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BOUNDARY UNIQUE CONTINUATION IN PLANAR DOMAINS
BY CONFORMAL MAPPING

STEFANO VITA

ABsTrRACT. Let Q C R? be a chord arc domain with small constant. We show that a nontrivial
harmonic function which vanishes continuously on a relatively open set of the boundary cannot
have the norm of the gradient which vanishes on a subset of positive surface measure (arc length).
This result was previously known to be true, and conjectured in higher dimensions by Lin, in
Lipschitz domains. Let now Q C R? be a C! domain with Dini mean oscillations. We prove that
a nontrivial harmonic function which vanishes continuously on a relatively open subset of the
boundary 82 N Bj has a finite number of critical points in QN By 2. The latter improves some
recent results by Kenig and Zhao. Our technique involves a conformal mapping which moves the
boundary where the harmonic function vanishes into an interior nodal line of a new harmonic
function, after a further reflection. Then, size estimates of the critical set - up to the boundary -
of the original harmonic function can be understood in terms of estimates of the interior critical
set of the new harmonic function and of the critical set - up to the boundary - of the conformal

mapping.

1. INTRODUCTION

Let Q be a domain in the plane R?. In this paper we are concerned with the local behaviour
of planar harmonic functions in 2 near a given open piece of the boundary where they vanish
continuously; that is, we consider weak solutions to

Au=0 mQNB
(1.1) {u 0 in QN By,

u=20 on 02N Bj.
Here we assume that 0 € 99, z = (z,y) € R?, By = {|z|] < 1} and QN By is simply connected.
Aim of our work is to provide a conformal mapping © which locally moves the above boundary
problem into

AU =0 in{Y >0}nN By,
Here u =U 00 and Z = (X,Y) = O(x,y). After an odd reflection of U across the line {Y = 0},
one ends up with a harmonic function in a ball. At the end of this procedure, the map © turned
the original boundary 92 into an interior nodal line of U

000N By) C {Y = 0}.
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Then, the boundary behaviour of the solution u can be understood locally in terms of the interior
behaviour of the new harmonic function U and the boundary behaviour of the conformal mapping
©. This transformation provides solutions to classical problems in boundary unique continuation.

1.1. Boundary unique continuation in chord arc domains with small constant. Boundary
unique continuation typically concerns the following question: given a nontrivial solution u of (I.Tl),
and depending on the regularity of the domain 2 C R™ with n > 2, how big can the singular set
S(u) = {u = |Vu| = 0} be - whenever it make sense - restricted to the boundary? Similar questions
can be raised for the full critical set C'(u) = {|Vu| = 0} inside the domain and up to the boundary.
In this context, a famous problem was proposed by Lin [2§].

Conjecture 1.1. Let us consider a harmonic function in a Lipschitz domain  in R™ vanishing
continuously on a relatively open subset V' of the boundary 02. Suppose that the normal derivative
0, u vanishes in a subset of V' with positive surface measure. Then u = 0.

The validity of the result above was first established in C*! domains [28], convex Lipschitz
domains [2], C1® and C1Pint domains [I} 24], C* domains and Lipschitz domains with small Lip-
schitz constant [36]. We would like to mention also [29, [14] for estimates of singular and critical
sets in case of Lipschitz convex domains and Lipschitz domains with small Lipschitz constant,
respectively. The conjecture in its generality is still open.

The two dimensional case is commonly known to be true. The argument uses the subharmonicity
of log |Vul, see [1, B7]. Among the other motivations, the paper aims to give an alternative proof
of Conjecture[[.Ilin the two dimensional case. The idea is the following: after composing with the
conformal mapping ©, one has

|Vu|? = |detDO| - |[VU|? 0 O,

where DO stands for the Jacobian of ©. Then, the critical set of u is locally controlled in size by
the critical set of U and by the critical set of the conformal mapping

C(0) = {|detDO| = 0}.

Roughly speaking, the first is small, being an interior critical set - up to perform an odd reflection
- of a harmonic function (it consists of a finite number of points), and the latter is concentrated
along the boundary 0f2 and has zero surface measure. The critical set of the conformal mapping
we provide is in fact the critical set of an auxiliary positive harmonic function vanishing on 0€2;
that is,

Av=0 1in QN By,

|det DO| = |Vvl?, v>0 in QN By,
v=0 on 02 N Bj.

The flatness of a Lipschitz domain allows to keep the interior critical points of v far from the
boundary, uniformly with respect to the Lipschitz constant (see for instance [7, Theorem 11.10] or
[26, Theorem 2.9]). So, up to further localize and standard covering (with a finite number of balls
- centered at the boundary - which depends on the Lipschitz constant), one can suppose that v has
no interior critical points, which for having local invertibility of the conformal mapping. Moreover,
along the boundary, |Vv| is o-a.e. comparable to the density of the harmonic measure with respect
to the surface measure do. Besides, the harmonic measure is mutually absolutely continuous with
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respect to do. The latter two facts imply that the critical set of v along the boundary has zero
surface measure. In the two dimensional case, by surface measure we mean the arc length, which
corresponds to the one dimensional Hausdorff measure restricted to 092, i.e. ¢ = H1LOS.

An interesting consequence of our conformal approach is the extension of the two dimensional
result in Conjecture [Tl to a more general class of planar domains, the chord arc domains with
small constant (d-chord arc domains for § > 0 small enough [19]). In two dimensions, a bounded
chord arc domain is a Jordan domain for which the boundary is locally rectifiable and there exists
a constant A > 0 such that

o(y(z1,22)) < Az1 — 22/, Vz1, 20 € 09,

where y(z1, 22) is the shortest arc in the boundary connecting z; and 29, and o(y(z1, 22)) is its
length. In general, a chord arc domain in R™ is a non-tangentially accessible (NTA) domain [I5]
whose boundary is Ahlfors-David regular, i.e. the surface measure on boundary balls of radius
r grows like 7»~!. Then, the notion of d-chord arc domain for § < §* small enough (chord arc
domain with small constant) requires d-Reifenberg flatness for § small enough plus a control in
BMO sense of the oscillation of the unit normal vector to the boundary.

As we will see, the regularity and the quantitative flatness of a chord arc domain with small
constant provide the conditions together for constructing the conformal mapping O, just as in
the case of a Lipschitz domain. The non-tangential accessibility of the domain, together with the
Ahlfors-David regularity, allows to extend the gradient up to the boundary and to have at o-a.e.
boundary point a well defined tangent plane as well as a normal vector. In addition, the mutual
absolute continuity between the harmonic measure and the surface measure remains valid, along
with the o-a.e. comparability of |Vv| to the density of the harmonic measure with respect to the
surface measure [25]. These facts ensure that the critical set of v along the boundary still has
zero surface measure. The 0-Reifenberg flatness, for 6 < 6* small enough (a J-approximation by
Lipschitz graph domains would suffice [26]), ensures that there are no interior critical points of v
near the boundary, uniformly with respect to §*. This, once again, provides uniform localization
and covering. Our first result can be stated as follows

Theorem 1.2. Let us consider a harmonic function in a chord arc domain with small constant §2
in R? vanishing continuously on a relatively open subset V' of the boundary 0. Suppose that the
norm of the gradient |Vu| vanishes in a subset of V' with positive arc length. Then u = 0. Actually,
given a chord arc domain with small constant Q C R? and a nontrivial solution u to (L)), then

In light of the above result, one might wonder if Conjecture [[LT] could be formulated in chord

arc domains with small constant in any dimension.

1.2. (n — 2) dimensional size control of singular and critical sets in C'""M° domains.
When the boundary is more regular, one may ask for stronger information on the size of singular
and critical sets. That is, consider the following

Problem. Let u be a nontrivial solution to (II]) in a domain  C R™ with n > 2. Identify the
conditions on the boundary under which one can control

(12) Hn72(S(U) ﬁﬁ N Bl/g) < C,
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or either
(1.3) H2(C(u) N QN By ) < C.

This problem was recently addressed by Kenig and Zhao in a series of papers [21] 22] 23], using
also techniques developed by Naber and Valtorta [30]. The property (LZ) holds true in C1.Pini
domains [21], and counterexamples are provided below this threshold [22]. Actually, in [21] the
authors obtain upper estimates for the (n — 2) dimensional Minkowski content, which coincides
with the (n — 2) dimensional Hausdorff measure in the present planar case. The property (L3)),
which is stronger than (L2)), holds in C1'* domains [23]. The size bounds in [21}, 23] are uniform
prescribing a bound on the Almgren frequency function of the solution at a macroscopic scale as
well as a control over the C*Pl (respectively C) character of the boundary parametrization.

Our conformal approach allows us to prove the stronger property (L3, again in two dimensions,
any time the critical set of the conformal mapping has the suitable bound in measure

HY(C(O)NQNBy) < C.

Here H' stands for the counting measure. Our focus here is not on establishing conditions on
the boundary that yield the precise bound above, although many examples could be constructed.
Instead, we concentrate our analysis on a set of hypothesis which implies an empty critical set, i.e.

O(@) ﬁﬁﬁBl/z = 0.
With respect to our conformal mapping, this happens any time the following two conditions hold:
(P1) any solution u to (L) belongs to CL_ (2 N By) (and the same holds true for solutions

loc
having homogeneous Neumann boundary condition at 02);
(P2) the Hopf lemma holds true: any solution v to (IL1) which is positive in QN B; has d,v < 0

on 002N Bj.

As we proved in [12], the properties above hold true when the domain is C* with Dini mean
oscillations (C1'PMO) and this is true in any dimension. This class of domains was recently
introduced in [12] and strictly contains the C*Pinl class, see Section 3] for the precise definition.
For reader’s convenience, we would like to provide here a two dimensional example of a C'-PMO
local parametrization which fails to be C'*P": the domain is given, locally around 0 € 99, by

aQn Bl/2 = {y > QD((E)} N Bl/27 o0 N Bl/2 == {y = QO(J])} N Bl/27

with 2z = (z,y) € R? and
()= — 2
ST Nogla][ 72
The following is our second result
Theorem 1.3. Let n =2, Q be a C+PMO domain and u be a nontrivial solution to (LI)). Then,
'HniQ(C(u) N ﬁ N BI/Q) < 0.

We believe that the above result is still valid in any dimension n > 2. Let us stress the fact
that Theorem [[.3] is not in contradiction with [22], since the counterexamples proposed there do
not see our intermediate condition. We refer to Remark [B.] for a detailed explanation of this fact.
Finally, although not the focus of the present paper, in Remark we will discuss the possibility
of obtaining uniform size bounds prescribing macroscopic controls over the frequency function of
the solution and on the C*PMO character of the boundary parametrization.

|z] < 1/2.
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2. THE CONSTRUCTION OF THE CONFORMAL MAPPING IN CHORD ARC DOMAINS

The conformal mapping © we are going to construct is the same for proving both Theorem
and Theorem However, the construction in the first case is more delicate, since in chord
arc domains one has to work with generalized gradients, defined as non-tangential limits, and the
invertibility of the map is more subtle. The full section should be intended as the proof of Theorem
L2

2.1. Chord arc domains with small constant. In this brief subsection we would like to in-
troduce the chord arc domains with small constant. We refrain from providing precise definitions
here, but we do indicate some references for readers who wish to go deeper into these notions.

A NTA (non-tangentially accessible) domain (2 is one which enjoys an interior Harnack Chain
condition, as well as interior and exterior Corkscrew conditions. This notion was introduced in [15].
A chord arc domain is a NTA domain whose boundary is Ahlfors-David regular, i.e. the surface
measure on boundary balls of radius 7 grows like r"~1. We refer to [5] for precise definitions and
nice characterizations of chord arc domains. We also would like to refer to [25] for the proof of the
mutual absolute continuity between arc length and harmonic measure in chord arc domains, see
also [9, [10} [34] for the result in any dimension and [8] [16] for further references. For the definition of
a 0-chord arc domain, or chord arc domain with small constant, we refer to [19, Definition 1.10]: it
is a chord arc domain which is -Reifenberg flat for 6 < 6* small enough [32] and there is sufficient
control on the oscillation of the unit normal vector (in the BMO sense), see also [31L [17, [18] 20 [6].
Finally, we refer to [26] 27] for useful considerations on the gradient of positive harmonic functions
vanishing continuously on a relatively open subset of a chord arc boundary with small constant.

2.2. Non-tangential limits. Given a chord arc bounded domain €2 in R and the surface measure
o on 0f), one has for o-a.e. z the existence of the tangent plane to 9 in z and of the outer unit
normal vector v(z). Then, given any parameter a > 0, let us consider the non-tangential approach
region to a point on the boundary z € 02

La(z) ={£€Q: (1 4+ a)d(£,00Q) > [z — £},
and, given a measurable function w defined in 2, the non-tangential maximal function at the
boundary point z € 9

Now(z) = sup |wl(§).

£ela (Z)
The definitions above do not depend by the choice of a > 0, so we can fix & = 1 and simply write
I'(z) = T'1(2) and Nw(z) = Mw(z). Then, we say that w converges non-tangentially to f at
z € 0N if

lim  w(©) = f(2).

e (z), €—=

2.3. Positive harmonic function vanishing on 902 with no interior critical points. The
first step is the construction of a solution to

Av=0 inQNB
(2.1) v >0 in QN B,
v=>0 on 02 N Bj.
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The existence of such a function is given by the solvability of the Dirichlet problem for the Laplacian
on the chord arc domain 2 N Bs, which is regular for the solvability of the Dirichlet problem. We
can assume that (2N By is still connected, so it is a bounded chord arc domain. One can prescribe
as Dirichlet data on 9(€2N By) the Green function G*° of QN By with a given pole zg € 2N Bsy. The
function G*° vanishes on (2N Bs) and is positive inside. Then, by the strong maximum principle
v is positive inside Q N By. Moreover, this function can be built in such a way that |[Vo| > 0 in
QN B for some 0 < R < 1, see |26, Lemma 3.8]. Here we possibly have to restrict the ball.
However, there exists 0* small enough such that if € is d-chord arc with § < 6* then for some
possibly small positive R = R(6*) and some C = C(6*) > 1, and any £ € 92N By/3
1 w(z v(z

Then, without loss of generality we can take £ = 0 and suppose that R = 1. The full result follows
by a standard covering argument of 2 N By,3 with a finite number of balls depending on J*.

2.4. The size of the singular set of positive harmonic functions at the chord arc bound-
ary. Now, being v a nonnegative solution to (2] in a bounded chord arc domain, by [25] and [27]
Theorem 1] we have that

(i) the harmonic measure w is absolutely continuous with respect to o on 92 N By and dw €
Ao (02N By, do);
(ii) the limit

Vou(z) == lim Vv
(2) 1= i, Vo)
exists for o-a.e. z € 9Q N B;. Moreover, Vu(z) = —|Vu(z)|v(z) where v stands for the

outer unit normal vector;
(iii) there exists p > 1 such that N'|Vv| € LP(0Q2 N By, do);
(iv) dw = |Vu|do for co-a.e. z € 00N B;.

Summing up the information above, we have that [Vuv| can not vanish on a set of positive surface
measure, otherwise v = 0. Then, combining this information with the fact that v has no interior
critical points, we have

(2.3) HY(C(v)NQNBy) =0,

with the critical points (which are singular points) all concentrated along the boundary.

2.5. The harmonic conjugate. Let us construct the harmonic conjugate of v by solving

(2.4) Vo =JVu inQnN By, J:(_Ol é)

Here J is the clockwise rotation matrix of angle 7/2, such that J=! = J7 = —J. The condition
above corresponds to the Cauchy-Riemann equations. The form is closed in a simply connected
domain, so (2-4]) admits a solution. In particular T has the following properties

Vv - V7 =0, V| = | VD],

and is harmonic in Q N By. Moreover, we can suppose that 7(0) = 0, considering instead o(z) =
v(z) —0v(0).



BOUNDARY UNIQUE CONTINUATION IN PLANAR DOMAINS BY CONFORMAL MAPPING 7

2.6. A hodograph conformal transformation and its invertibility. Following the idea we
introduced in [35], let us define the hodograph conformal mapping involving v, T

O(z,y) = (0(z,y),v(z,y)) = (X,Y),

with ©(0) = 0. We are going to prove that © is a homeomorphism. This transformation has good
properties: it is conformal, i.e. preserves harmonicity, and flattens the boundary where v vanishes.
It is clear that, up to dilations, the map send the open set QN By into B = {Y > 0} N B; and
00N By into B; = {Y = 0} N B;. Actually, the map is a deformation inside the domain, so it does
not preserve balls. However, this interior deformation does not affect our analysis, so for simplicity
we can suppose without loss of generality that the image domain is B{" . The Jacobian associated
with © is given by

with |det DO| = |Vv|* = |V7]°.

DO — (aﬁ ayﬁ) ,

O0zv  Oyv
Hence, the fact that v has no interior critical points implies the invertibility of the map between
the open sets QN By and By. In order to extend the invertibility up to the boundary, we need
to prove that the restriction of the map along the boundary is injective there. In fact, along 052,
the map © may have many critical points, but they are a set of vanishing surface measure, as we
have already remarked. The injectivity follows from the following consideration. Let us consider
a path v on 99 connecting two points z1, 22 € 9Q; that is, 7 : [t1,t2] — R? with suppy C 99
and y(t1) = 21, 7(t2) = 22. The curve is rectifiable by definition of chord arc domain. Then the
parametrization can be chosen as a Lipschitz function. We choose the orientation in such a way
that a clockwise rotation of angle 7/2 of the tangent vector to the curve +'(t) goes in the same
direction of the outer unit normal vector v(v(t)). Then

oea) = (1) = [ IVu((0) ()t >

t1

Here, at 09, we are using the fact that +' is defined c-a.e. and is a bounded function (the
parametrization is Lipschitz continuous). Moreover, the non-tangential gradient of v equals —|Vov|v
as a LP(do) function for some p > 1, summing (ii)-(iii), and it is nonzero o-almost everywhere.
Notice that —Juv(y(t)) is parallel to 4/(¢) and goes in the same direction. This means that, restricted
to 0F2, the first component O1((t)) = T(v(t)) of the map © o is monotone increasing in ¢, and
hence it is injective. This allows to extend the invertibility of the conformal mapping up to the
boundary.

2.7. Size control of the critical set. Let us consider U = u o ©~!, which solves
AU =0 in Bf
U=0 onBj.

Hence, considering the odd reflection U(X,Y) = —U(X, —Y) across {Y = 0}, one ends up with a
harmonic function on the ball B; for which ©(9f2) is an interior nodal line {Y = 0}. Then, since

|Vu|? = |detDO| - |[VU|? 0 O,

we have
H(C(u) NN Byja) <H(C(O)NQN Byyo) +HH(C(U) N By ) = 0.

The latter is true due to (223) and classic size estimates of interior critical sets of harmonic functions.
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3. THE CONSTRUCTION OF THE CONFORMAL MAPPING IN C'1LPMO ponMAINS

The conformal mapping © we consider for the proof of Theorem [[.3]is the same we built in the
previous section, but enjoys better properties. The full section should be intended as the proof of
Theorem [I.3]

3.1. CYPMO domains. First, let us recall the definition of C*P" domains in R” with n > 2. In
this case, the local boundary parametrization ¢ is a C' function and the modulus of continuity of
its gradient is a Dini function. This means that locally

(3.1) QN By = {z, > ¢(z")} N By, 90N By = {z, = p(2')} N By,

with z = (2/,2,) € R"™ ' x R, p € CY(B}) with B} = By N {x, = 0}, ©(0) = 0, V(0) = 0.
Then, there exist a positive constant and a modulus of continuity 7 such that for alli =1,....,.n—1
and z',y’ € B}

|0ip(z") = Oip(y)| < C(l2” —y/)
with

(3.2) /01 mdr < 0.

r

Let us now proceed with the definition of C1"PMO domains. Here, the boundary of the domain is
locally parametrized by a C* function ¢ whose partial derivatives 0; are of Dini mean oscillations.
In other words, the parametrization is as in (1) with p € C1(By), ¢(0) =0, V,¢(0) = 0 and

m(r) = sup ][ 10u0(2’) — (Oi)sorlda’,  with <az-sa>wzf dip(e!) de,
Br(xg)ﬁBi

zoEB] B,.(xz0)NB7

is a Dini function for any ¢ = 1,...,n — 1, i.e. satisfies (32).

3.2. C+PMO domains enjoy properties (P1) and (P2). As we remarked in [12], after a stan-
dard local flattening of the C1"PMO boundary, the validity of (P1) follows by C'' boundary regu-
larity up to a flat boundary where homogeneous Dirichlet or Neumann boundary conditions are
prescribed, for solutions of PDEs with DMO coefficients. We refer to [I1], Proposition 2.7] and [13]
Theorem 1.2]. Moreover, always after a standard flattening, property (P2) follows by the Hopf
Lemma proved in [33] on flat boundaries and DMO coefficients.

Remark 3.1. We would like to remark here that our result in C»PMO domains is not in contra-
diction with the counterexample in [22]. In fact, the two dimensional example there is given by a
local paramentrization with fails to be C*Pni but is convex. As we pointed out in [12, Proposition
3.1], a local C'"PMO parametrization ¢ which is convex satisfies the C'**PMi_paraboloid condition
[4]; that is,

is a Dini function. The same consideration above explains also why the validity of the Hopf lemma
in CPMO domains is not in contradiction with the counterexample in [3].
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3.3. Positive harmonic function vanishing on 9{) with no critical points. The first step is
the construction of a solution to (2]). The existence of such a function is done as in Section 23
However, properties (P1)-(P2) together imply that v € C! up to the boundary and that d,v < 0
on 02N By, which says, up to restrict a bit the ball R < 1, that v has no critical points in QN Bg.
This further localization can be done uniformly, so again we can suppose R = 1.

3.4. The harmonic conjugate. Let us construct the harmonic conjugate v of v as in Section
Let us remark that T solves
AT=0 inQNB
{8,/5 =0 ond0N Bl.

Then, by (P1) again, one has ¥ € C! up to 9.

3.5. A hodograph conformal transformation and its invertibility. Let us define the hodo-
graph conformal mapping involving v,7 as in Section

@(:E,y) = (E(xvy)av(xvy)) = (Xa Y)v

which is of class C'! with ©(0) = 0. Then, since v has no critical points in QN By, the invertibility
of the map is even more direct this time, since |detDO| > 0 in QN B;. Hence, this time O is a C*
diffeomorphism.

3.6. Size control of the critical set. Let us consider U = u o ©~!, and consider again the odd
reflection across {Y = 0}. One ends up again with a harmonic function on the ball B; for which
©(99) is an interior nodal line {Y = 0}. Then, since

|Vu|? = |detDO| - |[VU|? 0 O,

we have

(3.3) HO(C(u) NN Byyp) < HY(C(O) NN Byjo) +H(C(U)N B ,) = C.

The latter is true due to classic size estimates of interior critical sets for harmonic functions.

Remark 3.2. Similarly to [2I], one could give a notion of Almgren frequency function for the
solutions u to (L)) in C1'PMO domains

2
N(0,u,r) = w7

Joron, u?do
and quantify the bound in (B3] in terms of a macroscopic bound on the frequency function at 0,
and a bound on the C1PMO_character of the boundary parametrization. In fact, these two bounds
combined would give a macroscopic bound on the Almgren frequency for the solution U after
composition with the conformal mapping. Let us remark that a control over the C1PMO_character
of the domain gives the following uniform bounds for the associated conformal mapping

é < |detDO| < C.

The bound from above is trivial, while the one from below comes from a quantified version of the
Hopf lemma that can be obtained from [33].
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