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Abstract

Local relaxation after a quench in 1-D quantum many-body systems is a well known
and very active problem with rich phenomenology. Except for pathological cases, the local
relaxation is accompanied by the local restoration of the symmetries broken by the initial
state that are preserved by the unitary evolution. Recently, the entanglement asymmetry
has been introduced as a probe to study the interplay between symmetry breaking and
relaxation in an extended quantum system. In particular, using the asymmetry, it has
been shown that the more a symmetry is initially broken, the faster it may be restored.
This surprising effect, which has been also observed in trapped-ion experiments, can be
seen as a quantum version of the Mpemba effect and is manifested by the crossing at
a finite time of the entanglement asymmetry curves of two different initial symmetry
breaking configurations. In this paper we show, how, by tuning the initial state, the
symmetry dynamics in free fermionic systems can display much richer behaviour than
seen previously. In particular, for certain classes of initial states, including ground states
of free fermionic models with long-range couplings, the entanglement asymmetry can
exhibit multiple crossings. This illustrates that the existence of the quantum Mpemba
effect can only be inferred by examining the late time behaviour of the entanglement
asymmetry.

1 Introduction

Understanding if and how, closed, many-body, quantum systems relax is a question of both
fundamental and practical importance to modern theoretical physics. This topic has been
investigated for almost as long as the existence of quantum theory, but has received further
impetus in recent decades through the development of many state of the art experimental and
theoretical techniques [1–3]. During this time there have been numerous seminal contribu-
tions to the field, providing insight into the mechanisms of relaxation and thermalization of
closed systems, as well as the obstructions to these processes. A straightforward but natural
question to ask in this context, which has been curiously overlooked until recently, is: Given
two non-equilibrium states, which one will relax faster, the one closer to equilibrium or the one
further from it. Surprisingly, the answer to this question can be either yes or no, depending
on the particular setup. The former scenario is in line with our intuitive understanding of
systems which are close to equilibrium, however the latter subverts this and is reminiscent of
the famous Mpemba effect of classical physics [4–18]. This anomalously fast relaxation of a
far from equilibrium quantum state was recently predicted to occur for tilted ferromagnetic
states evolved unitarily using the XX spin chain [19]. Owing to its similarities to the classi-
cal case, but being a distinctly quantum phenomenon, it was dubbed the quantum Mpemba
effect (QME). The phenomenon was later studied in several other scenarios, including both
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free [20], interacting integrable [21,22] and chaotic models [23,24] as well as in free dissipative
systems [25] and higher dimensions [26]. For systems which admit a quasi-particle description,
the underlying mechanisms for the QME have been determined and a set of predictive criteria
related to transport properties have been proposed [22]. Subsequently, it has been observed
experimentally [27] in a system of trapped ions using the randomized measurement tool-
box [28]. Parallel to this, there have been several recent studies, both theoretical [30–38] and
experimental [39,40], of the classical Mpemba effect in quantum systems. Although similar in
spirit to the QME, the latter phenomenon occurs in few body systems at finite temperature
or coupled to an external reservoir. Following the nomenclature of phase transitions, we thus
describe these cases as the Mpemba effect in a quantum system as opposed to a quantum
Mpemba effect, which is driven purely by quantum rather than thermal fluctuations.

Although it can be witnessed through numerous different observables, an elegant quantity
which captures the QME for systems with a conserved charge evolved from symmetry broken
states is the entanglement asymmetry (EA) [19]. This is an entanglement based measure
which serves as an ideal tool for investigating intricate symmetry breaking and restoration at
the level of a subsystem, in equilibrium and non-equilibrium extended systems alike. Simply
stated, the EA quantifies the distance a state is from being symmetric; it is finite and positive
in symmetry broken states and zero when a symmetry is present. Thus, for non-equilibrium
states which break a symmetry but which, under time evolution restore it, the EA (typically)
evolves as a monotonically decreasing function of time. In this setting, the QME is witnessed
by a single crossing of these curves for different initial states. This fact might suggest that the
observation of the quantum Mpemba effect could be inferred from the analysis of short time
dynamics only. To disprove this naive expectation, in this work, we investigate the dynamics
of the entanglement asymmetry from a class of initial states in free-fermion chains which
display richer relaxation dynamics in which the entanglement asymmetry curves of different
initial states exhibit multiple crossings in time. Consequently, the occurrence of the Mpemba
effect can be understood only by a careful analysis of the long time dynamics.

Quench dynamics and symmetry restoration: The most common scenario for study-
ing the non-equilibrium dynamics of closed quantum systems is the quantum quench. In this
setup, we consider an initial state |Ψ0⟩, which is then unitarily evolved according to a Hamil-
tonian H, having the time evolved state

|Ψ(t)⟩ = e−iHt |Ψ0⟩ . (1)

The state |Ψ0⟩ is not an eigenstate of H and generically has non-zero overlap with exponen-
tially many eigenstates of H. Since the full system evolves unitarily, no relaxation can happen
at the level of the full system. Instead, we study a finite subsystem, A, of size |A| = ℓ, through
its reduced density matrix ρA(t), after tracing out its complement Ā,

ρA(t) = TrĀ ρ(t) = TrĀ |Ψ(t)⟩⟨Ψ(t)| . (2)

On timescales much longer than those associated to the subsystem size, the subsystem is
expected to relax to a stationary state. If we quench with free fermionic Hamiltonians, which
are integrable, the stationary state is not thermal, i.e. a Gibbs ensemble, but is instead a
generalized Gibbs ensemble (GGE), where aside from the Hamiltonian, we have to include
the constraints imposed by all the constants of motion and set by the initial state [41–44].

We are particularly interested in quench Hamiltonians H possessing a U(1) symmetry
that corresponds to a local conserved charge Q which can be written as a sum of terms in
A and Ā, i.e. Q = QA + QĀ. The state of the system |Ψ(t)⟩ is symmetric if [ρ(t), Q] = 0.
If we trace out the complement of the subsystem A, then [ρA(t), QA] = 0, meaning that, for
a symmetric state, ρA(t) is block-diagonal in the eigenbasis of QA, so it has no off-diagonal
elements connecting different charge subsectors of QA. For such symmetric states, a question
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that has been intensively studied in recent years is how entanglement is distributed into the
charge subsectors of QA [46–60]. As a result of these, it has been shown that, at leading
order, entanglement entropy is usually equipartitioned between charge sectors. Here instead,
we are interested in initial states which do not preserve the symmetry generated from this
conserved charge, [ρ(0), Q] ̸= 0, while also satisfy [ρA(0), QA] ̸= 0.

We consider the dynamics emerging from such symmetry breaking states with respect
to a Hamiltonian that respects this symmetry. Generally, in such circumstances the dy-
namics will locally restore the symmetry at the level of the subsystem [19], meaning that
limt→∞ [ρA(t), QA] = 0. For one-dimensional systems, this can be understood through the
Mermin-Wagner theorem. A generic system will relax locally to a finite temperature Gibbs
ensemble, or to a generalized Gibbs ensemble if it is integrable, which is precluded from break-
ing any continuous symmetry. Exceptional cases exist, in both free and interacting systems,
where this does not happen, e.g. if the initial state ignites non-Abelian charges present in the
GGE steady state [29], however that shall not be the case for us. With this in mind, we see
that symmetry restoration can be used as a coarse-grained proxy of relaxation to the steady
state as stated in Ref. [22].

As mentioned above, symmetry breaking can be quantified via the recently introduced
entanglement asymmetry [19], which measures how far away a state is from being symmetric.
This is defined as

∆SA(t) = S(ρA,Q(t))− S(ρA(t)), (3)

where S(ρ) = −Tr [ρ log ρ] is the von Neumann entropy of ρ and

ρA,Q(t) =
∑
q

ΠqρA(t)Πq. (4)

Here we have introduced Πq, the projector onto the charge subsector q of QA. This new
reduced density matrix is thus a symmetrized version of the state, obeying [QA, ρA,Q] = 0,
that alternatively can be viewed as the state of the system after a nonselective projective
measurement of QA. By using the properties of the projector, one can see that ∆SA(t) is
the relative entropy between our symmetry breaking state ρA(t) and the symmetrized version
ρA,Q(t) [19]. Being a relative entropy endows the EA with some important mathematical
properties. In particular, it is non negative, ∆SA(t) ≥ 0 and, moreover, ∆SA(t) = 0 if and
only if ρA(t) = ρA,Q(t). The vanishing of ∆SA(t) thus implies the restoration of symmetry in
the subsystem and, by proxy, the relaxation to the stationary state.

To calculate ∆SA(t) we use the replica trick, typically employed for computing entangle-
ment measures [61, 62]. To this end, we define the order-n Rényi entanglement asymmetries
∆S

(n)
A (t) as

∆S
(n)
A (t) = S(n)(ρA,Q(t))− S(n)(ρA(t)), (5)

where S(n)(ρ) = 1
1−n log Tr [ρn]. From these, we recover the EA in the replica limit

∆SA(t) = lim
n→1

∆S
(n)
A (t). (6)

Given the form (4) of ρA,Q, the Rényi entanglement asymmetry is non-negative [63, 64]. As
with the case of standard Rényi entropies, the higher Rényi EAs are not only a convenient
calculation tool for determining ∆SA(t) but also provide useful information and are accessible
experimentally as has been recently shown in [27].

The entanglement asymmetry has thus far been studied in several different scenarios,
including quench dynamics of integrable and dissipative models [19–22, 25, 26], for random
circuits [23,24], in CFTs [65,66], Haar random states within the context of black hole evapo-
ration [67], confinement and kink dynamics [68], and also extended to account for both finite
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and non-Abelian symmetries [69–71]. In the non-equilibrium cases, both the QME as well as
other more exotic relaxation has been observed from a variety of initial states.

The Quantum Mpemba Effect: We now return to the original motivating question and
consider the quench dynamics of two symmetry broken states, ρ1 and ρ2, evolving under the
same Hamiltonian. The EA provides us with a way to quantify how far the reduced density
matrices for these states, ρA,1 and ρA,2, are from being symmetric and how they approach
their stationary (symmetric) values. Therefore, we have a way to determine if it is possible
for a state which is initially further from equilibrium, i.e. having more asymmetry, to relax
faster. This leads us to the quantum Mpemba effect which, in terms of the EA, is defined as
occurring if initially

∆SA,1(t = 0) > ∆SA,2(t = 0) (7)

and there exists a time t = τM after the quench when their values reverse and stay reversed
for the rest of the evolution

∆SA,1(t > τM ) < ∆SA,2(t > τM ). (8)

In all cases studied in the literature, the crossing signifying the occurrence of the QME
happens at times scaling linearly with the subsystem size τM/ℓ ∼ 1 and moreover, once the
crossing occurs, no subsequent crossings appear. Thus, one could be lead to the conclusion
that this is generically the case and the existence of the QME could be determined via some
short time expansion. In this work, we address this question and find that this reasoning does
not hold. We show that the crossing of the EA between two states is not restricted to occurring
at short times and, moreover, is not restricted to just a single instance. In particular, we study
the quench dynamics of free fermionic chains, initiated in ground states of free Hamiltonians
which have long-range hopping and pairing terms. We uncover richer relaxation dynamics, in
which the EAs of different states can cross multiple times and at late times. We then interpret
this through the quasi-particle picture of entanglement dynamics, thereby finding that this
phenomenology can occur in any model which admits such a description.

Outline: The article is organized as follows. In Section 2, we introduce the specific quench
protocol that we will study and we obtain the ground state of the long-range free fermionic
chains that we will use as initial configurations. In Section 3, we describe how the entan-
glement asymmetry can be calculated through the charged moments of the reduced density
matrix and the two-point correlations in the case of fermionic Gaussian states. In Section
4, we derive the time evolution for the charged moments and the entanglement asymmetry
using the quasi-particle picture of entanglement. In Section 5, we present our main results
concerning the dynamics of the entanglement asymmetry for quenches from long-range free
fermionic chains. In Section 6, we discuss and interpret them in terms of the quasi-particle
picture. In Section 7, we present our conclusions and discuss future possible continuations of
this work.

2 Quench protocol

In this work, we shall study the quench dynamics of the tight-binding model, i.e. time
evolution governed by the free fermionic Hamiltonian

H = −1

2

N∑
n=1

(
c†ncn+1 + cnc

†
n+1

)
, (9)

where c†n, cn are the canonical fermionic creation and annihilation operators on the site n obey-
ing {c†n, cm} = δm,n. (This Hamiltonian is equivalent, via a Jordan-Wigner transformation,
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to the XX spin chain, but the correspondence breaks down for the long-range Hamiltonian
corresponding to some initial states and for this reason we will only use fermionic variables
rather than spins.) We assume periodic boundary conditions cn+N = cn. Introducing the
Fourier transform of the fermionic operators,

bk =
1√
N

N∑
n=1

e−
i2πkn

N cn, k ∈ [0, 1, . . . , N − 1], (10)

we can rewrite the Hamiltonian in diagonal form,

H =
∑
k

ϵ(k)b†kbk, ϵ(k) = − cos

(
2πk

N

)
. (11)

The Fourier modes b†k, bk thus describe the quasi-particles of the system, which propagate
with velocity v(k) ≡ N

2π
dϵ(k)
dk = sin

(
2πk
N

)
. The particle number

Q =
N∑

n=1

c†ncn =
∑
k

b†kbk, (12)

is one of the conserved charges of the free-fermion Hamiltonian. It generates a U(1) symmetry
with respect to which we shall study the symmetry restoration dynamics emerging from a non-
particle number conserving state |Ψ0⟩.

In our study, we consider as initial configurations the ground states of a class of free
fermionic Hamiltonians, denoted H0, with possible long-range hopping and pairing terms.
Following the notation of [72], these are given by

H0 =
1

2

N∑
n=1

R∑
l=−R

(
2Alc

†
ncn+l +Blc

†
nc

†
n+l −Blcncn+l

)
, (13)

where R < N/2 is the maximum range of the hopping and pairing terms. We assume that the
hopping and pairing amplitudes Al and Bl are real. They must satisfy A−l = Al and B−l =
−Bl for the Hamiltonian H0 to be Hermitian. As long as the pairing terms Bl are non zero for
some l, the Hamiltonian breaks particle number conservation, i.e. [Q,H0] ̸= 0, and accordingly
its ground state shall also. In the case in which there are only next-neighbour terms, R = 1,
we recover the fermionic version of the XY spin chain. Our setup thus generalizes the study
of [20], where the quenches to the XX spin chain from the symmetry breaking ground states
of the XY model were considered. The general case of non-local pairing and hopping, which
is imprinted on its ground states, shall lead to a richer dynamics of the EA.

2.1 Ground state of H0

To determine the ground state of H0, we write it in terms of the Fourier creation and anni-
hilation operators (10),

H0 = E +
1

2

N−1∑
k=0

(
b†k, b−k

)( Fk Gk

Ḡk −F−k

)(
bk
b†−k

)
, (14)

with

Fk =
R∑

l=−R

Ale
i2πkl
N , Gk =

R∑
l=−R

Ble
i2πkl
N , E =

1

2

N−1∑
k=0

Fk, (15)
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where Fk is a real, even function of k and Gk an imaginary and odd function of k. At this
point, we need to make a Bogoliubov rotation to the Hamiltonian written in momentum space
to diagonalize it. The matrix

Mk =

(
Fk Gk

Ḡk −F−k

)
, (16)

which enters in Eq. (14), can be diagonalized using a unitary similarity transformation Uk,

UkMkU
†
k =

(
Λk 0
0 −Λ−k

)
, (17)

where Λk ≥ 0, with Λk+N = Λk, is the dispersion relation of the Bogoliubov modes, whose
creation and annihilation operators d†k, dk are given by(

dk
d†−k

)
= Uk

(
bk
b†−k

)
. (18)

In terms of them, H0 is diagonal,

H0 = E +

N−1∑
k=0

Λk

(
d†kdk −

1

2

)
. (19)

To find Λk, we can use the fact that the trace and the determinant of the matrix (16) are
invariant under a change of basis. Taking into account that Fk = F−k and iGk ∈ R, it follows
that

Λk =

√
F 2
k + |Gk|2 ≥ 0. (20)

Since the dispersion relation is non-negative for all the modes, the ground state |GS⟩ is the
Bogoliubov vacuum, the state annihilated by dk, i.e. dk |GS⟩ = 0, for all k.

In the rest of the manuscript, we will consider the thermodynamic limit N → ∞, in
which the discrete values of the momenta 2πk

N become a continuous variable λ ∈ [−π, π) (or
equivalently [0, 2π)) and the functions Fk and Gk in Eq. (15)

F (λ) = 2

R∑
l=1

Al cos (λl) +A0, G(λ) = 2i

R∑
l=1

Bl sin (λl). (21)

2.2 Ground state correlation matrix

Since we are studying the unitary dynamics of a free fermionic model (9) initialized in the
ground state of a different free fermionic Hamiltonian (13), the time evolved state |Ψ(t)⟩
satisfies Wick’s theorem at any time and all the information about the system is captured by
the two-point correlation functions. In momentum space, there are four non trivial correlators,
namely ⟨b†λbλ ⟩, ⟨b

†
λb

†
−λ ⟩, and their Hermitian conjugates.

The mode occupation function in the initial state, ϑ(λ) = ⟨GS| b†λbλ |GS⟩, is of particular
importance for the calculation of the entanglement asymmetry ∆S

(n)
A (t). Taking into account

that |GS⟩ is the vacuum of the Bogoliubov modes, we directly find in the thermodynamic
limit that

ϑ(λ) =
1

2

(
1 +

F (λ)√
F (λ)2 + |G(λ)|2

)
. (22)

A key point to note, which will be referenced in subsequent sections regarding the multiple
crossings of ∆S

(n)
A (t), is that F (λ) and G(λ), defined in Eq. (21), are the sum of oscillating

functions of the wave-vectors λ. The frequency of oscillation of each term in the sum is
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controlled by the hopping and pairing range l = 1, ..., R. This leads us to the conclusion that
the momentum occupation function ϑ(λ) for the initial state of our quench can in general have
a very complicated structure. Specifically, it can be an oscillating function of the momentum
λ, meaning that our initial state would have an oscillating modulation in the population of
the momenta. As a result, the post quench dynamics can have a much richer structure when
longer range hopping and pairing terms are included.

The pair creation and pair annihilation correlation functions p(λ) = ⟨GS| b†λb
†
−λ |GS⟩,

p̃(λ) = ⟨GS| bλb−λ |GS⟩, which are non zero due to the breaking of the particle number
symmetry in the ground state, are given in the thermodynamic limit by

p̃(λ) = p(λ) =
1

2

G(λ)√
F (λ)2 + |G(λ)|2

. (23)

3 Charged moment decomposition of the Rényi entanglement
asymmetries and their time evolution

In this section, we review the calculation of ∆S
(n)
A (t) in terms of the charged moments of

the EA, which in turn can be calculated for free fermionic systems either exactly or using an
emergent quasi-particle picture (QPP). After applying the definition of S(n) (ρ), the Rényi
entanglement asymmetry (5) is given by

∆S
(n)
A (t) =

1

1− n
log

Tr
[
ρnA,Q(t)

]
Tr
[
ρnA(t)

]
 . (24)

Tr
[
ρnA,Q(t)

]
and Tr [ρnA(t)] are then necessary in order to find ∆S

(n)
A (t). Hence, we can employ

the Fourier representation of the projectors Πq,

Πq =

∫ π

−π

dα

2π
eiα(q−QA), (25)

to cast ρA,Q(t) in the following form

ρA,Q(t) =

∫ π

−π

dα

2π
e−iαQAρA(t)e

iαQA . (26)

This allows us to express Tr
[
ρnA,Q(t)

]
as

Tr
[
ρnA,Q(t)

]
=

∫ π

−π

dα1 . . . dαn

(2π)n
Zn(α, t), (27)

having introduced the charged moments Zn(α, t) of ρA

Zn(α, t) = Tr

 n∏
j=1

ρA(t)e
iαj,j+1QA

 , (28)

as well as αi,j = αi − αj , αn+1 = α1 and α = (α1, ..., αn). Naturally, the charged moments
also give us the neutral moments Tr [ρnA(t)], which enter in the asymmetry formula, when we
take α = 0. Combining this with the definition (24) of the EA, we arrive at

∆SA(t) = lim
n→1

1

1− n
log

(∫ π

−π

dα1 . . . dαn

(2π)n
Zn(α, t)

Zn(0, t)

)
. (29)
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Therefore, the key to evaluating the EA is to calculate the charged moments Zn(α, t). Fortu-
nately, this is indeed possible in free fermionic systems. Therein we have a Hamiltonian that
is quadratic in the fermionic operators and therefore we can calculate Zn(α, t) exactly using
the connection between the reduced density matrix and the two-point correlation matrix [73].
This approach is usually employed to calculate different quantities in free fermionic systems
and, in particular, it has been applied in [19, 20, 22, 29] to study the Rényi entanglement
asymmetry.

Since the time evolved state |Ψ(t)⟩ satisfies Wick’s theorem, the reduced density matrix
ρA(t) is Gaussian, i.e.

ρA = Z−1e−
1
2

∑
j,j′ c

†
jMjj′cj′ , Z = Tr

(
e−

1
2

∑
j,j′ c

†
jMjj′cj′

)
, (30)

in terms of the doublet cj = (c†j , cj). Here M is a 2ℓ × 2ℓ matrix related to the spatial
two-point correlation matrix in A,

Γjj′(t) = 2Tr
[
ρA(t)c

†
jcj′
]
− δjj′ , j, j′ ∈ A, (31)

via the identity [73]

M(t) = log
I − Γ(t)

I + Γ(t)
. (32)

Since the charge operator QA is a quadratic fermionic operator, then the charged moments
are in our case the trace of a product of the Gaussian operators ρA(t) and eiαj,j+1QA . Applying
the properties [74, 75] of the product and trace of this kind of operators, we can obtain the
following expression for Zn(α, t) in terms of the correlation matrix [19,29],

Zn(α, t) =

√√√√√det

(I − Γ(t)

2

)n
I +

n∏
j=1

Wj(t)

, (33)

where Wj(t) = (I+Γ(t))(I−Γ(t))−1eiαj,j+1nA and nA is a diagonal 2ℓ×2ℓ matrix with entries
(nA)2j,2j = 1 and (nA)2j−1,2j−1 = −1. This formula allows us to exactly calculate from the
knowledge of the correlation matrix the charged moments Zn(α, t) and, consequently, the
Rényi entanglement asymmetries ∆S

(n)
A (t).

In the quenches of our interest, given that the system is always translationally invariant,
Γ(t) is a block Toeplitz matrix, whose elements are given by [72]

Γjj′(t) =

∫ π

−π

dλ

2π
G(λ, t)e−iλ(j−j′), j, j′ = 1, . . . , ℓ, (34)

wherein G(λ, t) is

G(λ, t) =
(

1− 2ϑ(λ) −2e−i2tϵ(λ)p(λ)

2ei2tϵ(λ)p(λ) 2ϑ(λ)− 1

)
, (35)

and ϑ(λ) = ⟨GS| b†λbλ |GS⟩ and p(λ) = ⟨GS| b†λb
†
−λ |GS⟩ are the two-point correlators in the

initial ground state calculated in Eqs. (22) and (23).

4 Time evolution of the entanglement asymmetry and the quasi-
particle picture

In the preceding section, we obtained in Eq. (33) a way to calculate the charged moments
Zn(α, t) from the correlation matrix for arbitrary time t. This is an exact result, and despite
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not being written in a transparent analytical form, it can be calculated efficiently via numerical
methods. In this section, we will derive an analytical prediction for ∆S

(n)
A (t) by going to the

scaling limit ℓ, t → ∞ keeping ζ = t/ℓ fixed. In this limit, the system is characterized by the
ballistic transport of quasi-particles, which are responsible for the spreading of entanglement
and correlations between the subsystem A and its complement Ā [76–78]. Specifically, we will
deduce the time evolution of the Rényi entanglement asymmetry within this QPP obtaining
an analytical formula. Then, we will take the replica limit n → 1 to find ∆SA(t).

The basic idea behind the quasi-particle picture is as follows. At t = 0, the quench
produces sets of correlated quasi-particles which propagate throughout the system. For the
states which we consider, these are grouped as pairs with equal and opposite momenta {λ,−λ}.
Viewed semi-classically, a pair emerges from a single point in space and is uncorrelated with
any other pairs, and the only correlations in the system are between quasi-particles from the
same pair. As the quasi-particles propagate through the system, with velocity v(λ), they carry
their correlations with them and thereby create spatial correlation and entanglement between
different regions. Thus, the dynamics of a subsystem observable is dominated at short times
by the pairs of particles which have both members completely within the subsystem, we call
such pairs complete. On the other hand, at long times, it is not possible for both members
of a pair to be within the subsystem. Therefore, the dynamics is dominated (See Figure 1)
by pairs which have one member in A and the other in Ā. These pairs are referred to as
incomplete.

To obtain the quasi-particle prediction for the EA, it is necessary to first do so for the
charged moments. The strategy will be to calculate these at t = 0, thereby understanding
the initial contribution of the quasi-particles from complete pairs and then to look at the
long time behaviour which will give us the contribution of a single quasi-particle from an
incomplete pair.

4.1 Initial state charged moments

We begin by calculating Zn(α, t = 0) in the limit ℓ → ∞ starting from (33). It can be
observed that the matrix Wj(t) contains the inverse of I−Γ, the inverse of a Toeplitz matrix,
that is in general not block-Toeplitz. However, we can apply the following result derived
in [29]. If Tℓ[gj ] is a dℓ × dℓ block-Toeplitz matrix with symbol gj , of dimension d × d, and
Tℓ[g

′
j ]
−1 the inverse of another one of symbol g′j , then

det

I +

n∏
j=1

Tℓ[gj ]Tℓ[g
′
j ]
−1

 ∝ eℓA
′
n . (36)

The exponent A′
n is given by

A′
n =

∫ π

−π

dλ

2π
log det

I + n∏
j=1

gj(λ)g
′
j(λ)

−1

 . (37)

In our case, however, we cannot apply this result directly since the symbol of I−Γ is I−G(λ),
which is non-invertible. This problem is remedied by considering that our system is at finite
temperature 1/β, allowing for the inversion of the correlation matrix symbol, and then taking
the zero temperature limit, β → ∞ [20]. The finite temperature state is described by the
Gibbs ensemble of ρβ = e−βH0/Z, with the normalization constant Z = Tr(e−βH0). For the
subsystem A, this leads to a temperature dependent Gaussian reduced density matrix ρA,β .
The corresponding correlation matrix Γβ is block Toeplitz with symbol

Gβ(λ) = tanh

(
βΛλ

2

)(
1− 2ϑ(λ) −2e−i2tϵ(λ)p(λ)

2ei2tϵ(λ)p(λ) 2ϑ(λ)− 1

)
. (38)
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Since now I − Gβ(λ) is invertible, we can apply (36) and after taking the β → ∞ we can get
the n−th charged moment at t = 0,

Zn(α, 0) = lim
β→∞

eℓA
′
n(α,β), (39)

with A′
n(α, β) given by

A′
n(α, β) =

∫ π

−π

dλ

2π
log det

(I − Gβ(λ)(t)

2

)n
I +

n∏
j=1

Wβ,j(λ)

 , (40)

wherein the β dependent Wj,β(λ) = (I + Gβ(λ))(I − Gβ(λ))
−1eiαj,j+1nA .

Obtaining ∆S
(n)
A (t = 0) requires to take the β → ∞ limit of the charged moment ratio

Zn(α,β)
Zn(0,β)

, that leads to

Zn(α, 0) = Zn(0, 0)e
ℓAn(α), (41)

having defined An(α) for convenience as

An(α) ≡ lim
β→∞

[
A′

n(α, β)−A′
n(0, β)

]
. (42)

To complete the calculation, we determine the exponent explicitly for several integer values
of n from which we can note that in general it has the following form

An(α) =

∫ π

−π
dλ

n∑
j=1

fαj,j+1 (λ) , (43)

with fα (λ) being

fα (λ) =
1

4π
log
[
1− ϑ(λ) + ϑ(λ)e2iα

]
. (44)

Interestingly, this function is the same as the one which appears when calculating the full
counting statistics of the subsystem charge QA [21, 80], i.e.

Tr
[
ρA(0)e

iαQA
]
= eℓ

∫
dλ fα(λ). (45)

This apparent factorization in the initial state into a product of the full counting statistics in
each replica is a particular property of the choice of the initial state, for example it can be
shown that it does not hold when considering mixed initial states [81].

4.2 Steady state charged moments

After studying the charged moments in the initial state Zn(α, t = 0), we go to their long time
behavior, Zn(α, t → ∞). At late times after the quench, the time dependent entries of the
symbol (35) of Γ(t) are rapidly oscillating and drop out when averaged over time, giving us
the symbol

G(λ, t → ∞) =

(
1− 2ϑ(λ) 0

0 2ϑ(λ)− 1

)
. (46)

Evidently, the two correlators corresponding to pair creation, ⟨Ψ(t)| c†jc
†
j′ |Ψ(t)⟩, and pair

annihilation, ⟨Ψ(t)| cjcj′ |Ψ(t)⟩, are the ones that go to zero, which suggests the restoration
of the particle conservation symmetry at large times.

10
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Figure 1: Quasi-particle picture of entanglement asymmetry. After the quench, pairs
of entangled quasi-particles produced at the same point propagate ballistically with
opposite momentum ±k and velocity v(±k). At time t, only those pairs with both
excitations inside the subsystem A (complete pairs, solid blue lines) contribute to the
entanglement asymmetry (55). Once one of the two excitations leave the subsystem, the
pair does not contribute anymore (incomplete pair, red lines). At time t → ∞, there
are no complete pairs and the symmetry is restored in A.

Contrary to the t = 0 case, the symbol I −G(k, t → ∞) is invertible, wherein (36) can be
applied leading to

logZn(α, t → ∞) ∝ ℓ

2

∫ π

−π

dλ

2π
log det

(I − G(λ, t → ∞)(t)

2

)n
I +

n∏
j=1

Wj(λ)

 , (47)

having defined Wj(λ) = (I + G(λ, t → ∞))(I − G(λ, t → ∞))−1eiαj,j+1nA . Plugging the
time-averaged symbol (46) into (47), we find

logZn(α, t → ∞) ∝ ℓ

∫ π

−π
dλhn(ϑ(λ)), (48)

where the function hn(x) is defined as

hn(x) =
1

2π
log [xn + (1− x)n] . (49)

This result implies that Zn(α, t → ∞) ∼ Zn(0, t → ∞), which indicates the symmetry
restoration in the long-time limit. We note also that hn(x) is the same function that appears
when calculating the Rényi entanglement entropy.

4.3 Quasi-particle picture for the charged moments

Once we have obtained the expressions for the charged moments at both long times and
in the initial state, we may identify the contributions of the complete and incomplete quasi-
particle pairs and construct their dynamics. To this end, we recall that using simple geometric
arguments, see Figure 1, the number of quasi-particle pairs of momentum {λ,−λ} forming
complete pairs at time t is

nc(t, λ) = ℓ−min[2|v(λ)|t, ℓ]. (50)

Likewise, the number of quasi-particle pairs of momentum {λ,−λ} with only one member
inside A, i.e. the number of incomplete pairs, at time t is

ni(t, λ) = min[2|v(λ)|t, ℓ], (51)
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which can be determined from particle number conservation which fixes nc + ni = ℓ. Fur-
thermore, using the calculation in Eq. (43) of the charged moments in the initial state, we
can identify the leading order contribution to the charged moments due to a complete pair
of momentum {λ,−λ} as being

∑
j fαj,j+1(λ). From the long time calculation (48), we can

instead infer that the contribution of a quasi-particle from an incomplete pair is given by
hn(ϑ(λ))/2π.

Combining them, we find

Zn(α, t) = Zn(0, 0) exp

∫ π

−π
dλni(λ, t)hn(λ) + nc(λ, t)

n∑
j=1

fαj,j+1(λ)

 (52)

= Zn(0, t) exp

ℓ n∑
j=1

∫ π

−π
dλxζ(λ)fαj,j+1(λ)

 , (53)

where we have introduced
xζ(λ) = max

[
1− 2t

ℓ
|v(λ)|, 0

]
, (54)

and we have extracted the contribution of the part independent of αj,j+1, which corresponds
to the neutral moments Zn(0, t) of ρA(t) .

At this point, we can now return to the EA and, using in Eq. (29) our expression for the
charged moments (52), we obtain

∆S
(n)
A (t) =

1

1− n
log

∫ π

−π

dα

(2π)n
exp

ℓ n∑
j=1

∫ π

−π
dλxζ(λ)fαj,j+1(λ)

 . (55)

From this result, we note that only the complete quasi-particle pairs contribute to the EA.
This can be contrasted with other quantities like the entanglement entropy [76–79], which
receives contributions only from pairs of quasi-particles which are shared between regions, i.e.
incomplete pairs, or the full counting statistics, which has contributions from both types [21,
80]. In the present case, the contribution of the incomplete pairs has been removed by taking
the ratio with the neutral charge moment in (29). The picture is however consistent, as pairs
propagate through the system, they spread correlations to different regions, so a pair shared
between A and Ā contributes to entanglement. On the other hand, the particle number
symmetry breaking is a result of correlated pairs within a region and, as entanglement is
spread, the symmetry is restored locally.

The expression for the charged moments using the quasi-particle picture can be derived
explicitly applying the exact result of Eq. (33) for n = 2 and the multi-dimensional stationary
phase approximation [82]. Carrying this out however becomes increasingly more complicated
at higher Rényi index n, but instead the two can be compared after numerical evaluation. We
perform these checks below for specific cases.

4.4 The replica limit

The main advantage of using the expression (52) over the exact result (33) is that the former
affords a level of analytic control which we can use to take the replica limit n → 1 and
recover ∆SA(t). To carry this out, we first make a change of variables αj,j+1 7→ α′

j , with
α′
n = −∑n−1

j=1 α
′
j ,

∆S
(n)
A (t) =

1

1− n
log

∫ π

−π

dα′

(2π)n−1
exp

ℓ n∑
j=1

∫ π

−π
dλxζ(λ)fα′

j
(λ)

 δp

( n∑
j=1

α′
j

)
. (56)
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where δp(x) = 1
2π

∑
k∈Z e

−ikx is the 2π-periodic delta function which implements the con-
straint on α′

n. We can then reexpress (56) as

∆S
(n)
A (t) =

1

1− n
log
∑
k∈Z

[Jk(t)]
n, (57)

where Jk(t) is a single replica quantity given by

Jk(t) =

∫ π

−π

dα

2π
e−ikα+ℓ

∫ π
−π dλxζ(λ)fα(λ). (58)

This has the property that
∑

k∈Z Jk(t) = 1, which can be confirmed by simply using the
definition of δp(x) and that f0(λ) = 0. In addition, we have that J2k−1(t) = 0 and Jk(t) =
J∗
k (t) [22].

We are now in a position to take the replica limit. We analytically continue Eq. (57) from
n ∈ N to z ∈ C and use a minimal choice for Jz

k , which drops to the correct result for z ∈ N.
Since the resulting function has to be real, we take

[Jk(t)]
n → 1

2

(
ez log Jk + ez log J

∗
k

)
. (59)

Inserting it into (57) and taking the replica limit, we obtain

∆SA(t) = −
∞∑

k=−∞
Re [Jk(t) log Jk(t)] , (60)

which gives us the full time dynamics of the von Neumann EA. This expression is particularly
convenient, not only for performing calculations but also for developing a phenomenological
understanding of the EA. Indeed it was the starting point for deriving the set of conditions
for which the QME occurs [22].

In the initial state, Jk(0) can be shown to be the same as the full counting statistics of
the subsystem charge and so ∆SA(t) is simply the classical Shannon entropy of the charge
probability distribution. At finite time, Jk(t) no longer has this interpretation since the
dynamics of the full counting statistics is different. Indeed, as mentioned above, both complete
and incomplete pairs contribute to the full counting statistics. In the present case, it can be
shown that [80]

log
(
Tr
[
ρA(t)e

iαQA
])

=

∫
dλ
[
nc(λ, t)fα(λ) + 2ni(λ, t)fα/2(λ)

]
. (61)

Here, we recognize the first and second terms as the contributions of the complete and incom-
plete pairs respectively. Thus, we can interpret Jk(t) as being the Fourier transform of the
contribution of complete pairs to the full counting statistics.

5 Results

We now arrive at the main part of our analysis and present our results for the dynamics of the
EA in quenches of free-fermion chain (9) from the ground state of long-range Hamiltonians
of the form (13). We choose two specific cases for H0, one in which there are only hoppings
between nearest neighbour sites but for which pairing occurs beyond nearest neighbours and
a second in which both types of terms are long range. For context, we also briefly re-examine
the case in which both the hopping and pairing are nearest neighbour.

Our ultimate interest is in the von Neumann entanglement asymmetry. However, as
discussed in the previous sections, to study this we must employ the replica trick and then
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Figure 2: Rényi entanglement asymmetry ∆S
(2)
A after a quench to the free-fermion

chain from the ground state of the pairing model chain (62) with different couplings
h and γ and subsystem sizes ℓ = 100 (left) and 150 (right). In the left panel, we
consider two initial states whose EAs intersect at a finite time and the symmetry is
restored faster in the more asymmetric initial state than in the less asymmetric one,
indicating the occurrence of the QME. In the inset, we represent the mode occupation
of Cooper pairs in the two initial configurations. In the right panel, we take two other
initial configurations for which their EAs intersect twice and, therefore, the symmetry
is eventually restored earlier in the quench from the less asymmetric configuration. The
inset is a zoom of the second crossing. In both panels, the symbols are the exact
numerical value obtained using Eq. (33) and the curves correspond to the quasi-particle
picture prediction (55).

also invoke a quasi-particle picture to take the replica limit. To check the validity of this
approach, we compare the results of numerically evaluating the exact expression (33) with
the quasi-particle prediction (55) for the Rényi EA. We present only the results for ∆S

(2)
A (t)

and find excellent agreement in the scaling limit of large t, ℓ. We have checked that this holds
also for integer n > 2 as well as for a range of t, ℓ although for ease of presentation we include
only the plots for n = 2.

After performing this cross check on the quasi-particle picture, we show the results for
the EA obtained using Eqs. (60) and (58). For the former, we must truncate the sum over
integers,

∑
k∈Z →∑cu

k=−cl
, with cl,u > 0. The values of the upper and lower cutoffs are fixed

so that the sum rule
∑

Jk(t) = 1 is satisfied to a desired tolerance. In our scheme, these are
allowed to be time dependent for better performance. Furthermore, we also check at regular
intervals that J2k−1(t) = 0 and Jk(t) = J∗

k (t) are also satisfied.

5.1 Quench from the short-range pairing Hamiltonian

We start by re-examining the case where the initial Hamiltonian (13) has only short-range
hopping and pairing,

H0 = −1

2

N∑
n=1

[
2ha†nan + (a†nan+1 + a†n+1an) + γ

(
a†na

†
n+1 − anan+1

)]
, (62)

which is the Hamiltonian of the XY spin chain after a Jordan-Wigner transformation. It
explicitly breaks the particle number symmetry when the pairing amplitude γ is not zero. The
dynamics of the EA evolving from the ground states of (62) were extensively studied in [20].
Therein, numerous examples of the occurrence of QME were found for specific choices of pairs
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Figure 3: Left panel: time evolution of ∆SA(t) obtained using Eq. (60) after the quench
to the free-fermion short-range chain from the ground state of (63) for two different sets
of parameters with range R = 8 for both states. In the inset, we represent the mode
occupation of Cooper pairs in the two initial configurations. Right panel: time evolution
of ∆S

(2)
A (t) for the same initial states as in the left panel. The symbols are the exact

value of the Rényi EA calculated numerically with Eq. (33) while the continuous curves
correspond to the quasi-particle prediction (55). In both panels, we take a subsystem of
length ℓ = 100. We see that the avoidance of the QME signified by the double crossing
of the entanglement asymmetry curves.

of ground states for different values of the parameters h and γ. We report as an example
a typical case in the left panel of Figure 2. Here we see that the entanglement asymmetry
starts at a non-zero value for both states and decays monotonically to zero. Moreover, we see
that for this choice the QME effect occurs. The curves cross at a specific time, τM, which is
of the order τM/ℓ ∼ 1 and do not cross again for any times thereafter. As discussed in the
introduction, a qualitatively similar picture has been seen in all such examples of the QME
observed so far. In the right panel of Figure 2, we present the results for a different pair of
initial states which lie close to the critical line of H0, h = ±1, γ ̸= 0, and show a different
behaviour. The state depicted in red lies below the critical line h = 1, while the state depicted
in blue lies above h = 1 and has larger pairing coefficient. In this example, we see that once
again the states exhibit a crossing at times t/ℓ ∼ 1 but, after a certain time, they cross again.
Thus, in this case, the QME is avoided and the initially more symmetric state relaxes faster.

This “fake” quantum Mpemba effect is a quite fine tuned example and indeed as shown
in [20] the vast majority of the pairs of states in the parameter space (h, γ) either show a
true QME or their EAs never intersect. In the next sections, we show more robust examples
wherein this avoided QME occurs.

5.2 Quench from the long-range Kitaev chain

We now move on to the quench of ground states of long-range free fermionic Hamiltonians,
exhibiting a double crossing of ∆SA(t). We select two different families of Hamiltonians and
find their ground states for two sets of couplings. Then, we study the symmetry breaking
evolution under the quench to the free-fermion chain (9) with the methods discussed above.
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5.2.1 Nearest neighbour hopping with power-law pairing

The first class of Hamiltonians we consider has nearest-neighbour hopping terms and long-
range pairing terms with a power-law form similar to the ones introduced in [84], see also [85].
Models of this type are typically referred to as long-range Kitaev models. Their Hamiltonian
takes the form

H0 =
N∑

n=1

[
−µa†nan − ∆

2
(a†nan+1 + a†n+1an) +

∆

2

R∑
l=−R

|l|−ν−1l
(
a†na

†
n+l − anan+l

)]
, (63)

with chemical potential µ and hopping amplitude ∆/2. The exponent ν > 0 tunes the
damping of the pairing strength with the distance. The pairing is truncated at a range R.

In Figure 3, we present plots of the von Neumann (left panel) and the second Rényi
entanglement asymmetry (right panel) as a function of time for two choices of the parameters
R, µ, ν, and ∆. The curves and symbols in red correspond to the ground state (state 1) of
a Hamiltonian with a much larger damping exponent ν than the ones in blue (state 2). In
the right panel, we plot ∆S

(2)
A (t) for the two states obtained using the exact expression (33)

(symbols) and using the quasi-particle prediction of (55) (continuous lines). We see that
the two approaches have good agreement and exhibit the same behaviour: while state 2 has
an initially higher value of ∆S

(2)
A (t) than state 1, the two quickly reverse order; however,

a subsequent crossing occurs at a later time and the initial ordering is reinstated. We have
checked that the discrepancy between the quasi-particle picture and the exact numerics shrinks
as we increase ℓ and improves at long time. In the left panel, we plot ∆SA(t) for the same
states using (60). We also see the same behaviour as in the second Rényi asymmetry, namely
a double crossing of the asymmetry curves leading to the avoidance of the quantum Mpemba
effect.

5.2.2 Power-law hopping and pairing

The second class of Hamiltonians is similar to those first considered in [83], having both
long-range pairing and hopping with the same power-law long-range decay,

H0 =

N∑
n=1

[
cos (θ)a†nan +

R∑
l=−R

sin (θ)|l|−ν

(
a†nan+l +

l

|l|(1 + ϵ)
(
a†na

†
n+l − anan+l

))]
. (64)

Here, the parameter θ controls the relative strength between the chemical potential and the
hopping and pairing amplitudes. We also introduce an offset ϵ which allows one to tune the
relative strength of pairing and hopping. Again we consider a truncation in the power-law
which can go up to length R.

In Figure 4, we plot both the dynamics of the entanglement asymmetry of the short-range
free fermion chain (9) initiated in the ground state of (64) for two different sets of parameters.
One of the states (in red) corresponds to a much larger damping exponent ν than the other (in
blue). As in the previous case, we plot in the right panel the dynamics of ∆S

(2)
A (t) using both

the exact expression (33) and the quasi-particle prediction (55). In the left panel, we present
the time evolution of ∆SA(t) obtained from (60). Again we find good agreement between the
exact expression and the quasi-particle picture and the same qualitative behaviour in both
the Rényi and von Neumann quantities, namely a double crossing of the ∆SA(t) curves, which
spoils the QME.
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Figure 4: Left panel: time evolution of ∆SA(t) obtained using Eq. (60) for the free-
fermion chain quenched from the ground state of the long-range Hamiltonian (64) for
two different sets of parameters with range R = 3 (blue curves) and R = 2 (red curves).
In the inset, we represent the mode occupation of Cooper pairs in the initial states.
Right panel: evolution of ∆S

(2)
A (t) for the same two initial states as the left panel. The

symbols are the exact value of the Rényi EA computed numerically using Eq. (33) and
the continuous curves are quasi-particle prediction in Eq. (55). In both panels, we take
as subsystem A an interval of length ℓ = 70. The double crossing of the entanglement
asymmetries undermines the appearence of the QME.

6 Physical interpretation

In the preceding section, we presented cases where the entanglement asymmetry exhibits a
richer pattern of symmetry restoration than had previously been seen. In this section, we
investigate the underlying mechanisms for this behaviour using the quasi-particle picture. To
this end, we return to the expressions (57) and (60) for the entanglement asymmetry written
in terms of Jk(t). We concentrate on the intermediate time regime where we can evaluate
Jk(t) using a saddle point approximation which is valid provided xζ(λ) ≫ 1/ℓ and obtain

J2k(t) =

∫ π

−π

dα

2π
e−2ikα+ℓ

∫ π
−π dλxζ(λ)fα(λ) ≈ e

−(
2k−kζ)

2

2σ2
ζ√

πσ2
ζ

. (65)

Thus, in this regime, the J2k(t) are approximately normally distributed with a variance and
center given by

σ2
ζ = ℓ

∫ π

−π
dλχ(λ)xζ(λ), kζ = ℓ

∫ π

−π

dλ

π
ϑ(λ)xζ(λ), (66)

where χ(λ) = ϑ(λ)[1 − ϑ(λ)]/(2π) is the variance per quasi-particle. This variance can be
interpreted as the quasi-particle charge susceptibility and a peak at certain wavevectors λ
indicates a condensation of modes at this value. Since 2πχ(λ) = | ⟨GS| b†λb

†
−λ |GS⟩ |2, it can

also be understood as the mode occupation of Cooper pairs in the initial state, responsible
for the symmetry breaking [20]. Recalling that J2k+1(t) = 0 and also from their definition
that

∑
k∈Z Jk(t) = 1, we see that the Jk(t), in the saddle point approximation, constitute

a probability distribution. Combining this with our earlier observation in Sec. 4.4 relating
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Figure 5: Sketch of the qualitative profile of ∆SA(t), predicted by the saddle point
approximation (67), after a quench to a free fermionic chain with group velocity v(λ) = λ
from the states with the delta comb charged susceptibilities (68) depicted in the inset
of each panel.

Jk(t) to the full counting statistics, we can interpret these quantities as the probability that
the complete pairs of quasi-particles contribute the value k to the charge measured (from half
filling) in the subsystem. With this interpretation, it is now evident that J2k+1(t) should
vanish since pairs can contribute only even charge. Plugging this into (60), we find that

∆SA(t) ≈
1

2
log (πσ2

ζ ) +
1

2
. (67)

Hence, in this regime, ∆SA(t) is the Shannon entropy of the probability distribution of mea-
suring the number of quasi-particles that belong in complete pairs within A and is completely
determined by the variance σ2

ζ . The existence or not of the QME can therefore be inferred,
at least within the validity of the saddle point approximation, by examining the behaviour
of σ2

ζ . We note that the interpretation of Jk(t) as a probability does not extend beyond the
regime of validity of the saddle point approximation as, in the long time limit t ≫ ℓ, Jk(t)
can be negative [22].

To understand the behaviour of σ2
ζ , it is instructive to examine a toy example. Let us

consider a quench from two initial states whose occupation functions are strongly peaked
about a finite number of modes. We take them to be such that the quasi-particle variance
has the structure of a delta comb,

χ1,2(λ) = c1,2+ δ(|λ| − λ1,2
+ ) + c1,2− δ(|λ| − λ1,2

− ), (68)

where λ1,2
± are the occupied modes of each states and c1,2± ∈ [0, 1/4] are constants specifying

the variance of each mode. The different states are indexed by the superscript 1, 2 and the
modes by the subscript ±. These states are depicted in the left panel of Figure 5. For
simplicity, we also take the quasi-particle velocity to be linear, v(λ) = λ. The variance of
each state is then straightforward to evaluate

σ2
ζ = 2c1,2+ xζ(λ

1,2
+ ) + 2c1,2− xζ(λ

1,2
− ). (69)

When only a single mode is occupied, i.e. c1,2− = 0, we have that σ2
ζ decays linearly in time

with slope −2|v(λ1,2
+ )|. By appropriately tuning the constants, c1+ > c2+, λ1

+ > λ2
+, it is

possible to engineer a single crossing of the variance and hence ∆SA(t), as shown in the left
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panel of Figure 5. If instead we allow c1,2− to be nonzero as well, then the variance again decays
linearly but has a change of slope at time t = ℓ/(2|v(λ1,2

+ )|). At this point, the modes λ1,2
+

have had enough time to traverse half of the subsystem meaning that one member has exited
A, the pair becomes incomplete and so only the modes λ1,2

− contribute to the entanglement
asymmetry. This multi-slope behaviour of the variance causes the entanglement asymmetry to
have a richer structure and allows for the two states to exhibit multiple crossings throughout
their evolution, as in the right panel of Figure 5.

From this simple example, we see that the QME can occur if the two states have occupation
functions such that the density of Cooper pairs, ϑ(λ)(1− ϑ(λ))/2π, is strongly peaked about
only a single quasi-particle pair. If, on the other hand, the occupation functions have a more
complicated structure, which translates to χ(λ), then the entanglement asymmetry can have
richer dynamics including multiple crossings that could lead to the QME or the avoidance of
it.

The delta combs are the most extreme example of wavevector population modulation since
we have only certain excited modes in the system, but one can imagine less extreme situations,
with smoother multiple peaks. In particular, we can observe in the inset of the left panel of
Figure 2 that for the single crossing of the XY chain ground states, the quasi-particle variance
χ1,2(λ) have only two symmetric peaks. We can contrast this with the same quantity for
the ground states of Hamiltonians with long-range terms depicted in the left panel insets of
Figures 3 and 4. Here we see that, in the state corresponding to a smaller α and hence longer
range pairing, χ(λ) has a much more complicated profile. As was anticipated in Section 2.2,
the long-range terms in H0 yield an oscillating density of occupied modes ϑ(λ) that translates
into a density of Cooper pairs χ(λ) with multiple peaks. This concentration of Cooper pairs
about certain wavevectors endows ∆SA(t) with a multi-slope structure thereby allowing for
the avoidance of the QME despite an initial crossing.

7 Conclusions

In this paper, we have studied the dynamical restoration of particle number symmetry in
the short-range free fermion chain quenched from ground states of long-range Kitaev models.
To do this, we have employed the entanglement asymmetry which measures the amount of
symmetry breaking at the level of a subsystem using entanglement entropy based metrics.
This quantity has previously been used to identify a curious phenomenon called the quantum
Mpemba effect in which non-equilibrium states of a closed quantum system can relax faster
if they are initially further from equilibrium. This effect is manifest in the entanglement
asymmetry as inverting of the hierarchy of the asymmetry for two different states between
short and long times, i.e. if state 1 initially has higher entanglement asymmetry than state
2 then the quantum Mpemba effect describes the situation where, at long times, state 2 has
higher asymmetry than state 1. Up till now, in all cases studied the effect occurs with just a
single crossing of the asymmetry curves at times τM ∼ ℓ. In this work, we have shown that
this scenario is not the only possibility and the dynamics of the entanglement asymmetry can
have much richer phenomenology.

By preparing the system in the ground state of a long range free fermion Hamiltonian,
we have shown that the asymmetry can exhibit an avoidance of the quantum Mpemba effect
characterized by an initial inverting of the relative asymmetry for two such states followed at a
later time by a reversion to the initial ordering. This phenomenology can be understood using
an approximate, intermediate time description which relates the entanglement asymmetry
to the Cooper pair density or charge susceptibility. In this picture, the quantum Mpemba
effect can be seen as arising from the concentration of Cooper pairs at different momenta
between these two states. For states which are ground states of long range models, the more
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complicated nature of the models endows the occupation functions with a much more intricate
structure, which in turn translates into the presence of multiple peaks in the Cooper pair
density in momentum space. Ultimately, this leads to a richer dynamical interplay between
the two states. While we have investigated only certain areas of the parameter space of
these models, we have found that avoidance quantum Mpemba effects are not necessarily rare
events. Furthermore, we expect that a higher number of crossings can be found following a
more thorough search of the parameter space.

Our work highlights two important points concerning the dynamics of the entanglement
asymmetry and the quantum Mpemba effect. First, the existence of the quantum Mpemba
effect cannot be inferred from a short time expansion about the initial state. As we have
seen, while it is possible that a crossing may appear within the short time regime, subsequent
crossings may appear at a later time leading to normal relaxation i.e. the more symmetric
state relaxing faster. The QME necessarily comes from comparing the t/ℓ = 0 and t/ℓ → ∞
behaviour of the system. Second, if one restricts to a study of the initial and final times, the
rich intermediate time dynamics involving the interplay of relative slower and faster relaxation
may be missed.

Although we have studied only quenches to a non-interacting system, we expect that
similar behaviour can be seen also in interacting integrable models, which also admit a quasi-
particle description. Such models can have many species of quasi-particles with different
velocities and so similar behaviour could possibly be witnessed in relatively simpler initial
states. For example, the Hubbard model and Gaudin-Yang models, quenched from certain
initial states exhibit a clear two-slope structure in the entanglement entropy reminiscent of
the toy example discussed above [86,87].
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