
2EJ0 L‘d 7|V *dzdt (1.12) HQOH%%W) _ EHQ’Y(l)H%%Td)

(1.10)
HQOHL2(11‘d) Hé’get(l)H%Q(Td)

)
2 (1= e lool2 sz,
where in (i) we used that [o] , (¢ )HLQ(W) —(pt) tHQOHL2('ﬂ‘d) _”tHQOH%Q(W) due
to the increased viscosity /diffusivity in (1. 11). Now, Theorem 1.3 follows by tuning
the parameter > 0 and taking the infimum over v € (0, 1).

1.3.2. Nowelty — Improved scaling limits via Meyers’ estimates. The key ingredient
in the proof of (1.10) is an improvement of a well-established scaling limit argument
due to [29, 34]. Our improvement of such scaling limit argument reads roughly as
follows (cf., Proposition 4.1):

For all i,y > 0 and sequences (6™),>1 S 8192 (see (1.4)) satisfying

(1.13) nlgrolo

it holds that
(1.14) lirrgo 0" = 0], in probability in C([0,1]; L*(T%)),

where ¢" is the unique global solution to (1.2) with 67 = 6.

A sequence in S, satisfying (1.13) is given in [56, eq. (1.9)] (see also (4.4)).

The main novelty and improvement compared to the above-mentioned works of
(1.14) is that the limit is established in a space of zero smoothness uniformly in
time. More precisely, in previous works, limits as in (1.14) were only established
with L2(T?) replaced by H~¢(T%) for some & > 0 (cf., [29, Proposition 3.7] and
[34, Theorem 1.4]). Let us stress that such improvement is of central importance to
establish (1.10) and thus for our approach to anomalous dissipation. Indeed, (1.14)
and energy estimates readily imply (1.10) for a sufficiently large n > 1; while this
is not true if one uses H~°(T?) instead of L%(T¢) in (1.14). Interestingly, we can
also prove that (1.14) holds with L?(T?) replaced by H"(T¢) for some (v, i) > 0.
The latter fact is needed to deal with 2D NSEs, see the proof of Corollary 5.4.

The key tool behind (1.14) are the stochastic Meyers’ estimates proven in Section
3. In particular, they imply the existence of ro(y, ) > 0 for which

(1.15) up B sy 16" ()i ey < 0

n=1 telo,
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where " is as in (1.14), i.e., the unique global solution to (1.2) with 87 = 6™. After
(1.15) is proved, then the claim (1.14) follows from a compactness argument.

The main difficulty behind the proof of (1.15) is the lack of uniformity of regular-
ity of the noise coefficients (0} 0y o )k,o in (1.2) along the sequence (0™),,»1 satisfying
(1.13). More precisely, one has, for all r > 0,

(1.16) sup]( Zakya)]QaHLoc(Td;gZ) < oo while sup ‘|(920k1a)k1a‘|HT('ﬂ‘d;g2) = 0.
n=1 n=1

Let us stress that the supremum over n > 1 in the above is essential it can hold that
#{k : 0% # 0} < o0 and therefore (070 0 )k,0 € CF(T%; ¢2) for each fixed n > 1. In
particular, (1.15) cannot be derived from well-known results on LP-theory of SPDEs,
as it always requires some degree of regularity of the coefficients and provides a
high improvement of the regularity of solutions the SPDE under consideration,
see e.g., [8, 53]. In contrast, Meyers’ estimates provide a small improvement on
the regularity of solutions of (S)PDEs with bounded, measurable and parabolic
coefficients; which is exactly the setting one faces up with when dealing with the
scaling limit (1.13)-(1.14). Indeed, the boundedness is given by (1.16), while the
parabolicity is uniform due to the Stratonovich formulation of the transport noise,
see the proof of Lemma 4.2 for details. To conclude, let us stress that, due to the
lack of uniform smoothness as described in (1.16), (1.15) cannot hold with r¢ large.
Counterexamples in the deterministic counterpart can be found in [13, 62].

1.3.3. Physical interpretation — Connection with homogenization. Arguing as in [1,
Subsection 2.2], the scaling limit result of (1.13)-(1.14) can be interpreted as an
homogenization result for the SPDE (1.2). Indeed, as discussed in Subsection 1.2,
the transport noise term in (1.2) (or, more precisely, for 2D NSEs (1.1) for which
a similar discussion applies) can be interpreted as the contribution of the ‘small
scales’ of the fluid flow. Therefore, reasoning as in [1, Subsection 2.2], the limit
(1.13) can be interpreted as ‘zooming out’ from small scales and the PDE (1.11)
can be thought of as the ‘effective equation’ for the SPDE (1.2). In our context,
the ‘microscopic’ parameter is € = [[0™|s= | 0, cf., (1.13).

The homogenization viewpoint is also interesting from a mathematical perspec-
tive. Indeed, the main tool to achieve (1.14) are the (stochastic) Meyers’ estimates
which also play a fundamental role in the context of homogenization of PDEs (see
e.g., [10, 11, 43, 70]) since, as it is well-known in homogenization, the only quan-
tities remaining uniform along the process of zooming out from small scales (i.e.,
e | 0) are measurability, boundedness and parabolicity.

1.3.4. Further comparison with the literature. As commented in Subsection 1.3.2,
the main novelty consists of an improvement of the scaling limit (1.14). Let us note
that such an improvement is also interesting on its own. Indeed, the latter can
be used also to strengthen other results on the topic. For instance, arguing as in
Section 5, one can check that the main results of [29] can be extended also to the
case of L?(T?) being critical for the corresponding SPDE (here, we use criticality in
the sense of [7, Section 3] and are implicitly assuming that [29, (H4)] holds with L?
replaced by H” with r > 0). For instance, this covers the case of the Keller-Segel
model system in four dimensions, cf., [29, Subsection 2.1]. Moreover, the stochastic
Meyers’ estimates on domains (see Theorem 3.3) might be used in combination
with the results in [30] to obtain a version of Theorem 1.3 on domains.
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We are now in a position to give a comparison between our results and the one
of [46, Section 3] and [68]. Our results are in spirit similar to the one in [68] which,
roughly speaking, ensure that anomalous dissipation can happen if the noise is
chosen according to the diffusivity v > 0 (cf., the comments below [68, Theorem
1.1]). On the one hand, in our results, due to the application of the scaling limit
in (1.13)-(1.14), we cannot provide an explicit dependence on supp 6” on ~ while
the one in [68] are rather explicit. On the other hand, in our results, we have a
sharp control of how the intensity of the noise affects anomalous dissipation and
our methods are robust enough for applications to nonlinear SPDEs, e.g., 2D NSEs.
From a technical point of view, the approaches are completely different and thus a
comparison does not seem possible.

In [46], the authors showed total dissipations for passive scalars, and for 2D
and (even) 3D weak solutions to the NSEs. Here, total dissipation means that
all the initial energy |oollr2z > 0 is absorbed by the energy dissipation rates, i.e.,
limyyq |07 (¢)] L2 = 0 a.s. for all ¥ > 0. Our results share some similarities with
the one of [46, Section 3], where the authors considered transport noise. For in-
stance, to the best of our knowledge, they were the first to use the constructions
in [29, 41] in the context of anomalous dissipation. However, there are several dif-
ferences between our results and the one in [46, Section 3], and in particular in
the mechanism for creating anomalous dissipation. Firstly, instead of assuming a
viscosity /diffusivity dependent 6 in either (1.1) or (1.2), they considered a piecewise
constant in time noise coefficient 6(¢) = (0 (t))rez¢ such that [6(¢)]e — c0ast 11,
see [46, Subsection 2.1]. In particular, following the argument in Subsection 1.2,
extending the identity (1.9) to the case of piecewise constant in time 6, one sees
that their noise has ‘infinite energy’ as ¢ 1 1. This is not the case in our construction
where, due to the requirement 6" € Sgg for all » > 0, we obtain finite energy of the
noise as v | 0 and uniformly for ¢ € [0,1]. However, our method cannot deal with
3D NSEs in contrast to [46] (see also comments below Theorem 1.1). Secondly,
from a technical point of view, the proofs are completely different. Indeed, in [46,
Section 3| the authors rely on a careful study of the mixing properties of the trans-
port noise and subsequently upgraded them to an anomalous dissipation result.
This approach in particular requires supepg 1) [0(f)[z = 0. In our manuscript,
instead, we employ the above-discussed refinement of the scaling limit arguments
of [41, 29] via Meyers’ estimates. To conclude, it would be interesting to see if the
arguments used in [46, Section 4] to derive anomalous dissipation by advection via
randomly forced NSEs can benefit from the use of Meyers’ estimates. However, this
goes beyond the scope of the current manuscript.

2. PRELIMINARIES

2.1. Notation. Here, we collect the basic notation used in the manuscript. For
given parameters p1, ..., p,, we write R(p1, ..., py,) if the quantity R depends only
on pi,...,Pn. For two quantities x and y, we write x < y, if there exists a constant
C such that x < Cy. If such a C depends on above-mentioned parameters p1,...,pn
we either mention it explicitly or indicate this by writing C(p1,...,pn) and cor-
respondingly x <p, .. p, ¥ whenever x < C(p1,...,pn)y. We write  ~p, . p. U,
whenever £ <Sp, . p, yand y Spp T

Below, (Q,4,(%:)i=0,P) denotes a filtered probability space carrying a se-
quence of independent standard Brownian motions which changes depending on
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the SPDE under consideration. We write E for the expectation on (2, <7, P) and
& for the progressive o-field. A process ¢ : [0,00) x Q — X is progressively mea-
surable if ¢[[o 1« is B([0,1]) ® F; measurable for all £ > 0, where % is the Borel
o-algebra on [0,¢] and X a Banach space. Moreover, a stopping time 7 is a measur-
able map 7 : Q — [0, 0] such that {r <t} € % for all t > 0. Finally, a stochastic
process ¢ : [0,7) x © — X is progressively measurable if 1[g - ¢ is progressively

measurable where [0,7) x dof {(t,w) € [0,00) x Q@ : 0<t<7(w)} and 19 r)xo

stands for the extension by zero outside [0,7) x Q.

Next, we collect the notation for function spaces. We write LP(S,u; X) for
the Bochner space of strongly measurable, p-integrable X-valued functions for a
measure space (S,u) and a Banach space X as defined in [48, Section 1.2b]. If
X = R, we write LP(S, ) and if it is clear which measure we refer to we also
leave out p. Finally, 14 dentoes the indicator function of A < S. Bessel-potential
spaces are indicated as usual by H*9(T¢) where s € R and q € (1,00). We also
use the standard shorth-hand notation H*2(T%) for H*(T¢). We sometimes also
employ Besov spaces B;p('}l‘d) which can be defined as the real interpolation space
(H=F4(T4), H*9(T)) (54 1)/2k,p for s € R, N3 k > |s] and 1 < ¢,p < 0. The
reader is referred to [15, 48] for details on interpolation and to [69, Section 3.5.4]
for details on function spaces over T?. Finally, we let A(T¢;R¥) def (A(T?))* and
A() AT ) for A€ {19, H*9, B} and k € N.

The Helmholtz projection P and its complement projection Q. For an R-valued
distribution f = (f9)¢_, € D'(T%R?) on TY, let fi (k) = {ex, f*) be k-th Fourier
coefficients, where k € Z?, i € {1,...,d} and ei(z) = €2>™**. The Helmholtz
projection Pf for f € D'(T% R?) is given by

BF)(k) < F ()~ ] Tklr k), (@0 F0).
1<j<d

Formally, Pf can be written as f — VA™L(V - f). We set

QL 14 —p.
From standard Fourier analysis, it follows that @Q and P restrict to bounded linear
operators on H*? and Bj , for s € R and ¢,p € (1,00). Finally, we can introduce
function spaces of divergence-free vector fields: For A e {L9, H>9, B; }, we set

| f]lacra) < PLA(TE RY)),

endowed with the natural norm. ¢2-values function spaces are defined analogously.

2.2. Structure of the noise. Here, we describe the quantities ¥, 87, oy, q, Whoe
and W* appearing in the stochastic perturbation of (1.1) and (1.2), while ¢4 def
d/(d — 1). In this subsection, we follow [29, 34]. In the following, we only describe
the stochastic perturbation in (1.2), for the case of NSEs (1.1) it is enough to take
d = 2 in the following construction and omit the index . Moreover, since v > 0 is
fixed here, we simply write 6 instead of 67.

To begin, set Z¢ < 74\ {0}. Throghout the manuscript 6 = (Ok ) kezg € L2(Z§) is
normalized and radially symmetric, i.e.

(2.1) 10]p2zey =1 and  6; =6 forall j ke Z& such that [j] = |k|.
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Next, we define the family of vector fields (0% o )k,o- Here and in the following, we
use the shorthand subscript ‘k, @’ to indicate k € Z¢, a € {0,...,d—1}. Let Z4 and
Z% be a partition of Z3 such that —Z% = Z¢. For any k € Z%, let {ar,atacqt,....d-1}
be a complete orthonormal basis of the hyperplane k+ = {k' e R? : k-k’ = 0}, and
set ag o def a_k.o for k€ Z2 . Finally, we let
Ok,a lef ak@e%ik'm forall zeT¢ keZd ac{l,...,d—1}.
By construction, we have that oy o is smooth and divergence-free for all &, a.
Finally, we introduce the family of complex Brownian motions (W*<), . Let
(B¥*)k o be a family of independent standard (real) Brownian motions on the
above-mentioned filtered probability space (2, <7, (%#;)i=0, P). Then, we set
b det [BY+iBTRY ke Z,
(2.2) = X . J
B~k _ipha kezd
In particular Wke = W=52 for all k, o
As in [34, Section 2.3] or [29, Remark 1.1], by (2.1) and the definition of the
vector fields oy, o, at least formally, one has

(23)  Vear D 0k(0ka - V)o o W™ = pho + e Y. Ok (0ha - V)o W/,
k,a k,a

where we recall that ¢q = d/(d — 1). To see the above, one uses that V - oy, o = 0,
(2.1) and the elementary identity (cf. [34, eq. (2.3)] or [29, eq. (3.2)])

1
2.4 02 040 @Tha = Y 02 aiq o=—Id T,
(2.4) g i Oka ® Tk, % G Oka @ ag, o axa on

Let us remark that the stochastic integration on the RHS(2.3) is understood in the
Ito-sense. In the paper we will always understand the Stratonovich noise on the
LHS(2.3) as the RHS(2.3), namely an It6 noise plus a diffusion term. However, note
that the diffusion term pAp does not provide any additional diffusion, as in energy
estimates it balances the Itd correction coming from the Ité-noise, cf., (1.12).

A slightly more complicated situation arises in the reformulation of the Stratono-
vich noise in the 2D NSEs (1.1). Indeed, applying the Helmholtz projection on (1.1)
to eliminate the auxiliary unknown pressure (see Subsection 2.1), the stochastic
perturbation of (1.1) reads as

v 20 Z 0, P[(o - V)u] o WE.
keZ?

Reasoning as in [34, Section 2], by (2.4), formally it holds that
V20 ) 0k Pl(ow - V)ul o W = plu + Qo(u)

keZ3
2.5 .
29) +/20 Y Ok Pl(ok - V)u] W
keZ3
where
(2.6) Qo(w) = =21 Y 07 P[(ox - V)QL(o - V)u]].

keZ3

Further comments on the transformation (2.5) can be found in [9, Section 1].
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2.3. Solution concept and well-posedness. Here, we define solutions to 2D
NSEs (1.1) and to the scalar equation (1.2). We begin by recalling that the sequence
of complex Brownian motions (W), , induces an ¢£2-cylindrical Brownian motion
W2 via the formula

Well)= 20| fra®dWe for f = (fralka € (R4 ),
k,« +

Note that Wiz (f) is real-valued if fi o = f—k.o as Whe = W52 for all k, a. Using
this and the symmetry of oy, o under the reflection £ — —k, one can check that the
stochastic perturbation in (1.1) and (1.2) can be rewritten only using real-valued
coefficients and real-valued Brownian motions (B*%);, , in (2.2). For instance,

27) D 0l(oka- V)eWh* = > 207 (Rog.a - V)o BH
k,a keZi,ae{O,...,d—l}

+ Z 20] (Sok,a - V)o BRe
kez? ,aef{0,...,d—1}

for any real-valued function ¢. Hence, solutions to (1.1) and (1.2) are naturally
real-valued. However, the complex formulation of the noise is more convenient for
computations and has been widely employed in related works (e.g., [29, 31, 34, 56]).

We begin with defining solutions to the passive scalar equation (1.2). Below we
use the reformulation of the Stratonovich noise in (1.2).

Definition 2.1 (Solutions — passive scalars). Fiz v > 0, 67 € £? and gy € L?(T?).
Let 7 : Q — [0,00] and o7 : [0,77) x Q@ — HY(TY) be a stopping time and a
progressive measurable process, respectively.
o We say that (07, 77) is a local solution to (1.2) if the following are satisfied:
— ove L3 ([0,77); HY(T?)) n C([0,77); L*(TY)) a.s.;

— a.s. for all t € [0,77) it holds that
¢

0"(t) =0 = (v + u)f Ag7(s)ds
0

t
+ \/CdMJ 110, ((9; Ok - V)0 (S)) . dWe.
0 «

)

o A local solution (o7,77) to (1.2) is a said to be a unique local solution to
(1.2) if for any local solution (x7, A7) we have XV < 77 a.s. and X7 = 0"
a.e. on [0,A7) x Q.

o A unique local solution (07, 77) to (1.2) is said to be a unique global solution
to (1.2) if 77 = w0 a.s.

Note that the deterministic and stochastic integral in Definition 2.1 are well-
defined as a H~1(T%)-valued Bocher and L?(T¢)-valued It6 integrals, respectively.
The solutions of Definition 2.1 are weak in the PDE sense, but strong in the prob-
abilistic sense. In case of global solutions, we only write o7 instead of (97, 77) if no
confusion seems likely.

Existence and uniqueness of global solutions to (1.2) in the sense of Definition 2.1
is standard, see e.g., [55, Chapter 4]. In case 0] decays sufficiently fast as |k| — o0
(e.g., #{k : 0] # 0} < o0), then the unique global solution ¢ instantaneously
improves its regularity in time and space, cf. [6, Theorems 2.7 and 4.2].
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In the case of NSEs, the definition is analogous. As usual, we interpret the
convective term (u”-V)u” in its conservative form V- (u”®u") due to the divergence-
free condition. Recall that @ has been defined in (2.6).

Definition 2.2 (Solutions — 2D Naver-Stokes equations). Fiz v > 0, 6” € £? and
ug € L2(T9). Let 7 : Q — [0,00] and u” : [0,00) x Q — HY(T9) be a stopping time
and a progressive measurable process, respectively.
o We say that (u”,7") is a local solution to (1.1) if the following are satisfied:
— u” € L§, ([0, 00); H'(T% R?)) n C([0,0); L*(T* R?)) a.s.;

loc

—uw @u” e L ([0,0); L*(T%*R?)) a.s.;

loc

— a.s. for all t € Ry it holds that

W) = w0 = [ [0+ A () + Qo (u(5) ~ BT - (w(9) © u(5)] | ds

0
+ \/ﬂﬂ 1(0.0) (P[(e;; oy - V)u”(s)])k AW,

o A local solution (u”,7") to (1.1) is said to be a unique local solution to
(1.1) if for any local solution (v”,\") we have X < 7% a.s. and v* = u”
a.e. on [0, ") x Q.

o A unique local solution (u”,7") to (1.1) is said to be a unique global solution
o (1.1) if ¥ = w0 a.s.

As above, the integrals in Definition 2.2 are well-defined and, in case of global
solutions, we only write u” instead of (u”,7") if no confusion seems likely.

Existence and uniqueness of global solutions to (1.1) is standard, see e.g., [9,
Appendix A] or [7, Theorem 3.4]. For additional details, the reader is referred to
[36]. Instantaneous regularity results in case 0} decays sufficiently fast as |k| — o
can be found in [9, Theorems 2.7 and 2.12].

3. STOCHASTIC MEYERS’ ESTIMATES

In this section, we discuss maximal L¥(L4)-regularity estimates for parabolic
SPDESs under only boundedness, measurability and parabolicity assumptions with
p and q close to 2. In the deterministic case, such estimates have been first proven by
Meyers’ [59] via a perturbation argument. In the stochastic setting, such estimates
have been proven in [14] where, due to the abstract setting, no extrapolation in space
is given, i.e., ¢ = 2. Here, we give a direct proof of the stochastic Meyers’ estimates
following his original idea, which interestingly, also provides an improvement in the
integrability in space. For simplicity, we mainly consider SPDEs on T¢. Extensions
to domains and more general operators are discussed in Subsection 3.3.

Below, (W™),>1 denotes a family of independent standard Brownian motions

on a filtered probability space (2, 7, (%#;)i>0, P) and E def SQ -dP. Note that such
Brownian motions might differ from the one introduced in Subsection 2.2.

3.1. Parabolic stochastic Meyers’ estimates. In this subsection, we consider
the following parabolic SPDEs

O =krAV+ [+ Z [(fn Vv + gn] Wt" on T¢,
(31) n=1
v(0,-) =0 on T,
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where v is the unknown process and f, &, and g, are specified below. The case of
systems of SPDEs is discussed in Subsection 3.3. In the following, we say that a
progressively measurable process v : Ry x Q — H(T4) is a strong solution to (3.1)
if a.s. ve L2 _([0,00); HY(T?)), and for all t > 0,

loc

v(t) = J (kAv(s) + f(s))ds + Z fo [(&n - V)v(s) + gn(s)] AW

0 n=1

Here the equality is understood in H~!(T%). Similar definitions are employed for
the SPDEs considered in this section.
The following complements [8, Theorem 1.2] in case of L®-transport noise.

Theorem 3.1 (Parabolic stochastic Meyers’ estimates). Let k > 0. Assume that
&n = (5}1)?:1 Ry x Q x T? - RY is P ® B(T?)-measurable for all n = 1, for
which there exist Mo > 0 and ko € [0, k) such that, a.e. on Ry x Q x T9,

(32) 1(€n)nz1llez < Mo, (boundedness)
1
(3.3) 3 Z (& -77)2 < koln|? for all neRY. (parabolicity)
n=1

Then there exists po(d, k, ko, M) > 2 such that, for all T € (0,00), p € [2,po],
q € [2,p] and progressively measurable processes f and g satisfying

FeLP((0,T) x H Y(TY)  and g = (gn)nz1 € LP((0,T) x ; L9(T% £2)),
there exists a unique strong solution v e LP((0,T) x Q; H“(T%)) to (3.1) and

(3.4) vl e 0,7y x 10 (7)) Sdoromo,Mo, T [ Lo 0,1y x s~ 10 (Ta))

+ 19l e 0,7y x ;L4 (14302 -

Some remarks are in order. Firstly, it is well-known that the condition (3.3) with
ko < Kk is optimal in the parabolic regime. Secondly, by [4, Proposition 3.8], [63,
Theorem 1.2] and the fact that the operator v — —Av on H~%9(T¢) with domain
H'9(T%) has a bounded H*-calculus of angle 0 (due to the periodic version of [49,
Theorem 10.2.25]), it follows that the LHS(3.28) can be replaced by

(3.5) v and

“LP(&C([O,T];B;,;?/Pard)))’
(36) H'UHLp(Q;HB,p(O)T;H1—29,q(Td))) fOI' 9 € [O, %) prOVided P > 2

The reader is referred to [49, Chapter 10] and [4, Subsection 2.2] for details on the
H%®-calculus and Banach-valued fractional Sobolev spaces, respectively. The ap-
pearance of Besov spaces in (3.5) is optimal in light of the trace method, see e.g. [15,
Section 3.12] and [2, Theorem 1.2]. Finally, by [4, Proposition 3.10], the estimates
(3.28)-(3.6) also hold with non-trivial initial data v(-, 0) € L%, (€; By, (T)) pro-
vided on the RHS(3.28) one also add |v(, O)HLP(Q;B;;z/p(Td)).

Proof. By a perturbation argument [8, Theorem 3.2], it is enough to prove the
claim with 7' = o0 and with Awv replaced Av — v. The advantage is that the latter
operator is invertible. This allows us to work on the half-line R = (0,0) instead
of intervals of finite length. In particular, this gives the independence of py > 2 on



ON ANOMALOUS DISSIPATION BY TRANSPORT NOISE 15

T of the maximal LY (L4)-regularity estimates for (3.1). Hence, below, we consider

o =k(Av—v)+ f+ Z ([(&n - V)V] + gn) W on T
(3.7) n=>1
v(0,:) =0 on T,

The main idea is to regard (3.7) as a perturbation of the case &, = 0, and show
the smallness of the transport noise part as (g,p) approaches p = ¢ = 2. To this
end, we first analyze the constant in the maximal LY (LZ)-regularity estimate when
&, =0, i.e., for the stochastic heat equation with additive noise.

Step 1: (Analysis of constants — case &, =0 and f = 0) For each p > 2 there
exists K, > 0 satisfying lifn sup K, < 1/v/2k¢ such that, for all q € [2,p] and

pl2 2<r<p
progressively measurable process g € LP(R,. x §; L4(¢?)),

(3.8) 0] Loy xsmray < Kplgl oo, xoipaez)),

where v € LP(Ry x Q; HY9) is the unique strong solution to (3.7) with &, = 0
and f = 0. The existence of a strong solution v to (3.7) with &, = 0 for which
(3.22) holds follows [64, Theorem 7.1] and the above mentioned boundedness of the
H%®-calculus and invertibility of the operator v — —Av + v on H 19 with domain
H%. For p > 2, let K, be the optimal constant constant for which (3.22) holds for
all g € [2,p]. Since kg < K, to prove the claim of Step 1 it remains to prove that
(3.9) lim sup K, <1/v2k
Pl2 2<r<p

To begin, note that Ky < 1/4/2k. The latter readily follows by an application of
the Ito’s formula to v — [[v]2. (see e.g. [55, Theorem 4.2.5]) and taking expected
values. Now, by complex interpolation (see, e.g., [48, Theorem 2.2.6]), for all p > 2,

10 70 1 _1-0 , 90
Ky, < K;7'K, where 50 = 3 o

Hence, (3.9) follows from the above.
Step 2: Conclusion. To prove the claim of Theorem 3.1, we employ the method
of continuity [5, Proposition 3.13]. Hence, for A € [0, 1], consider the SPDE

Orox = K(Avy —vx) + f + Z (A [(&n - V)va] +gn) W on T,
(310) n=1
vA(0,-) =0 on T¢.

Note that, for A = 1, the above reduced to (3.7). Now, by [5, Proposition 3.13] it
is enough to prove the existence of py > 2 and Cy > 0 such that, for all p € [2, po],
q € [2,p], A € [0,1] and progressively measurable processes f € LP(R, x ; H~ 1)
and g = (gn)n=1 € LP(Ry x Q; L9(?)),

(3.11) loallze@, <m0y < Col|f]lor@y xosm-19) + 9l Loy x0;La(2)))

where vy € LP(R, x Q; H'9) is a strong solution to (3.10). The key point is the
independence of Cy,pp on A € [0, 1].

We begin with a reduction to the case f = 0. Thus, let us assume that (3.11)
holds with f = 0. Since the operator v — —Awv + v has a bounded H*-calculus of
angle 0, it also has deterministic maximal LY (L%)-regularity by [66, Theorem 4.4.5].
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Arguing as in [65, Theorem 3.9], we can find a progressively measurable process
we LP(Q;WEP(Ry; H19) n LP(Ry; HY9)) which satisfies, a.s. for all ¢ > 0,

atw(tv ) = ’{(Aw(tv ) - w(tv )) + f(ta ')a w(oa ) =0,

on T%. Since ¥y % vy —w solves (3.11) with f = 0 and g, replaced by g, + (£, -V)w,
it is enough to prove (3.11) with f = 0.
To prove (3.11) with f = 0, let us note that (3.3) implies
[((6n - V)V)nz1llazy < V260 |[VU|za  forall ve Hbe.
Hence, by Step 1, if f =0, then for all A € [0,1], p € [2,0] and ¢ € [2,p],
loall ey xsmroy < Kp(l9ll 2oy xeszacezy) + 1((En - V)0 nz1] o my x0iLa(e2)))
< Kplglloomy xaspaez)) + V260Kp|[uall Lo r <0 m19)-

Again, by Step 1, there exists po(ro,#) > 2 such that supyc,<,, Kp < 1/4/2k0.
Thus, the previous estimate yields, for all 2 < p < pg and ¢ € [2,p],

loall Loy xsmra) < (1= V260K) " Kpllgl o, x0;na2))
Hence, (3.11) with f = 0 holds with a constant independent of A for 2 < p < pg. O

3.2. Stochastic Meyers’ estimates for the turbulent Stokes system. In this
subsection, prove the Meyers’ estimates for the turbulent Stokes system on T, i.e.,

0w = KAV + Qev+ f + Z (P[(&n - V)v] + gn) W onT¢
(3.12) =1
v(0,-) =0 on T¢,

here v is the unknown process, f, &, and g, are specified below. Finally, Q¢ :
H'(T?) — (H'(T?))* is given by

w.Qe)™ =5 3 | QU6 V)l Qe Vyuldo for weH!(TY).
n=1

Although, it holds that (H')* = H~! here we will not employ such identification
as it is important to keep track of constants. Note that ()¢ corresponds to the It6-
correction for the Stratonovich formulation of the transport noise for the turbulent
Stokes system, see Subsection 2.2 and [9, Section 1].

Strong solutions to (3.12) can be defined similarly to the one of (3.1). The
following complements [9, Theorem 3.2] in case of L®-transport noise.

Theorem 3.2 (Meyers’ estimates — Turbulent Stokes system). Let x > 0. Assume
that &, = ({?)?zl 'Ry x Q x T¢ — R is 2 ® B(T?)-measurable for allm =1 for
which there exist My > 0 and kg € [0, k) such that, a.e. on Ry x Q x T4,

(3.13) [(€n)n=1]e < Mo, (boundedness)
1
(3.14) 3 Z (n '77)2 < ko|n|* for all ne RY. (parabolicity)
n=1

Then there exists po(d, k, ko, M) > 2 such that, for all T € (0,00), p € [2,po],
q € [2,p] and progressively measurable processes f and g satisfying

feLP((0,7) x H “(TY))  and g = (gn)nz1 € LP((0,T) x QLI(T% %)),
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there exists a unique strong solution v € LP((0,T) x Q; HY4(T%)) to (3.12) and

(3.15) vl Lo (0, 7yx s 10 (T4REY) Sdors,mo, Mo, T | | Lr((0,7) x 0 - 1.0 (TR )
+ 9l e 0,7y x ;L2 (74502 (NsRAY ) -

The comments below Theorem 3.1 extend to the above result. In particular, the
LHS(3.15) can be replaced by

10l Lo (0. 1082 2/ (ayy)> - 2nd

H’UHLP(K‘!;HG,p(07T;H1729,q(Td))) for 6 € [O, %) provided p> 2.

Moreover, due to [4, Proposition 3.10], the above estimates also hold if v(-,0) €
L% (& Be,2/* (T)) provided on the RHS(3.15) one also add [[v(-, O)\|LP<QB§;2/,)(W)).
Proof. The proof is an extension of the one of Theorem 3.1. Since the deterministic
component of the turbulent Stokes system (3.12) is more complicated than the one
of (3.1), we perform the perturbation argument used in Theorem 3.1 twice. In
particular, in the first step, we ensure that the deterministic part has maximal
LP-regularity which will be used to reduce to the case f =0 of (3.12).

Step 1: (Mazimal LP-regularity — deterministic problem) There exist p1 > 2 and
constants (Kp)pep2p,] such that, for all p € [2,p1], g € [2,p] and f € LP(Ry; H-9)
the following Cauchy problem

(316) atw(tu ) = K(Aw(tv ) - w(tu )) + wa(tv ) + f(tu ')7 ’LU(O, ) =0,
on T, has a unique strong solution w € LP(R;H) satisfying

lwlLe @y sray < Kplflloe, ;m-1.9-
The proof of Step 1 follows as the proof of Theorem 3.1 regarding (3.16) as a
perturbation of the case &, = 0. For clarity, we divide the proof into two substeps.
Substep 1a: (Analysis of constants — case &, = 0) For each p > 2 there ex-
ists Cp, > 0 satisfying lim sup C, < 1/kg such that, for all ¢ € [2,p] and [ €

Pyva2<r<p
LP(Ry;H™H9),
(3.17) |l Le @, a0y < Cpl fllr@, a1
where w € LP(Ry;HYY) is the unique strong solution to (3.16) with &, = 0. As
in Step 1 of Theorem 3.1, the existence of such w follows from the boundedness
H%-calculus of the operator w — —Aw + w on (H“?)* with domain H“?. By

interpolation and ko < k, it remains to show the validity of (3.17) with p = ¢ = 2
and Cy = 1/k. To prove the latter, note that, by computing < |w||2, we obtain

o) + 5 | )l ds = [ i), se)as

1 t t
< g | 1@ s+ 5 | i as

for all t € Ry. The above immediately yields (3.17) with p = ¢ = 2 and Cy = 1/k.

Substep 1b: Proof of the claim of Step 1. We prove the claim of Step 1 by (the
deterministic version of) the method of continuity [5, Proposition 3.13]. Thus, for
all A € [0,1] consider, on T,

drwy = K(Awy —wy) + AQew + f, wx(0,-) = 0.
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As in the proof of Theorem 3.1, it remains to prove an estimate for wy in LP (R ; H9)
with constant independent of A € [0, 1]. Firstly, by (3.13), it follows that

(3.18) |Qewl| 1.0y < Dgllw|zma for g € [2,00) and w e H'.
Secondly, we show that we can choose D, in (3.18) such that

(3.19) lim sup Dy = ko.

q1l2 2<q<q1
By interpolation, it is enough to prove that (3.18) holds with Cy = 4/2k whenever
g = 2. Note that, for all we H',

Qewlgrys == s S | QU )] QL - VIwda

¢eH? : @] 1 <1 n=1 Td

sup  [(Q[(&n - VIwDnz1lz2(e2) [(QL(&n - V)EDnz1] L2(e2)

2
1
< =
2 gl : ¢ 1 <1
1
< —
2

sup 1((€n - V)W)nz1]20e2) [((n - V)P)nz1 L2 (e2)
deH! : || @] ;1 <1

(3.14)
< kol Vw| e,

where (i) we used that |Q](z2) = 1 as Q is an ortogonal projection on L.

Now, similarly to Step 2 of Theorem 3.1, one can prove an a-priori estimate for
|walLe(®, ;F1.0y With constant independent of A provided 2 < ¢ < p is sufficiently
small due to (3.19), kg < x and substep 1la.

Step 2: Conclusion. The proof of Theorem 3.2 follows by applying again the
method of continuity. Hence, for A € [0, 1], we consider

OrUy) = /@(Am — 1))\) + Qg’U)\ + f + Z ()\]P)[(gn . V)m] + gn) th,
(320) n=1

on T%, where f e LP(Ry x € (H“)*) and g € LP(R, x Q;L9(£?)) are given
progressively measurable processes. By the method of continuity [5, Proposition
3.13], it is enough to prove the existence of pg > 2 and Cy > 0 such that, for
all p € [2,po0], ¢ € [2,p], A € [0,1] and progressively measurable processes f and
g = (gn)nZI as above,

(3-21) HUAHLP(RerQ;HW) < O;D(HfHLP(R+xSl;(Hlvq')*) + HgHLP(R+ XQ;LW?)))

where vy € LP(R; x Q; HY9) is a strong solution to (3.20). Without loss of gener-
ality, we may assume py < p; where p; is as in Step 1 of the current proof. As in
Step 2 of Theorem 3.2, due to Step 1, it is enough to prove (3.21) with f = 0. We
now again repeat the argument of Theorem 3.1 by analyzing first the constant in
the energy inequality and afterwards, we argue by perturbation.

Substep 2a: (Analysis of constants — case A =0 and f =0) For each p € [2, p1]
there exists K, > 0 satisfying lim sup K, =1 and

pl2 2<r<p

(3.22) (k — KO)H(|U|2 + |V”|2)1/2Hip(nhxﬂ;m)

+[(P(&n - V)U])n>1“%P(R+x(l;H1ﬂ) < KPHQH%P(R+XQ;L‘1(Z2))
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where v € LP(Ry x Q; HY9) is the strong solution to (3.7) with A\ = 0 and f = 0.
The existence of such v follows from Step 1 and the argument in [65, Theorem
3.9] for the g-term. The intuition behind the RHS(3.22) is that such a quantity in
the case p = ¢ = 2 appears naturally in the energy balance with Ko = 1. To see
this, first note that, by combining the It6 formula [55, Theorem 4.2.5] and standard
integration by parts argument, one has

(3.23) klvll2m, xa:mry — (QL&n - VIVD)nz1l 2@, xiz2e2)) < I9lL2®y xoiL2(2))-
Since Q + P = Id;2 and Q,P are orthogonal projections on L2,

[l V)uDnz1lin = 1((En - V)0)uz1lEn = 1(QLEn - V)oD)nz1]7n
(3.14) ) )
< ko Vollze = [(QL(&n - V)vDnz1 -
Combing the above and (3.23), we get that (3.22) holds with ¢ = p = 2 and K3 = 1.
We conclude by arguing by interpolation. To this end, consider the operator

Syp t LRy x QLY(T% £2)) — LP(Ry x Q; LY(T4 R x R4 x ¢2)))
g+ (VE = Kov, Vi — ko Vo, (P[(& - V)])nz1),

where we norm the product space R x R4*4x (2 with the norm | (-, -, )24, gaxay 2 =

|- 132 + I - [Zaxa + || - [2:- The latter choice comes from the fact that [Sz2]l» <1
as we have proved that (3.22) holds with Ko = 1. The well-definiteness of S,
follows from the above-noticed existence and uniqueness of strong solutions v €
LP(Ry x ; HY) of (3.12) with data g € LT, (Ry x Q;L(T4; ¢2)) due to Step 1.
Thus the claim of Substep 2a follows by complex interpolation [48, Theorem 2.2.6]
and the elementary inequality a® + b < (a + b)* < 24~ 1(a® + b*) for a > 1.
Substep 2b: Proof of Theorem 3.2. In light of Substep 2a, the estimate (3.21)
with constant independent of A € [0,1] and f = 0, now readily follows from x > kg
and the boundedness of (&,),>1, see (3.13). O

3.3. Extensions and comments. In this subsection, we would like to comment
on possible extensions of the previous stochastic Meyers’ estimates. The aim is to
discuss the symmetric assumption used in [14, Theorem 1.2] (see Problem 1.5 there)
in the context of divergence form SPDEs with transport noise by using our methods
inspired by the original proof of Meyers [59]. Interestingly, the symmetry of the
coefficients also comes in our approach. Finally, let us stress that the comments
below also extend to the turbulent Stokes system (3.12) the situation is similar but
some complications arise due to the presence of the Helmholtz projection.

Consider, on an open bounded set O € R and for all a € {1,...,n} with n e N,
o™ = di(a ;07 ) + fo + Y [T o’ + gt W,
(324) n=1
’U|(')(9 = O, ’U(O, ) = 0,

— a\n 3 a,f ra .
where v = (v*)?_; is the unknown process and a; ;&N Ry x @ x O — R are

progressively measurable and satisfy, for some My, kg > 0 and a.e. on Ry x Q x O,

(3.25) |aff;-’8| + (&5 )n=1ller < Mo, (boundedness)

1
(3.26) (afﬁf ~5 Z 52‘1{5])77?77]5 > ko|n|? for all n € R"*?.  (parabolicity)

n=1
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Now we extend Theorem 3.1 to the case of the system (3.24), to show the natural
appearance of the symmetry assumption on a; Jﬁ to deal with the transport noise.

Note that, strong solutions to (3.12) can be defined similarly to the one of (3.1)
with Hl(']I‘d) replaced by H3(T9).

Theorem 3.3 (Parabolic stochastic Meyers’ estimates — Systems). Suppose that
O < R? is a bounded Lipschitz domain. Let al 3’6 and b be progressively measurable
processes such that (3.25)-(3.26) holds. Assume that, for all a, p € {1,...,n} and
i,7€{1,...,d},

(3.27) ?JB aﬁ’ia a.e. on Ry x 2 xO.

Then there exists po(d, ko, Mo) > 2 such that, for all T € (0,0), p € [2,p0], q € [2, ]
and progressively measurable processes f and g satisfying

FeLP((0.T)x HM(O;R™)  and g = (gn)n=1 € LP((0,T) x Q; LI(T; ¢%)),
there exists a unique strong solution v e LP((0,T) x Q; Hy(O;R™)) to (3.24) and

(3.28) o] Lo 0,7y x s L0 (0iR7Y) Sdomo, Mo, T | fllLr (0,1 x 0110 (0587

+ 19l Lo 0,7y x 25 La(0:02)) -

As the proof is an easy extension of the one of Theorems 3.2 and 3.1, we only
provide a sketch to highlight the role of the assumption (3.27).

Proof of Theorem 3.1 — Sketch. In absence of transport noise (i.e., £ ; = 0), then
the result coincides with the usual Meyers’ estimate [59] and they are also valid
without the assumption (3.27) (for other approaches see [26] and [10, Appendix
B]). Let p; > 2 be the corresponding integrability improvement. Now, arguing as
in the proof of Theorem 3.2, this fact shows that is enough to prove the claim with
f =0. Now, we collect two main observations. Firstly, by (3.25) and kg > 0, the
parabolicity is ’self-improving’ in the noise part, i.e., there exists eo(Mo, ko) > 0
such that (3.25)-(3.26) implies

- 1+€0 Ko n
( F - Zf nj)m n; = —|77|2 for all n e R"*9,

n=1

Secondly, the assumption (3.27) allows us to find a matrix value progressively mea-
surable map r = (r] 36 )?Jiil vvvvvv p 7}1} which satisfies the symmetry condition (3.27)

and a "6 = rl Wy JB Thus, the self-improved parabolicity can be rewritten as
1+e¢ K
2 _+T¢co 0412
Z(ng’yn?) Z gnz 1; 7|€| .
v,k n=1

Now, arguing as in Step 2 of Theorem 3.1, to prove the estimate (3.28), it is enough
to study the operator

LV, (Ry x Q; LY(T% (%)) — LP(Ry x Q; LY(O;R™ x R™*%))

a, a\vE{l,...,n}
g (v, (rg] 0w cq )

(3.29)
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def

with ||(-)|lgn xgexa = (| |20 + | - [gexa)'/? and where v is the unique solution in
LP(Ry x Q; HY9(O;R™)) of
o™ = 0i(affo;0°) — v + ) ga W,
n=1
’U|a(9 = 0, ’U(O) =0.
The conclusion follows by combining an interpolation between the cases p = 2 and
p1 > 2 (see the beginning of the proof) and applying the method of continuity. O

Thus, as the proof of Theorem 3.3 shows, it does not seem possible to avoid the
symmetry assumption (3.27), which is used to build the operator in (3.29) which
one interpolates. Thus, even from the above PDEs perspective, the assumption
(3.27) seems necessary in case of transport noise.

4. ANOMALOUS DISSIPATION FOR PASSIVE SCALARS

This section is devoted to the proof of Theorem 1.3 which will also be a guideline
for the one of Theorem 1.1. The strategy used below is outlined in Subsection 1.3.

4.1. Scaling limit at a fixed diffusivity. In this subsection, we prove the fol-
lowing scaling limit result for passive scalars (1.2) with fixed diffusivity v > 0.

Proposition 4.1 (Scaling limit — passive equations). Fiz v € (0,1) and p > 0.
Let (0™),=1 € 2 be a sequence of normalized radially symmetric coefficients (i.e.,
satisfying (2.1)) such that

lim 0™ = 0.
n—0o0

Then there exists 69 = do(7y, ) > 0 for which the following assertion holds. For all
5 € (0,00] and sequence (00.n)n=1 S H® such that 0o, — 0o in H®, we have

(4.1) lim P( sup 02(t) — o, (V)2 > a) —0 foralle>0,
te[0,1]

n—ao0

where o) and o], denote the unique global solution to (5.1) with 07 = 0™ and initial
data 0o,n and the unique global solution to

{ 010%es = (v + 1)Agl,,  on T4,

(4.2)
03e:(0, ) = 00 on T%;

respectively.

Solutions to (4.2) are understood as in Definition 2.1 with trivial noise. In the
proof of Proposition 4.1 below, we also show that, for all r < § < §p and n > 1,

0y € C([0,0); H") a.s.  and o], € C([0,0); H").
In particular, the norm in the claim (4.1) is well-defined.

As outlined in Subsections 1.3.1 and 1.3.2, the main novelty and key point in
the above result is the presence of the L?-norm in (4.1), and the key behind such
improvement is the use of the stochastic Meyers’ estimates of Section 3. Actually,
below we will even prove that
(4.3) lim P sup 0}(t) ~ ot () |1rr > 2) =0

n—a te[0,1]
for all e > 0 and r < & < &g, where dq is as in Proposition 4.1. However, in contrast
to the 2D NSEs analysed in Section 5 below, the above will not be needed.
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Before going further, let us mention that a prototype example of a sequence
satisfying the assumption of Proposition 4.1 is given by
@n

(4.4) A
1872

where ©n f 1{n<‘k|<2n}W for some r > 0.
For details, see eq. (1.9) in [56] and the comments below it. In particular, the above
sequence satisfies #{k : 07 # 0} < oo for all n > 1.

Now, we turn to the proof of Proposition 4.1. The key ingredient is the following
estimates that are uniform in the class normalized radially symmetric 67.

Lemma 4.2 (Uniform in #-estimates). Fiz vy € (0,1) and p > 0. Then there exist
po(v, 1) > 2 and Co(vy,p) > 0 such that, for all p € [2,p0] and all normalized
radially simmetric 07 € (2 (i.e., satisfying (2.1)) and oo € B;;Q/p, the unique global
solution o to (1.2) satisfies

1
E sup 0Ol o + B | 170)1f dt < Collnlly o

te[0,1] 2,p 0 2,p
Proof. The claimed estimate follows from the stochastic Meyers’ inequality of The-
orem 3.1 and the comments below it, see in particular (3.5) and the comments on
non-trivial initial data for (3.1). For clarity, let us check the assumptions (3.2)-
(3.3) with constants that are uniform in the class of normalized radially symmetric
67 € (2. To this end, we employ the real reformulation (2.7) of the complex trans-

port noise in (1.2). To this end, for a € {0,...,d — 1} and x € T¢, we let
R[ok,0(x)] = cos(2nk - x) ak,q, kezs,
Sok,a ()] = sin(27k - ) ag,q, kez?.

Eho(z) L 2\ /cqn 6] {

From the normalized condition |07,z = 1, it immediately follows that ||(§k,q)k,q e <
2,/capr which yields (3.2) with constant uniform in 7. Finally, to check (3.3), note
that (2.4) and a_j o = ak,o imply, for all n € R?,

1
3 DGk 1) = can D (60)° (ana - m)* = plnl*.
k,a k,a

Thus, the assumptions (3.2)-(3.3) with (£,),>1 replaced by an enumeration of
(&k,0)k,o are uniform w.r.t. normalized radially simmetric 87 € £2, and therefore
the claim of Lemma 4.2 follows from Theorem 3.1 with k = v+ p and kg = u. Here
we also used that the leading differential operator in the It6 formulation of (1.2) is
(v + p)A, see Definition 2.1. O

To proceed further, note that, by the It6 formula (e.g., [55, Chapter 4]) and
V - 0k,a =0, the following energy equality holds for the global solution o7 of (1.2):

1 ¢ 1
(4.5) EHQ'Y(t)H%z + J J v|Vo 2 dxds = 5”90”%2 a.s. for all £ > 0.
0 Jre

The above will be used frequently below.
The following is the last ingredient in the proof of Proposition 4.1.

Lemma 4.3 (Time-regularity estimate). Let v € (0,1), 4 > 0 and a € (1,20) be
fived. Fiz oo € L?, and assume that 67 € (2 is normalized and radially symmetric.
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Let o7 be the strong solution to (1.2), and set
¢
M(t) et \/cd,uz GZQJ (0o - V)0 AW/ Vt = 0.
k,« 0

Then there exists so,r1, Ko > 0 independent of (0o,0) such that
(4.6) E[| M| 0,1.-m1y] < Kol 07[7 ool 73,
(47) B[220 0.0r-1,] < Kollool32.

The key point in the above result is the presence of ||f| s~ on the RHS(4.6).

Lemma 4.3 is well-known to experts, and it is a consequence of the structure of
the noise described in Subsection 2.2 and of the energy estimate (4.5), see e.g., [29,
Proposition 3.6] or [1, Lemma 6.3]. For brevity, we omit the proof.

Proof of Proposition 4.1. The argument used here is by now well-established, the
reader is referred to e.g., [34, Theorem 1.4], [29, Proposition 3.7] or [1, Theorem
6.1]. We partially repeat it to highlight the fundamental role of the estimate in
Lemma 4.2 with p > 2. Moreover, we prove the stronger result in (4.3).

Step 1: For all sg,71 > 0 and 0 < r < rg, set

Y o(0,1]; HO) A C®(0,1; H ™) and X < C([0,1]; H).
The embedding Y — X is compact. Moreover, for any K = 1, the following set is
closed .
def
X e X s s [FOI + | VA0 < K.
te[0,1] 0

The final assertion follows from the first one and Fatou’s lemma. It remains to

prove that ) —. X'. By interpolation, for all ¥ € (r,rg) there exists § > 0 such that

C([0,1]; H®) A C*(0,1; H"™) < C%(0,1; H") “>comp C([0,1]; H®),

where we used the Ascoli-Arzela theorem in the last embedding.

Step 2: Conclusion. We begin by collecting some useful facts. Let py > 2 be as
in Lemma 4.2. Fix dp € (0,1 —2/py), § € (0,0¢] and r, 79 € [0,0) such that r < r.
Finally, let us select p € (2,po] such that § > 1 —2/p > r¢. In particular, we have
the following embeddings at our disposal:

(4.8) H® < By /P < H™.

Now, since 0o, — 0o in H® by assumption, we have sup,,~ | 0o,n| s < . Hence,
by Lemma 4.2-4.3 and the embedding (4.8),

(4'9) iglzl)E[HQZH%([O,l];Hm) + HQZH%"O(OJ;H*SI)] < ©.

Moreover, by the energy equality (4.5), we obtained the quenched estimate:

1
(4.10) sup [0} (t)[3. +f f |Vo)|?dzdt < N, as.,
te[0,1] 0 Jra
for some deterministic constant N, > 1 independent of n.
To prove (4.1), or even (4.3), it suffices to prove that for each sub-sequence
(nk)k=1 we can find a further sub-sequence (ny,);>1 for which

(4.11) lim P( sup. lon,. (&) = 03B = 5) — 0 forall £ > 0.

Mk — 0 te[0,1
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For notational convenience, below, we do not relabel sub-sequences. To begin, let
Xn, be as in Step 1 with NN, is as in (4.10). Moreover, denote by £,, the law of ¢} on
Xn,. By combining Prokhorov’s theorem, Step 1, (4.9) and (4.10), it follows that
the sequence (L£,,)n>1 S P(X,) is tight (here P the space of probability measures
on the polish space Xy, ). In particular, there exists u € P(Xy,) such that £,
converges weakly to p. It remains to prove that

(412) on = O .

Qdet
Indeed, by the Portmanteau theorem and the fact that the limit is deterministic,
the previous implies (4.11).
To prove (4.12), arguing as either [1, Step 2, Theorem 6.1] or [29, Proposition
3.7, it follows that

p(f € Xy, : fis a solution to (4.2) with life-time > 1) = 1.

In the above, we mean that the couple (f, 1) is a local solution to (4.2), cf., Definition
2.1 and the comments below Proposition 4.1. Now, the uniqueness of solutions to
(4.2) in the class Xy, yields (4.12). O

We conclude by discussing an interesting consequence of Proposition 4.1.

Remark 4.4 (Lack of L? gradients convergence). In the setting of Proposition 4.1,
it holds that, in probability in C([0,1]),

lim f J YIVol|?dzds = J f (v + 1) Vol |? dz ds.
0 Jra 0 Jre

n—ao0

The above follows by arguing as in Subsection 1.3.1 and using Proposition 4.1:

2JO Ld Y|Vl |2 dzds = \|QO|\2LZ(W) — HQ%(')H%Q(W)

n—ao0

= oolaceo — el =2 | [+ 0 Vai [ dwas,

where the last equality follows from the energy balance for (4.2).
In particular, if g9 # 0 (and therefore gy ¢ R as S’er oo(z)dx = 0), then the
process o), does not convergence in probability in L%(0,1; H'(T)) to ol

4.2. Proof of Theorem 1.3. The key ingredient in the proof of Theorem 1.3 is
the following consequence of Proposition 4.1 and the choice (4.4).

Corollary 4.5. Let v,e,6 € (0,1) and N,u > 0 be fized. Then there exists a
normalized radially symmetric 07 € (% (i.e., satisfying (2.1)) for which the following

assertion holds. For all oo € H® satisfying ||oo| gs < N, the unique global solution
07 to (1.2) satisfies

(4.13) P( sup [o7 — ol ]l < a) >1—¢,
te[0,1]

where g}, is the unique global solution to (4.2).

As the proof below shows, by using (4.3) instead of (4.1) in Proposition 4.1, we
can replace the L?-norm in (4.19) by H" for some r > 0 depending only on (6, , 7).
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Proof. Let g > 0 be as in Proposition 4.1. Without loss of generality, we can
assume that § < §y. Next, we set

def
Bys < {o0€ H : |oo|ms < N}

Fix ¢ > 0. Let (6,)n>1 be as in (4.4), and due to the comments below it, we have
limy, o0 [|0™] ¢ = 0. To conclude, it is enough to show that

(4.14) lim sup P( sup] 0" (00) — 0det(00)| 12 = e) =0.

n=%0 o0eBn,s te[0,1

where 9" (gp) and g4et(00) denote the solution to (1.2) with 87 = 6™ and (4.2) both
with initial data g, respectively. We prove (4.14) by contradiction. Indeed, assume
that there exists a sub-sequence (Qo,nj )j=1 < Bn,s such that

(4.15) lim P( sup | 0j — Odet iz > 5) > 0.
te[0,1]

j—®

where 0; = 0(00n;) and @det,j = 0(00,n;). Note that, for all 5e (0,9), there
exists a (not-relabeled) sub-sequence (go,n;) such that g, — 0o in H 9. Now the
contradiction with (4.15) follows by applying Proposition 4.1 with § = 5. Thus,
(4.14) is proved. O

Proof of Theorem 1.3. We split the proof into two cases.
(1): We begin by collecting some useful facts. Let (v, N, d) be as in the statement
of Theorem 1.1. In particular,

(4.16) N7t g ool and  Joo|gs < N.

Moreover, by the mean-zero assumption on gy and the Poincaré inequality, it follows
that the unique global solution o], of (4.2) satisfies

(4.17) lode:)|72 < e ool72 for all t > 0.

Applying Corollary 4.5 with (u, N, d) as above and v > 0 fixed, we obtain a family
of (67)4e(0,1) € £2 for which the unique global solution o7 to (1.2) satisfies

(4.18) P( sup |07 — olllre <
te[0,1]

g
= 1 —
2N)> &

where ], is the unique global solution of (4.2) and ¢ is chosen so that

(4.19) 0<s<<17€w) L

oN ) "%
Now we turn to the proof of (1). Let 7 be the stopping time defined as

(420) 7L inf {te[0,1] : [07(t) — ()2 = 55} where info < 1.

By (4.18), it follows that
(4.21) Pr=z1)>1-c¢.

Note that, by (4.5), (4.16) and (4.17) show that |07 (¢)] 2 v |0Je:()]l2 < N for all
€ [0,1]. In particular, by (4.20),

B[1ranle” (D1 — |0 (DIZ]] < 2V B[1ia1)167(1) = g (D]22] < <.
Combining the above with (4.21), we obtain

(4.17) B
(4.22) E[li=yle’(D)]7:] <e+ 1 -o)|ela (V72 < e+ (1—e)e o7
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Hence, for all v € (0,1),

1
4.5
@) 28| [ 2ePdra Dl - B0
0 Jr
(i
= (1=2o)leol> — E[1rz1le”(D)]Z:]
(4.22) ) B
= Joolz:(1 —e)(1 —e™) —e.
where in (i) we used (4.21) and | 07(1)| 2 < ||oo] 2 a-s. due to (4.5). Now, the claim
of Theorem 1.1(1) follows from (4.16), (4.19) and the arbitrariness of v € (0, 1).
(2): The proof is analogous to the one of (1), provided one chooses the parameter
¢ also depending on the rate of dissipation 7). Firstly, since u > —In(1—n), it follows

=

that n; ) _emn> 1. Secondly, let ng def "’L% € (n,m) and fix

Mo To—1n
0<5<(1——)/\( )
m N
Then, it is clear that ||oo|?,(1 —&)(1 —e™*) — e = nl|oo|%: as |oo|r2 = N7, and
therefore the assertion (2) of Theorem 1.3 follows from the lower bound (4.23). O

5. ANOMALOUS DISSIPATION FOR 2D NAVIER-STOKES EQUATIONS

This section is devoted to the proof of Theorem 1.1 and its extension to a sub-
critical surface quasi-geostrophic equation. The proof of Theorem 1.1 is similar to
the one of Theorem 1.3 given in Section 4. However, there are additional difficulties
related to the criticality of L? of the 2D Navier-Stokes nonlinearity. In particular,
to deal with the nonlinearity it will be of central importance to perform the scaling
limit in a space of positive smoothness uniformly in time.

This section is organized as follows. In Subsection 5.1 we first show the global
well-posedness of the 2D NSEs with cut-off, where the cut-off is used to tame the
nonlinearity. Secondly, in Subsection 5.2, we prove Theorem 1.1 by removing the
cut-off and arguing as in the case of passive scalars. Finally, in Subsection 7?7 we
comment on the extension to the surface quasi-geostrophic equation.

5.1. Scaling limit with cut-off at a fixed Reynolds number. We begin by
introducing a 2D NSEs with a cut-off. For ¢ € C*(]0, o0)) such that supp ¢ < [0, 2]
and ¢ =1 on [0,1], and parameters r € (0,1) and R > 0, consider

O’ + p. (V) P[(v” - V)0¥] = vAVY

(5.1) +4/2p Z 0 P[(ok - V)v"] o WF  on T2,
' keZ?
v7(0,-) = ug on T?,
where

def

Orr (V") Z (R0 |ar).
The choice of the norm in the cut-off function will be clear below when dealing with
the criticality of 2D NSEs, cf., (5.5) below. Finally, with a slight abuse of notation,
we do not display the dependence of v” on the parameters (R, r,v) as we will argue
for a fixed value of such parameters.
In contrast to the previous section, to combine Meyers’ estimates of Theorem
3.2 with the criticality of the Navier-Stokes nonlinearity in L?, we need to consider
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solutions to (5.1) that are more regular than the one in Definition 2.2 depending
on a parameter p > 2 ruling the time integrability of solutions.

Definition 5.1 (p-solutions — 2D NSEs with cut-off). Let p € [2,00). Fiz v > 0,
0V € ¢ and ug € B;;f/p(']l‘d). Let 7V : Q — [0,00] and v" : [0,00) x Q — H(T) be
a stopping time and a progressive measurable process, respectively.
o We say that (v¥,7") is a local p-solution to (5.1) if the following hold:
— v’ e L ([0,00); HY(T%: R?)) A C([0,0); By, (T R?)) a.s.;

loc

— v ®uv” e L ([0,00); L3(T? R?)) a.s.;

loc

— a.s. for all t € Ry it holds that

vV (t) —ug = (V—i—u)f

0

t

(Av”(s) — Qo (U”(s))) ds
- f brr (07 (5)P[V - (" (3) @ u¥(5))] ds

+ \/ﬂf 1(0.) (P[(@,’; oy - V)v”(s)])k AWps.

o A local p-solution (v”,7") to (5.1) is said to be a unique local p-solution to
(5.1) if for any local solution (w”, ) we have \¥ < 77 a.s. and w¥ = v”
a.e. on [0, ") x Q.

o A unique local p-solution (v”,7%) to (5.1) is said to be a unique global
p-solution to (5.1) if 7V = 0 a.s.

For the optimality of the regularity of the initial data, the reader is referred
to the comments below Theorem 3.1. Similar to Definition 2.2, if p = 2, then we
simply write ‘solution’ instead of ‘p-solution’. The aim of this subsection is to prove
the following result.

Proposition 5.2 (Scaling limit — 2D NSEs with cut-off). Fiz v € (0,1) and p > 0.
Let (0)n=1 S £? be a sequence of normalized radially symmetric coefficients (i.e.,
satisfying (2.1)) such that

lim 0™ = 0.
n—0o0

Then there exists po(v, ) > 2 for which the following assertion holds. If for p €
(2,p0], r€ (0,1 —2/p) and R > 0 we have
(1) ug e BL 2P

2,p 7
(2) there exists a unique local solution v4,, € C([0,1]; H") n L*(0,1; H') on [0,1]
to

62 0rvte + Orr(Vaet) PL(0hey - V)0hee) = (v + 5) A0%e, on T2,
V4 (0, ) = ug on T?;

then for all ro € (0,1 —2/p) and all sequences (ugn) S Bé;f/p such that ug, — ug

in By 27 it holds that

(5.3) liIIOlOP( sup ||oX(t) — v ()| 0 = 5) =0 foralle>0,

te[0,1]

where vy is the unique global p-solution to (5.1) with @ = 0™ and initial data ug 4.
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As for Proposition 4.1, the key point is that the Sobolev space in (5.3) has
positive smoothness. Moreover, repeating the argument in Remark 4.4, there is
no convergence of gradients of v™ to vqet in L2(0, 1; LQ(Td)). Here, to deal with
the nonlinearity of the 2D NSEs, it will be of fundamental importance that we can
choose 79 > r. Finally, in contrast to the linear case, the uniqueness of (weak)
solutions to (5.2) is not immediate and therefore we include it as an assumption.

The existence of a unique global p-solution to (5.1) is proven in Lemma 5.3
below. Unique local solutions to (5.2) on [0, 1] are as in Definition 5.1 with trivial
noise, p = 2 and life-time > 1. Note that the condition v4, € C([0,1]; H") is not
a-priori given in the requirements for being local solutions, this is why it has been
displayed in (2). Similarly, v4., € L?(0,1; H') is needed as life-time > 1 does not
imply that ¢ — [v(t)|3. is integrable near ¢ = 1.

Next, we turn to the proof of Proposition 5.2. Following the argument of Sub-
section 4.1, the key ingredients are the following estimates which are uniform in the
class of normalized radially symmetric 6”.

Lemma 5.3 (Uniform in f-estimate — 2D NSEs with cut-off). Let v,r € (0,1) and
1, R > 0 be fized. Then there exist po(v, ) > 2 and Co(v,r, u, R) > 0 for which the
following assertion holds. For all p € [2,po], uo € IB%%:f/p, re€ (0,1 —2/p) and all
normalized radially symmetric 0% € (% (i.e., satisfying (2.1)), there exists a unique
global p-solution v¥ to (5.1) and

1
(5.4)  E sup v'()7: 5, + EJ [v¥ @) dt < Co(1 + uol?2)-
te[0,1] 2,p 0 2,p

As in the proof of Lemma 4.2, the key point is the independence of (pg, Cp) on 6.
As in the latter result, we key tools are the stochastic Meyers’ estimates of Theorem
3.2. To handle the nonlinearity, we use the sub-criticality of H" for all » > 0 in the
case of 2D NSEs, see the analogous discussion for reaction-diffusion equations in [1,
Subsection 2.3]. The sub-criticality of H" is exploited via the following inequality
(cf., [1, Lemmas 4.3 and 4.5]): For all r < 3,

2

. - \v v H71~UL4~'UH1/2

(5.5) PV - (0®@0)][ - < Ivlza < [v]

< ol ol
where k., = r/(1 —r) > 0. The above follows from the Sobolev embedding
H'Y?(T?) < L*(T?) as well as standard interpolation inequality. The sub-criticality
of H" is encoded in the power 1 — x, < 1 for the H'-norm on the RHS(5.5). This
fact will allow us to absorb the corresponding term via Young’s inequality.

Proof of Proposition 5.3. As we argue at a fixed viscosity v > 0, we remove it from
the notation and we simply write v instead of v and similar. Let us begin by col-
lecting some useful facts. Arguing as in the proof of Lemma 4.2, the assumptions of
the stochastic Meyers’ inequalities of Theorem 3.2 holds with constant independent
of the choice of normalized radially symmetric 6 € 2, and we let pg = po (i, v) > 2
be the corresponding integrability parameter for which the estimate of Theorem
3.2 holds for all p € [2,pg). Below p € (2, po] is fixed.

The proof is now split into three steps. We first prove the existence of a unique
local p-solution (u,7) with a corresponding blow-up criterion. Secondly, we prove
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that such a localized version of (5.4) for such a local solution. In the third step, we
prove that 7 = w0 a.s. (i.e., (u,7) is global) and that (5.4) holds.

Step 1: There exists a unique local p-solution (u,T) to (5.1) and the following
blow-up criterion hold

t
(56) P(r<T. sup [, ., + f [o(3)]f ds < 0) =0 for all T e (0,20).
te[0,7) 2,p 0

To prove the existence of a unique local p-solution to (5.1), we employ [4, The-
orem 4.8]. To this end, we rewrite (5.1) as a stochastic evolution equation on
def 1
Xo = H, ie,
(5.7) dv + Avdt = F(v)dt + BvdW;:, v(0) = ug
where, for ue X; = def H,

Au = —(v + p)Au + Qou, F(u) = ¢r,(w)P[V - (u®u)],
Bu = ((91601@701 . V)u)k,a.

Comparing Definition 5.1 with [4, Definition 4.4], one readily see that unique p-
solution to (5.1) are equivalent to maximal L{-solution to (5.7) (see also [5, Remark
5.6]). Set Xz %' H=1+28 for B e (0,1). By [4, Theorem 4.8], it remains to show
the existence of 1/2 < f < ¢ < 1 such that ¢ + 8 < 2 —1/p such that, for all n > 1
and for all u,v € Xy such that |[u] g1-2, [v] g1-2» <,
2,p 2,p

(5.8) [F(u)=F(v)lxo Sn (Julxa, +vlxs) lu—vlx,,+(ulx, +vlx,)u—v]x,-
To prove (5.8), let us write F(u) — F(v) = I + Ju,n where
luw = drr(WPV - (u@u) = V- (v@U)],
Jup = P[V : (v ® U)] (¢Rr(u) - ¢R,r(v))-
The first term on the RHS(5.8) clearly follows by estimating I, , and using X34 =
H'Y?(T?) — L*(T?). By arguing as in (5.5), one can check that, for all r < 1,

H]P) U®U HH 1 $ H HIJFKTH Hjlt;rl%:/z

where %, r/(2 — 3r). Since B1 P H" as 1 — 2/p > r by assumption, the
above inequality shows that the second term on the RHS(5.8) readily follows from
estimating Jy, , with p =1 -7 and =1 — 5 + ¢ where € > 0 is arbitrary.
Finally, (5.6) follows from [5, Theorem 4.10(3)] applied to (5.7).
Step 2: Proof of T = 0. We begin with a localization argument. Fix T' < 0.

For all m > 1, let 7, be the stopping time given by
T & inf {t €0, 7AT) : Hu(t)Hgl,z/p + J |u(s)[%, ds = m}
2,p 0

where inf@ %' 7 A T. The Meyers’ estimates of Theorem 3.2 and a standard

localization argument (see e.g., [4, Proposition 3.12(b)]) ensure that existence of

Cy (v, i) > 0 such that, for all m > 1, p € [2,pg] and ug € IB%1 2/p,

Tm
E swp o)l 0+ B | (Ol dt < Cillwlf .,
2,p 0 2,p

t€[0,7m]
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+01Ef bR (0") [PV - (v @0)]|5,-

Here pg is as at the beginning of the proof.
Now, the sub-critical estimate (5.5) yields, for all v € H'(T?;R?),

SR (0) [PV - (0@ 0)]| o1 < Krror (o) 0] 77" 0] 2™
K (2R)M o] "
1
< 5o ol + Koo
where we used the Young inequality and that ¢g,(-,v) = 0 if |[v| g = 2R.
Hence, combining the previous estimates, we obtain, for all m > 1,

-
E sup (o0, 0 + B [ o)1 dt <201 fuolly oy + K
te[0,7m ] 2,p 0 2,p

Let C’O = (201) v Ky g, Note that Cp is independent of m > 1 as are C; and
K, gy, Thus, since lim;, o 7, = 7 A T a.s., the above implies

TAT
(5.9) E sup Ju(®)7, ), + Ef [v(s)I % ds < Co( + [luol—2p)-
te[0,7AT) 2,p 0 2,p

Hence, |v(t Hp 120 +ESMT s)[%1 ds < o0 a.s. on {r < T}, and therefore 7 > T

a.s. by (5.6). The arbitrariness of T" implies 7 = o0 a.s., as desired.
Step 8: Proof of (5.4). The estimate (5.4) follows frorn (5.9) and the fact that
T = o0 a.s. by Step 1. (I

Due to Lemma 5.3, the proof of Proposition 5.2 is very similar to the one of
Proposition 4.1. Hence, we only give a sketch of it.

Proof of Proposition 5.2 — Sketch. The proof of Proposition 5.2 is completely anal-
ogous to the one of Proposition 4.1 as the content of Lemma 4.3 also holds with
(07,7) replaced by (v, v). Let us point out that the factor 4 in the limiting equa-
tion (5.2) comes from the behaviour as n — oo of the It6-correction Qp with 8 = 6™

(cf., Definition 2.2), see [56, Theorem 3.1]. O

5.2. Proof of Theorem 1.1. Parallel to the proof of Theorem 1.3, the key ingre-
dient in Theorem 1.1 is the following consequence of the above scaling limit.

Corollary 5.4. Let 6,v,c € (0,1) and N, > 0 be fivred. Then there exists 0¥ € (2
such that
1072 =1 and #{k : 6 # 0} < o,
and that for all ||uollgs < N the unique global solution u” to (1.1) satisfies
P( sup |[u” — ulellre < 5) >1-—¢
te[0,1]
where uget 1S the unique global solution to
atugct + P[(U’gct : V)U’gct] = (V + 4)Audct on T27

(5.10)
ule (0, ) = ug on T?.
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Proof. Let po(v, pt) > 2 be as in Proposition 5.2. Fix p € (2, pg) such that 1—-2/p < §
and 7,79 such that r < rg < 1—2/p. Note that the choice of p yields ug € B1 2/p
cf. (4.8). Next, by Proposition A.1, there exists Ko = Ko(N,ro) > 0 such that the
unique global solut1on Uget tO (5.10) satisfies

(5.11) sup [ugey(t)[[mro < Ko.

te[0,1]

Next, to apply Proposition 5.2 with R = Ky + 1 and (r,rg) as above, we check
that (5.2) has a unique solution on [0, 1] and it is given by u4.. To begin, as u4,
is a unique global solution to (5.10) satisfying the bound (5.11), then it is also a
local solution to (5.2) on [0, 1] with w4, € C([0,1]; H") n L?*(0,1; H'). It remains
to discuss the uniqueness. To this end, we mimic a stopping-time argument. Let
Waet be another global solution to (5.2) with wj,, € C([0,1]; H"). Let

ewy def inf{t € [0,1] : [|wh (¢, )|gr = R} where inf@ = et
If eyy = 1, then uf,, = wj, by uniqueness of solutions to (5.10). If e,y <
1, then still using the uniqueness of solutions to (5.10) we get uj.,, = wj, on
[0, ewg, J- As subiepo.c,, 7 [Ulet )z < SUPefo,1) [Uget(t)| 70 < Ko and R > Ko
by construction, it follows that |waet(ewy s )e,, < R which is a contradiction
d ot

with the definition of e,» —and waet € C([0,1]; H™). This proves ewy = 1 and
hence uniqueness of (5.2) follows from the one of solutions to (5.10).

Now, by Proposition 5.2 applied with R = Ky + 1, (p,r,79) as above and 6" as
n (4.4), there exists 0¥ € /2 with the required properties such that

P( sup [[v” — uleellmr < 1> >1—¢
te[0,1]

where v is the unique global p-solution to (5.1) with the above choice of (R, ).
Set

f
0 = { sup [0V — ulfe |- <1}
te[0,1]

Now, to conclude, it remains to prove that
(5.12) u”(t) = v”(¢) for all t € [0,1] a.s. on Q.
To see (5.12), define the following stopping time

7o % inf{te [0,1] : sup [o" )|z = K0+1}.
te[0,1]

and inf @ % 1. Note that, by (5.11), we have
(513) T0 = 1 on Qo.

Moreover, ¢g - (t,v”) = 1 for all ¢ € [0, 79]. Hence, (v¥, 70) is a local solution to the
2D NSEs with transport noise (1.1). By uniqueness of u” we obtain

(5.14) u”(t) = v”(t) a.s. for all t € [0, 70],
cf., Definition 2.2. Hence, the claim (5.12) follows from (5.13) and (5.14). O

Proof of Theorem 1.1. Due to Corollary 5.4, the proof of Theorem 1.1 now follows
almost verbatim from the one of Theorem 1.3 given at the end of Subsection 4.2.
The factor ‘4’ in the condition p > 41n(1—n) of (2) comes from the one in (5.10). O
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APPENDIX A. H®-ESTIMATES FOR TWO-DIMENSIONAL FLUIDS
The aim of this appendix is to prove the following

Proposition A.1 (H’-estimates — 2D fluids). Let x > 0, § € (0,1] and let u be
unique global solution to the 2D Navier-Stokes equations on T2, i.e.,

(A1) QG+ (u-V)u=—-Vp+ kAu, V-u=0, u(0) = ug € H®(T?).

Then there exists a non-decreasing mapping N : [0,00) — [1,0) such that

< N(Jluollz2)|uoll s -

a2 s fute e+ o= [ ],

te[0,00)

Here, H°(T?) denotes the space of divergence-free vector field in H% = H?(T?; R?),
cf., Subsection 2.1. Moreover, solutions to (A.1) can be defined similarly to Defini-
tion 2.2 by writing the nonlinearities in the conservative form.

The above result might be known to experts, however, to the best of the author’s
knowledge, no direct reference is available. Therefore, we include the proof for the
sake of completeness. Below, we deliberately do not use the vorticity formulation of
2D NSEs so that our arguments can also be extended to other situations, e.g., 2D
NSEs on domains with no-slip boundary conditions. The case § > 1 of Proposition
A.1 also holds and it follows from the case § < 1 and the sub-criticality of H® with
d > 0 for (A.1). Details are left to the interested reader.

Proof. Inspired by [42], we prove the claimed estimate (A.2) by interpolation.
For notational convenience, we assume x = 1. Note that, since STQ u(t,z)dz =
§p2 uo(2) da for all ¢ > 0 as V- u = 0 in D'(T?), without loss of generality, we may
assume that §, uo(z)dz = 0. For § € [0,1], let H), be the subset of H® with
mean zero. Recall that H?, = (L2,, H} )52 where ()52 is the real interpolation
functor (see e.g., [15] for details). Hence

(A.3) luollis = 1277 K (uo)) jez ez

where K is the K-functional computed at the dyadic time 27, i.e.,

(A.4) Kj(ug) = inf ([uo]rz + 27wl 1)
up=vp+wo

where the infimum is taken over all decompositions ug = vg + wg satisfying vy € L?
and wo € H' with mean zero.
Next, we fix ug € HJ,. By definition of Kj(ug), for each j € Z, there exist

U((Jj) e L2, and wéj) € H}, such that ug = v(gj) + wéj) and
K (o) = o122 + 27w [ 1m,
with implicit constant independent of j > 1. The minimality property implies
<

éj) |z < |uollz2, and therefore Hwéj)HLz

v 2||ug| 2. Summarizing, we have,
(A5) luollze = 3 (0§ 22 + Jwf” | 2),
(A.6) luolzrs = 2[0S |22 + 27wl 1) e o

Following [42], we first prove estimates H!-estimates for

(A.7) o) + P9 - V)o@ = A @ (0) = oY,



ON ANOMALOUS DISSIPATION BY TRANSPORT NOISE 33

and secondly an L2-estimates for
(A8) aw® +P(([0D +wD]- V) [oD + wD]) = +Aw™), w?(0) = wl
where P is the Helmholtz projection, see Subsection 2.1.

The idea behind the decomposition (A.7)-(A.8) is that u = v 4+ wl) for all
j € Z, by uniqueness of global solutions to (A.1).

Step 1: There exists a non-decreasing mapping N : [0,00) — [1,0) such that,
for all j€Z,

(A.9) sup [w@(t, ) g + |0 |2, a2y < N(Juolz2)|ws o,
te[0,00)

(A.10) sup 0@ (t, )12 + [0 2011y < N(Juolz2) [0 2,
te[0,00)

where (v((J ),w((f)) are as above. We begin by proving (A.9). The existence of a

unique global solution w¥) e HL ([0,00);L?(T?)) n L ([0, 00); H*(T?)) of (A.7)

loc loc
is standard. For instance, the latter fact can be proven by combining the local

existence of [67, Theorem 1.2] and localized in time version of the estimate (A.10)
proven below (see Step 3 in the proof of Lemma 5.3 for a similar situation).

Now, since Sqrd w((f ) da = 0, the following energy estimate holds:
(A.11) sup [w@ (e, )72 + [0 [Foe, ) S i 72
te[0,00)

where the implicit constant is independent of j € Z. Now, the Sobolev embeddings
and standard interpolation inequalities imply

|9 - V)| 1z < [w@ ] pa[Vw@ | s < Jw® | pa|w@ |3 [w® |13,

Thus, with the aid of the above inequality, the Young inequality and integrating by

parts we have, for some Cy > 0 independent of (j, w G )),

2SIV + A, = | j D). V)] - Awd) da
. _ 1 .
< Collw® a0 1 oo g + 8w |35

. . 1.
< Cifw? | 1a w3 + §Hw(”|\§z2

a.e. on Ry. Due to (A.11), (A.9) now follows by applying the Gronwall lemma to
the above estimate as well as the fact that (A.11) and interpolation imply

. . (A.5)
(A.12) | iy pa) S Jwi |z < Juol22

The proof of (A.10) follows again the arguments leading to (A.11) and (A.12),
see [3, Theorem 3.3] for a similar situation.

Step 2: Conclusion. Let us begin by recalling that u = v + w(@) for all
j € Z by the well-known uniqueness of global solutions u € Hloc([(), o0); H=H(T?)) n
L% ([0, 00); H'(T?)) to (A.1). By (A 3) for all t € [0, 00),

Jut, Mes < [P0 @ e + 27w (8 ) a]) 24,

< N(Jluol z2)| (2-Jé[uvoﬂ 2 + 27w 1)) o | o

~ N(uol z2)vol &,
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where in the last step we used (A.6). To estimate the L?*(R; H'*%)-norm of u, one
can argue analogously by noticing that (L?(Ry; H'), L2 (R ; H?))s2 = L*(R,; H'*?)
by [48, Theorem 2.2.6]. Hence, (A.2) follows similarly. O
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