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GEOMETRIC STRUCTURES FOR THE GIQ—HITCHIN COMPONENT

PARKER EVANS

ABSTRACT. We give an explicit geometric structures interpretation of the G;—Hitchin component
Hit(S, G;) c x(mS, G;) of a closed oriented surface S of genus g > 2. In particular, we prove
Hit(S, G;) is naturally homeomorphic to a moduli space .# of (G, X)-structures for G = G, and
X =Ein?3 on a fiber bundle € over S via the descended holonomy map. Explicitly, € is the direct
sum of fiber bundles ¢ = UTS® UTS ® R, with fiber €, = UT,S x UT,S xR, where UT'S denotes
the unit tangent bundle.

The geometric structure associated to a G;-Hitchin representation p is explicitly constructed from
the unique associated p-equivariant alternating almost-complex curve o : S - §2’4; we critically use
recent work of Collier-Toulisse on the moduli space of such curves. Our explicit geometric structures
are examined in the G;—Fuchsian case and shown to be unrelated to the (G;, Ein??®)-structures of
Guichard-Wienhard.
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1. INTRODUCTION

Let S := S, be a closed oriented surface of genus g > 2. The Hitchin component Hit(.S,G)
of a split real simple (adjoint) Lie group G is a connected component in the character variety
x(715,G) = HomRed(7,8, G)/@, first defined by Hitchin in 1992. The component Hit(S,G) is
a generalization of Teichmiiller space T'(S) = Hit(S,PSL2R), and is defined precisely so that it
contains an embedded copy of T'(.S) called the G-Fuchsian locus. There are many robust similarities
between Hit(S,G) and T'(S). For example, Hit(S,G) is simply connected: it is homeomorphic to
R(29-2)dimG  \oreover, Hitchin representations are irreducible [Hit92] and discrete and faithful,
as proven independently by Labourie [Lab06] and Fock and Goncharov [FGO6]. Thus, Hitchin
components are examples of so-called higher Teichmiiller spaces [Wiel8|, connected components
of x(m.S,G) for a semisimple Lie group G of rank G > 2, that consist exclusively of discrete and
faithful representations. The Hitchin components remain a central object of investigation of higher
Teichmiiller theory.

A classical fact of Teichmiiller theory is that T'(S) is homeomorphic to the moduli space J7(.S)
of marked hyperbolic structures on S. Since any closed hyperbolic surface is locally isometric to
hyperbolic space H?, a marked hyperbolic structure on S is equivalently a (PSLyR, H?)-structure on
S in the language of (G, X)-structures. In fact, the holonomy map hol : #°(S) - T(S) is a home-
omorphism. In 1993, Choi and Goldman proved that Hit(.S,SL3R) parametrizes the deformation
space of conver projective structures on S, namely certain (SL3R, RP?)-structures, thereby realiz-
ing the component Hit(,S,SLsR) as holonomies of geometric structures in the same fashion as the
earlier identification T'(S) = #°(S) [Gol90; CGI3|. An important aim of higher Teichmiiller theory,
promoted by Hitchin in [Hit92], is to realize all components Hit(S,G) as holonomies of (G, X)-
structures. We remark on a subtlety here. In the foundational examples of G € {PSLyR,SL3R},
the (G, X)-structures associated to Hitchin representations live on the surface S itself. However,
for G = PSL,R when n > 4 and for G = Gy, the split real (adjoint) form of the exceptional complex
simple Lie group Gg, any flag manifold X = G/H associated to a parabolic subgroup H < G has
dim X > 3. If one is set on using flag manifolds as the model spaces for such a geometric structures
interpretation, then the geometric structures cannot live on the surface S in the case of GIQ or PSL,R
for n > 4.

Since Choi and Goldman, few other explicit examples of geometric structures interpretations of
G-Hitchin components have arisen — only the cases of PSL4R and PSp,R = SO(2,3) have been ad-
dressed. We briefly recall these results for context now. Guichard and Wienhard proved in 2008 that
Hit(S, PSL4R) parametrizes the deformation space of properly convez foliated (PCF) projective struc-
tures, on the unit tangent bundle UT'S [GWO08]. These PCF structures on UT'S are (PSL4R, RP?)-
structures with extra conditions related to a canonical foliation of UT'S. The holonomy is trivial
along the fibers of UT'S - S and so hol : mUT'S - PSL4R descends to a map hol : 7.5 — PSL4R.
Guichard and Wienhard prove that the descended holonomy map hol is a homeomorphism from
the deformation space of PCF structures on UT'S to Hit(.S,PSL4R). Now, the Hitchin component
Hit(S, PSp,4R) includes in Hit(.S, PSL4R). As a corollary to the previous geometric structures result,
Guichard and Wienhard show that Hit(S,PSp,;R) is homeomorphic to the moduli space of PCF
(PSp4R, (RP3, ))-structures on UT'S, where « is the standard contact structure on RP3. On the
other side of the isomorphism PSp,R = SOq(2, 3), Collier, Tholozan, and Toulisse re-interpreted the
PCF projective structures of [GWO08| as (SOg(2,3), Pho(R*3))-structures, where Pho(R*3) is the
space of isotropic planes in R?3, specifically fibered photon structures on UTS, where the fibering
of UTS — S is now explicitly involved in the geometry, unlike in the PCF structures perspective
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[CTT19]. In [CTT19], they also describe another explicit geometric structures interpretation for
Hit(.S,50¢(2,3)) via fibered conformally flat Lorentz (CFL) structures on UT'S, which are, in par-
ticular, (SOg(2,3),Ein'?)-structures. The CFL structures on UT'S are shown to be an explicit
realization of certain abstract geometric structures described by [GW12]. We will discuss the work
[GW 12| more momentarily.

In the spirit of the aforementioned works, we consider the problem of finding an explicit geomet-
ric structures interpretation of the G’Q—Hitchin component as holonomies of (G, X )-structures on an
F-fiber bundle M over the surface S, which factor through the bundle projection 7, : 7 M — m.S.
We emphasize all the indeterminates: X, F', M, and the explicit conditions on the geometric struc-
tures. Our main result is as follows. The manifold on which the geometric structures live is the
(St xS xR, )-bundle € := UTSeUTS ®R, over S, the direct sum of fiber bundles of the unit tan-
gent bundle with itself and a trivial R,-bundle. In other words, ¢ has fiber 6, = UT,SxUT,S xR,.
We consider (Gy, X)-structures on € for X = (Ein>3,2), where Ein®3 = PQo(R**), the projective
null quadric in R**, and 2 is the canonical (2,3,5)-distribution it carries. The group G’2 is the full
automorphism group of the pair (Ein??, 2), as proven by Cartan [Car10] (cf. [Eva22, Section 8.2]).
Putting all of these ingredients together, along with the geometric conditions that characterize the
moduli space .# of geometric structures, we show:

Theorem A: The descended holonomy map o : .4 — Hit(S,G,) given by [(dev,hol)] ~ [hol],
where hol = hol o 7, and w: € — S is the bundle projection, is a homeomorphism from the moduli
space M of cyclic-fibered, compatible, radial (G,27 (Ein*3, 2))-structures on UTS @ UTS & R, onto
the Gy-Hitchin component Hit(S, Gy).

The notions of cyclic-fibered, compatible, and radial (CCR) are technical and are defined precisely
in Section 4.3. However, we can think of these conditions roughly as follows. The cyclic-fibered
condition ensures that the holonomy factors through 71 S and that each such geometric structure
has an associated equivariant alternating almost-complex curve o : S - §%% A crucial remark here
is that the existence of a p-equivariant alternating almost-complex curve ¥ : S - §%* does not imply
[p] € Hit(S, Gy) (|CT23] Theorem 5.9 and Theorem 5.11), as was the case in the analogous setting of
p-equivariant affine spheres S — R® with p e Hom(71.S,SL3R). The notions of compatible and radial
constrain the relationship between the developing map and the almost-complex curve further. In
particular, the CCR conditions serve both to ensure that such a geometric structure is completely
determined by its associated almost-complex curve and also that the associated almost-complex
curves have G,-Hitchin holonomy.

On the other hand, Guichard and Wienhard gave an abstract geometric structures interpretation
of every Hitchin component in [GW12|. There, they proved the following existence theorem: for
any split real simple (adjoint) Lie group G, there is a compact manifold M with a homomorphism
¢:m M — 7S, a homogeneous G-space X, as well as a connected component ¢ of the deformation
space Z (¢, x)(M) of (G, X)-structures on M, such that the holonomy of a geometric structure in ¢
factors as hol = hol o ¢, and the descended holonomy map [ (dev, hol) ] + [hol] is a homeomorphism
from ¢ onto Hit(S,G). The manifold M is realized as M, := p(m1.5)\2,, a quotient of a co-compact
domain of discontinuity {2 ¢ X, such that the topology of M, is independent of p. Confirming a
conjecture of Guichard-Wienhard, both [AMTW23] and [Dav23| recently proved independently that
M is, in fact, a fiber bundle over S.
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While Guichard and Wienhard identify the spaces X explicitly depending on the group G, the
topology of the manifold M is quite difficult to determine in general and so are the geometric
conditions on the (G, X)-structures that distinguish the connected component ¢. Identifying the
topology of these manifolds M is an important and challenging open question. There have been
some results towards this end recently [ADL21; AMTW23; DS20; Dav23]. See also the survey
[Kas18] for many results on geometric structures related to higher rank Teichmiiller theory.

Our results are somewhat orthogonal to [GW12]: while our geometric structures are highly
explicit, the developing maps exhibit very complicated and strange behavior. In Section 5.3, we
examine our construction in the G;—Fuchsian case in detail. We are able to see much of the structure
of the developing map and how complicated its behavior is even in this simple setting. In general,
our developing map dev descends from % to € = U TSeUTS & R,. This descended developing
map dev : € — Ein?? is injective on fibers. In the G;-Fuchsian case, we show dev is finite-1, with
each point in the image having either 1, 2, or 3 pre-images. The map dev is very much only locally
injective — for any p # g € S, the developed fibers E(?p) and E(?q) intersect 1-dimensionally.
We also consider the relationship between the image U := image(dev) and the Guichard-Wienhard
(Gy, Ein*3)-domain Q = Q, (which is the same for all G,-Fuchsian p). Namely, Qp == UnQ # @
is a proper open subset of Q and Ky := U n (Ein»*\Q) # & as well. The intersection Ky is an
explicitly described 3-dimensional locus. Thus, this paper does not elucidate the [GW12]| geometric
structures in the (GIQ, Ein2’3)—setting. However, we believe the methods here are natural, as there
are strong analogies with the [CTT19] construction of conformally flat Lorentz structures on UT'S
for Hit(S,S00(2,3)). In the next part of the introduction, we explore these ideas in more detail.

1.1. Remarks on the Proof of the Main Theorem. The problem of a geometric structures
interpretation is really twofold:

(1) Determine a construction from which a (GIQ,X )-structure on M can be associated to any
G,-Hitchin representation.

(2) Define an appropriate moduli space .# of geometric structures containing those structures
from step (1), and, crucially, so that the holonomy map on .# factors through Hit(S, GIQ)

We first remark on the methods used for (1).

The construction of (1) is done with the geometry of harmonic maps, and the proof of (1) relies
on Higgs bundles. Our work in both steps is influenced by [CTT19]. We summarize our perspective
on [CTT19] to highlight some analogies with the present work. Fix a complex structure ¥ = (.S, J)
on S. By the non-abelian Hodge correspondence, associated to p € Hit(.S,G) is a unique harmonic
map f,x: ¥ - G/K, up to isometry. In the case G € {GIQ, SL3R,S00(2,3)} of G a split real simple
rank two Lie group, Labourie proved in |[Lab17| that for each p there is a unique complex structure
¥ such that f,s is conformal. We denote f, : Y > G/K as this unique minimal surface. In each
of the rank two settings, f, has a factorization via a Gauss map construction applied to another
equivariant harmonic map g, Y -G /H, whose target is a different homogeneous space G/H than
that of f,. For G = SO¢(2,3), the map f, factors through a maximal spacelike surface ¢ : 3 -
H%? = Q_R?*?, where we denote Q.V := {x € V | ¢(z) = £1}. In this case, G/K Zpig Gr(270)R2’3
and the map f, is just given as follows: f,(p) = d&(Tpg ). In fact, the developing map dev of the
CFL (SO¢(2,3), Ein"?)-structure of [CTT19] on UTS is simply described with . Indeed, since
the holonomy of dev factors through 715, the map dev descends from the universal cover UTS to
define a map dev : UT'S — Ein'? given by dev(p, X) = [6(p) + d&(X)], where we equip S with
the pullback metric from 6 and [-] denotes a point in projective space. Since & is spacelike and
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6(Tp§) is orthogonal to &(p), the Pythagorean identity says dev(p, X) € Ein'? = PQo(R??), where
Qo(V,q) ={v eV |q(v) =0}. Then [CTT19] uses Higgs bundles along with an application of the
maximum principle to the Hitchin system to prove dev is a local diffeomorphism.

Our developing map construction is a natural analogue of the developing map construction of
[CTT19]. To define dev, we introduce another central object: almost-complex curves in the psue-
dosphere §24 = Q+(]R3’4). The space S$%* has a canonical almost-complex structure Jgo, com-
ing from the cross-product x34 : R34 x R3* - R3*, whose existence is intimately linked with
the group G,. Here, one can imagine G, as defined via G, := Aut(R>%, x34). Starting with a
Hitchin representation p, we use the harmonic map factorization in the G;—setting, which runs
through the unique p-equivariant alternating! almost-complex curve o : S - §24 [CTQS].2 This
harmonic map factorization is discussed in detail in [CT23; Nie24| as well as in the case of S = C
in [Eva22, Section 3.4]. We briefly recall the construction. The symmetric space G’2/K iden-
tifies as Griy ) (R**) == {P € Gr(z0)(R**) | Px34 P = P}. Then f, : S — Gy/K is given by
fo(p) = R{D(p)} ® image(ll,), where II is the second fundamental form of . In our context, the
developing map descends from the universal cover % to the m1S-cover UT'S ® UTS & R, of ¢ and
obtains the form
I(do(X),dv(Y))

ev r)=|v r 12 dp r
(1.1) dev(p, X, Y,r) = | 0(p) + (r* + ) do(X) + q(I(d(X),do(Y)))' /2 |’

where I is the second fundamental form of 7 and we equip S with the pullback metric 7* gg2.4- The
essential difference between the construction here that of [CTT19] is that we need the 2-jet of ¥ to
construct the developing map. However, the proof that (1.1) is a local diffeomorphism uses the same
main ingredients as that of [CTT19] — namely cyclic Higgs bundles and the maximum principle, and
the overall construction is quite similar. In fact, as discuss in Section 3.3, as r — 0, the developing
map from (1.1) becomes a precise analogue of the CTT developing map, with & replaced by .

The developing map (1.1) constructs (G, Ein®3)-structures associated to G,-Hitchin represen-
tations via the associated equivariant alternating almost-complex curves, solving problem (1). To
establish a converse association, to solve (2), we define a moduli space .#Z of geometric structures on
¢ that share key technical properties with the geometric structures constructed via (1.1). In particu-
lar, we demand the holonomy is trivial along the fibers. Hence, we may define a descended holonomy
map «: M — Hom(mS, G;) / G;. The cyclic-fibered, compatible, and radial conditions, as mentioned
earlier, serve the purpose of forcing the descended holonomy to take values in Hit(.S, G,Q) We ex-
plain briefly the idea now. Each geometric structure in .# induces an associated almost-complex
curve as a consequence of the cyclic-fibered condition. That is, there is a natural continuous map
H: . # — H, where H := H(S) the moduli space of equivariant alternating almost-complex curves in
§24. In other words, H is the space of pairs (7, p) with 7 a p-equivariant alternating almost-complex
curve and p € Hom(7S, G’2), up to isomorphism. The relationship between dev and its associated
curve = H(dev) is constrained by the compatibility condition. This condition implies that the sec-
ond fundamental form Il of # is non-vanishing, which by [CT23] is equivalent to 2 having G;—Hitchin
holonomy. Finally, the radial condition along with the compatibility, pins down the relationship
between dev and ¥, forcing that dev is entirely determined by 7.

1Here7 alternating means loosely that the tangent space is timelike and the second fundamental form outputs only
spacelike vectors.

2We sweep aside two subtleties here: the uniqueness is due to [CT23], and we can define ‘almost-complex’ to mean
the image is an almost-complex submanifold such that f/*,]§2,4 is compatible the orientation of S.
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Collier and Toulisse show that the sub-locus {[(2,p)] € H | [p] € Hit(S,G,)} of almost-complex
curves that are G,-Hitchin equivariant is the level set H(S)eg-6 = {[(7,p)] € H | b() = 6g -6} of
a discrete invariant b that stratifies H [CT23]. The space H(S)eg-6 serves as a key intermediary
between representations and geometric structures; both the map s : Hit(S, Gl2) — ./ assigning
geometric structures to representations and the descended holonomy map « : .# — Hit(S, GIQ) by
[(dev,hol)] + [hol ] factor through H(S)es-6. This factorization is critical to our solution of both
problem (1) and (2). The construction of s is motivated by the fact that cos = idyyie S,G)) essentially
by definition. The remainder of the proof of the main theorem is a small technical argument to
show that the geometric structure is determined entirely from its associated almost-complex curve,
i.e., soa =1id . See Figure 1, which diagrammatically summarizes the relationship between main
maps of interest.

Sa SAC
/—\ ‘/\
M H(S)sg-0 Hit(S, G)
v
H hol
«

FIGURE 1. Commutative diagram summarizing the main theorem. The maps between
Hit(S,Gy) and # factor through H(S)gy-6- By [CT25], the maps sac,hol are homeo-
morphisms. The central constructions are sg, H, and A/ .

1.2. Organization. We now discuss the organization of the paper. In Section 2, we discuss the
necessary preliminaries on G’2 and Higgs bundles. In Section 3, we review the construction of p-
equivariant alternating almost-complex curves for [p] € Hit(S, GIQ) Using these curves, we explicitly
build an equivariant developing map on % that defines an (G,27 Ein2’3)—structure on . In Section 4,
we present the technical definition of the moduli space .# of geometric structures and reinterpret
the work of Section 3 now as defining a continuous map s : Hit(S, G’2) — #. We then present
the descended holonomy map « : .#Z — Hit(S, GIQ) and show it is the inverse of s. In Section
5, we examine our geometric structures in the G;—Fuchsian case. We also show that our geometric
structures are unrelated to the Guichard-Wienhard (G,27 Ein??)-structures from [GW12], and discuss

some curious behavior of the developing map in this setting.

1.3. Acknowledgements. I would like to thank Mike Wolf and Alex Nolte for reading a draft of
this paper and proving many comments. I also thank Brian Collier and Jeremy Toulisse for sharing
a draft of their paper [CT23], which was essential to the creation of this work. Finally, I thank Xian
Dai and Christos Mantoulidis for helpful conversations on analysis.

2. PRELIMINARIES

2.1. Gy Preliminaries. In this subsection, we provide a brisk introduction to Go from the perspec-
tive of the octonions. The reader can find a more comprehensive introduction to Go in the excellent
article [Fon18].
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We denote Gy := Gg as the exceptional simply-connected complex Lie group with Lie algebra gg.
We write G’2 = G]§ for the split real (adjoint) form of G as well as Gﬂ; for F = R or C as appropriate.
We will define the split-octonions (0')F and then see that G} is realized as Gy = Autp_a1g((0)F).

For simplicity, we focus on the case of the R-algebra Q' := (@’)R. To this end, we recall both the
Cayley Dickson process CD and the split Cayley Dickson process CD’. Let A be an R-algebra with
unit 14 and the following structures: a non-degenerate quadratic form ¢ : A — R and an algebra
involution * 4 : A - A such that (zy)* = y*2* and Fix(*4) = R{14}. The Cayley Dickson processes
produce a new unital algebra B over the vector space A @ A with a non-degenerate quadratic form
g and involution *g. First, define *p(a,b) = (* 4a,-b). Then given (a,b),(c,d) € A® A, the new
algebra multiplication ® on B, under CD’, is given by

(2.1) (a,b) ® (¢,d) := (ac+db*,a*d + cb),

where z* := x 4(x). Note that 1z = (1,0). We may write xy for brevity to denote z ® y. Next,
gg(z) := zx*. The multiplication in Q' is not associative, but is alternative — the subalgebra
generated by any two elements is associative. An easy consequence of the alternativity is that
q(zy) = q(z)q(y) for x,y € (0¥, meaning (O')F is a composition algebra - an algebra with unit
equipped with a non-degenerate, multiplicative quadratic form. Composition algebras are very
special. In fact, Hurwitz’s theorem asserts that the only composition R-algebras are R, C, H, O, and
their split counterparts C',H',Q'.3

One may view the CD process in a more intrinsic way as an algebra extension of A by a new
element z, given by = = (0,1) € A @ A, which satisfies 22 = -1 in CD and 2% = +1 with CD’.* The
pair (a,b) € A® A corresponds to a + xb and (2.1) gives the multiplicative relations between the
subalgebra A := (A,0) of B and x. The multiplication formula is slightly different if one instead
uses (a,b) to denote a+bzx. In the case that gg is multiplicative, ¢g(a,b) = g4(a) £ q4(b), according
to CD or CD’, respectively.

The split octonions @' may be defined as the output of CD’ applied to the quaternions H. In

CD CcD CD . . . . .
fact, we have a sequence of R-algebras R — C — H — Q'. While we maintain this perspective

.. .. . . CD CcD’ CD
on Q’, it is worth mentioning that one may also realize Q' via R — C — H' — Q’, where we

pass through the split quaternions H’ (cf. [CT23, Section 2.2| for more details). We will explain
shortly a simpler way to multiply in Q' rather than use the formula (2.1).

The +1-eigenspace of g defines a distinguished real subalgebra isomorphic to R, which by abuse
we refer to as R := R{1g/}. The (-1)-eigenspace of *qs is called the imaginary split-octonions,
denoted Im(Q'), in analogy with the imaginary complex numbers. We may write Re,Im for the
orthogonal projections from @’ onto the subspaces R and Im(Q'), respectively. The non-degenerate
quadratic form ¢ on Q' is of split signature (4,4) since (H,0) = R*? and (0,H) = R%* as normed
vector spaces. In a standard abuse, we write ¢ for the bilinear form ¢(z,y) = Re(xy*) as well as
the induced quadratic form. For notational simplicity, we may write x - y rather than ¢(z,y) if the
context is clear.

Since any algebra automorphism of Q' fixes the real axis pointwise, it is standard to consider
the action of G, on Im(Q’) instead of @'. In fact, the representation gj — gl(Im(Q’)) is one of the
two fundamental representations of g}, — the other is the adjoint representation. As a consequence,

3See ([HL82] Theorem A.12) for an elegant proof using the CD process, in the case that the quadratic form is
Euclidean (the proof is nearly the same as when ¢ is non-degenerate).

4In CD, the algebra formula 2.1 changes by just one sign to (a,b) ® (c,d) := (ac — db*,a*d + cb). However, this sign
determines the signature of the quadratic form on the vector subspace (0,.4).

5Here7 *r : R = R is just the identity map.
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the representation of g5, on Im(Q’) is the lowest dimensional irreducible representation. Moreover,
Im(Q") carries two more algebraic structures of interest: a cross-product and a calibration 3-form.

The cross-product x : Im(Q") x Im(Q") - Im(Q") is defined by
(2.2) zxy:=Im(zy)=z0y - (z-y)lo.

For u € Im(Q"), we write C, : Im(Q") - Im(Q") as the cross-product endomorphism C,(v) = u x v of
u. The double cross-product identity says that

(2.3) ux (uxv)=-q(u)v+q(u,v)u.

Note that Im(Q’) is not closed under ®, so that x is the default binary operation on Im(Q").
Denote the cross-product of sets A, B c Im(0') as usual: A xjn@) B={axblaeA, beB}. We
attempt to write xjm(gr) whenever necessary so as to distinguish the cross-product of sets from the
ordinary set-theoretic product. The map x is called a cross-product since x is bilinear, alternating,
and normalized by ¢(z x y) = q(:c)q(y) (2 -y)?, just like the standard cross-product xgs on R3.
Extending ® € GL(Im(Q")) linearly to ® € GL(Q’) by demanding <I>||m(@/) =® and ®(1gr) = 1gr, one
finds that

(2.4) Gy = {® e GL(Im(Q)) | ®(u x v) = B(u) x D(v)}.

In fact, (non-obviously) if ® € GL(Im(Q")) satisfies ®(u x v) = ®(u) x ®(v), then ¢ € O(3,4) =
O(Im(Q'),q) and & € SL(Im(Q')) [Fonl8]. Since Gy is connected, this means G, < SOg(3,4),
where G denotes the connected component of the identity of G. Moreover, equation (2.4) yields a
description of the Lie algebra as the set of derivations of the cross product:

g5 = {p e gl(Im(0")) [ p(ux v) = p(u) xv+uxp(v)}.

Finally, Q' carries a G;—invariant 3-form €2 given by the scalar triple product: Q(z,y,2) = (zxy)-z.
The form € is a calibration in the sense of Harvey-Lawson [HL82|, and is also generic in the sense
that its GL7R orbit by pullback is open in the space A3((R7)*) of 3-forms.® The 3-form provides
another perspective on G’2 as G'2 = Stabg| (Im(0))(€2). The surprising fact is that one may recover
qlim(0ry and x just from €. See [Fon18] for further details on Gy from the 3-form perspective. Going
forward, we will take for granted the equivalence of these three perspectives on G;:

(1) AUtR—algebra(@,)
(2) Aut(R**x34)
( ) StabGL7RQ

The complex spht octonions (0')¢ = Q' ®g C form a C-algebra and carry an algebra product ®
and quadratic form ¢ by complex linear and bilinear extension, respectively, of the same structures
on 0.7 The cross-product and 3-form are defined analogously on Im(Q")C.

We now define a “standard” basis for Q'.8 Consider, for abuse of notation, i = (4,0), j := (j,0),1 :=
(0,1) in He H. Defining the element k := ¢ ® j, we obtain a vector space basis

(2.5) M= (1,1, 5.k, 1,1, 15,1k) = (mi) 1

6Remarkably, there are just two open GL7R orbits in A>((R7)*): one is €, the calibration 3-form for Im(Q'), and the
other is Q¢, the calibration 3-form defined completely analogously, on Im Q, where @ = CD(H) is standard octonions.
See ([Fon18] Theorem 4.9.)

"We exclusively use i to denote a split-octonion and use v/—1 for the new scalar added by the complexification.

80ne can consider this basis as standard insofar as one views Q' as being defined via the Cayley-Dickson sequence

RS2c2H N O', which gives distinguished algebra generators 1, j,1 for Q', where C = R[i],H = C[5],0 = H[I].
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for O'. We will call this basis M = (mi)Z:O the standard multiplication basis for Q'. The multipli-
cation table for Q' in this basis is shown in Figure 2.

i g k| L |G |k
1k | = =li]| 1 [=k] 1
k| =1 i || k| 1 |-u
Gl =i =1k | - u |1
i |4 |k | 1] q ]| |k
G| =l | —lk| | —i| 1] k|—j
Gk | =1 | =li| —j | k| 1] i
k=3 | G | =1 ] k| | =] 1

o~ | =

FIGURE 2. Multiplication table for the split octonions @', from [Bar10].

To prove the transitivity of the Gg—action on different spaces, the following Stiefel-triplet model
is often useful; this model is very well-known.

Proposition 2.1 ([Eva22] Proposition 2.3). G5 acts simply transitively on the Stiefel manifold
Vieamy (Im(ON) = { (z,9,2) € (Im(O)*)’| g(x) = q(y) = +1 = —q(2), -y =w-2 = y-2=0, z- (wxy) = 0}.

The idea of the Proposition is that associated to (z,y,2) € V(. , _y is an ordered basis B, . =
(2,y, 2y, 2, 22, 2y, 2(xy)) for Im(0') and a unique map ¢ € G5 such that ¢(i) = 2, ¢(j) =y, 0(1) = 2.
In fact, ¢ is the F-linear map sending the multiplication frame M to Bm7y7z.9

The pseudosphere $*4 is defined as $** := Q, (Im(Q’)), and it inherits a signature (2,4) pseudo-
Riemannian metric from the ambient vector space, where Q.(V,q) = {v eV | ¢(v) = +1}. Moreover,
the cross product defines a non-integrable (cf. [CT23, Lemma 3.3| and the surrounding discussion)
almost-complex structure J = JSQA on §24 as follows. Take z € $24 and identify in standard fashion
T,S** 2 [z* c Im(0Q")]. Then define .J, := C,, where C,(y) = zxy is the cross-product endomorphism
of z. The double cross-product identity (2.3) says for u € Im(Q’) that (Cy o Cy)|ur = —q(u)id,e, so
that J defines an almost-complex structure. While the group of isometries of the pseudosphere is
|som(§2’4) = 0(3,4), the restricted isometry group that preserves the almost-complex structure is
|som(§2’4,Jgg,4) = G,. It is easy to show G, acts transitively on §** by Proposition 2.1. Later,
we will also denote the projective negative and positive quadrics by H3? = PQ_(Im(Q’ )) and
§24:= PQ, (Im(0")).

Consider the space
Ein®3 := PQoIlm(Q’) = { [v] e PIm(Q") | ¢(v) = 0}.

Topologically, Ein®3 = (S? x $3)/ ~, where (z,y) ~ (=z,-y). In fact, a clever identification shows
Ein?? ~pig RP? x S° [BH14, Proposition 2|. The intrinsic space Ein?3 can be G;—equivariantly
identified with G,2 /P1, where P; is a maximal parabolic subgroup of G’z. Using the latter perspective,
just from the root diagram of g}, one finds G, /Py carries a canonical (2, 3,5) distribution 2 c TEin??®,
That is, Z is a maximally non-integrable 2-plane distribution in the sense that 90 =g +[2,2] is 3-
dimensional and 2 = 21 + [.@(1), .@(1)] is 5-dimensional. The paper [Sag06| gives a beautiful and

concrete interpretation of the distribution 2, showing how one can see %, at T, pEin2’3 intrinsically

9The statement of ([Eva22] Proposition 2.3) is only for the G, case, but the same argument goes through for G5.
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in the model Ein®?, without reference to the abstract space G,2 /Py. We recall a re-interpretation of
her work shortly. A crucial fact is that Aut(Ein®3, 2) = { p € Diff(Ein®>3) | ¢* 2 = @}, as first proven
by Cartan [Carl0]. We will later consider (G, X )-structures for G = Gy and X = (Ein*3, 2).

There is one more important algebraic construction related to Ein?3.

Definition 2.2. Given u € Im(Q'), we define the annihilator of u as
Ann(u) = {v eIm(Q") | u x v = 0}.

Now, note that Ann(u) = Ann(cu) for ¢ € R*. Hence, Ann([u]) makes sense. An important fact
we shall need on annihilators is stated below:

Proposition 2.3. For F e {R,C}, if u € Im(Q")F has ¢"(u) = 0, then Ann(u) ¢ Qo(Im(Q")F) and
dimg Ann(u) = 3.1

Since G5 acts transitively on Qo(Im(Q")F), one can prove this by checking it holds on a model
point. For example, in the basis B’ from (5.2), labeling the elements (xi);f?, in order, one finds
Ann(z3) = spang(xs3, z9, z1).!' By Proposition 2.3, for [ € Ein®3, the projective annihilator PAnn(1)
is an embedded copy of RP? in Ein?3. These projective planes yield the distribution 2 as follows:
2, = TiIPAnn(l). That is, the (2,3,5)-distribution & is realized at [ € Ein®? as the tangent space of
its (projective) annihilator submanifold PAnn(l). See [Eva22, Section 8.3] for more details.

2.2. Higgs Bundle Preliminaries. In this section, we recall some definitions and theory on Higgs
bundles, specifically on how they can be used to parametrize Hit(S, G,Q) These Higgs bundles will
serve as a useful tool in the next section for understanding the Frenet frame of the almost-complex
curves of interest. For the definition below, let ¥ = (S, J) be a Riemann surface on S. We denote
K= (TH°%)* as the canonical line bundle on ¥.

Definition 2.4. A (GL,,C-) Higgs bundle on ¥ is a pair (€,¢) consisting of a rank n holomorphic
vector bundle & - ¥ and a Higgs field p € H°(K ® End(&)).

For a degree zero holomorphic vector bundle £, we call (€, ) stable when any proper holomorphic
w-invariant sub-bundle F c £, a sub-bundle such that o(F) c F ® K, satisfies deg(F) < 0. Call £
polystable when € = @' (&, pi) is a direct sum of degree zero stable Higgs sub-bundles.

There is a more general abstract definition of a G-Higgs bundle for GG a real semisimple Lie group
from [GPCGRI12| that we revisit momentarily, as well as notions of stability of G-Higgs bundles.?
The Higgs bundles of interest will be seen as special cases of GL7C-Higgs bundles.

The non-abelian Hodge (NAH) correspondence, developed by Hitchin [Hit87], Simpson [Sim92],
Corlette [Cor88|, and Donaldson [Don&7|, gives a homeomorphism NAHy, between a moduli space
M () of polystable G-Higgs bundles over X, up to gauge equivalence, and the G-character variety
x(m18,G) := HomR® (7S, G)//G of reductive representations, up to conjugation. Here, p: m M — G
is reductive if Adop:m M — GL(g) is a direct sum of irreducible representations. The map NAHy,
is defined by building a flat connection V on the Higgs bundle and then taking its holonomy
hol(V) € x(m15,G). We refer the reader to the survey [Coll9] for more details on the application
of the NAH correspondence in higher rank Teichmiiller theory. The relevant portion of the NAH
correspondence is Hitchin’s smooth parametrization of the G-Hitchin component Hit(.S,G) for G a

101f g(w) # 0, then Ann(w) = R{w} is uninteresting.

Hef, [Eva22] Section 8.3 on the notion of a real cross-product basis for Im(Q') and its relation to annihilators.

21t Gisa complex Lie group, then G is regarded a real Lie group by restriction of scalars and the definition actually
ends up simplifying.
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split real simple Lie group. For G = G,, Hitchin’s map is of the form Fy, : HO(X, K)o HO(Z,KS) —
Hit(S,G,). A drawback of Hitchin’s parametrization Fy, (in general) is that depends highly on
the choice of complex structure . Labourie rectified this situation in the case G is of rank two in
[Lab17]. Labourie’s work gives a canonical mapping class group-equivariant diffeomorphism ¥ : & —
Hit(S, G,) where & — T/(S) is the bundle over Teichmiiller space with fiber (&)s HO(3,K%).
Labourie’s map is ¥(X, g¢) = Fx(0, gs). Thus, naturally associated to p € Hit(S, Gl2) is a pair (%, g¢),
where ¢g is a holomorphic sextic differential on 3. The data of this pair will be used to define a
(stable) GL7C-Higgs bundle below, whose structure group reduces to G/2.

Hitchin’s map Fy factors as Fy; = NAHy; o 55, where sy : H'(X,K%) @ HO(3,K%) > M/ (D)

2

is called the Hitchin section. We now define the Higgs bundle sx(0,q5) = (£,©(qs)) of interest.
The holomorphic vector bundle underlying the Higgs bundle is £ = @;33 ICiE. Note that IC% =0 is
a trivial complex line sub-bundle of £. Then we identify in any local coordinate z for ¥ the local
frame (dz*);% for £ and the following fixed frame (u;);% for Im(Q")C from (2.6) below by dz' <> u;.
uz = %(jl +V/—-1kl).
uy = %(j +V-1k).
up = %(n V-1il).
(2.6) up  =1.
u-r = o= (1=/=1il).
U-2 = %(] - \/—1]{3).
u3 = %(jl —V-1kl).
This identification locally defines a cross-product on the fibers of £, which yield a global cross-
product xg : £ x £ - € since the local transitions between (dz;);% and (dw;);2 are of the form

diag(¢3,¢2,¢,1,¢71,¢72,¢73) for ¢ € C* and hence respect the cross-product. Indeed, the gg—
transformations diagonal the basis (u;) are of the form diag(r + s,7,5,0,-s,-r,—r — s) for r,s € C

[Eva22, Proposition 2.6]. By considering only frames for £ that are fiber-wise cross-product com-
patible with the above model frames, we reduce the structure group of £ to Gg. That is, we consider
the holomorphic principal Gg-frame bundle

Fr (&) :={T e Homc(Im(Q'), &) | T(u Xim(orye v) = T(u) xe T(v)},

where F :=Y x F¥ denotes a trivial vector bundle.

We may write ¢ instead of g¢ when there is no opportunity to confuse g with ¢ = gjm@r) on
Im(Q"). Following Hitchin’s original Lie algebra recipe, one finds (cf. [Eva22, Section 2.6, Appendix
A]) the Higgs field ¢ := (0, q) is of the form

0 q
V3 0 q
V50
(2.7) @ = -6 0
-6 0
NG
V3 0

Given a Higgs bundle (&, ) € image(sy), Hitchin’s equations (2.8), (2.9) for (€, ) uniquely deter-
mine a hermitian metric h on &€ such that the connection V := V5 , +p+¢*" is flat and has holonomy
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in G, [Hit92].
(2.8) By +[p, 9™ =0.
(2.9) v%jl ©=0.

The metric h is diagonal in the standard holomorphic coordinates since (&, ¢) is cyclic [Barl0]. In
particular, A is of the form

(2.10) h(x,y) = x! diag(rts™t,r s 1, s, rs)y = x'Hy,

where 7, s > 0 are positive. Here, s e '(K®K) and r € I'(K? ®K2). In a local coordinate z, Hitchin’s
equation (2.9) is equivalent to gz = 0 and (2.8) is equivalent to the coupled elliptic system of PDE
(2.11) [Eva22, page 16].

{8285 logr =5% - 3s - lq®

(2.11) ris
0.0zlogs = 6s-5%.

Denote u; = logr + %log s, v1 = %logs and the system (2.11) becomes

(2.12) {2@32 uy = 5e(1173u2) _ 9e=2u1 |12,

20,05 ug = 6242 — 5elur—3u2)

We can also write Hitchin’s equations in a global form. Let o = o(z)|dz> denote any conformal
metric on ¥. Given a (local) solution uw = (u1,u2) of (2.12), we define ¥ = (¢1,12) by

eV1g°2 = em
eV2gtl? = ez,

Then one finds u solves (2.12) if and only if ¥ solves (2.13). Thus, solving Hitchin’s equations is
equivalent to finding global functions 1,19 : S - R that solve (2.13).

{2A01/11 =5e¥173%2 —9|g|2 e72V1 4 2,

2.13
(213) 2A,1hy = —5e¥173Vz 4 6e2V2 4 %ch

)
where A, = %8285, lq|2 := Z—;,, and Ky = —%6265 logo. In particular, there is a unique solution to the
system (2.13).

We now discuss V-parallel real forms on £ and End(&). For the following discussion, we imagine
the following structures on g(QC as being fixed:

e the Cartan subalgebra h of diagonal transformations in the basis (u;) from (2.6)
e a choice of simple roots I = {a, 5} c A
e Chevalley basis (ts,es)sea such that [t5,es] = 2es, [ts,e—s] = —2es, [es, e—s] = t5.1
First, consider
End™(&) := {¢ € End(&) | ¥ (uxg v) = ¢(u) xg v+ uxg P(v) },
a g5-fibered sub-bundle of End(&). There is a natural vector bundle isomorphism End*€ = @7, gi ¥

K, where g; = DseA heighty; (5)=i 95 18 the sum of root spaces of height ¢, and g; denotes the trivial

bundle ¥ x g;. For example, consider the g(zc transformation e, € g, given by w1 = u9, U_g — u_1,
and u; = 0 otherwise. Given both the constant section &, € I'(X, g;) by €(p) = €qa, and X € Qbo(:),

3For an explicit choice of such basis, see [Eva22, Appendix A].
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the pair induces the transformation (es ® X) € End*(€) by mapping K! = K? via Y » X ® Y and
mapping K2 » K™ via Y ~» X ® Y. Using this identification, we can reduce the structure group
of End*(&) from GS to G, via real forms (and do the same for &.)

The hermitian metric h induces a fiber-wise choice of compact real on End*(&). First, note
that any A, € End(&,) has a unique h-adjoint A;h € End(&,) satisfying h(A4,X,Y) = h(X, A;hY).
Thus, we may define a C-anti-linear Lie algebra bundle involution p: End(&,) — End(&,) by p(A) =
~A*". The involution j leads to the sub-bundle End3(€) = {X € End™(€) | p(X) = X} of su(h)
endomorphisms. Fiberwise, the map p is the involution of a compact real form of gg. In the local
coordinates (dz'), the involution obtains the form p(A) = -H A" H.

Similarly, we define a bundle-wise Cartan involution, whose fixed point set is fiberwise a copy of
£C, where £ < g}, is a copy of the maximal compact in gj. Unlike p, the map o is C-linear. On the
level of g5, first define o (e, ) = (1)t (@e  and ol = idy, where b = go is the Cartan subalgebra.
Hitchin proved this map is a Lie algebra involution whose fixed point set is ¢© in [Hit92, Proposition
6.1]. We extend o to a bundle involution on ¢ : End*(€) — End™(€) by defining it on simple tensors
via 6(ea ® X) = 0(eq)® X. In the coordinates (dz*), the involution & is of the form 6(A) = ~QATQ

1
1

where Q) = 1 . The involutions p,& pointwise commute and hence define a

1
C-anti-linear conjugation 7 of a split real form of g5. In fact, End%(€) = {¢ € End*& | 7(¥) = 9} is
a V-parallel sub-bundle of End(€). Indeed, 7 is Vg, ,-parallel [[it92] and ¢ + p*" is directly found
to satisfy 7(p + ¢*") = ¢ + ©*".

There is one more structure on £ of interest, a non-degenerate complex bilinear form B : ExE — C.

. . 1
Write £ = O @ @2,(K' @ K™%). Then set Blo =1 and Blgigi—i = ((1) 0) to be the natural dual

pairing. We then declare @ and each sub-bundle K’ ® K~ for i € {1,2,3} to be B-orthogonal to
each other. In the frame (dz'), the bilinear form B is represented by the matrix Q. We are then
led to consider B-orthonormal frames that also respect the cross-product. That is, define

Fr(&)={T eFr*(€) | T(e;) is B — orthonormal}.

The bilinear form B is also related to the involution & : End(€) — End(€). In fact, 6 is equivalently
given by 6(A) = —A*P where (-)*# denote the B-adjoint, i.e., B(As,t) = B(s, A*Bt).

Now, we give the definition of a general G-Higgs bundle for G a real reductive Lie group. Start
with a Cartan decomposition g = £ @ p, where ¢ is a maximal compact subalgebra of g. Then
complexify to get g€ = € ® p©. A G-Higgs bundle is then a pair (P,®), with P a holomorphic
principal KC-bundle and ® € H%(& ® Ky;) is the Higgs field, where & = x o4 p*.

In the present case, sx(0,qg) is a G;—Higgs bundle, just the construction just has been factored
through the holomorphic vector bundle £. Here, the principal K®-bundle is P = Fr(£). Then
view P xaq g = End*(€) and we find P xpq p* = End*,(€) = { X € End*(€) | 6(X) = -X}. Since
(p) = —p and @(%) € End*(€) in the local frame (dz), the Higgs field is just ® = . Hitchin
proved in [Hit92] that the Higgs bundles in the Hitchin section are stable. We refer the reader to
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[C'T23] for more comprehensive details on cyclic G,-Higgs bundles and to [Col19] for more details
on stability.

There is an involution 7 : £ - £, by abuse also called 7, such that E® := Fix(7) is a V-parallel
sub-bundle with fibers isomorphic to Im(Q"). The real forms 7 are multiplicative in the sense that
7(¢s) = 7(¢)7(s) for any sections ¥ € I'(3,End(£)),s € I'(X,€) [Barl0]. Locally, 7 is found by
#(x) = H'Q%, where x is a vector in the local coordinates (dz*). More explicitly, the sub-bundle
ER is realized as the (real) span of the basis (w;)7_; from (2.14).

wy =1 =1uUg.

wy = % (r1/2u2 w2y )

wsy =-— %( rPug —r 12u_y)
(2.14) wy = % (s"2up + 5720y

ws = % (Y20 —s7Pu_y)

we = - % ((rs)?ug+ (rs)*u_g)

wy = % ((rs)"Pug - (rs)u_g)

We also recall that (wi)i7=1 is an h-unitary multiplication frame for E® — that is, the C-linear map
(m; = w;) € G5, where (m;) is from (2.5) [Eva22, Section 3]. Hence, (w;)l_; is orthonormal under
the Im(Q’) norm with ¢(w;) = +1 for i € {1,2,3} and q(w;) = -1 for i € {4,5,6,7}.

3. FROM REPRESENTATIONS TO GEOMETRIC STRUCTURES

Let [p] € Hit(S, Gy) be a Hitchin representation. In this section, we construct a (G, X)-structure
on the (S!x S' x R,)-bundle ¥ := UTS @ UTS ® R, over S with G = G,2 and X = (Ein?3,92),
where 2 is the (2,3,5)-distribution on Ein?? defined in Section 2.1, such that the holonomy hol of
the geometric structure factors through the projection 7 : ¢ — S and satisfies hol = p o .. Later,
the work of this section will be repackaged as a map s : Hit(.S, G;) — #, once we have given the
technical conditions defining the moduli space .Z .

Recall from the previous subsection that associated to p € Hit(.S, GIQ) is a pair (X%,q¢) in the
bundle & — T'(S). We then realize p as the holonomy of the flat connection V associated to the
Higgs bundle (€, ¢g4) on X = (S, J). The geometric structure on ¢ is first constructed with Higgs
bundle methods, but we then describe the developing map just in terms of the unique p-equivariant
alternating almost-complex curve : S — S22,

3.1. The Almost-Complex Curve 7 and Associated Maps. In this section, we define the
almost-complex curves ¥ of interest as well as a number of relevant associated maps. As an impor-
tant foundational principle, we review an important intrinsic-extrinsic equivalence that allows us to
view these curves ¥ inside the aforementioned Higgs bundles. This technique comes from [Barl0],
who applied this idea to G-Hitchin representations for rank two split real simple Lie groups, i.e.,

G € {SL3R,Sp(4,R), G, }.

We first recall some notions on flatness. Let F' -~ M be an (X, G)-fiber bundle. Such a bundle is
necessarily of the form F' =|],(U, x X)/ ~, over an atlas (U,) covering M, where on the overlaps
for each p € U, n Up, we have identified via (p,z) € Uy x X with (p, gag(p)z) € Ug x X for some
9ap(p) € G. The transition data U, nUg = G by p = gop(x) is continuous and we have the cocycle
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identity goggsy = gay- When the atlas can be chosen in such a way that the transition data g.g
is locally constant, the bundle is flat. In this case, the local horizontal foliation in each product
U, x X extends to a foliation of the total space of the bundle. Flat (X, G)-bundles can be used to
construct equivariant developing maps, as we now recall.

Fundamental Correspondence." Let X be a topological space and G - Homeo(X) a faithful
homomorphism of Lie group G. Let 2, be a flat (X, G)-bundle over a smooth manifold M with
holonomy p : 1M — G in a fixed trivialization 7. There is a homeomorphism between I'(M, Z))
and the space Equivp(M ,X) of p-equivariant maps M — X, where each space is equipped with
the C*°-topology. The correspondence o € I'(M, Z,) — f, € Equivp(M,X) is as follows. Pull back
oe(M,%,) to & e(M,n*%,), where 7 : M - M denotes the universal covering. The pullback
section 6: M - M x X is a p-equivariant map in the trivialization induced by 7. Denoting f, as
the projection of & onto X gives the desired map. If we instead allow the trivializations to vary,
we get the G-orbit (Lg o f,)geq of maps associated to o € I'(M, Z,), where Ly : X - X denotes
the G-action. The map Ly o f, is instead equivariant with respect to Cy o p, where C, : G - G
denotes g-conjugation, so there is only one representative from (Lg o f,)gec with holonomy p. The
constructions of this section on the level of representatives will later be more naturally viewed on
the level of moduli spaces in Lemma, 4.5.

We now give the relevant definitions on equivariant alternating almost-complex curves. In par-
ticular, we use a slightly non-standard definition of ‘almost-complex’ from [CT23], which is justified
after the definition.

Definition 3.1. Let S be an oriented smooth surface.

e An almost-complex curve v : S — S%4 is an immersion such that the tangent space
dv(T,S) is J-invariant and moreover v*J is compatible with the orientation on S.

o Write the pullback tangent bundle as v*TS** = T, & T, where T,|p = image(dvy). Call
v alternating when T,|, is a (0,2)-plane for all points p € S and the second fundamental
form I : T, x T, > T} of v is not identically zero and is positive-definite in the sense that
image(Il,) is a (possibly-empty) positive-definite subspace of Ty |p.

o When S = S is the universal cover of a surface S, call v equivariant when there exists
p € Hom(m1 S, Gy) such that v(7y-x) = p(y) -v(x) for allz €S and v € 8.

Remark 3.2. Ifv:S > §24 is an almost-complex curve under this definition, define j := v*Jgp 4,
and thenv:(S,j) - S?4 is an almost-complex curve in the conventional sense: dvoj = Japaodv. The
definition here is a minor convenience, since if [p] € Hit(S, GIQ), there is a unique complex structure
[X] € T(S) such that there is a p-equivariant alternating almost-complex curve v : % — S in
the conventional sense. This is proven by [CT23, Theorem B, which shows that H(S) fibers over
Teichmiiller space T(S) via the map [ (D, p) ] = [P" Jg24].

Remark 3.3. If I # 0, then Il vanishes only at isolated points and one may define a unique 2-
dimensional sub-bundle N, c Ty, called the normal line, such that N,|, = image(1l,), where I, #
0 [CT23, Proposition 3.15]. However, as we shall see shortly, 1 is pointwise non-vanishing for

the almost-complex curves we are interested in. The binormal line B, is then defined by B, :=
[(T, ® N,)* c v*TS*?].

14The following correspondence is well-known and was explained by Goldman in [Gol88] as well as in a survey of
Alessandrini on geometric structures [Ale19].
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Let p € Hit(S, G2) and we now construct the unique p-equivariant alternating almost-complex
curve ¥ : S - §?* via the fundamental correspondence. This section addresses only the existence;
uniqueness is explained later by Theorem 3.6. The construction starts with the tautological section
X —> 0O E by i(p) :=1¢€0O,. The almost-complex curve & corresponds to /i, which is seen after
some intermediary identifications [Barl0]. Observe that ¢(1) = +1 and /i, € 5}5 by the identification
(2.14). Hence, view fi as a section of the bundle Q,&F = S x,, §?4, an §*“fibered flat bundle with
fibers Q+€§ ={re EIIJR | @im(ory(x) = +1}. Thus, ji corresponds to a p-equivariant map o : S - §24,
To see ¥ is an almost-complex curve, one checks that o x 7, = /=10, which is verified on the Higgs
bundle side by computing fi xg Vi = V=1V, [i.

If v is an alternating almost-complex curve, then the binormal line is also realized by B, :=
Ty Xim(0r) Np, and is a timelike two-plane. The pullback bundle decomposes orthogonally as a direct
sum *TS?** =T, ® N, ® B,. The terminology “line” is justified as each of the real 2-planes T, N, B
is a complex line in v*T S24. Of course, we may replace ¥ with v in the case of taking tangents,
normals, and binormals. One can see that o defined above is alternating through the fundamental
correspondence applied to the tangent, normal, and binormals as follows:

e (Tangent Line) T, : S — Gr(o,2)(Im(Q")) by p + T, (p) corresponds to T;, € I'(S, Gr(o,g)(ER)),
where T}, =im(V ), where Vp: T'S — £ is given by (p, X) = Vxpu(p).

e (Normal Line) N,, : S — Gr(2,0)(Im(Q")) by p = N,(p) corresponds to N, € T'(.S, Gr(270)(€R))
by N.(p) = im(ILglp). N

e (Binormal Line) B, : S - Gr(gg)(Im(Q")) by B, = T,(p) Ximar) Nu(p) corresponds to
TH Xg NM'

We may conflate T, N, B with the sub-bundles of the pullback bundle V*TSQA, so that each of
T, N, B is itself an equivariant map (as above) and also a complex line bundle over Y. Taking the
images of the maps T},, Ny, B, defines sub-bundles of ER denoted by T, N, B. These can be found
in a local coordinate z = x + iy on X as follows:

T =spanp(V o i,V o fi)

(3.1) N —SpanR<H€(axaa$) I[g(ax’ By >
B =TxgN

In terms of the frame (2.14), T = spang(wa4,ws), N = spang(ws,ws), B = spang(we,wr); these
identities follow from Higgs bundle calculations (cf. [Eva22, Section 3|) and prove the desired
signatures of Ty, N, B, verifying that © is alternating. The name alternating comes from [Nie24],
who considered a more general kind of such harmonic maps and related them to cyclic SO(p,p+1),
and G;—Higgs bundles.

The bundle analogue Ilg of T is the 1-form Tlg € Q' (S, Hom(7,N)). However, as X + Vx/i is a
vector bundle isomorphism between T'S and T, regard Ilg as a map Ig: TS x T'S - N by

I (X,Y) := projogr): Vy VX L.
The third fundamental form of v is the map I € Q!(S,Hom(N,, B,)) given by (X )(Y) = DxY

mod (T, ® N,)), where D is the tangential connection on $?* induced by the trivial connection D on
Im(Q'). The Higgs bundle analogue of I is the bilinear map Mg : TSxN - Bvialg(X)(Y) = VxY
mod (O & T & N). The reader can find more details on I, T, and the differential geometry of
alternating almost-complex curves in $2* in [CT23, §3].
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The tuple (2,7, N,, B,), called the Frenet Frame of U, consists of pairwise orthogonal elements
and yields a block-decomposition Im(Q’) =R{v} ® T, ® N, ® B,,. The Frenet frame lifts both 7 and
the Hitchin harmonic map f, : Y- GIQ /K to the G;—symmetric space. To discuss the lift, we recall
a result from [Eva22, Lemma 3.8] on a geometric model for the space GIQ/T, where T' < K is the
maximal torus in the maximal compact subgroup K < G’Q.

Lemma 3.4. G/Q/T 18 G;-equivam’antly diffeomorphic to the space % of pairwise orthogonal tuples
(z,T,N,B) such that x € S>*,T ¢ Gr(o,2)(Im(Q")), N € Gr55)(Im(Q")), B € Gr(9)(Im(0Q")) and
moreover T, N, B are closed under cross-product with x. Thus, there is a natural G;-equivarz’ant
projection T : G;/T - §24 by (z,T,N,B) —> x.

The map %, : IR G,Q/T by p~ (2(p), Ty, Np, Bp) is a harmonic mutual lift of = 7, and f, (cf.
[Bar10, §2.3.1], [Barl5], and [Eva22, Section 3.4]).1°

Later, it will also be of interest to complexify the Frenet frame as in [CT23|. Let us split it
each of T, N, B into holomorphic and anti-holomorphic line bundles. That is, write 7€ = 7" & T",
where T7,T" are the +\/—1 eigenspaces, respectively, of the C-linear endomorphism X ~ o x X,
restricted to TC. Similarly, we obtain splittings N© = N’ @ N” and B® = B’ ® B”. We write
T =T oT" NC =N"oN", B® = B ® B" for the analogous splittings in £. In the local frame
(2.6), the lines (B, N",T",0,T',N',B") correspond in order to the lines (C{u;});%. One then
finds that 7" = T7, N" = N', and B” = B’, under the complex structure on Im(Q")® induced by
the real subspace Im(Q"). Later, we give a geometric interpretation of the space Gg /T to relate the
model in Lemma 3.4 to a model for the complex Frenet frame. See Section 4.2, particularly Lemma
4.10.

The final notion we need is the moduli space H(S) of equivariant alternating almost-complex
curves in 4. First, consider the space of pairs of equivariant alternating almost-complex curves
and their holonomies:

(3.2) A(S)={(?,p) | peHom(mS, G’2), 0: S - S§*is a p— equivariant alternating a.c. curve}.

Then H(S) = A(S)/(Diffo(S) x Gy), where the action of Diffo(S) x G, is given by (f,g) - (2, p) =
(Lgovo 1, Cy o p), where L, denotes the G,z—action on $** and Cy - G’2 - G’2 is g-conjugation.
The space H(S) inherits the quotient topology from the topology on A(S) determined by the
C*-convergence the almost-complex curves on compacta.

Remark 3.5. Let 0 : S > §2? be a p-equivariant alternating almost-complex curve. If U is 6-
equivariant for some 6 € Hom(m S, GIQ), then 6 = p. That is, the pair (0, p) € A(S) is determined by
U. Moreover, if (U, pr) = (7, p) in A(S) in the topology defined above, then py — p pointwise. This
explains why we ignore the representations in the topology.

There is a natural holonomy map on H(S). Indeed, we may define hol : H(S) - Hom(m1 S, Gy)/G,
by hol([(,p)]) = [p]. A priori, if p € Hom(m1S,Gy) is the holonomy of an equivariant alternating
almost-complex curve 7, then p might not be reductive. But, in fact, [CT23, Theorem 6.7] and
[Nic24, Theorem 4.13] show that there is a p-equivariant harmonic map f, : % — Gy/K, related to
v, which shows p is reductive by Corlette’s part of the non-abelian Hodge correspondence [Cor88].
Thus, the holonomy map actually takes values in x(71S, G’2)

We recall some useful results on the structure of the moduli space H(.S) from |[CT23|. There is
a continuous map b: H(S) — Z given by [(v, p)] ~ deg(B]), where B, is the holomorphic binormal

155ce ([CT23] Theorem 6.7) for the general case on the relation between f, and & and a complexified Frenet frame
FC. We discuss the map % in Section 4.2.
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line bundle of the Frenet frame of v (recall Section 3.1.) Then, the integer invariant 0 < b < 6g —6
stratifies the space H(S) [CT23, Theorem 5.4]. A crucial result we will use going forward is the
following:

Theorem 3.6 (|CT23|Theorem 5.11). hol : H(S)gy—6 := b~ (69 — 6) - Hit(S,Gy) is a homeomor-
phism.'6

3.2. The Developing Map. The work of this subsection implicitly defines the map sg from Figure
1. The map sg will be explicitly addressed in Section 4.4. More specifically, we define a geometric
structure for the pair G = GIQ and X = (Ein®*3,2) (recall 2 from Section 2.1) on the direct sum of
fiber bundles ¢ = UT'S @ UT'S @ R,. For the sake of notational brevity, we suppress 2 and write
just Ein?? going forward.

We recall the relevant construction of a ‘direct sum’ of fiber bundles over the same base manifold.
We remark that [Coh89, page 21] calls this construction the “Whitney sum.”

Definition 3.7. Let m; : F; - M be smooth X;-fiber bundles over a smooth manifold M with
i€ {1,2}. The direct sum bundle 7 : Fy & Fo > M s defined as follows. Let A : M — M x M be
the diagonal embedding and then define Fy & Fy := A*(Fy x Fy), where my x gy : Fy x Fo > M x M is
the projection realizing the Cartesian product Fy x Fy as an (X1 x X3)-bundle over M x M.

Denote R, := xR, as the trivial R;-bundle over S. Consider the direct sum bundle 2,:=Q_T &
Q-T ®R, over S, with fibers 2, = Q_T, x Q_T, xR, where we denote Q. E, = {z € £, | ¢(x) = +1}
for E a sub-bundle of ER. Here, 2 := 2, depends on p, unlike €. All (St x St x R, )-bundles
in this paper will be regarded as having structure group SO(2) x SO(2) x Diff*(R;). Recall that
Vi:TS - T by X » Vxjiis a vector bundle isomorphism. Hence, Vi induces an isomorphism of
circle bundles UT'S = Q_T, which then induces an isomorphism ¢ = 2 of (S! x S! x R, )-bundles
over S.

To define the desired (G;,Ein2’3)—structure on ¥, we construct a developing map dev : € -
(EinQ’?’7 2) that is equivariant with respect to a holonomy map hol : 1,% — G'2 such that hol = pom,,
where m: € — S. By our fundamental correspondence, constructing dev is equivalent to defining a
section s € I'(¢, Z°), where 2 is a flat Ein?3-bundle over ¢ with holonomy p o m,. We construct
this section now. First, define the Ein®® bundle Ein - X with fibers Ein, = { [z] c & lq(z) =0},
In other words, Ein = PQu(E®) = S x, Ein®3. We then define 2 := 7*(Ein).

Here, to simplify identifications, we use the (extrinsic) space 2, rather than the intrinsic space
%. For [p] € Hit(S,Gy), we define a section o := o, €I'(2, ), which yields the desired developing
map. The following proof uses some techniques motivated by the proof of [CTT19, Proposition
4.21].

We first summarize the idea of the proof. To show f := f, is an immersion, we use the block-
decomposition £ = 0@ TC @ NC @ B closely related to the (complex) Frenet frame of v. The fiber
derivatives are straightforward to calculate and are clearly linearly independent, but the calculations
are more complicated for f,, fz . The linear independence of (f,, fz) from the fiber derivatives boils
down to an application of the maximum principle to the Hitchin system (2.11). Note below that
q(Ig(u,v)) >0 for any u,v € T by equation (3.1) and the description of N thereafter.

L6yhile [CT23] prove directly that hol is a continuous bijection, the continuity of the inverse is not explicitly addressed
in the topology we have used here; we discuss the continuity of the inverse later in the proof of Lemma 4.24. Instead,
[CT23] equips H(S) with a topology by pullback from a moduli space of G5-Higgs bundles.
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Lemma 3.8. Denote 2 as the universal cover of 2. Then the section o € (2, 2) by
Hg(u, U)
q(Le (u,v))1/? |

defines a (p o ms)-equivariant local diffeomorphism fq : 2 - Ein®3. In other words, fo defines a
(GIQ, Ein?3)-structure on 2 with holonomy hol = po, .

(3.3) o(z,r,u,v) = | (@) + (r2+ 1) u+r

Proof. The equivariance of f, is addressed by the fundamental correspondence. The remainder of
the proof shows that f, is a local diffeomorphism. Recall that we have a natural identification
T,Ein®3 = Hom(u,u"/u). Alternatively, unnaturally choosing any @ € u, we can identify u*/u
T,Ein*3 by v+ [u] » (4~ v + [u]). Fix a local coordinate z = z + iy on ¥ and coordinates (v, 6, 1)
on 2. Thus, [ = fy is an immersion <= (f, fz, fr, fo. fa)lp is linearly independent in Tf(p)Ein2’3
<= spang(f, f:, [z, fry fo, fa) 18 6-dimensional <=

(3.4) dimg spanc (o, V.0,Vz0,V40,Vgo,V,0) = 6.

The rest of the proof works in an open set U c ¥ on which we have trivialized £. By the definition,
o comes with a distinguished lift &, given by

g (u,v)
q(]Ig(U, U))1/2 '

We split ¢ into two pieces and write o = [61 +63], where 61 = i+ (r2+1)Y2 w and 65 = r

o(x,r,u,v) = a(x) + (7”2 + 1)1/2 u+T

g (u,v)
q(Ie (u,v))'/?
for ; € T'(2,E®). Here, we write u = u(f),v = v(a) in local coordinates (a, ) for Q_T x Q_T.

Explicitly, u(0) = cos(8)wy + sin(f)ws and v(a) = cos(a)wy + sin(a)ws in terms of the local frame
(2.14) for EX. To prove (3.4) we show the stronger fact that

S:= (6-17 v'f‘&a V@@ voza-7 &27 vza-a vi(} )

is a spanning set for £. Denote the elements of S in order as (bi)i7=1- We show that S spans by
inductively proving it spans the following sub-bundles (B, 0 ® B*,0 @ B @ T, £). In particular,
we will prove the following:

(1) projse be, projze by span BC.

(2) projo b1 spans O and projgch; = 0.

(3) projy ba, projbs span T and projpgpc b2 = 0 = projpesc bs-
(4) by,bs span N.

We prove (2),(3), and (4) quickly and then spend more time on (1).

To prove (2), observe that projoy(d1) = it spans O and projgcdy = 0. For (3), we note projrbs =
projT(%((&l +09)) = projT(%ﬁl), where last equality is because %&2 (p) e N for pe 2|y. Thus,

spang( projyba, projrbs) = spang(cos(8)ws + sin(f)ws, —sin(f)wy + cos(O)ws) =T.

Since by, by are local sections of 7 @& N, their projections on © & BC are trivial.

We now prove (4). We need to show G2 and projar(Va0) = projar(Vao2) = Vada = Voo span N.
Note that
1 0

) Ie(u,v) + ———— —e(u,v())

0. 0 1
q(Ilg (u, v))1/? Da

3.5 wB2= = S —
(8:3) Va02=5002= 50\ (s (a, 0)) P

da > da
(3.6) _ %]Ig(u, v(@)) mod (d2) = Tg (u %U(a) ) — Tg (u, —sin(a)wy + cos(a)ws).
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If we take any uy, vy, wp € T, with u, # 0 and v, # wp, then the elements Ig (up, v,), Le(up, wy) span
N,. Tt follows that 69, V402 are linearly independent and hence span N.

Finally, we prove point (1). We apologize to the reader as for the remainder of the proof r is not
a radial parameter, but a component of the hermitian metric & from (2.10). A computation shows
that 0 = projgc(Vx61) for X € TEC. Indeed, projgecVya =0 for a e I'(S, T ® ©). Hence,

projge (Vx&) = projge (V x62) = g (X, &2).

Since d5 is a local section of N, it suffices to prove the more general fact that if w e T'(U,N) is a
nonzero local section, then then I]Ig(%, w), ]]Ig(%, w) span BC. Here, we use a block decomposition
of W, splitting NC = N7 @ N and B® = B’ ® B”, the analogues of the splitting of the complex

Frenet frame. Then TS : (N @N"') — (B'®B") takes the form Mg = (\;% \/53)7 where each entry

r2s

is a global tensor. For example /3 € QY9(Z, Hom(N’,B")) = H(Z,0) since N’ 2 K2, B" = 3.
Next, one finds det I[[gw = (% - 3s). Hence, ]]Igw|p is a linear isomorphism if %(p) + 3. By
Proposition A.1, we have the global inequality \q\ge‘zwl‘w? = % < 3, completing the proof. ]

We now introduce a definition before making some remarks on the Lemma 3.8. Let f: S — S%4 be
an alternating almost-complex curve and TS, NS, B¢S the tangent, normal, and binormal lines.
We call a the second fundamental form Il : T4S x TyS — NS, to be non-degenerate when for any
non-vanishing local section w = wy € I'(U,T¢S), the map TS|y — N¢S|y by X = I(w, X) a linear
isomorphism. Analogously, we say I : TS x NtS — BfS is non-degenerate when N;S|y — B¢S|u
by X ~ I(w, X) is a linear isomorphism for all such w. We may also speak of non-degeneracy of
I, I, at a single point p in a similar fashion.

Remark 3.9. Note that that if U is an almost-complex curve in SQA, then 1L, s non-degenerate <=
I, # 0 by the J-invariance property Jo» JJ(X,Y) = W(Js(X),Y). Hence, the definition of o requires
the non-degeneracy of the second fundamental form Il of 0. The proof that f was an immersion in
Lemma 3.8 also showed that 1L is non-degenerate for i that is p-equivariant and [p] € Hit(S, Gy).

Remark 3.10. In fact, (0,p) € A(S) has [p] € Hit(S,G,) <= 1 is non-degenerate [CT23]. This

holds because under the splittings T = T'®T" ,N = N'@N", the complez bilinear extension I® decom-
n o

poses as 1IC = (0 f)’ s0 IIC is determined by I'. On the other hand, ' € QY0(3, Hom(T",N")) =

H°(K? ® N') is non-vanishing exactly when the holomorphic normal line N' satisfies N' = K72,

which occurs if and only if [p] € Hit(S,Gy) by (JCT23, Theorem 5.11] and diagram (24) on page

23).

We make some more identifications. There is a natural m;S-equivariant vector bundle iso-
morphism 7*7 = T, =: T. This identification is just a flip from viewing tangent vectors ex-
trinsically in the Higgs bundle to intrinsically in the pullback bundle of the geometric tangent
space of v. Then the identification 77 = T induces a 71.S-equivariant circle bundle isomorphism
Q_-T =Q_T, where Q_T := m*Q_T. Define 2 := 1*2. We are then led to a natural identifications
22Q.ToQ-ToR, 2UTSeUTS &R, of (S! xS! xR, )-bundles.

Remark 3.11. The developing map f, from Lemma 3.8 can be described without reference to the
Higgs bundle. First, note that f,: 2 — Ein®? descends to a map fo: 2 Ein®3, since the holonomy
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of X is trivial along the fibers. Then f,:Q_-T ®Q_T OR, > Ein®3 takes the following form.:

I(u,v)
q(I(u,v))1/2 |
Using the w1 S-equivariant vector bundle isomorphism db : TS > T, the developing map takes the

following form zf we explicitly emphasize the dependence on the almost-complex curve . We denote
dev:UTS @ UTS ® R, - Ein®3 as this map, given by

dv(u) o I(do(u),dv(v)) ]
la(do(u)[Y? " q(I(do(u),di(v)))H? |

(3.7) fo(piu,v,7) = [ﬁ(p) + (P2 )2y 4

(3.8) dev(p,u,v,r) = [;}(p) L (22

Remark 3.12. The (G,, (Ein®?, 2))-structure on € defines a (2,3,5)-distribution D on€ = UTS®
UTS®R,, which is transverse to the fibration. It seems difficult to give a clean algebraic description
of this distribution.

3.3. Other Perspectives on dev. In this section, we discuss two different perspectives on the
developing map dev of the previous section. First, we factor dev as a composition of maps, which
provides a simplified perspective on the image of dev. This perspective is used in Section 5 to
examine the developing map in the Fuchsian case. We then tweak the construction of dev, using
that the radial parameter r can be imagined in the fiber or in the base. The second construction
leads to a different geometric interpretation of dev — as an interpolation between two simpler maps.

First, we need some more notation. Associated to U, we have the second extended osculating
subspace map U : S — Gr(3.2)lm(Q’) by p = £, ® T, ® N, where (£, T, N, B) is the Frenet frame
of o with ¥ replaced by .2 = R{r}. Since Im(Q') = £, @ T, ® N, & B, is an orthogonal block
decomposition, we have orthogonal projection maps Iy, Iy, (depending on p), mapping from
Im(Q') to each (respective) subspace in the decomposition.

The Grassmannian Gr(z2)Im(0Q’) carries a tautological R*?-sub-bundle % — Gr(32)Im(0Q’) of
the trivial bundle Gr(z o)Im(Q’) x Im(Q") with fiber %|p = P. The map U defines an R*?*-bundle
U*% over S by pullback. With the map U, we define the Ein>! bundle Q := PQo(U*% ) with fiber
9|, =PQoU(p) as well as an (S! x S' x R, )-subbundle Q¢ of Q as follows:

(3.9) (Qe0)lp ={LeQlp|llg, (L) 0, Iz, (L) # 0, Iy, (L) # 0}

A simple argument later in Section 4.1 shows the fibers satisfy (Q.0)p = S' xSt xR,.

Now, the map dev factors through the innocuous fiber-forgetting map ¢ : Q.o — Ein®3 by
Y(p,L) = L. Denote € = UTS @ UTS & R,. The map dev factors as dev = v o ¢, where
¢ : 6 — Q.o is a fiber-preserving diffeomorphism, which lifts the identity map idg. The map ¢
is just ¢(p,u,v,r) = (p,dev(p,u,v,r)). Then ¢ is globally injective as it ‘remembers’ the basepoint
on S, so all questions of injectivity lie with .

It is essential that dev factors through Q.g, rather than Q. Indeed, the map ¢ : Q.9 — Ein?3
extends continuously to a map ¢ : Q@ — Ein®>3 by the same equation, but 1 is not an immersion.
We explain why this is the case with an argument similar to the proof of Lemma 3.8. At any point
X, = [0(p) +tp] with t, € Q_(T},), we claim the differential di)|x, does not have full rank. Recall that
Ein?? = (S2xS%)/ ~, where (2,y) ~ (-z,-y). Denote D c R? as the unit disk and introduce local co-
ordinates DxU for U c (0, 2m) on the fibers of Q as follows: for (a,b) €D, § € U, define X,(a,b,0) € Q
as Xp, = [V1-a? - b20(p)+ani +bna+t,(0)], where ny,ng is a local orthonormal frame for N. Using
local coordinates z,y € S, one finds spanR(dE(a%), da(a%), d@(%), d@(%), d@(%), Y) c Uy In
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particular, these 6 elements are trapped in the 5-plane U, and hence are not linearly independent.
As in the proof of Lemma 3.8, this means ¢ is not an immersion at X, if IIx,(X,) = 0. On the
other hand, similar calculations show 1 is an immersion at points X, € @ where I1¢, (X)) = 0. As
a consequence, Q.o does not contain all the immersed points of ¥. We revisit this point shortly.

We now discuss a continuous extension @f the developing map dev to a compactly fibered space
over S , then we relate dev to ). The map dev will give us a perspective of dev as an interpolation.
Going forward, we keep all the notation the same from Lemma 3.8. The first (small) step is to
reconceive of the bundle 2 — S instead as a bundle C — B over the base B := S x R,. Then the

fiber C(,,,) at a point (p,7) € B is given by
Coory = Quirrz(To) x Qr(Tp) = { (u,v) € Tp x Ty [ g(u) = =1 =72, g(v) = —r?}.

Recall the bundle 2" — 2. Since 2 2p;g C via the map (p, (u,v,7)) = ((p,7), (V1 +7r2u,rv)), we
can regard 2~ as a bundle over C as well. Now, the section ¢ € I'(2, 2") from (3.3) is instead a
map (by notational abuse) ¢ :C - 2Z". Then o € I'(C, Z") now takes the form:

]IS (u? U)
q(Le (u,v))
While r does not appear in the formula explicitly, it is still playing the role of determining ¢(u) and

(3.10) o((pr), (u,0)) = | i(p) +u+|g(v)]'/?

q(v). Allowing degeneration of the radial parameter r to 0 and oo, there is an evident continuous
extension of this developing section to a space C fibered over B = S x [0, co] with fibers at the new
endpoints as follows: E(p,o) =Q-T, and E(W,o) = Q-T, x Q-Tp. Note, in particular, that the torus
fibers of E(p,,n) degenerate to a circle fiber at 7 = 0, so C is not a fiber bundle over B, but is compact.
Going forward, we sloppily write 2~ to denote 7* Ein for 7 : F,, - S x {r} the appropriate bundle
over Sx {r}. The map o can be viewed now as a family of sections oy € I'(Cgx(yy, 27) for r € [0, 0],
which interpolate between the sections og e I'( Q-T, 2" ) and 04 e ['(Q-T ® Q-T, Z") given by

(3.11) oo(p,u) = [(p) +u]
~ g (u,v)
(3.12) Ooo(pyu,v) = [u + m] :

We emphasize that equation (3.11) is exactly the [CTT19] developing map construction, now seen
as a developing section in a new geometrlcal context. Let us make some observations about the
equivariant maps fo : Q-7 — Ein?>? and fu : Q-T ® Q_T — Ein*? associated to oy and o,
respectively. Both fy and fs are immersions by the proof of Lemma 3.8. We now use the notation
from before Remark 3.11. Also, fo and foo are equivariant with respect to the holonomy pom, and
hence the maps descend to UTS 2 Q_T and UT'S @ UTS = Q_T & Q_T, respectively.

Similar to the conformally flat Lorentz structures of [CTT19], the map fo:UTS - Ein%? develops
each fiber isomorphically into a timelike circle of Ein?3, i.e., a copy of Ein®! < Ein?3. Indeed, if we
fix p € S, then f : UTS — Ein®? maps bijectively onto PQo(%, ® T)) = Ein(R?) = Ein®!. The
map ﬁ>o has special fibering as well. To see this, we first observe that if P = R>% R = R%2 then
any z € PQo(P ® R) can be written almost uniquely as @ = [u + v] with u € Q+(P),v € Q-(R), up
to & = [~u—v]. Hence, fo : UT'S ® UTS - Ein*? develops the fiber at p € S in 2-1 fashion onto
PQo(T, ® N,) = Ein™'.



24 PARKER EVANS

Recall that Q, unlike Q.¢, contains lines [ € PQy(U) with vanishing projections onto either .#
or N. In this way, the bundle @ decomposes into three disjoint sub-bundles Q = Lo u L U Ly,
where Lo|, = PQo(Z, ® Tp), Lp = Qzolps Loolp = PQo(Tp ® N,). Moreover, we saw that 1 is not an
immersion at p if and only if p € Ly. Thus, while we could extend our geometric structure smoothly
from L to L U Lo, we prefer to keep the parametrization of dev as in (3.8) so that the developing
map remains injective on fibers.

4. FROM GEOMETRIC STRUCTURES TO REPRESENTATIONS

In this section, we prove the main result in Theorem 4.26. First, in Section 4.1 we discuss some
Im(Q’) geometry necessary for the technical definition of the geometric structures in .#. The es-
sential new notion is that of an (S' x S! x R, )-family in Ein®3, which is a particular geometric
locus that realized by the developed image of a fiber of the bundle € - S by dev = dev(#) con-
structed in the previous section. In fact, the (S! x St x R, )-family .%, = dev(%,,) associated to p € S
nearly carries the data of the Frenet frame. Indeed, ., is in 1-1 correspondence with the tuple
(R{#(p)},Tp, Np, Bp). In Section 4.3, we define the desired geometric structures, imposing multiple
additional conditions on the developing map. We then define the moduli space .# of such geomet-
ric structures, up to isomorphism, in Section 4.4. One such condition on the developing map, the
cyclic-fibering condition, which mimics the previously described fibering of dev, allows us to define
a map H : . # — H(S), so that our geometric structures have associated almost-complex curves.
The developing map f, from Lemma 3.8 satisfies all of the conditions we impose and descends to
define a map s : Hit(.S, G’2) — . We prove s is continuous in Section 4.5. Now, the holonomy of a
geometric structure G € .# factors through 7.5 to hol : 719 — G'2 by definition. In Section 4.6, we
show the ‘descended holonomy map’ a : .# — Hit(S,Gy) by [ (dev, hol) ] = [hol] is inverse to s. We
use crucially that both « and s factor through H(.S)gg-6-

4.1. Gr(z2yIm(0") and (S! xS! xR, )-Families in Ein?3. The following lemma describes the struc-
ture of (3,2)-planes in Im(Q’). In particular, they come with a distinguished line. One should
imagine U € Gr(3’2)(|m(©’ )) as the second extended osculating subspace U = @& T & N of ¥ and
¢ e PU as the (projective) almost-complex curve v.

Lemma 4.1. G, acts transitively on Gr(z,2y(Im(Q")). Moreover, given U € Grs4)(Im(Q")), there
exists a unique line £ € PU such that £ x U c U. In fact, { e PQ.(U) c S,

Proof. There is a natural Gy-equivariant diffeomorphism F : Gr3,2)(Im(Q")) = Gr(g2)(Im(0")) by
U ~ U*. Now, one can show G'2 acts transitively on Gr(2y(Im(Q")) using a superficial alteration
to the standard Stiefel model V{, . _y from Proposition 2.1. Define the Stiefel manifold

Vie -4 = {(u,v,w) € (Im(0))? | q(u) = q(v) = -1=—q(w), u-v=u-w=v-w= (uxv) -w=0}.

The G;—equivariant map f:Vi__ .y = Vi) by (u,v,w) = (uxv,w,u) is a bijection, thus defining
an isomorphism of G/Q—spaces. Here, one needs only the fact that wx (uxv) = —ux(wxwv), so that ((ux
v) xw)-u =0 and the map is well-defined, with inverse f!: Vie ooy = Vie -+ given by (z,y,2) =
(2,2 x x,y). Alternatively, by equivariance, f is uniquely constrained by f(l,li,7) = (i,7,1). By
Proposition 2.1, G’2 acts simply transitively on V(__ ). As a corollary, G,2 acts transitively on
Gr(p,2)(Im(Q")) and Gr3 9)(Im(0")).

By the transitivity, it suffices to prove the uniqueness statement for Uy = spang(i,j, k,1,1i).
Clearly, ¢y = [i] € P(Up) satisfies £o x Uy c Uy. Using the relations amongst ¢y = (i), T = spang(l, i),
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Ny = spang(j, k), By = spang(lj,lk), we show the uniqueness of ¢y. For the contrapositive, suppose
x € P(Uy) satisfies x x Uy € Up and = # ly. Write x = [Z] for & = xp + xp + xn with zy € by, zp €
Ty, xn € Ny. Since £y # x, then x7 # 0 or xy # 0. Using Lo x Ty = Ty, Lo x Ng = Ny, Ty x Nog = By,
in either case of zp # 0 or x # 0, there exists w € Uy, with w € Ny or w € Tp, respectively,
such that projp, (Z x w) # 0. Thus, # x Uy ¢ Up. This proves the uniqueness of £y and also that
o € PQ., (Vo). U

The following corollary needs no assumption on the holonomy of the almost-complex curve.

Corollary 4.2. Ifv: S - §%4 s an injective p-equivariant alternating almost-complex curve, then
the second extended osculating subspace map U : S — Gr(372)|m(@') 1S injective.

Proof. Suppose that U := U(x) = U(y). The small remark here is that the Frenet frame relations

stated in Lemma 3.4 hold at p € S even if I, = 0. Thus, R{Z(p)} x U, c U,, which then means

V(x)xU cU and 0(y) x U c U. Then Lemma 4.1 says (x) = 0(y), so that x = y. O
We will also need the double cover 52’3 *pig SZx S of Ein?3. Be advised that the identification

Ein-” 2% x S? is not Gy-equivariant.

Definition 4.3. Define space Ein>° of null rays in Im(Q") by Ein” = (Qo(Im(0Q"))-{0})/R,. That

is, u,v € Qo(Im(Q")) satisfy u ~ v when there exists X € R, such that v = Au.

In the following definition, we use again the model splitting Im(Q") = ¢y & Ty & Ny & By and
Uy =ty ®Ty® Ny from the proof of Lemma 4.1.

Definition 4.4. Consider the model subset .7 c 5712’3 given by
(4.1) Fo={[i+ 2+ D)2 up+ruy] € En" |1 e (0,00), up € Q_(Tp), un € Qs+ (No)}.

923 —
Let m: Ein~" - Ein?3 denote the quotient map and we define 7y = (5. We call a subset . an

(S* x St x I&)-family in Ein?3 (resp. Ei?12’3) when % = p(S) or S = p(HA), respectively, for
some @ € Gy.

Shortly, we offer an equivalent definition of an (S! x S! x R, )-family. Here, we observe that
the linear span of the points in % gives Uy back: span,.y = = Up. By the G,-transitivity on
(S' xS xR, )-families in Ein®3 and Lemma 4.1, an (S! xS' xR, )-family . comes with the following
associated data:

(i) A subset U =U(Y) :=span,s = € Gr(z o) (Im(0Q")),

(ii) A unique line ¢ € PQ,U such that { xU c U.
The model subset .% from (4.1) is also realized as the following open subset of PQq(Up) = Ein®?,
for Uy = (fg o1y NU):
(4.2) S0 ={xePQuy(Uy) | x =[m¢+ ¢ + 0], Tp, 4,0 £ 0, xp € by, x4 €Ty, Ty € No}.

Of course, if £ € PQo(Up), then Iz, (¢) # 0 automatically.

By the description of .%y in (4.2), if we begin with a triplet of pairwise orthogonal subspaces
(L,T,N) with L € Gr(LO)Im(@'), T e Gr((),g)lm(@’), N ¢ Gr(270)|m(®') such that L xT = T, LxN =
N, then we can construct an (S! x S' x R, )-family .# in Ein%3 by

(4.3) S :=S(L,T,N)={xePQo(U) | x=[xp+z+xy], vo,x4,2n#0, zpe L, v, €T, xn €N}

Indeed, choose x € L,y €T,z € N of appropriate norm +1 and by Proposition 2.1 there is a transfor-
mation ¢ € G, such that ¢(i) = z,0(1) = y,0(j) = 2, forcing ¢(.%) = .7 (L, T,N). Conversely, by
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equation (4.2), every (S! x S! x R, )-family obtains this form. Thus, (4.3) is an equivalent definition
of a (S'xS! xR, )-family. Crucially, we can also uniquely recover the triplet (L, T, N') from .# alone
by decomposing U(.%) into subspaces so that the projections from U onto these subspaces never
vanish.

Lemma 4.5. Let . be an (S* x S' x R, )-family in Ein®3 and let U € Gr(32)Im(Q") and £ e PQ.U
be the associated subspaces from (i), (ii) after Definition 4.4. Then there exists a unique orthogonal
splitting U =L@ T & N with N € Gr(50)Im(0Q"), T € Grg9)Im(Q"), £ xT =T, £ x N = N, such that
the projection maps lly: . = £, llp: . =T, Iy : & = N are all non-vanishing. In other words,
S =S, T,N) uniquely.

Proof. By the tautological transitivity of G’2 on (S! x St x R, )-families in Ein%3, it suffices to prove
the claim for the model .. Equation (4.2) proves existence of such a decomposition, showing . =
S (Lo, Ty, Ny). Now, to prove uniqueness, suppose for contradiction there were another splitting
Up=Ly@®T &N’ such that S = (by, T',N").

Note that the pair (N',T') is determined by a single nonzero element v € N'. Indeed, the
subspaces are realized as N’ = spang(v,i xv) and T' = [ (N")* c (Tp @ Ny) ]. Thus, if N" = Ny, then
T' =Ty. We may then suppose N’ # Ny. Hence, there exists v € Q,(N') of the form v = cyvr + cauy
with vy € Q_(T),vn € Q+(N), c3—c? =1, and ¢1 # 0. Note that v* :=ixv =c1(i xvr) + ca(i x V).
One then finds 7" = spang(u,u'), where u = covp + cyoy and ut = ca(i x vp) + ¢1(i x vy). Since

(t2+1)1/2 _
—t =

|§—f| > 1, choose t # 0 to solve i—f Take any x; £ 0 € £y, then define

pi=[zo+ (2 + DYu+t(-v)].

Since ¢(p) =0, we have p € % (o, T', N"). On the other hand, one can rewrite p = [xy+x¢] for z; € T,
so that p ¢ .7 (4o, Ty, Np), a contradiction. We conclude that .7 = . (4y, Ty, No) uniquely. O

Thus, even though there are many splittings of U € GrezyIm(Q') into U = £ @ T ® N with
(xT =T,¢x N =N, if we fix the additional data of ./ with U(.¥") = U and demand further that
the projections from each line p € . don’t vanish on the component subspaces £,7, N, then there
is a unique such splitting U =/ & T & N.

As a corollary to Lemma 4.5, an (S! x S* x R, )-family in Ein”° has a similar associated splitting,
but with slightly finer data. Below, we may naturally identify $>* = Q,Im(Q’) = Q,Im(0Q’)/R, by
v [v].

Corollary 4.6. Let .7 be an (S' xS' xR, )-family in Ein”’. ThenletU = (@T®N be the associated
splitting of 77(57\) Then there is a unique element & € Q. (¢) such that every point L € ?um’quely
obtains the form L = [& + (1 + 1)1/275 +rn] for someteQ-T,neQ.N, reR,. Thus, associated to
Fis the tuple (2, T, N).

Proof. The projection maps I, 7, Iy each lift to Q. (Im(Q")),Q-(Im(Q")), Q+(Im(Q")), respec-
tively. In particular, we have a lift II, : .¥ - Q,(¢) by Lemma 4.1 and Lemma 4.5. But
Q. (¢) = {2, -1} for some & € S**. Since II; is continuous, it must be constant. O

4.2. Cyclic Surfaces and G(QC /T'. Before defining the geometric structures of interest, we give one
more essential definition, that of a cyclic surface, which will serve as an intermediary between the
developing map dev and its associated almost-complex curves v. We then give a geometric model
for GS/T and interpret the complex Frenet frame of [C'T23] in this model.

To give the definition of cyclic surfaces from [CT23], we need an aside on Lie theory. Going
forward, we fix the basis (2.6) for Im(Q")®, which determines a representation g5 < gl,C. We then
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fix the compact real form € of g5 associated to the involution p := (A —ZT) and the split real
form g}, associated to the involution 7(A4) = QAQ with

1

One finds 7 = gp = po, so that p and 7 define compatible compact and split real forms, respectively.

Let b < g(g be the maximal torus of diagonal transformations in the basis (2.6). Then t :=
Fix(7) n Fix(p) n b is a maximal torus in the maximal compact subalgebra ¢ n g} of g5. In terms
of the Cartan subalgebra h = t & it of gg, we have the root space decomposition gg =h & By 9o,
where A is the set of roots of h and g, the a-root space. Fix a set of primitive roots IT = {a, 8} c A,
with § the short root, to discuss II-height of roots. Then any root d € A is of the form § = aa + b3
for a,b € Z of the same sign and height;(0) := a +b.

The Lie algebra g5 admits a Zg-grading, which will descend to gS/t. For [j] € Z/67Z, define
9j = Oheight(a)=—jmod6 Ja and go = h. The highest root v =2+ 35 in A has height 5.

We then get a decomposition

(4.4) g<2c = @ Ok-
kEZG

Since go = b, the decomposition (4.4) descends to the decomposition

(4.5) gs/tzite P g
k+0€Zg

Denote t* := it ® @p.ocz, 91 Consider the space Y := G5 /T, where T'= U(1) x U(1) is the maximal
torus in G5 corresponding to t. Then T.rY = t*. Let mu : g5 — t* denote orthogonal projection
and w : TGS - g5 the Maurer-Cartan form. Define the 1-form wy = mp o w € Q(GS, t4). Now,
the natural projection 7 : G(g — Y realizes Gg as a principal T-bundle over Y. The form wu allows
us to identify TY = [t'], where [t'] := GS xaq t* is the associated vector bundle over Y to the
T-bundle Gg via the adjoint representation Ad : 7'+~ GL(t'). That is, the map G‘2C xtt - TY by
(9,X) = dmodLy(X) descends to the isomorphism [t"] = TY. Since T preserves the root spaces
0o as well as the subspaces g, there are well-defined sub-bundles [g,] and [gr] of [t'] given by
[ga] := G(2C XaAd 0o and [gx] := G(g xaq gr- Correspondingly, for roots o € A, we have a 1-forms
wy : TY — [gs] as well as 1-forms wy : TY — [gi]. Since the adjoint action of T" on t* and o, p, T
commute, each involution descends to the bundle [t*].

Now, consider the distribution D on TY defined by Fix(7) n[g1 @ g-1]. Define the map J on
g1®g_1 by J(z,y) = (vV-1z,—/~1y). Then J clearly commutes with Ad(T), o, and p, so that .J
commutes with 7. Hence, J descends to D and induces an almost-complex structure J : D — D.
Now, following [CT23, Definition 6.4], we define cyclic surfaces. Here, we let S be any smooth
oriented surface. Note in particular that g1 =g ®g_5 ® g,.

Definition 4.7. Let f : S - Y be an orientation-preserving smooth map tangent to the distribution D
and moreover have tangent space df,(T,S) that is J -invariant. If we also have f*w, not identically
zero for o € {-a,—B} and f*w_g non-vanishing, then we call f a (CT) cyclic surface.
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The link between (equivariant) cyclic surfaces and (equivariant) alternating almost-complex
curves is the following powerful theorem; the original theorem covers also the non-equivariant case,
but we state only the relevant portion.

Theorem 4.8 (|[CT23] Theorem A). Let [p] € x(m1S,G,). The Frenet frame furnishes a bijection
between isomorphism classes of [p[-equivariant alternating almost-complex curves v : S — S%4 and
isomorphism classes of [p]-equivariant (CT) cyclic surfaces f:S — GS/T.

Remark 4.9. We remark that the non-vanishing of f*ws for a cyclic surface f corresponds to
the non-vanishing of the holomorphic second fundamental form T’ € QY(S,Hom(T’,N")) of the
associated almost-complex curve, which in turn corresponds to the non-vanishing of I, as noted before

in Remark 3.10.7 On the other hand, [*wg non-vanishing corresponds to U being an immersion.
See [CT23, Section 6.1].

So far in this subsection, we have only recalled definitions of [CT23]. We now try to geometrically
reinterpret the complex Frenet frame. To this end, we give a (somewhat) clunky geometric model
for the space GS/T. First, a small definition: suppose Im(Q")* = ®;% L; for lines L; such that
Lix Lj € Liyj. Just as [Eva22, Proposition 8.23], one can show ¢®|r, non-degenerate is forced from
this condition. Fix any xg € Lo with g(z¢) = +1 and we call such a decomposition normalized when
L,icE \/_—1(Cx0), where E denotes eigenspace. We use this technical condition in a necessary way
in the following proof.

Lemma 4.10. Consider the space T of pairs ((L;);2, o) such that o : Im(Q)C - Im(Q") is the
conjugation of a real subspace, the sesquilinear form h(z,w) = ¢*(z,0(w)) is non-degenerate, and
Im((D)')(C = 69;33 L; is an h-orthogonal line decomposition satisfying:
(i) L; x L]‘ c Li+j
(it) o(x xy) = o(x) x o(y)
(111) o(L;) = L_;
(iv) Q(C|Fix(a) :Fix(o) = R is of signature (3,4)
(v) (L;) is normalized.
Then T is Gg—equivam’antly diffeomorphic to G(g/T.

Proof. Consider the basis (u;);2 from (2.6). Then associated to it, we have the basepoint Py € 7
given by Py = ((L9);3,00), with LY = C{u;} and o : Im(Q")® — Im(0’)® the complex conjugation
induced from the real subspace Im(Q") = Im(Q")C (cf. [Eva22, Proposition 2.6].) The stabilizer of
all the lines (L?)7% is the subgroup TC < GS of diagonal transformations in the basis (u;). Clearly,
Stab(op) = G,. Thus, Stab(Py) = TC n G,. Now, ¢ € GS preserves og if and only if ¢ preserves
ho = ¢©(-,00-). On the other hand, 1 € T preserves hg = ;% sgn(i)zZ; if and only if ¢ preserves
the hermitian form 2275’3 z;z;. Defining K := Gg N U(7), we then have Stab(F) = TN K. We
conclude that Stab(Py) = T n K nG,. One can show TCn K nG, = U(1) x U(1), so that Stab(Py)
is a maximal torus 7" in the maximal compact subgroup K = K n GIQ of GIQ. To finish the proof, we
show G§ acts transitively on .7 after a number of small observations.

Take any zq # 0 € Lo such that o(zo) = 29. Then ¢®(z() # 0 by the normalization (iv), but in fact,
this follows directly from (i). If u € Im(Q’) has C, : Im(Q")® - Im(Q’)® diagonalizable, then q(u) # 0.
One proves this by contrapositive with the double cross-product identity (2.3), which implies that
this implies that C, is nilpotent if ¢(u) = 0. On the other hand, dim Ann(u) = 3 for u isotropic by

1TWe apologize to the reader for the notational clash with [CT23]. In their paper, the holomorphic data (a,f,d)
that determines a cyclic surface has o and 8 with roles reversed from our notation here.
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Proposition 2.3, so that C, is not diagonalizable. Since Fix(c) is closed under x and q|i(,) is of
signature (3,4), this means (Fix(c),x) = (Im(Q’), xjm(0r)). Using (Cz, © C:co)|x3 = —q(z0)id,, we
conclude Cy,(L;) = L; for ¢ # 0.

We claim that Le x Ly = Lg must occur. Suppose otherwise, so that Lo x Ly = {0}. Hence,
Li® Ly ® L3 € Ann(Lg) by (i). Using 3-form 2, we see Q(L1, L2, L-3) = (L1 Xjm(ar)c L2) - L3 = 0.
Observe that 0 = Q(Lg, L_3,L1), so (Lo x L_3)1Lq, which combined with Ly x L_3 c L_1, is only
possible if Ly x L_3 = 0 by (iii) and the non-degeneracy of h. Hence, L_3 c Ann(Ls), implying
dimc Ann(Lg) >4, a contradiction to Proposition 2.3. By (ii), (iii), we conclude L_3 x L_; = L_3 as
well.

Let us show ¢®(xg) > 0. Fix any i € {1,2,3} and take any y; € L;. Next, write y; = y© +/~1y;,
with yF € Fix(c). Then one finds ¢“(y;) = ¢“(y;) since ¢“(y:) = h(yi,o(y:)) = 0 and qlpix(o) is
real-valued. In particular, Fix(c)|r,ez_, has signature (2,0) or (0,2). Now, if ¢*(z0) < 0, then we
would have qC|,:iX(U)m Lt of signature (3,3), but this is impossible by the previous observation.

Next, define (suggestively) T := Fix(0)r,er_,, N := Fix(0) 1,01 4, B = Fix(¢)rser_5. Then one
finds T x N = B. Recall that ¢®|renep is of signature (2,4). Since T, N are orthogonal, by the
multiplicativity of ¢, the only possibility is that the signatures alternate: sig7 = (0,2), sigN =
(2,0), sigB = (0,2). Similarly, set VY = Ly, V! = E /=(Ca); V2= E_ =(Cs) and one finds the
Zsz-cross-product grading V* XIm(0/)C VI c VI indices mod 3, very similar to [Eva22, Lemma 8.2].
Also, V', V2 are isotropic and ¢© defines a non-degenerate pairing of V; x Vo - C. Condition (iii)
and the orthogonality of i then force V=L oL sadLsand V2=L,® Ly L_s.

Finally, we prove the transitivity. Take any point P := ((L;),0) € 7. Define T, N, B as above but
now with respect to P. Choose x; € T such that ¢*(z1) = -1 and x5 € N such that ¢®(22) = 1. By
condition (v), z41 = %(mlﬂ:\/—_lxo xx1) are generators for L,i. Similarly, z.9 := %(xgﬂ:\/—_lxg Xx9)
are generators for L.o. Finally, we set x3:= x1 x 9. Then z,3 = %(xg +v/—1zg % x3) and x43 span
L.3. By Proposition 2.1, there is a unique ¢ € GS such that (i) = g, ©(j) = 22, ¢(I) = z1. Then ¢
maps LY to L;. Moreover, ¢ maps the hg-orthonormal basis (u;);% from (2.6) to the h-orthonormal
basis (zi);fg, so that ¢ maps hg to h and hence og to o. g

Corollary 4.11. There is a natural projection Te, 4 GS/T — §** by ((L)i3, 0) = w0, where
20 € Q+(Fixo|r,) is the unique element satisfying Ly ¢ E /=(Cy,).

Remark 4.12. We now see the inverse operation of taking the complex Frenet frame. Let v : S —
S%* be an alternating almost-complex curve and FC : S — G(QC/T its complex Frenet frame. Then
Y= zC
UV =Tgoq 0 F.

Remark 4.13. Recalling Lemma 3.4, we find the standard inclusion ¢ : GIZ/T > Gg/T s given
geometrically in the model spaces by (z,T,N,B) ~ ((B',N",T",C{x},T',N',B"), 0¢), where og
is the standard conjugation fizing Im(Q’) - Im(Q") @g C and T',N', B’ and T"",N",B" are the
+\/—1-eigenspaces of Cy, respectively, in TC, NC, B€. In fact, one finds

W(Go/T) = { ((Li)i%,0) € T | o = 0o}

4.3. Definition of the Geometric Structures. In this section, we define the ‘decorated’ geo-
metric structures of interest on %, using the notions defined in the previous two subsections. In
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particular, our (G’2, Ein2’3)—geometric structures come with extra cyclic-fibered, compatible, and ra-
dial (CCR) conditions. These three conditions will allow us to define a moduli space .Z of geometric
structures on which we can invert the construction of Section 3.2, and recover the almost-complex
curve  from the geometric structure dev(#) in Lemma 3.8.

One may view the following definition as a similar version to the fibered and mazimal conditions
[CTT19, Definitions 4.19 and 4.20], respectively.

Definition 4.14. Let dev : € — Ein®>® be an equivariant immersion and hol : m% — GIQ the
associated holonomy. We say dev is cyclic-fibered when:

(1) (fibered) The holonomy factors as hol = p o w,, where p : 7 S — G’2 and m: € — S is the
bundle projection and the map dev lifts hol-equivariantly to dev: ¢ — EiT12’3 such that for
peS, the map dev surjectively maps the fiber % onto an (S' x St xR,)-family 57; mn EEQ’S
with associated splitting %y = (Zp, Ty, Np, Bp) (Recall Corollary 4.6).

(2) (cyclic) The map FC: S — GS T by FC = 10.% is a (CT) cyclic surface, where 7 : S — Gyo|T
is given by p > (&p, Ty, Ny, Bp) and 1 Go/T = GS/T.

Suppose (dev, hol) defines a cyclic-fibered (Gy, Ein?®)-structure on 4. We denote hol := p and
dev : € — Ein®? as the descended developing map to the 71 S-cover € = UTS @ UTS O®R, of €. Tt
follows that dev maps the fiber ?p bijectively onto .7}, = TI‘(Z). Also, note that the lift dev in the
above definition is unique, as —dev has associated splitting (-2, Ty, Np, Bp). Thus, the associated
map —ZC is not a (CT) cyclic surface due to the orientation condition.

In the case we have a cyclic-fibered structure (dev,hol) on %, the equivariance of dev implies
that the map .# is hol-equivariant. Moreover, there are a number of associated maps to .#. By
Theorem 4.8 and Remark 4.12, the hol-equivariant cyclic surface .#€ projects to a hol-equivariant
alternating almost-complex curve o : S — SZA, where 0(p) = &, in our notation. Using the Frenet
frame splitting, there are also hol-equivariant maps Il : € — H>? by H7(Xp) = 1II7, o dev(X)) as
well as Ty : € - S** by (X)) = Iy, o dev(X,). Moreover, using o : S - §%* instead of [v], we
can construct construct lifts Ilp, Iy : € — Im(Q') of Iy, Iy, respectively. Denoting 7: %6 — S as
the bundle projection, these maps are related by

(4.6) Jev() = [(m(x) ) + Mg () + Ty ()]

We may also define a function gg : € — R, by

(4.7) 9r(2) = Gimeory (T (2) )2,

Using that dev(z) € Ein®? is a null line, the equation (4.6) may be refined to the following form:
(4.8) dev(z) = [#(m(2)) + (gh(x) + 1)"* Tz (2) + gr(2) Tn(2)],

where Iy (z) = M@ ng My (z) = _IN@) . this division is possible by Lemma 4.5. Ob-

 Jg(Tp ()2 q(Ty (2))1/?”
serve that by equation (4.8), the developing map dev of a cyclic-fibered structure on % is determined
by the tuple (2,7, Iy, gr). We now introduce additional conditions for the maps I, Iy, gr. In
the definition below, we regard gr as a map gr: € — R,.

Definition 4.15. Suppose (dev, hol) defines a cyclic-fibered structure on €. We say that the struc-
ture is radial when two further conditions occur.
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e For any point p € S and r € Ry, we have gr(p, (u,v,7)) = gr(p, (u', v’ ;7)) for all (u,v) €
TS x T,,S and (u',v") € T,S x Tp,S. That is, gr descends to a map gr: S xRy — R,.
o ForzeS, the map gR|{m}XR+ R, = R, is an orientation-preserving diffeomorphism.

In fact, if (dev, hol) is a cyclic-fibered, radial geometric structure on %, then by hol-equivariance
of dev, the map ggr, descends to a map gr: S xR, - R,.
We need one final constraint on our geometric structures.

Definition 4.16. We say a cyclic-fibered structure is compatible with its associated almost-complex
curve U when the following rays coincide:

(4.9) R {7 (p, (u,0,7))} =Ry {diy(u) }
(4.10) R {TIn (p, (u,0,7))) } = R { I(di(u), dir(v)) }.
Combing the three conditions together, we finally have the geometric structures of interest.

Definition 4.17. Call a development-holonomy pair dev : 6 — Ein®>?, hol : 1% — GIQ, that s
cyclic-fibered, compatible, and radial to be a CCR pair on € going forward.

Next, we note that the developing map constructed in Section 3.2 satisfies the CCR conditions.

Lemma 4.18. The developing map dev from Lemma 3.8 and its and its holonomy define a CCR
pair on €.

Proof. Lemma 3.8 shows that dev has holonomy that factors through mS. It is clear that dev
develops the fiber €, bijectively onto the (S! x S x R, )-family . (R{2(p)}, Tp, N,) in Ein*?*, which
lifts to the (S! x S' x R, )-family in Ein”? associated to (2(p),Tp, Np). Since ¥ is an equivariant
alternating almost-complex curve, Theorem 4.8 says the Frenet frame .ZC: S — Gg /T of U defines
a (CT) cyclic surface. Thus, dev is cyclic-fibered. The compatibility and radial conditions are
obviously satisfied by (3.8). O

4.4. The Moduli Space .#Z of Geometric Structures. In this section, we define the moduli
space .# of CCR geometric structures up to isomorphism. Once .# is defined, we show that Lemma
3.8 naturally yields a map s : Hit(S, G’2) — ., which, on the level of representatives, turns p into
a p-equivariant almost-complex curve v, then turns v into a (p o 7, )-equivariant developing map
dev, whose equivalence class defines a point in ..

To start, we recall some standard terminology. We call a smooth manifold M endowed with a
maximal atlas of diffeomorphic charts to X with locally constant transitions in G a (G, X )-manifold.
Let M be a smooth manifold and ¢ : M — Y be a diffeomorphism of M onto a (G, X )-manifold
Y. Then we call (M,$) a marked (G, X)-manifold. A map ¢ : M; - My between two (G, X)-
manifolds is a (G, X)-map when 9 is locally expressed in any pair of charts by the restriction of a
single element g € G. A diffeomorphism 1 : My — My such that both v and ¢~ are (G, X )-maps is
a (G, X)-isomorphism.

We now need one more formal definition before we may define ..

Definition 4.19. Suppose that F; — M are fiber-bundles over a manifold M. Form the direct sum
bundle F = @} | F;. Let f; : F; - F; be fiber-preserving diffeomorphisms of F;, each lifting the same
diffeomorphism f : M — M of the base. Then we say (fi)iry induce the map f = @}, fi, where
f@®r Fi > @, F; is given by f = (f1,..., fn)-
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We call o diffeomorphism f € Diff(@], F;) factor-preserving when f = @] fi for (f;) fiber-
preserving diffeomorphisms of Fy lifting the same diffeomorphism f of the base M. More generally,
if F; > M and F] - N are X;-fiber bundles, with f; : F; - F fiber-preserving diffeomorphisms
lifting the same diffeomorphism f : M — N, then (fi) induce a diffeomorphism f := @ f; that we
call factor-preserving.

Here, we recall the well-known fact that a (G, X)-structure, in the chart-atlas sense, is equivalent
data to a G-orbit of developing-holonomy pairs. Here, the G-action is by g - (dev,hol) = (L4 o
dev, C, o hol), where L, : X — X is Ly(z) = g+ and Cy(h) = ghg™* (cf. [Gol22] Part 2, on locally
homogeneous geometric structures.)

The notion of a CCR pair (dev,hol) on % is a delicate one. We cannot precompose such a
developing map dev by any map f € Diff(¢) and expect (dev o f, hol) to still be a CCR pair. This
leads to the following remark and subsequent definitions.

Remark 4.20. Given a diffeomorphism F : My — My between two smooth manifolds, F induces
a diffeomorphism dF : UTM, = UT M, between unit tangent bundles (where UTM; should be
regarded as TM|R,.) The map F also induces a factor-preserving diffeomorphism RT(F') between
the “radial tori” RT(M;) :== UTM;@UT M;®R. given by RT(F) = dF @dF®id. Here, id: M;xR, -
My xR, means id(p,r) = (F(p),r).

We use the notion of such induced maps dF' in the following definition.

Definition 4.21. Suppose that M is a (G/27 Ein2’3)-mamf01d with underlying smooth manifold UTS&®
UTS @R, , where S is an oriented surface. Let ¢: € — M be a factor-preserving diffeomorphism of

the form ¢ = df ®df ® ¢, where f: S — S is orientation-preserving and ¢, is orientation-preserving
on the Ry -fibers. Pull back the (GIZ, Ein?3)-structure on M to €, denote it as G. We then call the
pair (M, ¢) a marked CCR structure on € when any (dev,hol) pair of G is a CCR pair.

Let us interpret equation (3.8) in a more general sense. Given (7, p) € A(S) and gg : SxR;, - R,,
where S is an oriented surface, we can define dev: RT(S) — Ein?? by
(4.11)

dv(u)
la(dir(u))[*/?
The map dev(#, gr) is a CCR developing map that is a (po, )-equivariant immersion by the proof of
Lemma 3.8. Then in the notation of the previous definition, ¢ induces a map ¢ : RT(S) - RT(S),
where ¢ :=df @ df ® ¢., f: S — S lifts f, and ¢: S x R, - S x R, is uniquely constrained to lift ¢
and lift f. Then one finds the equality

E(ﬁng) 05=E(ﬁofagRo¢;)'
Thus, such maps ¢ in Definition 4.21 are the natural “CCR-preserving maps”: they pull back CCR

developing maps on RT'(S) to CCR developing maps on € = RT(S).
We now define the relevant notion of isomorphism to build our moduli space .# of interest.

I, (do(u),dv(v))
(s (do(u),di(v)) 1?2 |

dev(?, gr)(p,u,v,7) = | D(p) + (gh(p,r) + 1)1/ +gr(p,T)

Definition 4.22. The moduli space 4 is the quotient of the space ]f\Of all marked CCR structures
on € by the equivalence relation ~. Here, (M;,¢;) € M has underlying smooth manifold M; =
UTS; @ UTS; ® R, and ¢; = (jj\”z ® &J\”Z ® ¢j+. Declare (My,¢1) ~ (Ma,¢2) when there exists a
(GIQ, Ein??)-isomorphism ¢ : My — My such that

(i) ¥ = df @df @, is a factor-preserving diffeomorphism, for f: S — Sy orientation-preserving.
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(ii) v, is orientation-preserving on the R, -fibers.
(1it) The maps f o fi and fa are isotopic and Y, o ¢1 4 and ¢o 1 are isotopic via fiber-preserving
diffeomorphisms that preserve orientation on the R -fibers.

With the (dev, hol) perspective, we topologize .# now.

Now, let (M, ¢) be a marked CCR structure on 4. Denote devy, : M — Ein>3 as one of its
developing maps. Lift the marking ¢ to a diffeomorphism ¢ : € — M and define dev := devy; o ¢.
Then dev is equivariant with respect to hol := holys o ¢.. In particular, we see that (M, ¢) € ya
corresponds to the Gy-orbit {g- (dev, hol) | g € Gy} of development-holonomy pairs. Now, consider
the space .#’ of CCR pairs on €, in the sense of Definition 4.17. Then we see .Z is naturally
bijective with .#’/ G’z, under the previously described G/Q—action.

Next, we reinterpret the equivalence relation ~ on .# instead on .#' /G/2 Fixing a basepoint
po € €, we define Diff (%) < Diffo(%,po) as the subgroup of factor-preserving diffeomorphisms ¢
of € of the form ¢ = df ® df ® ¢, such that f ¢ Diffo(S), and ¢, is isotopic to idg, via fiber-
preserving diffeomorphisms that preserve the orientation on R, -fibers. Fixing a lift pgy € €, we
get a unique lift of ¢ to ¢ € Diff(cé,ﬁo) via the standard lifting lemma. In this way, Diff (%)
acts on the space of developing maps by pre-composition. The action of Diff z(%) x G/2 on .#' by
(¢, 9)-(dev, hol) = (L odevod, C,ohol) captures the equivalence relation ~. That is, there is a natural
bijection .#"|(Diff p(€) x Gy) - .#. We topologize .#" with the topology of C'*-convergence on
compacta on the developing maps and .# inherits the quotient topology from .#".

We are heading towards a definition of the map s : Hit(S, Gy) - .#. Now, the map s : Hit(S, G,) —
A we wish to define factors through #H(S). By Theorem 3.6, we have an inverse map sac :
Hit(S, GIZ) — H(S)6g-6 of the holonomy map. Then the map s to be defined can instead be written
s = 5g o sac, where sg @ H(S)eg-6 > 4. The map sq is (implicitly) defined via Section 3.2. To
show the well-definedness of s, it suffices to show s is well-defined, which is completed below.

Proposition 4.23. Lemma 3.8 yields a well-defined map sg : H(S)eg-6 = A .

Proof. By Lemma 4.18, the developing map defined in Lemma 3.8 amounts to a map 5: A(S)gg-6 —
A", where .#" is the space of all CCR pairs on ¢ and A(S)eg-¢ = { (7, p) € A(S) | b(P) = 6g - 6}.
The map S is described by (7, p) = E(ﬁ,g%), where g%(p,7) =7, in the sense of equation (4.11).
We show 3 descends to a well-defined map s : Hit(.S, GIZ) - M.
Take [p] € Hit(S, G,) and denote [(#,p)] == sac([p]) and choose representatives
(21, p1), (2, p2) € [(P,p)]. Hence, write po = Cy o p1, where Cy : G, — G, is conjugation by some
element g € G, and D = Lyoiyof, where f € Diff(S) is a lift of f € Diff(S,po). Define dev; = 3(1, p; ).
Now, let RT(f) € Diffp(%) be induced by f. Note that RT(f) is isotopic to idy by fiber-
preserving diffeomorphisms, as RT'(f;) is such an isotopy, where f; is an isotopy of f to idg. The
equality devy = Ly odevy o RT(f) implies that (RT(f),g)-(devy,holy) = (deva, holy), so we conclude
[(devl, hOll)] = [(devz, h0|2)] in A . ]

4.5. Continuity of the Map s : Hit(S, G'2) — . Before we give the formal proof that s is
continuous, we explain the idea of factoring the map. We imagine the associations in the following
order: from [p] € Hit(S,Gy), using Labourie [Lab17], we construct the pair ([£],[¢]) with [2] €
Teich(S) and g € H°(K$). Next, we prove the continuous C'**-dependence of the solutions (t1,12)
to Hitchin’s equations for cyclic G;-Higgs bundles with respect to the input data (o,q), where o is
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a conformal metric on X. The invariants r, s of the almost-complex curve © from Hitchin’s equation
(2.11) are then smoothly constructed from (11,19,0,q) and then © can be smoothly constructed
from these invariants. This shows the continuity of the map sac : Hit(S,Gy) — H(S )6g-6- The
process of constructing the geometric structure from the almost-complex curve is then continuous
map because the C'°-convergence of the almost-complex curves  forces the C*°-convergence of the
differentials dv and second fundamental forms II;, which altogether controls the developing map.

Lemma 4.24. The map s : Hit(S,G,) — .4 is continuous.

Proof. To start, we use Labourie’s map ¥~ : Hit(S,G,) — &, (as discussed in Section 2.2) where

&g — Teich(S) is the bundle over Teichmiiller space with fiber at X = (S, J) given by H(Z,K%).
We first prove the continuity of the map sac @ Hit(S,Gy) — H(S)eg-6. Choose any sequence

of representations [p;] € Hit(S,G,) such that [p;] = [peo]. Write W([p;] = ([04],[¢:]). Then the

unique hyperbolic representatives o; € [0;] satisfy o; AN 0% and by continuity of ¥, the associated
holomorphic sextic differentials ¢; converge smoothly to ¢.. Denote (LZJ}, 1/}? ) as the unique solution
to Hitchin’s equations (2.13) with respect to (o;,¢;). In Appendix A in Lemma A.2, using the
implicit function theorem, we show that (i},%?) converges in C*°(S) x C*®(S) to (¥L,1?2), the
solution to (2 13) with respect to (0oo,Goo). Next, the tensors (r;,s;) given by s; = e2V7 o; and

=e¥i—¥; a converge smoothly to se = 2o oy and Te = 6%0—11130030’ respectively. Since Diffy(S)
acts freely on the space of all complex structures on S, then there is a unique G,Q—orbit G,2 A (D, i)}
of almost-complex curves (in the conventional sense) 7; : (S,5;) - S** with the invariants (r4, s;, ¢;).
By Proposition 2.1, we can remove the G'Q—freedom and choose a distinguished representative 7; as
follows: fix pg € S, X « Tpog and demand ;(pg) = 4, dislp,(X) = 1, I;,(X, X) = j. Note that by
abuse 7 is both an index i € Z, and an element i € Im(Q’) in the previous sentence. Then it follows
that the almost-complex curves ; satisfy 7; < Uso. This proves the continuity of s4¢.

Next, we consider the map sg : H(S)eg-6 = #. Recall the space A(S) from (3.2). Define
A(S)6g-6 = { (7,p) € A(S) | degB; = 6g - 6}, so that H(S)eg—6 = A(S)sg-6/(Diffo(S) x Gy). Pick
any point [Je] € H(S)eg-6. Choose a sequence [#;] € H(S) such that [7;] - [Pe] as Well as

representatives 7; € [#;] such that o LS Vso. To prove the continuity of sg, we show dev(;) i

dev(7ss). By the C®-convergence of J; to oo, the maps di; : T'S — TS** also converge smoothly

on compacta to dls. Recall the unit norm projection Iy : T'S - Q_(Im(Q")) given by IIp(X) =

%. The maps (II7); converge C* on compacta to (II7)e. Recall also the unit norm

projection Iy : TS @ T'S — S$** by IIn(p, X,Y) = %.
P )

fundamental form of 7; as a map I; : TS @ T'S — Im(Q’) by

Here, we regard the second

§24

’ A - A2’4 A
I;(p, X,Y) = Vd,;-(x)(d’/i(y)) - PrOJdg.(Tpg)vipi(X)(dVi(Y))-

By the C'*°-convergence of 7;, di;, it follows that II; EN ]Ioo and then (HN)Z (HN)oo as well. The
radial functions (gr)i, (9r)e from (4.7) are all just gr(p,r) = r by the definition of the map sq.

Since Iy = (g + 1)1/2HT My = grIly, it follows that N Uoo implies
(4.12) (23, (TIr);, (ﬂN)i) — (ﬁoo, (I17) o, (TN ) o),
where now we regard Iy, Iy as maps € — Im(Q’). Now, we have a lift dev; : € — Im(Q') by
dev; = ﬁi+(ﬂT)i+(ﬁN)i. Thus, (4.12) says that dev; EN dévoo, which then implies dev; EN deve,. O
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4.6. The Descended Holonomy Map « : .# - Hit(S,G,). In this section, we show the de-

scended holonomy map « : .#Z — Hit(S, G,Q) is the inverse of the map s and thereby prove the main

theorem. The map s satisfies by definition that aos = idHit( 5,Gy» SO We need only verify soa =id 4
)

here.

We now show that a factors through H(S)eg-6 via the following map H.
Proposition 4.25. There is a well-defined map H : . — H(S)6g-6-

Proof. We first define a lift H : .#" — A(S) of H on the level of representatives. Let (dev, hol)
be a CCR pair on ¥. By the cyclic-fibered condition from definition 4.14, the associated map
FC. 8 > G‘2c /T is a hol-equivariant cyclic surface. We can then invoke Theorem 4.8 and Remark
4.12 to see that mgy 4 0.F C is a hol-equivariant alternating almost-complex curve ¥ : S — S24. Define
H(dev, hol) := (¥, hol).

We claim H descends to a well-defined map H : .4 — H(S)s4-6 by H([(dev,hol)]) = [ H(dev, hol) ].
First, observe the following naturality properties of H:

o If ¢ € Diff o(%) lifts f € Diffg(S), then H(¢- (dev,hol)) = f - H(dev, hol)

o If g€ G,, then H(g- (dev,hol)) = g- H(dev, hol).
These equivariance conditions imply the well-definedness of H. Indeed, take [(dev,hol)] € .#Z and
two representatives (dev;, hol;) for 7 € {1,2}. Then the discussion following Definition 4.22, we can
write (devy, holy) = (¢,9) - (holy, devy ), where ¢ = df @ df @ ¢, lifts some f € Diffo(S). But then we
have (2, holy) = (f,g)-(91,hol1). Since f € Diffo(S), we conclude [ H(devy,holy) ] = [ H(dev, holy) ]
in H(S).

Now, by equation (4.10) of the compatibility condition, along with Remark 3.10, we see any

pair [(7,p)] = H([(dev, hol)]) has Gy-Hitchin holonomy, since the second fundamental form of ¥ is
non-vanishing. g

The descended holonomy map «a : .# — x(m15,Gy,) via a( [(dev,hol)]) = [hol ] factors through
the map H as o = hol o H, where hol : H(S) - x(m15,G,) is the holonomy map [ (2,p)] = [p].
Hence, Proposition 4.25 says « obtains the form a : .# — Hit(S, G/2) by Theorem 3.6. We now prove
the main theorem.

Theorem 4.26. The descended holonomy map o : .4 — Hit(S,Gy) by [ (dev,hol)] ~ [hol] is a
homeomorphism onto the G;—Hitchm component.

Proof. The map « is continuous and the candidate inverse s : Hit(.S, G'2) — . is also continuous by
Lemma 4.24. By the construction of s and a, we have ao s = idHit(S,G;)' It remains to argue that
soa =1id_y . We show this now using the CCR conditions.

Take G1 = [ (devy, holy) | € 4 and define G := s o a(G). Since awos = id, we have a(G1) = a(G2),
hence H(G1) = H(G2). Thus, choose representatives (devy,holy) € G1, (deva, hols) € G such that
fI(devl, holy) = ﬁ(devz, holy), using the notation from Proposition 4.25. The key going forwards is
the fact from Section 4.3 that the developing map dev of a CCR structure in Ein®? is determined
by the tuple (2,17, Iy, gr) of equivariant maps from (4.8). The compatibility of the almost-
complex curve and the developing map in equations (4.9), (4.10) says that the projections I, Iy
are determined by #. That is, dev; must obtain the form (4.11). In other words, Since ; = i, we
actually have (ﬁT)l = (ﬂT)g and (ﬁN)l = (f.[]\[)Q. Hence, we need only align the radial functions
with a re-gauging to finish the proof.
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Recall that the subgroup Diff"(R™) of orientation-preserving diffeomorphisms of R" deformation
retracts onto {idgn }. It follows that Diff*(IR,) is contractible too.

We are now ready to show (devy,hol;) and (devs, holy) represent the same point in .#. Define
[:€—>% by f=id®id® (gr)2. Then f is a factor-preserving diffeomorphism that is orientation-
preserving on the R,-fibers. Since Diff*(R,) is contractible, (gr)2 is isotopic to idg, via fiber-
preserving diffeomorphisms. Then f lifts to f: € — € and one finds that devy = dev; o f, meaning
[ (devy,holy) ] =[ (deva,holy) | in .. O

5. EXPLICIT COMPUTATIONS IN THE FUCHSIAN CASE

In this section, we examine the geometric structures associated to G,Q—Fuchsian representations.
We first review a description of the principal embedding ¢ : PSLy(R) < G, in which PSL2R acts on
R7 via the action on symmetric homogeneous sextic polynomials. We then describe the Fuchsian
almost-complex curves in terms of polynomials and examine the resulting developing maps and
study the injectivity of dev. An exceptional feature of the Fuchsian case is that there is a ‘universal’
almost-complex curve f : H? — §%4 that is not just p-equivariant, but PSLoR-equivariant; this
phenomenon is not particular to the G'Q—Fuchsian setting, as it occurs also in [CTT19; GW08]. By
uniqueness, then all G;—Fuchsian almost-complex curves have the same image, just the identification
S = H? changes. Then, examining the Guichard-Wienhard domain € c Ein®3 in the Fuchsian case,
we show our geometric structures are distinct from theirs: the image of dev intersects both € and
Ein??\Q. We discuss the structure of these intersection in detail.

5.1. The Principal Embedding ¢ : PSLyR < G’2. Let us recall the principal embedding ¢ :

PSLoR < SL;R. First, we identify R” yec Symﬁ(RQ) and take a canonical basis X,Y for R?

in which PSLoR acts by the fundamental representation. Then P = (X'Y%7)%  is a basis for R”

in which g = = (a 2) acts via g - (X'Y%") = (g- X)*(g-Y)®". This representation turns out to
c

preserve the bilinear form Qg of signature (3,4), which in the basis P is represented by the following
matrix [CTT19, Page 50]:

D=

L
15

D=

1
We will also refer to the induced quadratic form Qg(x) = Q¢(z, ) by @ as well. Thus, the irreducible
representation ¢ is a representation into SO¢(3,4). In fact, ¢ is a G;—representation if identifications
are made correctly: we can identify R7 2yee Im(Q’) in such a way that ((PSLyR) preserves the
cross-product on Im(Q’). Hence, ¢ upgrades to a representation ¢ : PSLoR < GIZ. One such basis is
the following R-cross-product basis for Im(Q'):

B_(z’+li li-j k=lk 1 k+lk j+1j i—li)
V2 V26 V2VIET V200 V2VIET V2RVE V2 )

As in [Eva22, Definition 8.21], we call an ordered basis (7;);% an R-cross-product basis for Im(Q")
when z; x 2; = ¢; jx;y; for constants c; ; € R.

(5.1)
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H SymS(R?) \ R” \ Im(Q") H

X6 es3 =l
2

5 lj—J
Sl e v
XY™ e | A
X3y3 | e —LQO,
N2 E+lk
X Y5 e_q \/%\l/ﬁ
T+

X); €_9 \/5\[/6
=17

Y €_3 W

TABLE 1. The identifications between ordered bases.

We now discuss why the cross-product is preserved by ¢(PSLoR). Straightforward calculations
show that under the identification Im(Q") Sym°®R2, we see the generators

o (* ?), AR,
0 3

1 s
@ () 1), seR

0 1
of PSLyR identify, respectively, as the following matrices in the basis B’, where we re-normalize the
basis B as follows:

(5.2) B,_(i+li lji—j k-lk  k+lk j+1j i—lz’)
* \/57 \/57 \/57 ) \/57 \/57 \/E .

The matrices are:

Iag ) ) 7]'7_7_7_'
1) diag(A%, A4, A2 1, A2 A4 A6

0 V6
0 V10
0 -V12
(2) exp|s- 0 V12
0 V10
0 V6
0

The matrices (1) and (2) are seen to be in Gy in the basis B’ by examining the matrix representation
[g5]p of gj in the basis B’ [Barl0, page 89]. Then for (3), observe that the given transformation
g is equivalent to g = +1 on ImH and ¢ = -1 on [H, which is indeed a G;-transformation, seen in
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the model V{, , _y from Proposition 2.1 as the tuple (i,7,-1). Going forward, there is a fixed 3-fold
identification of vector spaces Sym®(R?) = R” = Im(Q’), shown in Table 1. For indexing purposes,
we denote the standard basis of R as (e;);%;.

5.2. A Description of v and dev in Coordinates. In this section, we describe the almost-complex
curve explicitly in coordinates in the Fuchsian case.

The first ingredient is the Veronese embedding, which identifies as the p-equivariant (projective)
almost-complex curve [7] for p a G;—Fuchsian representation. Before defining this map, we introduce
some more notation. Set S%? := PQ,R"2, where we identify R"? = (Sym?(R?),Q3). Here, we equip

1
Sym?(R?) with the PSLyR-invariant quadratic form Q = - , in the basis (X2, XY,Y?),
1

which equivalently defines the isomorphism PSL;R =, SOy(1,2). Here, —4Q2 = A is just the dis-
criminant of the polynomial P € Sym?(R?). The evidently PSLyR-equivariant map PSym?(R?) —
PSym?(R®) by [P] = [P?] restricts to the smooth Veronese embedding f : PQ,Sym*(R?) —
PQ.Sym®(R?) by [P] ~ [P3]. An easy calculation shows that that for S := image(f), the tan-
gent space is given by Tjp3)S = { P2Q | QLP, Q € Sym*(R?)}. At the point Py = [X? +Y?], using
Tip,)S™? = spang (XY, X? - Y2), we find that

Tip)S = spang((X” + Y?)*(X? - Y?), (X* + Y?)*(XY))

1
2

A calculation under the previous identification with Im(Q’) shows that we indeed have [P§] XIm(0")
Tips)S = Tips1S- Indeed, F(Py) = [V5i + V3k] and T5py)S = spang (V515 — /31, V151i - Ik).
Hence, f is an almost-complex curve by PSLyR-equivariance. We show shortly that f is, in fact,
alternating.

Next, we recall the the following PSLyR-equivariant map ¢ : H? — Q. (Sym?(R?)), first defined
by Baraglia [Barl0, Page 63|:

1
V2y

where z = z +iy. The map § provides an explicit identification of the upper half-plane H? c C with

9(z) = (X +Y)(zZX +Y),

Q+(Sym2R2) =§02 A simple and direct calculation verifies the equivariance of §. One easily checks
Q2(§) = +1, so that § e S%2.
The partial derivatives of § are shown below:
2 2
V22 o V2 4y
Y Yy
(5.4) = e sy Ly
: 9y NGIE y2 V22
Next, define the PSLyR-equivariant map f : Q,(Sym?(R?)) - Q,(Sym®(R?)) by f(P) = cP?,
lifting the Veronese embedding, by choosing an appropriate constant ¢ € R*. Then the map f :

(5'3) ga} =

H2 —» §24 by f = f o g is a ‘universal’ alternating almost-complex curve that is PSLsR-equivariant.
While the alternating condition has not been verified yet, this point will be addressed momentarily.
The point [¥] in Teichmiiller space merely moves the marking ¢s : ¥ - H? around, but the image
of any Fuchsian almost-complex curve remains the same: it is image(f).
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The Frenet frame splitting of f is given as follows:

& =spang(g®)
55) T =spang(j® de, §° Gy)
N  =spang(g 99z Gy, PfOJfL(QQx) )
(

B = spang(proj gereny: (97 9y), Proj( zeren): () Jz) )-
Up to scalars ¢,c/,¢” € R*, one finds ]I(%, a—y) = ¢§g.gy and H(%, %) = ¢/ proj . (G %) and
H(a%, a% =" proj 4. (g g;) We discuss the equality for B momentarily.
The identities (5.5) yield coordinate-invariant expressions for the Frenet frame splitting purely in
terms of divisibility of polynomials and orthogonal complements. Two such facts we will need are:

(5.6) Up = {P e Sym"R*| 4(p)| P}

(5.7) L@ T,={PeSym°R® | §*(p)| P}.

The alternating nature of f is verified by the following orthonormal frame refining the Frenet frame
splitting at ¢ € H?:

f=¥5(X2+Y?2)3 with g(f) = +1.

fo= %(XE’Y +2X3Y3 + XY®) with ¢(f,) = -1.

fy= @(Xﬁ XY2 - X2y4 - YO with ¢(f,) = -1.

(5:8)  I(Z, &) = V3(XY - XY?) with ¢ = +1.

M(2, 2)=¥3(X0-5XY2-5X%Y*+YS) with ¢ = +1.

by = (X2 -Y?) (X2 -4XY +Y?) (X2 +4XY +Y?) = X0 - 15X4Y2 + 15X2y4 - Y,
by = XY (X2-3Y?)(3X2-Y?) = 3(X°Y + XY?) - 10X3Y3,

Here, by and by were computed with cross-products, using that B =T xj,g/y N. Thus, f is an
alternating almost-complex curve. Since f is an alternating almost-complex curve equivariant under
a G;—Hitchin representation, the third fundamental form III is non-degenerate, as discussed in Remark
3.9. Hence, defining the non-vanishing section o :=p = § gz gy(p) of N, then ]]I(a%,oz), ]]I(%,oz)
generate B; these expressions yield the desired equation for B by deleting any terms divisible by g.

Recall the natural map v : Q.o — Ein®? by 1(p, L) = L, used to factor the developing map, from
Section 3.3. Now, in the Fuchsian case, each g € PSLoR acts as a fiber-preserving diffeomorphism
of the bundle Q. — H? and the map 1 is PSLoR equivariant. As noted in Section 3.3, image(t)) =
image(dev).

To study 1, we first examine the second extended osculating subspaces U, = £, ® T), ® N,, and
the bundle Q containing Q..

Proposition 5.1. For any p # ¢ € H2, we have dim(U, nU,) = 3 and sig(U, nU,) = (1,2).

Proof. Take any two subspaces U; := { P € Sym(R?) | P;|U; }, by (5.6), of polynomials divisible by
a fixed irreducible quadratic P; € Sym?(R2). Clearly, dimU; = 5 and dim(P(U; nUs)) = 2, which
tells us Uy and Uy are transverse. Indeed, [P] € P(U; nUy) has 4 of its 6 projective roots fixed.
In the case of Py = X2+Y? and P, =tX? + %YQ, we show that sig(U; nUs) = (1,2). Observe that
PP, XY is timelike and orthogonal to the spacelike elements P; P, X 2 P, P,Y?. One then calculates
that the two-plane (PP, X2, PLP,Y?) has signature (1,1). Since [Py] = [f(i)] and [P;] = [f(t4)],
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by the action of PSLoR and basic hyperbolic geometry, we conclude, sig(U, nUy) = (1,2) in general
for any p # q € H2. (|

Next, we examine Q. Since Uy nUs = R, we see Q1 n Qg = PQyRM? = Ein®! is a topological
circle. The question remains of what is (Q1)+0 N (Q2)+0, which we address now.

Proposition 5.2. For any p # g € H2, we have (Q+0)p N (Q+0)q 2 S'\D, where |D| < 4.

Proof. We compute first in the case that P, = X?+Y? and P, = t X2+ %Yz, which again is completely
general by the PSLyR-transitivity. Note that (Q1)+0n(Q2)+0 = (Q1 1 Q2)\D, where the degenerate
set D where the projection onto .Z, T, or N vanishes either at P; or P;. The degenerate locus at p
is given by Qp\(Qx0)p = PQo(Z, & T,) uPQo (T, ® Np,). Thus, the set D naturally decomposes into
four subsets

D =PQo((L10T1)nUz) uPQo((Z @ Ti) nUr) uPQo((Ty & N1) nUp) UPQo((T: & Ni) nUn).
Using the Frenet frame expressions from (5.5), one finds
P((LeT)nU)=[PP?] and P((LeT)nU;) =[PP

Since Q(P1P?) > 0 and Q(P,P?) > 0, the first two sets in the definition of D are empty. On
the other hand, each of PQo((T1 & N1) nUy), PQo((T; ® N¢) n Uy) are non-empty, as we now
show. Take v € Uy n Uy, so v is of the form v = Py P;(aX? + bXY + c¢Y?). We can compute the
coordinates of v in the above basis for U; from (5.8) as well as in the corresponding basis for Uz

Ot % ) on the basis for U;. A (computer assisted) calculation shows
¢
projgv = 0 when ¢(1 + 3t%) + a(l + t%) = 0 and projg, (v) = 0 when a(l + 3t%) + ¢(3 + t?) = 0.
These equations are mutually exclusive unless ¢t = 1 or a = ¢ = 0, but in the latter case, Qg(v) <
0. Hence, PQo((T1 @ N1) n (T; n Ny)) = @ for t # 1, which means PQo( (71 ® N1) nU;) and
PQo( (T3 ® N;)nUy) are disjoint. Denote Wi ¢ := (T1 ® N1) U and Wy := (T @ N;)nUj. Note that
PQo(Wi1), PQo(Wi,) are each finite sets. We determine the possibilities for [PQo( Wi )|. Define
w=P P ( B+t X2 -(1+ 3t2)Y2) so that w and w:= Py P, XY span Wi . Since Q¢(w,u) =0 and
Qe(u) < 0, we need only determine the sign of Qg(w) to determine the signature sig(W; ;). Note
that if Q¢(w) =0, then sig(Wi ) = (0,1,1), so that [PQo(W14+)| = 1. Here sig(W) = (p, k,n) denotes
p positive, k negative, and n null parts in the signature. If Qg(w) > 0, then sig(Wi+) = (1,1) and
PQo(W14)| =2, and if Qg(w) <0, then sig(Wi+) = (0,2) and [PQo(W;+)| = 0. Another calculation
shows Qg(w) = %(3 — 242 — 86t* — 2415 + 3t%), so that for ¢t € Ry, all three aforementioned cases
occur for [PQo(W1,)|. By equivariance, for every t € R,, there is s € R, so that W;; = W; 5. Hence,
we conclude that for any p # ¢, we have (Q0), N (Qz0)q = S'\D, where |D| < 4. O

achieved by the action of (

In particular, we see the fact that for any p # ¢ € H, the developed images ¥( (Q+0)p) and
P((Q+0)q ) of the fibers intersect 1-dimensionally even though 1 is a local diffeomorphism. Let us
illustrate geometrically what is happening with an example (here, i € H? again). While we can find
points X; € (Q4o)¢; for any ¢ > 0 such that X; € (Q);, if we take any such sequence with ¢ - 1,
then X; subconverges to Xo € Q\ Q0. Indeed, the limiting point X will be divisible by (X 2 +Y2)2
and hence satisfy Xo, € .Z; @ T;. The degeneration in the example above shows geometrically why
the map Q — Ein®? is not an immersion in the Fuchsian case, as a complementary explanation to
the Higgs bundle proof of the general case in Section 3.3.

The map 1 is not proper onto its image in the Fuchsian case. Indeed, if ¢ were proper, then it
would be a covering map. On the other hand, this is impossible since the point [(X?2 +Y?2)Y*] has
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one pre-image under 1, while any point P € Ein??3 satisfying P € (Q+0)p N (Qx0)q for p # g has two
pre-images under . In fact, the map ¢ is either 3-1, 2-1, or 1-1, but but never k-1 for k£ > 3. By
PSLoR-transitivity, if [y 1([P])| = 2, then P is of the form P = Q1Q2R1R2, where Q; are distinct
irreducible quadratics and R; € Sym*(R?) are linear factors, and if ["1([P])| = 3, then P is of the
form P = Q1Q2Q3, where (Q; are distinct irreducible quadratics; both such cases occur. To see that
3-1 points do occur, note that the the set Q3 of points of the form [Q1Q2Q3] € Ein%? is a non-empty
open set in Ein?® and Q3 c image(%)), hence image(1)) N Q3 # @ too. A final remark here is that if
u,v,w € H? lie on a mutual geodesic then Qg(§ugvdw) > 0. Thus, if [P] € Q,n Q,N Q, then u, v, w
are not collinear in H?.

5.3. Relation to Guichard-Wienhard. In [GW12|, Guichard and Wienhard prove that every
G-Hitchin component is realized as the holonomies of certain (unknown) (G, X)-structures on an
(unknown) compact manifold M, where the holonomy on M factors through a homomorphism
mM — mS. They prove this result by constructing domains of discontinuity {2 in a flag mani-
fold X of G. The theory developed in [GW12] was then extended by Kapovich, Leeb, and Porti
in [KLP18]. In this section, we discuss the relationship between the (GIQ, Ein®3)-structures from
[GW12] and the (GIQ, Ein??)-structures of this paper. We begin by recalling some relevant notation.

Denote Fy = PQo(R>*) = Ein®? as the space of isotropic lines in R** and Fj = Isoz(R>*) = {P ¢
Grs(R*?) |g|p = 0} as the space of mazimally isotropic planes in R**. Denote Q; := Stabso(3,4)(2:)
as the stabilizers of points x; € F;, each of which is a maximal parabolic subgroup of SOy(3,4).
Finally, denote Fo1 := { (I, P) |l € Fo, P € Fi, l c¢ P}. There are natural projections 7; : Fo1 — F;
for i € {0,1}. As a final notion, we need the “flip” defined in [GW12] as follows: given A c F;, we
define K4 := m1_;(7;1(A)). Then, for example, if A c Fo, then K4 := the set of isotropic 3-planes
containing some point [ € A; the roles reverse if A c Fj.

We now recall the relevant notion of transversality as it pertains to the Anosov definition |[GW12,
Definition 2.10]. Let P be a parabolic subgroup conjugate to its opposite subgroup. Call a pair
(p1,p2) € G/P x G| P transverse when Stab(p1) nStab(pz) = L is the Levi subgroup L of P. Equiv-
alently, this means P := Stab(p;) and P, := Stab(ps) are opposite parabolic subgroups.'® Denote
I' =75 and OsI" as the Gromov boundary of I'. In the cases of interest here of P; := StabGr2 (z)

for z € Ein®? and Q; < SOy(3,4), both parabolic subgroups are conjugate to their opposite sub-
group. We shall use going forwards that G-Hitchin representations are Bg < G-Anosov, where
Bg is the Borel subgroup, and hence (P*, P~)-Anosov for any parabolic subgroup P* = P < G
by [GW12, Lemma 3.18, Theorem 6.2|. In particular, this implies that for each p € Hit(S,G) and
parabolic subgroup P < G conjugate to its opposite, there is a (unique) continuous p-equivariant
map &p : 0o’ = G/ P that is transverse, meaning ({p(s),&p(t)) are transverse for s # ¢t € O, and
satisfying an additional contraction property.

Let B < G’2 denote a copy of the Borel subgroup. Then G;/B < SL7R/SO7R = Flag(R") as a space
of full flags F = (Fy ¢ Fy c - c Fy) in Im(Q’) [Eva24, Lemma 2.5.3]. The rank two nature of G,
causes the flag F' to be determined by the pair (F, F,). Before we describe such full flags, recall from
Section 2.1 that for u € Im(Q"), we define the annihilator of u as Ann(u) := {v € Im(Q") | u x v =0}.
By Proposition 2.3, if [u] € Fy, then PAnn([u]) € F1. To simplify notation, we may conflate
Ann([u]) c Im(Q") with PAnn([u]) € 1 when convenient.

1850 [GW12, page 15] for a brief review on the structure of parabolic subgroups and subalgebras or [Kna96, Chapter
7, § 7] for more comprehensive details.
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Now, by [Eva24, Corollary 2.5.4|, the flag F' € G’2 /B obtains the following form for some R-cross-
product basis (z;);% for Im(Q') :

(5.9) F =( [z3] c spang(z3,z2) c Ann([x3]) c Ann([23])* c (spang(z3,22))* c [#3]* < Im(Q') ).

We observe that the subspaces Fi, Fy from the flag F' have the following form: Fj € Fy and Fj €
GraQo(Im(Q")) is an isotropic 2-plane such that I xjy,or) F2 = {0}. As it turns out, the space of
such cross-product-trivial isotropic 2-planes Iso;Im(Q') is G;—equivariantly diffeomorphic to G’2 /P,
where P» is a maximal parabolic subgroup of GIQ. The description (5.9) of the flag F' also says that
F5 =Ann(F}). As a consequence of this fact, if p is G;—Hitchin and consequently SO(3,4)-Hitchin,
then the QQ1-Anosov boundary map is determined by the Qg-Anosov map, as we now show.

Proposition 5.3. Let p € Hit(S, Glz) Then the Q;-Anosov boundary maps &y, &1 for p are related
by & = Anno&.

Proof. We recall equivalent conditions for transversality in Ein®? and in ;. Two points (01,02) €
Ein®3xEin®3 are transverse <= £ ®/ is of signature (1,1) <= Ann(£;)nAnn(ly) = @ < Qim(0Y)
defines a non-degenerate pairing Ann(¢1) x Ann(¢2) — R. On the other hand, (Ry, R2) € F1 x Fi
are transverse if and only if ¢34 defines a non-degenerate pairing R; x Ry — R. Thus, the map
Anno&y: JeI' = F7 is a transverse map if &y is transverse. Since Ann is a continuous G;—equivariant
map, if &y is p-equivariant and continuous, then so is Ann o &j.

Now, consider an element g = exp(X) for X € a*, where a* is a Weyl chamber for an R-split
CSA a < g). Then the unique attracting fixed points Py and P; of ¢ in Fy and Fj, respectively,
are related by P1 = Ann(F). Now, let 3 € 0o I" be the unique attracting fixed point of v € I'. The
Anosov boundary map & is uniquely constrained by fo(t;) being the unique attracting fixed point
of p(7y) in Fp |GW12, Lemma 3.1, 3.3|. It follows that Ann o ¢y satisfies the analogous constraint in
J1 and thus & = Ann o & by all our observations. (|

Next, we recall the relevant result of Guichard-Wienhard on domains of discontinuity in Ein®? for
SO (3,4)-Hitchin representations (and hence for G,-Hitchin representations as well.) The following
result is proven by [GW12, Proposition 8.3, Theorem 8.6, Theorem 9.12].

Theorem 5.4. Let p € Hit(S5,500(3,4)). Consider the unique p-equivariant Anosov boundary
map &1 ¢ Ol = Fi. Then p(I') acts properly discontinuously and co-compactly on the domain
Q}) := Ein?3 \ Kime, . The topology of the quotient M = p(I‘)\Q}) is independent of p.

Let p € Hit(S,G,) be Gy-Fuchsian now and write p = ¢ o pg for pg € T(S) a Fuchsian representa-
tion. In this case, since any orbit map of pg is a quasi-isometry, identify OoI' = OoH2. Again, we
view hyperbolic space H? as (note the sign change from earlier) H? = Q_(Sym?(R?),-Q3), where

0 0 -1
@2 is the quadratic form Q2 =1 0 % 0 | in the basis (X2, XY,Y?), invariant under the PSLoR
-1 0 O

action on Sym?(R?). We then identify dooH? = Ein™? = PQo(Sym?(R?),-Q5 ), the set of projective
homogeneous quadratic polynomials with repeated real root. Up to pre-composing by the identifi-
cation 9ol 2 Ein®? depending on py, the Qo-Anosov boundary map of p is the PSLyR-equivariant
transverse map & : Ein’? - Ein®3 = PQo(Sym®(R?), Q) given by [P] ~ [P3]. This follows from the
uniqueness of & and the dynamics of the action of I' on deH? = Ein%* as a Fuchsian representation.
Hence,

image (&) = { [L®] € Ein®?® | L e Sym!(R?)}.
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In general, the complement K, := Ein®3? \ 1, of the domain €, is a locally trivial RP2-bundle
over image(§1) [GW12, Page 36]. However, in this simplified case, we can describe K := K,, Q:=(Q,
more precisely. Using the transitive PSLyR action on image(&), for any L = aX + bY € Sym'(R?),
one finds that

(5.10) Ann([L°]) = {[L'Q]| Q € Sym*(R?) },
since (5.10) holds at L = X by our identifications from Table 1 and the fact that B from (5.1) is
an R-cross-product basis. In particular, if P € IP’Sym6(]R{2) has a multiplicity > 4 real root, then
Q6(P) = 0 automatically. Moreover, the bundle K — image(¢!) is globally trivial in this case.
Indeed, there is a global trivialization 7: S' x RP? - K as follows: identify S' = PQSym?(R?) and
then
7([P?], [a:b:c]) = [P (aX?+bXY +cY?)].

We now give a slightly different description of K. Note that K = U}_; O(P;), where O(z) denotes

the PSLyR-orbit of z € Ein?? and

(P = (X%, X°Y, X*'Y? X'Y(X -Y), XY (X?+Y?)).

Write K; := O(F;). The set (P;) serves as representatives for the combinatorial possibilities for the
roots of a sextic with a multiplicity > 4 real root.

Our developing map can be seen to be unrelated to the Guichard-Wienhard construction by
showing that in the case of p a G;—Fuchsian representation, the image of dev := Ep intersects
both K and Q. Again, we factor dev = 1) o ¢ as in Section 3.3. To prove the claim, we show
that K; nimage(y) = @ for 1 < i < 4, but K5 c image(v). By equivariance, we need only show
(X2 +Y?)Y? € image(¢)). To see this, start we use the Frenet frame generators from (5.8). One
then immediately finds (X2 + Y?)Y* € (Q.0);, since

3 1 1
(X2+Y?)Yt= g(X2 +Y?2)3 - 5(X6 + XWXy -y 4+ g(X6 -5XYY2 - 5X2yt 4 Y0,
Thus, the 3-dimensional degenerate locus K3 is contained in the image of our developing map:

K5 ={[QR*] € Ein*® | Q € Q,(Sym*(R?)), R e Sym!'(R?)} c image(1)).

On the other hand, the other generators P; for i € {1,2,3,4} each do not have an irreducible
quadratic factor, meaning K; nimage(y)) = @. We conclude that our (Gy, Ein>%)-structures are
distinct from those of Guichard-Wienhard.

We now briefly remark on image(i)) n Q. The set  has four PSLyR-invariant open subsets
Q;, for i € {0,1,2,3} such that Q\(U’;Q;) is nowhere dense in Ein?3, where Q; c Ein®? is the
set of projective polynomials [P] € Ein®? with 4 distinct complex conjugate pairs of roots and the
remaining roots real and distinct. Equation (5.6) from Section 5.2 implies that image(v) n Qg = @.
On the other hand, for i € {1,2, 3}, the subsets image(¢)) N Q; are open in ;, with the complement
Q;\(image(v) n ;) difficult to describe explicitly.

It remains an interesting open problem to geometrically clarify the (GIQ, Ein2’3)—geometric struc-
tures of [GW12]. A first step would seem to be understanding the topology of the compact quotient
M = p(I')\Q,, for p a G;-Fuchsian representation. This is currently work in progress.

APPENDIX A. C*°-CONVERGENCE OF SOLUTIONS TO HITCHIN’S EQUATIONS

In this appendix, we prove the C*°-dependence of the solution to Hitchin’s equations with respect
to the input data of o,q. This result is needed for the proof of Lemma 4.24. Going forward, we
shall need some global estimates for the cyclic G;—Hitchin system.



44 PARKER EVANS

Proposition A.1. Let (¢1,12) be the unique solution to (2.13) with respect to o,q. Then the
following inequalities hold globally on S:

(A1) lglf2e7*172%2 < 3
(A.2) (V152 g

Proof. The estimates are nearly the same as [Eva22, Lemma 4.5]. If ¢ = 0, (A.1) is trivial. Otherwise,
set a = ||¢g||2e 2¥172¥2, Choose p; € S such that a(p;) = maxges a(z). On any open set U c S such
that g(x) # 0 for x € U, define 5: U - R by (3 :=loga. Using (2.13), one finds

(A.3) A 205,83+ (6 -2¢7) = 0.

Re-writing A 2y,,0(p1) < 0 gives the desired unstrict inequality. Next, observe that the constant
function By = log(1/3) is also a solution to (A.3) and 3 < By on all of U. By the strong maximum
principle [Jos13, Theorem 3.3.1], the inequality 8 < (5 is a strict global inequality or a global equality
on any such set U. However, ¢ must have a zero, so we must have a strict inequality globally.

For (A.2), we find that for

1 1
A v (11 = 503) = 5 (3017702 =30 = 20|, 27) > 2 (30¢7 772 - 36).
Using A 245, (¢1 — 52)(p2) <0 at a maximum py of 11 — 51p9 proves the desired result. O

We now prove the dependence result of interest. The case of interest is local. So, fix a point [¥¢] €
T(S) and the unique hyperbolic metric o representing the conformal structure on 3¢ = (S, Jy).
We recall some details from [Tro92] on Teichmiiller space. Define M_l(S),MIf’la(S) to be the
spaces of Riemannian metrics of constant curvature —1 with of regularities C*, C*, respectively.
We use the definition of Teichmiiller space as T'(S) = M_1(S)/Diffo(S). Next, we select a local
slice neighborhood for T'(\S) in the Banach manifold le’la(S ) for the following proof. By [Tr092,
Theorem 2.4.2, Theorem 2.4.5], there is a (6¢ — 6) dimensional neighborhood Uy c M_; c M]f’la(S)
upon which Diffy(.S) identifies no two points, so that U is a lift of an open neighborhood Ug = 7(Up)
of T(S), where m: M_1(S) - T'(S) the quotient map. Then fix a holomorphic sextic differential
qo € H° (X, IC%O) as well as an open neighborhood Wy of (0, qo) in the bundle [yep, H°(Zs, Kgg),
where ¥, = (S, J,).

Denote H*(S) := W"2(S) as the Sobolev space of u € L%(S) such that X; X Xju € L*(S) for
j < k and any smooth vector fields X; € X(M). For k > 2, the Sobolev embedding theorem says
HF(S) = C°(S). Thus, we can work with honest CO-functions. The following proof is similar to
the proof of [DE23, Lemma 5.12|, where an analogous regularity result was proven for the (cyclic)
SL3R-Hitchin equation.

Lemma A.2. The map F : Wy — C®(S) x C*®(S) is continuous at (09,q0), where F(o,q) :=
(¢1,12) is the unique solution to (2.13) with respect to (o,q).

Proof. Our goal is to use the implicit function theorem. Again, we take k > Ny to be some large
positive integer and « € (0, 1) arbitrary. Define v, = (¢7,%9) = F(00,q0). Now, consider the map
F Wy x CE(8) x Ck(8) - CF2(8) x Ck-2(S):

. 1
F(0,0), (91, 2)) = (28001 - 569750 1 2g e = 2 2000055 4567750 ~ 6620~ 2o, )

so that F'((0,q), (¥1,%2)) = 0 if and only if (¢1,1)2) is the solution to (2.13). Observe that the
map F' is smooth. Define the linear operator A : C*%(S) x C¥*(8) — CF2%(8) x Ck-2%(S) by
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A= %|(007q07¢0). The map A is given by

A= ((2A00 ~ 5evi3vE 4|Qo|(2;06’_2w?) 5evi 33 ) _. (A1,1 A1,2)
15e¥1-3¢5 (204, — 15e¥173¢2 _ 12¢249) Az Ass)’
We first show A is injective. Suppose that A(wi,ws) = 0 for some wy,wy € C¥*(S). Then
(A(wy, wa), (wlvw2)>L?,O(S)xL§O(S) = 0. Writing out this pairing, one finds it has a sign. First,
split (A(wy, w2), (w1,w2)) into two terms as follows:

(A(wr, w2), (wr, w2)) 2 (s)x12, () = [(2A5,w1 - 4qol5, w1, wi) + (285,w2, wo)]
+ /S Fei =32 (4w wy — w? — 3w — %651#8—1/)‘1) w3) dVy,
Observe that the first term is < 0 by the divergence theorem:
fS WAy udVy, = fS (V oty Vo t)dViry < 0,

for all u € H2(S). Of course, dwjwy < fw% + 4w§. Hence, the second term is non-positive by
%651#8—1#? > 2 that follows from Proposition A.2. These arguments show that
(A(wy,w2), (w1, ws2)) <0 with equality if and only if wy = we = 0. Thus, A is injective.

We now show A is surjective. Note that the linear transformation K : H¥(S)xH*(S) - H*2(S)x

the inequality

HF2(S) by K = ( AO A5’2) is compact. Indeed, this follows by the Rellich compactness theorem
2,1

[Tay11, §4 Proposition 3.4] that H*(S) — H*2(S) is compact. Classical elliptic PDE techniques
show that T : H*(S) x H*(S) - H*2(S) x HF2(S) by T = (‘4571 A‘; )
Indeed, each Aj 1, A2 are injective by a pairing argument similar to the above proof for A. Then
since Ay, @ H¥(S) - HF2(S) is Fredholm and of index 0 [H6r07, Theorem 19.2.1], the maps
Ai; = 2A5, + K;; are Fredholm and of index 0 too, showing both maps A;; are isomorphisms.
Hence, A = T+ K is of index 0 as well, so that A : H¥(S) xHF(S) —» H¥2(S) x HF2(S) is surjective
since it is injective (by the same argument above). Hence, take any (v, vs) € C¥=29(8) x CF22(S)
and we have (w1, ws) € H*(S) x H*(S) such that A(vi,vs) = (w1, ws). But then elliptic regularity
says that (vi,v2) € C**(S), meaning the original map A : CF*(S) x CF*(S) - CF22(S) x
C*=29(8) is surjective. Then by the open mapping theorem we conclude that A is a topological

) is a linear isomorphism.

linear isomorphism.

Finally, we may apply the implicit function theorem for Banach spaces [Lan99, §1 Theorem
5.9]. We get a neighborhood Uy of (09,qo) in Wy such that Fj, : Uy, — CH*(S) x CF(S9) is
smooth, where Fj(o,q) is the unique solution to (2.13). Of course, Fj is just ¢, o F', where
U © O%(9) x C°(S) & CF(S) x C**(S) denotes the inclusion map. We conclude the map
o F i Wy - C*(S) x C*(S) is continuous at (o9, qo) for all k sufficiently large. Thus, for any

k
sequence x := (o, g ) € Wo such that zy — ¢ := (00, qo), then F(xy) < F(zp) for all k and hence

c . .
F(xzr) = Fi(x), so that F is continuous at (o9, qo)- O
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