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IMMORTAL SOLUTIONS OF THE KÄHLER-RICCI FLOW

VALENTINO TOSATTI

In memory of Steve Zelditch

Abstract. We survey some recent developments on solutions of the
Kähler-Ricci flow on compact Kähler manifolds which exist for all posi-
tive times.

1. Introduction

Let (Xn, ω0) be a compact Kähler manifold, and consider the Kähler-Ricci
flow

(1.1)
∂

∂t
ω(t) = −Ric(ω(t)), ω(0) = ω0.

Up to rescaling the time parameter by a factor of 2, this flow is precisely
Hamilton’s Ricci flow [28] starting at the Kähler metric ω0. As noticed
already by Hamilton [28, p.257], the evolved metrics remain Kähler (with
respect to the fixed complex structure on X), and so we can identify them
with their Kähler forms ω(t).

A key observation of Cao [3] is that Kähler-Ricci flow, which is an evolu-
tion equation for a metric tensor, is in fact equivalent to a parabolic PDE
for a scalar function. Indeed, if we let

(1.2) α(t) := ω0 − tRic(ω0),

which is a family of closed real (1, 1)-forms (positive definite for t > 0 suffi-
ciently small, but not necessarily for t large), then it is easy to see (see e.g.
[55, §3.2]) that a family ω(t) of Kähler metrics on X (with t ∈ [0, T ) for
some T > 0) solves (1.1) if and only if it is of the form

(1.3) ω(t) = α(t) + i∂∂ϕ(t),

where the smooth functions ϕ(t) (which vary smoothly in t ∈ [0, T )) satisfy

(1.4)







∂

∂t
ϕ(t) = log

(α(t) + i∂∂ϕ(t))n

ωn
0

ϕ(0) = 0

α(t) + i∂∂ϕ(t) > 0.

This is a (strictly) parabolic complex Monge-Ampère equation, which is a
fully nonlinear PDE (as long as n > 2). Thus, short time existence of a
unique smooth solution ϕ(t) is guaranteed by standard PDE theory, with
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2 VALENTINO TOSATTI

t ∈ [0, Tmax) where 0 < Tmax 6 +∞ is the maximal time of (forward)
existence (see also Hamilton’s paper [28] for the original approach, which
works for general Ricci flows on closed manifolds).

A solution ω(t) of the Kähler-Ricci flow (1.1) is called immortal if Tmax =
+∞. The goal of this note is to give an overview of what is known about
such immortal solutions, and formulate some well-known open problems.

Acknowledgments. We are grateful to Man-Chun Lee for comments on
an earlier draft. Part of this work was carried out during a visit to the
Center of Mathematical Sciences and Applications at Harvard University,
which we would like to thank for the hospitality. The author was partially
supported by NSF grant DMS-2231783. It is with immense sadness that
we mourn our dear friend Steve Zelditch, whose boundless enthusiasm for
mathematics and life has deeply touched all those who knew him.

2. When do immortal solutions exist?

Suppose (Xn, ω0) is a compact Kähler manifold and ω(t), t ∈ [0, Tmax),
is a solution of the Kähler-Ricci flow (1.1), with maximal existence time
0 < Tmax 6 +∞. The Ricci form Ric(ω) of any Kähler metric ω on X is a
closed real (1, 1)-form whose cohomology class

(2.5) [Ric(ω)] ∈ H1,1(X,R),

is independent of ω, and equals 2πc1(X), where c1(X) denotes the first
Chern class of the manifold X. Thus, if in the flow equation (1.1) we pass
to cohomology classes, we get the ODE

(2.6)
∂

∂t
[ω(t)] = −2πc1(X), [ω(0)] = [ω0],

whose solution is given by

(2.7) [ω(t)] = [ω0]− 2πtc1(X).

In particular, for t ∈ [0, Tmax) the cohomology class [ω0]−2πtc1(X) contains
a Kähler metric, and thus lies in the Kähler cone

CX ⊂ H1,1(X,R),

of cohomology classes which contain a Kähler metric. The following theo-
rem of Tian-Zhang [52], which improved earlier results of Cao [3] and Tsuji
[59, 60], gives a nice cohomological characterization of Tmax (see also [49,
Theorem 3.3.1], [55, Theorem 3.1] and [62, Theorem 3.1] for detailed expo-
sitions):

Theorem 2.1. Given (Xn, ω0) a compact Kähler manifold, the maximal

existence time Tmax of the Kähler-Ricci flow (1.1) is given by

(2.8) Tmax = sup{t > 0 | [ω0]− 2πtc1(X) ∈ CX}.

It follows that Tmax = +∞ is equivalent to −c1(X) ∈ CX .
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This shows that ifX admits a Kähler metric ω0 for which the Kähler-Ricci
flow starting at ω0 is immortal, the same will hold for any other Kähler met-
ric on X. Now, cohomology classes in the closure CX are traditionally called
nef, and −2πc1(X) = c1(KX) where KX = ΛnT 1,0X∗ denotes the canonical
bundle of X. Thus, the condition −c1(X) ∈ CX is often stated by saying
that the canonical bundle KX is nef. When X is projective algebraic, such
manifolds are also known as smooth minimal models in birational geometry.

In summary, compact Kähler manifolds which support immortal solutions
of the Kähler-Ricci flow are exactly those for which the canonical bundle is
nef, and on such manifolds all solutions of the Kähler-Ricci flow are immor-
tal. Examples of such manifolds include compact Riemann surfaces of genus
g > 1, smooth hypersurfaces in P

n+1 of degree > n + 2, and products of
these.

Using the Calabi-Yau Theorem [64] we can give a more geometric refor-
mulation of the condition that KX be nef. Indeed, after fixing an arbitrary
Kähler metric ω on X, it is easy to see [55, Lemma 2.2] that −2πc1(X)
is nef if and only if for every ε > 0 there is a smooth closed real (1, 1)-
form ηε cohomologous to −2πc1(X) such that ηε > −εω holds on X. By
the Calabi-Yau Theorem [64] we can find a Kähler metric ωε such that
−Ric(ωε) = ηε > −εω, or in other words

(2.9) Ric(ωε) 6 εω.

In other words, KX is nef if and only if for every ε > 0 there is a Kähler
metric ωε on X that satisfies (2.9) (i.e. ωε has “almost nonpositive Ricci
curvature” in a certain sense). The choice of ω is of course irrelevant, as any
two Kähler metrics on X are uniformly equivalent.

Combining Theorem 2.1 with Demailly-Păun’s numerical characterization
of CX in [11], we obtain the following geometric characterization of Tmax,
which was conjectured by Feldman-Ilmanen-Knopf in [14, p.204]:

Theorem 2.2. Given (Xn, ω0) a compact Kähler manifold, the maximal

existence time Tmax of the Kähler-Ricci flow (1.1) is given by

(2.10)

Tmax = inf

{

t > 0

∣
∣
∣
∣
there exists V ⊂ Xs.t.

∫

V

([ω0]− 2πtc1(X))dim V = 0

}

,

where here V is a closed irreducible positive-dimensional analytic subvariety

of X.

In other words, if the flow ceases to exist at a finite time Tmax, there has
to be such a subvariety V whose volume in the induced evolving metrics

Vol(V, ω(t)) =
1

(dimV )!

∫

V

ω(t)dimV =
1

(dimV )!

∫

V

([ω0]− 2πtc1(X))dim V

is converging to zero as t ↑ Tmax. The union of all such subvarieties is
itself a closed analytic subvariety, and it is in fact equal to the singularity
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formation set of the flow (where the curvature of ω(t) is blowing up), as
proved by Collins and the author [7] solving another conjecture in [14].

3. Volume growth of immortal solutions

Given (Xn, ω0) a compact Kähler manifold with KX nef, we know from
Theorem 2.1 that the solution ω(t) of the Kähler-Ricci flow (1.1) starting at
ω0 is immortal. The main (vague) question is then the following:

Question 3.1. What is the behavior of (X,ω(t)) as t→ +∞?

To start getting a feeling for this question, let us examine the behavior of
the total volume of X with respect to the evolving metrics. Using Stokes’
Theorem we have

(3.11) Vol(X,ω(t)) =
1

n!

∫

X

ω(t)n =
1

n!

∫

X

([ω0]− 2πtc1(X))n,

and this is a polynomial in t of degree equal to the numerical dimension of
KX

(3.12) m := max{k > 0 | [−c1(X)]k 6= 0 in H2k(X,R)}, 0 6 m 6 n,

since
(3.13)

1

n!

∫

X

([ω0]− 2πtc1(X))n = tm
(2π)m

(
n
m

)

n!

∫

X

ωn−m
0 ∧ (−c1(X))m

︸ ︷︷ ︸

>0

+O(tm−1).

We will now consider separately the behavior of the flow according to the
value of the numerical dimension m.

4. The case m = 0

The first case to consider is when m = 0, which by definition means that
c1(X) = 0 in H2(X,R). Compact Kähler manifolds with this property are
known as Calabi-Yau, and a fundamental theorem of Yau [64] shows that
every Kähler class contains precisely one Ricci-flat Kähler metric. In this
case, the behavior of the Kähler-Ricci flow is well-understood thanks to a
classic result of Cao [3], see also [49, §3.4.2–3.4.3], [62, §4.2] for expositions:

Theorem 4.1. Let Xn be a compact Calabi-Yau manifold, and ω0 a Kähler

metric on X. Then the solution ω(t) of the Kähler-Ricci flow (1.1) starting
at ω0 converges smoothly as t→ +∞ to the unique Ricci-flat Kähler metric

cohomologous to ω0.

Furthermore, this convergence is exponentially fast (in all Ck norms).
A proof of this folklore statement can be found in [58, p.2941], using the
method of [41].
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5. The case m = n

Next, we assume that m = n. From (3.13) we see that in this case
Vol(X,ω(t)) grows to infinity as t → +∞, and so if we hope to obtain
convergence to a reasonable limit we will have to renormalize the flow. The
standard renormalization is to consider

(5.14) ω̃(s) := e−sω(es − 1), s ∈ [0,+∞),

which now satisfies the Kähler-Ricci flow

(5.15)
∂

∂s
ω̃(s) = −Ric(ω̃(s))− ω̃(s), ω̃(0) = ω0.

and

(5.16) Vol(X, ω̃(s)) =
(2π)n

n!

∫

X

(−c1(X))n +O(e−s).

The condition that m = n is equivalent to
∫

X
(−c1(X))n > 0, which is

usually stated by saying that KX is nef and big. An important class of
manifolds that satisfy this condition are those for which −c1(X) ∈ CX , in
which case we say that KX is ample.

The following result was first obtained by Cao [3] when KX is ample (see
[49, §3.4.1], [62, §4.1] for expositions), and by Tsuji [59] and Tian-Zhang
[52] in general (see [55, Theorem 5.3] for an exposition):

Theorem 5.1. Let Xn be a compact Kähler manifold with KX nef and big,

and let

(5.17) Z :=
⋃

V⊂X,
∫
V
(−c1(X))dim V =0

V.

Then Z is a proper closed analytic subvariety of X, and there is a Kähler-

Einstein metric ω∞ on X\Z that satisfies

Ric(ω∞) = −ω∞.

Given any Kähler metric ω0 on X, the solution ω̃(s) of the Kähler-Ricci flow

(5.15) starting at ω0 converges to ω∞ locally smoothly on X\Z as s→ +∞.

It was also shown by Zhang [67] that the scalar curvature of ω̃(s) is
uniformly bounded independent of s. The subvariety Z is empty if and only
if KX is ample. In this case, the Kähler-Einstein metric ω∞ was constructed
by Aubin [1] and Yau [64].

In general, a compact Kähler manifold with KX nef and big must be
projective (by a classical result of Moishezon, see e.g. [39, Theorem 2.2.26]),
and by a result of Kawamata-Shokurov [36, Theorem 2.6] there is a birational
morphism f : X → Y onto a normal projective variety, with exceptional
locus Exc(f) = Z. It is then shown by Wang [61] (see also [27, 53] for earlier
results, and upcoming work of Guo-Song for a new proof) that (X, ω̃(s))
converges as s → +∞ in the Gromov-Hausdorff topology to the metric
completion of (X\Z,ω∞), which is a compact metric space homeomorphic
to Y by [43].
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6. The case 0 < m < n: Abundance conjecture

In order to answer Question 3.1, it thus remains to address the case
when 0 < m < n, which is usually referred to as “intermediate Kodaira
dimension”. This is by far the hardest case, and it is open in general.
However, decisive progress has been made under the additional assumption
thatKX be semiample, which conjecturally always holds, as we now explain.

More precisely, we say that KX is semiample if there is some ℓ > 1 such
that Kℓ

X is globally generated, which means that given any x ∈ X there

is a global section s ∈ H0(X,Kℓ
X ) with s(x) 6= 0. We refer the reader to

[37, §2.1.B] for a thorough discussion of semiample line bundles, including
the basic fact (which follows from [37, Theorem 2.1.27]) that semiample line
bundles are always nef.

The fundamental Abundance conjecture in algebraic geometry (and its
natural extension to Kähler manifolds) predicts that for the canonical bundle
the converse holds as well:

Conjecture 6.1. Let X be a compact Kähler manifold with KX nef. Then

KX is semiample.

The Abundance conjecture is known when n 6 3 by [2, 8, 9].
Motivated by the Abundance conjecture, we will assume in the following

section that KX is not just nef but actually semiample, and discuss recent
progress which gives a rather satisfactory picture of the behavior of (X,ω(t)).
We will then return to the general case of KX nef in section 8, to discuss
what is known and what is expected in that case.

7. The case 0 < m < n: semiample canonical bundle

In this section we assume that Xn is a compact Kähler manifold with
KX semiample (hence in particular nef). As explained in [37, Theorem
2.1.27], global sections of Kℓ

X for ℓ sufficiently divisible give a holomorphic
map f : X → Y, with connected fibers onto an irreducible normal projective
variety Y with dimY = m, and −c1(X) = f∗[ωY ] for some Kähler metric
ωY on Y (understood in the sense of analytic spaces [40] if Y is not smooth).
In particular,

(7.18) χ := f∗ωY ,

is a smooth closed real (1, 1)-form on X which is semipositive definite and
cohomologous to −2πc1(X) (smoothness follows from standard properties
of differential forms on analytic spaces).

There is a proper closed analytic subvariety D ⊂ Y such that Y ◦ := Y \D
is smooth and does not contain any critical values of f . This means that if
we define X◦ := X\f−1(D), then f : X◦ → Y ◦ is a proper holomorphic sub-
mersion (hence in particular a C∞ fiber bundle, by Ehresmann’s Lemma).
The fibers Xy = f−1(y), y ∈ Y ◦ are automatically Calabi-Yau (n−m)-folds
(by adjunction) which are pairwise diffeomorphic, but may not be pairwise
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biholomorphic in general. The fibers of f contained in f−1(D) on the other
hand are referred to as singular fibers.

The simplest example of such fiber spaces are products X = Y ×F where
Y is a compact Kähler manifold with KY ample, and F is Calabi-Yau, with
the map f being the projection onto the Y factor.

As before, it is most convenient to study the Kähler-Ricci flow on X with
the normalization as above (now switching notation though)

(7.19)
∂

∂t
ω(t) = −Ric(ω(t))− ω(t), ω(0) = ω0.

The solution ω(t) exists for all t > 0, and is cohomologous to

(7.20) ω̂(t) := e−tω0 + (1− e−t)χ,

which are Kähler metrics on X for all t > 0.
The study of the Kähler-Ricci flow in this setting was initiated by Song-

Tian in [44] when n = 2,m = 1, and in [45] in general. Before we can
describe the picture in more detail, we need some definitions.

7.1. The Weil-Petersson form. First, on Y ◦ there is a closed real (1, 1)-
form ωWP (the Weil-Petersson form), which is semipositive definite and
encodes the variation of the complex structure of the Calabi-Yau fibers Xy.
In particular, ωWP is identically zero if and only if all fibers Xy, y ∈ Y ◦

are biholomorphic to each other. By the Fischer-Grauert theorem [15], this
happens if and only if f : X◦ → Y ◦ is a holomorphic fiber bundle, and in
this case we say that f : X → Y is isotrivial. We refer the reader to [45] or
[55, §5.6] for the precise construction of ωWP, which originates in [19].

7.2. The twisted Kähler-Einstein metric. Next, by solving an elliptic
complex Monge-Ampère equation on Y , Song-Tian [45] show that there
exists a Kähler metric ωcan on Y ◦, of the form ωcan = ωY + i∂∂u, that
satisfies the twisted Kähler-Einstein equation

(7.21) Ric(ωcan) = −ωcan + ωWP.

For example, in the above-mentioned product setting where X = Y ×F , we
have of course Y ◦ = Y and ωWP = 0 (since all the fibers are biholomorphic to
F ), so in this case ωcan is simply the Kähler-Einstein metric on Y constructed
by Aubin and Yau.

7.3. The semi-Ricci-flat form. The last object that we will need is the
semi-Ricci-flat form ωSRF on X◦. To define this, for each given y ∈ Y ◦

we apply the Calabi-Yau theorem to (Xy, ω0|Xy), which gives us a unique
Ricci-flat Kähler metric on Xy of the form

(7.22) ω0|Xy + i∂∂ρy > 0,

∫

Xy

ρyω
n−m
0 = 0,

and the smooth function ρy : Xy → R is uniquely determined thanks to its
integral normalization. From Yau’s a priori estimates [64], it follows that ρy
varies smoothly in y ∈ Y ◦, so letting y vary these define a smooth function
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ρ : X◦ → R, so that ρ|Xy = ρy. We then define a closed real (1, 1)-form
ωSRF on X◦ by

(7.23) ωSRF := ω0 + i∂∂ρ.

It is called semi-Ricci-flat because its fiberwise restrictions ωSRF|Xy are
Ricci-flat Kähler metrics. However, it is important to note that ωSRF may
fail to be semipositive definite on X◦, see [4] for a counterexample.

7.4. Collapsing of the Kähler-Ricci flow. With these notations set up,
we can now discuss what is known about the behavior of the evolving metrics
ω(t) solving the normalized flow (7.19) on X. The first result, proved by
Song-Tian [45] is the following:

Theorem 7.1. Let (Xn, ω0) be a compact Kähler manifold with KX semi-

ample and numerical dimension 0 < m < n, and let ω(t) be the solution of

(7.19). Then, as t → +∞, the metrics ω(t) converge to f∗ωcan in the weak

topology of currents on X.

They also posed the following in [44, p.612], [45, p.306], [50, Conjecture
4.5.7], [51, p.258 and Conjecture 4.7]:

Conjecture 7.2. In the same setting as Theorem 7.1, we have

(a) ω(t) → f∗ωcan in the locally smooth topology on X◦

(b) Given K ⋐ X◦ there is C > 0 such that for all t > 0 we have

(7.24) sup
K

|Ric(ω(t))|ω(t) 6 C.

To clarify, item (a) means that given any K ⋐ X◦ and k > 0, we have

(7.25) ‖ω(t)− f∗ωcan‖Ck(K,ω0) → 0, as t → +∞.

while item (b) simply means that the Ricci curvature of ω(t) remains uni-
formly bounded on K, independent of t.

The first progress towards establishing (a) was done by Fong-Zhang [17],
adapting a method by the author [54] in a related elliptic PDE, who showed
that the Kähler potentials of ω(t) (with respect to ω̂(t)) converge to f∗u (the
potential of f∗ωcan) in C

1,α(K,ω0) for all α < 1. This however falls short of
proving (7.25) for k = 0, and this was only achieved later by Weinkove, Yang
and the author in [57] with substantial more work (see [55, §5.5–5.13] for a
detailed exposition). Using this result, Zhang and the author [58] identified
the next order behavior of ω(t) when restricted to a smooth fiber, which is

(7.26) ‖(ω(t)− e−tωSRF)|Xy‖Ck(Xy,ω0|Xy )
= o(e−t),

for any y ∈ Y ◦ and k > 0. Next, it was observed in [17, 31, 58] (see also
[55, §5.14] for a unified exposition, and [20] for the case of products) that
Conjecture 7.2 (a) holds in the case when the smooth fibers Xy are tori or
finite quotients of tori. This used crucially ideas of Gross, Zhang and the
author [21] in the elliptic setting. Further progress was made by Fong-Lee
[16] who proved Conjecture 7.2 (a) when f is isotrivial, and by Chu-Lee [5]
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who proved (7.25) for the Hölder norm Cα, 0 < α < 1. Both of these works
are based on ideas of Hein and the author [32] in the elliptic case.

About Conjecture 7.2 (b), Song-Tian [46] showed that the scalar curva-
ture of ω(t) is uniformly bounded on all of X, while Zhang and the author
[58] showed that the full Riemann curvature tensor of ω(t) remains uniformly
bounded on compact subsets K ⋐ X◦ if and only if the smooth fibers Xy

are tori or finite quotients of tori (see also [55, p.364]). Thus, the conjec-
tured Ricci bound (7.24) is in some sense optimal. The bound (7.24) was
established in [16] when f is isotrivial.

Very recently, Hein, Lee and the author [30] were able to confirm Conjec-
ture 7.2 in general:

Theorem 7.3. Conjecture 7.2 holds.

This result can be thought of as a parabolic version of the work [33] by
Hein and the author, in the elliptic setting. To prove (7.25), the authors
prove a much more precise asymptotic expansion for ω(t), as follows. Given
k > 0, and given a sufficiently small coordinate ball B ⊂ Y ◦ (over which f is
smoothly trivial, so f−1(B) is diffeomorphic to B × F for some Calabi-Yau
manifold F ), they show that, up to shrinking B, we can write on B× F for
all t > 0,

(7.27) ω(t) = f∗ωcan + e−tωSRF + γ0(t) +

k∑

j=1

γj,k(t) + ηk(t),

where γ0(t) is pulled back from B and goes to zero in Ck(B), the γj,k(t), 1 6

j 6 k go to zero in Ck(B×F, ω0) (at different speeds that depend on j), and
the remainder ηk(t) goes to zero in an even stronger t-dependent “shrinking”
Ck norm on B×F . This description clearly implies Conjecture 7.2 (a), and
then plugging in this expansion with k = 2 into the definition of Ric(ω(t))
and employing explicit estimates for the pieces of the decomposition (7.27)
we show Conjecture 7.2 (b).

In the two aforementioned special cases when f is isotrivial, or when the
smooth fibers are tori or finite quotients, it turns out that all the terms
γj,k(t) in (7.27) vanish identically, so the result is stronger (and the proof
much easier). In general however these terms do not vanish, and simply
identifying them requires very substantial work. Once the pieces of the
decomposition (7.27) have been defined, the required a priori estimates on
all the pieces are proved by an intricate argument by contradiction and
blowup, in the spirit of [33]. Furthermore, the estimates proved are actually
in stronger parabolic Hölder norms.

7.5. Gromov-Hausdorff limits. While the results in the previous subsec-
tion give very strong estimates for ω(t) away from the singular fibers of f ,
these estimates blow up much too fast near the singular fibers to give us
useful information. Nevertheless, Song-Tian [44, 45, 47] conjectured that
(X,ω(t)) should have a Gromov-Hausdorff limit as t→ +∞, as follows:
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Conjecture 7.4. In the same setting as Theorem 7.1, we have

(a) There is C > 0 such that for all t > 0,

(7.28) diam(X,ω(t)) 6 C,

(b) As t → +∞, (X,ω(t)) converges in the Gromov-Hausdorff topology

to (Z, d), the metric completion of (Y ◦, ωcan)
(c) Z is homeomorphic to Y .

After much work on these questions, Conjecture 7.4 (a) was completely
settled by Jian-Song [35]. As a consequence, they also deduced that se-
quential Gromov-Hausdorff limits exist, which is not a priori clear. Another
breakthrough was achieved by Song-Tian-Zhang [48], who proved Conjec-
ture 7.4 (b) and (c) in the case when m = 1 and Xy tori, and combining
their method with [35] settles Conjecture 7.4 (b) and (c) completely when
m = 1. Furthermore, [48] proved Conjecture 7.4 (c) when Y is smooth or
has orbifold singularities. Lastly, Li and the author [38] proved Conjecture

7.4 (b) for arbitrarym assuming that Y is smooth and that the unionD(1) of
the codimension 1 irreducible components of D is a simple normal crossings
divisor This last assumption (which always holds when m = 1) is used to
appeal to the estimates in [22] which show that in this case ωcan has conical
singularities along D(1) (up to a small logarithmic error), and it extends

smoothly across D\D(1).

8. The case 0 < m < n: nef canonical bundle

In this section we assume that (Xn, ω0) is a compact Kähler manifold
with KX nef and numerical dimension 0 < m < n, but we do not assume
that it is semiample (although it is predicted to be so by the Abundance
Conjecture 6.1). In this situation much less is known about the long-time
behavior of the solution ω(t) of the Kähler-Ricci flow (7.19).

8.1. Weak limit of the flow. To start, we now let χ := −Ric(ω0), which
is a closed real (1, 1)-form cohomologous to −2πc1(X), and let

(8.29) α(t) = e−tω0 + (1− e−t)χ,

which is a family of closed real (1, 1)-forms cohomologous to ω(t), with no
positivity property in general. It is again easy to see [55, (5.30)] that (7.19)
holds if and only if we can write

(8.30) ω(t) = α(t) + i∂∂ϕ(t),

with ϕ(t) solving the parabolic Monge-Ampère equation

(8.31)







∂

∂t
ϕ(t) = log

e(n−m)t(α(t) + i∂∂ϕ(t))n

ωn
0

− ϕ(t)

ϕ(0) = 0

α(t) + i∂∂ϕ(t) > 0.
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onX×[0,+∞). Let also h be the Hermitian metric onKX naturally induced
by ω0, whose curvature form is equal to χ.

The following result is a simple consequence of work of Fu-Guo-Song [18]
(see also [24, 25, 26]):

Theorem 8.1. Let (Xn, ω0) be a compact Kähler manifold with KX nef and

numerical dimension 0 < m < n, and let ω(t) be the immortal solution of

(7.19). Then

(a) Given any sequence ti → ∞ we can find a subsequence and a quasi-psh

function ϕ∞ : X → R ∪ {−∞}, with χ∞ := χ + i∂∂ϕ∞ > 0 weakly, such

that ϕ(ti) → ϕ∞ in L1(X) as t → ∞. In particular ω(ti) → χ∞ weakly as

currents. A priori χ∞ may depend on the sequence.

(b) χ∞ is a closed positive (1, 1)-current with minimal singularities in the

class −2πc1(X)
(c) Given any ℓ > 1 and any s ∈ H0(X,Kℓ

X ), we have

(8.32)

∫

X

|s|2
hℓe

−ℓϕ∞ωn
0 <∞.

In part (b) the notion of minimal singularities in the class [χ] = −2πc1(X),
introduced in [12], means that given any quasi-psh function η : X → R ∪
{−∞} with χ+ i∂∂η > 0 weakly, there is C > 0 such that

(8.33) ϕ∞ > η − C,

holds on X.
Property (c) is called “analytic Zariski decomposition” by Tsuji [59]. Note

that a priori it may happen that H0(X,Kℓ
X ) = 0 for all ℓ > 1, although this

is predicted not to happen as a consequence of the Abundance Conjecture.

Proof. (a) It is well-known (see e.g. [26, Lemma 4.3]) that there is C > 0
such that for all t > 0,

(8.34) sup
X

ϕ(t) 6 C, sup
X

ϕ̇(t) 6 C.

Thanks to the uniform upper bound for ϕ(t), the statement in part (a)
follows from basic compactness properties of quasi-psh functions (see e.g.
[34, Theorem 3.2.12]), provided we show that ϕ does not converge to −∞
uniformly on X. To see this, we use the Monge-Ampère equation (8.31) to
get

(8.35)

∫

X

eϕ+ϕ̇ωn
0 = e(n−m)t

∫

X

ω(t)n = n!e(n−m)tVol(X,ω(t)),
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and using Stokes we have

Vol(X,ω(t)) =
1

n!

∫

X

(e−tω0 − 2π(1 − e−t)c1(X))n

= e−(n−m)t (2π)
m
(
n
m

)

n!

∫

X

ωn−m
0 ∧ (−c1(X))m

︸ ︷︷ ︸

>0

+O(e−(n−m+1)t),

(8.36)

and so

(8.37)

∫

X

eϕ+ϕ̇ωn
0 > C−1,

which implies

(8.38) sup
X

(ϕ(t) + ϕ̇(t)) > −C.

But since ϕ̇(t) 6 C, then (8.38) implies that supX ϕ(t) > −C, as desired.
(b) By part (a) we know that given ti → ∞ we can find a subsequence

and ϕ∞ quasi-psh with χ+ i∂∂ϕ∞ > 0 such that ϕ(ti) → ϕ∞ in L1(X). We
need to show that ϕ∞ has minimal singularities. For this, we consider the
envelope

V∞(x) = sup{ψ(x) | χ+ i∂∂ψ > 0, ψ 6 0},

which satisfies V∞ 6 0, is quasi-psh with χ+ i∂∂V∞ > 0, and has minimal
singularities: given any quasi-psh function η : X → R ∪ {−∞} with χ +
i∂∂η > 0 weakly, since η is usc there is C > 0 such that η 6 C on X, so
taking ψ = η − C in the definition of the envelope shows that V∞ > η − C,

as desired. We empasize here that we do not know whether V∞ is bounded
on X. If we show that

(8.39) ‖ϕ∞ − V∞‖L∞(X) 6 C,

then it follows immediately that ϕ∞ also has minimal singularities. To prove
(8.39), we first use (8.34) and see that

(8.40) ω(t)n 6 Ce−(n−m)tωn
0 .

We can then appeal to [18, Prop. 1.1] (which was recently reproved and
improved in [25, Theorem 1]) and obtain that

(8.41) ‖ϕ(t) − Vt‖L∞(X) 6 C,

for all t > 0, where

(8.42) Vt(x) = sup{ψ(x) | α(t) + i∂∂ψ > 0, ψ 6 0},

which satisfies Vt 6 0, is quasi-psh, and α(t) + i∂∂Vt > 0 weakly. Since the
class α(t) is Kähler, the functions Vt are in C1,1(X) by [6, 56].
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We now claim that as t → ∞, the functions Vt converge pointwise to
V∞. Indeed, we clearly have that (1− e−t)V∞ participates to the supremum
defining Vt, and hence

(8.43) V∞ 6
Vt

1− e−t
,

while on the other hand for t < s, if ψ 6 0 is quasi-psh and satisfies α(s) +
i∂∂ψ > 0 weakly, then we also have

(8.44) α(t) +
1− e−t

1− e−s
i∂∂ψ >

1− e−t

1− e−s
(α(s) + i∂∂ψ) > 0,

using that e−s

1−e−s 6 e−t

1−e−t , and so 1−e−t

1−e−sψ participates to the supremum
defining Vt, hence

(8.45)
ψ

1− e−s
6

Vt

1− e−t
,

and taking here the supremum over all such ψ gives

(8.46)
Vs

1− e−s
6

Vt

1− e−t
.

This shows that Vt

1−e−t decrease pointwise as t→ ∞ to some limit usc func-

tion V ′
∞ : X → [−∞,+∞) which by (8.43) satisfies

(8.47) V∞ 6 V ′
∞ 6 0,

so in particular it is not identically −∞. Observe that by dominated conver-
gence we have Vt

1−e−t → V ′
∞ in L1(X), and so 1

1−e−t i∂∂Vt → i∂∂V ′
∞ weakly

as currents. Since

(8.48)
1

1− e−t
(α(t) + i∂∂Vt) > 0,

weakly, passing this to the weak limit as t→ +∞ shows that χ+ i∂∂V ′
∞ > 0

weakly, so V ′
∞ participates to the supremum defining V∞, and hence

(8.49) V ′
∞ 6 V∞,

and from this and (8.47) we conclude that V ′
∞ = V∞. We have thus shown

that Vt

1−e−t → V∞ pointwise as t → ∞, and hence also Vt → V∞ pointwise,
as claimed.

Passing to our sequence ti → ∞ as in part (a), we have that ϕ(ti) con-
verges to ϕ∞ in L1(X), and (up to passing to a further subsequence) also
pointwise a.e. Passing to the limit in (8.41), and using the above claim,
gives

(8.50) |ϕ∞ − V∞| 6 C,

a.e. on X, hence everywhere by elementary properties of psh functions (see
e.g. [23, Theorem K.15]), and (8.39) follows.
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(c) Given any ℓ > 1 and any nontrivial s ∈ H0(X,Kℓ
X ) (if it exists),

since the metric hℓ on Kℓ
X has curvature equal to ℓχ, it follows from the

Poincaré-Lelong equation that

(8.51) χ+
1

ℓ
i∂∂ log |s|2

hℓ > 0,

weakly. Thus, since ϕ∞ has minimal singularities, it follows that there exists
C > 0 such that

(8.52) ϕ∞ >
1

ℓ
log |s|2hℓ − C,

or equivalently,

(8.53) |s|2hℓe
−ℓϕ∞ 6 C,

and integrating this against ωn
0 gives (8.32). �

The following is then a very natural expectation (see also [68]):

Conjecture 8.2. Let (Xn, ω0) be a compact Kähler manifold with KX nef

and numerical dimension 0 < m < n, and let ω(t) be the immortal solution

of (7.19). Then there is a quasi-psh function ϕ∞ with χ∞ := χ+i∂∂ϕ∞ > 0
weakly, such that ϕ(t) → ϕ∞ in L1(X) as t → +∞. In particular, ω(t) →
χ∞ weakly as currents as t→ +∞. Furthermore, χ∞ is independent also of

the choice of the initial metric ω0.

In other words, the subsequential limits ϕ∞ in Theorem 8.1 should be
unique, and independent of the subsequence, and the current χ∞ should be
even independent of the initial metric. Of course, by Theorem 8.1, such χ∞

would have minimal singularities. If Conjecture 8.2 is settled, then he−ϕ∞

would be a singular metric on KX with semipositive curvature current χ∞,
which up to scaling by a constant would be completely canonical, i.e. de-
pending only on the complex structure of X.

Such a singular metric could be used for L2 type arguments, especially
if one can establish further regularity of ϕ∞. When KX is semiample, it
is known by [13] that ϕ∞ is continuous on X, and it may even be Hölder
continuous. One can then ask about the following weaker properties:

Conjecture 8.3. In the same setting as Conjecture 8.2, the following hold:

(a) ϕ∞ has vanishing Lelong number at every point

(b) ϕ∞ is bounded

By a result of Skoda [42], if (a) holds then e−Aϕ∞ ∈ L1(X) for all A > 0,
which implies that (8.32) holds. Thus, condition (a) can be viewed as a
strengthening of (8.32). The implication (b)⇒(a) is well-known, and as
mentioned above (b) holds when KX is semiample.

These conditions can also be stated in terms of the smooth potentials
ϕ(t). Thanks to a result of Demailly-Kollár [10], condition (a) is equivalent
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to the fact that for every A > 0 there is C > 0 such that for all t > 0,

(8.54)

∫

X

e−Aϕ(t)ωn
0 6 C,

while condition (b) is equivalent to the existence of C > 0 such that for all
t > 0,

(8.55) inf
X
ϕ(t) > −C.

8.2. Singularity type at infinity. Following Hamilton [29], we say that
an immortal solution of (5.15) develops a “Type III” singularity at infinity
if there is C > 0 such that for all t > 0 we have

(8.56) sup
X

|Rm(ω(t))|ω(t) 6 C,

and develops a “Type IIb” singularity if this fails. In [58], Zhang and the
author gave an almost complete classification (complete when n = 2) of
what the possible singularity type is, under the assumption that KX is
semiample, see also [55, Theorem 6.6]. In all the cases that they considered,
the singularity type was actually independent of the initial metric ω0, and the
author conjectured in [55, Conjecture 6.7] that this should always be the case
even just assuming that KX is nef. Zhang [66] proved this conjecture when
KX is semiample, and very recently Wondo-Zhang [63] settled it completely.

It remains a very interesting problem to complete the classification of [58]
in all dimensions, under the assumption that KX is semiample. The only
case which is left to understand is when the fiber space f has some singular
fibers, and the smooth fibers Xy are all tori or finite quotients of tori.

8.3. Diameter bounds. Lastly, let us mention a recent striking result of
Guo-Phong-Song-Sturm [24]: let (Xn, ω0) be a compact Kähler manifold
with KX nef and numerical dimension 0 < m < n, and let ω(t) be the
immortal solution of (7.19). If we also suppose that H0(X,Kℓ

X ) 6= 0 for
some ℓ > 1 (i.e. that X has nonnegative Kodaira dimension), then there is
C > 0 such that for all t > 0 we have

(8.57) diam(X,ω(t)) 6 C,

and furthermore, given any ti → +∞, up to passing to a subsequence we
will have that (X,ω(ti)) converges in Gromov-Hausdorff to some compact
metric space (Z, d). It would be of course very interesting to remove the
condition that X have nonnegative Kodaira dimension (which is expected
to hold by the Abundance conjecture).
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