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Existence and dynamical behaviour of vectorial standing
waves with prescribed mass for Hartree-Fock type system
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Abstract

In this paper, we investigate vectorial standing waves with prescribed mass for the
Hartree-Fock type system (HF system) with the double coupled feature. Such system is
viewed as an approximation of the Coulomb system with two particles appeared in quantum
mechanics. By exploring the interaction of the double coupled terms, we prove the exis-
tence/nonexistence and symmetry of vectorial energy ground states for the corresponding
stationary problem. Furthermore, we obtain the relation between vectorial energy ground
states and vectorial action ground states in some cases. Finally, we establish conditions for
global well-posedness and finite time blow-up to HF system with the initial data, and prove
orbital stability /strong instability of standing waves.
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1 Introduction

Our starting point is the system of Hartree-Fock equations:
. N
Zat¢k+Awk_ |"L‘|71>X< Z |77Z)]|2 ¢k+(%x¢)k :0’ Vk = 157Na (1)
j=1
where 1 : R x R® — C and (V1)) is the k'th component of the exchange potential defined by

N
(Vext0)g = ZI@/)] Y) fus w’f‘zwyf‘(y dy, VYk=1,.. N. 2)
=

This system appeared in quantum mechanics in the study of a system of N particles, which is an
approximation of the Coulomb system. With respect to system (I), it has the advantage of being
consistent with the Pauli principle, see e.g. [13] [34].

We note that the exchange potential (2]) is the most difficult term to be treated in system ().
A very simple approximation of this potential was given by Slater [35] in the form:

N 1/3
(Vexth)p = C (Z |¢j\2> Yk, Vk=1,2,..,N, (3)
j=1

where C' > 0. For more different local approximations, we refer to [21, 28] and references therein.
For the single-partical states, i.e. N = 1, the exchange potential [B)) becomes (Vixt)1 =
C|¢1[*3¢)1, and then system () is the following Schrédinger—Poisson-Slater equation:

0 + AP — (|27 x [Y) ¢ + [Y[*Y =0 in R, (4)
where we rename 1; as ¢, and take C' = 1 for simplicity. Sdnchez and Soler [32] analyzed the
asymptotic behaviour of solutions to equation (). If the term [)|*/31 is replaced with [t)[P~2¢) (2 <
p < 6) (or, more generally, f(¢)), then equation (H]) becomes Schrédinger—Poisson equation (also
called Schrédinger—-Maxwell equation), where the existence, stability /instability and dynamics of
standing waves ¥(t,r) = e**u(x) has been extensively studied in recent years, see e.g. [3} 6] 7],
12] 291 30}, 33, 138, 39].

For the two-particle states, i.e. N = 2, system () becomes much more complicated. In order
to further simplify it, we assume the exchange potential

(J¢nl? 2+5|¢1|"2|¢2|2) )
ex :C p_
v <<|¢2|p 2 16l # uinl 20
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where C'> 0,8 € R and 2 < p < 6. Clearly, if p = £, then (B) is written as

([1]2 + B[] 2 [ )1/11)
2 4 — 9

([92]3 + B |11]3 [1ha] 73)¢2

which can be viewed as an approximation of the exchange potential (3)). Taking, for simplicity,
C =1, system () becomes the following problem, depending on the parameter v > 0 :

N Wl

o=

2
iOhr + Ahy — [ 2] 7% X0 1512 | b + [n P20 + Blao| 2 [¥n |22 = 0 in R?,

=1

' (6)
iOpbs + Athy — v [ 2|72 S0 052 | tho + [02[P7 200 + Bl |2 22 = 0 in R2.

j=1

The typical characteristic of such system lies on the presence of the double coupled terms, including
a Coulomb interacting one and a cooperative pure power one.

An important topic is to establish conditions for the well-posedness and blow-up of system ()
with the initial data. When v = 0, there has been a number of works on local existence, global
existence and scattering theory, see e.g. [11l B1], 41]. However, for v > 0, there have no any results
on these aspects in the existing literature so far. We observe that the presence of the double
coupled terms yields substantial difficulties and requires more detailed dispersive estimates. One
objective in this paper is to investigate the global well-posedness and finite time blow-up of system
(@) with the initial data.

Another interesting topic on system (@) is to study the standing waves of the form

it x) = ePu(x) and Ps(t, ) = eMo(x),
where A € R and (u,v) is a vector function to be found. Thus (u,v) must verify

— AU+ A A Yyou = |ulP2u 4 Blu)E|u)z2u in R3,
— AU+ Mo+ Yy v = V]P0 + Blulz|v]Z % in R3

(7)

where ¢, , = fRS %d(y. For a solution (u,v) of system ([7]), we introduce some concepts of

its triviality.

Definition 1.1 A vector function (u,v) is said to be

(1) nontrivial if either u # 0 or v # 0;

(1) semitrivial if it is nontrivial but either w =0 or v = 0;
(7i1) wectorial if both of uw and v are not zero;

According to the role of the frequency A, there are two different ways to study solutions of
system ([7)):
() the frequency A is a fixed and assigned parameter;
(1) the frequency A is an unknown of the problem.



For case (i), one can see that solutions of system ([7]) can be obtained as critical points of the
functional defined in H := H'(R?) x H'(R?) by

1 A
Ex,p(u,v): = —/ (|Vu\2—|—|Vv|2)d:c—|——/ (\u\2+\v|2)dx+1/ Gup(u? +v?)dx
2 RN 2 RN 4 R3

1
——/(WP+WV+2MMQM%®%
P Jrs

When either 3 <p<4and 8> 0,0r4 <p<6and B> 2% —1, d’Avenia, Maia and Siciliano
[9] studied the existence of radial vectorial solutions to system ([l) with A = 1 via the method of
Nehari-Pohozaev manifold defined in H, := H}! ,(R3) x H! ,(R?) developed by Ruiz [30]. Very
recently, we [37] considered another interesting case, i.e. 2 < p < 3, and proved the existence of
radial vectorial solutions for system ([7) with A = 1 when either v > 0 small enough or 5 > (7).
In addition, by developing a novel constraint method, for § > (), we obtained a vectorial action
ground state in H when either 3 < p <4 and 0 < v < 7, or H—;’/ﬁ < p <4 and v > 0. Here the
action ground state is defined in the following sense:

Definition 1.2 We say that (u,v) is an action ground state of system (1) if it is a solution of
system (1) having least energy among all the solutions:

Eyqp(u,v) = inf{Ex 5(d1, ¢2) : B\, 5(61,92) = 0 and (¢1, ¢2) € H\{(0,0)}}.

Alternatively one can look for solutions of system ([7) with A unknown. In this case A € R
appears as a Lagrange multiplier and L2-norms of solutions are prescribed. This study seems to
be particularly meaningful from the physical point of view, since solutions of system ([@l) with the
initial data conserve their mass along time. Moreover, this study often offers a good insight of the
dynamical properties of solutions for system (), such as stability or instability. For these reasons,
another objective in this paper is to focus on existence and dynamics of solutions for system ([T
having prescribed mass

/3(u2 +v?)dz = ¢ > 0, (8)

which has not been concerned before. From the variational point of view, solutions of problem
([0)-(8) can be obtained as critical points of the energy functional I, 3 : H —R given by
1
L) = 5 [ (VP VeP)iz+ 3 [ 6o +0%)da
2 RN 4 R3

1
__/(MV+WP+2MMQM%MT
D Jrs

on the constraint

S, = {(u,v) cH: [ (u+v?)de = c}.

R3
As 2 < p < 6, it is standard that I, 5 is of class C' on S.. We will be particularly interested in
energy ground states, defined as follows:



Definition 1.3 We say that (u,v) is an energy ground state of system (7) if it is a solution of
system (7) having minimal energy among all the solutions:

I:/ﬂ|sc(u,v) =0 and I, g(u,v) = inf{L, 5(¢1, ¢2) : ],;75|S(C)(¢1,¢2) =0 and (¢1,¢2) € S.}.

If I, 5 has a global minimizer, then this definition naturally extends the notion of ground states
from linear quantum mechanics. Moreover, it allows to deal with cases when I, g is unbounded
from below on S.. We also recall the notion of stability and instability as follows:

Definition 1.4 (i) The set of the ground states Z(c) is orbitally stable if for any ¢ > 0, there
exists 6 > 0 such that for the initial data (11(0),12(0)) € H satisfying inf , vyc z(c) ||(¥1(0), 12(0)) —
(u,v)||lg < 6, we have

sup  inf CI@1(8) () = (w o)l < e,

t€(0,Timax ) (WV)EZ(c

where (11 (t), 2(t)) is the solution to system (@) with the initial data (11(0),12(0)) fort € [0, Tiax),
and Tyax denotes the mazimum existence time of solution.

(ii) A standing wave (eu, e*v) is strongly unstable if for any e > 0, there exists (11(0),19(0)) €
H such that ||(¢1(0),12(0)) — (u,v)|lm < € and the solution (11(t),12(t)) blows up in finite time.

We note that the definition of stability implicitly requires that system ({6) has a unique global
solution, at least for initial data (11(0),12(0)) sufficiently close to Z(c).
When v = 0, system (7)) is reduced to the local weakly coupled nonlinear Schrédinger system

—Au+ M= |uP2u+ BlolFulf2u in R, (9)
—Av 4+ = [v]P 20 + Blul? ||z in R

In recent years, the existence and multiplicity of solutions to system (@) with prescribed mass
have attracted much attention, see e.g. [2, Bl 16} 17, 22, 26]. However, when ~ > 0, due to the
interaction of the double coupled terms, the situation becomes more different and complicated.
Some key challenges need to be solved, such as the characterization of the geometric structure of
the functional I, g, and the relation between two coupled constants v, 3. In order to overcome
these considerable difficulties, new ideas and techniques have been explored. More details will be
discussed in the next subsection.

1.1 Main results

For sake of convenience, we set

Au,v) = / (VU + [Vol)dr,  Bluv) = / (e + 07,

and
C(u, v) ;:/ (ul? + o] + 28Jult [v]%)dz.
R3

First of all, we consider the minimization problem:

o,5(c) = (uivl)lgs L, 5(u,v).
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Theorem 1.5 Let 2 < p < 3 and ¢, > 0. Then there exists vy, = ~v.(c) > 0 such that for

0 <7 <7, 0y5(c) admits a minimizer (4,0) € S., namely, system (7) admits a vectorial energy

ground state (u,v) € H. In particular, for % < p < 3, there exists c. > 0 such that for every

c> ¢, and 0 < 7y < 74, the vectorial energy ground state (4, v) is non-radial.

For3§p<§andc>0,wedeﬁne

By: = ﬁ*(0777p)
p_ ( 2(B3p=8) Tt —2(p—3) Sp8 s 2 2\2(p—3)
| s (FER) T eI A (,0) B (o) T (ul3+ [lel)
= inf R0
(u,0)€H\{(0,0)} 2 [os |u]2|v]2dz

 flul + o)
2 [os |ul2|v|2da

By ([B2) below, S, is well-defined. In particular, when p = 3, 5, > ¥ — 1, not depending on c.

Theorem 1.6 Let 3 <p< % and ¢,y > 0. Then we have

(i) (existence) o.,p(c) admits a minimizer (4,0) € S, for f > max{f,,0}. In addition, the
corresponding Lagrange multiplier X is positive.

(77) (non-existence) If B, > 0, then for p =3 and f < ¥ —1,orfor3<p< % and 3 < B,
o4.8(c) has no minimizer.

Remark 1.7 (a) We give a characterisation of the quantity B, in Theorem[I.8, which a threshold
for the ezistence and non-existence of minimizer for o, g(c).

(b) From Theorem[1.0, we can see that the parameter B can be any positive value if v > 0 small.
In particular, when p =3, if 0 <y < %, then for any 5 > 0, the existence result still holds.

For 2 < p < 10/3, the main difficulty is due to the lack of compactness of the bounded
minimizing sequences. Indeed, the minimizing sequence could run off to spatial infinity and/or
spread uniformly in space. The usual strategy is to control the mass ¢ to exclude both the vanishing
and the dichotomy. However, in Theorems and [L6, we control the coupled constant either ~y
or 4, not ¢, although there might be a connection between them. This leads us to have a more
considered analysis in the proofs.

Due to Theorems and [L6) a natural question is to investigate the connection between the
energy ground states and the action ground states. This correspondence has been established in
[10, 19] for scalar equations and in [8] for systems. The next theorem establishes the relation
between vectorial energy ground states and vectorial action ground states for system ([7) when
p=3.

Theorem 1.8 Let p = 3 and v,\ > 0. Then for f > max{S,,0}, system (7) has a vectorial
action ground state (uy,vy) € H. Moreover, we have
(i) There admits a unique ¢ = c(\) > 0 such that |[uy||3 + |valz = ().



(1) (ux,vy) is a vectorial action ground state of system (7) if and only if (ux,vy) is a minimizer
of ,5(c(X)). In particular, there holds

(u,0)ESe(n)
Remark 1.9 Regarding on the study of vectorial action ground states to system (1), we note that
the case of p = 3 has been considered in [37] but the coupled constant v > 0 is requied to be small.
In our paper, according to Theorems and [L.8, we can obtain a vectorial action ground state
without restriction on v > 0, which improves the result in [37).

For % < p < 6, I, 3 is no longer bounded from below on S.. Then it will not be possible to
find a global minimizer. In order to seek for critical points of I, 3 restricted to S., we will use the
Pohozaev manifold M., 3(c) that contains all the critical points of I, 5 restricted to S.. It is given
by

M., 5(c) == {(u,v) € Sc : P, g(u,v) =0},

where P, s(u,v) = 0 is the Pohozaev type identity corresponding to system (7). Consider the
minimization problem:
m g(c) == inf L, g(u,v),
%B( ) (w0)EM., 5(c) %B( )
and set

3p—10 1
5\2% . 2(6 —p)\ = 3p 20-3)
== f R , dc=—"== f Ry(u,v), (10
¢ (3) (u,lvr)lesl 1oyt v) and ¢ <5p — 12) (5]9 — 12 (u71vI)1€SI (v, 0), (10)

1
4(p—3)

A(u, v)* 3 (yB(u, )~
C(u,v)?

Rp(u,v) :=

Theorem 1.10 Let p = % and v, > 0. Then for each c. < ¢ < c*, system (7) has a vectorial

energy ground state (u,v) € H. Moreover, the corresponding Lagrange multiplier ) is positive.
While for each 0 < ¢ < ¢4, there are no critical points of 1, g restricted to S..

Theorem 1.11 Let % <p<4dand~y,f>0,ord<p<6and~y>00> 2%, Then for each
0 < ¢ < ¢, system (7) has a vectorial energy ground state (u,v) € H. Moreover, there exists
¢ < ¢* such that for each 0 < ¢ < ¢*, the corresponding Lagrange multiplier \ is positive.

Proposition 1.12 Let (i,0) € H be the energy ground state obtained in Theorem [L10 or [L11]
with the positive Lagrange multiplier X, then (4, v) has exponential decay:

a(z)| < Ce Fl and |5(z)| < Ce ¢! for every x € R,

for some C' > 0, ¢ > 0.



In our approach we do not work in the radial function space H, and do not need to consider
Palais-Smale sequences, so that we can avoid applying the mini-max approach based on a strong
topological argument as in [2, [I5, 16]. A novel strategy to recover the compactness is to take
advantage of the profile decomposition of the minimizing sequence and the monotonicity of ground
state energy map. It provides a unified novel approach to study both mass critical and supercritical
cases, even for Schrodinger-Poisson systems.

Let us summarize the existence and non-existence results presented in our work in the following
table 1.

Table 1:
p parameters conditions | existence (yes)/non-existence (no)

2<p<3 0<v <7 Yes
B > max{p, 0} Yes

< 1
3<p<I0B| 5B iff >0 No
0<c<e No
p=10/3 . <c<c Yes
10/3<p<6 O<e<c Yes

Next, we turn to study the dynamics of the corresponding standing waves for system (@) with
the initial data.

Theorem 1.13 (Local well-posedness theory) Let2 < p < 6 and the initial data (11(0),19(0)) €
H. Then there exists Tynae > 0 such that system (@) with initial data (11(0),12(0)) has a unique
solution (11(t),19(t)) with

Ui (t), ¥a(t) € C([0, Tnax); H' (R?)).

Define the set of ground states Z(c) by

Z(c) ={(u,v) € S, : L, g(u,v) = 0, 5(c)}.
By Theorems and [L6 Z(c) is not empty. With the help of Theorem [LI3] the following
stability holds.
Theorem 1.14 Under the assumptions of Theorem L or[1.4, the set Z(c) is orbitally stable.

Theorem 1.15 (Global well-posedness theory) Let the initial data (11(0),19(0)) € H. Then
system (@) with the initial data (11(0),12(0)) is globally well-posed in H if any one of the following
conditions is satisfied:

(i) 2<p< i

(it) p =% and [[{1(0)[3 + [[42(0)|3 s small

(iti) 5 <p <6, Pyp(¢1(0),42(0)) > 0 and I, 5(¥1(0), ¢2(0)) < 1 5(c).

Theorem 1.16 (Finite time blow-up) Under the assumptions of Theorem [L10 or [L11. Let
(1(t),1a(t)) be the solution to system (@) with the initial data (11(0),12(0)). If

(I21¥1(0), [21v2(0)) € L*(R?) x LA(R?), Py,p(1h1(0),%2(0)) < 0 and I, 5(¢1(0), ¥2(0)) < map(c),
then (11(t), ¥(t)) blows up in finite time.



Finally, we prove that the associated standing waves are unstable.

Theorem 1.17 Let (u,v) € H be the energy ground state obtained in Theorem 10 or[L.11, then

the associated standing wave (e N e”‘tv) is strongly unstable, where X is the Lagrange multiplier.

The rest of this paper is organized as follows. After introducing some preliminary results in
Section 2, we prove Theorems in Section 3 and Theorem in Section 4, respectively.
We prove Theorems [LIOHL.IT] and Proposition in Section 5. Finally in Section 6, we study
dynamics of the corresponding standing waves and prove Theorems [LT3HL. 17l

2 Preliminary results
In this section, we give some related inequalities and some known results.

Lemma 2.1 (Gagliardo-Nirenberg inequality of Power type [40]) Let 2 < p < 6. Then
there exists a sharp constant S, > 0 such that

3(p—2) 6—

[ull, < Sl/p”quQ lull,” for all w € H'(R?), (11)
where S, = W, and U, is the ground state solution of the following equation
pli2
6 — 4
—Au + D= |ulP~u in R

3(p—2)  3(p—-2)

Lemma 2.2 (Gagliardo-Nirenberg inequality of Hartree type [27), [42]) There exists the
best constant B > 0 such that

/RS(III_1 < [ul?)ul’dz < B[Vulls||ully for all w € H'(R?), (12)

2
QI3

where B = and Q(x) is a positive ground state solution of the following equation
—Au+3u=2(z| 7 * [ulHu  in R

By using inequality (1), we have

[ pye <, (R 19l =+ ol 1o, )
< (Il + 101%) (19 4 vol =)

3(p—2)

4S, (lullz + llvll2) = A(u,0)= 7,

IN

and then
Cluv) < (1+6) / (luf? + [v]?)dz
RS
6—p 3(p—2)
< 48,14+ B) (Julll + 0]2) T Au, v) ™52 (13)

9



Lemma 2.3 (Hardy-Littlewood-Sobolev inequality [23]) Assume that 1 < a < b < 400 is
such that % + % = % Then there exists Cyrs > 0 such that

[ [ N < gl v € 4R, g € L)
s Jrs [T — Y

Lemma 2.4 Let B> 0 and gg(s) := s + (1 — 8)2 +2Bs%(1 — 5)% for s € [0, 1].

(i) If2 < p < 4, then there exists sg € (0,1) such that gg(sg) = maxep1] gs(s) > 1. In particular,
if B> 5=, then sz = 5

(1) If 4 < < p <6 and ﬁ > 2"2° | then there eists sg =3 such that gg(3) = max,e1) gs(s) > 1.

Proof. The proof is similar to the argument in [9, Lemma 2.4], and we omit it here. m

Lemma 2.5 Let 2 < p < 4 and 8 > 0, or4§p<6and6>2p7*2, Then for each w €

H'(R3)\{0}, there exists s,, € (0,1) such that
L s (Vsow, V1 = sow) < L, 5(w,0) = L, 5(0,w).

Proof. Let (u,v) = (v/sw, V1 —sw) for w € H'(R*)\{0} and s € [0,1]. A direct calculation
shows that
A(u,v) = sl|Vwll; + (1 = 5)l[Vw]3 = [|Vwll2

and

Bluo) = [ omalsd + (1= swdo = [ ot

Moreover, by Lemma [24], there exists s, € (0,1) such that

C(u,v) = [sé +(1-— sw)% + 253% (1-— sw)ﬂ |w|Pdx > lw|Pdz.
R3 R3

Then we have

[%5( Sow, V1 — sww)
1 1 ,,
= SIvuli+ / busste = 1 [oh + (1= s+ 2555 (= )] [ Jupda

1
< SVl /@, oo [ ops

= IL,p3(w,0)=1,30,w).

The proof is complete. =
Next, we show Brezis-Lieb type results for two coupled terms in the energy functional.

Lemma 2.6 (Brezis-Lieb Lemma) If (u,,v,) — (u,v) in H, then

B(un,v,) = B(u,v) + B(u, —u,v, —v) + 0,(1)

/|un|%|vn|%dx:/ |u|%|v|%da;+/ |, — ul?|v, —v|2dx + 0, (1),
R3 R3 R3

where 0,(1) — 0 as n — oo.

and

10



Proof. We observe that
Blu,v) = / bl + [0]2)d = / 6.2 2,
R3 R3

where z := u + v and ¢ is the imaginary unit. The first equality can be proved by adopting the
method in [27, Lemma 2.4]. The second one is a direct consequence of 4, Theorem 2] by taking
j : C — C defined by j(u + iv) := |u|%|v|% in that theorem. The proof is complete. m

Finally, we give the following Pohozaev identity, and we refer to [9] for the proof.

Lemma 2.7 Let (u,v) be a weak solution to system (7). Then it satisfies the Pohozaev identity

1A(u, v) + %/ (u? + v*)dx + %B(u,v) = §C’(u, v).
RN

2 p
Furthermore, it holds
3(p—2
P, p(u,v) = Au,v) + %B(u, v) — %C(u,v) = 0. (14)

3 The existence of global minimizer

Lemma 3.1 Let2 <p < %. Then the following statements are true.
(i) I, is bounded from below and coercive on S;
(i1) 04,8(c) satisfies the weak sub-additive inequality:

04,8(¢) < 048(c") + 0 5(c — ) (15)
for any 0 < ¢ < c.

Proof. (i) For (u,v) € S,, by ([I3]), one has

L s(u,v) > 1A(u,v) — 1C’(u,v) > 1A(u,v) — wc%pfl(u,v)w,
2 p 2 p
which implies that I, 3(u,v) is bounded from below and coercive on S..
(i1) Following the idea of [24]. According to the density of C§°(R?) into H'(R?), for any € > 0,
there exist (1, ¢2), (w1,2) € C°(R®) x G2 (R®) with [l B+ ]2 3 = ¢ and. [l [B+[lwallf = e—¢
such that

€ €
[vﬁ(‘Pla @a) < U%B(C/) + 2 and [%B<W17W2) < U%B<C - Cl) + 2

Denote by (w?, wh) = (wi(- + ney),ws(- + ney)), where e; is some given unit vector in R3. Since
the distance between the supports of (1, o) and (w],w?) is strictly positive for n large enough
and goes to +00 as n — 400, we deduce that suppy; N suppw? = @ for i = 1,2. Thus for n large
enough, we have ||¢; + w?||3 + ||p2 + w3 = ¢ and

oy5(c) < Lp(pr +wi, 2+ wy)

1%5(9017 902) + I%ﬁ(wla WQ)
045(c) + 0oy 5(c =) +e,

IAIA

where we have used the fact that I, 3 are translation-invariant. The proof is complete. ®

11



3.1 Thecaseof2<p<3

Lemma 3.2 Let 2 < p < 3 and v, > 0. Then there holds 0. s(c) <0 for all ¢ > 0.
Proof. For fixed (u,v) € H\{(0,0)}, we set
(u® (), v*(z)) := (s*u(sz), s°v(sw)) for s > 0. (16)

It is clear that HuSHS + Hvsﬂg = s(||ul]3 + ||v]|3) and

3 3 2p—3
o' v) = S A, v) + L Blu,v) - 2

I

v

. C(u,v).

Since 2p — 3 < 3, it follows that I, 5(u®,v®) < 0 for s > 0 sufficiently small. This implies that
there exists ¢y > 0 such that o, 3(c) < 0 for 0 < ¢ < ¢g. By taking ¢ € (o, 2¢0] and using (I3]), we
get

04,8(¢) < 0y,8(co) + 0y,8(c — o) < 04,8(co) <O,
since ¢ — c¢g < ¢o. This means that o, g(c) < 0 for ¢ € (co, 2¢o]. Repeating this procedure, we have
0,5(c) <0 for all ¢ > 0. The proof is complete. =

Proposition 3.3 Let 2 < p < 3 and > 0. Then for v > 0 small enough, there holds
0,5(c) < 0oy 5(c) + 0y p(c— ) forany 0 < <e. (17)

Proof. We follow the arguments in [6] by making some necessary modifications. By Lemma [3.2]
we have proved that o, 3(c) < 0 for all ¢ > 0. Let (p,w) € S; and define

(gpc’ wc) = (C 10331) gp(c lg:gp x)’ CIOESI’ w(c lg:?%p x))

It is obvious that (p.,w.) € S, and

6—p 18—5p 6—p
ClO—Sp ClO—Sp ClO—Sp
Lp(¢eswe) = —5—Alp,w) + ——Blp,w) — Clp,w)
Then we have )
0y5(c) = T, (18)
where -
—-p

f)/c 10—-3p

1
J)¢:= inf {iA(u,v)—l—

P (u,v)ES)

B(u,v) — %C(u,v)} for p > 0.

Using the same scaling argument, we also have

TPe = pTs J1e, (19)

Take p = /¢, and it follows from (I8) and (I9) that (I7) is equivalent to
JIC<Jre+ S, Vpe(0,1). (20)

1-p>»

12



Note that lim., o J; = J)°. Similar to the argument in [I7], for each x > 0, J%¢ satisfies the
strict sub-additive inequality, that is,

JPC < I+ I, Vp € (0,k). (21)

K—p>

Next, we prove that J;"“ satisfies (20) for v > 0 small enough. Assume on the contrary. Then
there exist two sequences {7, } satisfying v, — 0 as n — oo and {x,,} C (0, 1) such that

JPHC = Je 4 g (22)

Without loss of generality, we assume that % < k, < 1. Moreover, we conclude that x, — 1 as
n — 0o, otherwise we get a contradiction with (2I). Now, we prove the following claim:

JIme < e+ g, Vp € (0, k), (23)

Kn—p?

for n large enough. Suppose that the claim is not true, then there exists a sequence {p,} with
Pn € ( /@n,nn) such that

JIme = Jome g, (24)
It follows from (22]) and (24]) that
e B B/ A SV RS SV ALY S S A
where we have used the fact of J"7 < J"C +J™" .. So we have Jym¢+ Ji"0 = J"C

Since p, > %+ and kK, > ;, we have i < pn < % Then we may assume that p, —> p, where

i <p< % Then we deduce that JS’C + Jf’fp = J?° as n — oo, which is a contradiction with (ZI)).
Hence the strict inequality (23]) holds.

For n large enough, there exists a minimizer (u,,v,) of JJ¢ such that {(r,)""2(us, va)} is a
minimizing sequence for J{"*. It follows from (2I)) that (r,) "2(tn, vn) — (Use, Vso) in H, where
(Uos, Uoo) is & minimizer of J{"°. The same holds for {u,,v,}, given that x, — 1. Without loss
of generality, we may assume that (u,,v,) and (s, Vs) satisfy Euler-Lagrange equations in R?,
respectively,

4(3—p) .
{ — Ay, + Ay + Vo 010 Cfpgbumvnun |un|p*2un+B|vn|§|un|§_2un in R3,

—Av, + MU + ne Toa Gy oy Un = |Un|P 200 + Bltin|2|vn] 2 2uy, in R3,
with [Jun|3 + [[vn 13 = #n, and

— Al + Moollog = |too|P 2se + Blse |2 |uoo|L2uOO in R3,
—AUse + AaoVso = |Vso|P a0 4 Bltico| % [V |2 200 in R3,

with ||uso||3 + ||veo||? = 1 and Ay > 0. Note that
JiYmC _ J’ZZ,C _ J{Yny

Kn

1—k, 1=k,

and as Kk, — 1, we have
J;/nyc _ Jl;yn,c
- vn

N >
- 1—k,
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But it follows from (I9) that

Jme ( ke
117"“’1—(1—&)1OP3PJ%(1 W50 as ky, — 1.

Hence we arrive at a contradiction. This completes the proof. m

Lemma 3.4 ([29,(30]) If u is a radially symmetric function, then there holds

(1-0)p

4—260

lull2 < C(p. 5)ull %0 (/ / d:cdy) ,
R3 JR3 |.’,U—

_s
where 0 = ;ip;f’p nd 166sj12 <p < g5; for 1/2 < s < 3/2. In particular, for = 18 < p <6, there
holds

ul|2 < C(p)||Vu // dazd)6. 25
ol < vl ™ ([ [ U 0, (25)

Lemma 3.5 Let % < p < 3. Then the energy functional 1, g is bounded from below by a constant
not depending on ¢, on S, := {(u,v) € H, : |ul|3 + |[v||3 = ¢}

Proof. For (u,v) € S,, it follows from (25]) that
Cluyv) — / (luf? + [0 + 28]l [o]})da
RS
< (148) / (af? + [o]?)dz
RS

< e+ 0) [IVul, (/ / \x—y| aTERa) ’
v (/R/R ZAE dxdy) ]
< Cp)+p) (||Vu||2 vl )[(// %dw)
([, S ) ]
< 4C(p)(1 + B)A(u,v) T Blu,v) 7. .

Then by (26) we have

—_

—4C(p)(pl +5) A(u, U)LEHB(u, v)ﬁ%p,

which implies that I, g is bounded from below by a constant not depending on c. In fact, we set

L g(u,v) > —A(u,v) + %B(u,v) —

[\]

the function of two variables

1 5p 12 6—
f(z,y) == §x+%y—w yo, Y(z,y) € RT x RY,

14



By a direct calculation, there exists stationary point (g, o) € RT x R* not depending on ¢ such
that f,(xo,v0) = fy(%0,y0) = 0. Furthermore, we have

Cp)(L+ ) (5p — 12)(18 — 5p) g o
9p 0 Yo

fm(%’ yO) =

and

SC0I0 DG = 16D =) 5

Foa(0, Y0) fyy (0. y0) — foy (X0, Yo) =

which implies that the function f(z,y) achieves its minimum at point (zg,yo), and so the energy
functional I, 5 is bounded from below. This completes the proof. m

Lemma 3.6 Let 2 < p < 3. Then it holds lim,_, 72800 _ .

C

Proof. Notice that
00,5(¢) _ 075(¢)
C - C

< 0,

where

00(c) == (uivr)lgs Inp(u,v)

with

Inp(u,v) := %A(u,v) - %C(u,v).

Due to [17], there exists a minimizer (ug, vo) for og z(c) satisfying

{ —Aug + Aug = |ug|P~2ug + Blvo|2[uol 2 2uy  in RS, (27)

—Avg + Mg = |volP~2vg + Bluol |vol* "2ug in R?
which indicates that

& . C(UQ,UQ) — A(UQ,UQ) %C(uva) - %A(Uo,’l}o) . _0076(0) -0
2 2 [os(Juol? + fvol?)dz = 2 [os(Juol? + |vo|?)da c ’

where A. is the Lagrange multiplier associated to the minimizer (ug,v9). Next, we prove that

lim. .o A. = 0. Suppose on the contrary. Then we can assume that there exists a sequence
{c,} C R satisfying ¢, — 0 as n — oo such that A\., > M for some M € (0,1). Since the
minimizers (t,, v,) := (U, , V., ) satisfy system (27), we have

IVualls + Va3 + MJunll3 + lloall3)

IVuallz + 11V 0all3 + e, (13 + lvall3)

C(tn,vy)

< K(p, B)([[unlf + llvnll)

for some K(p,3) > 0. This implies that there exists M; > 0 such that A(u,,v,) > M;. But as
n — +o0, by (13)), we get

M ([[unlF + llvallzn) - <
<

1 44 20)S, &=» 1
O Z IO B(unavn) Z —A(Un, vn) - %Cn4p14(una vn) 4 Z ~
’ 2 P 2
which is a contradiction. This completes the proof. m
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Lemma 3.7 Let 2 < p < 3. Then it holds inf - 0, g(c) = —o0.

Proof. Now we argue by contradiction and assume that there exists K > 0 such that 0., 3(c) > —K

for all ¢ > 0. In this case we would have lim,_, o, 2 ©) — (. Since lim,_,o 22 — 0 and o,5(c) <0,

(©) X

the function ¢ — U”% attains a global minimum, i.e. there exists ¢y such that

ay5(co) < a.5(C)

< for all ¢ > 0. (28)
Co C
On the other hand, by Lemma [3.1], one has
200 - 200 Co .

It follows from (28) and (29)) that the function ¢ — U”%(c) attains a global minimum also at 2c¢.
Repeating such step, we deduce that

- )

k Co Co

which implies that liminf, . U”%(C) < 0. This contradicts with the fact that lim,_,., 22 © _ .

This completes the proof. m

Now we give the proof of Theorem [I.5: Let {(u,,v,)} C S. be a minimizing sequence
to 0, 4(c). Our aim is to prove that {(u,,v,)} is compact in H up to translations. By Lemma
B.I(:), we obtain that {(u,,v,)} is bounded in H. If

sup / (u? + v2)dx = 0,(1) for some R > 0,
Br(y)

yER3

then it follows from Vanishing lemma in [25, Lemma I.1] that {(u,, v,)} — (0,0) in LP(R3)x L? (R?)
for 2 < p < 6. This is incompatible with the fact that I, g(u,,v,) < 0. Thus there exist a constant
Dy > 0 and a sequence {y,} C R3 such that

/ (u2 +v2)dx > Dy > 0.
Br(yn)

Since {(un,v,)} is bounded in H, we obtain that {(u,,v,)} is weakly convergent in H and is
locally compact in LP(R3) x LP(R3) for 2 < p < 6, and so

(un(2 = Yn), vn(x = yn)) = (4,0) # (0,0) inH.
Hence, p := ||4]|3 + ||9]|3 > 0. Next, we prove that (u,v) € S.. Suppose that p < c. Since
lnll3 + lloall3 = llun = all3 + [lva — 9113 + [1ll3 + 19113 + 0a(1),
by Lemma and the translational invariance, we conclude that
0y,5(¢) = Hm L5 (tn, vn) 2 1 (0, 0) + Hm L g (un — 1, 00 — 0) 2 045(p) + 05 5(c = p),
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which contradicts with (7). So, we have ||@]|2 + ||9||3 = ¢ and (4@, 0) € S.. Moreover, using (13),
we deduce that (u,,v,) — (4,0) in LP(R3) x LP(R3). Then there holds

oy8(c) < 1 p(0,0) < lim 1 g(tn, vn) = 04,5(c).

n—o0

Hence (4, 0) € S, is a nontrivial minimizer of o, 3(c).
Next, we claim that @ # 0 and © # 0. If not, we may assume that © = 0. Then by Lemma 2.5]
there exists sg € (0,1) such that (\/sgu, /1 — sgt) € S, and

[7,5(\/%717 V 1- Sﬁa) < [’Y,ﬁ(ﬁv O) = %5(0771) = 0-%5(6)7

which is a contradiction. So, (4, 0) € S, is a vectorial minimizer of o, g(c).

Finally, we study the symmetry breaking phenomenon for minimizer (@, ?) when 1—78 <p<3.
By Proposition and Lemma [3.7, we know that the ground state energy o, g(c) is strictly
decreasing on ¢ and inf .- 0, 5(c) = —oo. However, it follows LemmaB.5that inf . 0, 5(c) > —o0,
where o7 5(c) := inf(, oes,,. Iy,5(u, v). Then the symmetry breaking phenomenon occurs for ¢ > 0
sufficiently large.

3.2 Thecaseof 3<p< %

Following the idea of Lions [24], we have the following results:

/RS(|U|3 + |u|v?)dr = /RS(—A¢U,U)|U|d$
= /<V¢M,V\u\>

< (/ \Vu|2d:c)5 (/R \vm,vﬁdx)%

< ||VuljsB(u,v)2, (30)

and
[ el +lolivas = [ (~ag,hlds
R3 R3
- /<V¢uvav|v|>

< ([, |w|2da:)2 (], |v¢u,v|2da:)é

< | Voll2B(u,v)2. (31)
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For (u,v) € Hand 3 < p < 2 by (), (B0) and (3I)), we have

[ b+ 1oz
R3

10—-3p o 3(p—3) 10—3p o 3(p—3)
</ |u|3dx) (/ |u|3dx) + </ |v|3dx> </ |v|3dx)
R3 R3 R3 R3

(10—3p) 3(10-3 10(p—3) 10(p—3)
(el -+ o) (el ™ + ol ™)

10—3p

2(p—3 3p—8 -
< 16810s5 ([ful3 + [10]12) 7™ Afu, v) 5 B(u,v) "2

IN

IN

I

which implies that

10—3p
3p—8) \ 2 _2(p— 3p—8 10-3 2(p—3
o (3EE) T YA ) T B, 0) F (Jullf 4 (03 = fou(lul? + [o)da
2 [os |u| % |v| 2 dx
10—3p
(3p—8) \ 2 —o(p—
|:16810/§(3p—8) (;(101)—3]))) ¢ P8 1] fR3<|u|p + [v[P)dz

Jes ([l + [vlP)dx

0—3p
p (3p —8) ) —2(p—3)
c — 1. 32
Thus we can define
B* = 6*(07’7729)
10—3p
_ 2 ol 3p—8 10—3p 2(p—3
[ () T A B T (g ol
= 1mn D P
(u,0)€H\{(0,0)} 2 [os Julz|v|2de

p p d
P o]
2 [gs Jul2|v|2dx

In particular, for p = 3, it follows from (B0) and (31]) that

/<M3HMMx<¢vaﬁ<uw%
RS
and further

5 - B2 A(u, 0)2 Bu, )2 — [ou([uf? + [0]*)da
= m
T @wem\{00) 2 [0 ul2|0]2da

(3 1) fuollu? + o)
2 [ |ul2|v]2 da
(37 = 1) ool + o)
Jra (Jul? + [vfF)dae
Voo
!
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Lemma 3.8 Let 3 <p< % and vy > 0. Then for 8 > B, it holds 0, 3(c) <0 for all ¢ > 0.
Proof. Let (u,v) € H\{(0,0)} and set the scaled function
(s, Ts) := (s*2u(sz), s**v(sz)) for s > 0. (33)

Clearly, (us, vs) € S.. Define the function f,(s) by

1 o
fa(s): = gI'y,B(usavs)
3p—8
S 2

= gA (u,v) + lB(u,v) -

/ (lul? + [o]? + 28u[5]v]3)da
4 s

By a direct calculation, it is easy to see that

min f,(s) = f«(5)

s>0
1 - —8 ﬁ O—9p p P ﬁ
_ 0= (3p ) A, )% (/ (|U|”+|v|”+2BIUI5|v|5)dw)
2(3p—8) p R3
+2B(u,v),
where

5= (3p — 8) Jus (lul? + V[P + 28Ju|%|v|)dx | 77
- pA (u,v) .

This indicates that mingso fi(s) < 0 for 8 > f,, and so o, 3(c) < 0 for § > f,. This completes
the proof. m

Remark 3.9 According to the definition of B, and the proof of Lemmal3.8, we see that B, can be
characterized by

10
B =inf{B8>0:0,4(c) <0} for3<p< 3

Lemma 3.10 Let 3 <p< % and v > 0. Then for B > (., we have
o48(sc) < sop(c) for any s > 1,

and
0,5(c) <0y5(c) +0y5(c—C) forall0 < <ec.

Proof. Let (u,v) € S.. By (I8) one has [[u®]|3 + [[v*]|3 = s(||u]|5 + [|v]|3) and

§3 _ g3

L 5 (u®,v%) = 531%5(%@) + ——C(u,v).
p

Note that s* — s?73 < 0 for s > 1. Then we get I, 5 (u*,v%) < s3I, 5(u,v), leading to o, s(sc) <
s30., 5(c). Furthermore, since o, 5(c) < 0 for 8 > 8, by Lemma 3.8, we have
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Without loss of generality, we assume that ¢ — ¢’ > /. Then we have

c c

04,5(c) < - _ Clavﬁ(c —d)=0o,p5(c—)+ - C/U%B(C —d) <oyp(c— ) +05().
This completes the proof. m

Now we give the proof of Theorem [I.6G: (i) The proof of the existence of the minimizer
is similar to that of Theorem [LLA] we omit it here. Next we discuss the sign of the Lagrange

multiplier A associated with the minimizer (&, 7) € S,. Since ., (c) < 0 and

(3p — 8)Ac

(5p = 12)ay 5(c) = (5p — 12) 15 (1, 0) = 2(p — 3)A(4, V) — 5

we have \ > 0.
(77) Note that

f/ (Juf* + o?Jul) de < /|vu\ do + 2 /¢uvu+v)d (34)

and
1
ﬂ/ (w?|v] + |v]?) da < —/ |Vl dx + 1/ Gup (0 +07) dz (35)
2 R3 2 R3 8 R3 ’
for all (u,v) € H. When p = 3, for any (u,v) € S, it follows from (34)) and (35) that

1 1
Lpfu) = A0+ 3B — 3 [ Cluo)

4
1
> L[+ oo = 2 [l + ol

3
> Oﬁ6<—%j—L

On the other hand, for fixed (u,v) € H\{(0,0)}, by (B3) we have
2 3(p=2)

S—A(u,v) + EB(u,v) - %C’(u,v) for s > 0,

oy 5(c) < I g(us, vs) = 5 1

which implies that o, 3(c) <0 as s — 0. So, 0, 3(c) has no minimizer for § < ‘/_ -1

For 3 <p< %, we follow the idea in [7]. Suppose by contradiction that there exist ¢ > 0 and
B < Bi(c,7,p) such that o 3(c) has a minimizer. According to the definition of 3,(c, 7, p), we find
that 5.(c,~,p) is continuous and decreasing on ¢. Thus one can choose 0 < ¢ < ¢ so that

B < B.(€,7,p) < Bulc,7,p).

On the other hand, by the characterization of (,(c,7,p) , it follows that UV,B(C) = 0. Then by
Lemma .10, we get

0,50 < So,50) =0,

which implies that E > B,(¢,7,p). This is a contradiction. So, o, 3(c) has no minimizer for 5 < f,.
We complete the proof.
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4 The relation between action ground states and energy
ground states

Lemma 4.1 Let p =3 and v, > 0. Then for § > max{f,, 0}, system (1) has a vectorial action
ground state (uy,vy) € H.

Proof. By Theorem [L.@ for 5 > max{f,, 0}, system (]) admits an energy ground state (u,0) € S,
with the corresponding Lagrange multiplier A > 0. In other words, (@, ?) satisfies the system:

{ —AuA+ A+ Youou = [ulP2u+ Blv|E|ult2u in R? (36)

— AU+ A+ Yy v = [0[P 20 + Blu|E |v]E 2 in R3.

First of all, we claim that (a,?) is a vectorial action ground state of system (36]). Indeed, let
(1, ¥2) € H be a nontrivial solution of system (B€]). We define

m and (1, da) := (¢ (¢x), P po(Cr))

so that ||¢1]|2 + ||¢2]|2 = c. By using the characterization of (i, 7), one has

Ae o - - s A& A
i La(,0) < Ly g(1, ¢2) = &L, 5(¢1, ¢2) = —?(Hﬁbl”% + [l6213) = —ECZ,
which shows that ¢ < 1, and hence ¢ < € = ||¢y||3 + ||#2[|3. Then we get
D VR
By () = 25 < 210113+ 0218) = B,y 1. 60)
which implies that (@, ?) is a vectorial action ground state of system (36]).
Set (uy,vy) = (@?u(wr), @*0(wr)), where w = \/§ A direct computation shows that

(ux,vy) is a vectorial solution of system (7). Next, we show that (uy,v,) is a vectorial action
ground state of system (]). Indeed, let (u,v) € H be any nontrivial solution of system () and
define

(u*,v") = (@ *u(z/w), @ v(z/w)).

Similarly, we can prove that (u*,v*) is a nontrivial solution of system (B6]) and hence we have

A A .
— w5+ lloall3) = ZNall3+ ll9]3)
3w 3

Eﬂ,mﬁw’ﬁ)
EX%B(U*’ v’)

A * *
3 1z + 11o712)

IN

A\
3 (llullz + Jlvll2),
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which implies that [Juy||3 + ||vall3 < [Jull3 + ||v]|3. Then we have

A A
Exapux o) = g (luallz + oallz) < 5 (llull + oll2) = Baqp(usv),

which implies that (uy,vy) is a vectorial action ground state of system (7). We complete the proof.
]

Next, we give a characterization of the vectorial action ground state (uy,wv,) of system (7))
when p = 3.

Proposition 4.2 Let p =3 and v, A\ > 0. Then for 5 > max{f,, 0}, the following statements are
true.

(i) For any vectorial action ground state (u,v) of system (7), there ezists a unique ¢ = c(\) > 0
such that ||ul|3 + ||v]|3 = c¢()).

(17) (ux,vy) is a vectorial action ground state of system (7) if and only if (uy,vy) is a minimizer
of 0,5(c(N)). In particular, we have

(u,0)ESe(n)

Proof. (i) Let (u1,v1) and (ug,vs) be two vectorial action ground states of system ([7]). Then we
have

A A
3 (s + [lorll2) = Ts(ur, v1) = Lyplus, 02) = Sl + [[osl2),

which implies the conclusion holds.

(77) First of all, we show that if (uy,vy) is a vectorial action ground state of system (), then
(ux,vy) is a minimizer of o, g(c(A\)). To this aim, suppose by contradiction that there exists
(u1,v1) € H such that [|uy]|3 + ||v1]]3 = ¢()\) and

Moreover, there exists a Lagrange multiplier A; > 0 such that (uq,v;) satisfies the system:

—Au A+ Mu+ by pu = [uPPu+ BlofFulr e in R,
—Av + MU+ Yy v = [P0 + Blulz|v|2 2w in R3.

Then by (B7) and item (i), we have

A1 A

_FC(/\) = L, p(ur,v1) < I, g(ur,va) = —gC(A)a

which implies that X < Ay. Set @ := /% and (y, 01) := (@’uy (@), w?vi (w)). Tt is clear that

(@1, 1) is a vectorial solution of system ([7l). Then we have

Ao
(s + 1) = (),

which implies that @ > 1. This contradicts with A < A;. So, (uy,vy) is a minimizer of o, g(c(N)).

A L AL B \to
26N) = Basslr,00) < Brlin, 1) = S (1l + ) = o
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Finally we show that if (uy,vy) is a minimizer of o, g(c())), then (uy,vy) is a vectorial action
ground state of system (7). Indeed, we note that there exists a Lagrange multiplier A > 0 such
that (uy,v,) satisfies the system

{ —Au+ M A Yoy ou = |ufP2u+ BluE|ult2u  in R? (38)

— AU+ Mo+ Yyt = 0|20 + Blult|v|E % in R3.

Similar to the argument in Lemma 1], one can show that (uy,v,) is a vectorial action ground
state of system (B8)). It remains to prove that A = A. Let (u,v) be a vectorial action ground state
of system (). It follows from item (i) that

A A
EC(A) = %B(UM'U)\) < I%ﬁ(uvv) - _60()‘)7

which implies that A < A. Set (u},v}) := (@w?u(wz), w?ux(wz)), where w := /2. Then we have

o=

A . A . A\w
2e(0) = Bayus(0) < Ba i, 03) = S (a3 + i) = Se),

which implies that A < X. Hence, A = A\. We complete the proof. m
Now we give the proof of Theorem [1.8 This is an immediate consequence of Lemma [4.]
and Proposition 4.2]

5 The existence of local minimizer
For each (u,v) € Sy and t > 0, we set (u, v); := (uy, v;) = (£*?u(tz), t*?v(tx)). Then c'/?(u,v), €
Sc. Define the fibering map ®. (,.)(t) given by

2 3p—6

t t p
Peu(t) = Lple2(w,0)0) = 5 eA(wv) + L Buv) -

¢2C(u,v) for t > 0.
p

By calculating the first and second derivatives of @ (, ) (t), we have

e(u (1) = teA(u,v) + %C2B(u, v) — ?)(pT;Z)ch(u, v)t3p2_8
and
o) = el o) — LB e
Notice that 47, 5(c"/?(u,v);) = LD (40 (t) = 77)”’5(5”’”)”, where P, (u,v) corresponds to a Po-

hozaev type identity (I4]). We also recognize that for any (u,v) € S, the dilated function c¢'/2(u, v),
belongs to the constraint manifold M, z(c) if and only if t € R is a critical value of the fibering
map ¢ € (0,00) = e (u0)(t), namely, &, (t) = 0. Thus, following the idea of Soave [36] (or
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Siciliano and Silva [33]), it is natural to split M., 3(c) into three parts corresponding to local
minima, points of inflection and local maxima. Thus we define

M:;B(c) D= {cl/Q(u,v) S, : <I>’C7(u7v)(1) =0, <I>’C'7(u7v)(1) > 0} :
M 5(e) 2 = {01/2(u,v) €S, : @Q,(u,v)@) =0, @Z,(u,v)(l) < 0} :
M?Aﬁ(C) L= {Cl/Q(u7'U) c SC : (I)/c,(u,v)<1> — O, @Z’(uﬂ))(l) - 0} .

Furthermore, we have the following lemma.

Lemma 5.1 If MJ 5(c) = 0, then M, g(c) is a smooth submanifold in S. with codimension 1,
and it s a natural constraint in H.

For (u,v) € H, by ([I2), the Cauchy-Schwarz inequality and the semigroup property of the
Riesz potential, we have

B(u,v)

= Guo(u? +v?)dx
3

_ 2343%dxdy+4343%dxdy+24343%dxdy

<
< B (llulls + [vll2) (IVullz + 1Vllz) + 28[Vull3 [ull [Vol3 o]l
3 1 B 3 1
< 4B ([lulls + [[vl13)* Alu, )2 + 5 (llulls + [[v]5)* Alu, v)2
9B 3 1
< o (lullz + [I0ll2)* Aw, v)2. (39)

It follows from (I3]) and (BY) that there exists a constant K (v, 3,p) > 0 such that

A(u, v)16=9 (vB )
4(p—3 4(p—3
(u,w)€S1 (u,0)€51 C(u7 U) 2(p—3)

10
2 K(v,6,p) for = <p <6,

which implies that ¢, and ¢* defined as ([I0) are both positive. Then we have the following two
results.

Lemma 5.2 Let v,5 > 0. The following statements are true.
(1) If p=10/3, then M, 5(c) = M 5(c) # 0 for ¢ > c. while M., 5(c) = for 0 < c < c..
(11) If10/3 < p < 6, then M., 5(c) = M_ 4(c) # 0.

Proof. (i) Since ¢ > ¢,, there exists (u,v) € S; such that

3c°/3
10

SA(u,v) < So=C(u,v),
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and o ¢, (u,) has only one critical point at ¢, (u, v) which is a global maximum with ¢ , (¢ (v, v)) <

0. This implies that M., g(c) = M;ﬂ(c) # (). While if 0 < ¢ < ¢, then for any (u,v) € S;, we
have /3
3

=Clu,v) 2 0,

gA(u, v) —

and @ (4 18 strictly increasing and has no critical points.
(77) The proof is similar to that of item (é7), we omit it here. m

Lemma 5.3 Let v,5 > 0. The following statements are true.

(i) The functional I, s is bounded from below by a positive constant on M., 5(c) = M_ 4(c) for
ez’therp:% and ¢ > ¢y, 07’13—0 <p<6andc>0.

(it) For every minimizing sequence {u,,v,} C M. 5(c) of m,z(c), there holds Dy < A(uy,v,) <

Dy for some Dy, Dy > 0.

Proof. (i) For (u,v) € M, s(c), we have

3(p—2)

~
A(u,v) + 4B(u, v) o

C(u,v) = 0. (40)

When p = 2, for ¢ > ¢, it follows from (#T) that

3 1
L‘/ﬁ(“u U) = 1_OC<U7 U) o §A(u7v) > 0.
When % < p <6, by ([I3), one has
ot .
A(u,v) > P c e ’

3(2+6)(p —2)S,
and together with ({0), leading to

3p — 10 3p—8
L p(u,v) = WA(U,U) + mﬁ?(uav)
3p — 10
> h/‘l(uav)
p —
3p — 10 TRy
— P— 6—p
> p b c =10 >

6(p—2) [3(2+B)(p —2)S,

(i1) Let {(un,vn)} C M, g(c) be a minimizing sequence of m. g(c). For & < p < 6, {(un,vn)}
is bounded in H, since I, 5 is coercive on M, g(c). For p = %, we assume on the contrary that

A(up, v,) = 400 as n — oo. Since P, g(un, v,) = 0,(1), we have

1
My, p(c) = Ly g(tn, vn) = gB(unavn)v (41)

and
. 2C(un, vp)
lim 22—~

= 1.
n—oo A(unavn>
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Set e, = [A(tn,v,)]"Y? and (@i, (), 9, (7)) 1= (5%/2un(z—:n:p),eiﬂvn(en:p)) It is clear that e, — 0

as n — oo and (U, (x), 0,(z)) € S.. Moreover, we have
Ay, v,) =1 and C(uy,, v,) — g as n — 0o. (42)
Then { (@, 0,)} is bounded in H, and from (41) it follows that
B(ty, Uy) = €, B(un, v,) — 0 as n — oo. (43)

Let
0 := lim sup / (a2 + 92)dx > 0.
Br(y)

n—oo yGRS

If § = 0, then it follows from Vanishing lemma in [25] Lemma I.1] that {(a,,7,)} — (0,0) in
L3 (R®) x L3 (R3), which contradicts with @J). So § > 0 and there exists a sequence {y,} C R3
such that

§
/ (@2 + 92)dx > = > 0.
Bi(yn) 2

Let (u),v}) := (Up(x 4+ ypn), On(x + yn)). Then we have A(u’,v’) = A(t,, 0,) and

n’ -“n n» - n

|+ e = 5,
B1(0)

which implies that (u},v) — (u*,v*) # (0,0) in H. By the Fatou’s lemma and (43)), we obtain
that
0 < B(u*,v*) <lim inf B(u),v})=lim inf B(u,,v,) =0,

n»-n
n—oo n—oo

which is impossible and so {(u,,v,)} is bounded in H. Moreover, it is easy to prove that the
sequence {(un,v,)} can not vanish. In fact, if {(u,,v,)} can vanish, then I, g(u,,v,) — 0 as
n — oo, which contradicts with m. s(c) > 0. We complete the proof. m

Lemma 5.4 ([35, Proposition 3.1]) Assume that b # 0, dl — bg # 0, (be — al)/(dl — bg) > 0,
(ag — de)(dl —bg) >0, A, B,G >0 and p € (2,6)\{3}. Then the following system

3p—8

aAt + bBr + dGr= 1t = 0
eAt + |Br + gGrpT_Qt% =0

admits a unique positive solution (r,t). Moreover, we have
1 3p—10 3p—8 3p—10
be — al\ 26-3 ag — de )\ 4»=-3) A1(r—3) B4(r-3)
r= — :
dl — bg dl — bg G

Fix (u,v) € S; and consider the map f(c) := P (u0) (7 (u,v)), where t(u,v) is the unique
critical point of ®. .. For simplicity, we denote t. = ¢, (u,v). By Lemma B2 the map f is
well-defined and

]El(c) = ’67(1“)) (te) + % [(tC)ZA(U, v) + cto(u)yB(u,v) — c%(tc)

3p—6

T C(u,v)|.
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Thus f'(c) = 0 if and only if

A(u,v)te + TB(u,v)c — 3(’;—;2)0(% 0)e"z (t) " =0 (44)
A(u,v)t. + vB(u,v)c — C(u, v)c%(tc)BPQS = 0.

By Lemmal[b.4] system (44]) has a unique positive solution (c*, t*), where ¢* is as (I{)). In particular,
when p = 10/3, it is clear that

3 3
15\ 2 9\ 2
¢ = (7) o5, Raoyalu,v) = (%)

Lemma 5.5 Let v, 8 > 0. For (u,v) € Sy, the following statements are true.
(i) If p="2, then the function f(c) is decreasing on ¢ € (Cy, C).
(i) If B < p <6, then the function f(c) is decreasing on c € (0,c*).

Proof. For (u,v) € Sy, by system (44]), we have

p—2 3p—6

t2A(u,v) + ctyB(u,v) —c 2 t. 2 C(u,v) = t2h(c), (45)

where 5p — 12 poo seot0

czt.? Cu,v).
p

According to (@), we note that 2f'(c) = t2h(c), which implies that the monotonicity of f(c)
depends on the sign of h(c).

(1) When p = 22, we have h(c) < 0 for ¢, < ¢ < ¢*. This shows that the function f(¢) is decreasing
on ¢ € (¢, c*).

(1) When % < p < 6, since t. is continuous and f has a unique critical point, it is sufficient to
show that there exists 0 < ¢; < ¢* such that h (¢;) < 0. Now we claim that

h(c) = =3A(u,v) +

£1_1’>% h(c) < 0. (46)

Indeed, if ¢. is bounded from above as ¢ — 0, then ({G]) is obvious. If t. — oo as ¢ — 0, by (@),

we have
Bp—2) ooa e
— ‘¢

A(u,v) — o te 2 C(u,v) = o0.(1),

which shows that

5p— 12 p2 s10
b T, 2 C(u,v)
p

5p—12  2p
= —3A(u,v)+ A(u,v) + o.(1
() + oA )+ o)
_ p=6
— 3p_6A(u,v)+oc(1)
< Oasc—0.

hic) = —3A(u,v)+

So, the claim holds. This implies that there exists 0 < ¢; < ¢* such that h(c;) < 0. The proof is
complete. m
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Lemma 5.6 Let v,5 > 0. The following statements are true.
(i) If B < p <6, then the function m. g(c) is decreasing on ¢ € (0, c*).
(it) If p= 12, then the function m. g(c) is decreasing on ¢ € (¢, c*).

Proof. (i) Fix 0 < p <7 < ¢" and let {(un,v,)} C M7 5(p) be a minimizing sequence to m, s(p).
By Lemma 5.5 we have '(¢) < 0 on ¢ € (0,¢*). Next, we further prove that f'(c) < —D for
some D > 0. Suppose on the contrary, then there exists a sequence {(u,,v,)} C S; satisfying
|V@,||% + || VU,||3 = 1 and corresponding sequences {t,} C (0,+00),{c,} C [p, 7] such that
p—2 3p—8
tn A(Tin, Tn) + LYB(tin, 0) — 282 0,7 1,7 C(t1y, 0,) = 0n(1)

p—2 3p—8

tn A, Un) + Y B(tin, Un) — cn? tn? C(iin, Un) = 0,(1).

By Lemma [5.3] we conclude that {t¢,} is bounded and
26— p)]® Y [ 3 o)
i p 4(p—3 p 2(p—3 N
_ B >
o {519—12} (5p—12) By(un, 0n) 2 €,

which is a contradiction. Thus, the claim is proved. So by the mean value theorem, we have

~

m%ﬁ(T) S (I)T,(un,vn) (t; (una 'Un)) - (I)p,(un,vn) (t; (una Un)) + f, (g) (7— - p)
< myp(p) = D(T = p)
< m%ﬁ(p)7

where £ € (p, 7). This shows that the function m., g(c) is decreasing on ¢ € (0, c*).
(77) The proof is similar to that of (¢), we omit it here. m

Next, we recall the so-called profile decomposition of bounded sequences, proposed by Gérard
n [I4], which is crucial to recover the compactness.

Proposition 5.7 Let {(un,v,)} be bounded in H. Then there are sequences {(u;, 7;)}oy C H,
{yi} 2y C R® for any n > 1, such that y2 =0, |y}, — yo| = o0 as n — oo fori # j, and passing
to a subsequence, the following conclusions hold for any i > 0:

(n(-+yn), val- +9,)) = (@, 7)) as n— oo, (47)
with imsup,, ., [ps (121,194 125 ,|0)dz — 0 as i — oo, where 2 < ¢ < 6, 2}, = un — Y U;(- — )

(2
A o
and 2y, := vy — Y U;(- — y}). Moreover, we have

7=0
nh—>Holo . |Vu,|*dr = jgo /]R3 Vi, |*dz + nh—>Holo /R3 V2t [Pde, (48)
nh~>I£lo Vo, |*dr = Z/ |V, 2dz + hm / V2, |2 d, (49)

28



lim sup / (tal? + [oal? + 28Jun 5o 5)dz = 3 / (5] + (o517 + 2818 |o;]¥)dwr,  (50)
R3 X R3
j=0

n—oo

and

n—o0 R3

Hmsup [ u, .0 (U2 +02)de = Z/ Ga,5, (U + U7 )d. (51)
— JRrs

Proof. The proof is based on Vanishing Lemma [25, Lemma I.1] and Brezis-Lieb type results.
For the proofs of (A7)-([50), we refer the reader to [14} [I8, 26, 43]. Here, we only need to prove
the nonlocal coupled term (BI) holds. Without loss of generality, we may assume that w;, v; is
continuous and compactly supported. For every i # j, the sequence {y/}.°, satisfies |y} —yd| — oo
as n — 0o, then we call this sequence {y’}°, C R? satisfying the orthogonality condition.

Since the sequence {(u,,v,)} can be written, up to a subsequence, as

Un,Un = <Zu] _yn +Zln,ZU] _yn _'_2271)7

and limsup,, . [zs (|21 |7 4 |25,,|9)dz — 0 as i — oo, we claim that

B(up,v,) — B (Zuj ),Z@(—y%)) as n — oo and i — 0. (52)

7=0

Taking u;, = u;(- — y?) and v;,, = v;(- — y2), to prove (52) is equivalent to prove that

IZ jnIIZ inl?

2
/ / |“"|_‘“”‘ drdy — / / L (53)
R |7 — Y R3 |z —y|

IE Vjonl” > Vjonl*

2
/ / [V 7fn] dxdy—)/ / =0 dxdy, (54)
rs Jrs [T — | R3 JR3 |z =y

IE Ul > Ujonl*

2
/ / [tn[ | dxdy—)/ / =0 dxdy, (55)
s Jrs |7 — R3 |z =y

as n — oo and i — 0o. Indeed, to prove (B3]), we only need to obtain the following estimates:

and

. . |Zl n| | 1 n|2 _
lim lim sup ——————dxdy = 0, (56)
i nooo JrsJrs [T — Y
|21 0| N
lim lim sup ——————dxdy = 0, (57)
i nooo JrsJrs T — ?/|

Ujnl’| 21,
lim hmsup/ / @il dxdy = 0, (58)
90 pooo  Jrs JRr3 \x—y|



nll2Anl®
lim lim sup —————dxdy = 0. (59)
R JR3

20 posoo |z — 9|

For (56), it follows from Lemma 2.3] that
ray = HLSHZLn”H/E)Hzl,n”12/5 > HLS”ZI,nH12/5'
R3 JR3 |£L'—

Since limsup,, o, [ps (|21, +[25,]%)dz — 0 as i — oo, we have lim, . limsup,,_, . |2} nH12/5 0,
and thus (B6)) is true. For (IBE) by Lemma 2.3 and Sobolev embedding theorem, we have

|j,0]” \ 21 |2 ) 4 ) ‘
[ [ ey < Cunslgalaslltaliys < Clagallin 4l
which implies that (57) holds, since ||, || g is bounded. For (58] and (59), we have
|4, | | 2l _ ' B .
/]RS /Rg T;_ drdy < Crpsllugalllassl2 allizs < Cllagallinllz,lhes,
and

CRENS
/ / 3 j;?_ L dzdy < Corsl|Tinllizsll2halfays < Cllasallmllzhalys

Then, similar to the arguments of (Bl and (57), we can get (58)) and (59). So (B3]) holds. Moreover,
the proofs of (54]) and (BH) are similar, we omit it here. Hence, (52)) holds.
Finally, to obtain (51l), it is sufficient to prove that

B (Zux- DI yz>) = Bl — i), (- = yi)) + 0a(D).

By the pairwise orthogonality of the family {y’}~,, and the following the elementary inequality
[14]

00 2
2wl -
j=0

D laiP| <€) lagllaxl,
=0 ik
we have
|2 it =yl 2 w5y = vl (o — y) 2l — )
/ / — = dxdy — Z/ / J Y i = Yn dxdy
R3 |z — y| R3 JR3 |z — y|

[ (2 — yo)llak( =yl 35 wm(y =y

ZZ/ /R PR daxdy (60)

J=0 k#j

a5 (y — yd) | (y — v Z U (z — Y |?

+ZZ// P = dxdy (61)
k

Ja;(z — yl)IP|un(y — yl)
+ZZ/ /RS r— dzdy. (62)
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Next, we estimate (60), (6I)) and (62)), respectively. It follows from Lemma 23] and orthogonality
that

2

@0 < 35 s = s)faut: =l | 35 e =) | =0 2 m o0
J=0 k#j m—

6/5

Similarly, we get (6I) — 0 as n — oo. For (62), by using the transformation 7 := x — yJ and
7=y —yl, we have

62 — ZZ/RS/W Wj(ff)|2\ﬁk|(y~ﬂ_—;|y

ZZ 15132517k (- = (g — 92))[T2y5 — 0 as n — oo,

J=0 k#j

— 9Y))|2
)

IN

Hence, we get

5wl = )| iy i)l

— _ i — 9|2
R3 JR3 [z =yl i 0 R3 JR3 |ff - ?/|

as n — oo. Similarly,

/ / 0 dxdy — Z / / gl yn)l*li(y — va dxdy,
R3 JR3 |z — y| im0 /R JRS ‘55 -yl

and

\\Mg

mut TRl e e - ) Pl — )P
/ / — = dxdy—)Z/ / ¢ ) 105y = 31 dzdy
R3 JR3 |z =y —o /R JR3 |z =yl

as n — 0co. Therefore, (5I)) holds. We complete the proof. m

Now we give the proofs of Theorems [I.10] and [L.ITk Let {(u,,v,)} C M 4(c) be a
bounded and non-vanishing minimizing sequence to m. g(c). By applying Proposition 5.7, we can
find a profile decomposition of {(u,,v,)} satisfying ([@7)-(5I]). Define the index set

By using Lemma (3] (50) and (5I]), we get that I # (). Now, we claim that P, 5(u;,v;) < 0 for
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some ¢ > 0. Otherwise, if P, g(@;,v;) > 0 for all ¢ € I. Then it follows from (B0) and (BII) that

-2
lim sup 3(p2p )C(un,vn) — %B(un,vn)] = lim sup A(uy,,v,)
> ZA(%,@') = ZA(%,@')
i=0 iel
[3(p—2) , Yoo -
> ; [TCOLZ,UZ) — ZB(’U@,’UZ)

3(p—2
= lim sup [ (v >C(un,vn) - lB(un,vn)] :
n—00 4
which is a contradiction.

Let i € I and, for simplicity, let us denote (u,v) := (u;,v;) # (0,0). Now we try to prove that
(u,v) € S,.. Assume on the contrary. Then ||u||3 + ||7]|3 =: p < ¢ < ¢*. Moreover, we claim that
p > ¢, for p=10/3. Indeed, since P, 3(u,v) < 0, we have

o N
A(u,v) < A(u,v) + —-B(u,v) < =

, C(u,v),

which implies that

Set

Then we have

Thus, the claim is true. Again using P, g(u,v) < 0, there exists ¢~ € (0, 1] such that (u,v),- €
M 5(p). Then we have

mosl) € Lol(@.0)) = TG AU D) + Ty—gs B 7))
_o3p—10 _. 3p—8 .

(e Al 0) + () Bla)
3p—10 . 3p — 8 o

S oo 2)A(u,v) + mB(u,v)
L 3p — 10 3p — 8

< hmnlggo m/l(un,vn) 0= 2)B(un,vn)

= m“fﬁ(C)v



which is a contradiction. So p = ¢, t~ = 1 and I, g(u,v) = m, p(c). This implies that (u,(- +
yl),vn(- +9)) — (4,v) in H and therefore [ is a singleton set.

Finally, we claim that @ # 0 and © # 0. If not, we may assume that ¥ = 0. Then by Lemma
2.3, there exists sz € (0,1) such that (,/s3u,/1—sgu) € S.. If p € [10/3,4) and 5 > 0, or
p € [4,6) and 3 > 2P=2/2 then for any ¢ > 0, we have

3(p—2)

t* vt u(z)*u(y)? tTe
I u, 0 = —||Valj3 + = ————dxdy — —— u|Pd
o) = givag+ T [ Sy = [ japas

3(p—2)

t

t? t
> EA(\/%Q, V1 —spu) + %B(@a, V1 —spu) — —20(‘ /S, \/1 — s3u)
p

= ILa((yE7u, /T~ s5u))
Passing to the maximum on ¢ > 0, then there exists ¢; > 0 such that (/s /1 — 55u)t§ €
M 5(c) and
which is a contradiction. So, (@, ) is a vectorial type minimizer of m., g(c).

Finally, we determine the sign of Lagrange multiplier \. Since (u, ) is a weak solution of

system (7)), we have
A(w,?) + e+ B(u,v) — C(a,0) = 0

and
3(p—2
P, s(a,v) = A(u,v) + %B(a, v) — (p2p )C(a, ) =0
For p = 13—0, we deduce that
- 1 7
A= — |3A(u,v) — =C(u,v)| >0,
c 3
where we have used the fact of ¢ < ¢*. For % < p < 6, it follows from (I3) that
1 -2 —p p— —2
A, p) — T ZDS) ey 22 o g, )~ 22D, g)
p 2p
= —%B(a,@)
< 0,

which implies that

601+ A =2)S,] 7™ on,
p

This shows that A(u,v) is large when ¢ > 0 sufficiently small. Using this fact, together with (39,
we have

A(u,v) >

5 6—-p ., _ op—12
e = L a@e) - L2 p
c 36 (u,v) 23p—6) (u,v)
6—-p .. . 9Gp—12)B s, 1
> — =2 A
> 3,76 (u,v) 135 —0) c2 A(u,v)?

> 0 for ¢ > 0 sufficiently small.
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So, A > 0. The proof is complete.

Proposition 5.8 Let (u,v) be the energy ground state in Theorem [I10 or L1 with the positive
Lagrange multiplier X, then (u,v) has exponential decay:

lu(x)] < Ce ¢l Ju(x)] < Cel for every z € R?,
for some C' > 0, ¢ > 0.

Proof. Following the idea in [I]. Set ¥(r) := (¥1(r), ¥2(r)), where
00 = [ (VP Py and var) = [ (0P o)
R3\B,.(0) R3\By-(0)

Let x : R* = R be given by
0 ifr <0,
x(r)y=< r if0<r<l,
1 ifr>1.

Set u” := x(|z| — r)u(x) and v" := x(|x| — r)v(z) for r > 0. Then for = € B,;1(0)\B,(0), we have

u'(z) = (| = r)u(z), v"(2) = (Jz] = r)o(z),

and

V' () = (2] — r)Vu(e) + —u(z), VV'(2) = (2] - r)Vo(z) + —o(x).

|z |z
Next, we only consider one component of J(r) because the other is similar. Set ¢ := min {\, 1}.
Then we get

/ (VuVu" + \uu”)dx
R3

[<|x| (VP M) u V] de

Br+1(0)\Bx(0)
1
> 9191(7’+1)——/ (Yl + [u2)dz
r+1(0)\Br(0)

2
zg+

9a(r 1) — S (r). (63)

Since (u,v) solves system ([@l), we have
/(kurﬂuur)dx < /(\u\p L 4 Bl ufE ) de
R3

< / (Jul? + BJv] 2 |u|?)dz

(1 ) (lup + [o])da
R3\B

< (1+ )[ T(|Vu|2+|u|2)dx]g {/RS\BT(|V2}|2+|U|2)dl‘
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Using this, together with (63]) one has
20 + 1

1 P P 2
[(r + 1)1 — §|19(7“)|1 < Co([91(r)]2 + |U2(r)|2) < Cild(r)]7.
Thus we have

Dr+ 1D 1 WY 1 b2
|9(r)]1 = 20+1 <1+02 |19(r)|1> C 20+1 ( + Gl )‘ )

Since |9(r)|y — 0 as r — oo, there exits ro > 0 such that for r > ry + 1,

lr]—1
()L < ([ Dh = W(ro)ly T

k=rg

’19 k_'_ ro—r
9+ Dl oy 41y (a2 + o]Z0)-

As [0(r)|1 < (Cs+ 1) (JJul|? + [[v]|24) for # < 7o + 1, then for all r > 0, we get

D) < (Co+ 1) (lullfp + llvllzn)

=l + el) (G 1) e s
For x € R?® with |z| > 2, let r = $|z|. Then B;(z) C R*\B,(0), and there holds
||u||H1 (B1(x)) < ||U/||H1 RS\Bl 191( ) S C4€_D1T’

where D; > 0. By the standard elliptic regularity theory, we have u,v € W?*(R3) N C*(R?) for
s > 2. Thus for € R*\ By(0), by using the embedding W?*(By2(z)) < L>®(Bis(x)) and [L
Lemma 2.3], one has

[u(@)] < [u(@)|2(B, p@) < Csllullwzss, a0y < Coe™ P2,
where D, > 0. Since u is continuous, we have |u(z)| < Cse™P21?l for x € By(0). Therefore,
lu(x)| < Ce ¢l for every z € R,

Similarly, we have
lv(z)| < Ce=! for every € R3.

The proof is complete. m

6 Dynamic behavior of standing waves

6.1 The local well-posedness and orbital stability

We firstly consider the local well-posedness for system (@) with the initial data. Set
2
g1 (1, ) = |1 P72y + Blba] 2 [ |27 — <|f70|_1 > |¢j|2> U
j=1
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and )
92(t1,¥2) 1= [afP ">t + Blapy|¥[¢ha] 2 2hy — v <\5L’|_1 > Wj|2> (e
j=1
Then the Cauchy problem () is rewritten as

i0pb1 + Ay + gi1(1,2) = 0 in IR3,
i0pba + Athy + ga(1h1,h2) = 0 in IR3,
P1(0,2) = ¥1(0) € H'(R?), (0, 2) = ¢2(0) € H'(R?).
Definition 6.1 The pair (s,r) is referred to be as an Strichartz admissible if
2
——i—§ _3 for s,r € [2,00].
s r 2

We introduce the spaces L$([0,T); L") and Li([0,T); W) (as L{L"™ and LW respectively
to simplify the notation) equipped with the Strichartz norms:

T 5 T s
el = ([ e liae) " and ool = ([ Tt o)

where the function w(t, z) is defined on the time-space strip [0,7) x RY.

Definition 6.2 Let T > 0. We say that (¢1,1s) is an integral solution of the Cauchy problem
(61) on the time interval [0,T) if

(i) 1, s € C(10,T); HY) 1 L (0, T); W),

(it) For allt € [0,T) it holds

(1(t), ¥a(t) = €2 (21(0), 2(0)) + i /0 eI (g1 (Wa(p), (), g2(¥1(p), ¥a(p)))dp

Let us recall the following well-known Strichartz’s estimates (see [5, 20]).

Proposition 6.3 Let T > 0. For every admissible pairs (s,r) and (8,7), there exists a constant
C > 0 such that the following properties hold:
(1) For every ¢ € L*(R3), the function t — e*®p belongs to L{([0,T); L") N C([0,T); L*(R?)) and

e, < Cliele

(i1) Let F € Lgl([O T) LF/), where we use a prime to denote conjugate indices. Then the func-
tion t — ®p(t) == [ €l p)dp belongs to Li([0,T); L") N C([0,T); L*(R?)) and || ®pll ;. <
ClIE g o

(iii) For every o € HY(R?), the function t — e*>p belongs to Li([0,T); W) N C([0,T); L*(R?))

and Heimw} Lswir = < Clloll -

We now choose the L?-admissible pair (s1,71) and (sq,73), respectively, as (s1,r1) = (%,p)
and (s2,72) = (8,%2) .
Now we give the proof of Theorem [1.13t Define the solution map ¥ by

U (31, 12) == " (1h1(0), ¥2(0)) +i/0 2 (g1 (1(p), a(p)), g2 (¥1(p), 2 (p)))dp
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For T > 0, we define the complete metric space

Brr = {(¢¥1,12) € H x H | 9(¢1,12) < R} for some R > 0,

L:Q Wl,'rQ }

where

H = C([0,T); H') N L ([0, 7); W) N Li*([0, T); W)

and

041, ¢h) = max {ts[gg) 1(&hn o)z | (s o) | g s ([ (1, 402)

with the metric

d((¢1,12) = (wi,wa)) = [|(¢1, 92) — (w1, wa)

By Strichartz estimates, we have
@1, o)l gwrr S (W1(0), V2O + [1(f2 (1, 2), fa(¥1,402))
| (ha (1, ¥2), ha (W1, 902))

L:l L OL:Q Lr2-

! /
Liwhn

(64)

/
s /
L2whre’

where

= [P %1 + Blynl? |w1|g_2w1’ fo o= |halP 20 + 5|¢1|%|¢2|g_2¢2,

) 2
hy =~ <|$|_1 * Z |¢J|2> V1, hy =7 <|x|_1 * Z |77Z)J|2> Yo
j=1

j=1

and

By using the Hélder inequality in time in ([64]), we obtain
1 (o, o)l swne S 11@00(0), (O e + TP (Fi(¥1,92), fo(dhr, o))

Liwhn
FT(ha (1, 902), ha (W1, 62)) | oo 1.
where 6 := =2 and ¢§ :=
Using Holder and Sobolev inequalities, we have
P p=2
A @1 )l ot S N0y, + 2002l sy Il gy, -

Similarly, we get

Hf2<¢171/f2)HL51W1 RN Htl/j? lewrl +2H’l/}1

Moreover, it follows from Hélder, Hardy-Littlewood-Sobolev and Sobolev inequalities that

[V hy (1, 2)

le wri H’l/}2 le wri®

/
L3202

< el ™ ([ Vi) ool o + M2l b W1|2HL§°L6HV¢1HL§2L1—;
[ ([ Via) 2ol o e + Il b W2|2HL§OL6HV¢1HL52L%
S MalVill e e llvnllzge s + [onll7g0 12 VA1l 32 172
H[Ya Vel oo g1l erre + [9all750 12 V1| 32 172
S MVl el e m 91 | e + (91 1o 1 1V 1| 22 172

+[[Vipa

o2 [0a | oo 101 e mrt + [[902 11700 4 [ V1

L2125
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and

(@ )l ooy S NI pra Wl gzwrs + [l

+||77Z)2||%§°H1 ||1/)1||Lf2w7"2-

2w el e (|90 Lo

Similarly, we have

e (@n )l ooy S I2llie s W2l pgzwrs + 1l gz 01 e mn 12l e
Hn Lo 142

L:QWTQ-
So, for (11,19) € Brr, we get
1@ (W1, ) || swrne < Cll(11(0),42(0))[|ex + CT RP™! + CT°R?.

Now we choose R = 2C/||(¥1(0), 12(0))[lg > 0 and 0 < T' < 1 such that CT?RP~2 + CT°R? < 1.
This implies that Bg 7 is an invariant set of U. Furthermore, for (¢1, v2), (w1, ws2) € Brr, by using
the same argument, we get

A(W(thy, 1ha) — U(wi,w2)) S (T7 4 T°)d((1,2) — (w1, w2)),

which leads to 1
d(V (1, 102) — U(wi,wz)) < §d((¢1,¢2) — (w1, w2)).

This implies that ¥ is a contraction map. In particular, ¥ has a unique fixed point in this space.
Moreover, by the classical arguments in [5], the solution (11, 15) satisfies the mass conservation
law

[ (113 + 2115 = 11 (0)]13 + [[02(0)]12

and the energy conservation law

1

Laltr0a®) = 5 [ (Va®F +1900Pde+ 7 [ duomo(ia®F + e

1 P P
= [ Qa0 + O + 28160 E (0]
R
= L,5(¢1(0),4:(0)).
We give the proof of Theorem [I.14: Since the proof is similar to the classical arguments

in [24], we only give a sketch. Assume on the contrary. Then there exist o > 0, {07(0),¥%(0)}
and {t,} C R" such that

inf, 1@00),92(0)) = (w v)llm @y @) = 0

(u,w)eZ(e
and

“ vi)léfz(c) (D7 (tn), 3 (tn)) — (u, V)| we) < v3) = €0- (65)
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According to mass and energy conservation laws, we have

2 2
Doz =Y 1705 and Ls(¥7 (), ¥5 () = L,5(47(0),45(0)) for i = 1,2.
i=1 i=1

Define

- Ui (tn)

cfori=1,2.
2

> )3

A direct calculation shows that
2 ~ ~ ~
S O llrI3 =c and I g(¢7, ¥5) = 0y 5(c) + on(1),
i=1

which indicates that (QZ’f, QZ’;) is a minimizing sequence for o, g(c). By Theorems and [L6] it is
precompact in H, which is a contradiction with (65). Therefore, the set Z(c) is orbitally stable.

6.2 The global well-posedness

We give the proof of Theorem [I.T5: Since system ([f]) with the initial data is locally well-posed
by Theorem [[.T3] we obtain that either Tj,x = +00, Or Tinax < +o00 and lim, - A(¢r(t),12(t))

max

+00. Then the global existence boils down to obtaining a priori bound on A(11(t), ¥s(t)).

1

(i) 2 < p < 2. By mass and energy conservation laws and (I3), we have

A (1), ¢a(t))
S 2[775<1D1(0), lp2<0)) + %C(d}l(t)v 7vb2(t))
3(p—2)

< 2L 5(41(0),42(0)) + 4(1 + B)S, (92O + 12(0)]13) ™ (AW (1), da(6)) 5.

If 2 < p <12 then there exists a constant M > 0 independent of ¢ such that A(v(t),v2(t)) < M.
If p = 3, then also there exists a constant M > 0 independent of ¢ such that A(vy(t), ¥a(t)) < M
provided that [|¢1(0)]|3 + [|12(0)]|3 is small.

(43) 10/3 < p < 6. If by contradiction Tia < +00, we have lim, - A(¢1(t), ¢o(t)) — +oo.
Since

2 3p —10 3p—8
Py 511, 12) pi_z)A(wh%) + 1 P

holtnte = il 202

(p—2)
together with the energy conservation law, we have lim, .- P, 5(11,%2) = —oo. Then by the
continuity, these exists ¢y € (0, Tiax) such that P, 5(11(to), ¥2(to)) = 0, where we have used the
assumption of P, 3(11(0),12(0)) > 0. Using again the energy conservation law and the assumption
of I, 5(¢1(0),¢2(0)) < m, 5(c), we deduce that

B<w17 1/}2>7

myp(c) > L, 5(11(0),92(0)) = I, s(¢1(to), Yalto)) > (u’v)e%f o L, p(u,v) = m, g(c),

which is a contradiction. So, Tj. = +00.
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6.3 Finite time blow-up and strong unstablility

Lemma 6.4 Assume that the conditions of Theorem[1.10 or Theorem 111 hold. Let (11(0),12(0)) €
Se such that I, 3(¢1(0),12(0)) < m,g(c). Then

3(p—2)

000 (0) = A 0)620) + T B(0) 60) - == C0r(0),400)
has a unique global maximum point t~(11(0),2(0)). Furthermore, if

0 <t~ (1(0),42(0)) < 1 and (|z[¢1(0), [x[¢2(0)) € L*(R?) x L*(R?),
then the solution (1(t),va(t)) of system (6) with initial datum (11(0),12(0)) blows-up in finite

time.

Proof. Let (11(0),12(0)) € S.. Since & < p < 6, it is easy to prove that ®(y, (o)) (t) has a
unique global maximum point ¢~ (1 (0), wg( )) and @y, (0),4(0)) (t) is strict decreasing and concave

n (t(¢1(0),12(0)), +00). We claim that if ¢~ (11(0),9(0)) € (0, 1), then
Pyp(11(0),42(0)) < Ly,5(41(0), 92(0)) — my 5(c). (66)

The fact of ¢~ (¢1(0),4¢2(0)) € (0,1) implies that P, g(11(0),12(0)) < 0. Then there holds

Ly,5(41(0),4(0))

D (1 (0),12(0)) (1)
@20 (1 (11(0),12(0))) — (7 (11(0),42(0)) — 1), (0) a0y (

= ‘I)(wl 1)

= ((%( ) 2(0)) -1 0)w2(0))) = [Pr,5(¢1(0), 2(0))[(1 = 7 (41.(0), ¥2(0)))
> 76(0) |Py.(¥1(0),42(0))]

= My p(c) + Py p(11(0),42(0)).

This proves the claim.

Now let us consider the solution (11, 15) with initial data (¢4
gument in Soave [30, Lemma 5.3], the map (11(0),¢2(0)) — t~ (¢
together with 0 < ¢~ (¢1(0),¢2(0)) < 1, we have ¢t~ (¢1(7),12(7)) < 1 for every |7| small, say
|7| < T for some 7 > 0. By (66) and the assumption of I, 3(11(0), 12(0)) < m, g(c), we have

PrsWn(7),¢2(7)) < L p(¢u(7), (7)) = my (c)
= ]%5(’17&1(0), ¢2(0)) - m%ﬁ(c) =—-n <0,

for every such 7, and hence ¢~ (¢1(7), ¥2(T)) < 1. Appplying the continuity argument yields

(0),12(0)). Similar to the ar-
1

(0),1(0)) is continuous, and

P’Y,ﬁ(djl (t)7 1/12@)) S -n fOI‘ te (Tminu Tmax)-

Since (|z]11(0), |z|12(0)) € L*(R3) x L*(R3), by the Virial identity [5, Proposition 6.5.1], the
function

2
=3 [ Pt
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is of class C?. We now use the method established by Cazenave [5]. By multiplying the first
equation in system (B)) by i|z|>¢, and the second equation in system (@) by i|z|*¥,, taking the
real part and integrating over R*, we have

2 2
fl(t) = ZRGZ/ |z| %4, 00bidx = 4Imz a- Vihda,
i=1 /R® i=1 /R
and
2
f'(t) = —4ImZ/ (27 - V; + 3¢, )thidx = 8P, 5(¢1 (), 12(t)) < —8n < 0
i=1 /R®

for t € (Toin, Timax)- Integrating twice in time gives 0 < f(t) < f(0) + f'(0)t — 4nt?. Since the
right hand side becomes negative for ¢ sufficiently large, it is necessary that both Ty, and Ti.x
are bounded, which in turn implies finite time blow-up. The proof is complete. m

We give the proofs of Theorems and [I.I7t Theorem directly follows from
Lemma [6.4]

Next, we prove Theorem [[LI7l Let (u,v) be an energy ground state obtained in Theorem
or [LTIl Let (¢1(t),12(t)) be the solution to system ([6) with the initial data (us,vs), where
(s, v5) = (s32u(sz), s3%v(sz)) with s > 1. Then (i, vs) — (%,9) in H as s \, 1, and so it is
sufficient to prove that (v;(t),¢»(t)) blows up in finite time. Clearly, t™ (a5, 0,) = 1 < 1, and
by the definition of m., s(c) one has I, g(tus, 0s) < I, 3(@,v) = m. g(c). Therefore, it follows from
Lemma that the solution (¢(t),1»(t)) blows up in finite time and the associated standing
wave is orbitally unstable.
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