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Neuronal dendrites form densely branched tree architectures through which mitochondria must be
distributed to supply the cell’s energetic needs. Dendritic mitochondria circulate through the tree,
undergoing fusion and fission to form clusters of varying sizes. We present a mathematical model for
the distribution of such actively-driven particles in a branched geometry. Our model demonstrates
that ‘balanced’ trees (wherein cross-sectional area is conserved across junctions and thicker branches
support more bushy subtrees) enable symmetric yet distally enriched particle distributions and
promote dispersion into smaller clusters. These results highlight the importance of tree architecture
and radius-dependent fusion in governing the distribution of neuronal mitochondria.

PACS numbers: Valid PACS appear here

Highly extended neuronal cells face the challenging
task of spatially distributing organelles such as mito-
chondria, which provide a source of energy for neuronal
function. Defects in mitochondrial transport, localiza-
tion, and interaction are associated with a number of
neuropathologies, including Alzheimer’s and Parkinson’s
disease [1–3]. In neurons, mitochondria form a ‘social’
network of variable-size clusters whose dynamic fusion
and fission are thought to contribute to mitochondrial
maintenance by helping deliver newly synthesized mate-
rial from the soma throughout the cell [4–6]. Mitochon-
drial structures range from highly interconnected archi-
tectures in yeast cells [7], to largely fragmented popula-
tions in axons [8, 9], to networks on the border of perco-
lation in many mammalian cell types [10–12]. Dendritic
mitochondrial networks consist of many disjoint clusters
as well as small motile mitochondria [13].

The fusion of mitochondria into larger clusters is anal-
ogous to reversible aggregation and polymerization phe-
nomena, previously explored in the context of pathogenic
protein aggregates [14], filaments [15], and gels [16]. Such
systems have traditionally been studied via kinetic mass-
action models [17–21], which generally assume that fu-
sion, fission, absorption, and injection of particles occur
in an unstructured homogeneous space, and that the sys-
tem can be treated as well-mixed. Here we consider how
the spatial architectures of dendritic arbors, as well as ac-
tive transport and geometry-dependent fusion, modulate
the formation of mitochondrial clusters.

The dendritic arbor forms a bifurcating tree rooted
at the cell body, with narrowing branches towards the
distal tips (Fig. 1a). Live-cell imaging observations in
Drosophila sensory HS neurons indicate both a stationary
and a motile population of mitochondria that move pro-
cessively in anterograde and retrograde directions [13].
The steady-state distribution of mitochondria exhibits
two key features: enrichment of mitochondrial volume
density towards the distal tips, and symmetric volume
densities between sister subtrees. The dendritic trees
themselves approximately follow specific morphological

scaling laws that allow the emergence of these distribu-
tions [13]. Namely, branch widths obey the Da Vinci
law [22] which preserves cross-sectional area across a
junction (r20 = r21+r22, where r0 is the radius of the parent
branch and r1, r2 the radii of the two daughter branches).
In addition, sister branch radii have areas in proportion
to the ‘bushiness’ (Bi, total branch length over depth) of
the corresponding subtrees, according to r21/r

2
2 = B1/B2.

Trees that exhibit these two properties allow for symmet-
ric volume densities of particles that undergo transport
and radius-dependent halting [13]; we shall refer to them
hereafter as ‘balanced trees’.

Here, we explore the formation of clusters due to fusion
and fission of actively transported mitochondria on var-
ious tree morphologies. We demonstrate that balanced
trees allow for a universal cluster distribution regardless
of the tree branching pattern. Our results highlight the
interplay between geometry and kinetics in governing the
distribution of organelles in neuronal arbors.

Mitochondria are modeled as a population of dis-
crete units that engage in transport, fission, and fusion
(Fig. 1b). Single motile units move processively with
velocity ±v (anterograde or retrograde) and reverse at
branch tips. New mitochondria are produced at the soma
(tree root) with rate kp. Retrograde mitochondria that
return to the root disappear. When a motile mitochon-
drion passes the tip of any mitochondrial cluster, it has
a probability of fusion: Pu,j = Au/r

γ
j , with rj the radius

of the branch j, γ a scaling exponent that governs sensi-
tivity to branch width, and Au > 0. Fused clusters are
always stationary.

Clusters can undergo fission with rate kb at each end,
releasing a single motile mitochondrial unit while the re-
mainder of the cluster remains stationary. A stationary
single unit becomes motile again also with rate kb and is
equally likely to go anterograde or retrograde. Antero-
grade mitochondria split at junctions in proportion to the
cross-sectional area of the respective daughter branches,
as observed in Drosophila sensory dendrites [13].

This model can be explicitly represented in agent-
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FIG. 1. (a) Skeleton of a dendritic tree topology extracted
from Drosophila HS neurons [13], with branch radii set to obey
a balanced tree morphology. Inset: Schematic of anterograde
(green), retrograde (magenta) and stationary (yellow) mito-
chondria at the primary trunk. Anterograde mitochondria
are produced at rate kp. (b) Fusion and fission dynamics in
the mitochondrial cluster model. Fusion occurs with proba-
bility Pu during each passage event; fission at each cluster end
occurs at constant rate kb. (c) Simulation snapshot of mito-
chondrial clusters with different sizes on dendritic branches;
different colors indicate distinct mitochondrial clusters.

based simulations that track the motion of individual
mitochondrial units and the spatial extent of growing
clusters (Fig. 1c; supplemental video SV1).
To more efficiently explore the behavior of this dy-

namic system, we represent it in terms of a mass-action
(mean-field) model, which treats all clusters as point-
like particles and assumes that the cluster distributions
can be described in terms of continuum concentration
fields. The mitochondria are represented by linear den-
sities ρωi,j of clusters with size i located on branch j in
state ω = {+,−, s} (corresponding to anterograde, retro-
grade, and stationary particles, respectively). The time-
evolution of these densities is given by the following set
of equations, which incorporate all state transitions:

∂ρs1,j
∂t

= −2kbρ
s
1,j + 2kbρ

s
2,j − vPu,j(ρ

+
1,j + ρ−1,j)ρ

s
1,j ,

∂ρ±1,j
∂t

= ∓v
∂ρ±1,j
∂x

− vPu,jρ
±
1,j

∞∑
i=1

ρsi,j − 2vPu,jρ
−
1,jρ

+
1,j

+ kbρ
s
2,j + kbρ

s
1,j + kb

∞∑
i=3

ρsi,j , (1)

∂ρs2,j
∂t

= −vPu,j(ρ
+
1,j + ρ−1,j)ρ

s
2,j + 2vPu,jρ

−
1,jρ

+
1,j + 2kbρ

s
3,j

− 2kbρ
s
2,j + vPu,j(ρ

+
1,j + ρ−1,j)ρ

s
1,j ,

∂ρsi,j
∂t

= vPu,j(ρ
+
1,j + ρ−1,j)(ρ

s
i−1,j − ρsi,j)

+ 2kbρ
s
i+1,j − 2kbρ

s
i,j ,

We define ρm1,j = ρ+1,j + ρ−1,j as the total linear density
of motile mitochondria on branch j. Reflection boundary
conditions at terminal nodes imply ρ+1,j = ρ−1,j on all
edges. In the parent trunk, the motile density is set by
the boundary condition matching mitochondrial flux and
production rate: ρm1,0 = 2kp/v. In daughter branches k, l
following the parent branch j, the motile linear density
is found according to the splitting rules: ρm1,j = ρm1,k+ρm1,l
and ρm1,k/ρ

m
1,l = r2k/r

2
l .

Putting together all the boundary conditions, the
steady state solution of Eq. (1) follows (see details in
SM):

ρsi,j =
ρm1,j
2

(1 + αjρ
m
1,j)

(
αjρ

m
1,j

)i−1

; i > 1, (2)

where αj = vAu/2kbr
γ
j . The motile density in each

branch is determined recursively from the parent branch
according to the splitting rules at the junction. The
branch widths play two separate roles in setting the mito-
chondrial densities: they determine the linear density of
motile mitochondria in downstream branches, and they
modulate the fusion probability through the scaling ex-
ponent γ. The volume density of clusters in each branch
can be computed as cωi,j = ρωi,j/r

2
j .

In Fig. 2, we consider the cluster distribution on a
smaller tree with branch radii set to obey a balanced tree
morphology. The overall cluster size distribution (inte-
grated across the entire tree), exhibits an exponentially
decaying tail, with a close match between simulations and
the mean-field model (Fig. 2a). The higher mitochondrial
density in distal branches (as expected for γ > 2) is also
predicted by the mean-field model (Fig. 2c). Unlike the
mean-field model, the simulations show a depletion of mi-
tochondrial densities at the terminal tips of the branches
(Fig. 2d). This effect arises from the finite size of mito-
chondrial units, which limits further fusion once a long
cluster abuts the tip. Nevertheless, the mean-field model
encompasses the main features of the cluster size and
spatial distributions in the simulated system.

We next determine how the total mitochondrial mass
and its distribution into different-size clusters is gov-
erned by the interplay of kinetic parameters and the tree
structure. To non-dimensionalize the model, we scale all
branch widths relative to the trunk radius r0. Branch
lengths are scaled by the total depth of the tree D0. For
arbors where every tip has the same path length from the
root, D0 is equal to this path length. For more compli-
cated arbor structures, the depth is defined recursively
according to D0 = ℓ0 + (L1 + L2)/(L1/D1 + L2/D2),
where ℓ0 is the length of the trunk, and Lj , Dj are the to-
tal branch length and the depth of the daughter subtrees.
For a balanced tree morphology, where sister branch radii
are proportional to the subtree bushiness (Bi = Li/Di),
the depth is directly related to the total tree volume,
with V0 = D0r

2
0 (see SM). Time units in the model are
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nondimensionalized by the time D0/v required for a mi-
tochondrion to traverse the tree depth.

The resulting steady-state distribution of clusters on
a fixed tree architecture is governed by two dimension-
less parameters. The balance between new mitochondrial
production and motile units traversing and exiting the
tree is set by k̂p = kpD0/v. The balance between fusion
and fission is set by u = Auv/(r

γ
0D0kb). We note an

analogy to prior models of binding and unbinding parti-
cles [23], with k̂p serving as an effective fugacity (equiv-
alent to the exponent of the chemical potential, driving
more particles into the system) and u serving as an ef-
fective association constant (balancing the preference for
clustering versus fragmentation).

It can be shown (see SM for details) that for any given
tree structure, the linear densities of clusters (m0,j) and
of individual units (m1,j) on each branch are given by:

m0,j =
2ξj k̂p
D0

g

[
uk̂pξj

(
r0
rj

)γ]
,

m1,j =
2ξj k̂p
D0

f

[
uk̂pξj

(
r0
rj

)γ]
,

g(x) = 1 +
1 + x

(1− x)
, f(x) = 1 +

1 + x

(1− x)2
,

(3)

where ξj = ρm1,j/ρ
m
1,0 describes how motile mitochon-

dria are diluted as they travel downstream, completely
determined by the branch widths of the tree. If the
tree structure is fixed, then the scaled total mitochon-
drial mass: MT /k̂p = 1

k̂p

∑
j m1,jℓj is a function of the

reduced parameter uk̂p and the fusion sensitivity ex-
ponent γ. Similarly, the average cluster size, ⟨i⟩T =
(
∑

j m1,jℓj)/(
∑

j m0,jℓj) depends only on these two pa-
rameters and the tree structure.

For trees that obey the Da Vinci Law, the splitting
of motile mitochondria in proportion to branch area im-
plies that ξj = (rj/r0)

2. Consequently, in the case of
γ = 2, the volume density of all cluster sizes is uniform
across the tree. The average cluster size is then given
by a universal curve: ⟨i⟩T = f(uk̂p)/g(uk̂p), regard-
less of the tree connectivity (see Supplemental Fig. S1)

The scaled total mitochondrial mass becomes MT /k̂p =

2f(uk̂p)V0/(D0r
2
0), where V0 is the total tree volume. For

the special case of balanced trees, this scaled mass is also
independent of the tree branching architecture. In partic-
ular, these universal expressions (black curves in Fig. 3a-
b) give the scaled mass and cluster size for particles on a
simple linear domain. They are analogous to the canoni-
cal behavior found in classic well-mixed mass aggregation
models, which exhibit a phase transition with increasing
fusion or production [14, 18].

Both the total mass and cluster size diverge asymp-
totically when the parameter uk̂p approaches a critical

value, which for balanced trees is given by (uk̂p)
∗ =

(min {rj} /r0)γ−2. Thus, when fusion probabilities scale

FIG. 2. Mean-field model and simulations of cluster distribu-
tions on a balanced tree. (a) Distribution of cluster sizes aver-
aged across the tree. (b) Average mitochondrial volume den-
sity is plotted for each branch using simulations (horizontal
axis) and mean-field model (vertical axis). Dashed line indi-
cates equality. (c,d) Spatial distribution of mitochondrial vol-
ume density cj =

∑
i iρi,j/r

2
j from (c) the mean-field model

and (d) simulations. Parameters used throughout: γ = 2.5,
kp = 0.19s−1, kb = 0.01s−1, v = 0.45µm/s, Au = 0.01,
rtrunk = 1, unit size 1µm in simulations. Average cluster size
is ⟨i⟩ = 1.3 and average number of units is MT = 80. Results
are averaged over 100 independent iterations.

with cross-sectional area (γ = 2), the critical value for
diverging cluster size is 1, whereas for steeper fusion sen-
sitivity (γ > 2), this critical value is lower (Fig. 3a-b).

We next consider the behavior of the total mass and
average size for alternate tree structures that obey dis-
tinct radial scaling laws. For instance when α = 3/2
(Rall’s Law [24]), the total cross-sectional area is reduced
across each junction. In such trees, the fusion probability
increases more steeply towards the distal tips, inducing
the formation of larger distal clusters. The critical value
(uk̂p)

∗ for divergent mass and cluster size is then substan-
tially lower, so that comparatively low production rates
can lead to substantial accumulation of distal mitochon-
dria. When α = 3 (Murray’s Law [25]) the corresponding
expansion of the cross sectional area at the distal zone re-
duces the fusion probability and leads to smaller clusters
for the same production rate.

In power-law models for tree structure, the cross-
sectional area of the branches decreases exponentially
from the primary trunk to the distal tips. However, there
is likely a lower bound on the minimum radius of den-
dritic branches due to the mechanical limits of fitting at
least one microtubule into each branch. Recent measure-
ments inDrosophila class IV sensory neurons [26] indicate
that the branch radii can be approximated as obeying a
modified Da Vinci relation: r21 + r22 = r20 + r2min, with
minimum radius rmin ≈ 0.1µm. We consider the effect
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FIG. 3. Mass-aggregation model results for the total mass and
average cluster size with increasing fusion. (a) Scaled total
mitochondrial mass plotted versus dimensionless parameter
uk̂p. (b) Average cluster size plotted versus uk̂p. (c) Aver-
age cluster size plotted as a function of scaled mitochondrial
mass. Black lines show canonical result on linear geometry
with γ = 2. All other curves are computed on an example HS
dendritic arbor topology, with radii imposed according to spe-
cific scaling laws. Purple lines show results for a balanced tree
structure and different fusion scaling exponents: γ = {0, 2, 3}
(dashed, solid, and dotted curves respectively). Cyan and red
curves represent alternate radial scaling laws (α = 3/2 and
α = 3, respectively), with γ = 2. Yellow curves represent
a balanced tree structure with an imposed minimum radius
rmin = 0.1µm.

of incorporating this minimum radius into the model for
mitochondrial cluster formation on the Drosophila HS
dendritic arbors considered here, which have an average
radius of rtrunk ≈ 3µm in the primary trunk [13]. Impos-
ing a balanced tree architecture yields an average radius
of ∼ 0.3µm in the distal branches. Consequently, the
minimum radius has only a small effect in widening dis-
tal tree branches and reducing cluster size (Fig. 3).

In general, cells can adjust rates of mitochondrial bio-
genesis to control their overall mitochondrial load [27].
Thus, a fixed mitochondrial mass in the dendrite may be
a more relevant control parameter than the production
rate. In the regime where clusters of substantial size are
formed (⟨i⟩ ≳ 2), a balanced tree architecture with fu-
sion exponent γ = 2 yields the smallest average cluster
sizes (Fig. 3c). A variety of HS dendritic trees with dif-
ferent branch width scaling laws, α = {3/2, 3}, all give
larger clusters for a given scaled mitochondrial mass (see
Fig. S1). Thus, balanced trees with γ ≈ 2 form the op-
timal structure to disperse the mitochondrial population
into many small clusters, a direct consequence of the spa-
tially uniform distributions that arise in such systems.

The spatial accumulation of mitochondria in different

regions of the tree can be quantified by comparing clus-
ters in distal branches (defined as those branches with
path distance from the root greater than 70% of the max-
imal value), versus those in the primary trunk (Fig. 4a).
Focusing on balanced tree morphologies, the distal en-
richment of both mitochondrial volume density and av-
erage cluster size are plotted in Fig. 4b as a function of
the fusion scaling exponent γ.

As previously noted, the scaling exponent γ = 2 gives
uniform volume densities throughout the tree. Higher
values of γ enrich the mitochondrial volume in distal
branches while lower values lead to enrichment in the
proximal trunk. The ratio of distal to proximal clus-
ter sizes also rises with increasing γ, albeit less steeply.
The 2-fold distal enrichment of volume density observed
in vivo [13] is obtained with fusion sensitivity exponent
γ∗ ≈ 2.3. For this parameter, the average cluster size
is expected to be a modest 38% larger in distal versus
proximal branches.

We note that the probability of two axially passing par-
ticles coming in direct contact scales as 1/r2 when the size
of the particles is small compared to the tube width, but
should exhibit a steeper scaling in narrow tubes compa-
rable to the particle size [28]. Thus, values of γ > 2 are
to be expected for narrow distal branches. Increasing the
overall fusion probability (Fig. 4c) monotonically ampli-
fies the enrichment of mitochondria in either the distal
or proximal zones, depending on the value of γ.

Finally, we consider the predicted asymmetry of the
mitochondrial distribution in sister subtrees. Measure-
ments in HS neurons have demonstrated that the average
mitochondrial volume density in sister subtrees tends to
be equal, even when the subtree morphologies themselves
are asymmetric [13]. We define an asymmetry metric

ζ =
√

1
Nb

∑
b

(
cb,ST1−cb,ST2

cb,ST1+cb,ST2
)2, where b is a junction site, Nb

is the total number of junctions in the tree, and cb,ST1/2

are the average volume densities in the two subtrees em-
anating from the junction (Fig. 4a). For balanced trees,
perfectly symmetric distributions are predicted for γ = 2,
with the asymmetry levels remaining quite low over a
broad range of γ values (Fig. 4d). Notably, other tree
morphologies, such as a tree that obeys the Da Vinci
Law but has equal radii between sister branches, or trees
with alternate scaling exponents α, lead to much higher
asymmetry when γ > 2. The introduction of a mini-
mum radius also increases the asymmetry of the mito-
chondrial distribution for high γ. In all cases, reducing
the system to the fragmented state (uk̂p → 0 or ⟨i⟩ = 1)
gives uniform volume densities. Overall, we show that a
balanced tree morphology, approximately representative
of HS dendrites, allows for a moderate amount of dis-
tal enrichment with a largely symmetric distribution of
mitochondria.

Maintaining homeostasis of mitochondrial clusters in a
neuronal arbor requires a balance of production, trans-
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FIG. 4. (a) Illustration of distal and proximal branches
(left) and sister subtrees ST1 (yellow), ST2 (cyan) at junction
b, in a sample HS dendritic tree. Colored strokes show mito-
chondrial cluster distribution from stochastic simulation snap-
shot. (b) Distal-to-proximal ratio in volume density (pink)
and average cluster size (green) plotted against fusion scal-
ing exponent γ. Average cluster size in whole tree is fixed
to ⟨i⟩ = 1.3 by adjusting Au. Experimentally observed distal
enrichment (dashed line) corresponds to γ∗ = 2.3. (c) Dis-

tal volume enrichment versus uk̂p for γ = {1, 2.5}, with total
number of mitochondrial units fixed to MT = 400. (d) Root
mean squared asymmetry (ζ) of mitochondrial volume plot-
ted against scaling exponent γ. Curves are shown for different
radii scaling laws: α = 2, 3/2, 3 (pink, cyan, orange) with sis-
ter radii split in proportion to subtree bushiness; α = 2 with
equal sister radii (green); balanced trees with imposed min-
imum radius rmin = 0.1µm (yellow). Average cluster size is
fixed to ⟨i⟩ = 1.3 by adjusting Au. All results are obtained
from the mass-action model, averaged over 10 tree topologies
of distinct HS dendritic arbors [13]; shadowed areas denote
standard deviation.

port, fusion, and fission. The mass action model de-
scribed here elucidates the key parameters setting the
typical cluster size and overall mitochondrial accumula-
tion: namely, the ratio of production and tree traversal
rates (k̂p) and the ratio of fusion to fission (u). The tree
morphology affects mitochondrial distributions through
both regulating the splitting of anterograde mitochon-
drial flux and modulating the probability of fusion be-
tween passing mitochondria (via the scaling exponent γ).
Balanced trees architectures, which conserve branch area
across junctions and split sister subtree trunk radii in
proportion to bushiness, are shown to maintain symmet-
ric distribution of mitochondria among subtrees, while
allowing for enrichment at the distal tips. Such enrich-
ment goes hand-in-hand with larger clusters in the distal
region. Disperal into the smallest clusters is achieved on
balanced trees, when fusion rates are inversely propor-
tional to the cross-sectional area.

In this model system, mitochondrial distributions are
shown to be highly sensitive to small changes in domain
geometry or in the production and fusion kinetics. These
results thus highlight key control parameters that can be
tuned by the cell to alter the total volume, cluster ar-
chitecture, and spatial distribution of the mitochondrial
population that supplies the energetic needs of the den-
dritic arbor.
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