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Optical and transport properties of NbIN thin films revisited
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Highly disordered NbN thin films exhibit promising superconducting and optical properties. De-
spite extensive study, discrepancies in its basic electronic properties persist. Analysis of the optical
conductivity of disordered ultra-thin NbN films, obtained from spectroscopic ellipsometry by stan-
dard Drude-Lorentz model, provides inconsistent parameters. We argue that this discrepancy arise
from neglecting the presence of quantum corrections to conductivity in the IR range. To resolve
this matter, we propose a modification to the Drude-Lorentz model, incorporating quantum correc-
tions. The parameters obtained from the modified model are consistent not only with transport and
superconducting measurements but also with ab initio calculations. The revisited values describing
conduction electrons, which differ significantly from commonly adopted ones, are the electron relax-
ation rate I &~ 1.8 eV/A, the Fermi velocity vrp ~ 0.7 X 10% ms™! and the electron density of states

N(Er) = 2 states of both spins/eV/V.y..
I. INTRODUCTION

Niobium nitride (NbN) stands out for its excellent
properties, including chemical stability, hardness, op-
tical and superconducting characteristics ™ Its rela-
tively high superconducting critical temperature and
large sheet resistance make it suitable for applications
such as superconducting nanowire single photon detec-
tors (SNSPDs)® and kinetic inductance travelling wave
parametric amplifiers (KITWPAs)® Transition metal
nitrides, including NbN, nowadays garner interest as
plasmonic materials @ exhibiting double epsilon-near-zero
(ENZ) behaviour® This behaviour means that the real
part of their dielectric function, €,(w), becomes zero at
two frequencies below the UV range. ENZ materials
enable strong interaction of light with plasma oscilla-
tions, offering a wide range of possibilities in photonics.”
NbN has drawn attention as an ENZ material due
to its tunable plasma frequency through composition
adjustments ! Moreover, the optical response directly
influences the efficiency of SNSPDs, emphasizing the im-
portance of optical characterization of NbN thin films, as
highlighted in Refs. [11l

Despite more than 50 years of extensive study of
NbN films, significant disagreement persists with re-
gards to some of their fundamental properties. The pri-
mary source of mismatch arises from seemingly contra-
dictory results obtained through different measurement
pathways. 2 First, the characterisation of the disorder
in NbN is routinely obtained from transport and Hall
effect measurements. This is done via the Ioffe-Regel pa-
rameter kpl, where kr is the Fermi wavevector and [ is
the electron mean free path. It is well known that kgl
close to unity can be obtained in thin NbN films, i.e. [ is
comparable to electron wavelength, and such highly dis-
ordered films are approaching metal-insulator transition
(MIT) 13719 Alternatively, this criterion can be expressed
via electron scattering rate in energy units Al', which is
comparable to the Fermi energy. Therefore, in highly
disordered metals, Al is expected to be a couple eV. Sec-

ond, Al' can be obtained from optical response as well,
namely as a parameter of the Drude model for the di-
electric function of conducting electrons. However, these
measurements suggest Al' ~ 0.33 as obtained from fit-
ting a Drude-Lorentz model to ellipsometric data in the
visible range ™1 which is an order of magnitude smaller
than expected.

Thin NbN films, especially its §—phase, have superior
superconducting properties ! and can be deposited by
various methods 820, They typically exhibit a polycrys-
talline structure with grains of various sizes, each possess-
ing a relatively well-defined cubic lattice interrupted by
vacancy defects* The grain boundaries consist of dis-
ordered NbN alloy, often containing oxygen, as well 2223
Despite their granularity, NbN thin films can be consid-
ered as homogeneously disordered metal, especially re-
garding their optical response. This is natural in the
case of high intergrain conductivity?® or for mean free
path that is small in comparison to the grain size 14225

It is known that the presence of disorder in metals,
either granular or homogenous, leads to quantum cor-
rections (QCs) to the Drude conductivity. In highly
disordered metals, the density of states (DOS) at the
Fermi level is suppressed, suppressing their conductivity,
as well28 The correction to the real part of conductiv-
ity in 3D homogeneously disordered films, as obtained by
Altshuler and Aronov in Ref. 26] as well as from scaling

arguments,?” can be expressed in the following unified
form28:22

50(Q) = —Q%0y (1 - ?) . (1)

Here, o is the Drude conductivity, Q is the strength of
the correction, also called quantumness?® The electron
relaxation rate relates is defined as reciprocal relaxation
time I' = 1/7. The energy Q) is determined by various
energy scales, such as incident photon energy hw, tem-
perature o kgT, or magnetic field x pupB. Although
this behaviour is routinely observed at energies of the
order of meV, it is rarely taken into account in optical
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FIG. 1: Thick lines: real (solid) and imaginary (dashed) part
of optical conductivity for NbN films of various thickness, de-
termined by SE. Thin lines are fitted to Eq. . Circles:
room-temperature DC conductivities measured by van der
Pauw method.

response analysis.®Y Notably, in the study by Neilinger
et al. 28 the square root corrections were observed up
to optical frequencies in MoC thin films. Although not
directly measured, a numerical study proposed a similar
square root behavior in NbN 51

In the following, we argue that these corrections dra-
matically alter the optical properties of NbN films and
explain the ENZ phenomenon. Modeling the optical con-
ductivity by a quantum-corrected Drude-Lorentz model,
we can determine various quantities, including the diffu-
sion coefficient and the superconducting coherence length
in agreement with the transport measurements. More-
over, the determined carrier density and agrees with the
DFT. Additionally, we compare this model to commonly
used models of the NbN dielectric function. The experi-
mental data used to establish a consistent set of parame-
ters, were obtained from spectroscopic ellipsometry (SE)
on 0—NbDN films of various thicknesses. Independent
confirmation was provided by transport and magneto-
resistance measurements.

II. OPTICAL PROPERTIES

The optical properties of NbN thin films were inves-
tigated utilizing SE in the range from 300 to 800 nm.
Typically, SE is employed to determine the parameters
(commonly layer thickness) of a chosen optical model for
the studied sample. In our examination, where the goal
is to select an appropriate optical model, we evaluate
the optical constants directly from the SE data for each
wavelength separately via a model-independent way (for
details see Ref. 32)).

The complex conductivity in the visible spectral range,
determined from SE (thick lines in Fig. [1]) is smooth and
exhibits a clear dependence on the sample thickness. The
real part of o(w) decreases with frequency for all samples

which is attributed to the Drude-like 1/w? behaviour typ-
ical for metals with finite relaxation rate T.

In Ref. 31 a similar NbN film was studied, and a
conductivity peak in the UV range was determined by
means of numerical extrapolation. This spectral weight
was attributed to inter-band transition at fiw ~ 5—7 eV.
The presence of the inter-band transition, was observed
through optical measurements'®33 and various ab-initio
simulation, as wel] 10434435

Furthermore, the numerical study presented in our pre-
vious work suggests that thin NbN films exhibit suppres-
sion of o, (w) in the IR range, accompanied by a peak
at = 1 eV. This ”anti-Drude” behaviour is also known
as anomalous or displaced Drude peak. In Ref. [8, the
peak in the optical conductivity of NbN films was ex-
plained in terms of an effective medium emerging from
granular NbN dissolved in an insulating NbO matrix. We
discuss this approach in Appendix [A] where we argue
that it is not appropriate for NbN, as it leads to un-
physical conclusions 2% In Ref. 36, the peak was obtained
within the Drude-Smith model, which we analyze in Ap-
pendix [B] In Ref. 30, the o, (w) of metallic films close to
MIT exhibited a square root dependence at frequencies
below IR range, which was ascribed to quantum correc-
tions to the Drude conductivity due to disorder. In order
to describe the o,.(w) in the optical range, a ”localization-
modified Drude model” was suggested as a simple mul-
tiplication of the Drude formula with a square root term
similar to Eq. (1)2? However, this model leads to incor-
rect behaviour of the conductivity at high frequencies,
which should drop as w™2. Moreover, this model poorly
fits our data. The same square root behaviour of o, (w)
up to the visible range was observed in Ref. 28 But, it
was suggested here that the influence of disorder should
disappear at frequencies of the order of the relaxation
rate. A square root correction was smoothly joined to
the bare Drude conductivity at a crossover frequency,
and an excellent agreement with the SE data was further
confirmed by independent transmission measurements.
Therefore, we analyse our SE data utilizing the quantum
corrected Drude model, extended by a Lorentzian peak
centred at w; with strength o1 and width I'y, describing
the inter-band transition. The quantum correction expo-
nentially vanishes at a scale I'/2. Finally, we obtained
following model for the complex conductivity

(W) :#(1 — Q%1 - \/s%)e—%wr)?)Jr
o ®)
2,2 27
1+ ()
oi(w) = Hor(W)] = (€00 — Degw. (3)

To take into account the temperature smearing of the
steep square root correction at low photon energies, fol-
lowing Ref. 28] an energy scale entering the correction

was introduced as Q = /w?+ (rkgT/h)?. Hlor(w)]
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FIG. 2: The real part of the dielectric function e(w) corre-
sponding to the conductivities in Fig.[l] The inset shows the
lower plasma frequencies (frequencies at which e(w) = 0) de-
pendent on quantumness Q. The solid line is a plot according

to Eq.

denotes the Hilbert transform of o, (w), mathematically
manifesting the Kramers-Kronig relations. The Hilbert
transform can be performed numerically, or by approxi-
mative analytical formula for H[o,(w)], which we derived
in Appendix [C| This model of o, (w) does not consider
the inter-band transitions of bound electrons at high en-
ergies, which affects the imaginary conductivity even at
small frequencies. Their effect is therefore expressed by
the second term in Eq. (3) via the parameter €5, = 1.6
estimated in Appendix [D|

In the Fig. it is shown that the proposed model
(thin lines) produces an excellent fit to both the real
and the imaginary parts of the conductivity. The pa-
rameters of the best fit are listed in Table [ The Drude
conductivity oy and the parameters of the inter-band
transition peak exhibit no clear dependence on thick-
ness. On the contrary, the scattering rate I' slightly
increases with decreasing thickness, as expected. As
T" rises, Q increases, too. This comes from the ex-
pression for Q being ~ 1/kpl, where | = vp/T" and
vp = hkp/m. is the Fermi velocity, which we estimated

as vp = /hI'/(Qm.) ~ 0.7 — 0.8 x 106 ms~* 26129

The peak at 5-7 eV agrees with the predictions from
the joint density of states calculation®? Similarly, the
joint density of states calculation predicted transitions
between the three highest occupied bands, leading to a
peak in the dielectric function at approx. 1 eV. There-
fore, it is tempting to assign the anomalous Drude peak
to the inter-band transitions, as was done in Refs. [11JT6L
However, as can be seen from the angle-resolved pho-
toemission spectroscopy (ARPES) measurement, the dis-
order and/or thickness-enhanced scattering smears the
electron structure at the scale Al' ~ 1.5 eV*! Further-
more, the DFT simulations suggest that such smear-
ing is necessary to stabilize the crystalline structure of
§—NDbN 38 Therefore, these inter-band transitions should
not be present in the spectra. Also, modelling the dis-

placed Drude peak as an inter-band transition leads to
a puzzling shift of its central frequency to higher ener-
gies with decreasing thickness, whereas for our model it
is explained via the increase of the quantumness Q.

The corresponding real part of the dielectric function
(Fig. [2) given as €.(w) = 1 — 0;(w)/eow, exhibits the
discussed double ENZ feature. For Q@ = 0, the model
gives (for e.(w) and for the ordinary screened plasma
frequency w,) the well-known results

’ O’o/eor 2 O'oF
r ~ _—— = 5 4
A G 07 5 B Sl S

where €/ = e + 011 /(€023) contains bound electrons
contribution €., evaluated in Appendix [D] and the sec-
ond term is contribution from the inter-band transition
at =~ 6 eV. From Eq. , it can be shown, that for
low energies fiw, the imaginary part is dominated by the
square root term. This gives, for epsilon and for the
newly unveiled second plasma frequency wys

o 00 (o2 /L
er(w) ~ € T <1 Q \/Z) — 5)
wp2 x TOY,

clearly showing that, for non-negligible Q, the second,
lower plasma frequency appears. Its value increases as
Q*, whereas the regular plasma frequency slightly de-
creases with Q. In the inset of Fig. [2] the second plasma
frequencies of the samples are plotted. The thickest sam-
ple with the lowest Q does not reach zero, as the tem-
perature smearing sufficiently suppresses the square root
behaviour, which is not taken into account in Eq. .

d oo gy Q o1 hI'y haw
(nm) | (Spm™")  (eV) (1) (Spm™') (V)  (eV)
6.0 0.88 1.86 0.75 0.72 2.38 5.64
10.4 0.94 1.89 0.56 0.77 2.04 5.51
13.6 1.01 1.80 0.64 0.81 1.80 5.36
22.1 0.95 1.84 0.45 0.77 2.23 5.74
33.0 0.95 1.73  0.53 0.68 3.10 6.20

TABLE I: Paremeters of optical model and (3) providing
the best fit to the experimental data.

III. TRANSPORT AND SUPERCONDUCTING
PROPERTIES

The introduced optical model, fitted to ellipsometric
data, predicts the DC conductivity that was indepen-
dently evaluated as opc(T = 300 K) = 1/(Rpd). Here,
Rp is the sheet resistance measured by the van der Pauw
method at room temperature, and d is the thickness of



d L p Rn  RRR T. 2%kpTe

(nm) | (nm) (gem™*) (@) (1)  (K)  (meV)
60 | 9 78 340 076 11.68 2.0
104 | 12 78 136 088 13.15 2.3
13.6 | 12 78 107 081  13.64 2.3
221 | 11 7.9 58 0.89  14.26 2.5
33.0 | 12 7.8 41 083 1371 2.4

TABLE II: Properties of thin NbN obtained from X-ray mea-
surements and temperature-dependent transport measure-
ments. RRR is obtained as Rn/Rn(20 K), where Ry is the
room temperature sheet resistance.

the sample determined by the X-Ray reflection (XRR)
measurements. Both values are listed in table[ll The re-
sulting DC conductivity is plotted in Fig. 1] as dots, and
they are perfectly recovered by the low-frequency part
of the optical conductivity fit. Here, we emphasize, that
the DC conductivity was not utilized during the fitting
procedure.

In literature, it is common to compute the electronic
parameters (i.e. kpl) from the measured DC conductiv-
ity opc = 1/(Rnd), assuming it is equal to the Drude
conductivity og. However, within our approach, the mea-
sured DC conductivity is opc = oo(1 — Q?), there-
fore it can not be interchanged with the Drude conduc-
tivity 0. Following Refs. 2630, we equate the quan-
tumness Q to 1/kpl, which enables us to easily esti-
mate the Toffe-Regel parameter as well as the diffusivity
D =vpl/3 = hkpl/(3m.) = h/(3Qm.).

To verify the diffusivity estimated from the optical
measurements, the magneto-resistance at low tempera-
tures was measured (see Fig. [3]), and the temperature-
dependence of the upper critical field Beo(T) was deter-
mined. We start with the Ginzburg-Landau (GL) result
for the upper critical magnetic field

QWféL(T) 7

where @ is the magnetic flux quantum and €5y, is the
GL coherence length. In the dirty limit, {gr,(T') satisfies

1 1 T.-T
&,(T)  08552&1 T.

Beo (6)

(7)

where §y = hvp/(wA) is the BCS coherence length, T,
is the superconducting critical temperature, and A is
the superconducting gap. Recalling the BCS relation
A = 1.764 kgT,, one can express the diffusivity via the
temperature derivative of By ass?

_ 4kp (0Bn\ !
Dp,, = m( T )TC . (8)

The diffusivities were estimated from the slope of B.o(T)
curves showed in Fig. @l Comparison in the inset of

4

Fig. [] shows that the diffusivity Dp_, estimated from
the magneto-resistance is comparable to D, calculated
from the optical model. The expected decrease of the dif-
fusivity at low thicknesses is present in Dy, but Dp,,
is increasing with lowering the film thickness. This para-
doxical behaviour was likewise observed in Ref. 40. In
Ref. 41 relation was corrected to take into account
that NbN is supposed to be a strong coupling super-
conductor. However, this would lead to further increase
of Dp,,. Alternatively, in Ref. [42] the authors showed
that the broadened tunneling spectra of dirty supercon-
ductors, also known as Dynes superconductors, such as
NbN#344 can be explained by the presence of two types
of scattering processes, namely the pair-conserving and
the pair-breaking scattering. The rate of these scatter-
ings is I' and I'p, respectively. They also calculated the
thermodynamic properties of these superconductor, ex-
pressing the GL coherence length as?®

1 121 = ¢(2, 5 + )| (T kp(T, = T) 1

2,7 {2i+a) A A &

where o = h'p /(27kpT,) and ((s, z) is the Hurwitz zeta
function. Then, diffusivity can be expressed as

9)

kg (0B
4 — -
Ph =K@ () - o

where K = 2r[1 — (2,1 + )]/¢(2, 3 + @) and can be
approximated by the expression

1273+ 1.155a
T 14 2.432a0 + 2.20602°

K() (11)

For o = 0, the function K(«) reduces to the BCS value
4/m, however, for thin films, « is non-zero and thus de-
creases the diffusivity. Comparing the diffusivity values
Dp,, for the 6 nm sample and 30 nm samples, o = 0.15
was estimated. This yields an estimate of Al'p = 0.9
meV, which is reasonable for thin NbN films. Al'p es-
timated from tunneling spectra varies in the range from
negligibly small values up to tenths of meV, and even as
large as A/2 for strongly disordered samples with sup-
pressed T, 346 49

The electron mean free path was estimated as [ =
Vh/Q'm, ~ 2 — 3 A is slightly above half of the lattice
parameter a = 4.4 A, which indicates that the samples
are close to the loffe-Regel limit krl — 1. The Ginzburg-
Landau coherence length £, (0) estimated by both Egs.
@ and @ ranges from 3 nm to 4 nm, which agrees with
a commonly measured value in thin NbN films 415051

IV. DISCUSSION

It is now convenient to compare the revisited param-
eters of NbN with DFT simulations. We estimated
the density of carriers in NbN as n = ogI'm./e? =
9x 1028 m=3 =2 V{ul7 where V;,. is the formula unit



d krl Dopt Dg,, l v &o oL Beo N(EF) EFr — FE. n
(nm) (1) (em’™) (em7)  (A)  (10°ms™Y) (am)  (am) (T) V7V V) (10%m™)
1/Q o e (00) ot (A E 0.855VEposl Bo/2mel,  2gme D ool
6.0 1.33 0.51 0.73 2.34 0.66 69.2 3.44 27.0 2.27 1.24 8.82
104 1.78  0.69 0.68 2.68 0.77 70.2 3.71 23.1 1.81 1.69 9.57
13.6 1.56 0.60 0.60 2.57 0.70 64.1 3.47 26.5 2.23 1.41 9.80
22.1 2.22 0.86 0.63 3.03 0.85 71.1 3.97 20.2 1.47 2.04 9.42
33.0 1.88 0.73 0.57 2.88 0.76 66.1 3.73 22.9 1.73 1.63 8.86

TABLE III: Electronic properties calculated from the fit parameters of the proposed optical model to optical conductivity. For
comparison, besides the calculated diffusivity Doy, diffusivity Dp.2 obtained from the temperature dependence of critical field
Beo(T) is listed, too. For the BCS coherence length & we used the estimate of superconducting gap from Table[[Tl} A =~ 2kpT..
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FIG. 3: DMagnetic field variation of the temperature-
dependent sheet resistance Rp(7) for the 10 nm sample.
Black lines are given by the maximal slope of Rp(T) curves
and the temperature of the superconducting transition is de-
termined by the intersect of the maximal slope line (black
solid lines) and the zero resistance line (black dotted line).
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FIG. 4: Temperature dependence of the upper critical field
Bcz. The solid lines are linear fits to the Beo(T) data. The
color-coding is same as in Fig. The inset shows a com-
parison of the diffusivity obtained from the slope of Beo(T')
(green) and that estimated from the proposed optical model
(blue).

volume, for 6-NbN V;,, = a®/4. This result is in excel-
lent agreement with the value obtained by integrating the
DFT DOS from the threshold of the peak responsible for
the modeled inter-band transition (= Er — 4 eV) up to
Ep B3838152553 This also contradicts the common assump-
tion, that all 4 Nb d-orbital electrons are conducting.
We should emphasize here, that the agreement of our
estimation of the number of electrons in the conductive
band with the DFT result was obtained despite the fact
that the DFT DOS itself is two times smaller than the
"Drude” DOS, which we determined from the Einstein
relation N(Er) = 0¢/(€?Dypt). This can be explained
by the fact that the determined bottom of the conduc-
tive band F. = Er—2 eV is much closer to Er compared
to DFT result 4 eV. The value of Er — E,. was estimated
from free electron relation between the density of elec-
trons and DOS, given as n = 2N (Efr)(Er — E.)/3. Sim-
ilar effect was observed in ARPES measurement where
the conductive band was significantly flattened in com-
parison to the DFT calculation, naturally leading to
higher DOS at the Fermi level*” The 1 eV scale of
smearing of the ARPES bandstructure also suggest a
high value of scattering rate I'. Nevertheless, ARPES
agrees with DFT on the value of the Fermi momentum
being approximately half of the I'L path with length
\/gﬁ/a = 1.24 A-1. This agrees with the estimated
-1

krp~06 A
For N(Er), we obtained 2 states of both
spins/eV/Vt,..  Omitting the corrections, i.e., uti-

lizing opc instead of oy, would lead to suppressed DOS
N’ = (1 — Q*>)N(EF) which is thickness-dependent 1213
Here we point out that even though in Ref. [13| this
suppressed DOS N’ from transport measurements was
successfully compared to DFT value, these are by nature
different. Moreover, it should be noted that the DFT
calculations only partially account for electron-electron
or electron-phonon interactions, which are significant
in NbN2% This implies that even the comparison of
uncorrected Drude DOS N(Ep) with the DFT value 0.8
- 1.2 states of both spins/eV/Vy,,. is questionable.



V. CONCLUSION

In conclusion, we argue that the quantum corrections
to the conductivity of NbN films are present at op-
tical frequencies and significantly alter their dielectric
function. Therefore, we analyze their optical conduc-
tivities, utilizing the quantum-corrected Drude-Lorentz
model. The proposed model yields to an excellent fit to
the o(w) and provides parameters of the electronic fluid
such as: the electron concentration n, the diffusion co-
efficient D, the Ioffe-Regel parameter krl, and the elec-
tronic density of states N(EFr). The obtained diffusion
coefficient agrees with the magneto-transport measure-
ment, moreover, the estimated n is consistent with ab
initio simulations. The determined electron relaxation
rate hI' = 1.8 eV, consistent with the presence of high dis-
order in NbN films, is an order of magnitude higher than
the commonly considered value obtained from standard
optical models. This emphasizes the importance of quan-
tum corrections in the analysis. Moreover, various puz-
zling phenomena like the double ENZ1Y, the increase of
sheet resistance at lower thicknesses, and inconsistencies
in electron relaxation rates are explained by this model.
For other reported effects, such as increasing diffusivity
with lowering of the thickness, and high electron density
of states, we have suggested explanations, which could
be verified by further experiments.
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Appendix A: Effective medium theory

In Ref. 8 the double ENZ was explained via Maxwell-
Garnet (MG) effective medium theory, which describes
the optical properties of composite materials consisting
of polarizable inclusions in an insulating matrix. In the
case of NbN, NbN nanoparticles are immersed in a ma-
trix of insulating niobium oxides. Taking the dielectric
function of the oxide from Ref. [57, the resulting MG for-
mula provides ¢(w) with two zeros. However, such effec-
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FIG. 5: a) Prediction of Maxwell-Garnet theory for a metal-
lic inclusion in a niobium oxide matrix for various volume
fractions of the inclusion. b) Thin lines are the Drude-Smith
model curves obtained as best fit to data from ellipsometry
depicted by thick lines. Points at zero frequency are the mea-
sured DC conductivities.

tive medium with an insulating matrix is inevitably an
insulator. Moreover, the presence of oxygen in the NbN
films was associated with the degree of porosity and it
manifests itself in a significant increase of the resistance
and/or the residual-resistance ration (RRR).** Consid-
ering the sheet resistance and RRR (see Table [[I)), our
samples have negligible oxygen content. The presence
of oxygen should affect the density of the films as well 2>
which was estimated from XRR, to have a constant value
of 7.8 gcm—3, which is close the ideal cubic NbN value.

If the matrix would be a bad conductor, with a conduc-
tivity peak at 5-7 eV, the MG model indeed reproduces
both the suppression of the DC conductivity and the dou-
ble ENZ behaviour. But, as can be seen in Fig. Bh, by
varying the volume fraction of the inclusion, the model
interpolates between the Drude conductivity and the con-
ductivity of the poorly conducting matrix, i.e., the con-
ductivity varies in the whole frequency range. Besides the
DC conductivity suppression, o(w) would vary at energy
~ hI', too, and the optical peak would change rapidly its
weight. None of this behaviour was observed in the SE
measurements.

Appendix B: Drude-Smith model

Another approach which yields to the anomalous
Drude peak is the Drude-Smith model, which is based



d oo hlaig c a o1 Ry R
(nm) | (Spm™") (eV) (1) (1) (Sum™") (eV) (eV)
6.0 1.00 1.38 0.48 1.08 1.00 0.76 5.52
10.4 1.17 1.36 0.38 1.31 1.01 0.72 5.50
13.6 1.18 1.35 0.40 1.11 1.08 0.68 5.50
22.1 1.17 1.32 0.34 1.36 1.05 0.76 5.70
33.0 1.17 1.24 0.37 1.20 0.97 0.91 6.00

TABLE IV: Paremeters of Drude-Smith model (B1)) providing
best fit to the experimental data.

on a material formed by granules whose boundaries cause
reflection of electrons. This model, as derived in Ref. [36]
leads to the following corrections to the Drude formula

1 —iZO/FdiH <1 1 —Zu/a) - (B

Here, the parameters I'q;¢ and a are determined by the
granule size L, utilizing the following relations
1 QUth

Fizf 7
diff T+ 7

o(w)

o 12’[)th T
L Ljvg +27’

(B2)

where vy, = \/kpT/m. is the thermal velocity. This
model fits our experimental data very well (see Fig. [5b).
However, the resulting granule size is 5 A, which is at
least one order of magnitude smaller than the grain
size estimated by X-Ray diffraction (XRD) measure-
ment. For reasonable parameters (the measured grain
size L ~ 10 nm and relaxation rate 1/7 =T &= 2 eV /h),
this model leads to a displaced Drude peak in THz fre-
quency range (meV). Thus, the fit of this model to our
data produces unreasonable parameters. We do not claim
that this effect is not present as it still can play a role at
much smaller energies, where our measurements are not
sensitive.

Appendix C: Approximative formula for imaginary
part of the modelled conductivity

The Drude-Lorentz and Drude-Smith models are con-
venient because both the real and the imaginary part are
accessible in a simple closed formula. Therefore, they can
be easily implemented in a fitting procedure, which are
computationally less demanding. More complex mod-
els, typically expressing one part of the dielectric func-
tion, usually require to compute the other one numer-
ically, as we have indeed done for the proposed model
. However, we derived a simple approximative analyt-
ical formula for the KK image of o,(w), too. We start
by introducing the dimensionless frequency z = w/T" and
expanding the exponential function

2

e 2" (1 + 227 4 1(2x2)2 + )_1 (C1)
5 D

Taking the first two terms, we obtained the approxima-
tive form of o,.(x)

~ ao
UT('T) = 1 +£E2

(1—Q21_\/§>.

1+ 222 (C2)

Utilizing the fact that the real part of the conductivity is
an even function of z, the Hilbert transform of Eq. (C2)
is

Hlo, () = 2PV, /0 %dm. (C3)
For the imaginary part &;(z) we obtained
Gi(z) = 1?‘; (1 - Qz—‘m2 ;f ;12/ \/5) (C4)
where
a=2(2v2—-2%* —1)~0.293, ()

b=(1-3V2+27%) ~0.121.
The comparison of Eq. (C4) (red dashed lines) with the

numerical result (green dashed lines) for various values
of quantumness @ = 0, 0.5, 0.75, 1 is in Fig. [fh. One
can see a excellent match, except for the value Q = 1,
where a slight disagreement can be seen. This can be
treated by taking the next term in the expansion .
We calculated the Hilbert transform of the function

= g0 2 l_ﬁ )
()= ——=(1-9Q"—"——), C6
or () 1+x2( Q1+2x2+2x4 (C6)
with the result
Gila) = 7 (14 @ (V-
(axz—l—ﬂ)(xz—l—l)-‘rl-l-l/\/f)) (€7)
14222 + 224 ’
where
8 [e%S) .’E5/2d1’
—9 _9T/4g (Z) 7/ — &~ 31
o sin ( 2 +7r T2t 20 3.136,
4 oo xl/?da:,
= 2%/ sin (1) _,/ AT 0,308,
B SIS T Jo 14222+ 224
(C8)

In Fig. [f(p we compare numerical transformations of
Eq. (green dashed lines) to the approximative formula
(C6) (red dashed lines), indicating deviations smaller
than 1 %. Finally, fitting the experimental data with
the approximate formula for the imaginary part Eq.
produces identical results as the numerical transforma-
tion does.

Appendix D: Electron structure and e, estimation

The picture of bonding and the configuration for 10
niobium and nitrogen valence electrons in NbN were pro-
posed by many authors #5658 and it was later largely
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FIG. 6: a) Black lines are the modified Drude conductiv-
ity or(x) with quantum corrections of various strength Q =
0, 0.5, 0.75, 1. Green dashed lines are their corresponding
Kramers-Kronig images obtained numerically. Red dashed
lines are given by the formula for the Hilbert transforms
of 6-(z). b) Green dashed lines are the same as in a), red
dashed lines are plots of the formula for H[G,(x)].

confirmed by the partial DOS from DFT calculations and
X-ray photoelectron spectroscopy2338 Namely, there is
a complicated Fermi surface created by Nb’s 4d orbitals
occupied by two electrons 238, This agrees with the op-
tical estimation of the Drude weight mentioned in the
main text. Next, there is strong hybridization of Nb 4d
and N 2p orbitals containing approx. 6 electrons form-
ing a peak in DOS, approx. 6 eV below Ep, providing
electrons for the modelled inter-band transition. A naive
approach utilizing the strength and the width of the op-
tical peak Z = o1l'1m./(nnpne?) gives 3-5 electrons.
Here, nypny = 1/Viy, is the concentration of formula
units. The estimated number of electrons matches well
with the band structure value, considering neglected joint
DOS influence. Finally, the calculations indicate that the
remaining 2 electrons occupy bands low in energy (10-20
eV below Ef), corresponding to N 2s orbitals. Contri-
bution to the optical response due to the transition of
these electrons to Fermi level is included via the param-
eter €5, together with transitions of relevant remaining

core electrons.

Similarly to the estimation of the electron number in
the DOS peak from the weight of the inter-band transi-
tion peak, we estimated the contribution €, to the di-
electric function from high-energy transitions. In Ref. 28]
the e, was expressed via the number of core electrons in
their respective atomic level k, i.e. Zj, as follows

2
Nyyn€

0 =

2
o m 1+ ZZ?’C, (D1)
k k

Here hwy, is the energy of the atomic level £ with respect
to the Fermi level. The values of Awy, are listed in Ref. [59L
The relevant orbitals which are not too low in energy for
niobium are 3s?, 3p%, 3d'°, and 4s?, with energies 467
eV, 370 eV, 203 eV, and 56 eV, respectively. Nitrogen
contributes with 1s? and 2s?, with energies 410 eV and 37
eV, respectively. The energy of the nitrogen’s 2s orbital is
not taken from Ref.[59) but instead, the value 15 eV was
taken, which is suggested by the predictions on the NbN
electronic band structure, summarized in the previous
paragraph. Finally, we obtained €., = 1.62.

Me€o

Appendix E: Sample preparation

The thin NbN films were prepared by pulsed laser de-
position (PLD, Omicron system with Coherent Compex
Pro 201 F laser) by means of a KrF laser with wavelength
of 248 nm and pulse duration of 35 ns. The films were
grown on c-cut sapphire substrates cleaned in ultrasonic
bath in acetone, isopropyl alcohol, and deionized water
in succession. The deposition was performed in high-
vacuum chamber with the residual atmosphere pressure
of 1077 Pa. The ablation was carried out from a niobium
target in No+1%H, reactive atmosphere. The pressure of
the atmosphere was 9.3 Pa and the substrate was heated
up to 600°C. For more details see Ref. [19L

! L. Toth, Transition metal carbides and nitrides (Elsevier,
2014).

2 A. Pogrebnjak, V. Rogoz, O. Bondar, N. Erdybaeva, and
S. V. Plotnikov, Protection of Metals and Physical Chem-
istry of Surfaces 52, 802 (2016).

3 A. Banerjee, R. M. Heath, D. Morozov, D. Hemakumara,
U. Nasti, I. Thayne, and R. H. Hadfield, Optical Materials

Express 8, 2072 (2018).

4 D. Hazra, N. Tsavdaris, S. Jebari, A. Grimm, F. Blanchet,
F. Mercier, E. Blanquet, C. Chapelier, and M. Hotheinz,
Superconductor Science and Technology 29, 105011
(2016).

5 G. Gol'Tsman, O. Okunev, G. Chulkova, A. Lipatov,
A. Semenov, K. Smirnov, B. Voronov, A. Dzardanov,



10

11

12

13

14

15

16

17
18

19

20

21

22

23

24

25

26

27

28

29

30

31

C. Williams, and R. Sobolewski, Applied physics letters
79, 705 (2001).

A. Adamyan, S. De Graaf, S. Kubatkin, and A. Danilov,
Journal of Applied Physics 119 (2016).

P. Karl, M. Ubl, M. Hentschel, P. Flad, Z.-Y. Chiao, J.-W.
Yang, Y.-J. Lu, and H. Giessen, Optical Materials Express
10, 2597 (2020).

R. Bower, M. P. Wells, F. Johnson, R. Kilmurray, B. Do-
iron, E. Cali, G. Mallia, B. Zou, A. P. Mihai, N. M. Har-
rison, et al., Applied Surface Science 569, 150912 (2021).
J. Wu, Z. T. Xie, Y. Sha, H. Fu, and Q. Li, Photonics
Research 9, 1616 (2021).

Y. Ran, H. Lu, S. Zhao, Q. Guo, C. Gao, Z. Jiang, and
Z. Wang, Applied Surface Science 537, 147981 (2021).

A. Semenov, B. Giinther, U. Bottger, H.-W. Hiibers,
H. Bartolf, A. Engel, A. Schilling, K. Ilin, M. Siegel,
R. Schneider, et al., Physical Review B 80, 054510 (2009).
M. Sidorova, A. Semenov, H.-W. Hiibers, K. Ilin, M. Siegel,
I. Charaev, M. Moshkova, N. Kaurova, G. N. Goltsman,
X. Zhang, et al., Physical Review B 102, 054501 (2020).
S. Chockalingam, M. Chand, J. Jesudasan, V. Tripathi,
and P. Raychaudhuri, Physical Review B 77, 214503
(2008).

Y. Pellan, G. Dousselin, J. Pinel, and Y. Sohn, Journal of
Low Temperature Physics 78, 63 (1990).

M. Chand, G. Saraswat, A. Kamlapure, M. Mondal, S. Ku-
mar, J. Jesudasan, V. Bagwe, L. Benfatto, V. Tripathi, and
P. Raychaudhuri, Physical Review B 85, 014508 (2012).
N. Kuz’michev and G. Motulevich, ZhETF 84, 2316
(1983).

M. Chand, Ph.D. thesis, Citeseer (2012).

A. Kafizas, C. J. Carmalt, and I. P. Parkin, Coordination
Chemistry Reviews 257, 2073 (2013).

S. Volkov, M. Gregor, T. Roch, L. Satrapinskyy,
B. Granci¢, T. Fiantok, and A. Plecenik, Journal of Elec-
trical Engineering 70, 89 (2019).

M. Ziegler, L. Fritzsch, J. Day, S. Linzen, S. Anders,
J. Toussaint, and H.-G. Meyer, Superconductor Science
and Technology 26, 025008 (2012).

S.-Z. Lin, O. Ayala-Valenzuela, R. D. McDonald, L. N.
Bulaevskii, T. G. Holesinger, F. Ronning, N. R. Weisse-
Bernstein, T. L. Williamson, A. H. Mueller, M. A. Hoff-
bauer, et al., Physical Review B 87, 184507 (2013).
W. Lengauer and P. Ettmayer, Monatshefte
Chemie/Chemical Monthly 117, 275 (1986).

R. Cabanel, J. Chaussy, J. Geneste, J. Mazuer, and J. Vil-
legier, Thin solid films 185, 145 (1990).

I. Beloborodov, A. Lopatin, V. Vinokur, and K. B. Efetov,
Reviews of Modern Physics 79, 469 (2007).

G. Reiss, J. Vancea, and H. Hoffmann, Physical review
letters 56, 2100 (1986).

B. Altshuler and A. Aronov, in Electron-Electron Interac-
tions in Disordered Systems, edited by A. Efros and M. Pol-
lak (North Holland, 1985).

W. McMillan, Physical Review B 24, 2739 (1981).

P. Neilinger, J. Gregus, D. Manca, B. Granc¢i¢, M. Kopcik,
P. Szabé, P. Samuely, R. Hlubina, and M. Grajcar, Physi-
cal Review B 100, 241106 (2019).

M. Kaveh and N. Mott, Journal of Physics C: Solid State
Physics 15, L707 (1982).

K. Lee, R. Menon, C. Yoon, and A. Heeger, Physical Re-
view B 52, 4779 (1995).

S. Kern, P. Neilinger, D. Manca, J. Gregus, S. Volkov, and
M. Grajcar, Physical Review B 103, 134205 (2021).

fir

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

P. Neilinger, S. Kern, D. Manca, and M. Grajcar, in AIP
Conference Proceedings (AIP Publishing, 2021), vol. 2411.
R. Sanjinés, M. Benkahoul, C. Sandu, P. Schmid, and
F. Lévy, Thin Solid Films 494, 190 (2006).

C. Fong and M. L. Cohen, Physical Review B 6, 3633
(1972).

J. Pfliiger, J. Fink, W. Weber, K.-P. Bohnen, and G. Cre-
celius, Physical Review B 31, 1244 (1985).

T. L. Cocker, D. Baillie, M. Buruma, L. V. Titova, R. D.
Sydora, F. Marsiglio, and F. A. Hegmann, Physical Review
B 96, 205439 (2017).

T. Yu, J. Wright, G. Khalsa, B. Pamuk, C. S. Chang,
Y. Matveyev, X. Wang, T. Schmitt, D. Feng, D. A. Muller,
et al., Science Advances 7, eabi5833 (2021).

K. R. Babu and G.-Y. Guo, Physical Review B 99, 104508
(2019).

H. Bartolf, in Fluctuation Mechanisms in Superconductors:
Nanowire Single-Photon Counters, Enabled by Effective
Top-Down Manufacturing (Springer, 2015), pp. 181-184.
S. Ezaki, K. Makise, B. Shinozaki, T. Odo, T. Asano,
H. Terai, T. Yamashita, S. Miki, and Z. Wang, Journal
of Physics: Condensed Matter 24, 475702 (2012).

A. Shoji, S. Kiryu, and S. Kohjiro, Applied physics letters
60, 1624 (1992).

F. Herman and R. Hlubina, Physical Review B 94, 144508
(2016).

Y. Noat, V. Cherkez, C. Brun, T. Cren, C. Carbillet,
F. Debontridder, K. Ilin, M. Siegel, A. Semenov, H.-W.
Hiibers, et al., Physical Review B 88, 014503 (2013).

S. Chaudhuri, M. Nevala, and 1. Maasilta, Applied Physics
Letters 102 (2013).

F. Herman and R. Hlubina, Physical Review B 97, 014517
(2018).

M. Sindler, R. Tesaf, J. Kolacek, P. Szabs, P. Samuely,
V. Haskova, C. Kadlec, F. Kadlec, and P. Kuzel, Super-
conductor Science and Technology 27, 055009 (2014).

D. Henrich, Influence of material and geometry on the per-
formance of superconducting nanowire single-photon detec-
tors, vol. 10 (KIT Scientific Publishing, 2014).

C. Carbillet, V. Cherkez, M. Skvortsov, M. Feigel’'man,
F. Debontridder, L. Ioffe, V. Stolyarov, K. Ilin, M. Siegel,
D. Roditchev, et al., Physical Review B 102, 024504
(2020).

A. Kamlapure, T. Das, S. C. Ganguli, J. B. Parmar,
S. Bhattacharyya, and P. Raychaudhuri, Scientific reports
3, 2979 (2013).

A. Engel, A. Semenov, H.-W. Hiibers, K. II'in, and
M. Siegel, New Frontiers in Superconductivity Research
6, 153 (2006).

J. Jesudasan, M. Mondal, M. Chand, A. Kamlapure,
S. Kumar, G. Saraswat, V. C. Bagwe, V. Tripathi, and
P. Raychaudhuri, in AIP Conference Proceedings (Ameri-
can Institute of Physics, 2011), vol. 1349, pp. 923-924.

T. Amriou, B. Bouhafs, H. Aourag, B. Khelifa, S. Bresson,
and C. Mathieu, Physica B: Condensed Matter 325, 46
(2003).

D. Papaconstantopoulos, W. Pickett, B. Klein,
L. Boyer, Physical Review B 31, 752 (1985).

K. Schwarz, Journal of Physics C: Solid State Physics 10,
195 (1977).

B. Palanivel, G. Kalpana, and M. Rajagopalan, physica
status solidi (b) 176, 195 (1993).

T. Geballe, B. Matthias, J. Remeika, A. Clogston,
V. Compton, J. Maita, and H. Williams, Physics Physique

and



10

Fizika 2, 293 (1966). 59 Electron binding energies, in electron volts, for the el-
57 A. O’Hara, T. N. Nunley, A. B. Posadas, S. Zollner, and ements in their natural forms, https://xdb.1bl.gov/
A. A. Demkov, Journal of Applied Physics 116 (2014). Sectionl/Table_1-1.pdf, accessed: 2024-01-26.

5 K. Schwarz, CRC Crit. Rev. Solid State Mater.
Sci.;(United States) 13 (1987).


https://xdb.lbl.gov/Section1/Table_1-1.pdf
https://xdb.lbl.gov/Section1/Table_1-1.pdf

	Introduction
	Optical properties
	Transport and superconducting properties
	Discussion
	Conclusion
	Acknowledgments

	Effective medium theory
	Drude-Smith model
	Approximative formula for imaginary part of the modelled conductivity
	Electron structure and  estimation
	Sample preparation
	References

