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HARNACK INEQUALITY FOR PARABOLIC EQUATIONS IN
DOUBLE-DIVERGENCE FORM WITH SINGULAR LOWER ORDER
COEFFICIENTS

ISTVAN GYONGY AND SEICK KIM

AsstracT. This paper investigates the Harnack inequality for nonnegative solu-
tions to second-order parabolic equations in double divergence form. We impose
conditions where the principal coefficients satisfy the Dini mean oscillation con-
dition in x, while the drift and zeroth-order coefficients belong to specific Morrey
classes. Our analysis contributes to advancing the theoretical foundations of para-
bolic equations in double divergence form, including Fokker-Planck-Kolmogorov
equations for probability densities.

1. INTRODUCTION AND MAIN RESULTS

We consider a parabolic operator in double divergence form
Zu = —du + divi(Au) — div(bu) = —du + Dj(a’’u) — Di(b'u),

where A = (a”) and d X d symmetric matrix valued function and b = (b%,...,b%) is
a vector valued function defined on R*! = R x R?. Here, the usual summation
convention is adopted. We note that the operator . is the formal adjoint of .,
where

L=+ aifDijv +b'Dw.

Let ¢ be a real valued function on R*!. In this article, we are interested in
Harnack’s inequality for nonnegative solutions u to

L*u—cu=0.

We assume that the principal coefficients matrix A = (4/) is symmetric and
satisfy the uniform ellipticity condition. We also assume that A is of Dini mean
oscillation in x. This condition is stronger than A belonging to VMO, but is weaker
than A being Dini continuous in x. We allow the coefficient b’ and c to be singular.
Refer to Section 2l for the precise conditions on the coefficients.

An important example of parabolic equations in double divergence form is
parabolic Fokker-Planck- Kolmogorov equations for densities. Interested readers
are asked to refer to an excellent survey book on this subject [3].

The main theorem of this paper is as follows.
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Theorem 1.1. Assume Conditions [2.2 and [2.3] hold. Let R > 0 be a fixed number,
0 <r < R/4,and (ty, xo) € R™'. Denote C, = (to — r*,to] X B,(x0). Suppose u € L1(Ca)
is a nonnegative solution of
Lu—cu=0 in Cg.
Then, we have
sup u<N inf u, (1.2)

(to=372,ty—2r2)x By (x0) (to=72,t0)XBy/3(x0)

where N is a constant depending only on d, 0, a)XA, p,q, B, b, ¢ and R

A few remarks are in order. Harnack inequalities serve as crucial tools in the
study of elliptic and parabolic partial differential equations of the second order. For
divergence form elliptic equations with measurable coefficients, Moser [19] proved
the Harnack inequality for W) weak solutions, which he later extended to the par-
abolic setting [20]. For non-divergence form parabolic equations with measurable
coefficients, Krylov and Safonov [16, [17] established the Harnack inequality for
W3 | strong solutions. The elliptic counterpart of the Krylov-Safonov Harnack
inequality is particularly discussed in [21]]. In contrast to equations in divergence
or non-divergence form, Harnack inequalities for double divergence form equa-
tions require more than a measurability condition. This is mainly due to the fact
that weak solutions to equations in double divergence form are not necessarily
bounded when the coefficients A lack some control on the modulus of continuity.
A counterexample in the elliptic setting is provided in [2]. However, if the coeffi-
cients A are Holder or Dini continuous, weak solutions of double divergence form
equations are locally bounded and even continuous. See [22] 23] for elliptic equa-
tions in double divergence form with Holder continuous coefficients. Recently, it
has been shown that if A has Dini mean oscillation, then weak solutions to double
divergence form equations are continuous. Refer to [6] for elliptic equations and
[8] for parabolic equations. The Harnack inequality for nonnegative solutions to
the elliptic equation div*(Au) = 0 with A belonging to the Dini mean oscillation
class was presented in [7]. In the parabolic setting, a corresponding result was
presented in [8]], albeit somewhat implicitly. Recently, in [4], the Harnack inequal-
ity was established for elliptic equations in the form div?(Au) — div(bu) + cu = 0,
with A satisfying the Dini mean oscillation condition and b, ¢ € Lo for p > d.
Our main theorem, Theorem [LI] extends the result established in [4] to the par-
abolic context with less restrictive assumptions. Notably, we improve upon the
conditions required in [4] by only requiring c € L, 1o with p > d/2. For detailed
information, refer to Theorem [£.3

It should be noted that there is another significant difference between equations
in divergence or non-divergence form and those in double divergence form. In
the former case, the Harnack inequality implies Holder continuity estimates for
solutions. However, in the latter case, Holder estimates for solutions are not
available in general. This is essentially because the constant function is not a
solution to the elliptic or the parabolic equation in double divergence form.

The organization of the paper is as follows: In Section 2] we introduce nota-
tions and present some preliminary results. In particular, we state the Harnack
inequality for nonnegative solutions to parabolic equations in double divergence
form without lower-order coefficients, which was not explicitly presented in [§]], as
Theorem 2.200 In Section[3 we provide the proof of our main result, Theorem [L.1]
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by breaking it into several steps. The last section, Section ] is a brief one devoted
to the Harnack inequality for elliptic equations in double divergence form.

2. PRELIMINARIES

We represent a point in Rx R? = R%*! as X = (t,x), where x = (x',...,x%) always
denotes a point in R?. The parabolic distance between the points X = (t,x) and
Y = (s, y) in R%*! is defined as

IX = Y1, = max( /|t —sl, |[x = yI).
Let Q c R, For 0 < a < 1, we define
_ [u(X) — u(Y)|
[M]cga/z,a(Q) =sup ——————-

xyeq 1 X=Yl
X+Y

Also, for a function u having a spatial derivative Du, we define
|u(t, x) — us, )|

[u]%(l+a)/2,l+a(Q) = [Du]cga/Z,a(Q) + Sup It — S|(1+a)/2

(tx),(sx)eQ
t#s

For p, q € [1,00) and a domain Q c R%*!, we denote by L,4(Q) the space of
measurable functions f on Q with

alp \4
1/, = If1all,, = (fR (f]Rdlf]lQ(t,x)ldx) dt] < 0.

When p or g = oo, we use essential supremum instead of the integral. We note that
L, ,(Q) = Ly(Q), the usual Lebesgue class.

By W;:?(Q), we mean the collection of u such that d;u, D*u, Du, u € Ly4(Q). The
norm in W;:;(Q) is introduced in an obvious way. We drop Q if Q = R,

For X = (t,x) € R¥! and r > 0, we define C,(X) = (t — %, t] X B,(x), where B,(x) is
the d dimensional open ball with radius r centered at x. Let us also introduce the
forward cylinder C,(X) = C,(t,x) = [t,t + 1*) x B,(x) and let C, be the collection of
all cylinders C,(X) in R¥*1.

For > 0, we define the Morrey space E, 3 as in [15], i.e., the set of all functions
8 € Lyg10c such that

IgllE,,s == sup  pF H#gllL,,© < oo, (2.1)
p<l1, CeC,

where #gllL, ) = ||1||Z;q(c)||g||Lp,q(C) = N(d)p~/P=21)g|IL,,,(c) for C € C,. Define
E,2 = {u:u, Du, D*u, diu € Epyp)

and equip E;’j P with an obvious norm.
For C = C,(to, x0) € C,, we set

AL(t) = J{: A(t, x)dx,
BV(XO)

and for r > 0, we define

WX (r) := sup fc |A(t, x) - AX(t)| daxdt.

CeC,



4 L. GYONGY AND S. KIM

Condition 2.2. The principal coefficient matrix A = (a'/) is symmetric and there
is a constant 6 € (0,1] such that the eigenvalues of A(t,x) are in [6,1/6] for all
(t,x) € R™1. Moreover, A is of Dini mean oscillation in x, that is,

1 X (f
fwA—()dt<oo.
0 t

We shall denote A € DMO, if A is of Dini mean oscillation in x. We observe that
A € VMO, if A € DMO,; refer to [12] for definition of VMO,.

Condition 2.3. Let p, g, and f be such that
p.q€(1,), B€(0,1), d/p+2/q9=p,
and denote
p=pp/B+1), G=pg/(B+1).

The lower-order coefficients b = (b!,...,b") and c are such that b € E, 4 and
c € E;3p+1 with estimates

Iblls,,, <0, lilleypn < ¢
for some b, ¢ < co.

Remark2.4. Letp, q € (1,00)be such thatd/p+2/q <1andletp = d/p+2/q. Clearly,
for C € C,, we have

PP H8llL,,c) <N @Dz, ()
Moreover, it follows from Holder’s inequality that for p < 1, we have
p'*P #ellL, 50 < p* #8lle, 50 < % #3llc, 2020 < N@IGIIL, . p0r01)-
Therefore,ifb € L, ,and ¢ € L, 4/2, then Condition2.3lis satisfied with g = d/p+2/4.

Definition 2.5. Let Q ¢ R™! be a domain. We say that u € L1.(Q) is a weak
solution of

Lu—cu=0 in Q
if bu, cu € L110.(Q), and the following identity holds for any 1 € C°(Q):

I:= ﬂ u(Z£n—cn)dxdt
Rd+1
= ﬂ udn + a'’'uDjjn + b'uDin — cundxdt = 0. (2.6)
Rd+1

The following lemma is an easy consequence of [8, Theorem 3.2] by following
essentially the same the arguments used in [5]]; see also [6].

Lemma 2.7. Assume Condition[2Z.21 Let C, = (=+?,0] X B, € R*! and let u € Ly(Ca;)
be a solution to —du + div?(Au) = f in Cyp, where f € L,(Cay) for some p € (1, 00), then
u € L,(C,) and we have

e, ey < N (lllacay + 1l ica)

where N depends only on d, 6, p, r, and a)g.
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Proof. We can assume r = 1. Also, it is enough to show that u € L,;(C;) for some
g > 1; see [9]. By definition of a weak solution, we have

f f udn +a'’'uD;n = f f fn, VneCX(Cy). (2.8)
Cz C2

For any g € C2(Cy), letv e W;’Z(Cz) be the solution of the problem
Ur + aijD,-jv =g in G (2.9)

with zero boundary condition on the parabolic boundary of C,. By [8, Theorems

1.2] (see also [8, Theorem 3.2]), we have v € Wx?(Csp). Let v be the standard
mollification of v. For any fixed cut-off function C € C*(Cs/2) such that C = 1 on Cy,
we take 1 = (o© € C(Cy). Then by (2.8), we have

f f u(Go® + o) + a'lu (DyCo™ + 2DLD + (Do) = | fCol.  (2.10)

Cz C2
There is a sequence ¢, converging to 0 such that
v({n) -7, Dv(in) — Dv, szv({n) — Dz,v’ vgfrl) — v ae.
Also, note that for all sufficiently small € > 0 we have
0Nz gupe o) < Il ) < 00

Hence, by using the dominated convergence theorem, we find that 2.10) is valid

with v(® replaced by v. On the other hand, by multiplying (2.9) with Cu and noting
that v;, D?v, g € Loo(suptC) and Cu € L1(Cy), we have

ff vCu + a]D,]vCu = f gCu. (2.11)
C C

By combing (2.11) and (2.10) with v in place of v, we obtain
f Cug = f Ciuv + aijDiquv + ZaijuDiCD]-v + f fCo.
Cz Cz CZ

Note that we can choose C such that
10l + ICelleo + ID*Tlleo + [IDCloo < 64

Therefore, we have

f Cug dxdt
C

Since a'/ € DMO, ¢ VMO, we have for 1 < g < oo that
||U||W12(C2) < NligllL,(c)-

Then by the Sobolev embedding (see, for instance, [18], and also Remark[2.19), we
have for g > d + 2 that

< N(Iolloca) + 1Dl cn) el + NIl eollollacy-  (212)

9]l (cy) + 1Dl (cy) < NIIGHIL,(cy)-

Since g € C®((y) is arbitrary, by combining the previous inequality with 2.12) and
using the converse of Holder’s inequality, we have

lall ey < Il oy < N (Il + £l o))

d+2

where 1 <¢q" < 233.
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The following lemma complements [15, Lemma 2.8].

Lemma 2.13. Let 0 < p < d/p +2/q and B < 1. Then for any u € E-

p,q,ﬁ(Rd+1) and
C € Cy, we have

2
[uge-nrasc < (IDulle, ,, + 1sulle, ).

Proof. Using [12, Lemma 3.2] and Hélder’s inequality, for any u € CX(R**!), we
have

. IDiu = (D), | < Nrt+2=p=20 (D2l ) + 19sull, c,)) -

Then by (2.), for r < 1, we have
fc IDiu — (Diw), | < Nr#+21°F (||D2M||E,,,q,ﬁ + ||(9tu||Ep,q,,3)-

Then, applying Campanato’s theorem, for any C € C;, we obtain
[Dulgo-persc) < N(IDulle,,, + 10sulle, ;) - (2.14)
Next, we aim to demonstrate that for any C € C;, we have

|u(t, x) — M(S, X)l

2
e <N (D%l + 1l ) (2.15)

(£,x),(s,x)eC
t#s

We consider a non-negative smooth function n with compact supportin B1(0) ¢ RY,
satisfying f]Rd n = 1. Additionally, we assume that 1} is a radial function. The spatial
mollification u© of u is defined as follows:

1 X -
u®(t,x) = f ut,x —ey)n(y)dy = — f u(t, y)n (—y)dy.
R4 €' R4 €
For (t,x) € R™!, we shall estimate |u(t + 7, x) — u(t, x)| as follows:
lu(t + 12, x) — u(t, x)| < [u(t + 7%, x) — u®(t + 72, x)| + |u(t, x) — u(t, x)|
+ Ot + 7, x) —u(t,x). (2.16)

By using the assumptions that 1(y) = n(-y) and fBl n =1, for any s € IR, we obtain

u(s, x) — u(s, x) = % f {u(s,x + 1Y) + u(s, x — ry) — 2u(s, x)} n(y) dy.
By

Since
" d " d
u(s, x + ry) + u(s, x —ry) — 2u(s, x) = f —u(s,x + ty)dt + f —u(s,x —ty)dt
0 dT 0 dT
= f (Dﬂ/l(s,x + T]/) - Dﬂ/l(s,x - Ty)) ]/i dT/
0
we have

(s x) zl' "D  Doai(s x — . ‘
|u (s, %) u(s,x)) 5 Llj;{Dzu(s,x+Ty) Dju(s, x — ty)} yin(y) dtdy

,
< 1||17||oo f f )Du(s,x + 7y) — Du(s, x — Ty)| dtdy
Bl 0

< NP F(ID%ule, ,, +110:ullz, ), (2.17)
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where we have used (2.14) in the last inequality.
On the other hand, we have

2

t+r
Ut + 12, x) —uP(t, x) = f dsu(s, x) ds
t
12
= f f dsu(s, x — ry)n(y) dyds.
t Bl
Therefore,

O+ 72, x) - u(t, )| < Illler™ f

C(t,x

|9s14(s, y)ldyds
)

< NP0l ¢y < NP POl - (2.18)
Combining 2.16), 2.17), and (2.18), we have
ju(x, t+ 1) — u(x, )] < Nr* P (IID?ul, ) + 19l ) -
We have proved (2.15). [

Remark 2.19. The proof of Lemma shows the following well known result: if
ue W;j withd/p +2/q <1, then

[ gt < N (IID?ull,, + 19pll,, ).
However, there is no restrictions on d/p + 2/q in the previous lemma.

The following result can be inferred from [8], although it was not explicitly
stated there. For the reader’s convenience, we provide the statement here.

Theorem 2.20. Assume Condition[2.21holds. Let R > 0 be a fixed number, 0 < r < R/2,
and (to, xo) € R4*1. Suppose u € L1(Cy,) is a nonnegative weak solution of

—9yu + div?(Au) = 0 in Co.

Then, we have

sup us<N inf u,
(to—3r2,tg—2r?)XB,(x0) (to=72,t0)XBy(x0)

where N is a constant depending only on d, 6, ), and R.

Proof. By Lemma [2.7) we have u € L,1o.(Car), for any 1 < p < oo, and thus by [8]
Theorem 1.4], it is continuous in C,,. The conclusion of the lemma is derived by
consolidating Lemmas 5.2 and 5.7 in [8]. [ |

3. PROOF OF THE MAIN THEOREM

3.1. Regularization of singular zeroth order coefficient. We shall first demon-
strate how to transform a singular ¢ to a regular ¢. Let u be a solution to

Lu-cu=0 inQcR™,
Then we have the identity

I= ff u(Z —condxdt =0, VneCZ(Q). (3.1)
Rd+1
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Let C be a function to be determined. By taking Cn in place of 1 in (3.1), we have

I= ff u(L —c)lndxdt =0, YneCX(Q). (3.2)
Rd+1
We note that
(& - 0)ln =L+ nLC+2a"DinD;C - cln

= ¢ (z + 2aif%pj) 1+ 1% - o)L (3.3)

We shall consider C that is of the form C = 1 + (,, where (, is a solution to the
problem

(Z—-c-MNi=c in R™. (3.4)
We note that for r < 1, we have

rSup HbllL sy g < 7sup #bll, ) < 7' Fsup ¥ Hbll;,, ) < r' .
CeC, CeC, CeC,

Therefore, for any be (0,1], there exists a p € (0, 1] such that we have

- .
sup r sup Hb||L<ﬂ+1>ﬁ,(,;+1m(C) <p Pp < D.
r<p  CeC,

By [15, Theorem 3.5], there exists a constant Ag > 1 depending only on d, 6, @},
p, q, B, b, and ¢ such that for A > Ao, the equation (3.4) has a unique solution C, in

the function space E;:;lﬁ ., satisfying
19:C1, D*Cy VADC), Aallg, 0 < N, (3.5)
where N is a constant depending only on d, 6, @}, p, 9, B, b, and ¢.

Lemma 3.6. There exists a constant N that depends only on d, 6, @), p, q, B, b, and «,
such that the following estimates hold:

ICall ey < NACD2 0[] gappipe) <N, YCeCy, [IDGE,, <N.  (37)

paB =

Proof. According to [15, Lemma 2.5], for any € € (0, 1], we have

1- 2 —B-1
sup Cal < €7 (19:Calley g0 + IDPCallE 1501 ) + NEPCllE -
Rd+1

Then, from B.5), for € € (0,1] and A > Ag, we have
CAl <N (e +e A7),

By taking € = (19/A)!/2 in the above, we get the first part of (3.7). The second and
third part of (3.7) follow from (3.5) and Lemmas 2.6 and 2.8 in [15]. [

By Lemma[3.6] we can choose A large enough such that (] < % With this choice
of A, we have { = 1 + (, satisfies

1/2<C<2. (3.8)
Moreover, for X = (t,x) and Y = (s, y) with |[X — Ylp <1, we have

X) =Y
LCS_? < sup [Calga-pripcy < N.
X - Ylp CeC,
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Note that the left-hand side of the previous inequality is bounded by 2 supp:.|C|
whenever |X - Y], > 1. Hence, we deduce that

[Clga-pripraay < N. 3.9)
Since we have
(Z-0C=(ZL-0)0+C0) ==+ (L -c- AN+ AL =1 = A(C-1),
from (3.3), we obtain

Di¢ - 1)n- (3.10)

(& -0l = c($+2al‘f D, A
We define

DiC (C - 1)

, C=-Al—|. 3.11
Then from (38.2) and @3.10), we find that i = Cu satisfies

I= ff (/D + B'D; - &) =0, (3.12)
]Rd+1

and thus i is a solution to

—0yi + Dij(a’u) — Di(b'u) —cu =0 in Q.

b = bl + 240

Remark 3.13. We observe from (3.8) and (3.I1) that the functions b/ — b/ are bounded,
implying that b/ belongs to the same E, ;  space as b/. Additionally, it follows from
B8), B9), and (B.II) that ¢ is a bounded Holder continuous function. More
quantitatively, we have

IBlle,,, < IbllE,,, + 46~ IDC|IE,,, <N,
llellz, gey < ANC = 1)/Clle, <NA <N,
[E]Cg(l—ﬁ)/z,l—ﬁ(Rdn) < /\[C]cg(l—ﬁ)/z,l—ﬁ(]Rdﬂ)/l|C||im(]Rd+l) <NA LN,
where N depends only on d, 6, @}, p, q, 8, b, and c.

3.2. Regularization of singular drift term. We proceed to regularize the drift term
through Zvonkin’s transform, which was first introduced in [24]. Below we use a
modification of this transformation introduced in [10].

Let @ : R**! — R%! be an invertible mapping defined as

D(t, x) = (t, P(t, x)),
where ¢ = (¢?,...,¢%. The inverse of @, denoted by W, is given by
W(t, y) = (& P, y)).

It is important to note that for each fixed ¢, we have 1(t, -) as the inverse of ¢(t,-),
meaning

Y, @t x) =x, ot Pt y) =y.

By utilizing 17 o @ as a test function in place of 7 in equation (2.6), we have

I= ff u(L —c)no @ dxdt = 0. (3.14)
Rd+1
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Clearly, we can observe that

(1 0 D)(t, x) = Iin(t, p(t, X)) + Din(t, p(t, x))pf(t, x),
Di(n o ®)(t, x) = Din(t, P(t, x))Dig*(t, %),
D;j(1 o @)(t, x) = Dun(t, p(t, x))Di*(t, x)D ¢’ (¢, x) + Din(t, P(t, x))Dispk (¢, x),

Therefore, we can express

(g - C)T]((D(t, X)) = &ﬂ](t, ‘P(t/ X)) + dkl(t/ X)Dkﬂ](t, (/)(t, X)) - C(t/ X)T](t, ¢(t, X))
+ Den(t, (t, x) L (¢, x),  (3.15)
with the notation
a(t,x) = a’l(t, x\)Dip"(t, x)D ;' (t, x) (3.16)
We will consider ¢(t,x) in the form ¢(t,x) = ¢,(t,x) = x + §,(t,x), where &,
satisfies the system of equations
(Z -MNE&, =-b in R™. (3.17)

Once again, according to [15, Theorem 3.5], there exist a constant Ay > 0 de-
pending only ond, 6, w}, p, q, B, b, and ¢, such that for A > A, the system (3.17) has
a unique solution &, = (&},...,&9).

Lemma 3.18. There exists a constant N that depends only on d, 5, W, p, q, B, b, and «,
such that the following estimates hold:

sup|&,] < NAB-2/2 sup |D&,| < NAB-D/Z, (3.19)
Ri+1 Ri+1

Proof. Similar to the proof of Lemma[3.6] by [15, Theorem 3.5], for A > Ay, we have

19:&,, D&, VADE;, A& ll,,, < NIblle,,, < N. (3.20)

pap pap =

Then, utilizing [15| Lemma 2.5], for ¢ € (0, 1], the estimates

sup &yl < N (e +¢#A7), sup|Dg,| < N(e!F + e117)
R+1 Rd+1

holds, where the constant N depends solely on d, 6, @}, p, q, B, b, and ¢. By setting
€ = (Ao/A)Y2, we obtain (3.19). n

Lemma 3.21. Fors, t € R, such that |s — t| < 1 and x € R?, we have
|EA(t, X) = E(t, 1) < NATUPI2)p— )12,
Proof. By Lemma[.13]and (3.20), for any C € C;, we have

£0(52) = E:5, 9] _
It —sl@Bi2 =

N (ID*&,le,,., + 19:&5 Iz, ) < N (3.22)
(t,x),(s,x)eC
t#s

On the other hand, by (3.19), we have

sup [&,(t,x)] < NAF2/2, (3.23)
(t,x)eC
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The lemma is established through interpolation inequalities, as demonstrated in,
for example, [11, Theorem 3.2.1]. To ensure completeness, we present the argument
below. Denote

A= 1EA(E, x) — &5(s, 0)] and B =

(t,2),(s,1)€C |t - s|!/2 (t,0),(s,)€C
t#s t#s

|82 (E, %) — &,(5, %)
It —s|Pr2
For any € > 0, we claim that

A < eB+ N(B)e VP sup|&,|. (3.24)
C

We can choose (t, x), (s, x) € C be such that

1A < |€A(t/x) - EA(S/XN < |t —Sl(l_ﬁ)/zB.

2 |t — s|1/2
If |t — 5| < (¢/2)%/1-F), we have A < B, and (3.24) is true. Otherwise, we have
A < 4|t —s|7V? sup |&,] < 4(e/2)7VP) sup |&, .
c C

We have proved the assertion (3.24). Now, the lemma follows by takinge = A=(1=P)/2

in (3.24), and utilizing (3.22) and (3.23). [

Using Lemmas B.18land B:21} for any ¢ € (0, 1), there exists A sufficiently large
such that any (¢, x) € RY, we have

|D£A(t/ x)| < [ (325)
and forany s, t € R, with|s—# <1,and x € RY, we have
|E2( x) = &1(5, )| < elt —s|'/2.
Then, with this choice of A, the function ¢, (t, x) = x + &, (t, x) satisfies
A==yl <P t,x) - P, (I <A+ e)x—yl, Y(t,x) e R, (3.26)
and for any s, t € R, with |[s — | < 1, the following holds:

sup |, (t,x) = P, (s, )| < elt = s|'/2. (3.27)

xelR4

Since D¢, (t,x) = I + D&, (t, x), we may assume that A is chosen such that for each
(t,x) € R*!, we have

% < det(Dg, (t, x)) < 2. (3.28)

It is evident that for each t € IR, the mapping ¢, (f,-) is a C' diffeomorphism on
RY. Denote by \(t, ) the inverse of ¢, (t,-) on R?. Note that

(P, (1,0) = B, (5, (1, 0) = (s, P, (5,2)) — (5, Yp(t, 1)
and by (3.27) and (3.26) that
ILHS| < elt —s|'?, IRHS| > (1 - &)[ip, (s, x) — ¢, (t, x)|.
Therefore, for any s, t € R, with [s — #| < 1, the following holds:
[, (t,x) =P, (s, 0)| < (1 — &)t —s"/% (3.29)
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Lemma 3.30. Let @,(t,x) = (t, ¢, (t,x)) and Wa(t, x) = (t, P, (¢, x)). Let [ = (to — 1%, to)
and yo = @, (to, x0). For any a > 0, we have
DA (I' X Bar(x0)) C I X Ba(rrey+eyr(y0), (3.31)
Wi(I X Bar(y0)) € I X Ba—gy1(arey(X0)- (3.32)
Proof. For any (t,x) € I X By, (xo), it follows that
P, (E, %) = yol <1, (£, x) = P (£, x0)| + g, (E, x0) = P (Fo, X0)]
< (1+ &)l —xo| + €|t — to|'* < (1 + €)ar + er,
utilizing the inequalities (3.27) and (3.26). Consequently, this leads to
|DA(t, x) = (t, yo)l, < (1 + &)ar + e,

resulting in (3.31). Similarly, taking into account that ¢ (to, yo) = xo, and utilizing
the inequalities (3.26) and (3.29), for any (¢, y) € I X Bar(10), we have

[P, y) — xol <[, (t,y) — Pt yo)l + [, (t yo) — P, (to, o)l
<@ =&)Yy - yol + e(1— &)t — £/

<A-o)lar+e(d—e)tr

This implies (3.32). [
Observe that with ¢(t,x) = ¢, (t,x) = x + §,(t,x), we have
L= L+ ) =+ 2 =+ (2 - )E + Ak = ALk, (3.33)

Therefore, by (3.15) and (3.33), the identity (3.14) becomes

I= f fR () {am(t, P(t, %)) + @ (t, x)Dyn(t, p(t, x)) + B (¢, x)Dn(t, (¢, x))
—c(t, x)n(t, p(t, x))}dxdt = 0, (3.34)

where b* = A&X. Then, by the change of variables x = i(t, y) = ¥, (t,y), defining

i(t, y) := u(t, P(t, y)) [det Dyp(t, y)| = u(t, x) |[det Dyp(t, Pp(t, x))|, (3.35)
and setting (recall definition (3.16))

a"(t,y) = a(E Pt ) = 3G, x) = al(E, 0Dk (E, 0D (8, %),

Bt y) = Bt () = Bt x) = A& (4, x), (3.36)

&ty y) = c(t, P(t, y)) = c(t, %),

we obtain

0= f fR {9t y) + 3t y)Duntt, y) + B y)Dinte, y) - €y, y)dydt.
Therefore, the identity (3.34) becomes

I= ff (9, + "Dy + b'Di - &)n =0,
Rd+1

so that # is a solution to
—ii + Dyj(@0) — Di(b'n) — et =0 in Q' = W(Q).
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Remark 3.37. Tt is evident form (3.36) that A = (4"/) satisfies Condition as
¢(t,x) = x + &,(t,x) and &, satisfies the estimate (3.25); see [8, Lemma 3.4]. We
also note that b = (El, ..., b ) is bounded and it is Lipschitz in x. Additionally, ¢ is
bounded and it is Holder continuous in x under the condition that ¢ possesses the

same property. This condition is certain satisfied when ¢ undergoes regularization
as outlined in[B.I] Invoking Remark [3.13) we note that

sup (bl + |Dbl) < Asup (1&,] + ID&;[) < N,

RA+1 RA+1
sup|¢| < suplel < N,
Rd+1 Rd+1
. _ 1-
sup [E(t, )]r-srey < [Clga-pri-smen) ||D1P||Lw[:w+1) <N,

teR
where N depends only ond, 6, %, p, 4, 8, b, ¢,and € € (0, 3).

3.3. Absorbing lower order coefficients into the principal coefficients. Let u be
a solution to

d d
LU —cu=—du+ Z Djj(a"u) — Z Di(b'u) —cu =0 in Q c R,
=1 i=1

where b = (b, ...,1%) and c are bounded functions that are Holder continuous in
x. More precisely, we assume that there exist constants b and ¢ such that

”b”Lm(]R’“l) +sup [b(t, ')]cgl—ﬂ(]Rd) <b, ”C”Lm(]Rd*l) +sup [C(t, ')]cgl—ﬂ(]Rd) <t (338)
teR teR

It is worth noting that by introducing a new variable y € R, we can express

d d d
4 = 1 i 1 i 1 >
- Z; Di(b'u) - cu =~ Z; Iy (yb'0) = 5 Z; 2u0,(yb'0) = 59,0, ew)

This leads us to define A = (a'/) as follows. Let o be any positive number and let
¢ : R — R be a smooth function such that

p(y) =y for lyl<o, @y)=0+1for [yl20+2, |p'(yI<1.
For (t,x,y) € RXx R? x R = R**?2, we define
alt,x,y)y=ditt,x)  (G,j=1,...d),
At x, y) = a7V x, y) = —Lobity)  (=1,...,d), (3.39)
a1t x, y) = = 5(y) et x) +

where u is a constant to be fixed shortly. Then, setting x4,1 = y, we deduce that
u(t, x, y) = u(t, x) satisfies

d+1
—u + Z D;i(@) =0 inQ:=Qx(-g0) C R
ij=1
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We will show that A satisfies Condition Utilizing (3.38), we obtain

d+1 d d
» ) ; 1
i]Z_la &&= i]z_:lll 1&ic — ; P&l — E(P(y)zcéﬁﬂ + G
p 4 \2 .
>0 Z 512 —(o+ 1)6|£d+1|[ S%J - E(@ + 1)2€‘S§+1 + f’lé§+1
i=1 i=1
d+1 d 1 1
20) &l =€) & = 1 (e IPPEL, — S+ P, +ugl,,,

i=1 i=1

where we used the Cauchy’s inequality. Therefore, by taking € = 16, and then
choosing

_1 (0+1) 0y |
U= §6+ 2% (b + 0t ),
we see that A = (4"/) satisfies
d+1 - 5 d+1
YA a2 5 Y & Vxy) e R, Ve e R
i1 p)

Moreover, it is clear that @/ are bounded on R%*2. Therefore, there exists 6 € (0,1]
such that the eigenvalues of A lie in the interval [5,1/5], and & is completely
determined by 9, b, §, and g. Also, it is evident from (3.39) that A is of Dini mean
oscillation in (x, y), and wg is controlled by w}, b, % and p.

Conclusion 3.40. We have verified that A satisfies Condition in R™2, with §
replacing 5. Moreover, we have observed that 6 depends on 6, b, t, and ¢, and that
w¥ is controlled by w}, b, ¢ and o.

Remark 3.41. 1f b and c are obtained via the regularization processes described in
SectionB.Tland 3.2] then b and % are both bounded by a constant N depending by
d, 6, X, p,q, B, b, ¢, and € € (0, ). Refer to Remarks3.13land B.37

3.4. Proof of Harnack inequality. The subsequent proposition is an extension of
Theorem[2.20/to an operator with sufficiently regular lower order coefficients.

Proposition 3.42. Assume A satisfies Condition[2.2] and b and c satisfy 3.38). Let R > 0
be a fixed number, 0 < r < R/2, and (to, x9) € R4+, Suppose u € L1(Cyy) is a nonnegative
weak solution of

—duu + div*(Au) — div(bu) — cu = 0 in Cyr = Car(to, Xo).

Then, we have

sup u<N inf u,
(to—372,t—2r2)x B, (xq) (to=1%,t0)X By (x0)

where N is a constant depending only on d, 6, w), b, ¢ and R.
Proof. We can assume that (to, x9) = (0,0). Denote &, = (=7%,0] x %,, where %,

is the (d + 1)-dimensional Euclidean ball centered at the origin with radius r. By
the process described in Section with ¢ = R, we deduce that u(t, x, y) = u(t, x)
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satisfies —d;u+div?(Au) = 0in s, Therefore, by TheoremP.20land Conclusion[3.40]
we have

sup u<N inf u,
(~312,-212)X B, (-12,0)x B,

where N is a constant depending solely on d, 6, @, b, t, and R. The proposition
follows from the preceding inequality as u is independent of y. ]

We are now in the position to prove our main theorem, Theorem [L.TI We can
assume that (¢, xo) = (0,0) and R = 1. By applying the regularization procedure in
Section[3.1] we deduce that i = (u € L1(Cy,), and it is a weak solution of

—04ii + div*(Air) — div(bil) — ¢ii = 0 in Co,

where b and ¢ satisfying the condition specified in Remark[3.13

As 1/2 < C <2 by (B.8), we find that if 7 satisfies the Harnack inequality (L.2),
then u satisfies the same inequality, with 4N replacing N. Therefore, it is enough
to consider the case when c is bounded and Lipschitz continuous in x.

Next, recall the mappings ¢ = ¢, and P = 1P, from Section We choose
sufficiently large value for A to ensure the satisfaction of (3.26) and (3.27) with
¢ = 1/3, along with the fulfillment of (3.28). Then,

a(t, y) = u(t, P(t, y)) |det Dy(t, y)| = u(t, x) |[det Dyp(t, (t, x))l,
as defined in (3.35), is a weak solution of
—0ift + D;j(@"0) — Di(b'n) —én =0 in W(Cy),

where 47, I, ¢ are as defined in 3:36), and W(t, y) = (t, P(t, y)).
By Remarks[3.37land [3.41] we deduce that the coefficients A,b,and ¢ satisfy the
hypothesis of Proposition[3.42] It follows from (3.3])) that
(_1672/ 0] x BZV(]/O) CW(Cy), Yo = (P/\(O/ 0).

In particular, we deduce that C5,(0, yo) € W(Cy). Therefore, by Proposition [3.42]
we have

sup #<N _inf 1.
(~312,~22)xB, (o) (=72,0)xB:(yo)

From (3.28) and (3.33), we obtain

sup u <4N inf u

@ ((-3r2,-2r)xB, (o)) (0B, w)
It is worth noting that from B32), we can infer the inclusion relationship:
(=312, =2r%) X Byj3 € (=372, =21) X Bi(y0),
(=1%,0) X Byj3 € @((=7%,0) X B(y0)).-

Certainly, the theorem is a straightforward consequence of the simple observation
that the inclusion A C B implies the inequalities

supu <supu and infu <infu. [ ]
A B B A
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4. HARNACK INEQUALITY FOR ELLIPTIC EQUATIONS IN DOUBLE DIVERGENCE FORM

In this section, we discuss the Harnack inequality for elliptic equations in double
divergence form. Let L be an elliptic operator in non-divergence form defined as
follows:

Lv := a"D;jv + b'v.
We are interested in the adjoint operator of L, denoted L*, which is given by:
L'u = Djj(a"u) — D;(b'w).
Let ¢ be a real-valued function on R?. Our objective is to present Harnack’s
inequality for nonnegative solutions u to the elliptic equation in double divergence
form:
L'u—cu=0.

Condition 4.1. The principal coefficient matrix A = (a”/) is symmetric and there is
a constant 6 € (0,1] such that the eigenvalues of A(x) are in [, 1/0] uniformly in
x € R%. Moreover, A is of Dini mean oscillation, that is,

1
f CL)A—(t)di.‘<(>o,
0 t

where the mean oscillation function wa : Ry — R is defined by

wa(r) == sup |A(y) — Ay,/ldy, whereA,, := JC A.
xe8 JBNB,(x) BNB,(x)
Condition 4.2. The lower-order coefficients b = (b, ...,1%) and c are such that
be Lpo,loc(]Rd) and ¢ € L, /Moc(]Rd) for some pg > d.

The following theorem serves as an elliptic counterpart to our main result,
enhancing Theorem 3.5 in [4] by requiring only ¢ € L, 1o for p > d/2.

Theorem 4.3. Assume Conditions and hold. Let R > 0 be a fixed number,
0 < r < R/4, and xy € R*. Denote B, = B(xo). Suppose u € Li(By) is a nonnegative
solution of
L'u—cu=0 in By.
Then, we have
supu < Ninfu, (4.4)

Br/2 Br/2

where N is a constant depending only on d, o, wa, po, R, ||b||LpO(BR)/ and ||c||Lp0/2(BR).

Proof. We may assume that pg < 2d. We consider C that is of the form C = 1+ C,,
where (, is a solution to the problem

(L —C— A)C}\ =c in BR, C}\ =0 on &BR. (4.5)

Note that the assumptions for [14, Theorem 2.5] are satisfied with Q = Bg, p = po/2,
gy = d, and q. = po/2. Therefore, by [14, Theorem 2.5], there exist constant Ay > 1
and Ny, depending only on d, 6, wa, po, R, ||b||Lp0(BR), and |[c|ly, ,Bg), such that for

Po/2

A = A, there exists a unique solution C, € I/OV;0 /2(B r) to the problem (4.5), satisfying
the estimates

ID*Callt,, w30 + VAIDCAllL, o) + AICAlL,, a6y < Nollellr,, (so-
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In particular, utiilizging A > Ag > 1, we obtain
||CA||W;O/2(BR) < Nollelle,, o, Nl a0 < NoA™ llellL,, 8- (4.6)

Since 2pg > d, a well-known interpolation inequality yields (see [1, Theorem 5.8])

d/2po 1-d/2pg
<
ICalh.s < NG A4

where N; depends only on d, py, and R. Therefore, we deduce from (4.6) that

“C/\”Lm(BR) < NA_1+d/2p0”C“LPO/Q(BR)'

Taking A sufficiently large in the previous inequality, and utilizing the Sobolev
embedding, we find that { = 1 + (, satisfies

1/2<C<2in Bg, [IDUlL, e < Nllcllr, @r)- (4.7)

We note that A is determined by d, 6, wa, po, R, IIbIILP0 (Bg), and IICIILPO/Z(BR).
Then, similar to (3.12), the function i := Cu satisfies

.D; _
f ﬁ(L + 2a’f—]CDi + Ag)n =0, VneCZ(Ba).
R C C

Therefore, if we define
.. ‘ .D; _
b =0+ zbff—cfC and ¢:=-2221)

c

then @i = Cu is a solution of
Dij(aiju) — Di(b'u) — cu = 0'in By,.
Note that ¢ € Lo,(Bg) and b € L,,(Br). Moreover, the following estimates hold:

1Bz, ) < IBllL,, 3oy + 26~y IDCIL, Bry N1l Be) < A (4.8)
According to [4, Theorem 3.5], i = Cu satisfies the Harnack inequality

sup il < Ninfi,
Br/2 By/z

where N depends only on d, 6, wa, po, R, ||E||Lp0(BR), and ||5||Lp0(BR)' Therefore, we
derive (4.4) from the previous inequality, along with (4.7) and {.8). ]
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