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CLASSIFICATION OF TWO AND THREE
DIMENSIONAL COMPLETE GRADIENT YAMABE
SOLITONS

SHUN MAETA

ABSTRACT. In this paper, we completely classify nontrivial nonflat
three dimensional complete shrinking and steady gradient Yamabe
solitons without any assumptions. We also give examples of com-
plete expanding gradient Yamabe solitons. Furthermore, we give
a proof of the classification of nontrivial two dimensional complete
gradient Yamabe solitons without any assumptions.

1. INTRODUCTION

As is well known, the geometric flow is one of the most powerful tools
for understanding the structure of Riemannian manifolds. In partic-
ular, the Yamabe flow is one of the central fields of the theory and
has developed rapidly (cf. [2], [3]). Gradient Yamabe solitons are self
similar solutions of the Yamabe flow and expected to be a singularity
model. Therefore, the classification problem is one of the most im-
portant ones. To classify gradient Yamabe solitons, there are many
studies with curvature assumptions and locally conformally flat condi-
tions (cf. [10], [8], [6] and [12]). These studies give affirmative partial
answers to the Yamabe soliton version of the Perelman conjecture, that
is, any nontrivial complete steady gradient Yamabe soliton is rotation-
ally symmetric. Recently, the author solved the problem (cf. [13]).

In order to gain a deeper understanding of gradient Yamabe solitons,
we consider complete gradient Yamabe solitons without assuming any
curvature assumptions. In this paper, we completely classify nontriv-
ial nonflat three dimensional complete steady and shrinking gradient
Yamabe solitons without any assumptions. In particular, we show
that positive scalar curvature is necessary for the Yamabe soliton ver-
sion of the Perelman conjecture. We also give some examples of the
complete expanding gradient Yamabe solitons. Furthermore, we also
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give a proof of the classification of nontrivial two dimensional complete
gradient Yamabe solitons. For two dimensional solitons, similar results
were given by Bernstein and Mettler (cf. [I]) using different arguments.

Remark 1.1. As is well known, the original Perelman conjecture [14]
15 that any three dimensional complete noncompact k-noncollapsed steady
gradient Ricci soliton with positive curvature is rotationally symmetric,
which was proven by S. Brendle [4] (see also [3]).

2. PRELIMINARY

An n dimensional Riemannian manifold (M™", g) is called a gradient
Yamabe soliton if there exists a smooth function F' on M and a constant
A € R, such that VVF = (R — \)g, where VVF' is the Hessian of F,
and R is the scalar curvature of M. If F' is constant, then M is called
trivial. If A > 0, A = 0, or A < 0, then the Yamabe soliton is called
shrinking, steady, or expanding, respectively.

To classify complete gradient Yamabe solitons, we use Tashiro’s the-
orem ([16], see also [12]).

Theorem 2.1 ([16]). A complete Riemannian manifold (M™, g) which
satisfies that for any smooth functions F' and ¢ on M, VVF = ¢g
is either (1) compact and rotationally symmetric, or (2) rotationally
symmetric and equal to the warped product ([0, 00), dr?) x v p|(S" ™, gs),
where gg is the round metric on S*™1, and F has one critical point at
0, or (3) the warped product (R,dr?) x;gp (N""1,g), where F' has no
critical point.

Remark 2.2. The potential function F' depends only onr, and F'(r) >
0, except at the critical point. It is well known that the manifold
(M, g, F,p) that satisfies the condition VVEF = g was studied by
Cheeger and Colding [9].

The Riemannian curvature tensor is definded by
R(X,Y)Z = -NxVyZ +VyVxZ +VixyZ,
for X,Y,Z € X(M), where V is the Levi-Civita connection of M. The
Ricci tensor R;; is defined by R;; = Riyjp, Where, R;jre = g(R(0;, 0;)0k, Op).

3. CLASSIFICATION OF THREE DIMENSIONAL COMPLETE STEADY
GRADIENT YAMABE SOLITONS

In this section, we classify three dimensional complete steady gra-
dient Yamabe solitons without any assumptions. In particular, the
assumption that the scalar curvature is positive is essential for the
Yamabe soliton version of the Perelman conjecture.
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Theorem 3.1. Let (M, g, F') be a nontrivial nonflat three dimensional
complete steady gradient Yamabe soliton. Then, (M, g, F') is either
(1) ([0,00),dr?) x;vr|(S?, gs) with nonnegative scalar curvature, or
(2) (R,dr?) x;vr| (R?, Jean) with negative scalar curvature, or
(3) (R,dr?) xvp| (S*,gs). In this case, there exists at least one
point, such that, R = 0.
Proof.

Case (1) of Theorem 211 Since M is compact, it is trivial (cf. [11]).

Case (3) of Theorem 211
In this case, by a direct calculation, we can get formulas of the
warped product manifold of the warping function (0 <)|VF| = F'(r).
For a,b,c,d = 2,3,
(31) Rlalb = _F/F///gaba Rlabc = 07
Rabcd - (F/)zéabcd + (F/F//)2(§ad§bc - gacgbd)a
"
(32) Rll - — 2F, Rla == 0,
Rab :Rab - ((F”)2 + F,Fm)gab>
- FN 2 )
(3.3) R=(F')?R - 2<F> —d—,
where the curvature tensors with bar are the curvature tensors of (N, g).

By [B3), it is obvious that R is constant. Since (N?,g) is a 2 dimen-
sional manifold,

— R
(34) Rabcd = _i(gadgbc - gacgbd)-
By (B.3]), one has
(3.5) p°0' + 20" + 4pp” = R,
where p(r) = F'(r). By differentiating both sides of (3.5]), we have
(36) 2pp12 + p2p// + 8p/p// + 4pp1// —0.

Assume that R(= p/) > 0. If p” <0, then the positive function p is
concave. Hence p is constant. By 3.5), R = 0. By (3.4) and @.1), M
is flat. Therefore, p” > 0 on some interval (ry,79).

If ro = 400, since p' > 0, p goes to infinity as r  4+00. Hence,
the left hand side of (B3] goes to infinity as r 400, which cannot
happen.
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Assume that ro < 400, that is, p” > 0 on (ry,r3) and p” = 0 at
ro. By (B.0), we have p” < 0 at 5. Hence, one has p” < 0 on (ry,73)
for some r3. By the same argument, p’ is monotone decreasing on
(re, +00). Without loss of generality, we can assume that the point 79
is the first critical one of p'. Since p' > 0 and p” > 0 on (—o0,r3),
there exists rq such that, p” = 0. However, this is contradicted by the
equation (3.0).

Therefore, we have p’ < 0 on some open interval (ry,rs).

Assume that 7o = +00. Since p > 0, one has p’ /0 and p” \, 0 as
r / +o00. By B5), R must be 0. If o’ = 0 at v, by [B.3), p” = 0 at
r1. We also have p” = 0 at r; by ([B.0]). Iterating the same argument
shows that p*) = 0 at r; for any k& > 1. Taylor expansion shows that
p is constant, hence M is flat. Therefore, we have R = p’ < 0 on R.

Assume that ro < o0, that is, p’ = 0 at 7.

Case 1 R > 0. In this case,

. _ R
p

=—>0
P 1 )

at r9, hence p’ > 0 on (rq,r3), for some r3. If p =0 at r3, then p” > 0
at r3. Hence, p is monotone increasing on (1o, +00). If p = 0 at 7,
then p” > 0 at r1, which cannot happen. Therefore, p’ < 0 on (—o0,r3).
Case 2 R = 0. In this case, p” = 0 at 75. By (B.6), one has p"” = 0 at
ry. Iterating the same argument shows that p*)(ry) = 0 for k > 1. By
Taylor expansion, we have p(r) = p(r3), that is, p is constant and it is
flat.

Case 3 R < 0. In this case, p” < 0 at 5. Hence, p' < 0 on (r1,73)
for some r3. If r3 = +00, by the same argument as above, one has
R = 0, which is a contradiction. Hence r;5 < 4o00. Iterating the same
argument shows that the positive function p is monotone decreasing on
(r1,+00), which cannot happen.

Case (2) of Theorem 211 If p’ < 0 on [0, +00), since p > 0, p' 0 and
p" N\ 0 asr / +oo. By ([B.3), we have a contradiction. Since p > 0
on (0, +00), we only have to consider that p’ > 0 on an interval (0,7)
for some r;. If o/ =0 at rq, then we have p” > 0 at r;. Hence one has
p >0 on (ry,ry) for some ry. Iterating the same argument shows that

p is monotone increasing on (0, +00).
O
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4. CLASSIFICATION OF THREE DIMENSIONAL COMPLETE SHRINKING
GRADIENT YAMABE SOLITONS

The author showed that any nontrivial nonflat complete shrinking
gradient Yamabe solitons with R > )\ is rotationally symmetric and
gave some examples with R = A for higher dimensional manifolds (cf.
[13]). In this section, we completely classify nontrivial nonflat three
dimensional complete shrinking gradient Yamabe solitons without any
assumptions. In particular, we show that nontrivial nonflat three di-
mensional complete shrinking gradient Yamabe solitons are rotationally
symmetric.

Theorem 4.1. Let (M, g, F,\) be a nontrivial nonflat three dimen-
sional complete shrinking gradient Yamabe soliton. Then, (M, g, F, \)
15 either

(1) ([07 OO), d?”2> X\VF\ (SQ@S); or
(2) (R,dr?) xjvp (8% gs).
Proof. Case (1) of Theorem 2.1l Since M is compact, it is trivial (cf.
[11]).
Case (3) of Theorem 211
By (B.3), one has

(4.1) 02+ \p? + 207 4+ 4pp” — R=0.
Assume that R > 0, that is, p’ > —A. By ({]), we have
/)// < M
4p

If R <0, then the positive function p is concave. Hence, p is constant.
By (@), we have R = A\p? > 0, which is a contradiction. Therefore, R
is positive.

We consider that p’ < —\ on some interval (rq,re). If 79 = +o0,
then p = 0 at some point, which cannot happen because p > 0. Hence,
re < 400, that is, p’ = =\ at ro. By (@), we have p” = Rz—i’\Q at ro.

If R <0, then p” < 0. Hence, p/ < —\ on (rq,r3) for some 73.
[terating the same argument shows that p’ < —\ on (7, 4+00), which
cannot happen. Therefore, R is positive.

O

5. CLASSIFICATION OF TWO DIMENSIONAL COMPLETE GRADIENT
YAMABE SOLITONS

In this section, we completely classify nontrivial two dimensional
complete gradient Yamabe solitons.
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Theorem 5.1. Let (M?, g, F,\) be a nontrivial two dimensional com-
plete gradient Yamabe soliton. Then (M?,g, F, \) is one of the follow-
mg.
Steady case:

Hamilton’s cigar soliton.
Shrinking case:

There exists no complete shrinking gradient Yamabe solitons.
Expanding case:

(1) (Rx N', g =dr*+F'(r)2d6* F,\). The Gaussian curvature K
of R x N satisfies 3 < K <0, and is flat near infinity.

(2) (Rx N, g=dr*+F'(r)2d6* F,\). The Gaussian curvature K
of R x N' satisfies K < 4, and is hyperbolic such that K = 3
near infinity.

(3) ([0, +00) x S, g = dr* + F'(r)?d6?, F, \). The Gaussian curva-
ture K of [0,+00) x S' satisfies % < K <0, and is flat near
infinity.

(4) ([0,400) x St, g = dr?+ F'(r)?d6* F,\). The Gaussian curva-
ture is positive, and flat near infinity.

(5) ([0, +00) xS, g = dr?+ F'(r)?d0* F). The Gaussian curvature
K of [0,+00) x S! satisfies K < %, and is hyperbolic such that
K = % near infinity.

(6) ([0,400) x S', g = dr* + (Ar)2d6?, —3r* + C) for some C € R
with flat Gaussian curvature.

Proof. 1t is well known that if M is compact, then it is trivial (cf. [11]).
Therefore, we only have to consider (2) and (3) of Theorem 211 By
the soliton equation, one has

F"(r)=R— .
By an elementary fact of the curvature of warped product, one has
F///

Combining these equations, we have
(5.1) 20" + pp’ +Xp =0,
where, we denote that p(r) := F'(r). By differentiating both sides of

(1)), we have
(5.2) 2p/// + p/2 + pp// —l— )\p/ — O.
By differentiating again one has

(5.3) 2p(4) + 30/,0// + pp/// + )\,0// —0.
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The equation (B.J]) is an autonomous second order equation and can
be made into a first order equation by using p as a new independent
variable. If p’ = G(p), then p” = GG, and one has

(5.4) 2GG + Gp+ \p = 0.

Case (3) of Theorem [2.11

Case 1 A =0.
In this case, it is easy to see that the solution of (B.1) is

1
p(r) = 2¢} tanh {§(c%r + C%CQ)} :
where ¢; and ¢y are constants. However, it contradicts p(r) > 0 on R.

Case 2 A > 0.
Assume that p’ = 0 at some point, that is G = 0 at some point

po(>0), by (©.4), we have
)\/70 = 07

which is a contradiction. Therefore, we have p’ > 0 or p’ < 0 on R.

(I) If p/ > 0, by (&), one has p” < 0. Therefore, p is a positive concave
function, which cannot happen.

(IT) Assume that p’ < 0. If p” = 0 at some point ry, then by (G.1),
one has p'(rg) = —\. By (5.2), we have p"”(r¢) = 0. By (5.3), one has
pW(ry) = 0. Iterating the same argument shows that p*)(ry) = 0 for
k > 2. By Taylor expansion, we have

p(r) = —=Ar + Arg + p(r9),

on R. This contradicts p(r) > 0. Hence we have p” > 0 or p” < 0 on
R.

(II)-(a) Assume that p” > 0. By (B.1]), we have p/ < —\, which cannot
happen, because p > 0.

(IT)-(b) If p” < 0, then p is a positive concave function, which cannot
happen.

Case 3 )\ < 0.
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Assume that p’ = 0 at some point. By (5.4]), we have a contradiction.
Therefore, we have p > 0 or p/ < 0 on R.

(I) Assume that p’ > 0. If p” = 0 at some point 71, the same argument
as in (II) of Case 2 deduces a contradiction. Hence we have p” > 0 or
P’ <0onR.

(I)-(a) Assume that p” > 0. By (5.1]), we have p’ < —\. Therefore, we
have A < R < 0. If o/ (< —)) as r 7 400, then one has p” \ 0
as r /' +o0. Since p is positive and monotone increasing, by (5.1]), we
have a contradiction. Hence, we obtain that p/ ~ —\ as r * +ooc.
Therefore, the curvature is flat near infinity.

(I)-(b) Assume that p” < 0. Since p is a positive concave function, it
cannot happen.

(IT) Assume that p/ < 0. By (B.1), p” > 0. Since p is positive, p’ \, 0
as r /' 4+o0o. Therefore, R < X and it is hyperbolic such that R = A
near infinity.

Case (2) of Theorem [2.11
Note that p(0) =0 and p > 0 on (0, +00).

Case 1 A =0.
In this case, it is easy to see that the solution of (B.1) is

1
p(r) = 2¢} tanh {§(c%r + C%CQ)} :

where ¢; and ¢y are constants. Since p(0) = 0, one has
cp=0o0rcy=0.

If ¢; = 0, then one has p(r) = 0, which is a contradiction.
If ¢co = 0, then one has

i =t (o ().

It is Hamilton’s cigar soliton.

Case 2 \ > 0.
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Assume that p/ = 0 at some point, that is G = 0 at some point, then
by (5.4]), we have p = 0, which is a contradiction. Therefore, we have
p'>0orp <0on (0,+00).

(I) Assume that p" > 0 on (0,400). By (&1)), one has p” < 0 on
(0, +00). If p is bounded from above, then one has p’ \, 0 and p” 70
as r /' 400, which contradicts (B.I]). Therefore, p 400 asr * +o0.
Since p is positive and monotone decreasing, p” \, 0 as r  +o00. By
(5.1), we have a contradiction.

(IT) Assume that p' < 0. If p” = 0 at some point rg, then by (G5.1),
one has p'(rg) = —\. By (5.2), we have p"”(r¢) = 0. By (5.3), one has
pW(ry) = 0. Iterating the same argument shows that p®*)(ry) = 0 for
k > 2. By Taylor expansion, we have

p(r) = =Xr 4+ Arg + p(ro),

on (0,400). This contradicts p(r) > 0. Hence we have p” > 0 or p” < 0
on (0, 4+00).

(IT)-(a) Assume that p” > 0. By (5.1)), we have p’ < —\, which cannot
happen, because p > 0.

(II)-(b) If p” < 0, then p is a positive monotone decreasing concave
function, which cannot happen.

Case 3 \ < 0.

Assume that p’ = 0 at some point, that is G = 0 at some point, then
by (B4, we have p = 0, which is a contradiction. Therefore, we have
p'>0orp <0on (0,400).

(I) Assume that p’ > 0. If p” = 0 at some point. By the same argument
as in (II) of Case 2, we have p(r) = —Ar. Hence, one has R = 0 and
F(r) = —4r? + C, for some C. Therefore, we only have to consider
p" > 0or p’ <0on (0,+00).

(I)-(a) Assume that p” > 0. By (5.1]), we have p’ < —\. Therefore, we
have A < R < 0. If o/ /' c*(< —A) as r 7 +oo, then one has p” \, 0
as r ' 400. Since p is positive and monotone increasing, by (G.1)),
we get a contradiction. Hence, we obtain that p/ " —X as r 7 4oc.
Therefore, the curvature is flat near infinity.
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(I)-(b) Assume that p” < 0. By (5.1, we have p’ > —\, that is,
R > 0. Note that p(0) = 0. By integrating both sides of p/ > —A\,
one has —\r < p(r). Therefore, p /400 as r / +00. Assume that
o\ (> —)N)asr 7 4oo. Since p” \ 0 as r 7 +oo. By (B1)), we
have a contradiction. Therefore, we have p’ \, —\ as r 400, and
the curvature is flat near infinity.

(IT) Assume that p/ < 0. By (&1)), p” > 0 on (0,+00). Since p is
positive, p/ \, 0 as r  +o00. Therefore, R < X and it is hyperbolic
such that R = X near infinity.

O

Remark 5.2. For two dimensional solitons, Theorem[5.1 solves many
problems in [7].

6. APPENDIX

For n dimensional complete expanding gradient Yamabe solitons, an
elementary argument provides interesting examples that don’t appear
in the steady and shrinking cases.

Example. Let (N"~!, g) be an (n — 1) dimensional complete Rie-
mannian manifold with constant negative scalar curvature R. Then,

for any a € R, (M, g, F,\) = (R x N1 dr? + %g, \/ér—i-oz, A)isann
dimensional complete expanding gradient Yamabe soliton with R = \.

In particular, (M3, g, F,\) = (R x H?, dr? + %gH, \/éeroz, A)isa3
dimensional complete expanding gradient Yamabe soliton with R = A,
where (H?, gi) be a hyperbolic surface.
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