arXiv:2405.03750v1 [cond-mat.mes-hall] 6 May 2024
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The anomalous bulk-boundary correspondence in non-Hermitian systems featuring an intricate
interplay between skin and boundary modes has attracted enormous theoretical and experimental
attention. Still, in dimensions higher than one, this interplay remains much less understood. Here we
provide insights from exact analytical solutions of a large class of models in any dimension, d, with
open boundaries in d. < d directions and by tracking their topological origin. Specifically, we show
that Amoeba theory accounting for the separation gaps of the bulk skin modes augmented with
higher-dimensional generalizations of the biorthogonal polarization and the generalized Brillouin
zone approaches accounting for boundary modes provide a comprehensive understanding of these

systems.

Introduction.— The non-Hermitian skin effect (NHSE)
and the anomalous bulk-boundary correspondence of
non-Hermitian systems has attracted enormous amounts
of theoretical [1-3] as well as experimental [4-10] inter-
est in recent years [11-15]. The intense research has
amounted to deep insights in one dimension in terms of
winding invariants a generalized Brillouin zone (GBZ)
[2, 16], biorthogonal polarization and (de)localization
transitions [3], spectral winding [17-20], Green’s func-
tions [21, 22], transfer matrices [23] and spectral sensi-
tivity [24-29].

The general case in higher dimensions has been much
less explored and remains controversial [30, 31]. Approx-
imate methods [32, 33] as well as hybrid boundary con-
ditions [34, 35] have been considered, yet there are issues
including the problem of defining the GBZ beyond 1D
since NHSE depends on the lattice geometry [30]. Very
recently, the novel idea of using the mathematical the-
ory of Amoebas [36-39] to understand this problem was
suggested [31]. While very promising, a key limitation
in testing this theory lies in the fact that the spectrum
under open boundary conditions (OBC) and its density
of modes (DOS) predicted by the Amoeba both converge
in the limit of large system size, which increases com-
putational cost and is hard to check in absence of exact
solutions. It also ignores boundary geometries, thus los-
ing track of higher-order skin modes of potential interest
[40-43]. In general these boundary modes may signif-
icantly change spectrum properties. To remedy this it
has been suggested to introduce disorder on each bound-
ary site [31] or to consider customized lattice cuts [44]
to recover what has been called the universal spectrum,
which corresponds to the bulk spectrum in the thermo-
dynamic limit [31, 44].

Here, we pursue an alternative path to address the
outstanding problem of the interplay between higher-
dimensional NH skin and boundary modes. We present
an extension of the GBZ approach in 1D to a class of NH
hypercubic models, of which the exact solvability in arbi-
trary spatial dimensions and with arbitrary system sizes
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FIG. 1. Lattice geometry of exactly solvable d-dimensional
NH hypercubic models with OBCs in d. < d directions. In the
presence of a magnetic field, the NH Lieb lattice with 7 flux
per plaquette becomes solvable by projecting to a cylinder.

is associated with a spectral mirror symmetry. The OBC
spectrum and the localization lengths related to NHSE
belonging to all orders of skin modes can be resolved in
the context of the GBZ that we here generalize to sur-
face Brillouin zones. We test the Amoeba formulation in
our models and clarify the topology of higher-order skin
modes through the lens of biorthogonal polarization.

Ezxact GBZ in higher dimensions.— As illustrated in
Fig. 1, we build the NH Hamiltonian on a d-dimensional
hypercubic lattice expanded by unit vectors €;: H =

R e
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tz_lc}+€l A% B where tli = t; £ . For simplicity, the

hopping parameters ¢; and ~; are chosen to be real.
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FIG. 2. Total density comparison for the NH Lieb lattice: nrr vs npr. While ngrr of the bulk (a), edge AB (b), edge AB’ (c)
and corner (d) skin modes are centered towards different corners of the Lieb lattice, nrr shows whether the modes are of bulk,
edge, or corner nature. nzr of the bulk modes becomes almost uniform (excluding holes, the empty sites on the Lieb lattice in
Fig. 1). Summing over all types of skin modes, nrr ot is normalized to 1 on each available site. We take small size N1 2 =5
and choose hopping parameters t1 = —1,t2 = 2,71 = 0.25,72 = 0 (¢t3 = 1,t4 = 0.3,73 = 0.5,74 = 0) along z1 (x2) direction

denoted by site index 7 (7).

N

<\ (cj,) creates (annihilates) a particle on the mo-

tif A € {A,By,...,By} inside the j-th unit cell with
7 = (j1,j2,-.-,ja). Along each direction z;, the com-
plete OBC leads to coupled arrays of odd-length NH
SSH chains consisting of N; unit cells, each exactly solv-
able in 1D [45, 46]. We extend the exact solutions to
higher dimensions. In the eigenvalue equations H ¢ P
En R ot P I = ELY Lo the left and right eigenvec-
tors assigned with the band index m respect biorthogo-
nal relations [47]: ¢} %, = 0mm. The notation
z = (21,%9,...,73)7 is adopted to denote a vector of
scalars or operators. Our real-space multi-band Hamil-
tonian corresponds to a multi-level block Toeplitz matrix
[48]. After Fourier transform ¢; , = ﬁ Yok eik'jclg,/\
with k; = % (n=0,1,...,N; — 1), its symbol becomes

the Bloch Hamiltonian: H =} ¢ \I%H (k)W i» sharing the

form in the basis ¥ = (CE,Av Crpy 7CE,Bd)T'
H(k) = (1)
0 th +tye thy 1 +to e ka
t] +t3eth 0 0
toy_1 + tage™a 0 0

which exhibits two dispersive and (d — 1) zero-energy flat
bands.

Although spectral mirror symmetry is not present with
periodic boundary conditions (PBC), i.e. in the eigen-
values of Eq. (1), it is respected in every direction with
OBCs:

EQPC (ki) = BSPC (~k), (2)

where a« = £,0 and k; = % (m=12,...,N,—1). In
analogy with 1D, the OBC and PBC spectra are related
by an imaginary momentum shift [2, 23, 45, 46]: k; =
k;—ilnr;. This characterizes GBZ by an unconventional
Bloch phase factor 3; = e’ hosting a modulus |5 =

|ri| # 1 in general. In our model, we identify

SR
t

_ [TR; by "
T = R TRl = — P L
L, 21

The higher-order skin modes shown in Fig. 2 are ob-
tained through a systematic dimension reduction [49]
by identifying associated Bloch Hamiltonians as sub-
blocks of H(k) in Eq. (1). The one involving pairs
(tzill—lv t;tll), ce (t;n_l,tin) generates a total number
of O(N™) skin modes living on motifs ABj, --- By, with
momentum k = (kiyy..-,ki,,,0,...,0). We take n =
0,1,...,d, and for n < d, it refers to boundary modes.
Our construction leads to the exact spectrum and the
exact GBZ, which is extended to surface Brillouin zones,
of right O(N™) skin modes [50]:

k; — (1 — (5kl70)(kl - ilnm) + 5kl70(_i ln’l“Ryl), (4)

In
2921—1,21(1%)-

=l

EOBC(k) = EXBC(ky —ilnr) = +

Here, rpr,; plays the role of cancelling the interfer-
ence from neighbouring sites on unoccupied motifs, and
the even g-functions read g;;(q) = tt; + t;rtj_ +
24/ t;"t;’ t; t; cosq. Additionally, there exist (n — 1)

zero-energy boundary (bulk) flat bands E,(ZBOC(E) =0 for
1 <n<d (n=d). The GBZ approach also predicts the
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FIG. 3. Gap comparison for the NH Lieb lattice: surface
gap vs separation gap formed by the edge skin mode AB’.
While its surface gap with the bulk closes when biorthogonal
polarization Pi jumps at |r} ;7gr1| = 1, its separation gap
closing is accompanied by a vanishing Amoeba hole. In (a),
we take size Ni2 = 26 and choose a parameter path with
t1 = t3 and ﬁxed t2,4 = 1, Y1,3 = \/g, Y2 = 1,5, Y4 = 0. (b)
shows the distribution of energies of bulk (+) and edge AB’
skin modes, displaying a closed separation gap (upper panel)
and a finite surface gap (lower panel).

hybrid localization behaviour:

Yooy @) o [T T )™,
1el, g,

Yo i@ < JLED 7 T] o, (5)
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with I,, = {l1,...,l,,}. The dispersive part of the eigen-
vectors can be built as a superposition of non-Bloch
waves at opposite momentum +k; [45, 46], fulfilling the
requirement that its component vanishes at empty B sites
in last broken unit cells (see Fig. 1).

Let us consider 2D NH Lieb lattice as an example (see
Fig. 2). Based on our exact solutions [50], Fig. 2 com-
pares localization properties of different types of skin
modes in terms of ngr(j) = >, (Vam|l;|Yrm) and
nLr(5) = 3 (Yrm [ ¥Rm), with TI; = 37, |7, A) (7, A
and [], \) = c;ﬂ, )\|O>. While in ngg, all types of skin modes
are centered at corners of the Lieb lattice under the in-
fluence of localization factors, the biorthogonal density
nrr exhibits localization properties analogous to Hermi-
tian systems and thereby motivates their categorization
in terms of bulk, edge and corner modes.

Biorthogonal polarization.— We proceed to locate topo-
logical phase transitions of higher-order edge skin modes
through biorthorgonal polarization [3, 41]. It is built on
the zero-energy corner skin mode, the associated right
and left eigenvectors of which normalized by (¢, |, ) =

1 live on the motif A only: E9BY =0,
d
[YR/L0) NR/LZH rr/L1)’ |0>- (6)
=1

The product encoding localization information can be
viewed as a special case of Eq. (5) with [ = @. The
polarization vector P = (P1, Py, ..., P;) is quantized in

the definition

P=1- 1
! Nlli)nOON

(rol Z]lH [¥Ro)|- (7)

Py =1 (0) when [r} ;rgy| <1 (> 1). In the non-Bloch
band theory in presence of chiral symmetry, this polar-
ization is equivalent to another topological invariant in
GBZ, namely the winding number of edge skin modes [2]:

W, = i/q[ldqz, Wil = B, (8)
with ¢, = —(t;}71+t2_lrl_16_ikl)/ESELCJF(IQ). In Fig. 3 (a)
and Fig. 4 (a), we identify phase transitions of the second-
order and third-order edge skin modes in 2D and 3D ac-
cording to the value of P (W) along selected parameter
paths. As a diagnostic of bulk-boundary correspondence,
the jump of P at [r7. TR = 1 predicts surface gap clos-
ings between the bulk O(N?) and higher-order O(N™)
skin modes. It is convenient to introduce surface energy
gap [51, 52]: |AEgut. (kn)| = minv(j,%a/ﬂE{gBC(kn,q_) —
E,?Ep(kn, 0} where ky, = (ki,, ..., k;, ) denotes the non-
zero surface momentum of higher-order skin modes and
a,o € {£}. I |AEgyt| # 0, the gap between their spec-
tra and the bulk remains open at any surface momentum
(see Fig. 3 (b), lower panel). It can be established that

AEsui|y_ o =0, if APy #0. (9)

From Fig. 4 (a), one further observes the total change in
polarization AP, = ), |APF;| imposes a constraint on
the type of higher-order skin modes that can enter the
bulk spectrum across the transition lines,

n Z d—APtot. (10)

It results from the fact that AP registers the number
of zeros in the g-functions in Eq. (4): go—1,21(m) = 0 at
TE,ZTRJ =1 and 921_1,21(0) =0 at T]*JJTR,Z =—1.
Amoeba formulation.— Next, we apply the Amoeba
formulation [31] to locate the separation gap [51,
52] on the complex-energy plane~ |AEgep.| =
e {EQBC () — EOBE (K]}, When |AEsep | =
0, the spectra of O(N™) skin modes are inseparable
from the bulk at normally different momenta [see Fig. 3
(b), upper panel]. The Amoeba is defined as a log-
arithmic map of solutions to the characteristic equa-

tion: Ay = {p = log|B| : f(B) = 0} where f(B) =

min
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FIG. 4. NH cubic lattice. (a) Surface gap vs Amoeba hole
closings of O(N™) skin modes (marked by the motifs they
occupy ABi, is,....1,,) across topological phase transition lines
of edge skin modes. AP = 3,2,1 according to |r] ;7ri| = 1.
Amoeba hole disappears at different places signaling separa-
tion gap closings. We choose Ni 2,3 = 26 and keep t246 = 1,
Y1,3,5 = \/g, Y2,4,6 = 0. The path varies with ti: t1 = t3,5
for t1 € [0.8, 1.5]; ts = ti1,ts = 1.5 for t1 € (1.5, 2.5];
ts = 2.5,t5 = 1.5t1 —2.25 for 1 € (2.5, 3.5]; (b) Difference be-
tween Coulomb potential and Ronkin minimum as a function
of system size N = Ni23 at E =0, t1 = 0.8. In Rmin, we
take ftmin = pc and an integral grid with size M 23 = 100;
(c) Ilustration of 3D Amoeba hole in terms of Ronkin mini-
mum and “vacuole” inside Amoeba body at £ = 0,t; = 1.8.

det[H(B) — E]/E4~1. H(B) denotes the Bloch Hamilto-
nian in Eq. (1) with e’* — 8; and F the reference energy.
By dividing E4~!, we neglect trivial solutions from (d—1)
zero-energy bulk flat bands. Notably, as observed from
Fig. 3 (a), the separation gap closings are captured by
an absence of hole inside Amoeba body [31]:

AESGD‘N_)OO = 0) if Vhole|E:EOBQ =0. (11)

Vhole denotes the volume of Amoeba hole at the en-
ergy Eg?n?n that minimizes the separation gap, with Ay
the longest distance it extends along the direction x;.
One can prove Eq. (11) in our models using the ex-
act GBZ. Let us introd%ce the convex Ronkin function
[37-39]: Ry(p) = [ éTS{ilogU(e"”q)\, which reaches
its minimum in the Amoeba hole [see Fig. 4 (c)]. The
exact GBZ predicts the center of the hole I' = pu, =
(log|ri],1og|ral,...,log|rql). It can be verified [50] that
OuRy()|p=p. = 0,min, Ry(u) = Ry(pc). Taking into
account log | f (et ™) =3 _ log |Edo75‘C (§) — E|, when

varying F ¢ El?u]?f, the Amoeba hole always encloses .
[f(eteti@) £ 0] and changes shape continuously in its
vicinity. Once E enters EPEBC, the hole closes at .

We further compare in Fig. 4 (a) the analytical tools of
polarization and Amoeba, and find the Amoeba fails to
predict topological phase transitions of higher-order edge
skin modes since the gaps they capture are intrinsically
different: AFEguf # AFEsep.. The two only match at
boundary modes of codimension zero, e.g. the corner skin
mode. Indeed, the jump of P is related to the Amoeba
hole closing defined on edge Bloch Hamiltonians f (Bl) =
det[Hedge,ABl (B)]: AP, =1,Ap =0.

Finally, we address the influence of higher-order skin
modes on the universal spectrum. Let us focus on the
isolated spectrum in Fig. 4 (a) at small ¢; and compare
its Coulomb potential with Ronkin function minimum
[31]:

®(E) = Ruin + O(N 7). (12)

Here, ®(E) = & >, log|E,, — E| with a total number
of M eigenenergies F,, selected from our exact solutions,
determines the DOS through p(E) = ;- A®(E). While
®(E) depends on the linear system size N, Ry, by def-
inition is a universal quantity. Fig. 4 (b) indicates as N
increases, the convergence to the universal spectrum goes
slower when the potential profile includes more types of
boundary modes.

Discussion.— In this work we have exactly solved a
class of NH models in any dimension. Our exact solu-
tions make it explicit that no previously suggested ap-
proach is able to fully account for the interplay of bulk
and boundary modes in these systems due to the presence
of higher-dimensional NHSEs. However, we here success-
fully remedied these problems by combining and extend-
ing several previously distinct approaches. Specifically,
we showed that the very recently proposed Amoeba the-
ory [31] fully accounts for the O(N?) bulk modes. While
the Amoeba approach does not account for any of the
O(N9) boundary modes, we managed to fully describe
those by generalizing the GBZ [2] and biorthogonal po-
larization [3] approaches to higher dimensions. While
full analytical solvability of our models facilitates a di-
rect confirmation of the aforementioned approaches, this
is in general an exceedingly challenging task relying es-
sentially on numerical tests. Some insights can however
be obtained analytically by suitably extending the mod-
els described here. First of all, a prominent feature of
our models is a generalized chiral symmetry. Insights can
be gleaned from breaking chiral symmetry in one dimen-
sion where the GBZ winding numbers and the biorthogo-
nal polarization still provide key information about phase
transitions despite the winding number (but not the po-
larization) loosing its quantization [53, 54]. Our models
are still solvable when distinct mass is added to each mo-
tif with broken chiral symmetry in every direction, and



when A motif includes internal degrees of freedom. More-
over, while we in the main text focused on complete OBC
in all directions (d. = d), the general case with hybrid
boundary conditions d. < d, can be accounted for ana-
lytically, as detailed in the supplementary material [50].
A concrete example comes from the cylinder geometry in
Fig. 1, making it a convenient setting to study the effect
of a magnetic field. At 7 flux, with six sites in one unit
cell, biorthogonal polarization and Amoeba formulation
are generalized to capture four chiral edge skin modes.
Here two zero-energy flat bands emerge reminiscent of
the recently studied NH flat band topology in the quasi-
1D diamond chain [55]. We also note that our models can
be generalized to open quantum systems where the non-
Hermiticity described by engineered Lindblad dissipators
gives rise to the Liouvillian skin effect [46, 56-61]. A dy-
namical distillation [62-64] of higher-order skin modes in
the full master equation framework will be featured in a
future work.

In conclusion, our present work marks a significant
step towards a general quantitative understanding of the
NHSE and its interplay with boundary modes in higher
dimensions.
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Supplementary Material for “Anatomy of Higher-Order Non-Hermitian Skin and Boundary Modes”

In this supplementary material, we provide details on the derivation of the exact GBZ for the NH hybercubic models
in arbitrary dimension d with open boundaries in arbitrary d. < d directions. Exact solutions to the skin modes of
all orders are presented for the NH Lieb lattice under the complete OBC. We also relate the GBZ approach to the
Amoeba formulation through an analysis of the Ronkin function. In the end, we study one example of our models
with hybrid boundaries, the NH Lieb model at 7 flux on a cylinder. The interplay between four chiral edge skin
modes and the bulk can be captured by generalized biorthogonal polarization and Amoeba formulation.

Exactly solvable NH hypercubic lattices

GBZ in arbitrary spatial dimension under complete OBC

To begin with, we give a proof of the existence of exact GBZ for the O(N™) skin modes in our NH hypercubic
models under complete OBC (d. = d) in Eq. (4) of the main text, which is one of the most important results in this
work.

As a first step to diagonalize the multi-level block Toeplitz matrix, we generalize the method of the transformation
matrix previously developed in 1D [2, 46], and map the original NH Hamiltonian to its effective Hermitian counterpart.
Since it is more convenient to express the matrix algebra in the operator form, let us define a transformation matrix
S as a gauge transform on the annihilation operators,

C7 4= H(T‘i)ji_l "Cia Cp, LA H(Ti)ji_l "G g, (13)

The creation operators undergo the gauge transform simultaneously,

. T i *('ifl) T —(Ji— T
Vi Gy H(rl) J Co 4o cJ PR H J g (14)

i=1 i=1
We recall our NH lattice Hamiltonian with asymmetric real hopping amplitudes (tli =t +y €R),

d

_ I R P S i 3
H= D> taaCh Cp, o aCh g €54+ 1R0CE L Chaa A T taCh L 4, (15)

7 =1

If we introduce a set of localization parameters into .S,

t5 ts to it
rg =g o, ma =42, m=rare = (16)
21—1 to to_1ta
after the transform, an effective Hermitian Hamiltonian arises
1
H=STIHS = ZZ@ 105 G, + 1) O a + He (17)

7 =1

where

t=\/tt. (18)

Our goal is now simplified to diagonalize the Hermitian counterpart #H in terms of O(N™) Hermitian bulk and
boundary modes [¢, ) assigned with band index m,

H= ZZEOBCwn m) (G, m- (19)



Here, the summation over n also includes all possible realizations of O(N™) eigenmodes that cover different motifs
ABy, --- By, over the entire lattice. For convenience, we adopt the notation [,, = {ly,...,l,}. To achieve the decom-
position in Eq. (19), we perform another gauge transform U,,, which projects the physical space from dimension d to
codimension D = n in the limit ¢ — 07T,

I U dl . e SN o . Vi e . .
Vel Vgl cgu—= [T e 5= [T 5, ¢5, =€,

i¢l, i¢l,
—>||rZ , ca_ —>||m et (20)
J A J,B ] Bz J,Byr J,By
i¢l, i¢l,

Applying U, to H, one arrives at U;lﬁUn =H, + E[;L with

7 - g T For
Hy = Z Z ba—16; \¢5.p, +t2C; p Ciig 4 T HCo (21)
7 olel,
_ T T
Moge =22 2 PV arae] g g+ For - Frch  c7ia, 0)-
7 ovel, il
When top_q + top - 7 = 0, the interference from neighbouring occupied A sites on the unoccupied By sites vanishes:

ﬁ;b ~ (. Therefore, a second mapping is established in the physical limit ¢ — 0F:

1 - tor—1 tyi_1tai_q
U, HU, = H,, for 7=—"—=— e (22)
tat tarty

To obtain the exact OBC spectrum of 7:[,“ it is important to employ symmetries associated with different boundary
conditions. Indicated by Fig. 1, for the hypercubic lattice under complete OBC, the last unit cells of which are broken
in every direction, H,, inherits the spectral mirror symmetry: EOBC(kl) = Eggc(—kl),w € l,,. As a consequence, its

OBC and PBC spectra coincide with each other: EOBC(k‘) EPBC(k:) Here, a € {O i} comes from the generalized

chiral symmetry of the Bloch Hamiltonian, in the representation C = diag{1, —1, — -1},
~ 0~ ' 5211,1 =+ l?gllefikll - t~21n71 + 7?217167%["
. bor, 1 + tor, ™ 0 0 . .
H, (k) = . ) , CH,(k)}C™'=—H,(k). (23)
tor, —1 + tar, e *n 0 0
Given k, apart from one pair of energies Eﬁﬁc(k) = 7E~5,B_C(k), there emerge (n — 1) zero-energy boundary (bulk)

flat bands for 1 < n < d (n = d): E55°(k) = 0. From the second mapping in Eq. (20) and Eq. (22), one resolves the
eigenvalue decomposition problem of the Hermitian Hamiltonian in Eq. (19):

EQRC(k) = ERRCk),  [Wnalk, ) o< [T(F)" - e™®)in,alk), (24)
i¢l,
where |ii,, o (k)) denotes normalized eigenvectors of the Bloch Hamiltonian: H,, (k) = Dk ESEC ()|, (K)) (T, o (k)|

We are now ready to go back and derive the analytical solutions to the original NH Hamiltonian by taking the
inverse of the first mapping in Eq. (17),

H=SHST =D > ENC(k)SPuak)S™",  Pualk) = [n,a(k)) (nalk)]. (25)

n  a,k

Thanks to its Hermitian counterpart, the NH Hamiltonian is already decomposed in a formal form of O(N") NH

skin modes. The projection operator P, (k) also enables us to focus on the subspace of occupied motifs where an

effective basis ¢(j) = (¢7 4. ¢35, 1+, ¢7p, )T can be constructed for each unit cell. In this basis, the transformation
hd : .Buy Bl

matrix S of Eq. (13) finds expression as

SPS™ =8,PS, ", Sy =@ [[ i) - Snjr  Snj = diag{L,ri,,...,m, }- [[(ri) ™" (26)

Jj iel, i€l



It is straightforward to identify in Eq. (25) that in the j-th unit cell,

+ - =1 ik + - =1 ik
(l_ . oy, 1 Fitgr e ooty Ay Ty e i
to, +ts, 1, e 0 0
~ _ 2, —1 T U2
SwiHa(k)S, = 7 . : (27)
bty _q Fta et 0 0

Comparing with the subblocks of the original NH Bloch Hamiltonian in Eq. (1) which act on motifs ABy, --- B,
equality can be established by a momentum shift:

n’

S Hn(F)Sy} = Hy(ky —ilnry), V€, (28)

Taking into account Hy(k) = >, kEPBC( Nung,a(k))(tnr,o(k)] in the biorthogonal basis (unr o (k)|tunr.qe (k) =
da,a’, We obtain the eigenvalue decomposmon of the NH Hamiltonian:

H= ZZEOBC |wnR a( )><"/}nL,a(k)‘7

n o,k
EOBC(k) = EFEC(ky —ilnry), EQRC(K) =0 (n > 1), (29)
with the analytical functions,
PBC(E) Z Jacra(ke),  fig(q) = 65t + 1t +2(tit; + viv;) cos g + 2i(tiy; + t5v:) sing,

=l

ln
EQRC(k) =+, > gu-1a(k), gij(q) =t7t; +t]t; +2¢/t]t5/t;t; cosq. (30)

=l

While the spectrum under OBC inherits the spectral mirror symmetry reflected in the even-g functions, the PBC
spectrum is not invariant under k; — —k;. From Eqs. (24)-(26), the left and right O(N™) skin modes exhibit hybrid
localization behaviours:

¥Rk (7)) H )7t H (rrp )’ - e unp ok —ilnm)),

l€l, ¢l
. e '

(VnL,(a,k)(J 7)o H )t H (rp ) - e (unp ok — ilnr)|, (31)

lel, ¢l

where the localization parameters read
to th
~ 21—1 —1 20—1
TRI =TT = —— 3 7’2,1 =T nNn=—-——"—": (32)
21 tol

Eq. (31) can also be obtained by performing imaginary momentum shifts on k= (kiyy. .., ki,,0,...,0), which leads
to the exact GBZ for the right O(N™) skin modes:

k; — (1 — 51%0)(/4;1 — ilnm) + 6k1,0(_7; lnrRJ). (33)

The exact skin modes can be further built from Eq. (31) by taking a superposition of non-Bloch waves at opposite
momenta =+k;, such that the total wavefunction meets the boundary condition with vanishing component on the
empty B sites of last broken unit cells (see Fig. 1). It is also interesting to comment on the structures of biorthogonal
eigenvectors |u,p/r) associated with the non-Bloch Hamiltonian in Eq. (27). It can be checked that while the
eigenvectors of the two dispersive bands in Eq. (29) live on all ABy, --- B;,, motifs, the ones for those flat bands have
zero occupancy on the A motif. And by satisfying one more condition from the eigenvalue equation, they can be built
as (n — 1) linearly independent states covering all By, --- By, motifs, thus fulfilling the requirement of a codimension
D =n.
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Meanwhile, with gauge transforms, we are able to retrieve the phase transitions of higher-order edge skin modes in
our models. It immediately follows from Eq. (17) that on motifs ABl, the complex gap of the edge skin mode closes
as soon as its Hermitian counterpart ’H,ABZ Z tor_ 16”,4 N tglCa B,CitenA + H.c. becomes gapless:

|t~21,1| = ‘{2l| <~ |Tz7er,l| = 1. (34)

From the biorthogonal bulk-boundary correspondence, these gapless lines are accompanied by a quantized change in
topological invariants in NH systems compatible with open boundaries: the biorthogonal polarization of the corner
skin mode or the GBZ winding number of the edge skin modes in presence of chiral symmetry [see Eq. (7) and Eq. (8)
of the main text].

GBZ for boundaries of arbitrary codimension

Next, we address our NH hypercubic models under hybrid boundary conditions (d. < d): OBCy, + PBCy4_g4, .

In the spatial dimension d with open boundary conditions in d. directions and periodic boundary conditions in
d — d. directions, it yields boundary skin modes of codimension D = 0,1,...,d. — 1, the total number of which is
proportional to O(N™) withn =d—d.+D orn=d—d,,...,d— 1. For bulk skin modes, D = d.., n = d. To further
simplify notations, we adopt symbols L and || to denote elements in the OBC and PBC directions. In this manner, the
spectral mirror symmetry related to momenta along the OBC directions, is manifested as E(k1, k) = E(—kL, k).

In the full NH lattice Hamiltonian H = H, + H,, it is convenient to first diagonalize H and create a new A
motif from its eigenmodes, such that the original A motif and the B, motifs are all absorbed into the A motif as
(d —d.+ 1) internal degrees of freedom. To acheive this, we perform the Fourier transform along the PBC directions
on the operators,

(ky), (35)

. iky-j
CjL)\(JH) g e Il Hc]
V Hlelu Ny

where \ € {A,B1,~'~Bd} =AUB, U BH with B, = {Bl,-“Bd} — BH’ BH = {Bml,“'Bmdidc}, and k“vl = %
(n=0,1,...,N,—1) forl € i|| = {m1,...,mq_q.}. The subscript j; can be ignored for the moment. Given each kj,
in the basis ¢(k|) = (ca(ky), ca, (ky))*, the Bloch Hamiltonian of H shares the form

0 t;m171 =+ tgmle*ikml . t;’md—dc*l + tzimd_dceiik”ndidﬂ
t2m1 1 + t2m kml 0 0
A= : - . (36)
tomaa.—1 F Uamag_a, oma_a, 0 0

After the diagonalization, there emerge two dispersive bands and (d — d. — 1) zero-energy flat bands:

Hy(ky) = Z € 1o (FIeR,a(B))) (@r,a(ky)l,

eark) =% > furalky), eiolky) =0 (d—de>1), (37)
lel”

with the f-functions given by Eq. (30). Identifying each eigenmode of H)/(k)) as a particle on the new A motif,

lor,i(k))) = Cgi(ku)m), (pr,i(k))| = (0leg, (k). (38)
we arrive at
d—d.+1
Hy(kp) = Y ez, (kyely (ky)eg, (k). (39)

i=1
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It is interesting to see the coexistence of non-skin modes and skin modes under hybrid boundary conditions. Particles
on the A motifs are coupled to the B motifs through the original A sites,

(k) Z%ku, )l (ky)s calky) Z@Rz’fn’ ci,(ky), (40)

where we have applied to Eq. (38) |¢gr/r:(k))) = Z/\GAUBH apR/Lyi(kH,)\)c)\(kH)|0> and the identity 1, =
> lerilky, A)){er,i(kj, A)|. Taking into account the zero-energy eigenmodes of PBC flat bands in Eq. (37) van-
ish on the A motif: 7 ,_o(k|,1) = @r,a=0(k|,1) = 0, they constitute (d — d. — 1) non-skin (non-localized) modes
living exclusively on the B) motifs that can be described by the normal BZ along the PBC directions. On the other
hand, the two eigenmodes with opposite energies (a« = +) belonging to the PBC dispersive bands are elevated to
localized skin modes when NHSEs along OBC directions come into play.

Restoring the unit cell index j; in Eq. (35), one builds on the effective AB, motifs a generalized NH hypercubic
model under complete OBC: H = Zk” H(ky),

g ot
H(ky) = Z Z Y caalbpet g ey, a, (k) +tdo1 0t 4 (Rpeg, g, (k) + toy0ch o (Rpez, 1, (k)
=+ 7, lely
+ ot - T
T12,0%, (R1)5, a4, (Ry) + Y2, 45 AL GIEAAGIE (41)
with renormalized asymmetric hopping parameters from Eq. (40),
t3, o =t 1PLa(kp 1), oy . =ty 1PRralk),1), t;l,a = t59r.a(k); 1), tora =ty ®L.a(k): 1) (42)

Although the effective mass term e; (k) # 0 breaks generalized chiral symmetry, the solvability of our models
remains unaffected since spectral mirror symmetry is still respected along the OBC directions E(k1, k) = E(—kL, k),

and equally important, the same localization parameter rj* is shared by two independent particles on the A motif:

— - + +
- tor— la tor—1 — e t2lfl.,o¢ . tor—1 —
Rl = ~ T F = ——F — TR Ll — = =, —'"Li
t2l « t t2l,oz t2l
rY to, .t
a R,l \/ 20—1721
= s o= =r. 43)
l ax T x l (
L o1ty

As a consequence, the two exact mappings S and U for the Hamiltonian H (k) in Eq. (41) under complete OBC can
be established by simply replacing in Eqgs. (13)-(14) and Eq. (20):

l_d — Z_La l_n - Z_Da Cix 6, /\(kH)’ (44)

where Iy =1, U ZH’ and Ip = {l1,...,Ip} € I, denotes the motifs AOlBl1 -++ By, covered by the O(N™) skin modes
of codimension D = 0,1,...,d. with n =d — d. + D. The extra (d — d.) arises from the degrees of freedom in PBC
dimensions encoded in each A, particle in Eq. (38). Moreover, the solvability can be further relaxed to different values
of r% JLD which corresponds to different localization factors 7j* = r%,l/ r; in U, as the contributions from the occupied

A, sites on the unoccupied B motifs can be cancelled independently (see the example of the cylinder geometry at
7 flux). However, the transformation matrix S acts on the common B, motifs, leading to a unique r; factor.
Performing the Fourier transform along the OBC directions on the Hamiltonian #H (k) of Eq. (41),

1 o
Zelh'”&\(kbkn)a (45)

\/ HlG[L Nl ki

with A € AU By, followed by imaginary momentum shifts in the GBZ, we can obtain the non-Bloch Hamiltonian
for the O(N™) skin modes of codimension D = 0,1,...,d.. As the eigen energies do not change with a different
biorthogonal basis, we can either stay with the new basis AUB f_) or choose the original basis with motifs AUB U B f_) ,
where BP = {By,,..., B, }. It turns out that while the former is convenient for identifying corner skin modes, the
latter is a more natural choice to get access to the skin modes of codimension D > 0. In the original basis ¢ (k_, k) =
(calky, ky), s (kL ky), cpp (kL k)™, the non-Bloch Hamiltonian for O(N™) skin modes has the structure

cj o a(ky) =

0 Hy. Hi-
HD(kl—ihl’l"l,kH): Hgﬁ, 0 0 5 (46)
0 0
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with the matrix elements

ik T + ik,
Hyy=(t5,, 1+ t2m1 1, s tomg_g.—1 T tam, € d—de ),

+1 +ik + +1 +ik
HJ-’:‘: = ( ;:h—l +t2l1({rl1) le ’ ll7 e t;:lD—l +t2lD(TZD) le ’ ZD)' (47)

The exact spectrum follows

ESEC( \/Z Forora(k) + 3" gu1 (k) Epo(R) =0 (D > 0), (48)

lElH lElD

where f and g-functions are given in Eq. (30). There are two corner skin modes of codimension D = 0 at Ip =2
endowed with opposite energies €4 . (k) in Eq. (37), and they are localized on the A, and A_ motifs. By taking

l] = o, the two dispersive bands under hybrid boundary conditions (d. < d) are connected to those under the
complete OBC (d. = d) in Eq. (30). At the same time, in addition to (d — d. — 1) zero-energy bulk flat bands in
normal BZ along the PBCs in Eq. (37) accounting for non-localized modes that cover only the B) motifs, there exist
D zero-energy boundary (bulk) flat bands in GBZ as well for 1 < D < d. (D = d.) accounting for the skin modes
that are exponentially localized (delocalized) on the B, (B)) motifs and vanish completely on the A motif. In this
way, we retrieve in total n =2+d —d, — 1+ D = d — d. + D bands for the O(N™) skin modes.

Under hybrid boundary conditions, given the surface momentum k= (ki k) = (k- kip,0,...,0; k), the exact
GBZ for the right O(N™) skin modes is generalized to

Vi e l_l k— (1 — 5kl,0)(kl — ilnrl) + 5]”70(71‘1117"]{7[), (49)

which is consistent with hybrid localization behaviours in the exact mappings (a = +,0),

UpR @) o [T T rey = - e |up palke — ilnr, k),

lelp e(li—Ip)
Wp o@Dl [T T b - up ok — ilnr, ky)l, (50)
l€lp el —Ip)

where |up g/1,q) represent the biorthogonal eigenvectors of the non-Bloch Hamiltonian in Eq. (46).

In the end, we comment briefly on the analytical tools that can be developed to detect the gap closings in our
models with hybrid boundaries. In absence of chiral symmetry in the non-Bloch Hamiltonian of Eq. (46), the GBZ
winding number is no longer a good invariant. In order to capture the surface gap closings of the higher-order skin
modes, one can extend the more robust biorthogonal polarization to include two corner skin modes,

Wr/L0.0==k)) = Nrsa) D ] (TR/L,l)jL’lC;‘bAa(kll)‘())- (51)

. olely

We define the generalized polarization vector P with

lely, P=2- lim Z |(¥ro,q(k)) |Zﬂ AL, (k) [YRo.a (k)| (52)

Nl—>OO
]L

Here, IT;, (k) = > yca 170, k‘|><ﬁ, A, k| and 17, A, k) = c;ﬂ,l L (k))]0). Since the localization factors of two corner
skin modes do not depend on kj and (110, (k|)[Yro,«(k))) = 1, P; does not vary with k. P = 2 (0) when
[r7.rr1l <1 (>1). In a similar manner, the separation gaps with the bulk skin modes on the motifs AB| B, can be
captured by the generalized Amoeba of codimension d. as a function of ky: Ay(k)) = {u(k)) = log|B(ky)| : f(B) = 0}
where f(3) = det[H (B, k) — E]/E%"! and E denotes the reference energy. The trivial solutions from (d — 1) zero-
energy bulk flat bands are excluded by the denominator. By analogy to the complete OBC, here H (3, k) comes from
the bulk Bloch Hamiltonian with 3, = e** for any [ € [, = {ly,...,l4,} along the OBC directions,

L0 Hi-(ky) Hi-(8) L L
H(ﬁ,k“) = HT+ kH 0 0 > HJ_,:N:(B) = (tzﬁl_l +t211ﬁ117 . t2¥ld 1 + t2lduﬁldc)’ (53)
0 0
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FIG. 5. (a) Lattice geometry of the NH Lieb lattice; (b) Comparison of complex eigenvalues between the numerical (dark
blue) and analytical (light blue) results for a finite-size Lieb lattice with N1 = 3. We choose distinct values for all hopping
parameters: {t1,to,t3,ts} = {1.5,1,1.6,1.2}, {71,72,73,74} = {V/3,0.2,4/2,0.4}; (c) Quantization of polarization P, with
varying system size as a function of 1. We keep t1 = t3 and fix to4 = 1,713 =

V3,724 = 0. P, jumps at |ri1rr1| = 1.
Ezact solutions to the NH Lieb lattice under complete OBC

In this section, we give an explicit example of the diverse types of skin modes in our NH hypercubic models in
2D, the NH Lieb lattice. Starting from the results of the exact mappings in Eq. (31), we finalize the construction of
eigenmodes by taking into account spectral mirror symmetry and boundary constraints under complete OBC.

Fig. 5 (a) illustrates the geometry of the NH Lieb lattice of size (2N; — 1) x (2Ny — 1) where we designate
three motifs ABB’ in each unit cell at the position j = (j,5') with j = 1,...,N; and j' = 1,..., No. There are
Niot = 3N1 Ny — Ny — Ny sites, equal to the total number of O(N™) skin modes (n = 0,1,2). Among them, we
recognize one corner skin mode at ky = (0,0), 2(N; — 1) + 2(N2 — 1) edge skin modes at keqge = (k1,0), (0, k2) and
3(N; —1)(Ny—1) bulk skin modes at kpux = (k1, k2). They correspond to the third-order, second-order and first-order
NHSEs in two dimensions. Let us first test the exact spectrum in Eq. (29) related to imaginary momentum shifts in
the GBZ,

O(1): EZ2BC (0,0) =0,

corner

O(N) : E&ESAB,i(khO) = Efd]ngB,:l:(kl —ilnry) = j3\/91,2(]fl)a
EOBC

oo ap (0, ko) = ELRC s g 1 (ko —ilnrg) = £/ g3a(ka),

O(Nz) : El())ul?lgo(klv k2) =0,

Epmes (k1 ko) = BERC (ky —ilnry ky —ilnry) = i\/gl,Z(kl) + 93,4(k2),

(54)
with
tity t3ty
r = 5 2 = . (55)
ttg tity
Recalling our convention for the momentum under OBC: k; = mm/N;, with m = 1,2,...,N; — 1 and the form of
g-function in Eq. (30), we find our analytical solutions are consistent with numerical diagonalization of the real-space
NH Hamiltonian of arbitrary system size and arbitrary hopping parameters. Fig. 5 (b) shows the precision of complex
eigenvalues on a finite 5 x 5 NH Lieb lattice.

Apart from the eigenvalues, we can also construct the exact eigenvectors of O(N™) skin modes on hypercubic
lattices of any finite size. On the NH Lieb lattice, the zero-energy corner skin mode lives on the A motif only, and by
setting lo = & in Eq. (31), it is given by

N1 No

[Yr/L0) = Nr/L Z Z T%/L,f%//:,zcl,(j,j/)|O>a (56)
j=1j'=1
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where Ny /L denote the normalization factors coming from the biorthogonal relation: (¢ro|tre) = 1, and N f/\/ R =
(7"2’17“1{717"2727"13)2)_1(TE’ITR):[ — 1)(7“2’27“372 — 1)/{[(7"2’17"13)1)1\[1 — 1][(7“2’27"3,2)1\72 — 1]}. Depending on the choice of
parameters {|rg.1|, |rz.1]} and {|rgr2|,|rL 2|} from Eq. (32),
ty . th ty . tT
TR,21 :_t%v Tra :_%a TR,Q__T’ TLQZ_i' (57)
2

the localization of the left and right corner modes would be different as soon as the spectral winding number of the
associated edge Bloch Hamitonian becomes non-trivial [26, 46],

I=1,2: Hap (k) = 0 matbe™ L o log{det[Hoas, ()]}
) & 1 t;l—l —‘rt;rle_ml 0 ) 2 . 1 i )
lwil=1 <= sgnllog(|rr.l)] # sgnllog(|rr.|)]- (58)
For the edge and bulk skin modes, both spectra under OBC respect spectral mirror symmetry:

EQEG (k1) = ESES. (=k1), EQRCL(k2) = QRS (—k2),

EQBC(ky, ko) = EQBC(—ky, ko) = EQBC(ky, k) = EQBC(—k1, ko). (59)

It enables us to build their eigenvectors as a superposition of non-Bloch waves in Eq. (31) at opposite momenta +k;.
The edge skin modes share the form,

v

o TITR2 i i o
sy 23 = Nrap—=2 e up 1 (ki) — e up 1 (~k1)],

V2N

VR
/ L. TR 7’2 i " ) v
ﬁgftkz)(%]/) = NR,AB/ﬁ[e k2d up i (k2) — e had up +(—k2)], (60)

where up 1 (k1,2) denote the right eigenvectors of two edge non-Bloch Hamiltonians,

B 0 th +tyr e B 0 t5 +tyry etk
Hedge,AB(kl) = <t1 -l—t;r?“leikl 0 ) Hedge,AB’(kQ) = t; + tirge“” 0 ) (61)

in the basis ¢ , (k1) = (ca(k1), cp(k1))T and ¥, g (k2) = (calka), cpi(k2))T respectively. Correspondingly,

; 1 ((tF 4+t te 1) /E9BC (k)
U ki) = ubBC(ky —ilnr :( 1 2 AB,+ 7
up + (k1) =urx (k1 1) 7 )

| U (1 1) JESE, (h
e (he) = w2y = itury) = - ({5 T2 T IR, (62)

The relative minus sign in Eq. (60) comes from the boundary condition where the wavefunction vanishes on the empty
B and B’ sites in last unit cells [see Fig. 5 (a) and Fig. 1]. The left edge eigenmodes are obtained in a similar way:

1) (rp2)’

AB AN (
gL,(i,kl)(‘]’J ) _NL,AB \/W

(eik”ﬂL,i(kl) - e_ikleL,i(—kl)) )

AB' . (re,)?(rs) " (i —ikaj’
ﬂLfi,kz)(]’j,) = NL,AB'TNQQ (6 2Ty g (ka) — e HL,i(—b)) ; (63)
where
L ([t +t3rie™)/ERES (ka)]*
HL,i(kl) =07 )
V2 1
1 t: + t+’l“2€ik2 EOBQ kg *
uy i(kQ) — ﬁ <[( 3 4 1)/ AB’, ( )] . (64)
As the eigenvectors of non-Bloch edge Hamiltonians are already biorthogonal uj (k1) - ug o (k1) = uj ,(k2) -
QR’al(k‘g) = dq,a’, to realize ’(/)AB* . w;i, = wAB . z/JRm, = 0pm,m’, we can fix the normalization factors by
. (r3 7’372)7 (r; oTr2—1) ) (r3 T'R71)71(7’* rRr1—1)
N-L7ABNR,AB — L,2 L,2 , NL,AB/NR7AB/ — L,1 L,1 (65)

(r7orR2)" — 1 (rirra)N =1
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For the right bulk skin modes at k= (K1, k2), we start from a superposition of non-Bloch waves containing all possible
combinations of £k o allowed by spectral mirror symmetry of Eq. (59):

’I‘{ ’I"Q

i(k1j+k2j") —k1jthai’)y,
Vrady 3 = VN NG Cre' "Ity (K, k) + Coe'TRITRDuy (<, ky)
+C3e’ kuikw,)@R,a(kla —k2) + C4€7i(k1j+k2j,)ﬂR,a(—k1, _kQ)} : (66)
Here, ug (k) denote three eigenvectors (o = 0, ) of the non-Bloch bulk Hamiltonian,
0 tf -ty te ™t ot g etk
H(ky, ko) = HPBO(ky —ilnry, ke —ilnry) = | t7 +t5re™ 0 0 . (67)
ty +tiroetke 0 0

in the basis g(l_c’) = (ca(k),c5(k),cp (k))T. A convenient choice for @R@(E) turns out to be

0
QRyo(kh]@) ZNRD(kl,k‘Q) t3+ +t;7’l71€7ik2 ,
—(t e
EQPC(ky, ko) [(t7 + tyre™)(ty +tfr'e)] ™!
HR,:I:(k;lv ]{32) = NR7i<k‘1, k‘g) (t3 + tﬂ"e“"?)_l R (68)
(t7 +tgretkr)~t

with mirror-symmetric normalization factors

1 91,2(k1)g3,4(k2)
N k ,k R N k ,]f — ) ) 9
ro(k1, k) = Vo1.2(k1) + g3.4(k2) rax(k1, k) \/2[91,2(k1) + g3,4(k2)]

Nra(ki,k2) = Npo(—Fk1, k2) = N o(k1, —k2) = Ng,o(—Fk1, —k2). (69)

Again, the coefficients C; in Eq. (66) can be determined by ensuring the total wavefunction vanishes on the B and
B’ sites in the last broken unit cells in the NH Lieb lattice [see Fig. 5 (a) and Fig. 1]. With our choice of gR’a(E) in
Eq. (68), the spectral mirror symmetry in the normalization factors and the independence of the remaining component
of the B (B’) motif on the associated momentum k; (k2) greatly simplify the boundary constraints [these two features
are also present in the eigenvectors for edge non-Bloch Hamiltonian in Eq. (62)]. For o = {0,+}, it is easy to verify
that

QR,(OC’,;)(NMJI)‘B =0,Yj": Ci=-Cp C3=-Cy,

Urop i N)| =0.j: Ci=—Cs Cy=—Cu. (70)
Choosing (C1,Cs,C5,Cy) = (1,—1,—1,1), we arrive at a closed form for the right bulk skin modes:
r"r i’ . . . o y
Yy Ry (a, k)(J i = 2\/1]\/?17 [ kgt )ER,a(khkz) — i hiitha) )HR’Q(—khkz)
_ilkii—kaj’ )@R,a(kla —k) + e_i(k1j+k2j,)gR7a(—k1, —k2)] ) (71)

The left bulk eigenmodes can be constructed in the same manner:

. L () AN
LA (4:4") = (12)\/% {6 Urnithad ) (ky, k) — e/ (TR1ithedly La(—Fk1,k2)

_eilki—k2i")y, Looky, —ka) + e~ i(k1j+haj’ )u al(=F1, —kz)} ) (72)

where
0 .
up (b, ko) = Nipo(ky k) | (t5 +tire) |
—(t] +tFrethr)*
{EBC (ky, ko) [(tF + tyrLe ) (tF + 5~ Teik2) "1}
up, (k1 k2) = Npg (k1 k2) (6 + ty ' emika) =1 : (73)
[(t++t p=le=iki)=1]x
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FIG. 6. Ronkin function and the Amoeba in the NH Lieb lattice. We choose the reference energy E = 0 of the corner skin mode
and fix ta4 = 1, 71,3 = V/3, 72,4 = 0. The Ronkin integral is evaluated on a grid with M; » = 100. The minimum of the Ronkin
function locates the hole inside Amoeba body. As shown in (a), when the hole closes at its center point I' = (log(|r1|),log(|r2]))
given by the GBZ, the corner skin mode enters the bulk with a separation gap closing, which is equivalent to the surface gap
in d. = 0. Therefore, this transition takes place at |r] 17r1| = [r] o7R 2| = 1, AP = 2, fulfilling the criteria d. > d — APt

and N7, (k1, ko) = Nj(k1, k2). Meanwhile, QR/LQ(E) are biorthogonal to each other: uj ,(k1,k2) -up o (k1,k2) = 6o

In the end, it can be checked that our analytical wave functions for the corner mode in Eq. (56), the edge modes in
Eq. (60) and Eq. (63), and the bulk modes in Eq. (71) and Eq. (72) mutually satisfy biorthogonal relations. Therefore,
we obtain the entire set of eigenmodes of the NH Lieb model under complete OBC:

Y L = Oty My = Y Bl M, |, (74)

with the band index m = (n, a, k) designated for the O(N™) skin modes of Eq. (54). In particular, our exact solutions
are valid for the NH Lieb lattice of arbitrary system sizes 2(Ny — 1) x 2(Ny — 1). In Fig. 5 (¢), we further show its
biorthogonal polarization vector along z1 direction given by Eq. (7) of the main text. P jumps at |r} 7r,1| =1, the
quantization of which becomes more and more ideal when the system size increases.

Ronkin function, Amoeba hole and the relation to the GBZ

In this section, we relate the center of the Amoeba hole to the localization parameters of the GBZ through the
Ronkin function.

From Ref. [31], the minimum of the Ronkin function lies in the Amoeba hole for a reference energy E ¢ EPSC.
Apart from the example of 3D NH cubic lattice in the main text, here we can also observe the evidence in 2D,
the NH Lieb lattice shown in Fig. 6. We fix F = 0 at the energy of the corner skin mode and vary the hopping
parameters, thus changing the shape of the Amoeba and the radius (|r1], |r2]) of the GBZ. The Amoeba is given by
il = (log |51, 1log |B2|) from the solutions to f(5) = det[H(S) — E] =0,

4
E=0, Y tft; +t5ty 87 +taty By + 5t B +t4tf fo — B> = 0. (75)
i=1
As expected, when the corner skin mode is separated from the bulk spectrum in Fig. 6 (b)-(c), the Ronkin function

Ry(p) = [ % log | f(e#+19)| reaches its mininum in the Amoeba hole. In contrast, when the corner mode enters
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the bulk spectrum in Fig. 6 (a), the Amoeba body contains no hole and the Ronkin minimum shrinks to a single

point. Moreover, we observe that the center of the Amoeba hole is consistently given by the localization factors of the

GBZ: T = p. = (log|r1],1log |rz2|). Tt is true for our NH hypbercubic lattices in any dimension d with open boundaries

in any d. < d directions. Without loss of generality, we consider the complete OBC (d. = d) as in the main text.
Let us take a gradient of the real Ronkin function along the x; direction,

-, dg; 4 )
)= [ A, et = 5 [ dadnog e (76)

where the relation id,, f(e# ') = 9,, f(e*T%) is applied. With the Amoeba defined on two dispersive bulk bands,

f(e"+10) = det[H (e#'7) — E] /B!
d
= Dt ity e T b e — B, (77)
=1

the generalized winding number w; vanishes at p. = (log|r1],...,log|r4l|),

_ 1 i afhf(euc—i_iq)
RO e i Tpre=ri

\/t+ t+\/t— to /W day e —c
20—-1721 21—-1"21 . ot [El(i)i(}(q-’)P — E2

=0. (78)

Here, [E(?EC (@) = Z;if:1 g2r—1,21 (q7) is defined for a given ¢ in the integrand with the form of g-function in Eq. (30).
In the last step, we perform ¢ — —¢q; in the second half of the integral which cancels the first half by taking into
account spectral mirror symmetry EQEC(q;) = EQBC(—q;). We thus arrive at 9, Ry (1| =0foranyl=1,2,...d.

Considering the convexity of the Ronkin function, H=he
) = Ry = [ tenl el = [ 5 g E92°(0 - B (79)
: ra (2m)? 7 (2m)d 2~ o

If EEEC((D — E # 0 for any ¢ and a, it leads to f(et<T%) # 0, indicating there is a hole at p. inside the Amoeba.
On the contrary, if there exist ¢ and « such that Eggc((j) = E, f(et<t) = 0, the Amoeba has no hole at p.. As the
shape of the hole changes continuously with F, u. becomes the center of the hole when the separation gap opens.

NH Lieb Lattice in a magnetic field

For completeness, in the last section we give an example of our solvable NH hypercubic models under hybrid
boundary conditions, the NH Lieb lattice on a cylinder geometry of codimension d. = 1 < d shown in Fig. 7 (a).
Additionally, an external magnetic field is introduced at m flux per plaquette, which enriches the phase diagram in
Fig. 8 (a). We derive the exact spectrum for the bulk and four chiral edge skin modes. Their complex gap closings
are studied with the biorthogonal polarization and the Amoeba formulation both generalized for systems with hybrid
boundaries, falling into the general framework of Eq. (52) and Eq. (53).

FEzact spectrum on a cylinder at w flux

As illustrated in Fig. 7 (a), the external magnetic field imposes a 7 flux on a square plaquette of the NH Lieb lattice.
One can fix the gauge by assigning (+/—) signs alternatively on the tf bonds. Yet, this gauge choice explicitly breaks
spectral mirror symmetry along zs direction under the complete OBC, rendering the case no longer solvable. To
retrieve the solvability and get access to the chiral edge modes, we can put the lattice on a cylinder with PBC in
xo direction and OBC in z; direction, such that spectral mirror symmetry is still present along the open boundary
direction: F(ky,ke) = E(—ky,ks). Each unit cell is now enlarged to include six sites at 7 flux, which guided by
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FIG. 7. (a) Cylinder geometry for the NH Lieb lattice of size (4N1—1) x (2N2—1) at 7 flux which can be mapped to a generalized
NH SSH model along the open z; direction respecting spectral mirror symmetry. The four boundary modes arising from the
NH SSH chain form two chiral edge pairs; (b) Comparison of complex eigenvalues between the numerical (dark dots) and
analytical (light dots) results for a finite-size cylinder with Ny = 3 at given momenta ks = 7/10 (purple) and k2 = m (orange).
Different values are taken for the whole set of parameters: {t1,ts,%3,t2} = {0.8,1,0.9,1.2}, {71, 72,73, 74} = {V/3,0.1,v/2,0.2}.

spectral mirror symmetry we group into two motifs A U By, where the motif A = {A;, By, B}, Aa,, B} holds five
internal degrees of freedom.

By analogy to Eq. (41), we can map the model on the cylinder to a generalized NH SSH chain in Fig. 7 (a). After
diagonalizing the Hamiltonian inside the A motif, all internal degrees of freedom become independent from each
other with the only remaining couplings from the external B; motif. Let us first perform a Fourier transform along
the PBC direction, ¢;x(j') = ﬁzkz et*23'c; \ (ky) where ky = ZLf=0,1,...,Ny — 1. j = (4,4') denotes the
unit cell index with j =1,...,Ny, 5/ =1,...,Ny and A € AU By represents dlfferent motifs. Since the part of the
Hamiltonian H; 4 that involves exclusively the A motif keeps the same form for any j, we can ignore the j index

for the moment. In the basis ¢, (k2) = (ca, (k2),cp, (k2),cBr (k2),ca,(k2), ey (k2))T, its Bloch Hamiltonian reads:
Ha =2, ¢ (k2) Halka)p , (k2),

0 tf ty —t e ik 0 0
ty 0 0 ty 0
Ha(ky) = |ty —tfe*2 0 0 0 0 : (80)
0 ty 0 0 tf +t e e
0 0 0 ty +tfeth 0

The sign change in front of tff reproduces the 7 flux. A direct diagonalization leads to
4
Zez (k2)ler,i(k2))(or,i(k2)|, € =0, e€(ka) =2\ h1 £+ ha(ks), (81)
i=0
with
hy =5ty + ity +2(t5ty +t5ty), ha(ks) = [t]t; —t5ty —2(t5tfe™ it e )2 atfe7 ety (82)
Here, we assign the subscript i = 1,2, 3,4 to denote four dispersive e(ks) bands: (+,+), (—,+), (+, =), (-, —), respec-

tively. In particular, the zero-energy mode has no occupancy on A; and A sites, thus decoupled from the By motif
as shown in Fig. 7 (a):

| pr0buik(k2)) ~ (0, ¢ —tre ™=, —tf, 0, —t5 (t] —tye™)/(t] +tye ™)),
(propu(ka)| ~ (0, t7 —tfe™, —t7, 0, ~t3 (t; —tfe™)/(t5 +t]e™)). (83)

€p corresponds to one zero-energy bulk flat band in the normal BZ along the PBC direction, and its left and right
eigenmodes are non-localized modes that reside on B;, B and By motifs only, thus immune from the NHSE in the
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OBC direction. Next, from four dispersive eigenmodes of H 4 (k) we build the new A motif:

- ; tT tT _ ;
C,Tai<k2)|0>=|¢R,i(1f2)>~(€i7 tysi, by — e’ _ﬁ(l—&')ew t1+(1 si)(t3 +tfe™ )T,

2 2
+
L (1 —s)(tf +t e ™)), (84)
2

. tf
(Olcg, (k) = (pr.i(ka)| ~ (i, tfsi, t5 —tye™ ™2, *f_(l —S8i)€i, —
2

where

1 — otk (31— iko
si(ke) = T —[e] — (t —tye ") (ty —tfe™?)]. (85)
11

The couplings from the A; motif to By in Fig. 7 (a) can be read from the change of basis associated with A; and A,
sites originally coupled to Bs:

4
chy, (ko) = Z@m cli (k2), cay(ke) =) pra(l)eg, (k2),
i=1
4
chy, (s) Z@Ll e (ka), cay(ke) =) pra(4)cs, (ka). (86)
=1

As a result, after restoring the j index, one maps the original Hamiltonian on the cylinder to a generalized NH SSH
chain along the OBC direction for each ko: H =37, H(ks),

Ny 4
:ZZ (k2)c j 4, (ko) +{,¢0 5 (ka)cjm, (k2) + 11 ch g, (ka)e; 4, (ka)
j=1i=1
+t2z ]Bg(kz) j+1,4; (kQ) +t27, 41,4, (kQ)ijBz(k2)7 (87)
where
i =tler:(4), t=tieri), 13, =teril), t5;=1t50L,(1). (88)

We can now apply the generic results for the O(N™) skin modes under hybrid boundary conditions in Eq. (48) and
Eq. (51) to the cylinder geometry (d. = 1). Given ks, there are four chiral edge skin modes of codimension D = 0
with a dispersive OBC spectrum equal to the effective mass term in Eq. (81):

Ny
Peagei(ka) = €i(ka),  [Usy i (k2) = Npyp.i(k) Z rhyna(k2)el 5 (k2)[0). (89)

In contrast to Eq. (43), the case without a magnetic field, the localization factors now vary with ks under the influence
of 7 flux:

t -\ tf +\?

K 121 * 1,3 3

i) =~ = (1) M=silla)) rialh) =~ = (1) 0wt (90)
2, ta 2%} 12

The normalization factors are given by N7, (ke)Ngi(ka) = [r} (k2)rri(ke)] " [r] ;(k2)rri(ke) —

1}/{[r27i(k2)1ﬂ37i(k2)]1\71 — 1}.  The total number of each edge skin mode is proportional to O(Nz), equal to
the degrees of freedom in ko and in consistency with n =d — d. + D = 1. It is noted that the four chiral edge modes
form two pairs, each pair with the same localization length but opposite energies,

i=1,20r (+,+),(—+): 7rrpi(ke) =rr/pa(k2), e(k2) = —ea(ka);
i=3,40r (+,—), (= —): TR/L,B(k'Z) = TR/L,4(k2)7 e3(k) = —ea(ky). (91)

The two chiral edge pairs (CEPs) also hint a unique localization factor for the bulk skin modes:

rrai(k2) ity o

r = = =T 9 92
rake) b 52)
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where 77 is hosted by the NH Lieb model under two OBCs at 0 flux. Intuitively, 7 flux makes the unit cell twice in
size, thus increasing the localization factor in the exponential: log |r| = 2log |r1|. The existence of a single localization
factor r along the OBC direction together with spectral mirror symmetry lead to an exact GBZ, manifested in the
method of gauge transforms in Eq. (44) (see also related discussion below it). Then, the bulk spectrum can be obtained
conveniently through an imaginary momentum shift in the Bloch Hamiltonian in the original basis as Eq. (46). Let
us perform a second Fourier transform along x; direction, ¢; x(k2) = ﬁ Zkl e*1¢cy (ky, ko). In the original basis

(k) = (ca, (K), cp, (), cpy (), ca, (), ey (), e, (k)7 , the Bloch Hamiltonian shares the form

0 tf ty —t e ik 0 0 ty e~
tr 0 0 ty 0 0
|ty —tfet*z 0 0 0 0
H(ky, k) = 0 ty 0 0 trtpe ke ¢t ; (93)
0 0 0 ty +tfeth 0 0
tiethr 0 0 ty 0 0

which gives rise to the exact OBC bulk spectrum in the GBZ:

El?u]?lg(a,a/)(k) = Eglﬁlg(a,a/)(kl —iln T, 'I{:Q)
4 1/2
=a [Z tht; + a’\/4t1+t;t2+t; cos?(ky/2) + (t5teike + t5t5e"ik2)2|
=1

where k1 = %—m( =1,...,N; — 1) and o,/ = +. 7 flux doubles the number of dispersive bands and by the 1/2
factor, establishes the magnetlc BZ: k1/2 € (0 7/2). Apart from the non-localized zero-energy flat band in normal BZ
of ko along PBC direction, there emerges a second zero-energy flat band in the GBZ which generates bulk skin modes
that are exponentially localized on the By motif with the localization factor r, vanish completely on the A; and As
motifs and delocalized on all other three motifs. Whereas, the bulk skin modes belonging to the four dispersive bands
cover all six motifs in spite of sharing the same localization factor.

To sum up, Eq. (81), Eq. (89) and Eq. (94) give the complete spectrum of the NH Lieb lattice at 7 flux on a cylinder
geometry, which includes zero-energy bulk non-localized modes, four chiral edge skin modes at each ks and bulk skin
modes. Shown in Fig. 7 (b), our analytical solutions of the eigen energies are consistent with numerical results for
different ko values.

Generalized biorthogonal polarization and Amoeba formulation for chiral edge pairs

With the addition of the effective mass terms in Eq. (86), the chiral symmetry is broken. The GBZ winding number
is no longer a good invariant for predicting the gap closings at 7 flux. Yet, one can apply the generalized biorthogonal
polarization for hybrid boundary conditions in Eq. (52). Based on four chiral edge skin modes constructed in Eq. (89),
we define

M
. 1 eage eage
Plha) = M = Jim o D I (h) S G I E), M =1 (95)
i=1 7j=1

N1—>OO

Here, I1;(k2) = >\ 4 |7: A k2) (4, A, ka| with [j, A, ko) = ¢; A(k2)|0> Due to 7 flux, the polarization varies with kg in
contrast to being independent of k) at 0 flux in Eq. (52). Meanwhlle as shown in Fig. 8 (b), the quantization of P(k2)
is still well-defined for different system sizes. By further varying one of the hopping parameters, Fig. 8 (a) depicts the
pattern of polarization over the (¢1, k2)-space, the boundaries of which are captured by |r} ;(k2)7rr(k2)| = 1. Taking
into account the four edge skin modes form two CEPs, each sharing the same localization length, P(ks) jumps by 2
or 4 every time it crosses the phase boundary. To restore bulk-boundary correspondence for NH bulk and edge skin
modes, we introduce the complex energy gap at each ko, analogous to the surface energy gap under complete OBC:

|AE(k2)| = r\{/lgln{|Ebu1k(/f17 k2) — Eedge(k2)|}- (96)
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FIG. 8. Generalized biorthogonal polarization in the NH Lieb lattice at 7 flux with a cylinder geometry. The existence of two
pairs of chiral edge skin modes with opposite energies but same localization length leads to P € {0,2,4}. We keep t; = ¢35 and
choose ta.4a =1, 71,3 = 0.2 and y2,4 = 0. In (a), the orange arrow denotes a parameter path with fixed ¢t; = 0.8 and varying k2,
along which the quantization of polarization with varying system size Ny is shown in (b). P jumps at |r7 ;(k2)rr,1(k2)| =1
(red dashed lines) and |r] 3(k2)7rRr,3(k2)| = 1 (green dashed lines).

Fig. 9 (a) shows the complex energy gap closings at the transition lines |rg ;(k2)r7 ;(k2)| = 1 where the polarization
of the chiral edge skin modes jumps.

One can also extend the Amoeba formulation to the cylinder of codimension d. = 1 < d, following the general
approach in Eq. (53). As a function of kg, the generalized Amoeba is reduced to 1D, capable of predicting complex
energy gap closings of chiral edge skin modes. We define Af(ks) = {u(k2) = log|B(k2)| : f(B,k2) = 0} where
f(B,k2) = det[H (B, ko) — E]/E? and H(B, ko) is given by the Bloch Hamiltonian in Eq. (93) with the replacement
e’*1/2 — B in consistency with the magnetic BZ: k;/2 € (0,7/2). Two zero-energy bulk flat bands are excluded by
the denominator. The Amoeba is solvable in 1D. From f(/3, k2) = 0, one obtains 54 (k2) = (=b+vb? — 4ac)/(2a) with
a=tFtH)2, b= —[(E? = Sp t7t7)2 — 265ttty — (ttF e +t5t7e7%)? and ¢ = (t7t; )% The two solutions
become degenerate at b2 — 4ac = 0, indicating an absence of a Amoeba hole. Choosing the reference energy E at the
eigenenergy of one of the four chiral edge skin modes, it can be checked that

bty «
E=¢(k2): By(k2) =B-(k2) = g at Ir7,i(k2)r R i (k2) |ky=ks . = 1. (97)
1l2

As expected, the Amoeba hole closes when the corresponding chiral edge skin mode enters the bulk [compare Fig. 9 (a)-

3.0 i v 0.2

Re
.;‘ :
ImFE

! | it ~02.
n 37" 2 0 g 3—2" 27 0
k2 k2 k2

b z z
2 2 2

FIG. 9. Spectrum properties of NH Lieb lattice on a cylinder at = flux. (a) Complex energy gap closings between chiral edge
pairs and bulk skin modes. CEP; and CEP; correspond to the edge modes at i = 1,3 or equivalently (+,+) and (+, —);
(b)-(c) Real and imaginary energy spectra at ReE > 0 of bulk skin modes [(+, +) mode in blue and (4, —) mode in light green]
and two chiral edge skin modes (in red and dark green). We take a system size Ny = 26 (N2 = 200) along the OBC (PBC)
direction. The parameter path follows the orange arrow in Fig. 8 (a). For each edge skin mode, there are two solutions (red
and dark green dashed lines) to |r7, ;(k2)rr,i(k2)| = 1 over k2 € [0,27), accompanied by a jump of 2 in generalized biorthogonal
polarization. Across these transition lines, the complex energy gap closes and the chiral edge mode enters the bulk.
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FIG. 10. Generalized Amoeba on a cylinder as a function of k2 in the NH Lieb lattice at 7 flux. In (a), the reference energies
are chosen at the eigen energies of two CEPs, the codimension of which becomes zero at given k2. Along the same parameter
path as the orange arrow in Fig. 8 (a), their Amoeba hole closes where the polarization jumps, both predicting a complex gap
closing with the bulk. In (b) and (c), we take the reference energy from the spectrum of the chiral edge mode (4, +) belonging
to CEP1. At I' points (gray), given by I' = (k2.c, ptc), e = log(|r|) and |77, (k2,c)rRr; (k2,c)| = 1, the Amoeba hole disappears
and the Ronkin function descends to a single mininum. The integral grid for the Ronkin function takes a size M; = 100. We
choose Ny = 200 unit cells in the PBC direction of the cylinder.

(b) with Fig. 10 (a)]. The transition is accompanied by a jump of polarization, demonstrating the consistency of the
two approaches for predicting gap closings of boundary modes of codimension zero. Moreover, the center of the
Amoeba hole is located at p. = log|r| linked to the imaginary momentum shift in the GBZ. Fig. 10 (¢) also shows
the Ronkin function descends quickly from a line of minima to a single minimum at (ks ¢, ft.) where the Amoeba hole
disappears.

To conclude, from the simplest example on a cylinder, the biorthogonal polarization and the Amoeba formulation
we generalize to hybrid boundary conditions prove to be robust analytical tools to study the interplay between the
bulk and higher-order boundary skin modes. The introduction of 7 flux with the magnetic field enriches the phase
diagram and creates more diverse types of chiral edge skin modes, as well as more intricate structure in the NH bulk
flat band, which leaves possibilities for future exploration.
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