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NONLINEAR SCHRODINGER-POISSON SYSTEMS IN DIMENSION TWO:
THE ZERO MASS CASE

FEDERICO BERNINI, GIULIO ROMANI, CRISTINA TARSI

ABSTRACT. We provide an existence result for a Schrodinger-Poisson system in gradient form, set in
the whole plane, in the case of zero mass. Since the setting is limiting for the Sobolev embedding, we
admit nonlinearities with subcritical or critical growth in the sense of Trudinger-Moser. In particular, the
absence of the mass term requires a nonstandard functional framework, based on homogeneous Sobolev
spaces. These features, combined with the logarithmic behaviour of the kernel of the Poisson equation,
make the analysis delicate, since standard variational tools cannot be applied. The system is solved by
considering the corresponding logarithmic Choquard equation. We prove the existence of a mountain
pass-type solution via a careful analysis on specific Cerami sequences, whose boundedness is achieved by
exploiting an appropriate functional, obtained by evaluating the energy functional on particular paths.

1. INTRODUCTION

We aim at investigating existence of positive solutions of the planar Schrédinger-Poisson system in
gradient form given by

(1.1)

Sdu=of) W
~A® =27F(u) in R?

where f is a positive continuous nonlinearity with subcritical or critical growth in the sense of Trudinger-
Moser, and F(t) := fé f(s)ds. The main goal is to face the combined difficulties of working in the limiting
setting of the Sobolev embeddings and the fact that in the first equation of (I.I]) the mass term is missing.
This makes the problem challenging, not only for the variational approach, but also in the choice of a
nonstandard functional framework.

Schrédinger-Poisson systems of the form

~Au+V(x)u=Sf(u) inRY,
—A® = F(u) in RY,

with a potential V' which is usually positive, are of great importance in several fields of physics, since they
serve as models for the interaction of two identically charged particles in electromagnetism, as well as
for the self-interaction of the wave function with its own gravitational field in quantum mechanics; they
appear also in the Hartree theory for crystals, and in astrophysics in the study of selfgravitating boson
stars; for the physics background we refer to [4,[34] and to the references therein. From a mathematical

(1.2)
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point of view, they are interesting since they can be analysed by variational techniques. Indeed, one may
(formally) solve the Poisson equation in (II]) by means of the Riesz kernel

(o) pee N >3,
XT) =
N Linl ifN=2

|z

where Cy is an explicit positive constant, and consider
Du(a) i= (K + F()) (2) = [ Knla = 9)F(uly)dy.

Substituting it in the first equation of (L2]), one may rewrite the system as a Choquard equation, that is
an integro-differential equation of Schrodinger type with a convolutive right-hand side:

(1.3) —Au(z) + V(z)u = (Ky * F(u)) f(u) in RY.

Besides the evident advantage of the reduction to a single equation, since the system (2] is of gradient
type, if N > 3 the equation (I13) is variational in the Sobolev space H!(R¥) thanks to the Hardy-
Littlewood-Sobolev inequality (Proposition below), provided suitable polynomial growth conditions on
f are fulfilled. In this respect, there are a huge number of works about Choquard-type equations, especially
from the last decades, and we refer to the seminal works [15,[16l35,36] and the references therein. The
planar case N = 2 is more delicate because of the interplay between the logarithmic behaviour of the Riesz
kernel, and the exponential maximal growth of the nonlinearities, due to the Pohozeav-Trudinger-Moser
inequality in the full space proved by Ruf [42], see also [§]. The first attempt of considering this case is to
be referred to Stubbe [45] and later on formalised by Cingolani and Weth [I9,20]: they set the problem
in a constraint space which takes into account in the seminorm a contribution of the logarithmic kernel.
This analysis, which is peculiar for the case of a linear coupling in the system, namely f(u) = v in (L2,
was then extended for the general case of a nonlinearity with critical exponential growth in [14]. Taking
indeed into account the behaviour at 0 of the nonlinearity, and by means of a log-weighted version of the
Pohozaev-Trudinger inequality, a proper functional setting was found, in which the functional associated
to (3] turns out to be well-defined. We also point out that the sharp version of such inequality has
been recently obtained in [46]. The approach in [I4] was then generalised for Choquard equations with
weights in [9] and for quasilinear Schrodinger-Poisson systems in [7]. A different approach was recently
proposed in [33]: here, instead, the underlying functional space remains H'(R?), while the logarithmic
kernel is uniformly approximated by polynomial kernels. For further developments of this method we
refer to [ITHI3], also in quasilinear fractional contexts.

All the above works deal with Choquard equations of the form (I3]), where V' is a nontrivial potential.
The special case of an identically zero potential, the so-called “zero-mass case”, emerges in some physical
context, e.g. in the nonabelian gauge theory of particle physics, such as the study of the Yang-Mills
equation, see [27]. The main difference with the “mass-case” lies in the natural framework in which such
problems are studied, namely the homogeneous Sobolev spaces D(l]’2(RN ) defined as the completion of
C>(RYN) with respect of the L?-norm of the gradient. In the higher-dimensional case N > 3, in light of the
critical Sobolev embedding into L% (}RN ) with 2* = %, such setting is appropriate for both Schrédinger
and Choquard equations of the kind

(1.4) —Au= (Ky* F(u)) f(u) inRY,
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as shown e.g. in [IH3l[5]. However, if N = 2, not only any embedding into Lebesgue spaces is out of reach,
but also one cannot distinguish in Dé’z(RZ) between functions which just differ by constants. In this
framework only few results are available for Schrodinger equations and Choquard equations of the kind
(4] with Ko = % In ‘—1‘ On the one hand, one may try to tweak the operator, so that the corresponding
natural space recovers good embedding properties in Lebesgue and Orlicz spaces: this is the strategy used
in [10,21] for the Schrodinger case, and in [22,40,[41] for the Choquard case with both polynomial and
logarithmic kernels. On the other hand, for equations with zero mass driven by the pure Laplacian, the
results available in the literature [I7\[18,47] cover just the linear case f(u) = u in (I.4]) (up to adding local
nonlinearities) since the approach of [19,/45] is pursued. However, as remarked in [17],

“it is really interesting to observe how remarkable the impact of the logarithmic integral
kernel In |x| is, because it allows us to establish much richer and better existence results
than those available for other elliptic equations, in spite of its sign-changing and unbounded
properties”.

Indeed, differently from the Schrédinger equations with zero mass, the presence of the logarithmic kernel
combined with f(u) = u allows to recover H'(R?) as suitable functional framework, thanks to a careful
splitting in positive and negative part of the logarithm (see ([B.2]) below).

Main goal of this paper is to extend the existence results in the zero-mass case of [I7,[I847] in the
direction of [I4], that is aiming at considering the general case of a nonlinear function f, and covering both
the cases of subcritical and critical growth in the sense of Ruf’s inequality. To this aim, several difficulties
need to be faced: first, the unusual functional setting, which does not appear in the above cited works
because of the linear behaviour of f; then the analysis on Cerami sequences, which arise from the mountain
pass geometry of the functional associated to (L)), is largely affected by the possibly exponential growth
of the nonlinear terms and, in particular in the critical case, it is very delicate; eventually also the final
proof “a la Lions” of the existence theorem is pretty non-standard and rather technical. Finally, we derive
from our results for the Choquard equation the corresponding for the Schrodinger-Poisson system (III)
in a suitable functional setting in the spirit of [7,[40]. We stress that this step is often neglected in the
literature by just considering it as “natural”: here it finds a rigorous justification.

Before stating our main results, let us specify the growth conditions we are assuming on the nonlinearity.
Throughout the paper we suppose that f € C1(R), f(s) > 0 as s > 0, while f(s) = 0 for s < 0; moreover
it satisfies:

(f1) f(s) < sP~ ! as s — 0 for some p > 2;

and either is subcritical or critical in the following sense:
(fse) for any a > 0, SEIJPOO f(s)/eo‘Sz =0 and for some C > 0, f(s) > CsP~! as s — +00;
(fe) there exists ap > 0 such that

lim f(s) :{0 ifa>a,

2 .
s—4o0 e +o00 Ina<a.

Under such conditions, and in particular in light of the behaviour near 0 given by (f1), we are going
to see that the functional setting in which it is convenient to look for solutions of the Choquard equation
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associated to the system (L), namely
(1.5) —Au+ (In|-|*F(u) f(u) =0 in R?
is

DY2IP(R?) := Dy*(R%) N LP(wdz),

where the weight function w(z) := In(b + |z|) with b > 1. Note that this space, which corresponds
to the intersection space H'LP (R?) detected in [I4] for the study of the same Choquard equation with
positive mass, gathers all important features of our problem: the absence of mass since we are dealing
with the homogeneous Sobolev space D?(R?), the nonlinear behaviour of f, and the logarithmic kernel
in the weight. We will see that this space enjoys good embedding properties, in particular exponential
nonlinearities are allowed. We are therefore lead to the following definition:

Definition 1.1 (Solution of (IH)). We say that u € DY2LP (R?) is a weak solution of (LH) if
1
Vu -V d:E:/( In ——F(u d> u(z))p(x)de
[ v Vede= [ ([ " Faw)d) e

for all ¢ € DM2LP (R?).

Of course, in order to prove existence for (LO), we need some further assumptions on f, which are
gathered here:

(f2) there exist C > 7 > 0 such that 7 < ZELE) < ¢ for all s > 0;

f(s)?
F(s)f'(s) . . d F(s)
(f3) SEIJZIOO ()2 = 1, or equivalently SETOO e ) =0;
3
F
(f1) EIJP i f(;?) 2(8) > B>V, where V will be explicitly given in ([34]);
s o0 e Qs

(f5) f'(s) = sP~2 as s — 0 and there exists o/ > 0 and s’ > 0 such that f'(s) < e®'s” for s > 5.

We postpone to Section 23] a detailed list of consequences of our assumptions. Here we just emphasise
that (f2) implies an Ambrosetti-Rabinowitz condition and the monotonicity of f; (f3)-(fa) will be used in
the analysis of the boundedness of Cerami sequences when dealing with critical nonlinearities, the latter
being related to the deFiguereido-Miyagaki-Ruf condition in [23] and used to prove a fine upper bound for
the mountain pass level in Section @ (f5) is a mild condition about the growth at oo of the nonlinearity,
which well agrees with both (fs:)-(fc), and will be exploited in the conclusive compactness argument in
Section [Bl

Our main result reads as follows.
Theorem 1.2 (Existence for (LA). Suppose (f1), (f2), (fs) hold, and either

i) [ is subcritical as in (fsc),

or

it) f is critical as in (f.) and (f3), (f1) are fulfilled.
Then there exists a positive solution to (L)) in the sense of Definition [
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Once we have found a weak solution of the logarithmic Choquard equation (L5]), we can go back to
the original Schrodinger-Poisson system. First, we need a precise meaning of solution for (L.).
The weighted Lebesgue space Ls(R?), s > 0, is defined as

L®) = {ue L@ [ 1]

21 + |IIJ‘|2+25
Definition 1.3. For { € S'(R?) we say that a function ¢ € L1(R?) is a solution of the linear Poisson
equation —A®P = § in R? if

dz < +oo}.

/Rz P (—Ap) = (f,¢)  forall p € S(R?).

Definition 1.4 (Solution of (LI))). We say that (u,®) is a weak solution of the Schrédinger-Poisson
system (L)) if

/ Vu-Vedx :/ Df(u)pde

R2 R2
for all ¢ € DY?LP(R?), and @ solves —A® = 21 F(u) in R? in the sense of Definition [L.3.

Theorem 1.5 (Existence for (LI)). Under the conditions of Theorem[I2, the Schridinger-Poisson system
(TI) possesses a solution (u,®) € DY2LP(R?) x Ly(R?) for all s > 0 such that u is positive and $ =

b, ::1n|—?| * F(u).

Remark 1.6. It is worth to point out that:

(1) this work can be seen as an extension to the zero mass-case of the results in [14)], to the general
case of a nonlinearity with possibly exponential growth of the results in [17,[18/47], and to the pure
Laplacian case to those in [{0];

(2) it is sufficient to prove the existence of a nonnegative nontrivial solution of (LH) in order to
retrieve its positivity by the strong maximum principle for semilinear equations, see e.g. [38,
Theorem 11.1].

Overview. In Section 2l we describe the functional framework in which it is convenient to set our problem,
discuss our assumptions, and collect some useful results. The variational framework is then described in
Section [B] where we show the mountain pass geometry for the energy functional, while the existence of
special Cerami sequences, and their boundedness is detailed in Section [ we stress that these arguments
turn out to be a delicate matter. After some careful mountain pass estimates, the proof of the existence
for the log-Choquard equation (LX) is given in Section B Finally, in Section [6 we derive from it the
existence result for the Schrédinger-Poisson system (LII).

Notation. For R > 0 and 2y € R we denote by Bgr(xg) the ball of radius R and center zy. Given a
set 2 C RY, we denote 2¢:= RV \ 2, and its characteristic function by x. The space of the infinitely
differentiable functions which are compactly supported is denoted by C°(RY), M(R¥Y) stands for the
space of measurable functions in RY, while S is the Schwartz space of rapidly decreasing functions and S’
the dual space of tempered distributions. For p € [1, 4+00] the Lebesgue space of p-integrable functions is
denoted by LP(RY) with norm || - ||,. For ¢ > 1 we define its conjugate Holder exponent as ¢ := q%l. The
symbol < indicates that an inequality holds up to a multiplicative constant depending only on structural
constants, while f < g means that ¢; f < g < cof for some ¢, co > 0. Finally, 0,(1) denotes a vanishing
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real sequence as n — +o0o. Hereafter, the letter C' will be used to denote positive constants which are
independent of relevant quantities and whose value may change from line to line.

2. FUNCTIONAL SPACE AND PRELIMINARY RESULTS
2.1. The space D*2LP (R?). Let us define the linear space
D'(R?) = {u € L}, (R?) | Vu € L*(R?)?}

with seminorm ||V - ||2. Note that, by the unboundedness of the domain, this seminorm cannot control
the L?2-norm of the elements of DV2(R?), and therefore D%?(R?) D H'(R?). To retrieve a normed space,
one need to introduce the relation ©u ~ v < v = u + ¢ with ¢ € R, and define the quotient space
D'2(R?) := {[u] |u € D"?}, which turns out to be a Hilbert space with norm ||V - |2 (see [26, Lemma
I1.6.2]). On the other hand, one may also introduce the space

Dé’2(]R2) := completion of C°(R?) w.r.t. ||V -]2.
By [26, Theorem II.7.5] the two spaces are isomorphic: D(l]’2(}R2) = DL2(R?).
In order to find a suitable variational framework for the system (I1l), for p > 2 and b > 1 we define
LP(R?) := [P(R? wdx) := {u € M(R?)||jull+p < +00},

where the weight function w is given by w(x) := In(b + |z|), and

1
fulloyi= ( [, bl o+ fal)dc) "
R2

DY2LP(R?) := DY(R?) N LP(R?, wdx),

and we consider the space

with norm

| = [/R Vul? dz + (/R lul? In(b + |x|)dx)%] -

Note that, by the choice of b > 1, in DV2LP (R?) it is possible to control the p—norm by the seminorm
|w]|sp- Indeed,

(21) July = [, @)l do < (ud)™ [ o+ fal)fu(e)P do = () ful?,, .
R2 R2 ’
Therefore,
DY(R?) N LP(R?* wdx) = DV*(R?) N LP(R?) N LP(R? wdx),
and so, since C°(IR?) is dense both in D(l]’2(R2) and LP(R?), we have the characterisation
DY2(R?) N LP(R*wdz) = DY?(R?) N LP(R?) N LP(R?,w dx)
= D}?(R?) N LP(R?) N LP(R?,w dz) = Dy*(R?) N LP(R?, wdz).
Furthermore, by [30, Theorem 1.11] D2LP (R?) is a reflexive Banach space, whose dual is given by

(2.2) D_172L£(R2) = (D172(R2) N Lg(Rz)), = D_172(R2)‘D—1,2LP + Lp/(Rzﬂ'd dx)’D—Lsz )
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since (Lg(RQ))/ = L (R?,wdz), see [44, Theorem 14.9], and [26, Theorem I1.8.1] for the representation
of the space D~12(R?). Let us state now important embedding properties of our space.

Lemma 2.1. The space X := DV“2LP(R?) is compactly embedded in LI(R?) for all ¢ > p.
Proof. The embedding X — LP(R?) is a consequence of (ZI). Let now g > p, then by Proposition
below (applied with j =0,m =1,r =2, N = 2,q = p) we have
) a—p
lullg < Cllullg [Vully*

which implies X < L4(R?), for every ¢q > p.

Let us now prove the compactness of these embeddings by relying on the Riesz criterion, see [39, Theorem
XIII1.66], which needs the continuity of the translation in the Lebesgue norm and a uniform decay at
infinity of the elements in X. To this aim, let S C X be a bounded subset, then it is also bounded in
Li(R?), ¢ > p. Let R >0, u € S and ¢ > p. Then, by Hélder inequality,

/ luf? dz < ”uug;_ll)p,/ luf? dz < © ful? dz,
{lel2R) {lel2R) (|2 R)

since (¢ — 1)p’ > p and the continuity of the embedding shown before. Moreover,

/ ”U,‘p dr < HUHZ’ZJJ c
{|=|>R} “In(b+R) " In(b+R)’
since u € S bounded in X. Hence, for ¢ > p, for any £ > 0 one can choose R > 0 large enough such that

(2.3) / |ul?de < e1.
Br(0)°

Let us now prove the continuity of the translation in L¢(R?). Since X C Dé’2 (R?), by density we can work
within C°(R?). Let u € C2°(R?) and h € R2. Following [6, Proposition 9.3] and defining 7,u := u(- + h),
by Jensen inequality we have

2
jue + h) - u(@)|? =

1 1
/h-Vu(a:thh)dt g\hlz/ |Vu(z + th)[* dt.
0 0

Integrating on R? and using the Fubini-Tonelli theorem,
1
Imva =l = [ fuo+ b~ u@Pde < 5 [ [ [Fu(o + ) dode = 12Vl
R o JR

Hence,

1
2

=l = [ Juter 1)~ u@)ftde < ([ Jute+ ) u@Pa do ) el
S (Imnullily) + llullst ) ) 1l Vulls
S 2lulfy ] 5

by the continuous embedding showed above, since p > 2 implies that 2(¢ — 1) > p for all ¢ > p.
The above inequality, together with (2.3]), completes the proof. O
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2.2. Useful theorems and inequalities. Since our nonlinearities are of exponential growth, we recall
here some important functional inequalities that we will exploit to control them. The first result is a
generalised Cao’s inequality in D2(R?) N L(R?) taken from [28, Theorem 1.1], which is a particular case
of the very general result obtained therein. Then, we report a Pohozaev-Trudinger-Moser inequality with
logarithmic weight in D%2LP (R?) from] [14].

Theorem 2.2 (28], Theorem 1.1). Let ¢ > p and A < 4w. Then there exists a constant C := C(p,q,\) > 0
such that for all w € DY2(R?) N LP(R?) with ||Vullz < 1 there holds

(2.4) [, itz < Clul.
RQ

If A\ > 4x, 24]) remains true but the constant C' is not uniform in u.

Theorem 2.3 ([14], Theorem 3.3). Let g satisfy assumptions (f1) and either (fsc) or (f.), and G(s) =
Jo 9(t)dt. Then, the space DV2LE (R?) embeds into the weighted Orlicz space La(R?, wdz), namely

/2 G(alu])In(b + |z|)dz < 400
R
for any u € DY2LP (R?) and any o > 0. Furthermore, for any o < 1/\/p one has

sup G (aful) In(b + |z]) dz < +oo.
[uf2<1 /R

Corollary 2.4 ([14], Corollary 3.4). For any o > 0 the functional
" l—>/ Glau))n(b+ |z)dz, ue DY2IE(R?),
R2
s continuous, where G is as in Theorem [Z.3.

Throughout the paper, we will make great use of the following well-known results: the Hardy-Littlewood-
Sobolev inequality (see [31, Theorem 4.3]), and the Gagliardo-Nirenberg inequality (see [37, Formula

(2.2)]).
Proposition 2.5 (HLS inequality). Let N > 1, p € (0,N), and s,r > 1 with % + & +% = 2. There
exists a constant C' = C(N, u, s,7) such that for all f € L*(RY) and h € L"(RN) one has

[ (5 + 1) e < CUslLIM-

Proposition 2.6 (GN inequality). Let N;m € N and u € LP(RY) such that D™u € L"(RY), where
q,r € [1,400]. Then, there exists a constant C := C(N,m,j,p,r,0) > 0 such that

(2:5) 1D7ully < CID™ullplull,

where j satisfies

' 1 1—-6 ]
_:l+9<__m)+—, foreveryjsuchthatiﬁﬁﬁl-
N r N P m

In particular:

INote that the space HX(R?) in [14] coincides with our D“2LZ (R?).
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e if j=0,rm < N and p = +00, then we need that either u vanishes at infinity or u € L*(RN) for
some s € (0,+00);

o ifr € (1,+00) and m — j — N/r is a nonnegative integer, then (235l holds only for 0 satisfying
L <ph<1.
-~ <

We end this section by recalling an abstract result from [25, Proposition 3.1] (see also |48, Theorem 2.8]
for the version with the Palais-Smale condition), which will be needed to prove the existence of bounded
Cerami sequences.

Proposition 2.7. Let X be a Banach space, My be a closed subspace of a metric space M, and Iy C

C(My, X). Define
f: {’y S C(M,X) Z’Y‘MO S F()}.
If ¥ € CY(X,R) satisfies

o0 > ¢ := inf sup ¥(y(u)) > a:= sup sup ¥(yo(u)),
~yel ueM Yo€Io ueMy
then, for everye € (0,%2%), 8 > 0, and y € I, with supyen Z(y(u)) < c+e, there exists u € X such that
o c— 2 <VU(u) <c+H 2,
o dist(u,vy(M)) < 26,
o (L+]lull ¥ (w)lg < 5%

2.3. Consequences of the assumptions. To end this Section, let us point out some immediate conse-
quences of (fy)-(f5) which will be of use in our analysis, together with some comments in this regard:

i) by (f1) and (fsc), for any r,a > 0 and sg > 1 there is C' > 0 such that

sP for s < sg,

T Cl{82

. < < .
(2.6) O_F(S)_C{se for s > sg

while, if (fs.) is replaced by (f.), the upper bound changes as follows: for any r > 0, a > «ap and
sg > 1 there is C > 0 such that such that

sP for s < s¢, sP~1 for s < s,

(2.7) O§F(s)§0-{ and ng(s)gC'{

s"e®”  for s > S0, s"e®”  for s > S0;
ii) by (f1) and (fsc) or (fc), there is C' > 0 such that for any s > 0

(2.8) F(s) > CsP;
iii) assumption (f3) implies that f is monotone increasing. Moreover,

dF@) _ [ - F)f ()
dt f(t) f2()

<l-—71,

from which one infers

(2.9) F(t)<(1—7)tf(t) forany t>0.



10 Federico Bernini, Giulio Romani, Cristina Tarsi

iv) (fs5) is related to the well-known de Figueiredo-Miyagaki-Ruf condition [23] and is crucial in order
to estimate the mountain pass level and gain compactness, see Lemma We note here that
such an assumption, which goes back to [24], avoids the prescription of a global lower-bound on F'
of the kind (2.8)) but with C' large enough: it is widely used in the literature but is not of practical
verification. A condition similar to (f5) appears also e.g. in [7,[14}[1740].

v) Examples of nonlinearities which satisfy the assumptions of Theorem are F(s) = sP and
F(s) = sPe® with p > 2 (concerning (fs.)), and F(s) = sPx{s<13(s) + sqe52x{321}(s) with ¢ > —2
(concerning (f.)).

3. THE VARIATIONAL FRAMEWORK

Formally, we can associate to the logarithmic Choquard equation (5] the energy functional Z :
D'2[P(R?) — R given by

(3.1) T(u) = %/R |Vu|2dx—|—%/R2 /R In |2 — y|F(u(2)) Fu(y)) dz dy .

The aim of this section is to show that Z is indeed well-defined and regular in the space DY2LP (R?)
described in Section 2l First, we state an identity which will play a crucial r6le throughout the paper:

b
3.2 Injle—yl=Inb+|z—y —ln(1+ )
(32) 2=yl =Dn(b+ |z — y)) p—

This splitting was first used by [45] with b = 1, and subsequently developed by [19]. In [I7,47] it was
applied with b > 1, and this allows for the embedding LP(R? w dz) — LP(R?) as shown in Section 2
According to ([3:2)), and following the approach of [19], we define the bilinear forms

(u,v) = Aj(u,v) = /R2 /R2 In(b+ |z — y|) u(z)v(y)dedy,
(u,v) — Ag(u,v) := /R? /R? In (1 + ﬁ) u(z)v(y) de dy,

(u,v) — Ag(u,v) = Ay(u,v) — As(u,v) = /]Rz . In |z — ylu(z)v(y) dz dy

Since b > 1 one has
(3.3) In(b+ |z —yl) <In(b+|z[+y|) < In(b+blz[+bly[) <In((b+[z])(b+]y)) = In(b+|z]) +In(b+][y]),
and we can therefore estimate the bilinear form A; by
(o) < [ b+ faDfut@)lde [ ol dy+ [ u@)lde [ n(b+ Do)l dy
(3.4) R2 R2 R2 R2
< lullsalolly + l[ullaflvll
for every u,v € L'(R? wdz). Concerning Ay, since In(b+7) < r for every r > 0 (with the strict inequality

if r > 0), then, by Hardy-Littlewood-Sobolev inequality (Proposition [Z1]), there exists a positive constant
C such that

(35) Aa(u) <b [ [ @) dedy 5 Jul ol
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for every u,v € L3 (R2). For F' € C(R), we also define the following functionals:
w D) = A (F(), F@) = [ ] 0+ o = y) Flu(@) Fu() dedy,
- 1) = A, F@) = [ [ (14 =2 Pl () ded
U o(u) := Ao (F(u), F(u = Joo R2n Epy u(x u(y))dxdy,

u > Ip(u) = Ag(F(u), F(u)) = /]R2 /]R2 In |z — y|F(u(z))F(u(y)) dedy .

Note that, if F'(u) > 0, then I;(u) > 0 and Iz(u) > 0. With this notation, the energy functional ([B.I]) can
be rewritten as

1 1
T(u) = 5 IVulld + 5To(w),

and we are going to prove that Z is well-defined in X := D'2LP (R?), see Lemma For the rest of the
paper we always use this notation to indicate our space.

Before going into details of the proof, we prepose an extension of Lemma [19, Lemma 2.1] to our
framework. It will be crucial in order to transfer estimates from the bilinear form A; to the norm || - ||, p,
since it will be mainly applied with ¢, = F'(u,) in combination with the lower bound (2.8]).

Lemma 3.1. Let p > 1, u € LP(R?)\ {0} and nonnegative sequences {u,}, C LP(R?) such that u, — u
a.e. in R? as n — 400, and {pn}n C L'(R?). Let moreover F € C(R) with F(t) > 0 fort > 0.

(a) If AL(F(up),¢n) < C and |onll1 < C for all n € N, then there exist ng € N and C' > 0 such that

lonlls1 < C for all n > ng.
(b) If A1 (F(un),¢n) — 0 and ||pplli = 0 as n — +o00, then ||ppll«1 — 0 as n — +oo.

Proof. Since u,, — u a.e. in R? and F is continuous, by Egorov’s theorem there exist ng € N, R > 0, and
d > 0, and a measurable set A C Bg(0) with positive measure, such that F'(u,(z)) > ¢ for all n > ng.
For z € A and y € R?\ B144)r(0) we have

1 1 1
b —yl >0 — >b 1—— =b|1l+ — > b(1 b+l
o=yl 2yl = ol 20+ (1= s ol =0 (14 5ol ) = b0+ )
by Bernoulli’s inequality. Hence,

Ar(F(un)n) > [

RA\B41)r

>0 ([ Plun(e)) do) ( i N CCRR I X0 dy)

| A| b

> In (b1 (1 +[yl)) ¢nly) dy
b+1 R2\B(441)r(0) ( )

> o oAl
b+1 R2\B(441)r(0)
S| A

> C——- %1 — nll1),
> b+1(”<,0n|’ 1 —In(b+ (b+1)R)|enll1)

[ 100+ 2 = ) F (@) nly) do dy
(0) /A

In (b + |y|) pn(y) dy
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having used the fact that 5**! > b > 1. This yields both (a) and (b), since then
b+1
n ||« ——A1(F(up),n) +In(b+ (b+1 nll1 -
nll < S AL Ctn)eion) + 100 + (b DR)onl
O

3.1. Regularity of the functional Z. Now, we move our attention to the well-posedness and regularity
of the functional in our space X = D2LP (R?).

Proposition 3.2. Under (f1) and (fs.) or (fc), the functionals I1,I,1y and T are well-defined and of
class C' on X, and

T(w)e] = [ Vu- Yo+ 240(F(u), f(u) = [ Vu-Vodz+ / (In|-| * F(u)) f(u)odz.
R R R
Proof. First, note that In(b+ |z|) > Inb > 0, since b > 1, implies that
(3.6) / Flu(z))de < (Inb)~ / In(b + |2|) F(u(x)) dz < +o0

by Theorem 23l Hence, from (34) it follows that
I (u) < 20 F ()|l 1 [|F(w)][y < +o0.
On the other hand, combining ([3.5]) with (2.6]) or (2.7 for r > %p > % > 1 and a > ap, one has

3
B(a) <P Sl + ([ llfreteraz)”
3 3P R2

(3.7) u O\ ga||u||2(|,v"” )2
: < Yu / ( ) ull2 )
IIUH A+ IVull3 e ol © z

3p 2 owr—3p  3p
S ullp"[[Vullz +C)[[Vully *Hlullz” < +oo,

by Proposition .6 and Theorem 221 Consequently, Z is well-defined in X.
Let now {u,}, C X be a sequence such that u,, — u in X, that is

Nl

(3.8) l|lwn — uH2 = ||Vu, — VUH% + [|upn, — uHip —0 asn — 4o00.
We have

) = B@] = | [ [ 100+ o = o) (Pl (@) F (1 () ~ Flula) F(ul) dody
< [0+ ) P () do / [Fun(y)) ~ Fu(y)| dy
+ [ b+ 1) [F(un(9) ~ Flu(w))] dy [ Flun(a
+ /R (b + [2]) | F(un(2)) = F(u(@)| dz [ Flu(y))dy
+/R n(

R2
b+ W) F () dy [ | 1F(n(a)) — Flu(a)| da
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and all four terms tend to 0 as n — oo, since the functionals [ F'(u) dz, [g2 F(u)In(b+ |z|) dz on X are
continuous thanks to Corollary 241
For any u € X, the first Gateaux derivative of I; at u along v € X is given by

Bl =2 [ [ b+ o~ o) Pla() £ (uy)o(y) dedy
By (B3]), we have
%!Ii y</ In(b + |z)F dx/ Fluy))vy)|dy
+/ In(b + |y|) f(u(y))lv(y \dy/Fu

< F @)l [l f (u )|| 2 ||U||p+||F( Ml @)l ol < o0
by Theorems 2.2 and [Z3] Now, let again {up}, C X and u € X be as in ([B.8]). We have

)] = BRI < [ 1000+ ) F(ute)) de [ 1£Gun() = £ (o)l dy
+ [ Fu) do /R , 1+ [y1) | (n (1)) =  w(u)|[o(0)| dy
+/ In( + |2) | Fun(z)) — F(u() ydx/ Flun()|o()| dy
+ [ 1PCn(@) = Flu(e)] do [ I+ [y)) (unw)lo(w)] dy
Recall now (3:8), and analogously
(3.9) / |F(un(z)) — Flu(z))| dz < (Inb)~ /lnb—|—|:17|)|F(un( ) — Flu(z))| dz = on(1)

by Corollary 224l Moreover, by Hélder’s inequality
[, @)l dy <€) [ o+ ) @)l dy S 1)l 2 ol < Clo]

and
L1 un() = Sl o)l dy < (6 [ a4 Iy £ () = F ()] o)l dy
S (un) = F@) |2 10]lep = 0n(D)]J0]],
since f is continuous. Combining the above inequalities, one 1nfers
1
5 M (un)lv] = i(@)l] < Clw)lv] on (1),

namely ] € C'(X). Let us now focus on Is. For {u,}, C X and v € X for which (338 hold, by (B.5]) one
has

b
() = B < [ [ (1 2 ) Pl )P (0) — ()] dy
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[ (1 ) PP @) = Fut)] dedy
S IF (un) = F(u)] 4 (HF(un)H% " ||F(u)||%) 7

and tends to 0 as n — +oo, since ||F(u,) — F(u)||a = 0,(1) as in B9), ||F(u)|ls < +oo as in ([3.6), and
3 3

||F(un)||% < C by continuity.

Computing the first variation of Iy at u € X along v € X we get

=2 [ [ (1 ) Pl fu)ot) de dy

1 /
1B < [ [ Pt )] de dy
S 1@ £ @y ol < IE @517 gl < +oc

by Theorem Analogously, for {u,}, C X and u € X as in (3.8]),

and so

1

5 1Bl = Bl £ (1)l () = £+ 1F () = F@) 7@l ) o]
which again tends to 0 by the above arguments. As a result, both I; and I are of class C! on X:
consequently, also Iy = I1 — I and Z have the same regularity. O

4. ANALYSIS OF CERAMI SEQUENCES

Usually, a mountain pass geometry of the functional (see Lemma [Z1] below) directly provides the
existence of a Cerami sequence, namely a sequence {u,}, C X such that

(4.1) Z(un) = Cmp, (L4 [un )2 (un)llx — 0,

which, by some compactness argument which exploits first the boundedness of such sequence in X, yields
the existence of a weak solution. In our case, however, the proof of the boundedness of the Cerami
sequence is not standard, and we need to improve the properties that such a sequence has. The abstract
result contained in Proposition [Z7] allows us to find a Cerami sequence with the additional property that
J(up) — 0 as n — +00o (see Lemma below), where the functional 7 : X — R is given by

(42) wis T(u) = 2 Vul — 2Lo(u) + 240(F(w), f(uh) — 3| P

The boundedness of {uy }y, in X will follow then by combining (£1]) and J(u,) — 0. This strategy, which
was first employed in [43] in the high-dimensional case, was implemented in the planar case by [17,25] in
the case f(u) = u. Here we need to extend it to the case of a general nonlinearity.

Let us first define
I'i={y e C([0,1],X) : 7(0) = 0 and Z(y(1)) < 0},
and the mountain pass level

(4.3) Cmp = igﬁtﬁ"‘[g’i Z((t))
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Lemma 4.1. Assume (f1) and (fsc) or (fc) hold. Then, the set I' is nonempty and 0 < ¢pyp < +00.

Proof. We start with a control from below of I;: since In(b+7) > Inb, for » > 0 and b > 1, it follows by

([2:8)) that
2
44) L) = /R I + |z — y|)F(u(@) Fluly)) dz dy > Inb </R Flu(z)) dx) > Clnblul.

Concerning I let us refine the upper bound proved in [37)). If f satisfies assumption (fs.) or (f.), then
by (26]) or (Z7), respectively, one has

U ir %QHU‘HQ(”VUH )2
I < ju o T Vu / (7) e w2/ dx
2(u) Sl H IVl 13" e \ vl

3p P or—3p. 3p
Sl IValld + [[Vally 2wl

w

having used Proposition on the first term and Theorem for the second, with the choice r > %p >
% > 1, @ > ag close to o (with a little abuse of notation, for ag = 0 if (fs.) is assumed) and having

required that %ozHuH2 < 4r. As a result, for any u € X with |lul]| < vV3ma~!, and choosing now r = p, we
get

3 P
(4.5) L(u) < [l Vull3 < +oc.
Hence, combining ([£4]) and (£E]), by Young’s inequality with v and v/ to be chosen later, we get

1 =¥y v
@0 Z(w) = S IVull + 1) o) = (51Vulf - SIvuld”) + (mbulr - S pel™).
Choosing v € (3, a 4p) ) which is nonempty since p > 1, namely

{1/ > g, if p>4,

vE (3,4 p), if p € (2,4),

we easily infer from (€G] that 0 is a local minimum for Z.
Let us now evaluate the functional Z along the fiber set {t?u(t-) : u € X,t > 0}. For a fixed u € X we
have

4
Tu) = 5 [ vu@ P+ [ e -yl F0u@) FPu) azay

t~Int 9
- (L ))dx)
For u € C2°(B1/4(0)), one then gets

t4 t_4 2
Z(u(a) < 5 [ Vu(@)f de - " (2 +1n) (/F )
R

4 n2+1
<5 [ IVul) ds - 220y () Iu|”d~””> —0
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as t — +o0o. Hence supoZ(t?u(tr)) < +o0o, and there exists t. = t.(u) > 0 such that Z(t2u(t.z)) =
max;~o Z(t?u(tx)). Now, the function v(t) = (ft)%u(ft-), with £ >> t, has the properties that v €
C([0,1],X), v(0) = 0, and Z(y(1)) < 0. As a result, v € I', namely I" # () and ¢, < +oc.

Since Z has a local minimum in 0 by (&G]), there exist a constant ag > 0 and p > 0 such that

I(u) > ap if ue S,(0):= {u € X :||Vul3 + ull2 = ,0}.

Let v € I, then ||[V(y(1)|13 + ||v(1)||3 > p, and by the mean value theorem there exists £ € [0,1] such
that ||[V(y(#))||3 + |[7(t)||3 = p. This means that v(f) = 0, hence Z(y(%)) > ag. Therefore,

sup Z(v(t)) 2 Z(7(t)) = ao > 0.
te(0,1]

Taking the infimum on I', we can conclude that c,,, > 0. d

With the help of the abstract result Proposition 2.7, we are in a position to prove the existence of a
specific Cerami sequence.

Lemma 4.2. Assume (f1) and (fsc) or (fc) hold. Then there exists a Cerami sequence {uy,}, C X at the
mountain pass level cp,, defined in [@3), such that

(4.7) T (tn) — 0.

1
Proof. Let X := Rx X be the Banach space endowed with the norm ||(s,v)|| ¢ := (|s|2 + ||v]|?)2. Consider
the continuous map p : X — X defined as
p(s,v)[z] == e®v(e’s), seR, veX, zcR?

and
W:=Top: X —R.

We compute
ws,v):ﬂp(s,v)):% L VetsoPda 3 [ [ il = ylF(os,0)la) Fo(s, 0)lo]) do dy
=5 / |Vve:n|2d:17—|—2/ / In |z — y|F(e*v(e’x))F(e*v(e®y)) dz dy
4s
=< / Vo2 da’ + S //m\x Y |F(e0(a))F (X o(y) da’ dyf
- <R2F< <>>dx)

By Lemma 3.2, ¥ is of class C' on X, therefore we can compute the partial derivatives of ¥. For s € R
and v € X one has

0s¥(s,v) :2645/ |Vo? dx—2e_4s/ / In|z — y|F(e*v(z))F(e*v(y)) dz dy
R2 R? JR?
27 [ ] e = ylF(ev(a) S (e 0(w))eo(y) da dy
R2 JR2
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+286_48(/ Fe2sv>2—e_4s< F(e25v>2—28e_48(/2F(e ></ f(e®v)e v>

_2648/ |Vol? m—2/ / In|z — y|F(e*v(e’s))F(e**v(e®y)) dz dy

1 2
+ 2/ / In|z — y|F(e*v(e’x)) f(e*v(e’y))e* v(e’y) dx dy — 3 (/]RQ F(e*v(ef a:))da:)
= J(p(s,0)),
where J is defined in (£2). On the other hand, for w € X, one has
W (s, v)[w] = 0uZ(p(s,v))[w]

= /R2 Vo(z) - Vw(z) dz — se™* < - F(e*v(z)) dx) ( o f(e®v(z))w(z) d:z:)
vt [ [ e = ylF(e @) S o(m)euly) dody

/ V(e*v(e®z)) - V(e*w(e*s’)) da’
—s ( . F(e*v(e’z ))dx') (/]RQ f(e®v(e*z))w(ez) dx')
+ /R2/ In|z’ — o/ |F(e*v(e®z))) f(e*v(e®y))e* w(e’y’) dz’ dy’

+s(/ F(e*v(e®s) )(/sz(e%v(ex)) (esx/)dx/>

:/ Vp(s,v) - Vp(s,w)da’

+ [ [l = 1 F (s, 0) @D o5, 0) [0 Dl )y e’ dyf
=TZ'(p(s,v))[p(s, w)] -
Hence, the first variation of ¥ at (s,v) € X along (h,w) € X is given by

(4'8) W/(S7v)(h7w) = I’(p(s,v))[p(s,w)] + j(p(s,v))h.

We are now going to apply Proposition 27 to the functional ¥. To this end, let I" := {5 € C([0,1], X) :
5(0) = (0,0), ¥(5(1)) < 0} and

4.9 ¢ = inf T(3(1)).
(4.9) ¢ ,;Eftg‘[éaf] (3(t))

With these choices, it follows that

and
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that is, I' = {po 4 : 4 € I'} and the values ([@3) and (@) coincide. Let now {7,} C I" be a sequence of
paths such that

1
sup I(’Yn(t)) S cmp + 9
t€[0,1] n

Defining 7, (t) := (0,7, (t)), which belongs to I", we have

~ 1
sup (3 (1)) = sup Z(ya(t)) < Cmp + —5 -
te[0,1] te[0,1] n

Hence, Proposition 2.7] applied with M = [0,1] and My = {0,1} yields the existence of a sequence
(Sn, vpn) € X such that

(a) ¥(sp,vn) — ¢,

(b) dist((sn,vn), {0} x 1n([0,1])) =0,

(€) (L4 [|(sns vn) L)' (s, vn)ll g — 0O,
as n — +o0o. We observe that @ implies

(4.10) s, +0 as n — 400.
Defining now u,, := p(sn, vy), by [()] we get
Z(un) =Z(p(Sn,vn)) = ¥(Sp,Vn) = Cmp , a8 N — 00
while, taking h =1 and w = 0 in (48], from we also infer
T (un) = T (p(sn,vn)) = 0

as n — 4o00. To obtain the last required property, observe that for a given v € X, defining

w, = e Fny(e”m),
(#10) allows to show that

[wnl* = [[Vwnllz + [[wnllZ,,
1
_ —6sn —Sn 2 —2sp —Sn p P
—e / V(e a2 dz + e (/ (b + |a|)|v(e="2)| dx)
R2 R2

1
(4.11) = ¢ 4sn / Vo(z)[2 dz’ + e (55) (/ In(b+ es”|$'|)|v($')|pd$'> ’
R R

1
= (14 on(1) [, V()P da’ + (1 + 0a(1) (/ b+ e |2’ o(a) P d:/) '
R R
= (14 ou ()0l + on(1) 0|7,
as n — 400, where in the last step we used the fact that

(1—e™)lz]

mw+aﬂmoém@+m*““0+ b+ lal

) <lnb+|z|) +In(1+ (1 —e°")).
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Analogously one can show that |[v,|| = (1 4 0,(1))]|un||, therefore, on the one hand, by (@8] with A = 0
and ([I0), one infers

(14 1 )l (S0 0) (0, w0) | = (14 (1802 + [[00 ) 2)IT (051, 00)) (510,200
(4.12) = (1 +0,(1) + [Jonll) [Z' (un)v]
= (14 0n(1) + (1 + on(1)[Jun ) [T (un)v|,

while, on the other hand, by (411,

(L + [[(sns v I (875 v2) (0, wi )| < (L [[(8m5 0n) [ )1 (80 v0) |2 0|
1) = 0, (1)(1 +ou(D)]o]
Combining together (AI2)-(ZI3]) we deduce

(14 0n(1) + (1 + on (1)) Jun[D) 1" (un) | x+ — O

as n — 400, which readily implies
(14 [luall) 17" (un) | x» — 0

as n — +o0o. O

The extra property (£7]) obtained in Proposition is crucial to prove the boundedness of a Cerami
sequence in X, as shown next.

Lemma 4.3. Assume (f1), (f2) and (fsc) or (fe) hold. Let {un}n C X be a sequence such that
(4.14) Z(un) = emp, (L4 |unDIIZ (un)llxr = 0, T (un) — 0.

Then, {un}n is bounded in X. Moreover, there exist Cy,Cy > 0 such that
(4.15) )l = | [, [ 1o+ o~ 4D (un @) Flun () dody| < €

(@16) A F ). fnun) = | [ ] 0+ o = ) P2 (n ) 0) iy < C

Proof. We first show that {Vu,}, is bounded in L?(R?) by combining the information on Z and its
derivative, following the strategy of [I4, Lemma 6.1]. To this aim we introduce the sequence

I;((Z")) if u, >0,
Uy 1= n
(1—71)uy, if u, <0,

for which, by &3), |v.| < (1 — 7)|un| hold, hence {v,}, C LP(R?). Moreover, a simple computation

shows that /
()= - )
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therefore (f2) implies |Vv,| < C|Vu,|, from which {v,}, € D?(R?) and in turn {v,}, C X. Therefore,
they may be used as test functions for Z'(u,) € X', obtaining

2 F(un)f/(un) )
/{unzo} V| (1 ST ) F(1-7) /{MO} V|

+ /{unz()} (In |- |5 F(un)) £ (un) + (1 — T)/ (In| - | % F(un)) f(un)tn

{un<0}
= 12" (un) [va]| < 17" (wn) L lonll S 12 (un) | x ]l = 0n(1) -

Since f = 0 on R™, the last term in the left-hand side is zero. Combining this with Z(u,) — ¢y, one
infers

IVunl2 — 2emp + on(1) = /R <ln ﬁ ) F(un)> Fuy)

fo o (1 EGEE ) £ 0 [ oot
< (1= 7)[Vunl3 + on(1),

from which it is easy to obtain

(4.17)

2Cmyp

(4.18) [V, |3 < + op(1).

This, together with the first two conditions in (£14]), yields
[, [ 1m0 = D F (o) F () do dy| < €
R2 JR?

(@20 JAo(F () )| = | [ [ 1nlle = gD (@) () n(0) dody| < Co.
Using (4I8)), (£19), and (£20), the condition J(u,) — 0 directly implies

(@21 i <0 ([ P <.

where the first inequality is due to (2.8)). In light of (@21 and (£I8]), {I2(un)}, is bounded thanks to
(#35). Recalling the decomposition Iy = I — Io, this and (£19) imply (£I5). The bound (ZI6]) follows
by similar arguments using Ao, Ay, A2. The uniform boundedness of |luy|«, is then a consequence of
Lemma B.1i(a), applied with ¢, = F(u,), and (2.8). O

Remark 4.4. Thanks to Lemma[{.3, from now on we can always suppose that Cerami sequences at level
Cmp verifying @I4) are nonnegative. Indeed, u,, := min{u,,0} € X and u;, <0 and thus, recalling that
f =0 onR™ by assumption, one has

V0 1 = 1V 3 + [ Qn - [ Fua)) )y

= Z'(un) [t ] < ||Z' () || x7 ey [| = 0n (1)

since ||u, || < |lup|| < C by Lemma [{-3. This implies that u,, — 0 in X as n — +oo and therefore that
{u}}n is a Cerami sequence of T at level ¢, which henceforth we will simply denote by {up }p.

(4.19) Lo (un)| =
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4.1. Mountain pass level estimate in the critical case. Under assumption (fs.) the boundedness
of the Cerami sequences is enough to proceed with the main existence argument, see Section [B], since
uniform estimates of the nonlinear terms may be deduced by (2:6]) by choosing a suitably small exponent
«. This of course is not the case when we are dealing with critical exponential nonlinearities, and we need
to prove that under (f.), and in particular taking into account (f;), the critical mountain pass level is
below a noncompactness threshold. To this aim, let us introduce the usual Moser sequence

Vinn for 0 < |z| < 2,

o) - L e/l
SR R

for 2 < |z| < p,

0 for |x| > p.

It is easy to see that ||Vwy|2 =1 for all n € N, and that
[@allZ, = [ tnfo-+ fal) P do
By

om)l=% p
7( ™) p2 / In? (2) In(b+r)rdr
Inn)2 Jo/n

P » p? P
< (271)1_5(11171)5%—’;[)/”)—!-(277)1_%111(1)7—’_5)/ 1nP? (é) rdr.
2n (Inn)z Jo/n

The last term in the previous expression can be estimated as follows. On the one hand, for k € N,

/r‘2 K y —_ “ e 7
/lﬂk(f) rdr=< z:%) (In(2))F~7 k(k —1) 2j(k‘ j+1)

On the other hand, since p may be an integer or not, a rough estimate reads as follows

, , P°[p]! pl+1
/p/n WP (2)rdr < /p/n{ln[p](’;’) £l (@) rdr = 2[pg+]1 (1 ! ]2 ) + on(1),

so that eventually

Inn

s (10 257)] o (55)

Hence we normalise the Moser sequence {wy, }, by defining

~ 1

where

hSEIN

In# (b + p)

2

P
4.22 = pr—
(4.22) On = pP =y

T
4.23 hi= —2n L eN.
(4.23) W= A "
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Lemma 4.5. Under (f1), (fc). (f2), (f1), one has

4.24 mp < — -

(4.24) Cmp a0

Proof. The proof follows the same arguments of [I14, Lemma 5.2]. We claim that there exists n such that
2m

(4.25) I{lgg{I(twn) < o

Let us argue by contradiction and suppose this is not the case, so that for all n let ¢,, > 0 be such that

2T
(4.26) I{lgg{I(tw ) = Z(tnhwy) a0
Then t,, satisfies
d
— Z(tw,) =0
at ,_, T
and
1
(4.27) t2 > /2 [ln T * F(tnwn)} tnwn f (thwy,) da,
R .
4 1
(4.28) 2 > il +/ {ln — % F(tnwn)] F(tywy)dx.
aop  Jr2 |-

Note that in ([@27) we have an inequality instead of the equality since in the energy functional it appears
only [|[Vw,||3 < ||ws|/?> = 1. From now on let us suppose p < 1/2. This will simplify a few estimates,

since for any (z,y) € supp w, X supp w, we have |z —y| > 1, and in turn In(1/|z — y|) > 0. Let us now
proceed in three steps.

Step 1. The following holds: limsup,,_,, . t2 > 47 /ay.
Let us assume by contradiction that limsup,, t2 < 47/ag: this implies that, up to a subsequence, there

exists a positive constant d such that t2 < 47 /ag — &g for n large enough. Since p < %, for any |z| < p,

the set {y : | —y| > 1,|y| < p} is empty. Recalling that the functions w,, are compactly supported in
B,, we have

J.

and thus a contradiction with (Z.28]).

1
|z — y|

F(tnwn(:p))F(tnwn(y)) dzdy >0

hai « F(thwy,)| F(tywy)de :/ / In
- B, Jle—yl<1

Step 2. The following holds: liminf, . 2 < 47/ag.
Let us suppose by contradiction that liminf, . t2 > 47/ag. Hence, up to a subsequence, there exists
a constant oy > 0 such that

4
t%Z—W+50
g
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as n — +o0o. Let us estimate from below the right hand side of ([£27]) (taking into account the possible
negative sign of the logarithmic function):

/2 In F(tnwn)} tnwn f (tpwy,) dx
R
1
= In
(4.29) {lzl<2, yl<2} |z —yl

1>k
-]

F(tnwn (‘T))tnwnf(tnwn(y)) dzdy

1

v w

R2xR2\{|2|<2, [y|<2} [T — Y|
=T +1T5.

F(tnwn (‘T))tnwnf(tnwn(y)) dzdy

Thanks to (f4) we have for any € > 0 (here we choose € = 3/2),
/8 — € 200082 /8

sf(s)F(s) > —5—e =532 ezo‘osz, for all s > s, = s5.
S S

By the very definition of w,, (see ([£23))) and since |z —y| < 2p/n < 1, for n large enough we can estimate
I, as follows

le/ t wnf nwn dy/
B

p/n p/n |x_y|
\/lnn Vinn 1 Vinn
= flty— dy/ In——F|t,————| dx
\/27‘(’ V2r(1+6,) V2m(1 4+ 0p,) |z — y| 2m(1 4 0p)

aot [r(140n)]~
> 2
- 7TﬁZozoﬂ[ (1+9,)] llnn/p/n /p/n |x—y|
da; > |B

4
/ dy/ ]21n£:772 (B) In -
Bo/n Bo/n 2p n 2p

F(tywy)dx

Since

p/n

we obtain

ol lmA+6)] Ol dplg (20t inn
4. > 1 > T 140n

(4.30) ™p /804 ot2[m(1+4,)] tnn n2p ~ pt?
for any n > n(p, §). Note that since p < 1/2 we have

T5 > 0.
Now, combining (£.27]), (4.29) and (4.30]) yields
/8 (ao £ 4) Inn

which is a contradiction, either if ¢, — 400 or t, stays bounded with t2 > i—g + dg. The proof of Step 2
is then completed. Observe that, as a consequence of Step 1 and Step 2

9 4m
t, — — asn— +0o.
Qg

(4.31) T

Qo
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Moreover, as a byproduct of (Z3T]), we also have

20 —4) Inn
e(’r =z <C

)

for some C' > 0, that is

(4.32)

o dn, O _dn oL
146, " a Inn o

Inn

Step 3. We are now in a position of getting a contradiction and determine the quantity V which appears
in condition (f;). We have proved that t2 — 47 /ag. Moreover, we also know that 2 > 47 /aq by ([@28)).
By (4.31]), recalling the definition (IEZD of 0, we have

2 a0 tn _ 3 4 .
<4_7T) +on(1) ztiﬁz il (4 1)1nn> TPB g-isfty nn

Qg Qg e

LS1IN)

4 2, 2
w28 P mD b (ore)| gy (14 25) | " ron)

Qo

| \/

Passing to the limit, we obtain

2

E 2_ 2 ! P
(433) 167'('2 > 7T3p46 e_pp (2m)P ! InP (b+p) {%(14_ [P];l)} ’ )
a% T oo

Now set in assumption (fy)

o

2
16 z|P (27 _711n b+|z [] [p]+1
(434) V= |m|12f/2 04071-’ ‘ 4 | Ip( ) (b I){ p+1( 3 )}

)

a quantity which is actually a minimum, since the right-hand function is continuous and unbounded as
|z| — 0 . Finally, since 8 >V, we can fix p € (0,1/2] such that

iS1IN)

16y b d 0en) [ (11222

B>—p
aoT
to get )
43 —p%(27r)%711n%(b+p)|: [[I]’]‘ ( +[p]+1)} .
ap 7o
which contradicts (£33]) and, therefore, (Z26]). This shows that (£25]) holds, and in turn ([@.24)). O

To avoid trivial solutions, in showing existence we will need to prove a result ¢ la Lions (see Section
below). To this end, in the spirit of [14, Lemma 6.3], we need to improve the integrability for F'(uy,),
where {uy,}, is the Cerami sequence given by Lemma [.2] since this will enable us to uniformly control
the terms appearing from an application of the Hardy-Littlewood-Sobolev inequality. Here the mountain
pass level estimate given by Lemma plays a crucial réle. Unlike [I4] Lemma 6.3], we cannot apply
Ruf’s version of the Trudinger-Moser inequality in H'(R?) because of the lack of the mass term in (LH);
however, since our space X C LP(R?), we will make use of the refinement of Cao’s inequality in Theorem
2.2)
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Lemma 4.6. Assume (f1) — (f4) and (f.). Let {un}n C X be a nonnegative Cerami sequence for T at

level ¢y < i’;, which is bounded in X. Then, for any v € [1 ) the following uniform bound holds

) aoc
Sup/ (F(up))’de < +00.
neN JR?2

Proof. Since {uy,}, is bounded in the reflexive space X, there exists u € X such that u, — u in X, which
implies and that, up to a subsequence, the convergence is strong in L(R?), for ¢ > p, and a.e. in R?
thanks to Lemma 21 Let us define the function

(4.35) / J 22 Fis)

which is well-defined and C! thanks to (f2), and let v, := G(u,). Then, by (f2) one has
/
Vo, 2:/ Vun2<w> < C||Vu,|2 < C
IVonlly = [ [Vn| T ) S [Vun|l3 <
and, by (f1) and Hélder’s inequality,

B([EOS) (N B (LEO o Fe) L\ 1)\
th§t2(/7ds) §t2<——+hm—+t> §tp< +1) <P,
) o 7 " o) 70

which yields at once ||v, ||, < ||unllp and ||vp ||« p < ||tunll«p. Note also that G(t) > /Tt, hence vy, > /T u,
a.e. in R% Recalling now that u, > 0, and combining [EIT) with Z(u,) — ¢myp, we infer
2emp+ 0n(1) = [Vunlf + [ (]« Fun)) Flun)

= [, 17 n|2( L0 — 90, 3.

Since ¢y < by assumption, we deduce

47
(4.36) VR |3 = 2¢mp + on(1) < o

Moreover, by (fs), as in [I4, Lemma 6.3], for all ¢ > 0 there exists ¢, > 0 such that
un§t5+1v—" for all z € R
—€
From all this, together with (Z7) with o > «, we may estimate as follows:

R Un 2
[orerse. [ e [ (g ) ety
R? {un<tc} {un>te} 1—¢

2
14¢ 2(__vn
Yo IVunll3 ( o )
e ( ) Vonlla dﬂj‘,
{unzts}

<c / [P + O
R2
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where in the last step we used the inequalities s < C; e=s” for any s > t. and
2 2
v v
(ter 1) see e (1)

1-¢
see [14 eq. (6.9)]. Choosing now & small enough such that t. > 7=1/2  in the set {u,, > t.} one has v, > 1,

and therefore, defining w,, := IIVIL—ZHQ’ by means of the (strict) fine upper bound in (£36]), Theorem

with ¢ = p, v € [1, ﬁ)’ and choosing « close to «q, one has
14e)2 v 2 vn 2
/ ’F(un)h < Cﬁ/ ‘un’pﬁ/ +CE/ ‘Un‘pefya(lis) ” ”n”z(“vanh) dx
R2 R2 R2
£\2
(4.37) < C. /2 [un [P + Ce|| Vo5 /2 wge'ya(ifs) IVonl3w? ..
R R

< Ccllun| % + Cellvnllp

< Cellunllpy + Cellunlly < C,
since {uy }, is bounded in X and by Lemma [Z11 O

From the proof of Lemmal[4.6, and in particular combining (4.37]) with the compact embedding provided
by Lemma 2.1] we can say actually more:

Corollary 4.7. Assume (f1) — (fa) and (f.) hold. Let {un}, C X be a nonnegative Cerami sequence
which is bounded in X, and such that u, — 0 in L*(R?) for all s > p. Then, for any ~y € (1 2 )

’ Q0Cmp

||F(un)||’y —0 and ||f(un)un”“/ — 0.

Proof. Reasoning in the same way as for (£37) in Lemma [0 for some r > 0 and a > «ay we get

1+e 2 Yun 2 n 2
/ |F(up)[ da < CE/ \un\m—i-Ca/ ’Un’reﬁ/a(lfs) Vv IIQ(—”wnnz) de .
R2 R2 R2

The first term on the right-hand side goes to 0 as n — +o00 since py > p, while for the second term we
proceed by using Hoélder’s inequality and Theorem indeed, choosing o € (1,0¢), with oy close to 1
such that the exponent is less than 4, r big enough such that 5o > p, and « close to ag, we obtain

1
r % ” 14¢\2 A\ 2( Un )2 v
/ |F(un)]” do < Cellun|22 + C: (/ yun,wdx> (/ o e I (i),
R2 R2 R2

T To
< Cellunlpy + Cellunll? o Cllval 25,

which tends to 0 as n — 400 since py > s.
Concerning || f(uy)unlly, we can repeat the same computations as above, using now (f;) and (f.), hence

1 nyual de = 0
R2

as n — 400, concluding the proof. O
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5. EXISTENCE IN THE CRITICAL AND SUBCRITICAL CASE: PROOF OF THEOREM

By Lemma 1] we know that 7 satisfies the mountain pass geometry, and this yields the existence of
a Cerami sequence {u, }, C X for 7 at level ¢, defined in (3], satisfying (£I4]) by Lemma 2 which
can be assumed nonnegative by Remark 4.4l By Lemma [£.3] such a sequence is bounded in X. Suppose
by contradiction that {u,}, is vanishing, namely

(5.1) lim inf sup / |up|Pdz = 0.
nF00 yer2 J Ba(y)

Since {uy}, is bounded, then u, — 0 in L¥(R?) as n — +oo for every s € (p, +00) by [32, Lemma I.1].
By exploiting the inequality In (1 + %) < t? for ¢ € (0,1], and the Hardy-Littlewood-Sobolev inequality,
if (f;) is assumed one may estimate

I(uy) = /R2 /R2 In (1 + b )F(un(x))F(un(y))dx dy

|z =yl

(5.2) o
5/[R2 /R2 F(|n( ))?((W_l)(y)) drdy < [F(un)|2 = 0

r—19Y el

as n — +00, which holds by Corollary 7] for v € (1,min {4 2 H On the other hand, when (fs.)

3 Q0Cmp

holds, by combining (Z6]) with » = p/2 and Theorem 2.2 we get

LFGT S [ a4 [ a8 oot
R2 R2 R2
b 2\ 2
< enlbp + el ( [ ol 2202

< '\/g \V4 (v=1)p P 0
< lunllyp + llunllyg [Vunlls™ " fluallh — 0,

since the last two terms are bounded in n, and therefore again I(u,) — 0. Analogously, in both cases
(fe)-(fsc), one may show that

(5.3) Ao (F (), Ftn)tn) = /R 2 /R In (1 +
as n — 4o00. Hence,

2cmp + On(l) = 21—(“71) - I/(un)[un] = [O(Un) - AO(F(un)7 f(un)un)
(5.4) = 211 (un) — AL(F(un), f(un)un) — 213 (up) + Ag(F(un), f(un)un)

= /1@2 (In(o+ [ - [) * F(un)) (F(un) = f(un)un) dz+o0n(1) <0

b
|z —y

) F (@) (0 (0))n(9) d dy = 0

for large n by (2.9)), a contradiction. This implies that the vanishing (5.I]) does not occur. Consequently,
there exist § > 0 and a sequence {y,}, C R? such that (up to a subsequence)

/ |up|Pdz > 4.
Bi(yn)
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Defining @, := un (- + yp), it is easy to see that

(5.5) / (@ P da > 6,
B1(0)

and || Vay|l2+][tnlly, = [|Vuall2+[Junll, < C. Therefore {@y, }, is a bounded sequence in D12(R?)N LP(R?).
Moreover,

”anH{:,p = / In(b + |z — yn|)|[un(x)[P do < Hun”z,p +In(b + ’yn’)Hun”g
RZ

by B3)), thus @, € X for all n € N. Since I;(u,) = I;(uy) for all i € {0,1,2}, we also deduce that {u,},
satisfies

(5.6) Z(tn) = Cmp,  I'(Up)[un] = 0, J(,) — 0.

Note that second condition in (5.6]) is weaker than the corresponding in Lemma [£.3] Furthermore, since
[To(u,)| < C as in (54) and Ir(u,) < C as in (5.2]), we conclude that I1(u,) < C. Applying Lemma
BI(a) with ¢, = F(u,) we get

(5.7) | F'(p) |1 < C and thus ltn]|«p < C

by (2.8). Since {4y}, is hence bounded in X, there exists u € X such that @, — @ in X and @, — @ in
L4(R?) for all ¢ > p, as well as a.e. in R? by Lemma 21l By (5.5) it is easy to see that

(5.8) d < |WnHI£p(BR(o)) - Hﬂ”il’(BR(O))’

hence u # 0. We next show that Z’(w,) — 0 in X’ which, together with (5.6]), makes @,, verify the same
properties as u,, in Lemma [£3 Indeed, Z(uy,)[p] = Z(un)[e(- — yn)] for all ¢ € X and

(5.9) loC = ya)l® = IVl + /RQ In(b + |z + yu|) (@) dz < [J@|? + (b + |yn|) o] -

Moreover, if |y,| < b, then In(b+ |y,|) < In(2b), while if |y,| > b one can use (B.5]) to show that

Junli2, = [ b+ o+ gl (o) do
R2

(5.10) > [t o+ gDl P de > nlal [ (P
B1(0) B1(0)
Inb
> 5oy, > SIn(b+ |y,
Blynl 2 S+ lyal) s -
In the third step we used the sunple inequality |z + yn| > |yn| — |Tn| = |yn| — 1 > |yn| — b, while the last
step follows from m%z _HZLD > ln(%) which holds by monotonicity. Eventually from (5.9)-(GI0) we get

ot =)l < (Il + (32 a2, +1020) ) ]

which implies that

1
. 1 E
7@l < 17 ()l ol + 10(28) (g7 llunl + 1) Nl

< Ol (wn))x Il + o] 0.
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as n — +o0o, by recalling that ||uy, ||« is uniformly bounded and that ||Z’(u,)||xs — 0 by Lemma 3]
Since Z'(@,) — 0 in X’ and Z'(u,)[w,] — 0, we have then

(5.11) 0u(1) = ')~ 7 = [ V(@ ~ )+ Ao(F (@), £ 7 — 7).
First,
612) [ VBN -0 = [ V@ 0P [ VIV 8 = [ e +on)

since @, — @ in DY2(R?). Moreover, as in (5.2)), one infers
(5.13) A (F (), f(tn)(tin — 1) S 1 (@) |11 f (@n) (@ — w)ly = 0.
Therefore, combining (5.11)), (5:12]), and (5.13]) we infer

on (1) = [ty — aH2D1»2 + A1 (F(Un), f(tn) (0, — u))

(5.14) = it = @lhr2 + ALF @@n), (@ — )i — )
+ Ar (F (@), (f(@a) = J(@ - ) (@ - 0)

as n — 400, where we have defined

(5.15) fit) = { Ji(;)(—t) g i i 8:

since u, > 0. Note that if we prove that

(5.16) AL(F (@), f (i — @) (G —a)) =0,

one could apply Lemma BI(b) and obtain ||f(z, — @)(i, — @)|l«1 — 0, which in turn implies that
|tn, — Tll«p — 0 as n — 400 by (fsc) or (fe). Together with @, — @ in D%2?(R?), this would conclude
the proof. Since the first two terms in the right-hand side of (5.14)) are positive, we are then lead to show
that

(5.17) Ay (F(itn), (f(in) = F(itn =) (i — @) =0

as n — +o0o. Using (B3], we obtain

[y 1010 FGE) ()~ F ) 5~ 0]

(5.13) B @ [ [F) = Flan =) 17,

FIEGI [ infb-+ )| (@) = F@ — ) i, — ] da
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First, note that || F(uy)|1 S || F (an)]l«1 < C by 7). If (fsc) holds, then by (2:6) with r = p, one infers

~ ~ ~ ~ 1~ ~ ~ 1~ ~ -2

L f @) =l S [ = @l + [ [l e
R2 R2 R2

p—1

~ _ ~ ~ . P .~ 2 P . -
< lanlly i =l + [, ol 77 ) 7 i, —

< ”ﬁn”z_luﬂn —allp = on(1),

(5.19)

by Theorem 2Z2lwith o < 471’%1 (sup,, || Vi, ||2) 2. By similar estimate, one may also show that fgs f (T )|t —
u| = op(1). On the other hand, if f is critical, namely (f.) holds, defining now v,, = G(u,,) with G as in
(#35) and arguing as in Lemma [£.6] one finds

~ 2

- -~ - ~ 1~ ~ 5 r=1 ~ - @ ts"l"uTns
LA @l =l < [l i =l + [ <t5+1_"€) a4 )

1
(5.20) - . 5 N\ o (i )\ o
g =ty [ (e 12) )

=o,(1),

where ¢’ > 1 is close to 1 and o > «q close to g, so that the last term is bounded, and by using that
Un — @ in LI(R?) for ¢ > p. Moreover, by (27) and the e-Young inequality,

/ }f(ﬁn _ ﬂ)Hﬁn _ a| 5 / |ﬁn _ ﬂ|p _|_/ |ﬁn _ ﬂ|7”e0l|un—u|2
R2 R2 R2
1

1
_ s . S
Son<1>+</ Iﬂn—a|’“e”8“"2) </ 'ﬂ"‘ﬂ're@w)s
R2 R2

< On(l) + (C /N ‘ﬁn — mr + [ ’ﬂn _ mr‘ﬁn"ie‘EQSM'Lz)
{Ungl} {un>1}

AN

1
s

(5.21)

L
s/

X <0/~ |an—a|7”+/~ |, —a|’“|a|*”~e0608’ﬂ2>
{u<1} {u>1}

1
< 0n(1) + (onu) =l ([ fnpereeesns?) )

e
X <on(1) + ||ay, — ﬂH:é,sl (/RZ \m“qecsaslaz) s q) .

Choosing now the parameters a > «q close to ag and k,r,q,s > 1 so that r¢’ > p, k¢ > p and € > 0
such that eaggs||Vu2|| < 4w, which is possible since {@y, }, is bounded in D'?(R?), then one may apply
Theorem 22l and, combining (5.21)) with (5.19) or (G.20), get

(5.22)

[P @in) = Pl = D[ = ]  00(1) + (00 (D) + 0a(DCT ) (00(1) +0n(VCE ) = 04(1)
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since {uy, }, is also bounded in L? (Ri) It remains to prove that also the last term in (B.I8]) vanishes. To
this aim, since f € C1(R) and so is f (cf. (5I5])), by Lagrange’s theorem,

(5.23) f@n) — f(un —a) = f/(wn)a = f(Jwn|)u, where wy, := Op, + (1 — 0,)u
with 6, : R? — [0, 1]. Therefore, splitting R? = Br(0) U Bg(0)¢ for a fixed R > 0, we obtain

[, o+ 1a | F@n) — i )| 7 — o

oy SWOAR)[(F) =l [ I IS )|,

B =

<ouV)+ ([ b+ o) (nl) 77 o) © ( L, 0+ DI d:c) (1Talls + 1l5)

by ([©22)). Since ||ul|sp < 400, for any chosen ¢ > 0 one may find R > 0 large enough such that (by
Lebesgue’s dominated convergence)

(5.25) / Inb + |z))|afP dz < §.
Br(0)°
Recalling (5.7]), we are then left to show that
(520) L w21 (w2 o < €
R

for all n. By exploiting (5.23)), (f5), again the e-Young inequality, (5.7)), and v € X, one may estimate it
as

[ e+ 12Dl (uwal) 7 da

S [ o+ D) (@l + @) do+ [ I+ o) + )73 7 d
R R
(5.27)

[

1 - ;
SC+ (/ (b + o) e P d“) q (/ (b + fa), T d"””)
R R

/
pq

! 5
+</ ln(b—|—|x|)ﬂpem/%“~"2dax>q</ 1n(b+|x|)apecfa’m“2dx>q
R2 R2

by choosing 7 = p — 2 > 0, and we estimate the four terms separately. The first term is easily bounded
independently of n if one chooses € small enough: in fact, since sup ||@,|| < C, one has
neN

Un

/ ~ /1 P9 2
(5.28) / (b + 2] )@ ¢ 72" dz = / I + 2@ = 720 (121) dz < C,
R R

by choosing ¢ so small that ea/ p%é < (47p)~'/2 by Theorem Z3l In a similar way we may prove that
the last term in (5:27]), which is independent of n, is finite. Indeed,

! ~
/P9~ U

' pd 1~ 2
(5.29) !LMQHWwaﬁﬁw:/ﬂm+MW%M£WWWOm<+m
R R
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for all € > 0, again by Theorem 2.3l Concerning now the second term, which mixes %, and @, one may
estimate as follows:

/ In b+ |ZE|)’LLp dgj < /~ _ ln(b—l— |$|)ﬁ‘z eCsa’%q[nz dx

+ [ In(b+ |z|)u? L imY 4 < ¢
{U>Un}

by (E28)-(E.29). One may argue similarly for the third term in (5.27)). As a result, we obtained (5.26))
which, together with (5.24)-(5.25), (5.22)), (5.18)), show that (5.17)) holds, yielding (5.16]). Hence, by (5.14),

one finally infers that @, — @ in X. Since Z is a C''-functional, then @ is a weak solution of (III), which
is nontrivial thanks to (5.8). Since @, > 0, by Remark [[6] the solution 4 is positive in R2.

6. BACK TO THE SYSTEM: PROOF OF THEOREM

Let u € X be the weak solution of the Choquard equation (L3 given by Theorem and define

Pufa) = [ In (=) Plat) dy.

Following the approach of [7], we aim at proving that &, is a solution of the system (LLI]) in the sense of
Definition [[4l First, we show that &, € Ls(R?), for all s > 0:
1

9O < [ e () )
— - dr < F 1 dz ) d
/R2 T+ [2225 7= Jpa () we | e —yl| T a2 ) Y

In |z — y] 1
R2 ( (y)) ( (r—y|>1} 1+ ‘x’2+25 {|lz—y|<1} ‘LZ' — y‘ ) Y

In(1+ |z|) dx
< 1Pl [, i e IO [

WOl so [, F@)dy < +o0

for all s > 0, using ([B3)) with b = 1, and Theorem [Z3] since u € X. Define now the function

@)= [ (EHL) ) ay.

|z — y

which we know by [29, Lemma 2.3] to be a solution in the sense of Definition [3] of —Aw, = f in R,
where § := F(u) € L'(R?), and compute the difference

) = o) = [ (i () < () ) Pt ay

= [ (1 + ) F(u(®) dy < [F(w)]s < +0.

that is constant. This implies that &, is a solution of (ILI]) in the sense of Definition [[L4], by applying
[29, Lemma 2.4], for which all such solutions of —A® = f in R? are of the form & = w, + p with p
polynomial of degree at most 1.
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