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Abstract. We show that all non-developable ruled surfaces endowed with Ricci metrics in
the three-dimensional Euclidean space may be constructed using curves of constant torsion
and its binormal. This allows us to give characterizations of the helicoid as the only surface
of this kind that admits a parametrization with plane line of striction, and as the only with
constant mean curvature.

1. Introduction

Although very old, the theory of minimal surfaces remains an active and interesting field
in Differential Geometry. These are the surfaces in a Riemannian 3-manifold that are critical
points of the area functional. Equivalently, a surface is minimal if its mean curvature vanishes
identically.

In 1873, Schläfli posed an enduring natural question about isometric immersions that re-
mains unanswered to this day [12, 13]: can every Riemannian surface be locally isometrically
embedded in the flat space R3? A partially affirmative response was achieved in 2003 by
Han-Hong [6] contingent upon the behavior of the gradient of the Gauss curvature in the
neighborhood of its zeroes.

In 1895, Ricci-Curbastro raised a related question [10]: under what conditions does a Rie-
mannian surface support local minimal isometric embedding in the flat space R3? He gave a
partial answer in the same work for the case of strictly negative Gauss curvature K satisfying
4K = ∆ log(−K).
Finally, in 2015, Moroianu-Moroianu [9] given a full positive answer to the Ricci-Curbastro

problem. They showed that a Riemannian surface admits local isometric embedding in R3 as
minimal surface when its Gauss curvature K is non-positive and satisfies

K∆K − ∥∇K∥2 − 4K3 = 0.

The concept of Ricci surface was introduced by Moroianu-Moroianu in their work [9]. Re-
member that we call Ricci surface a Riemannian surface whose Gauss curvature satisfies the
above equation, which is called Ricci condition. Furthermore, its metric is referred as Ricci
metric. Among other results, they proved that K does not change sign, and either K vanishes
identically or has only isolated zeroes.

Since Ricci surfaces are an “intrinsic” way to see minimal surfaces of R3, it is natural
the interest in this kind of surfaces. The theory of Ricci surfaces has attracted considerable
interest recently and has been developed in several works both from the intrinsic point of view
[1, 3, 9, 14] and as immersed surfaces in R3 [5].

Our goal in this work is to study ruled Ricci surfaces, namely, ruled surfaces of R3 whose
induced metrics are Ricci. Initially we focus on their metric classification: we aim to identify
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the conditions under which a certain given family of metrics can be classified as Ricci met-
rics. Subsequently, we transition to the process of obtain the immersion of these surfaces. In
this direction, we discovered a relation between ruled Ricci surfaces and curves with constant
torsion. This correspondence provides a full classification of non-developable ruled Ricci sur-
faces, and shows that this class of surfaces is as numerous as the class of curves of constant
torsion. As consequences of our results, we obtain that the helicoid is the only surface of this
kind whose mean curvature is constant, and which may be parametrized with line of striction
contained in some plane.

Acknowledgements. We are grateful to L. Ambrozio for your valuable comments on this
work.

2. Preliminaries

We will remember some properties of ruled surfaces in order to fix notations. Let us consider
two curves α, β : I → R3 such that β(t) ̸= 0 for each t ∈ I. We call Σ a ruled surface if it can
be parametrized by the immersion X : I × J → R3 given as

X(t, u) = α(t) + uβ(t).

One say that the curves {α(t), β(t)} generates Σ, and that α is the line of striction corre-
sponding to β when they are orthogonal.

Before proceeding, we need to set some properties of the curves generating a ruled surface.
As we will see, the non-developable ruled Ricci surfaces we consider admits parametrization
whose line of striction has constant non-zero speed. So, let us remember some facts about
regular curves in R3. For more details, we refer the reader to [4].

By considering α regular, let us apply a change of parameters s = s(t) where s is the arc
length of α and reparametrize Σ as

X ′(s, u) = α(s) + uβ(s), (s, u) ∈ I ′ × J.

For our purpose, let us assume for now that α is not necessarily orthogonal to β. At each
point α(s), with α′′(s) ̸= 0, we have associated an orthonormal frame {T (s), N(s), B(s)},
called Frenet frame, that is formed respectively by the unit tangent, the unit normal and the
unit binormal vectors of α at α(s). More precisely, we have α′(s) = T (s), α′′(s) = κ(s)N(s)
for a function κ : I ′ → R called curvature of α and B(s) = T (s) ∧ N(s). These vector fields
obey the well-known Frenet formulas

T ′ = κN, N ′ = −κT − τB, B′ = τN.

We have omitted the parameter s and the prime means the derivative with respect to s. The
function τ : I ′ → R is called torsion of α. For our objective, let’s assume that the zeros of the
curvature of α are isolated.
A standard way to change α with the line of striction α̃ of β is as follows. We write

β = β1T + β2N + β3B and consider

α̃(s) = α(s)− h(s)β(s),

for some function h : I ′ → R which we want to find. By admitting ⟨α̃′, β′⟩ = 0 in I ′, a
straightforward computation using Frenet formulas gives that

h(s) =
β′
1(s)− κ(s)β2(s)

∥β′(s)∥2
.

In particular, if the original curve α is the line of striction of β, we must have

β′
1(s) = κ(s)β2(s). (1)

From now on, we will not assume that α is necessarily regular. Regarding the curve β, we
begin by noting that it can be assumed, without loss of generality, that its trace is contained



RULED RICCI SURFACES AND CURVES OF CONSTANT TORSION 3

in S2 and that α is its line of striction (see [4]). Moreover, to be able to develop the theory, we
need the non-trivial assumption that β′ has no zero in I. In the case where the zeroes of β′ are
isolated, we can divide our surface into pieces such that the theory can be applied to each of
them. However, if the zeroes of β′ have cluster points, the situation may become complicated
and we will avoid it here. The assumption that β is a regular curve in I is usually expressed
by saying that Σ is non-cylindrical.

Under all considerations above, unless otherwise stated, from now on we shall assume that

X(t, u) = α(t) + uβ(t)

is a parametrization of a non-cylindrical ruled surface whose generating curves are orthogonal
and ∥β(t)∥ = ∥β′(t)∥ = 1 for all t ∈ I. The induced metric in this setting is expressed as

g =
(
∥α′(t)∥2 + u2

)
dt2 + 2⟨α′(t), β(t)⟩dtdu+ du2.

The assumption that β is a spherical curve implies that ⟨β(t), β′(t)⟩ = 0 for all t ∈ I. Therefore,
we get ⟨α′(t), β′(t)⟩ = ⟨β(t), β′(t)⟩ = 0, and consequently there exists a function λ : I → R3

such that α′(t)∧β(t) = λ(t)β′(t), where ∧ denotes the cross product. This function λ is called
distribuition parameter of X. Since

∥α′(t)∥2 + u2 − ⟨α′(t), β(t)⟩2 = ∥Xt(t, u) ∧Xu(t, u)∥2 = λ(t)2 + u2,

without loss of generality g can be rewritten as

g =
(
∥α′(t)∥2 + u2

)
dt2 + 2

√
∥α′(t)∥2 − λ(t)2dtdu+ du2. (2)

We say that a ruled surface is developable if its distribution parameter vanishes identicaly.
Otherwise, we say that the ruled surface is non-developable. The relation between the Gauss
curvature K and the distribution parameter λ of X is given by the formula

K(t, u) = − λ(t)2(
λ(t)2 + u2

)2 .
In particular, the distribution parameter of an immersion of a ruled Ricci surface vanishes
either identically or at isolated points due to the property on the zeroes of the Gauss curvature
of a Ricci surface. The first case trivially implies that the considered ruled surface must be a
Ricci surface. For this reason, we will focus only on the case of non-developable ruled Ricci
surfaces.

3. Ruled Ricci surfaces

As we will see, the Ricci condition imposes strong restrictions to a certain class of metrics
that generalize the one of ruled surfaces. Precisely, on the case of ruled surfaces, we will show
that the distribution parameter and the speed of the line of striction of a given parametrization
of a ruled Ricci surface are constant and equal, up to sign.

3.1. Metric classification. In this section we will obtain necessary and sufficient condition
for a class of metrics that have as particular cases the metrics induced by ruled surfaces to be
Ricci metrics.

Lemma 1. Let g be a non-flat Riemannian metric given as

g =
(
f(t)2 + u2

)
dt2 + 2

√
f(t)2 − λ(t)2dtdu+ du2, (t, u) ∈ I × J,

where f, λ : I → R are functions with f(t)2 ≥ λ(t)2. Then, g is a Ricci metric if and only if
λ(t)2 = f(t)2 = c2 for some c > 0 and each t ∈ I. In particular, we have g = (c2+u2)dt2+du2.
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Proof. Suppose g is a Ricci metric. Firstly, we will show λ(t)2 = f(t)2 in I. To see this,
let us admit that λ(t0)

2 ̸= f(t0)
2 for some t0 ∈ I. In this case, by continuity we must have

λ(t)2 ̸= f(t)2 at some interval I0 ⊂ I containing t0. From now on, for simplicity we will omit
the parameter t and use a prime to denote the derivative with respect to t. Since the curvature
K of g is given as

K = − λ2

(λ2 + u2)2
,

we get

Kt = −
2λλ′ (u2 − λ2

)
(λ2 + u2)3

and Ku =
4uλ2

(λ2 + u2)3
.

Writing δ(t) =
√
f(t)2 − λ(t)2, by means of direct computations one can see that

∥∇K∥2 = trace

((
f 2 + u2 δ

δ 1

)−1(
K2

t KtKu

KtKu K2
u

))

=
4λ2

(λ2 + u2)7
trace

((
1 −δ
−δ f 2 + u2

)(
(λ′)2(u2 − λ2)2 −2uλλ′(u2 − λ2)
−2uλλ′(u2 − λ2) 4u2λ2

))
and

∆K =
1√

λ2 + u2

( Kt√
λ2 + u2

− δKu√
λ2 + u2

)
t

+

(
− δKt√

λ2 + u2
+

(f 2 + u2)Ku√
λ2 + u2

)
u


=

1√
λ2 + u2

(−2λλ′ (u2 − λ2
)
+ 4uδλ2√

(λ2 + u2)7

)
t

+

(
2δλλ′ (u2 − λ2

)
+ 4u(f 2 + u2)λ2√

(λ2 + u2)7

)
u

 .

Therefore,

∥∇K∥2 = 4λ2

(λ2 + u2)7
(a4u

4 + a3u
3 + a2u

2 + a1u+ a0),

K∆K = − 2λ2

δ(λ2 + u2)7
(b4u

4 + b3u
3 + b2u

2 + b1u+ b0),

where ai, bi : I → R, i = 0, 1, 2, 3, 4, are

a4 = 4λ2 + (λ′)2 b4 = δ
(
−8λ2 − (λ′)2 − λλ′′)

a3 = 4δλλ′ b3 = λ
(
11λ2λ′ − λ(f 2)′ − 9f 2λ′)

a2 = 2λ2
(
2f 2 − (λ′)2

)
b2 = 3δλ2

(
2λ2 − 4f 2 + 3(λ′)2

)
a1 = −4δλ3λ′ b1 = λ3

(
−17λ2λ′ − λ(f 2)′ + 19f 2λ′)

a0 = λ4(λ′)2 b0 = δλ4
(
λλ′′ + 2f 2 − 4(λ′)2

)
.

Hence, the Ricci condition along I0 is equivalent to

c4u
4 + c3u

3 + c2u
2 + c1u+ c0 = 0, (3)

where ci : I → R, i = 0, 1, 2, 3, 4, is given as

c4 = 2δλ2
(
λλ′′ − (λ′)2

)
c3 = 2λ3

(
−3λ2λ′ + f 2λ′ + λ(f 2)′

)
c2 = 2δλ4

(
−4λ2 + 4f 2 − 5(λ′)2

)
c1 = 2λ5

(
9λ2λ′ − 11f 2λ′ + λ(f 2)′

)
c0 = 2δλ6

(
2λ2 − 2f 2 + 2(λ′)2 − λλ′′) .
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Note that the left side of equation (3) is a polynomial with respect to u. Thus, since the
coefficients depending only on t, we get ci = 0 for i = 0, 1, 2, 3, 4. Since g is a non-flat Ricci
metric, the zeroes of K are isolated, and thus we can admit without loss of generality that
λ ̸= 0 in I0. By c3 = c1 = 0, we get

0 =
(
9λ2λ′ − 11f 2λ′ + λ(f 2)′

)
−
(
−3λ2λ′ + f 2λ′ + λ(f 2)′

)
= −12δ2λ′.

Hence, λ′′ = λ′ = 0 and c0 = −4δ3λ6 ̸= 0 in I0. This contradiction shows that δ = 0 in I.
Consequently, the metric g is given as

g =
(
λ(t)2 + u2

)
dt2 + du2

and for this metric we get

∥∇K∥2 = 4λ2

(λ2 + u2)7
(
(4λ2 + (λ′)2)u4 + (4λ4 − 2λ2(λ′)2)u2 + λ4(λ′)2

)
K∆K =

2λ2

(λ2 + u2)7
(
(8λ2 + (λ′)2 + λλ′′)u4 + (6λ4 − 9λ2(λ′)2)u2 − 2λ6 + 4λ4(λ′)2 − λ5λ′′) .

Once λ ̸= 0 almost everywhere, the Ricci condition in this case is equivalent to(
(λ′)2 − λλ′′)u4 + 5λ2(λ′)2u2 − λ4

(
2(λ′)2 − λλ′′) = 0. (4)

Since the left hand of equation (4) is a polynomial in u whose coefficients are functions of t,
as before we conclude that these coefficients vanish. Therefore, the term of second order of
(4) implies that λ′ is zero in I, which shows that λ is constant. This provides a solution of (4)
and shows that λ2 = f 2 is constant as claimed.
Reciprocally, assuming λ2 = f 2 constant in I, we want to prove that the Ricci condition

holds. This is equivalent to show that (4) holds, and this can be seen directly. □

Remark 1. An interesting problem in classical Differential Geometry is to know when two
surfaces coincide, up to rigid motion of the space. In this direction, the only minimal isometric
immersions of R2, endowed with the Ricci metric of the above result, into R3 are the ones
congruent to the one-parameter associated family with the helicoid (cf. [7, Theorem 8]).

3.2. Ricci condition for ruled surfaces. A direct consequence of the metric classification
in Lemma 1 says that the distribution parameter of a certain parametrization of a ruled Ricci
surface is constant and equals to the speed of its line of striction, up to sign.

Corollary 1. Let Σ be a non-developable ruled surface parametrizated by X : I × J → R3 as

X(t, u) = α(t) + uβ(t)

such that the curves α : I → R3 and β : I → S2 are orthogonal and β is parametrized by arc
length. Then, Σ is a Ricci surface if and only λ(t)2 = ∥α′(t)∥2 = c2 for some non-zero real
constant c and each t ∈ I, and where λ is the distribution parameter of X. In particular, the
induced metric of Σ is g = (c2 + u2)dt2 + du2.

Proof. Remember that the induced metric g of Σ is written as in (2). The result follows by
considering, in Lemma 1, f(t) = ∥α′(t)∥ and λ as the distribution parameter of X. □

Remark 2. We point out that in the previous notations for ruled surfaces, since we have
⟨α′(t), β(t)⟩2 = ∥α′(t)∥2 − λ(t)2, the condition stated in Corollary 1 for a ruled Ricci surface
implies that ⟨α′(t), β(t)⟩ vanishes in I. However, ∥α′(t)∥2 = λ(t)2 in I does not necessarily
imply that the surface is a ruled Ricci surface. Indeed, to see this let us consider the following
parametrization of a family of ruled surfaces given by

Xw(t, u) = (0, 0, w(t)) + u(cos(t), sin(t), 0),

where w : I → R is a smooth function. We have α(t) = (0, 0, w(t)) and β(t) = (cos(t), sin(t), 0).
Obviously, α is the line of striction of β and ∥β(t)∥ = ∥β′(t)∥ = 1 for any t ∈ I. Moreover,
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⟨α′(t), β(t)⟩ = 0 and therefore λ(t)2 = ∥α′(t)∥2 in I. But Xw is not the parametrization of a
ruled Ricci surface in general. In fact, if we admit that w is not an affine function, in this case,
∥α′∥ (and consequently the distribution parameter of Xw) is not constant and, according to
Corollary 1, Xw is not a parametrization of a ruled Ricci surface.

This class is known as right conoids and includes helicoids, hyperbolic paraboloids, Plücker
conoids, Wallis conicals edges and Whitney umbrellas. As we will see, except for the helicoid,
none of them are Ricci surfaces.

We will use Corollary 1 in order to classify ruled Ricci surfaces in two aspects depending on
the geometry of the line of striction for a certain parametrization. For the first one, we consider
that the surface may be parametrized in such a way that the line of striction is contained in
a straight line. Remember that the immersion

X(t, u) = (0, 0, at+ b) + u(cos(t), sin(t), 0), (t, u) ∈ I × J,

for any constants a and b with a ̸= 0 gives a parametrization of a piece of helicoid. We have
the following assertion.

Theorem 1. Let Σ be a non-developable ruled Ricci surface which can be parametrized so that
its line of striction is contained in a straight line. Then, Σ is a piece of helicoid.

Proof. After rigid motions if necessary, we can parametrize Σ as

X(t, u) = (0, 0, w(t)) + u(x(t), y(t), z(t)), (t, u) ∈ I × J,

where w, x, y, z : I → R are smooth functions. We can assume that these functions satisfy the
conditions x2 + y2 + z2 = 1 and (x′)2 + (y′)2 + (z′)2 = 1, and furthermore (w′)2 = c2 for some
positive constant c according to Corollary 1. In particular, we have w(t) = ct + a for some
constant a, and once cz = ⟨(0, 0, w′), (x, y, z)⟩ = 0 then z = 0. Therefore, the parametrization
X becomes

X(t, u) = (0, 0, ct+ a) + u(x(t), y(t), 0),

and consequently its distribution parameter λ is given by

λ2 = ⟨(0, 0, w′) ∧ (x, y, 0), (x′, y′, 0)⟩2 = c2(xy′ − yx′)2.

According to Corollary 1, we have λ2 = c2, which implies xy′ − yx′ = 1, up to sign. Since
x2 + y2 = 1, we must have x(t) = cos θ(t) and y(t) = sin θ(t) for some function θ : I → R, and
thus

1 = xy′ − yx′ = cos2(θ)θ′ + sin2(θ)θ′ =
(
cos2(θ) + sin2(θ)

)
θ′ = θ′.

Hence, θ(t) = t+ b for some constant b, which proves our assertion. □

For the second one classification result, let us assume that the ruled surface that we consider
does not admit parametrization with straight line of striction. We obtain that the surface is
generated by a constant torsion curve and its binormal. More precisely, we have the following
result.

Theorem 2. Let Σ be a non-developable ruled surface parametrized by X : I × J → R3 as

X(t, u) = α(t) + uβ(t)

such that the curves α : I → R3 and β : I → S2 are orthogonal and β is parametrized by arc
length. Then, Σ is a Ricci surface if and only if α has contant torsion τ0 ̸= 0 and β is its
binormal. Moreover, the constant distribution parameter λ0 of X is such that (λ0τ0)

2 = 1.

Proof. Suppose Σ is a Ricci surface. First, we consider a parametrization X : I×J → R3 of Σ
given by X(t, u) = α(t) + uβ(t) for orthogonal curves α, β : I → R3 with ∥β(t)∥ = ∥dβ

dt
∥ = 1.

Initially, we show that after a reparametrization of α by arc length the surface is generated by
α and its binormal. We know by means of Corollary 1 that α is regular because ∥dα

dt
∥2 = c2
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for some c > 0, and thus we can reparametrize it by its arc length s = s(t). Without loss of
generality, we admit 0 ∈ I, and thus

s(t) =

∫ t

0

∥∥∥∥dαdσ
∥∥∥∥ dσ = ct.

Let (β1, β2, β3) be the coordinate functions of β with respect to the Frenet frame {T,N,B} of
α. Since by Corollary 1

0 =

〈
dα

ds
, β

〉
=

1

c
⟨T, β1T + β2N + β3B⟩ = β1

c

one get β1 = 0. Furthermore, since the curvature of α is different from zero everywhere it
follows from equation (1) that β2 vanishes along I. Finally, since the trace of β is contained
in S2, one conclude that β2

3 = 1. This shows that the immersion X ′ : I ′ × J ′ → R3 given as

X ′(s, u) = α(s) + uB(s)

is a reparametrization of Σ. Now, we assert that the torsion τ of α is constant. Indeed, using
the Frenet formulas, we obtain

c2 = λ2 =

〈
dα

dt
∧B,

dB

dt

〉2

= c4τ 2⟨T ∧B,N⟩2 = c4τ 2,

which implies that τ 2 = 1/c2.
Conversely, let us suppose that Σ is parametrized by an immersion X : I × J → R3 as

X(s, u) = α(s) + uB(s), (s, u) ∈ I × J

where α : I → R3 is a regular curve with constant torsion τ0 ̸= 0, arc length s and binormal
B : I → S2. In this case, the arc length t = t(s) of B is given by

t(s) =

∫ s

0

∥∥∥∥dBdσ
∥∥∥∥ dσ = |τ0|s,

where, whitout loss of generality, we have admited 0 ∈ I. On one hand, we have ⟨dα
dt
, B⟩ = 0,

and consequently λ2 = ∥dα
dt
∥2, where λ is the distribution parameter of X. On the other hand,

λ2 =

〈
dα

dt
∧B,

dB

dt

〉2

=
1

τ 20
⟨T ∧B,N⟩2 = 1

τ 20
,

where {T,N,B} is the Frenet frame of α. Hence, Corollary 1 implies that Σ is a Ricci surface.
□

Remark 3. We point out that Theorems 1 and 2 suggest a correspondence between curves
of constant torsion and non-developable ruled Ricci surfaces. Furthermore, these results are
a classification for non-developable ruled Ricci surfaces in the sense that they are the an way
to obtain this kind of surfaces.

By combining our results with the fact that plane curves are characterized as the ones with
vanishing torsion, we get the following.

Corollary 2. The only non-developable ruled Ricci surface which may be parametrized with
line of striction contained in a plane is the helicoid.

Note that, in particular, we have proven that all non-developable ruled Ricci surfaces may
be generated by a constant torsion curve and its binormal. In Theorem 1 the line of striction
is a straight line and its binormal is a great circle, while in Theorem 2 the line of striction has
contant non-zero torsion and its binormal is not contained in a great circle. In both cases, the
spherical curve is the binormal of the line of striction. Furthermore, since the spherical curve
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is regular, it is direct to see that Theorem 2 does not depend on its arc length parameter.
This motivates the following.

Definition 1. We call canonical parametrization a parametrization of a non-developable ruled
Ricci surface generated by {α(t), B(t)} where α has constant torsion and B is the binormal
of α.

Remark 4. Let α : I → R3 be a regular curve parametrized by arc length, and let {T,N,B}
be its Frenet frame. The tangent surface and the normal surface generated respectively by
{α(s), T (s)} and by {α(s), N(s)} are developable, which means that they have zero Gauss
curvature. It follows immediately that they are ruled Ricci surfaces. Furthermore, our Theo-
rem 2 says that the binormal surface generated by {α(s), B(s)} is a canonical parametrization
of a non-developable ruled Ricci surface provided that α has constant torsion.

The next result relates the mean curvature of a non-developable ruled Ricci surface with
the curvature of the line of striction of a canonical parametrization.

Theorem 3. The mean curvature of a non-developable ruled Ricci surface Σ is

H(t, u) = − κ(t)

2
√
1 + τ 20u

2
,

where κ and τ0 are respectively the curvature and the torsion of the line of striction in the
canonical parametrization of Σ. In particular, the only non-developable ruled Ricci surface with
constant mean curvature is the helicoid.

Proof. If Σ is a piece of helicoid, there is noting to do. For the remaining case, the proof is a
long calculation, and for simplicity we will omit the parameters. By considering the immersion
X : I × J → R3 of the ruled Ricci surface Σ given by Theorem 2

X(s, u) = α(s) + uB(s),

where s and B are the arc length and the binormal of α, respectively, note that in this
parametrization the mean curvature of Σ is given as

H =
1

2

(
⟨Xss, NΣ⟩
⟨Xs, Xs⟩

+ ⟨Xuu, NΣ⟩
)
,

where NΣ is the unit normal of Σ. If we denote respectively by {T,N,B} and τ0 the Frenet
frame and the torsion of α we have

Xs = T + τ0uN and Xu = B.

Direct computations shows that

⟨Xs, Xs⟩ = 1 + τ 20u
2, Xss = κN − τ0u(κT + τ0B) and Xuu = 0,

where κ is the curvature of α, and that NΣ is given by

NΣ =
Xs ∧Xu

∥Xs ∧Xu∥
=

−N + τ0uT√
1 + τ 20u

2
.

Consequently, ⟨Xss, NΣ⟩ = −κ
√

1 + τ 20u
2, which implies that

H = − κ

2
√

1 + τ 20u
2
.

Since κ does not depend on the parameter of the curve, this shows the formula we stated. □
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3.3. Constructing ruled Ricci surfaces. It is well-known that for a given curve B : I → S2

parametrized by arc length and a constant non-zero τ0 there exists a curve α : I → R3 given
by

α(t) =
1

τ0

∫ t

t0

B′(σ) ∧B(σ)dσ (5)

with constant torsion equals τ0 provided that ⟨B(t) ∧ B′(t), B′′(t)⟩ ≠ 0, and moreover B is
the binormal of α. Conversely, for a given curve with constant non-zero torsion, it may be
parametrized by formula (5). We refer the reader to [2] and references therein for details.

We present here explicit examples of ruled Ricci surfaces illustrating the construction above.

Example 1 (Parallel circles). The first family we will look is associated with closed curves.
Let us consider a family of parallel circles in S2 of radius ℓ ∈ (0, 1) centered at (0, 0,

√
1− ℓ2),

which is parameterized by arc length by the map Bℓ : [0, 2ℓπ] → S2 defined as

Bℓ(t) =

(
ℓ sin

t

ℓ
,−ℓ cos

t

ℓ
,
√
1− ℓ2

)
.

Associated to this family we produce a family of curves with constant torsion equals 1. A
straightforward calculation using (5) shows that the family of circles Bℓ is associated with the
family of ℓ-helix of constant torsion equals 1 given by

αℓ(t) = −ℓ

(√
1− ℓ2 cos

t

ℓ
,
√
1− ℓ2 sin

t

ℓ
, t

)
,

up to translation. Hence, Theorem 2 gives that the map Xℓ : [0, 2ℓπ] × J → R3, given as
Xℓ(t, u) = αℓ(t) + uBℓ(t), is the canonical parametrization of a non-developable ruled Ricci
surface for each ℓ ∈ (0, 1). One can see directly that the unit circle in S2 is associated with a
helicoid by making ℓ goes to 1, and that the family degenerates in the vertical straight line
when ℓ goes to zero.

Figure 3.1. Non-developable ruled Ricci surfaces associated with circles in
S2 of radius 1

2
, 3

4
and 1, respectively.

Example 2 (Anti-Salkowski curve). Now, we will describe a family of ruled Ricci surfaces
whose line of striction is defined at most in an open bounded interval. In [11], Salkowski
constructs a family of curves of constant curvature but non-constant torsion. Later, Monterde
demonstrated in [8] how to construct, from a curve of constant curvature, another curve of
constant torsion. Applying this technique to the family of curves defined by Salkowski, he
was able to generate a new family of curves with constant torsion equals 1 but non-constant
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curvature, and he referred to this family as anti-Salkowski curves. It may be parametrized by
arc length by αℓ :

(
− 1

ℓ
, 1
ℓ

)
→ R3 as

αℓ(t) =

cos θ(t) − sin θ(t) 0
sin θ(t) cos θ(t) 0

0 0 −1




ca(t)
cb(t)

2 arcsin(ℓt) + sin(2 arcsin(ℓt))

4ℓ
√
1 + ℓ2


for

a(t) = −2 + 3ℓ2t2 + 3ℓ4t2, c =
ℓ

1− 2ℓ2 − 3ℓ4
,

b(t) =
√
1 + ℓ2

(
1 + 3ℓ2

)
t
√
1− ℓ2t2, θ(t) =

√
1 + ℓ2 arcsin(ℓt)

ℓ
,

where ℓ is positive and different of 1√
3
. Its binormal is

Bℓ(t) =
1√

1 + ℓ2

cos θ(t) − sin θ(t) 0
sin θ(t) cos θ(t) 0

0 0 1

d(t)ℓ2t
ℓt


for

d(t) = −
√
1 + ℓ2

√
1− ℓ2t2.

Since the torsion of α is 1, then t is also the arc length of Bℓ. Hence, from Theorem 2 the map
Xℓ :

(
− 1

ℓ
, 1
ℓ

)
× J → R3, given as Xℓ(t, u) = αℓ(t) + uBℓ(t), is the canonical parametrization

of a non-developable ruled Ricci surface. These surfaces are non-complete since t lies at most
in bounded interval. Furhtermore, once θ(t) → t as ℓ → 0, we must have that Bℓ(t) becomes
a geodesic of S2 when ℓ goes to zero, which means that the family converges to the helicoid in
this case.

Figure 3.2. Spherical curves and non-developable ruled Ricci surfaces for
anti-Salkowski curves with ℓ = 0.1, ℓ = 1

3
and ℓ = 0.57, respectively.
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Example 3 (Borderline spherical curve). The last ruled Ricci surfaces we present is such that
is associated with a curve on the unit sphere whose maximal interval of definition is the real
line. Let B : R → S2 be the spherical curve parameterized by arc length as

B(t) = (tanh(t) cos(t), tanh(t) sin(t), sech(t)).

Notice that B acumulates in the equator as t → ±∞. Direct computations shows that

B′(t) = sech2(t)(cos(t), sin(t), 0) + tanh(t)(− sin(t), cos(t),− sech(t)).

Hence, it follows from formula (5) that the curve

α(t) = (− cos(t) sech(t),− sin(t) sech(t), tanh(t)− t)

has constant torsion equals 1 and the map X : R2 → R3, given as X(t, u) = α(t) + uB(t),
provides the canonical parametrization of a complete ruled Ricci surface.

Figure 3.3. Borderline spherical curve and its associated non-developable
ruled Ricci surface.
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