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We compute the flux of relic neutrino background (RνB) up-scattered by ultra-high-energy (UHE)
cosmic rays (CRs) in clusters that act as CR-reservoirs. The long trapping times of UHECRs make
this flux larger than that of RνB up-scattered by UHECRs on their way to Earth, which we also
compute. We find that IceCube excludes RνB weighted overdensities larger than 1010 in clusters,
and that PUEO, RNO-G, GRAND and IceCube-Gen2 will test values down to 108. Our treatment
incorporates the momentum transfer dependence of the neutrino-nucleus cross section, deep inelastic
scattering, a mixed UHECR composition, and flavour information on the up-scattered RνB fluxes
for both cases of neutrino mass spectrum with normal and inverted ordering, providing new handles
to possibly disentangle the up-scattered RνB from cosmogenic neutrinos.

Introduction— The relic neutrino background (RνB)
is referred to as the “Holy Grail” of neutrino physics. It
is the only sub-component of dark matter that is pre-
dicted by the standard cosmological model (ΛCDM),
with a present temperature and number density per-
flavour (counting neutrinos and antineutrinos separately)
of [1]

Tν,0 ≃ 1.67 × 10−4 eV, nν,0 ≃ 56 cm−3. (1)

Its detection would give new observational access to the
earliest cosmological times ever probed. We have indirect
evidence for it via early Universe observations [2, 3], but
none of the existing techniques to detect the local RνB is
expected to discover it in the foreseeable future, see [4] for
a recent overview. It has been furthermore pointed out
that PTOLEMY [5], which aims at detecting the RνB by
capture on tritium, is insensitive to it because of Heisen-
berg uncertainty [6, 7]. Experiments aiming at detection
of the local RνB then only test the case where its local
density is much larger than the diffuse cosmological one
nν,0 by an overdensity factor ηEarth

ν > 1. The strongest
such limit has been set by the KATRIN experiment [8]
and reads ηEarth

ν < 1.3 × 1011, in the same ballpark of
limits from the RνB gravitational effects in the Solar Sys-
tem [9]. Given that gravitational clustering can induce
at most ηEarth

ν ∼ 102 [10], these experiments then only
test the beyond the Standard Model (BSM) scenarios, if
any, that lead to those large local overdensities.

The main challenge to detect the RνB is its tiny en-
ergy, as a consequence of its low temperature Tν,0. A
possible way-out consists in looking for consequences of
the highest-energy scatterings that the RνB can undergo
in the Universe, so to maximise their SM cross sections.
To our knowledge, the first exploration along these lines
was the computation of the RνB flux up-scattered by
ultra-high-energy (UHE) cosmic rays (CRs), carried out
by Hara and Sato in the 80’s [11, 12], when much less
than today was known about both neutrinos and UHE-
CRs. This idea has been dormant for forty years, un-
til the authors of [13] revived it and, from the non-
observation of such an up-scattered RνB flux at IceCube,

constrained overdensities in the ballpark of 1013 (1011)
on scales of about 10 kpc in the Milky Way (around the
blazar TXS 0506+056). While the study [13] is sufficient
to set a rough limit, it has limitations, like assuming
that all UHECRs are protons (which we know is not the
case [14, 15]), as well as using an oversimplified SM cross
section. These should be addressed in order to possibly
hope to detect the up-scattered RνB flux and disentangle
it from other neutrinos that could show up in a similar
energy range, like cosmogenic ones.1

The RνB overdensities tested by the techniques above
are not only considerably larger than those achievable via
gravitational clustering [10], but also violate the Pauli
exclusion principle unless one introduces BSM physics
that would cluster the RνB more than gravity, see [23] for
a systematic assessment. To our knowledge, the largest
overdensities achieved in a fully worked-out BSM model
rely on a tiny long-range neutrino self-interaction [24].
They read ηBSM

ν ≃ 107 (mν/0.1 eV)3, where mν is the
neutrino mass scale, and extend up to a volume of the size
of a galaxy cluster, motivating to test large overdensities
in these environments.

In this letter, we propose to look for the RνB up-
scattered by UHECRs in clusters that act as CR-
reservoirs [25–31] and calculate the associated fluxes.
This idea benefits from the long trapping times of CRs
in these environments, and from the knowledge on them
that is available today and will increase with upcoming
observations in the near future. Additionally, we improve
over [13] in the calculation of UHECR-up-scattered RνB
fluxes in a number of ways, which we will show to be
quantitatively important.

1 The RνB could also be indirectly tested via features that its
scatterings induce in UHE neutrinos on their way to Earth [16,
17]. IceCube observations constrain this way ην ≲ 1011 (108)
on scales of 10 kpc (of the 14 Mpc that separate us from NGC
1068) [18]. Resonant dips in UHE cosmogenic neutrinos [19], not
observed so far [20, 21], could at best test ην ∼ 1011 on scales
of the entire Universe [22], which are already ruled-out by not
over-closing it.
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Up-scattering the RνB with CRs— The flux of ac-
celerated relic neutrinos per unit energy Eν , from the
up-scattering environments of interest, can be written as

dΦν

dEν
= Deff nν,0 η̄ν

∫ Emax
CR

Emin
CR (Eν)

dECR

dΦCR

dECR

dσνCR

dEν
, (2)

where the effective distance Deff contains information
on the spatial distribution of relic neutrinos and CRs;
η̄ν ≡ (1/V )

∫
V
d3r⃗ ην(r⃗) is the RνB overdensity aver-

aged over the volume V , with ην(r⃗) = nν(r⃗)/nν,0 and
nν(r⃗) being the neutrino number density at position
r⃗; Emin

CR (Eν) is the greatest value between the minimal
available CR energy and the lowest energy required by
the kinematics of the scattering; Emax

CR is the largest CR
energy in their flux; dΦCR/dECR is the CR flux per unit
of CR energy ECR; dσνCR/dEν is the differential cross
section for the ν-CR scattering. The total neutrino flux
is understood to be the sum of Eq. (2) over all neutrinos
and nuclear species composing CRs.

Neutrino-nucleus scattering at UHEs— We con-
sider the up-scattering of a relic (anti)neutrino ν (ν̄) by
a cosmic nucleus N via pure SM neutral current (NC)
interaction. At the ν-N exchanged energies that we are
interested in, the scattering is described by that on the
nucleons N = p, n as

dσνN

dEν
(EN ) ≃ AN

2

[
dσνp

dEν

(
EN

AN

)
+

dσνn

dEν

(
EN

AN

)]
,

(3)
where we have focused for simplicity on isoscalar nu-
clei with equal number AN /2 of protons and neutrons,
each carrying a fraction 1/AN of the nucleus’s energy
EN , and summed over elastic scattering (ES) and deep
inelastic scattering (DIS) contributions: dσνN/dEν =
dσES

νN/dEν + dσDIS

νN/dEν . The ES part, summed over ν
and ν̄, reads [32, 33]

dσES

νN

dEν
=

2G2
Fmνm

4
N

π(s−m2
N )2

[
AN (Q2) + CN (Q2)

(s− u)2

m4
N

]
,

(4)
where GF is the Fermi constant; s = 2mνEN +m2

N +m2
ν ,

Q2 = 2mν(Eν −mν) is the momentum transfer squared,
u = 2m2

ν + 2m2
N − s + Q2; mN(ν) is the nucleon (neu-

trino) mass and EN(ν) is the energy of the incoming nu-
cleon (outgoing neutrino) in the frame in which the initial
neutrino is at rest. The functions AN and CN are given
in Appendix A (see, e.g., [32, 33]) and strongly suppress
ES for Q2 ≳ m2

N ≈ GeV2. The DIS, in which the initial
neutrino interacts directly with the quark constituents of
the nucleons, takes over for EN ≳ 1010−11 GeV, given
Q2 ≲ s and mν ≈ 0.1 eV, thus being necessary to de-
scribe the highest-energy part of the up-scattered RνB

flux. For the NC ν-N DIS cross section we adopt

dσDIS

νN

dEν
≃

∑
a=q,q̄

G2
F [(gaV )2 + (gaA)2]

2πEN

×
∫ 1

ymin

dy

y2
Q2fN

a (x,Q2)

[1 + Q2/M2
Z ]2

(
y2 − 2y + 2 − 2m2

N

Q2

)
,

(5)

where MZ is the Z boson mass, y is the inelasticity
parameter satisfying ymin = (Eν − mν)/EN ≲ y ≤ 1,
x = (Eν − mν)/(ENy) is the Bjorken scaling variable
and fN

a (x,Q2) is the parton distribution function (PDF)
for the quark a having NC vector and axial coupling
gaV and gaA, a = u, d, s, c, b (we neglect any contribution
from the top quark). We evaluate the PDFs with the
Python package parton using the “CT10” PDF set [34]
(see also this website for more details). Details on the
derivation of Eq. (5) are given in Appendix B. For
simplicity, we do not take the coherent ν-N scattering
into account as it could contribute only at energy scales
smaller than those of interest to our study [33, 35], and
neglect the contribution to dσνN /dEν from hadronic
resonances [36, 37], relevant for Q2 ≈ GeV2, so that in
the considered range our results are conservative.

CRs up-scattering RνB en route to Earth— As
they travel towards the Earth, UHECRs up-scatter the
RνB with the largest cross sections among all CRs, and
induce a flux described by Eq. (2). While the bulk of CRs
with energy much below the EeV are believed to originate
within the Milky Way (MW) [38, 39] and to be mostly
protons below the PeV [40], UHECRs above the EeV
scale are today understood as having an extragalactic ori-
gin, see e.g. [41–43], and a mixed composition with heav-
ier nuclei dominating over protons, see e.g. [14, 15, 44–
49]. We therefore employ the CR spectrum dΦCR/dECR

from [14] and, by considering up-scatterings in the MW
with Deff ≈ 10 kpc (see e.g. [50–52]), we obtain the flux
reported as a dot-dashed line in Fig. 1 (see further). Our
calculation improves over the analogous one [13] by going
beyond the proton-only composition of CRs and by im-
plementing the momentum transfer dependence and DIS
in the cross section. It results in a significantly different
flux with respect to [13], see Appendix C for details of
the comparison.

Since tentative sources of UHECRs are located at
1 ∼ 100 Mpc from Earth [53–57], Deff can be larger than
10 kpc by orders of magnitude, resulting in a sensitivity
to η̄ν ∼ 1010−11. Still, these enormous η̄ν over such
long distances are hard to justify without spoiling the
large-scale homogeneity of the Universe, motivating us
to look for environments where Deff can be sizeable while
keeping neutrino overdensities localised on smaller scales.

Boosted RνB from CR-reservoirs— A possible ex-
planation for the extragalactic origin of UHECRs is that

https://lhapdf.hepforge.org/
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they are produced inside galaxy clusters, in which they
reside up to cosmological times before escaping and con-
tributing to the UHECR flux on Earth [25–31] (see
also [58] for a review). The distance they travel inside
these gigantic CR-reservoirs would be roughly cτesc ≃
0.3 Gpc (τesc/1 Gyr), where τesc is the time CRs spend in
the cluster before their release. The effective distance
entering Eq. (2) can be written as Deff = Bcτesc, having
defined the spatial boost factor

B ≡
∫
V

d3r⃗fCR(x) δν(r⃗) , (6)

with δν(r⃗) ≡ ην(r⃗)/η̄ν and fCR(r⃗) the spatial profile of
the CR flux inside a CR-reservoir of volume V , nor-
malised such that

∫
V
d3r⃗fCR(r⃗) = 1. One has B = 1

for a homogeneous RνB, δν(r⃗) = 1, while B > 1 if, e.g.,
the number densities of both UHECRs and neutrinos are
peaked at small radii. In what follows, we fix B = 1
and τesc ≃ 2 Gyr [30], neglecting any dependence on the
CR energy that τesc (and B) may have. We checked that
implementing the τesc energy-dependence, as derived in,
e.g., [31], does not significantly alter our results.

We model UHECRs in cluster reservoirs following [30].
For each nucleus N , we write

dΦN

dEN
= KN

(
Emax

N
EN

)α

e−EN /Emax
N , (7)

where 2 ≤ α ≤ 2.5 and Emax
N /ZN ≃ 7.69 × 1010GeV,

ZN being the atomic number of N . We consider
the relative nuclear abundances as given in [30] and
fix the normalisation factors KN by requiring that
the total luminosity emitted from the entire popula-
tion of CR-reservoirs matches with the one observed at
Earth. Concentrating on the energy range Eankle

CR =
5 EeV ≤ ECR ≤ 200 EeV, approximating the ob-
served extragalactic CR spectrum as a single power-law
dΦCR/dECR ≃ (dΦCR/dECR)ankle (Eankle

CR /ECR)2.5, with
(dΦ/dECR)ankle ≃ 10−27 GeV−1cm−2s−1sr−1 [14], and
taking as a benchmark value α = 2.3 [30], we find
KH(He) ≃ 9.44×10−31 (9.52×10−32) GeV−1cm−2s−1sr−1

for 1H (4He), while heavier nuclei are sub-dominant. We
give more details on the normalisation procedure in Ap-
pendix D.

The resulting total flux on Earth of relic neutrinos
up-scattered in CR-reservoirs is shown in Fig. 1. We
compare it with current observations, limits and future
sensitivities, and with the flux of cosmogenic neutrinos
arising as secondary products of UHECRs interactions
inside reservoirs as computed in [30], because that could
constitute a background to our signal. The total flux is
obtained by summing over all neutrino mass eigenstates
νi having non-zero masses mi, i = 1, 2, 3, squared
mass differences ∆m2

21 ≡ m2
2 − m2

1 = 7.42 × 10−5 eV2

and ∆m2
31 ≡ m2

3 − m2
1 = 2.507 × 10−3 eV2 [72], sum

of neutrino masses saturating the cosmological limit
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FIG. 1. The all-flavour RνB fluxes on Earth as up-scattered
by UHECRs inside galaxy clusters acting as CR-reservoirs
(continuous gold lines) or from UHECRs in the MW travel-
ling towards Earth (dot-dashed gold line, multiplied by 3×104

to show in the plot). The yellow shaded region is obtained
by varying the slope of the CR spectrum in reservoirs within
2 ≤ α ≤ 2.5 (central thick line, α = 2.3), for a weighted
RνB overdensity Bη̄ν = 3 × 108, a neutrino mass spectrum
with NO and

∑
i mi = 0.113 eV [59]. We depict in grey

the 95% C.L. band of the single-power-law model for the
astrophysical muon neutrino-induced tracks detected at Ice-
Cube [60]. The crosses (arrows) are piece-wise best-fit ±1σ
events (68% C.L. limits) for cascades and showers initiated by
astrophysical neutrinos at IceCube [61, 62] (see also [63, 64],
the KM3NeT ARCA detector will have a similar sensitiv-
ity [65]). Fluxes of UHE neutrinos lying in the upper shaded
regions are excluded at 90% C.L. by the null-detection at
IceCube [20], Pierre Auger Observatory [21] and ANITA [66].
Sensitivities of PUEO (2025) [67], RNO-G (2032, first stations
already taking data) [68], IceCube-Gen2 [69] (planned) and
GRAND [70] (proposed) are depicted as dashed lines. The
black line displays the cosmogenic neutrino flux from [30].

∑
i mi = 0.113 eV [59] for a spectrum with normal or-

dering (NO) m1 < m2 < m3 and a weighted overdensity
of Bη̄ν = 3 × 108.

Limits and sensitivities on RνB overdensities—
In Fig. 2 we show the limits and sensitivities on the com-
bination of parameters Bη̄ν , as a function of the lightest
neutrino mass assuming NO. We derive them by imposing
that our flux line touches the relevant limit/sensitivity
curve. Results for inverted ordering (IO) m3 < m1 < m2

are similar and shown in Appendix E.

Our limits and sensitivities are compared with the
Pauli exclusion principle constraining the number density
of gravitationally-bound neutrinos, when no BSM clus-
tering effect is assumed. We compute the local maximum
overdensity as prescribed in [10] for a galaxy cluster of
mass M = 5×1015M⊙, assuming a Navarro-Frenk-White
(NFW) [73] profile for the surrounding dark matter halo,
and then average over the cluster volume.

We also evaluate the overdensity η̄ν for which the RνB
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mass equals that of the entire galaxy cluster. We con-
sider a NFW dark matter density profile whose virial
radius scales as Rvir ∼ M1/3, such that the average
mass density in clusters ρcluster is independent of the
cluster mass. In particular, ρcluster ≈ 200ρc [74], with
ρc ≃ 1.05×10−5h−2 GeV cm−3 the critical density of the
Universe and h ≃ 0.674 the dimensionless Hubble pa-
rameter. We then impose a rough cluster mass limit by
requiring η̄νnν,0

∑
i mi ≤ ρcluster, taking equal averaged

overdensity for each neutrino species. The corresponding
limit on the weighted overdensity Bη̄ν can be relaxed for
non-uniform neutrino and CR spatial distributions.

Finally, we estimate the sensitivity of the proposed
PTOLEMY experiment [7] on local neutrino overdensi-
ties, considering the configuration where the final 3He+

is in the bound ground state. Depending on the neutrino
mass compared to the experimental resolution ∆ (we
use ∆ = 0.05 eV as reference), the RνB absorption
peak can be well-separated from the continuous β-decay
spectrum or hidden under it. Accordingly, we require at
least Npeak = 10 events/yr to call a detection in the first
situation, or Npeak ≳ 3

√
Nbkg, with Nbkg the number of

β-decay events/yr in the same energy range in the second.

Flavour composition of the boosted RνB— Neu-
trinos produced in astrophysical environments typically
exhibit precise flavour composition at the source, but
neutrino oscillations over astronomical distances tend to
homogenise any flavour disparity [76, 77].

Instead, the boosted RνB exhibits a peculiar flavour
composition. At first, the RνB is evenly distributed
among the mass eigenstates, which directly take part in
the NC scatterings with UHECRs. The mass eigenstates
νi then propagate freely and their fluxes dΦi/dEν are
preserved. At detection, the probability of observing a
massive neutrino νi in a flavour ℓ = e, µ, τ is Pℓi =
|Uℓi|2, with Uℓi being the entries of the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) neutrino mixing matrix [78–
80]. Then, the flux of boosted neutrinos with flavour ℓ

is given by dΦℓ/dEν =
∑

i |Uℓi|2 dΦi/dEν . Clearly, the
relative flux in each flavour depends on the neutrino mix-
ing parameters through the PMNS matrix and neutrino
masses via the differential flux.

As the fluxes of the different mass eigenstates have
distinct energy dependence, the flavour composition of
the boosted RνB flux depends on the energy as well. It is
nevertheless practical to calculate an integrated flavour
ratio Φℓ/Φtot ≡

∑
i |Uℓi|2Φi/

∑
i Φi. The predicted

integrated flavour composition is shown in Fig. 3. In
the plot, the parameters of the PMNS matrix are varied
within the 3σ ranges allowed by the NuFit 5.2 global
analysis of neutrino oscillation data [71, 72], while m1(3)

in the range 10−3 ≤ m1(3)/eV ≤ 1, for NO (IO). As
m1(3) increases, the mass eigenstates become nearly
degenerate, implying Φ1 ≃ Φ2 ≃ Φ3 and an unflavoured
composition Φe : Φµ : Φτ = 1 : 1 : 1, due to the unitarity
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FIG. 2. RνB overdensity η̄ν spatially averaged on galaxy clus-
ters and weighted by the spatial boost factor B of Eq. (6), ver-
sus the lightest neutrino mass. Assuming the reference slope
α = 2.3 in the CR spectrum in CR-reservoirs, and a neutrino
mass spectrum with NO, we derive the 90% C.L. constraint
set by the null-detection at IceCube [20] (blue shaded) and
the sensitivities at PUEO (2025) [67], RNO-G (2032) [68],
GRAND [70] and IceCube-Gen2 [69] (solid lines, top to bot-
tom). We also display the KATRIN limit mν < 0.8 eV at
90% C.L. [75], holding for both Dirac and Majorana neutri-
nos (gray shaded), and the DESI one assuming ΛCDM [59]∑

i mi < 0.113 eV at 95% C.L. (orange shaded). We also
derived the maximum η̄ν in a galaxy cluster allowed by i) the
Pauli exclusion principle in the SM and for a galaxy cluster
of reference mass 5×1015M⊙ [10] (black dotted), respectively
for the heaviest (upper line) and lightest (lower line) neutrino,
displayed for B = 1; ii) requiring that the RνB does not over-
shoot the mass of the host galaxy cluster (red dotted), dis-
played for B = 1 (upper), 104 (lower). Despite holding for
overdensities on Earth and not in galaxy clusters, we also
display the KATRIN limit ηEarth

ν < 9.7 × 1010 [8] (dashed
gray) and the PTOLEMY sensitivity on ηEarth

ν that we de-
rived from [7] (dashed cyan).

of the PMNS matrix. By decreasing m1(3), the mass
spectrum becomes hierarchical with m1 ≲ m2 ≪ m3

(m3 ≪ m1 ≲ m2) with the (two) heaviest neutrino(s)
dominating the total flux. In this situation, because
of the structure of the PMNS matrix, the flavour flux
composition is approximately 0 : 1 : 1 (2 : 1 : 1) for
NO (IO). This could help UHE neutrino observatories
discriminate between a boosted RνB signal and other
kinds of astrophysical neutrino fluxes [67, 70, 81–84].

Conclusions— We computed the flux of relic neutri-
nos up-scattered by UHECRs via SM NC interactions,
taking into account the full Q2-dependence and DIS in
the cross section, and the mixed CR composition. Our
results are shown in Fig. 1 for up-scatterings in the MW
by UHECRs travelling towards Earth and in galaxy clus-
ters acting as CR-reservoirs. These objects constitute
an ideal environment because of the long trapping times
of CRs inside them, and indeed lead to the largest RνB
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FIG. 3. Flavour composition of the boosted RνB. The blue
(red) area is obtained by varying the PMNS matrix entries
and squared neutrino mass splittings within the 3σ allowed
range [72], assuming a neutrino mass spectrum with NO (IO).
Darker regions correspond to lighter m1(3). The stars mark
the flavour composition of the boosted RνB for the best-fit
values of the neutrino oscillation data and m1(3) saturating
the cosmological bounds

∑
i mi = 0.113 (0.145) eV [59] (the

flavour composition depends only very slightly on the slope
of the CR spectrum).

up-scattered fluxes. Our calculation is conservative, hav-
ing not included the hadron-resonances contributions to
ν-UHECR scatterings, nor the secondary neutrinos pro-
duced by their SM charged-current interactions.

We find that IceCube [20] excludes Bη̄ν ≳ 1010 in
galaxy clusters, where we weighted the average overden-
sity η̄ν by a spatial boost factor B, and that future tele-
scopes [67–70] could possibly detect the boosted RνB for
Bη̄ν ≳ 108, see Fig. 2. These large overdensities require a
BSM origin, as could be obtained on the scales of galaxy
clusters via, e.g., long-range interactions.

To distinguish a boosted RνB signal from other UHEν
fluxes, such as cosmogenic neutrinos, we propose to rely
on i) the shape of the energy spectrum, DIS being cru-
cial in determining the one of the up-scattered RνB, and
ii) the flavour composition, the specific one of the up-
scattered RνB being displayed in Fig. 3.

Our study motivates further UHEν searches at
telescopes, a direct implementation of RνB-UHECR
scatterings in the modelling of CR-reservoirs and
sources, and research on how to obtain the sizeable
neutrino overdensities required for a potential detection.
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APPENDICES

Appendix A: Form Factors of the ν-N Neutral
Current Elastic Scattering Cross Section

A detailed derivation of the ν-N elastic scattering cross
section can be found in, e.g., [32] (see also [33]). Here, for
completeness, we only report the form of the factors AN

and CN appearing in Eq. (4) of the main text in terms
of the momentum transfer Q2. These are given in terms
of the weak neutral current form factors by [32, 33]

AN (Q2) =
Q2

m2
N

{(
1 +

Q2

4m2
N

)(
GZN

A (Q2)
)2

−
(

1 − Q2

4m2
N

)[ (
FZN
1 (Q2)

)2
+

Q2

4m2
N

(
FZN
2 (Q2)

)2 ]}
(A1)

CN (Q2) =
1

4

[ (
GZN

A (Q2)
)2

+
(
FZN
1 (Q2)

)2
+

Q2

4m2
N

(
FZN
2 (Q2)

)2 ] (A2)

where FZN
1,2 (Q2) ≃ ±(1/2)[F p

1,2(Q2) − Fn
1,2(Q2)] −

2s2WFN
1,2(Q2), with FN

1 and FN
2 being respectively the

Dirac and Pauli electromagnetic form factors for the
nucleon N = n, p, with the + (−) sign for p (n),
s2W ≃ 0.229 [74] the sine squared of the Weinberg

angle, GZp
A (Q2) ≃ (1/2)GA(Q2) and GZn

A (Q2) ≃
−(1/2)GA(Q2) and GA(Q2) the axial weak charged cur-
rent form factor. We have neglected the contributions
from the form factors related to strange and heavier
quarks, as well as the pseudo-scalar contribution (which
vanishes exactly in the case of massless neutrinos). It
is useful to define also the electric and magnetic form
factors respectively as [85–87]

GN
E (Q2) ≡ FN

1 (Q2) − Q2

4m2
N

FN
2 (Q2), (A3)

GN
M(Q2) ≡ FN

1 (Q2) + FN
2 (Q2). (A4)

At zero momentum transfer, i.e. Q2 = 0, we have
Gp

E(0) = 1, Gn
E(0) = 0, Gp

M(0) = µp/µN and Gn
M(0) =

µn/µN , where µN is the nuclear magneton, while µp ≃
2.79µN and µn ≃ −1.91µN are respectively the magnetic
moments of the proton and of the neutron [74]. The

https://site.unibo.it/openphysicshub/en
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Q2-dependence of the electric, magnetic and axial form
factors is often fitted experimentally against dipole ex-
pressions, namely GE,M(Q2) = GE,M(0)(1 +Q2/Λ2

E,M)−2

with ΛE,M ≃ 0.8 GeV, given in terms of the experimen-
tally measured electric charge and magnetic radii of the

proton
〈
r2E,M

〉1/2
=

√
12/ΛE,M ≃ 0.85 fm [88, 89], while

GA(Q2) = GA(0)(1+Q2/m2
A)−2 with GA(0) ≃ 1.245 and

mA ≃ 1.17 GeV, from measurements of the axial radius〈
r2A

〉1/2
=

√
12/mA ≃ 0.582 fm [90].

Appendix B: Neutral Current Deep Inelastic
Scattering Cross Section

If the centre-of-mass energy is sufficiently large, the
interaction between a neutrino and a nucleon N = p, n
takes place with its constituents through DIS. In this
section, we derive the NC DIS cross section assuming a
parton model with quarks carrying a fraction ξ of the
nucleon’s momentum, and then average the results over
the quark PDFs. The process is diagrammatically repre-
sented below using the TikZ-Feynamn package [91].

ν

Z

ν

q , q̄

q , q̄

X
N

We fix the momenta of the incoming neutrino and quark
respectively as pν = (Eν , p⃗ν) and pq = (Eq, p⃗q). Anal-
ogously, for the outgoing neutrino and quarks we define
kν = (E′

ν , k⃗ν) and kq = (E′
q, k⃗q), respectively. Further-

more, we neglect the quark masses. The DIS is typi-
cally studied in the frame of reference in which the nu-
cleon is at rest p⃗N = 0 (LAB), see, e.g., the compre-
hensive derivation in [32] and references therein (see also
[92]). However, we are interested in the frame in which
the relic neutrino is at rest instead. Our approach will
be that of recovering the DIS cross section in the LAB
frame and write it in terms of Lorentz invariants, so to

render any change of reference frame immediate. It will
prove useful to define also the initial nucleon momentum
pN = pq/ξ = (EN , p⃗N ) and the 4-momentum transfer
q = pν − kν . Keeping the same notation as in the main
text, we denote the squared centre-of-mass energy and
momentum transfer respectively as s = (pN + pν)2 and
Q2 = −q2. We also define the following Lorentz invariant
quantities:

⋄ energy transfer

ϵ ≡ pN · q
mN

; (B1)

⋄ inelasticity

y ≡ pN · q
pN · pν

=
2ϵmN

s−m2
N −m2

ν

; (B2)

⋄ Bjorken scaling variable

x ≡ Q2

2pN · q
=

Q2

(s−m2
N −m2

ν) y
. (B3)

Moreover, we have the following set of relations:

Q2 LAB
= −2m2

ν + 2EνE
′
ν − 2|p⃗ν ||⃗kν | cos θ, (B4)

Eν
LAB
=

s−m2
N −m2

ν

2mN
, (B5)

E′
ν

LAB
= Eν(1 − y), (B6)

vrel
LAB
= |p⃗ν |mN/(EνEN ), (B7)

where θ is the scattering angle in the LAB frame and
vrel is the relative velocity between the neutrino and
the nucleon. In particular, we have ∂ cos θ/∂x =

−mNEνy/(|p⃗ν ||⃗kν |) and ∂E′
ν/∂y

LAB
= −Eν , so that:

4π

4EνENvrel

d3kν
(2π)32E′

ν

=
y

8π

[
1 + O

(
mνmN

pν · pN

)]
dxdy.

(B8)

The master formula for the DIS differential cross sec-
tion can be written as [92]:

dσDIS

νN =
1

4EνENvrel

d3kν
(2π)32E′

ν

∑
a=q,q̄

∫ 1

0

dξfN
a (ξ,Q2)

EN

Ea

∫
d3ka

(2π)32E′
a

(2π)4δ(4)(ξpN + q − ka)|M|2

≃ G2
F

2π

y

(1 + Q2/M2
Z)2

[pαν k
β
ν + pβνk

α
ν − gαβ(kν · pν) ± iεαβγδpν,γkν,δ]

∑
a=q,q̄

F a
αβdxdy,

(B9)

where + (−) applies to neutrinos (antineutrinos); GF ≃
1.167 × 10−5 GeV −2 is the Fermi weak coupling con-
stant; |M|2 is the squared Feynman amplitude of the

neutrino-quark elastic scattering averaged over the initial
quark spins; gαβ = diag(1,−1,−1,−1) is the Minkowski
metric tensor; εαβγδ is the totally anti-symmetric tensor;
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fN
q(q̄) is the Lorentz scalar PDF for the (anti)quark q (q̄)

in the nucleon N and we have neglected neutrino masses
in comparison with the energies and other mass scales in-
volved. The hadronic tensor F a

αβ related to (anti)quark
a = q(q̄) is defined as

F a
αβ =

fN
a (x,Q2)

4Q2

∑
spins

⟨a(xpN )|Ja
α|a(ka)⟩

× ⟨a(ka)|Ja†
β |a(xpN )⟩,

(B10)

and the neutral quark current (multiplied by the numer-
ator of the Z boson propagator and having factored out
the electroweak coupling constant) as

Jq
α =

(
gαβ − qαqβ

M2
Z

)
q̄γβ(gqV − gqAγ5)q, (B11)

where γα are the ordinary Dirac gamma matrices, γ5 =
(i/4!)εαβγδγ

αγβγγγδ is the fifth gamma matrix, and the
couplings are given by gu, c, tV = 1/2 − (4/3)s2W , gu, c, tA =

1/2, gd, s, bV = −1/2 + (2/3)s2W and gd, s, bA = −1/2. We
note that F a

αβ can only depend on the momenta pN and

q and thus decomposes into

F a
αβ = − gαβF

a
1 +

pN αpN β

m2
N

mN

ϵ
F a
2 − i

ϵαβγδp
γ
Nqδ

2m2
N

mN

ϵ
F a
3

+
qαqβ

m2
N

F a
4 +

pαNqβ + pβNqα

2m2
N

F a
5

+ i
pαNqβ − pβNqα

2m2
N

F a
6 .

(B12)

With the adopted decomposition of F a
αβ , the quantities

F a
1 , F a

2 , F a
3 , F a

4 , F a
5 and F a

6 are dimensionless. As can
be checked, the third line proportional to F a

6 gives van-
ishing contributions when contracted with the combina-
tion of leptonic momenta appearing in the second line of
Eq. (B9). The same holds for the F a

4 and F a
5 contribu-

tions in the limit of vanishing neutrino masses. Thus,
only the terms proportional to F a

1 , F a
2 and F a

3 are rel-
evant in our calculation. We then get the following ex-
pressions for the F a

1 , F a
2 and F a

3 [32]:

F
q(q̄)
1 =

1

2
[(gqV )2 + (gqA)2]fN

q(q̄)(x,Q
2), (B13)

F
q(q̄)
2 = 2xF

q(q̄)
1 (B14)

F
q(q̄)
3 = (−)2gqV g

q
Af

N
q(q̄)(x,Q

2). (B15)

Plugging the above expressions in Eq. (B9), after con-
traction of the Lorentz indices, we arrive to [32, 33]:

d2σDIS

νN

dxdy
≃ G2

F

2π

Q2

[1 + Q2/M2
Z ]

2

[
yFZN

1 (x,Q2) +
1

xy

(
1 − y − m2

N

Q2

)
FZN
2 (x,Q2) ±

(
1 − y

2

)
FZN
3 (x,Q2)

]
, (B16)

where +(−) for the scattering with (anti)neutrinos, while
FZN
1 =

∑
a=q,q̄ F

a
1 , FZN

2 =
∑

a=q,q̄ F
a
2 and FZN

3 =∑
a=q,q̄ F

a
3 . Note that, in the above formula, Q2 should

be given in terms of x, y and s as Q2 = (s−m2
N −m2

ν)xy.
It can be further simplified if we consider the sum of neu-
trinos and antineutrinos contributions, σDIS

(ν+ν̄)N = σDIS

νN +
σDIS

ν̄N :

dσDIS
(ν+ν̄)N

dxdy
≃

∑
a=q,q̄

G2
F

2π

Q2[(gaV )2 + (gaA)2]fN
a (x,Q2)

[1 + Q2/M2
Z ]2

×
(
y − 2 +

2

y
− 2m2

N

Q2y

)
.

(B17)

In the reference frame in which the neutrino is at rest,
the variable x can be written as x = (Eν −mν)/(ENy),
from which we get dx/dEν = 1/(ENy). Then, the DIS
differential cross section that we need for the boosted

neutrino flux calculation is given by:

dσDIS
(ν+ν̄)N

dEν
=

1

EN

∫ ymax

ymin

dy

y

dσDIS
(ν+ν̄)N

dxdy
, (B18)

which leads to the expression given in Eq. (5) of the
main text, where, to keep a shorter notation, we have
written dσDIS

νN in place of dσDIS
(ν+ν̄)N . As already specified,

to evaluate numerically the quark PDFs, we made use
of the Python package parton and the “CT10” PDF
set [34]. The quark PDFs in the considered library are
given for x ≥ xmin = 10−8 and in the range Q2

min =
1.69 GeV ≤ Q2 ≤ Q2

max = 1010 GeV. This practically
limits our ability to properly estimate the DIS cross sec-
tion outside the energy range Q2

min/(2mν) ≤ Eν −mν ≤
min{Q2

max/(2mν), Tmax
ν (TN )}, where Tmax

ν (TN ) is the
maximal kinetic energy the neutrino can have after an
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elastic scattering,

Tmax
ν (TN ) =

(
T 2
N + 2mNTN

)
TN + (mN + mν)2/(2mν)

, (B19)

and TN ≡ EN −mN the initial kinetic energy of the in-
coming nucleon. While we could rely on an interpolation
between the elastic and inelastic regimes, we decided to
remain conservative in our study setting to zero the DIS
contribution outside the aforementioned energy range. In
practice, this does not affect any of our predictions for
the range of Eν of interest for the UHE neutrino tele-
scopes considered in our study. Finally, we note that the
inelasticity parameter lies between ymin = (Eν−mν)/EN

and ymax = min{1, (Eν −mν)/(ENxmin)} = 1.

Appendix C: Boosted Relic Neutrinos from Cosmic
Rays: Revisited

We revisit the computation of the CR-induced boosted
relic neutrino flux discussed in [13], implementing the full
cross section with Q2-dependence of the form factors, the
DIS contribution and a mixed CR composition. Firstly,
we note that the ES cross section in the low-energy limit
2mνEN ≲ m2

N [32] reads:

dσES

νN

dEν
≃ G2

F (s−m2
N )2

16πs Tmax
ν (TN )

[(1−4s2W)2+3 (GA(0))2], (C1)

with Tmax
ν (TN ) as given in Eq. (B19). The expression

in Eq. (C1) resembles the expression reported in [13] in
the same limit, apart from an overall O(1) factor. Our
calculation of the cross section differs instead more, with
respect to the one in [13], for 2mνEN ≳ m2

N .
We show in Fig. 4 the neutrino flux computed ac-

cording to Eq. (2), with mν = 0.1 eV, Deff = 10 kpc,
η̄ν = 8 × 1013 roughly saturating the limit given in [13],
and different benchmark cases described in what follows.
Our choice of Deff is motivated if the neutrino overdensity
is localised on a scale of the order of the MW radius.

i) The red dashed line is obtained by taking the cross
section as in (C1) after recasting the all-species CR
flux as observed at Earth from [49] in the energy
range 105 GeV ≲ ECR ≲ 200 EeV and assuming
a pure proton composition from the lowest to the
largest energies. With this procedure we obtain
results that are comparable (but not overlapping)
with those presented in [13].

ii) The dot-dashed purple line is obtained by consid-
ering the full Q2-dependent cross section as a sum
of the elastic and deep inelastic contributions, as
discussed in the main text, while keeping the pure
proton CR flux as in case i). We note a suppression
compared to case i) starting from Eν ∼ EeV due to

106 107 108 109 1010 1011

Eν [GeV]

10−10

10−9

10−8

10−7

10−6

E
2 ν
·d

Φ
ν
/d
E
ν
[G

eV
cm

−
2
s−

1
sr
−

1
] ANITAPierre AugerIceCube

η̄ν = 8× 1013, Deff = 10kpc, mν = 0.1 eV

Case i

Case ii

Case iii

FIG. 4. Comparison between different procedures used to
calculate the boosted all-flavour relic neutrino flux according
to Eq. (2) of the main text, with η̄ν = 8 ×1013, Deff = 10 kpc
and mν = 0.1 eV. The dashed red line corresponds to case
i) for which a low-energy limit of the elastic scattering cross
section and a pure proton CR flux are considered; the dot-
dashed purple line to case ii) with a full elastic plus inelastic
cross section and a pure proton CR flux; the thick yellow
line to case iii) with a full cross section and a mixed CR
composition according to Scenario 1 of [14]. See the text for
further details. The excluded regions and data points are as
in Fig. 1.

the form factors AN (Q2) and CN (Q2) of the elas-
tic cross section, as well as a kick at Eν ∼ 10 EeV
because of the DIS.

iii) The thick yellow curve is obtained by considering
the full cross section as in case ii) and a mixed com-
position for the CR flux according to the analysis
presented in [14]. Concentrating on the extragalac-
tic contribution only, we considered this flux in the
energy range 108 GeV ≲ ECR ≲ 200 EeV. For def-
initeness, we focused on the Scenario 1 described
in [14], in which the proton composition gets sup-
pressed earlier compared to heavier nuclei, thus im-
plying an attenuation of the boosted relic neutrino
flux.

We point out that the analogous flux in Fig. 1 is obtained
as in case iii), but considering three neutrino species with
masses that saturate the cosmological bound [59] – while
that in Fig. 4 is for three degenerate neutrinos with ref-
erence mass mν = 0.1 eV – and starting the integration
from Eankle

CR to remain conservative on the galactic-to-
extragalactic transition.

We find that the implementation of the full momen-
tum transfer dependence of the neutrino-nucleus cross
section, the deep inelastic scattering contribution and a
mixed CR composition, leads to a boosted relic neutrino
flux suppressed significantly by an overall O(10) factor
with respect to what reported in [13], and, correspond-
ingly, the bounds on the local neutrino overdensity are
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weakened by the same amount.

Appendix D: Normalisation of the Cosmic Ray Flux
Inside Galaxy Clusters

We discuss here the normalisation procedure that we
followed for our estimate of the CR flux within galaxy
clusters acting as CR-reservoirs. We rewrite here the
flux of cosmic nucleus N as given in [30] and as used in
our main analysis:

dΦN

dEN
= KN

(
Rmax

R

)α

e−R/Rmax . (D1)

where the rigidity parameter R is defined as R ≡
EN /(ZN qe), qe being the electric charge unit, with
Rmax = 2 × 1021/26 eV [30] (for convenience, we absorb
the electric charge qe in the definition of R so that it is
measured in eV rather than V). According to [30], at fixed
R the chemical composition of E2

NdΦN /dEN is (0.625,
0.252, 0.053, 0.009, 0.124) for (1H, 4He, CNO, 28Si, 56Fe)
respectively (as reference for CNO we have considered
14N only). Thus, at fixed R, we have

E2
N
dΦN

dEN
= Z2

NKNR2

(
Rmax

R

)α

e−R/Rmax , (D2)

so that the aforementioned proportions are reflected in
the ratios of Z2

NKN . Therefore, KN ≡ (CN/Z
2
N)KH,

with CHe ≃ 0.4032, CN ≃ 0.0848, CSi ≃ 0.0144 and
CFe ≃ 0.1984. The only parameter left to determine
is KH , which we fix by requiring that the luminosity
emitted from the population of CR-reservoirs matches
with the one observed at Earth, by, e.g., Pierre Auger
above the ankle. More specifically, we impose

∑
N

∫ Emax
CR

Eankle
CR

dENEN
dΦN

dEN
=

∫ Emax
CR

Eankle
CR

dECRECR

dΦCR

dECR

,

(D3)
where the CR flux at Earth is taken from [93] to be
dΦCR/dECR ≃ (dΦCR/dECR)ankle (Eankle

CR /ECR)2.5, with
(dΦ/dECR)ankle ≃ 10−27 GeV−1cm−2s−1sr−1, within the
range Eankle

CR = 5 EeV ≤ ECR ≤ Emax
CR = 200 EeV. The

CR flux observed at Pierre Auger and reported in [93]
is actually more complicated than the single power-law
considered above, including changes in the slopes at and
above the ankle, mixed composition and a suppression
at ∼ 50 EeV. We have checked, however, that such addi-
tional features do not change appreciably the value of the
integral in the right-hand-side of Eq. (D3), to which the
shape at lower energies dominates. The integral on the
left-hand-side can be computed analytically as follows:

∑
N

∫ Emax
CR

Eankle
CR

dENEN
dΦN

dEN
= KH

∑
N

CN

Z2
N

∫ Emax
CR

Eankle
CR

dEN EN

(
Emax

N
EN

)α

e−EN /Emax
N

= KH

∑
N

CNR2
max

∫ Emax
CR /(ZNRmax)

Eankle
CR /(ZNRmax)

dx x1−αe−x

= KH

∑
N

CNR2
max

[
Γ

(
2 − α,

Eankle
CR

ZNRmax

)
− Γ

(
2 − α,

Emax
CR

ZNRmax

)]
, (D4)

where Γ(a, z) is the upper incomplete Gamma function.
For different values of the slope α, we find the normali-
sation factors listed in Table I.

Normalisation factors

α = 2 α = 2.3 α = 2.5

KH 1.94× 10−30 9.44× 10−31 5.20× 10−31

KHe 1.96× 10−31 9.52× 10−32 5.24× 10−32

KN 3.36× 10−33 1.63× 10−33 8.99× 10−34

KSi 1.43× 10−34 6.94× 10−35 3.82× 10−35

KFe 5.70× 10−34 2.77× 10−34 1.52× 10−34

TABLE I. Flux normalisation factors for each nuclear species
considered and different benchmark values of α. All listed
values are in units of GeV−1cm−2s−1sr−1.

Appendix E: Results for Inverted Ordering

We report here the results of our analysis for a neutrino
mass spectrum with IO, i.e. m3 < m1 < m2, ∆m2

21 ≡
m2

2 − m2
1 = 7.42 × 10−5 eV2 and ∆m2

23 ≡ m2
3 − m2

1 =
2.486 × 10−3 eV2 [72], and sum of neutrino masses satu-
rating the cosmological limit

∑
i mi = 0.145 eV [59]. In

the hierarchical limit with m3 ≪ m1 ≲ m2, there are
two heavy and one light neutrino implying a flux that is
larger by a factor ∼ 2 with respect to the results in the
NO case. Correspondingly, the limits and sensitivities on
Bη̄ν are slightly improved compared to the case of NO.
We note, however, that also the cluster mass limit be-
comes more stringent by an equal amount, for the same
reason. In the degenerate limit m1 ≃ m2 ≃ m3, the IO
case is practically identical to the scenario with NO. The
results for IO are summarised graphically in Fig. 5.
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FIG. 5. Boosted all-flavour relic neutrino flux (upper panel)
and corresponding limits and sensitivities on Bη̄ν (bottom
panel) for a neutrino mass spectrum with IO. All legends are
as in Figs. 1 and 2.
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