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TROPICAL FEICHTNER-YUZVINSKY AND POSITIVITY CRITERION
FOR FANS

OMID AMINI AND MATTHIEU PIQUEREZ

ABsTRACT. We prove that the Chow ring of any simplicial fan is isomorphic to the middle
degree part of the tropical cohomology ring of its canonical compactification. Using this
result, we prove a tropical analogue of Kleiman’s criterion of ampleness for fans.

In the case of tropical fans that are homology manifolds, we obtain an isomorphism
between the Chow ring of the fan and the entire tropical cohomology of the canonical com-
pactification. When applied to matroids, this provides a new representation of the Chow
ring of a matroid as the cohomology ring of a projective tropical manifold.
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1. INTRODUCTION

Feichtner and Yuzvinsky provide in [F'Y04| a description of the Chow ring of a wonderful
compactification of the complement of an arrangement of hyperplanes in terms of the Chow
ring of the toric variety that underlines the compactification. Over the field of complex num-
bers, combined with the work of De Concini and Procesi [DP95], this leads to a combinatorial
description of the cohomology of the wonderful compactification. Our aim in this paper is to
prove a very general form of these results in the framework of tropical geometry. This plays a
key role in our companion work which develops a Hodge theory for Kéhler tropical varieties.

1.1. Overview of the main results. Let N be a free abelian group of finite rank and denote
by Ng the vector space generated by N. Let 3 be a simplicial fan in Ng rational with respect
to N, and denote by X its canonical compactification obtained by taking the closure of ¥ in
the tropical toric variety TPs. Denote by A®*(X,Z) and A*(X,Q) the Chow ring of ¥ with
integral and rational coefficients, and by H**(%,Z) and H**(3, Q) the tropical cohomology
groups of ¥ with integral and rational coefficients, respectively. We refer to Section 2 for a
reminder of these definitions.
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Our first theorem states as follows.

Theorem 1.1 (Tropical Feichtner-Yuzvinsky for fans). For any integer p, there is an isomor-
phism
U: HPP(X, Q) = AP(X,Q).
They induce together a ring morphism H®*(%, Q) — A*(X, Q) by mapping HP4(X, Q) to zero
in the bidegree p # q. Moreover, HP4(X,Q) is trivial for p < q and for p > q = 0.
If ¥ is unimodular and saturated, these statements hold with Z-coefficients.

We refer to Section 2.1 for the definition of saturation property. The proof given in Section 4
provides an explicit description of the application W. In Sections 8.1 and 8.2 we will provide
examples which show that both the saturation and unimodularity assumptions are in general
needed when dealing with integral cohomology.

The above result has its source of motivation in the recent development of combinatorial
Hodge theory [AHKI18; Ard22; Bakl8; Huh22; Oko22]. To any matroid m is associated a
unimodular fan ¥y called the Bergman fan of the matroid [AK06]. The Chow ring of m is
by definition the Chow ring of the corresponding Bergman fan. It behaves as the cohomology
ring of a smooth projective complex variety, with remarkable properties, although, in general,
when the matroid is non-realizable, there is no projective variety associated to m.

From Theorem 1.1, we deduce the following identification of the Chow ring of a matroid as
the cohomology of a projective tropical manifold.

Theorem 1.2. Let Xy be the Bergman fan of a matroid m and denote by Y its canonical
compactification. Denote by A®(m,Z) the Chow ring of wv with integral coefficients. We have
an isomorphism of rings A*(m,Z) = H**(Xm,Z).

We will deduce the above theorem as a special case of the following more general result. A
tropical orientation of a rational fan X of pure dimension d is an integer valued map

w: Xy — Z~ {0}

that verifies the so-called balancing condition. Namely, for any cone 7 in ¥ of codimension
one, denoting by N, the lattice of full rank in the vector subspace of Np generated by 7, we
have the vanishing of the sum

Z w(o)el =0

oOT
in the quotient lattice N / N;. Here, the sum runs over facets o of ¥ that contain 7, and ¢, is
the generator of the quotient (¢ N .N) /(7 N N) =~ Zx.

A tropical fan in Ng is a pair (X, wy) consisting of a pure dimensional rational fan X
and a tropical orientation wy as above. The tropical orientation leads to the definition of a
fundamental class. We say that a tropical fan is a tropical homology manifold if the tropical
cohomology with rational coefficients of any open subset of ’E‘ with induced orientation verifies
Poincaré duality. This has been thoroughly studied in [Aks23; AP24a]. If the same holds with
integral coeflicients, then we precise that the tropical fan is a tropical homology manifold with
integral coefficients.

The Bergman fan of a matroid m is pure dimensional and has a natural tropical orientation
that gives value one to each facet. It is shown in [JSS19] that any open set in the Bergman
fan of a matroid verifies Poincaré duality, that is, Xy, is a tropical homology manifold.

Theorem 1.2 is a special case of the following more general result.

Theorem 1.3. Let 3 be a simplicial tropical fan in Ny. Suppose that in addition, X is a
tropical homology manifold. Then, we get an isomorphism of rings A*(X,Q) == H**(%,Q).
In particular, A®(3,Q) verifies Poincaré duality.

If ¥ is unimodular, saturated, and a tropical homology manifold with integral coefficients,
the statement holds over Z. In this case, A®*(X,7Z) is torsion-free and verifies Poincaré duality.
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Combined with [AP23], these results show that the recently developed Hodge theory for
tropical fans concern the cohomology of special projective tropical varieties, those of the
form Y. In our companion work [AP20a], these results are used to introduce Kihler tropical
varieties and develop a Hodge theory for them.

The following dual version of Theorem 1.1 does not use the saturation hypothesis. Denote
by MW, (X,Z) the group of integral valued Minkowski weights of dimension p and consider
the cycle class map cl: MW, (2, Z) — H, (3, Z). We refer to Section 2.9 for the definition.

Theorem 1.4. Let ¥ be a unimodular fan in Ng. The cycle class map MW,(X,Z) —
H,,(3,Z) is an isomorphism. Moreover, Hy,(3,7) is trivial in bidegree (p,q) in the case
p<qandp>q=0.

We note that for rational simplicial fans, the statement of the above theorem with rational
coefficients is a direct consequence of Theorem 1.3 and of the duality between Minkowski
weights and Chow groups, Theorem 2.4.

We get the following corollary.

Theorem 1.5 (Hodge conjecture for compactifications of tropical fans). Let ¥ be a unimod-
ular tropical fan which is a tropical homology manifold with integral coefficients. Then, to
each element o in HPP(3,7) we can associate a tropical cycle of codimension p whose class
in Hy—pa—p(X,7Z) is the Poincaré dual of a. Moreover, for p # q, Hp (3, Z) is trivial.

The same statements are true with rational coefficients for a simplicial tropical fan 3 which
s a tropical homology manifold.

Using the above results, we formulate a tropical analogue of Kleiman’s criterion of ample-
ness [Kle66]. An element o in A'(X, Q) is called ample if it is associated to a conewise linear
function on ¥ that is strictly convex around each cone of 3. We say that a tropical variety
is effective if its underlying tropical orientation gets positive values. We prove the following
numerical characterization of ampleness for fans in Section 7.

Theorem 1.6 (Numerical criterion of ampleness for fans). Let X be a rational simplicial fan.
A class o in Al(g Q) is ample if and only if, viewed in 51’1(2, Q), has positive pairing with
the class in Hy1(3,Q) of any effective tropical curve in X.

1.2. An alternative description of the cohomology. The canonical compactification 3
admits a natural decomposition into hypercubes, see Figure 1. In order to prove Theorem 1.1,
we use this decomposition and establish a new way of computing the cohomology of ¥ that
we hope might be of independent interest. We briefly discuss this here.

For each cone o € ¥, the canonical compactification @ of ¢ is a subset of . It has the
form of a hypercube of dimension equal to that of ¢. Denote by oo, the point in & that is
diagonally opposite to the origin. For non-negative integers p, ¢, define

(1.1) CPI(3,Z) = @ FP~(c0,,7)

lol=q

where F¥(co,,Z) is the coefficient group used in the definition of tropical cohomology. It
coincides with tropical cohomology in degree k of the star fan 37, see Section 2 for the
definition.

For 7 a face of codimension one in ¢ € 3, we define a natural map

Fk(c0,,Z) — FFY(o0,,Z).

Viewing these as boundary maps and combining them together, we obtain for each integer p
a cochain complex

qg—1

— — d — d¢ —
CP*(X,Z): -+ — CPI (S, Z) —— CPI(E,Z) — CPIT(E,Z) — -
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Theorem 1.7. Let X be a unimodular fan. The cohomology of (C’é’”(i7 Z),dD) with inte-

gral coefficients is isomorphic to HP*(X,7Z). The same statement holds true with rational
coefficients for simplicial rational fans.

The proof of the above theorem is based on the homological properties of the fine double
complex ,E** introduced in Section 3.

A deeper exploitation of the fine double complex leads to the proof of the following char-
acterization of tropical homology manifolds. We state it for tropical fans.

Theorem 1.8 (Alternate characterization of tropical homology manifolds). A unimodular
tropical fan X is a tropical homology manifold with integral coefficients if and only if, for
any face ¢ € X, the cohomology with integral coefficients of X' werifies Poincaré duality.
Equivalently, if and only if, for each o € %,

e the Chow ring A®*(X7,7Z) of the star fan X7 verifies Poincaré duality, and
e all the cohomology groups HP4(X°,7Z) for p > q are zero.

The same statements hold true for simplicial tropical fans 3 with rational coefficients.

1.3. Generalization to non-rational simplicial fans. Although we assume for the sake of
simplicity and clarity of the exposition that the fans are rational, it is possible to extend the
set-up to non-rational simplicial fans. We discuss the required adjustments in Section 8.5.

1.4. Applications. The results of this paper play an important role in our companion work.
We briefly discuss them here.

Tropical Hodge theory in the global setting is the subject of our work [AP20a]. Theorems 1.1
and 1.3, combined with Steenbrink-Tropical comparison theorem and tropical Deligne weight
exact sequence, enables us to use Chow rings of tropical fans in the study of the cohomology
of tropical varieties. Using this approach, we introduce Kéahler tropical varieties and establish
a Hodge theory for them. Theorem 1.2 connects combinatorial and tropical Hodge theories.

Theorem 1.3 plays as well a crucial role in our joint work with Aksnes and Shaw [AAPS23|.
In that paper, we provide a characterization of varieties for which tropicalization remembers
the cohomology. This is motivated in part by the work of Deligne [Del97|, in which he gives
a Hodge-theoretic characterization of maximal degenerations of complex algebraic varieties,
and by the recent work by Yang Li [Li20], that connects SYZ conjecture in mirror symmetry
to tropical geometry. In this regard, we develop in [AP24b] a differential calculus on tropical
varieties that combine Chow rings of local tropical fans with real differential forms on the
variety, formulate a tropical analogue of the Monge-Ampére equation, and study its solutions.

1.5. Organization. Section 2 contains preliminary definitions and and results. In Section 3,
we introduce the fine double complex and prove Theorem 1.7. In Section 4, we prove The-
orems 1.1, 1.2, 1.3, 1.4 and 1.5. The assertion that the morphism ¥ in Theorem 1.1 is a
morphism of rings is more subtle and is proved in Section 5. Theorem 1.8 is proved in Sec-
tion 6, and Kleiman’s criterion is established in Section 7. Concluding Section 8 contains
complementary results and examples related to the content of the paper.

Convention. In the following, whenever there is a choice, we will present the proofs of the
results stated in the theorems for the case of integer coefficients, assuming that the required
conditions, if any, are satisfied. The proofs with rational coefficients (without those conditions)
are similar. Moreover, when the coefficient is not explicitly given, it means that we work with
integral coefficients.

Acknowledgments. We thank Pierre-Louis Blayac for his help in proving Theorem 1.6.
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2. PRELIMINARIES

In this section we collect basic notations and definitions that are used in the paper.

Throughout, N will be a free Z-module of finite rank and M = N* = Hom(N,Z) will be
the dual of N. We denote by Ny and My = Ny the corresponding real vector spaces.

All the cones appearing in this paper are strictly convex, i.e., they do not contain any line.
For a rational polyhedral cone o in Ny, we use the notation N, to denote the real vector
subspace of Ny generated by elements of o and set N := N / N, . Since o is rational, we get
natural lattices of full rank N, C N,z and N° C Ng.

For the ease of reading, we adopt the following convention. We use o (or any other face
of ¥) as a superscript where referring to the quotient of some space by N, or to the elements
related to this quotient. In contrast, we use o as a subscript for subspaces of N,y or for
elements associated to these subspaces.

If 7 C o are faces of X, we denote by 7., both the projection maps N™ — N7 and N — Ng.

We denote by T := RU {oo} the extended real line with the topology induced by that of R
and a basis of open neighborhoods of infinity given by intervals (a, oc] for @ € R. Extending
the addition of R to T by setting co + a = oo for all a € T, endows T with the structure of a
topological monoid called the monoid of tropical numbers. We denote by T, =R, U{oo} the
submonoid of non-negative tropical numbers with the induced topology. Both monoids admit
a natural scalar multiplication by non-negative real numbers (setting 0 - co = 0). Moreover,
the multiplication map is continuous. As such, T and T, can be seen as modules over the
semiring R, . A polyhedral cone ¢ in Ny is another example of a module over R,.

For any natural number p, we set [p] .= {1,...,p}.

2.1. Fans. Let ¥ be a fan of dimension d in Ni. The dimension of a cone ¢ in ¥ is denoted by
lo|. The set of k-dimensional cones of X is denoted by X, and elements of 3; are called rays.
We denote by 0 the cone {0}. Any k-dimensional cone o in ¥ is determined by its set of rays

in ;. The support of ¥ denoted ‘E‘ is the closed subset of N obtained by taking the union
of the cones in X, we call it a fanfold. A facet of ¥ is a cone that is maximal for the inclusion.
Y is pure dimensional if all its facets have the same dimension. The k-skeleton of X is by
definition the subfan of ¥ consisting of all the cones of dimension at most k, and we denote
it by ). We say that X is rational if all of its cones are rational. ¥ is called simplicial if
each cone in ¥ is generated by as many rays as its dimension. It is called unimodular if it is
rational, simplicial, and the primitive vectors of the rays of any cone in 3. are part of a basis
for the entire lattice N.

The set of linear functions on ¥ is defined as the restriction to ‘E‘ of linear functions on
Ng; such a linear function is defined by an element of Mg. In the case X is rational, a linear
function on ¥ is called integral if it is defined by an element of M.

Let f: ‘E‘ — R be a continuous function. We say that f is conewise linear on X if on each
face o of X, the restriction f|_of f to o is linear. In such a case, we simply write f: X — R,
and denote by f, the linear form on N, that coincides with f| on o. If the linear forms f,
are all integral, then we say f is conewise integral linear. (From an algebraic geometric point
of view, these are meromorphic functions on X.)

A rational fan ¥ is called saturated at o in X if the set of integral linear functions on ¢
coincides with the set of linear functions on 37 that are conewise integral. This is equivalent
to requiring the lattice generated by the points in ‘Z" N N7 be saturated in the lattice N7.
We say X is saturated if it is saturated at each of its faces.

A conewise linear function f: 3 — R is called convex, resp. strictly convex, if for each face
o of 3, there exists a linear function A on X such that f — X vanishes on ¢ and is non-negative,
resp. strictly positive, on n ~\ ¢ for any cone 7 in 3 that contains o.

A fan ¥ is called quasi-projective if it admits a strictly convex conewise linear function.
When ¥ is rational, it is quasi-projective if and only if the toric variety Py is quasi-projective.
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The star fan 37 refers to the fan in NJ = Ny / N, r induced by the projection of the cones
n in 3 that contain o as a face, for the projection map Ny — Ng.

Convention. We endow the fan ¥ with the partial order < given by the inclusion of cones in
> we write 7 < o if T C 0. We say o covers T and write 7 <o if 7 < ¢ and |7| = |o| —1. The
meet operation A is defined as follows. For two cones ¢ and § of 3, we set 0 Ad :== o Nd. The
set of cones in X that contain both ¢ and § is either empty or has a minimal element n € 3.
In the latter case, we say that n is the join of ¢ and § and denote it by o V é :==n. We write
o~ if oV exists and o A § = 0 holds.

On

FIGURE 1. A fan on the left and its canonical compactification on the right.
The cone ¢ is two-dimensional and has rays 7 and ~. Two faces O] and 00 are
depicted in red and gray, respectively. The ray ©/7 depicted in bold red is based
at the point oo, and excludes the point oco,, depicted in white.

2.2. Canonical compactification. We briefly discuss canonical compactifications of fans
and their combinatorics. More details can be found in [AP20a; OR11].
Let X be a fan in Np. For any cone o, denote by o¥ the dual cone defined by

o' =={me Mg | (ma)>0 forallaco}.

The canonical compactification & of o is given by Homg, (¢¥, T, ), i.e., by the set of mor-
phisms ¢¥ — T, in the category of R,-modules. In this definition, we can naturally identify
o with the corresponding subset of @. There is a natural topology on & that makes it a com-
pact topological space whose induced topology on ¢ coincides with the Euclidean one. For an
inclusion of cones 7 C o, we get an inclusion map 7 C & that identifies 7 as the topological
closure of 7 in @.

The canonical compactification Y is defined as the union of @, o € 3, where for an inclusion
of cones 7 C ¢ in X, we identify 7 with the corresponding subspace of @. An example of a
canonical compactification is depicted in Figure 1. The topology of 3 is the induced quotient
topology. Each extended cone & naturally embeds as a subspace of 3.

There is a special point oo, in @ defined by the map ¢¥ — T that vanishes on the orthogonal
space o == {m € Mg | (m,a) = 0 for all a € o} and takes value co everywhere else. Note
that for the cone 0, we have ooy = 0.

The compactification ¥ naturally lives in the tropical toric variety TPy defined as follows.
For o € ¥, let 0 := Homg, (¢",T) and note that, since Homg, (¢, R) ~ Nz, this is a partial
compactification of Ng. For a pair of elements 7 C ¢ in X, we get an inclusion 7 C ¢. Gluing
the spaces ¢ along these inclusions gives TPy.

We set N7 := Ng + o0, C 0. In this notation, we have NO%R = Ng. More generally, we
have an isomorphism N7, ~ Ng.
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The tropical toric variety TPy is naturally stratified as the disjoint union of tropical torus
orbits N7 ~ N¢, o € X. The natural inclusion of & into & gives an embedding ¥ C TPy, that
identifies Y as the closure of ¥ in TPx.

2.3. Stratification of ¥. Consider a cone o € ¥ and a face 7 of 0. Let o7 be the subset of
7 defined by
ol ={oco, +zx |z €0} =0 NN

Under the natural isomorphism N, ~ Ng, ol becomes isomorphic to the projection of the
cone o into the linear space N >~ N7 ;. We denote by 7 the relative interior of o7. In order
to simplify the notation, in what follows we will denote the closure & of ¢7 by O7. This is
justified by observing that when ¥ is simplicial (assumption we make in the paper), g7 is
isomorphic to the hypercube T*, k = |o| — |7].

Note that the origin of ¢7 is the point oo,. By an abuse of the notation, we use oo, for the
cone 77 = {00, }.

The following proposition gives a precise description of how these different sets are posi-
tioned together in the canonical compactification.

Proposition 2.1. Let X be a fan in Ng.

e The canonical compactification 3 is the disjoint union of (open) cones &7 for pairs of
faces T < 0. The linear span of the cone gl is the real vector space N] g, i.e., the
projgection of Nyg into NI .

e For any pair of faces T < o, the closure O of a7 in X is the disjoint union of all the
(open) cones 10 with T < 3§ <n < 0.

Proof. The proof is a consequence of the tropical orbit-stratum correspondence theorem in
the tropical toric variety TPy, and the observation we made previously that ¥ is the closure
of ¥ in TPy;. We omit the details. O

The cones 67 form the open faces of what we call the conical stratification of ¥. We refer
to the topological closures O7 = &~ as the closed faces, or simply, faces of .

The closed faces O7, for 7 < o a pair of faces of ¥, endow ¥ with an extended polyhedral
structure, see [JSS19; IKMZ19| for the definition.

We extend to ¥ the notations introduced for simplicial complexes. In particular, 6 € X

means that 6 is a face of X, i‘ denotes the support of ¥, and X, is the set of faces of
dimension & in X.

The sedentarity of a face 6 = O] denoted by sed(d) is by definition the face 7 of ¥. By an
abuse of the terminology and remembering only the dimension of sed(d), we sometimes say
that § has sedentarity k with k the dimension of 7.

The tangent space to O] is identified with N7, and contains full rank lattice N[ ,. For an

inclusion of faces &' =07, < d =07, we have 7 < 7/ < ¢/ < 0.

2.4. Unit normal vectors and canonical multivectors and forms. Let X be a rational
fan of dimension d. Let o be a cone of ¥ and let 7 be a face of codimension one in o. Then,
N.g cuts N, into two closed half-spaces only one of which contains o. Denote this half-
space by H,. By a unit normal vector to T in 0 we mean any vector v of N, N H, such that
N, +Zv = N,. We usually denote such an element by n,,. and note that it induces a well-
defined generator of N7 = N, / N, that we denote by ¢J. We naturally extend the definition
to similar pair of faces in X having the same sedentarity. In the case o is a ray (and 7 is a
point of the same sedentarity as o), we also use the notation e, instead of n, ..

On each face o of X, we fix a generator of /\‘U‘N(, denoted by v, and call it the canonical

multivector of o (up to a sign, this is unique). The element w, € NUIN: that takes value one
on v, is called the canonical form of o. We assume that 1y, = 1 and that v, = ¢, for any ray p.
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We extend the above definitions to © by choosing an element v} € /\‘Ul_lTlN;J ~ NIy
for each polyhedron 007, and setting @/ := v *. For simplicial X, there is a natural choice for
extending the cellular orientation of 3 to X. If 7 < ¢ is a pair of cones, there exists a unique

minimal 7" such that ¢ = 7 vV 7/. Then, we set 1/ to be the image of 1, via the projection
N — Nlzg~NT".

2.5. Orientation and sign function. The choice of canonical multivectors from the previous
section associate an orientation (in the topological sense) to the faces of ¥. In particular, to
any pair of closed faces v < of 3, we associate a sign denoted sign(v, §) as follows.

If both faces have the same sedentarity, then sign(~, d) is the sign of w; (n5 /7/\%). Otherwise,
there exists a pair of cones 7/ < 7 and a cone ¢ in ¥ such that v =07 and § = O7". Consider
the map m,_s: NI, — NI, between the two lattices in the tangent spaces of v and ¢ (see
Section 2.3). Note that m s is surjective and induces a surjective linear map from A’N7 to
NN . We choose v/ such that m,_5(v) = 1. Let ¢ be the primitive vector of the ray 77" in
o”. Although, there is a choice for ¢/, the element ¢7 A7/ is well-defined and does not depend
on this choice. We define sign(+, §) as the sign of —w;(e7 A V).

2.6. Chow rings of fans and localization lemma. The Chow ring of a rational simplicial
fan ¥ denoted by A®(X) is defined by generators and relations as follows. Consider the
polynomial ring Z[X|¢ex, with indeterminate variables X, associated to rays ¢ in ;. The
ring A®(X) is the quotient ring

A*(®) = Z[xJcem, /(T + )

where [ is the ideal generated by the products X, ---X,,, for k € N, such that py,...,p, are
non-comparable rays in ¥, that is, they do not form a cone in 3, and J is the ideal generated
by the elements of the form

Z m(ec)Xe, m € M = N*,
ey

with ¢, the primitive vector of the ray (.

The ideal I4J is homogeneous and the Chow ring inherits a graded ring structure. Denoting
by d the dimension of ¥, the graded pieces for degree larger than d vanish (by Theorem 2.2
below), and we can write

d
A*(3) = P A*(%).
k=0

We define the Chow ring with rational and real coefficients in a similar way and denote them
by A®(3,Q) and A®*(X,R), respectively. A useful result dealing with the Chow rings is the
localization lemma stated below that provides a reformulation of each graded piece A*(X) of
the Chow ring.

For each cone o of dimension k in X, choose an indeterminate variable X, and denote
by Z¥(¥) the free abelian group generated by X, for ¢ € ¥;. Consider the injective map
Z*(2) < Z[X, | p € 4] that sends each X, to the product [],X, over rays p of o. This
induces a map of abelian groups Z*(X) — AF(X).

We have the following result proved in [FMSS95, Theorem 1], see [AP23, Theorem 3.2| for
a combinatorial proof.

Theorem 2.2 (Localization lemma). Notations as above, if ¥ is unimodular, the map from
ZK (%) to A¥(X) is surjective and its kernel is generated by elements of the form Y ,ex, m(e})X,
T=0

forT € Xp_1 andme M = (NT)*.
The same statement holds true with rational coefficients for a simplicial rational fan.
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2.7. Tropical homology and cohomology groups. Let X be a rational fan. The extended
polyhedral structure on 3 leads to the definition of tropical homology groups and cohomology
groups introduced in [IKMZ19] and further studied in [JSS19; MZ14; JRS18; GS23; AB14;
ARS21; Aks23].

We recall the definition of the multi-tangent and multi-cotangent (integral) spaces F,,
and FP. We give the definitions for 3 for the face structure given by the closed strata 007
in the conical stratification of ¥, 7 < ¢ in ¥. This gives a combinatorial complex which
calculates the tropical homology and cohomology groups of 3. The definitions are naturally
adapted to ¥ with face structure given by its cones.

For any face 6 = O], we set Ns = NI, ~ N, / N,. For any non-negative integer p, the
p-th multi-tangent and the p-th multi-cotangent space of ¥ at §, denoted by F,(8) and FP(9)
respectively, are given by

Fo(0):=Y NN, CNN", and FP(5):=F,(5)".
n>=9
sed(n)=7

For an inclusion of faces v < § in X, we get maps is.,: Fp(6) = Fp(v) and i7_;: FP(y) —
F?(§) defined as follows. If v and § have the same sedentarity, the map is, -, is just an inclusion.
If vy =07 and § = O7 with 7 < 7/ < o, then the map is., is induced by the projection
NT — N;/. In the general case, is. ., is given by the composition of the projection and the
inclusion; the map i} _; is the dual of i, .

Let X = X or X, for a fan X. For a pair of non-negative integers p, g, define

Cpq(X) = @ Fp(9)

oeX
[6l=q
¢ compact
and consider the corresponding complexes
0, 0,
Cpe(X): o+ = Cpg1(X) = Cpg(X) —= Cpg1(X) — -+

where the differential is given by the sum of maps sign(v, J) - i5,, with the signs corresponding
to a chosen cellular orientation on X as explained in Section 2.5.

The tropical homology with integral coefficients of X is defined by
Hp,q(X) = Hq(Cp,e(X)).
Similarly, we have a cochain complex

CPo(X): e PN (X) L ora(x) S et (x) — -

where
CPA(X) 1= Cpy(X)* @ F? ()

[01=q

§ compact

and the tropical cohomology with integral coefficients of X is defined by
HP1(X) = HI(CP*(X)).

We can also define the compact-dual versions of tropical homology and cohomology by
allowing non-compact faces. These are called Borel-Moore homology and cohomology with
compact support, and are defined as follows.

Cpy(X) = P Fp(0) and CPUX):= P F*(5).
0eX 0eX
[6l=q eS|
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We get the corresponding (co)chain complexes C;j\f (X) and CP*(X), and the Borel-Moore
tropical homology and the tropical cohomology with compact support with integral coefficients

are respectively
H,(X) = Hy(Cpy(X)) and HPUX):= HICP*(X)).

If X is compact, then both notions of homology and both notions of cohomology coincide.
Similarly, we define homology and cohomology groups with rational coefficients.
Homology and cohomology in this paper refer to the tropical ones, so we usually omit the

mention of the word tropical. In our definition of tropical homology and cohomology, we

adapted a cellular version. As in the classical setting, there exist other ways of computing the
same groups: for instance using either of singular, cubical, or sheaf cohomologies. We note in
particular that the homology and cohomology only depends on the support.

We need the following result on the cohomology with compact support of T*, see [JSS19]

for the proof.

Proposition 2.3. The cohomology Hf’q(']I"“) with compact support of T* is trivial unless
p=q=k, and we have HY*(T*) ~ Z.

The collection of coefficient sheaves and cosheaves come with contraction maps defined as
follows.

Let 0 € ¥ and consider an element v € Fi(0). Given an element o € FP(0), we denote by
K, () the element of FP~%() that on each element v/ € F,,_1 (o) takes value a(v A /). The
map #,: FP(0) — FP~#(o) is linear. We extend the definition naturally to all faces § of ¥ and
obtain maps &, : FP(§) — FP~#(§) for any element v € F(5). We call x,(a) the contraction
of a by v, and refer to x, as the contraction map defined by v. Dually, for a € F¥(o), we get
contraction maps ko : Fy(0) = F,_p(0).

These contraction maps lead to the definition of cap product between homology and coho-
mology groups, see next section for cap product with the fundamental class.

2.8. The case of tropical fans. A tropical orientation of a rational fan ¥ of pure dimension
d is an integer valued map

w: g — Z~ {0}
that verifies the balancing condition. This means that for any cone 7 in 3 of codimension one,

the sum
> wlo)e]

o7
vanishes in the quotient lattice N / N;.

A tropical fan in N is a pair (X, wy) consisting of a pure dimensional rational fan ¥ and a
tropical orientation wy as above. We will call tropical fanfold the support of any tropical fan
(X, wy) endowed with the tropical orientation induced by wy, on the set of regular points (those
points having an open neighborhood isomorphic to an open subset of a real vector space).

In the case of a tropical fan ¥, the balancing condition implies the existence of a fundamental

class [X] € HdBl;(E) defined using canonical multivectors from Section 2.4. The class [X] is

represented by the canonical element 1 € C’dBk; given by

W = (wE(n)Vn)nezd € @ /\dNn'
neEXy
BM

Cap product with the fundamental class induces a map ~ [X]: HPY(X) — H, , ; (%)
for each p,q € {0,...,d}. We say that ¥ satisfies tropical Poincaré duality with integral
coefficients if these maps are all isomorphisms for all p and q. A tropical fanfold ’Z‘ is called

a tropical homology manifold if any open subset U of ‘Z’ satisfies tropical Poincaré duality,
i.e., cap product induces an isomorphism between the tropical cohomology and the tropical
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Borel-Moore homology of U (see [JSS19; JRS18] for details). Equivalently, a tropical fanfold
’E‘ is a tropical homology manifold if any star fan 37 of 3 verifies tropical Poincaré duality.

Note that HP4(X) is trivial for ¢ # 0, and for ¢ = 0, we have HP4(X) = FP(0). Cap
product with fundamental class is described using contraction maps defined in the previous
section. In the case ¢ = 0, it is the map

BM

Fk(Q) — Hy_ (%)

BM

defined as follows. Consider the fundamental class [¥] € H, ;(¥). The coefficient of a facet

o € B4 in [¥)] is given by w(o)y,. Given an element o € F¥(0), the corresponding element in
BM

H, ;. 4(2) has coefficient at the facet o € X4 given by ra(w(0)y,). Poincaré duality for X is
the statement that these maps are all isomorphisms. Note that, dually, we get a map

HIkA(5) — FL(0).

2.9. Minkowski weights. Let X be a rational fan in N. A Minkowski weight of dimension p
on Y with coefficient in Z is a map w: 3, — Z that verifies the balancing condition, namely,
that

V71el,_1, Zw(a)egzoeNT.
o>

We denote by MW,,(X) the set of all Minkowski weights of dimension p on ¥ with integral
coefficients. Addition of weights cell by cell turns MW, (X) into a group.

Replacing Z with Q, we get the set of Minkowski weights with rational coefficients. It
coincides with the vector space generated by MW, (%), and is denoted by MW (£, Q).

The support of a Minkowski weight w of dimension p is the set of o € ¥, with w(o) # 0.

Given a Minkowski weight w of dimension p, we consider its support and its closure in ¥

which is a tropical cycle of dimension p. Taking the corresponding homology class in Hy, ,(X)

leads to the cycle class map cl: MW, (X) — Hp ,(X), see for example [AP20b; MZ14; Shall;
JRS18; GS21]. As a consequence of the localization lemma, we have the following duality
between Minkowski weights and Chow groups [AHK18; AP23].

Theorem 2.4. Let ¥ be a unimodular fan. There is a pairing

AR (D) @ MW (Z) — Z
X, W — w(o) Vo e X and w € MWg(X).

This induces an isomorphism
MW, () ~ A*(2)*.
With rational coefficients, the same statement holds true for simplicial rational fans.

Note that in general A¥(X) can have torsion, and the pairing in the theorem is not necessarily
perfect.

3. THE FINE DOUBLE COMPLEX AND PROOF OF THEOREM 1.7

We start with the proof of Theorem 1.7. Following our convention, we give the proof of
the statement assuming ¥ is a unimodular fan in Nk, working with integral coefficients. The
proof for simplicial rational fans with rational coefficients will be similar.

We fix a non-negative integer p.
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3.1. The fine double complex. The tropical cochain complex CP*(X) given in Section 2.7 is
the total complex of a double complex. Namely, for each face 07 = &7 of 3, we can remember
both numbers |o| and |7], instead of the grading by dimension of the face, |o| — |7|, that

resulted in the cochain complex CP-*(X). Unfolding in this way CP*(X) leads to the double
complex

b T
L= P FrO).
7<0o faces of ¥

lol=a

|Tl=—b
Differentials ,E** — E®*1* and JE** — E®*™ are given by maps between the coefficient
groups FP of faces of ¥ induced by the inclusions of faces 07 — O, with o <7, for the first
differential, and inclusions of faces O] < 0O) for v < 7, for the second, respectively. We have

CP*(3) = Tot*(,E**).

In order to prove Theorem 1.7, we calculate the cohomology of CP*(3) by using the spectral
sequence associated to the filtration given by the columns of ,E**. (The spectral sequence
associated to the filtration by the rows will be used in the proof of Theorem 1.8 in Section 6.)

We denote by iE(')" the 0-th page of this spectral sequence which has abutment

(3.1) VESt — HP0(T).

3.2. Computation of the first page. The proof of Theorem 1.7 is based on the following
result. For non-negative integers p, ¢, define

CPI(E) = P F'(o0,),
laleE
ol=q

with F¥(oc0,) the coefficient group used in Section 2 in the definition of tropical cohomology.
Here, and in what follows, by slight abuse of notation, we use oo, when referring to the face

g’ = {00, }.
Denote by iEI" the first page of the spectral sequence.

Proposition 3.1. Notations as above, we have

Leab Cé”a(i) forb=0,
pEl = :
0 otherwise.

The differential on the first page for b =0 coincides with the differential d* of Cé”'(i).

In order to prove this proposition, we decompose iEI" to a direct sum of subcomplexes, as
follows. Fix an integer a. The a-th column in zeroth page iEg” of the spectral sequence is

J, a,e
Bt e — FP(O7) — FP(O)) — FP(Ol) — -
T<0 faces of 3 T<0 faces of & T=<0 faces of &
lol=a lol=a lol=a
IT|I=—b+1 |Tl=—b [Tl=—b—1

We decompose this complex as a direct sum of complexes iEg" associated to each face o € ¥,

JEC s - — P O — P Fro)— @ FrE) — -
T<0 T<0 T<0
ITl=—b+1 ITI==b [r|l==b—1

We thus have

(3.2) JECt = P JES”
JGE&
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Let iE‘lj" be the cohomology of iEJ", so that we have
(3.3) JET = P JETC
TEY,
These cohomology groups are given by the following lemma.

Lemma 3.2 (Hypercube vanishing lemma). For any face o of 3, the cohomology iET" of the
complex éEg” is given by
lpo,b Fp—\tﬂ(oog) Zfb = 07
pEl ~ ,
0 otherwise.
This isomorphism is moreover induced by the natural map
70 ~ = —lo
JESY = FP(e) — FPll(oo,),
a 7w (ky, (@)

with w7 referring to the projection N — N?, extended to the exterior algebra and restricted to
the corresponding subspaces FP. The contraction map k, s defined in Section 2.7.

We postpone the proof of this lemma to Section 3.5.

Proof of Proposition 3.1. Using the hypercube vanishing lemma, and in view of the decom-
position given in (3.3), the first page of the spectral sequence is concentrated in the 0-th row

and is given by
70 —
iE’ll = @ FPr%(c0,),

oEX
lol=a

which is precisely CP*(X).

It remains to check that the differentials coincide. Let 7 < o be two faces and denote
by dr<o: FP7(00,) — FP~19l(c0,) the corresponding part of the differential in iE”O. By
Lemma 3.2, we have the following commutative diagram.

sign(,0)i*

FP(7) FP (o)

T o
lﬂ* 0 Ky, lﬂ* 0 Ky,

Fp*‘Tl(ooT) dr<o Fr— |a|( )

We infer that the bottom map should be given by =, o k, with 7: N™ — N, i.e., by the
differential of CP*(X). This concludes the proof. O

3.3. Proof of Theorem 1.7. This is a direct consequence of Proposition 3.1, which shows
that the spectral sequence degenerates at page two, and, moreover, we have

HP(E) ~ B30 = HI(CP*()). O

3.4. Toric weight filtration on F°. It remains to prove Lemma 3.2. For this, we introduce
a natural filtration on F* called toric weight filtration. We only use here basic properties of
this filtration. We note however that this plays an important role in the development of Hodge
theory for tropical varieties in our work [AP20a], and we refer to loc.cit. for a more through
study.

For each pair of faces 7 < ¢ and each integer k < p, we have a map

Fr(0;) — Hom(A™M'N7 Fr-b=l(o) ~ AN @ FroEl (o)),
a — (v = K (a)).
We denote by Wi FP(O7) the kernel of this map. We get a filtration
0 =W_1(F(007)) € Wo(FP(0;)) < - - € Wp(FP(007)) = FP(007)
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of FP(07). Let a € W, FP(07) and v € A°N7, and let m: N™ — N° be the projection. Then,

a )

m.(k,(a)) € FP~%(0c0,) is a well-defined element. This way, we obtain a map
WiEP(@OD) — N'NT* @ FP (00, ).
It is straightforward to check that this map is surjective, and that its kernel is precisely

Wi—1FP(0O7). We thus get the following description of the graded pieces of the filtration
grs (WaF? () = WiFP(0) /Wit FP(0]) = NNJ* @ B (o0,

3.5. Proof of the hypercube vanishing lemma. We calculate the cohomology of iEg" via
the spectral sequence IF®* associated to the filtration W,. By the discussion of the previous
section, the zeroth page of this spectral sequence is given by

= P NN @FT(,).
T<0
ITl=—a—b

The a-th row of the first page of this spectral sequence is given by the cohomology of the
cochain complex §F{*
b K
TE = YR,
To compute this cohomology, we notice that
TR ~ ( C— @ NN — @B NN — ) ® FP(c0,).
T<0
\Tl—fa b+1 ITl=—a—b

Since ¢ is unimodular, the cochain complex appearing in the above summand is isomorphic to
the cochain complex C&° '+|°|+G(T‘”‘) for the cohomology with compact support and integral
coefficients of T'”! for the cell decomposition of T given by {T, oo}

ZFS" ~ Cg,-—i—\o\—i-a(r]r\n\) ® Fp_a(ooa).

(Without the unimodularity assumption on o, this still holds with rational coefficients.)
We deduce that the first page of the spectral sequence is given by

gl:fllm ~ Héz,o+|o\+a(T\a\) Q Fp_a(ooo).

Applying Proposition 2.3, we infer that gFCf’b is trivial unless a = |o| and b = —|ol, in which
case it becomes equal to FP~17/(c0,). Hence, pF®* degenerates in page one, and pE‘f’b ~

Totb(gFI") is trivial unless b = 0, in which case, we have pE‘f’O ~ FP~19(c0,). This concludes
the proof of the first part of Lemma 3.2. The second statement in the lemma follows from a
cautious study of the different isomorphisms that we omit. ([l

4. PROOF OF THEOREMS 1.1 TO 1.5

We first prove Theorem 1.1, and then deduce Theorems 1.2, 1.3, 1.4 and 1.5. We assume
that ¥ is unimodular, and saturated when required, and prove the theorems with integral
coefficient. The proof of the statements in the theorems with rational coefficients will be
similar.

4.1. Vanishing part of Theorem 1.1. By Theorem 1.7, we have
HPI(S) = HI(CP*()).
By the definition of the cubical complex (1.1), CP4(X) is trivial for p < ¢, and therefore,
HPY(Y) =0 for p < q.
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For ¢ =0 and p > 0, we get

HP(Z) ~ ker (FP(0) — €D FP'(
0€X

Let oo € FP(0) be an element of the kernel. We show that o = 0. Let V' C Ng be the vector
subspace spanned by X, that is, V' = F1(0) ® R. For any ¢ € ¥, we have r,(a) = 0. Let
a € N'V* be an element such that the restriction of @ to the subspace F,(0) C N’V coincides
with a. Since the vectors e,, ¢ € X1, span V, any element of A’V* whose contraction by all
¢p is trivial must be trivial. This means & = 0, which implies that o = 0, as required. We
conclude that HP?(3) = 0.

4.2. Isomorphism between HP?(Y) and AP(X). In bidegree (p,p), we get
HP?(S) ~ coker (CPP~1(Z) — CPP(T Y)) ~ coker( @ Fl(co,) = @ Fo(oog)).

|Tl=p—1 lol=p
We have a natural isomorphism P, _,, F%(c0,) ~ ZP(X), with ZP(X) the free abelian group
generated by X, for o € ¥, defined in Section 2.6. Moreover, since X is saturated at any face
7€ Yp-1, Djrmp F!l(0o,) generates the kernel of the surjective map ZP(X) — AP(X), as
described in the Localization Lemma, Theorem 2.2. Hence, we get an isomorphism HPP(X) ~
AP(X). By Lemma 3.2, the isomorphism is induced by the map

CPP(E) —— CPP(Z) ——— ZP(%)

a = (a5) pe5 > Loex, G5 (1)X,.
l61=p

4.3. Ring isomorphism. It remains to prove that the isomorphism HPP(X) ~ AP(X) de-
scribed in the previous section respects the products. This is more subtle and will be treated
in Section 5. We will provide an explicit calculation of the inverse of the map W in Theorem 1.1
that shows that the cup-product in cohomology corresponds to product in the Chow ring.

4.4. Proof of Theorem 1.1. Combining the results of the previous sections, we conclude. [J

4.5. Torsion-freeness and Proofs of Theorems 1.2 to 1.5. Let ¥ be a unimodular fan.
By the universal coefficient theorem applied to the tropical chain and cochain complexes of
3., for each pair of non-negative integers p, g, we get the following exact sequences

(4.1) 0 — Ext' (HP9Y(E),Z) — H,o(S) — HP(S)* — 0, and
(4.2) 0 — Ext! (Hp¢-1(5),Z) — HPY(Z) — Hpq(S)* — 0.

From the first exact sequence, using the vanishing result stated in Theorem 1.1, we obtain
an isomorphism Hy, ,(X) ~ HP4(X)* for p < g. This shows the vanishing of H,, ,(¥) for p < ¢
and an isomorphism H,, ,(3) ~ HP?(X)*. As a consequence, H, ,(¥) is torsion-free.

Proof of Theorem 1.J. Let ¥ be a unimodular fan. The dual of the map from HPP?(X) to
AP(Y) is the natural morphism from the group of Minkowski weights MW, (X) (which is dual
to AP(X) by Theorem 2.4) to the tropical homology group H, (). When ¥ is saturated,
Theorem 1.1 implies that this map is an isomorphism. By the discussion of Section 8.1, this
map is still an isomorphism even when ¥ is non-saturated. This combined with Proposition 4.1
stated below, proves Theorem 1.4. U

Proof of Theorem 1.5. This is a direct consequence of Theorem 1.4. O
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Proof of Theorem 1.3. In the case X is a saturated unimodular tropical fan which is a tropical
homology manifold with integral coefficients, we get an isomorphism HP4(Y) ~ H;iip de q(E) =

Hy_pa—q(X), p,q € Z>o, which implies as well the vanishing of H) ,(X) for p > ¢. Applying

the exact sequence (4.2), we deduce the isomorphism H?4(X) ~ H,, ,(X)*. This in particular

implies that the cohomology groups HPP(Y), and so the Chow groups AP(X) in view of
Theorem 1.1, are all torsion-free. We infer that AP(¥) ~ MW,(X)*, and the Chow ring

verifies Poincaré duality. Theorem 1.3 follows. O

Proof of Theorem 1.2. For a matroid m, the Bergman fan ¥y, is unimodular, saturated, and
a tropical homology manifold with integral coefficients by [JRS18|. Hence, applying Theo-
rem 1.3, we directly deduce that there is an isomorphism of rings A*(m) =~ H**(X). Note
that Yy, is a subfan of the permutahedral fan. Using this, it is easy to see that Xy is projec-

tive. O

It remains to prove the following proposition.

Proposition 4.1. The homology groups Hy,o(X) are trivial for each p > 0.

A proof similar to the one given in Section 4.1 for the vanishing of HP?(X) shall give the
result. Here, we propose a direct elementary argument which is valid without unimodularity
and saturation property.

Proof. Assume p > 0. From the definition of the coefficient groups F,, we see that for any
T € X, the map

(4.3) D F, () = Fp(oor)

o>T

is surjective. (If 7 is a facet, Fp(oco;) is trivial since p > 0.) Take an element a € Cpo(¥). By
(4.3) for 7 =0, we find by € C,,1(X) such that a; == a — dby is trivial at 0. Applying (4.3) for
T = p with any ray p € X1, we get an element by such that as := a7 — 0b; is trivial at 0 and
also at 0o, for any ray p € ¥. Proceeding by induction, we finally get that a = d(bo + - - -+ bq)

is a boundary. Hence, Hy,o(X) is trivial. O

5. EXPLICIT DESCRIPTION OF THE INVERSE W™1: AP(X) — HPP(Y)

In this section, we provide an explicit description of the inverse of ¥ which shows that the
map V is a morphism of rings, concluding the proof of Theorem 1.1. Following our convention,
we assume that ¥ is unimodular and saturated, and work with integral coefficients. (Note
however that the description we give in this section of the application AP(X) — HPP(X) works
for any unimodular fan, see Section 8.1.)

Before going through this, we introduce few notations that will help in working with the
cohomology of ¥. In the following, if @ is a cochain in C’p’q(i) and 7,0 € ¥ with ¢ = |o]| — |71,
we denote by a7 € FP(O7) the part of a that lives on the face O7. If 7 = 0, we just write a,.

For any face § = 07 of dimension ¢ in X, 7,0 € ¥ with ¢ = |o| — |7|, and for any a € F?(4),
we denote by [§,a] the cochain in CP4(¥) whose restriction to § is o and which vanishes
everywhere else.

5.1. The inverse in cohomology degree one. We first consider the part A'(X). Let
p € ¥1. We give an element of H}(3) whose image by ¥ coincides with X,. To this end, we
first define an element a € C1(X) as follows. For any cone o ~ p in ¥, we choose an element

o, € F1(0O7,,) that takes value one on the vector 7, € N7_, . and set

a = Z[ngp,ao].

o~p
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Note that for any o <7, we have aj = 0 unless 0 ~ p and n = o V p in which case we
have a] = a,. Moreover, the only part of a that has sedentarity 0 is [O0,, ap], and we have
U(a) = ay(e,)X, = X,. The statement would follow if a was a cocycle, which is not necessary
the case in general. We will find an element b in C1}(¥) supported only on faces of non-
zero sedentarity such that a — b is a cocycle. We will then conclude by observing that since
U(b) = 0, we still have ¥(a — b) = X,, so that the inverse image of X, will be represented by
the class of a — b.

We describe @ := da. Recall that ¢, is the projection at infinity of ¢, into N7. Consider a
pair of faces 7 < n in X with |n| — |7| = 2. We have

. o
a, =0 if either p A nor p < 7.
In the remaining cases, there must exist a ray p’ such that n =7V pV p'. In this case, we get

a:] = i(l*(a:\/p) - 7'['* (a:xz’\/p)) = :l:(Oé.,- - ﬂ-*(aTVp’))a

where 7 is the projection N™ — N7
Notice that @; is zero on the projection of ¢,. Therefore, we obtain a well-defined pushfor-
ward 77(a7) € F1(07¥%) where 7°: N7 — NI' is the natural projection.
Set
b= > sign(@),00) [D;Vp, wf(a;)} .
T,NEX
Inl—I|T1=2
PAT, p=<n
The element b has been defined in order to get db = da on every face not in ¥’. In particular,
the coboundary ¢ := d(a—b) of a—b has support in X" . Since dc = 0, the positive-sedentarity-
vanishing Lemma 5.1 below implies that ¢ = 0. This shows that a — b is a cocycle.
Since b has support only on the faces of non-zero sedentarity, we get in addition ¥(a —b) =
X,, as required.

5.2. Positive-sedentarity-vanishing lemma. We need the following lemma.

Lemma 5.1 (Positive-sedentarity-vanishing lemma). Let X be a unimodular fan. Let ¢ be a
non-zero face of ¥ and let ¢ € CP(X) be a cocycle supported in ii. Then we have ¢ = 0.

Proof. By assumption, we have dc = 0. Since ¢ is supported in Efo, we need to show the
vanishing of ¢ for any pair 7,0 in ¥ with |o| — |7| =g and ( < 7.

Let p be a ray of ¢, and consider the face n < 7 such that A p =0 and 7 = p V7. Consider
the face § = 07 of ¥ and note that § is of dimension ¢ + 1. The only face of dimension ¢ in §
that lies in ii is O7. Since ¢ has support in ifo, it follows that the components of ¢ on faces
of ¢ different from O] are all zero.

The projection map 7: N7 — N induces a surjection ,: F),(07) — F,(07) and in injection
m: FP(O7) — FP(O7). We thus get

m*(c]) = £(de)? = 0.
We infer that ¢] = 0, and the lemma follows. O

5.3. Cup-product in cubical complexes. In order to extend the description of the inverse
of U to higher degrees, we recall the formula for the cup product in cubical complexes. Let
a € CP4(X) and b € CP9(T). The cup product a — b is the element of CPP4+4 (X)) with
components described as follows. For any pair of faces 7 < n with || — |7| = g + ¢/, the
component (a — b); on the face O] is given by

(@a—br= > @ AT W) - i(a]) A (D))
o1
ol—=ITl=q
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where, in the above sum, for the face 7 < ¢ < 1, ™ denotes the projection 7: N™ — N°.
As usual, this cup-product induces a cup product on cohomology

— : HPA(S) x HPY (T) — HPHPHatd (3,

5.4. The inverse in higher cohomological degrees. Let o € X, be a cone of dimension
p in 3. By Localization Lemma, Theorem 2.2, it suffices to find a preimage of X,. Let
pis- .., p, be the rays of o. For i € {1,...,p}, we denote by ,a the preimage of X,, as defined
in Section 5.1. Note in particular that ;a is supported on the faces in ¥ of the form 07 with
pi = 0.

We claim that the element

Q=10 — 30— - — G

is a preimage of X,.

We compute a as follows. Denote by &, the symmetric group of order p. Consider a face
o' € ¥, and denote by pi,...,p, € 1 the rays of o’. In the following, for a permutation
s € &, of [p] and k € [p], we set

/ . / /
o'(s,k) = pyy V-V Py
the face of o’ with rays pl,,...,ply-
Expanding the cup product using the formula stated in the previous section, we find
- o’(s,0) o’(s,1) o’ (s,p—1)
Ao = Z wﬁ/(yp_/;(l) AR Uﬂ;(p)) ’ laa’(s,l) A 2a’<7’(s,2) ARRRNA Pad’(s.;j) )
s€6)p

where for the ease of reading, we omit to precise the pullback by different projections. Each
term in the above sum is nontrivial only if p1 < o’(s, 1), p2 < 0'(s,2), ..., and p, < o/(s, p),

i.e., if and only if 0/ = o and the permutation s is identity.
Since 7,44 (e,,) = 0 for j > i and m,4a5: N — N°04) the natural projection, we get that

a, (1) = wo(e, Ao Aty ) ap(e,, Ao Ae,)
2 o(id, o(id, o(id,p—
= (wn(em ARRRNA eﬂp)) (1%513,'(1); A ZGUEij,;; AREERA paagiii) 1)) (em ARERNA eﬂp)

_ o(id,0) o(id,p—1)
= 1aa(id,0)Vp1(em) T 11a0(id7p71)\/p1:(e/’p)
=1.

We thus infer that a is a preimage of X,. This achieves the description of the inverse of the
map V. By construction, the isomorphism respects the product.

6. CHARACTERIZATION OF TROPICAL HOMOLOGY MANIFOLDS: PROOF OF THEOREM 1.8

In Section 3 we introduced the fine double complex ,E** and used the spectral sequence

I%E'v' associated to the filtration by columns (3.1) to prove Theorem 1.7. We consider now the
spectral sequence 7 E®*® given by the filtration by rows and use it to prove Theorem 1.8.
By definition of the fine double complex, we know that the spectral sequence _;E”' abuts

to HP*(X)
SE** = HP* (D).
We will give the proof for unimodular tropical fans and the cohomology with integral coef-
ficients. The proof for simplicial tropical fans and rational coefficients is similar.
We first prove the forward direction. Assume that the simplicial tropical fan ¥ is a tropical

homology manifold with integral coefficients. Consider the b-th row of the double complex

—g%b. p p p
B — D Fo)— D Fe)— D e
7<0 faces of & T7<0o faces of & T=<0 faces of &
lol=a—1 lol=a lol=a+1

|Tl=— |Tl=— |Tl=—b
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Reorganizing _;Ea’b as a sum according to 7, we decompose _;Ea’b as a direct sum of cochain
complexes for the cohomology with compact support of the star fans of codimension —b:

ob ,o+b
SE = P creth(sn).
|T|==—b
Since ¥ is a tropical homology manifold with integral coefficients, all the star fans are

tropical homology manifolds with integral coefficients, and so the cohomology with compact
support HYY(X7,7Z) is trivial unless ¢ = d — (=b), and for this ¢, we have Hf’d%(ET,Z) ~
HAFb=pO(37 7)* = Fq_pis(00,). Therefore, the first page of the spectral sequence is given
by

Sgab _ @‘leib Fq pip(co.) ifa=d,

pl 0 otherwise.

In other words, _;ET’b is trivial unless @ = d and we have
d,e o -
?}El = Cd—p,—o(z)

where Cs_p +(2) denotes the dual to the complex C%~P*(X) introduced in (1.1). Theorem 1.7

combined with the universal coefficient theorem imply that the homology of Cg_p .(2) com-
putes Hg_p e (¥). Hence, zEI" degenerates at page two, and we have

_;E.’. — Hd—p,d—o (i) .

Since

LEY = HP*(Y).
we get the isomorphism of Poincaré duality HP4(X,Z) ~ Hy—p 4—q(E,Z). More precisely, we
infer that

HPP(S) = JEPO ~ ;Egﬁ;p—d ~ Hy pap(D),

and all the other terms in iEO'o" and _;:E;’. are trivial.
Applying the same argument to all the star fans X7, ¢ € 3, we conclude with the proof of
the forward direction.

We now prove the other direction. Assume that 3° verifies Poincaré duality for any face
o of 3. By induction, we can assume that 7 is a tropical homology manifold with integral
coefficients for any nonzero face o of X.

We have a natural inclusion of complexes C£**(3) ~ JE*? < E**. Denote by ,E**< the
cokernel. We get a short exact sequence of complexes:

(6.1) 0 — CP*(%) —> Tot*(,E**) — Tot*(,E**<") — 0.

We already described the cohomology of the first two terms in the sequence. For the third
one, we compute the first page of the spectral sequence associated to filtration by columns,
use the induction hypothesis that the proper star fans are tropical homology manifolds, and
get

d,e<0 o )
iEl = :Cd—p,—o>0(2)

where
o

Ci_peso(S) = coker (Fd,p(g) = Cd,p,,(i)).

Moreover, all the other terms in the spectral sequence I%EI’KO are trivial.
We treat first the case p < d—1. The cases p = d—1 and p = d will be studied later below.
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In this case, we get
o B dep,dfp(i) ifk=d-— D,
Hk(Cd—p,o>0(E)) = Fd—p(Q) k=1,

0 otherwise.

The long exact sequence associated to (6.1) leads to
= O

s HPU(D) — HP(E) — HY(Cy_yy (g-a>0(X)) — HPTHH(E) — -+

The two middle terms are trivial unless g=por¢g=d—-1.
In the case ¢ = p, we get a map HPP(¥) — Hy_,q-p(¥X). By assumption, this is an
isomorphism.

For ¢ = d — 1, since p < d — 1, we have HP?~1(¥) = HP4(X) = 0, and we get
0 — Fy_p(0) — HPY(E) — 0,

>0

that is, an isomorphism F4_,(0) ~ HPY(Y).
All the other terms of HZ**(X) vanish.
Using the universal coefficient theorem, we get H;E(E) ~ Hf’d(Z)* ~ F¥P(0), and

BM

H,,(¥) =0 for ¢ # d. This is Poincaré duality for the homology with coefficients in Fy,

see 2.7.

In the case p = d, the cohomology H.(C& e>0(2)) is trivial. Hence we have an isomorphism
HY* (%) ~ H**(T) and we conclude in the same way as above.

It remains to treat the case p = d — 1. In this case, Ci.>0(2) contains only one nontrivial

term: Cibo(E) = @D,ex, Fo(oo,). Its cohomology is identical. In the above long exact
sequence, the only interesting part is the first row of the following diagram

0 —— HIV Y(x) — gi-td-1(3) D ,ex, Fo(oo,) — HITY () —— 0

| I [ |

0 —— MW () — W (¥) — F1(0) ——— 0

We describe the second row and the vertical maps. We know that H¥54-1(¥) ~ H; 1(T) ~
MW (%). Here, Wy (%) := Z>t ~ @D ,cs, Fo(oo,) denotes the group of one dimensional weights
of ¥. Note also that we have a natural map H (%) — F1(0) described in Section 2.8. By
the definition of the Minkowski weights, the second row is a short exact sequence. The five
lemma implies that the first and the last vertical maps are isomorphisms. Therefore, Hg _l’q(E)
is trivial for ¢ # d, and HS () ~ F1(0). Using the universal coefficient theorem as above,

and dualizing, we get Poincaré duality for H;Tl .(2). Altogether we obtain Poincaré duality
BM

for H, 4(¥). O

7. PROOF OF THEOREM 1.6

In this section, we prove Theorem 1.6. Let o be a class in A'(X) associated to a conewise
linear function f on X, that is,

o= fle)r, € A(D)

pPEX]

where , is the class of X, in A!(X). Via Theorem 1.1, we identify a as an element of H().

We first prove the forward direction. Assume that « is ample in A'(X). This means that
the function f is strictly convex on ¥. Then, f induces a strictly convex function f° on each
stratum Y7 (well-defined up to a linear function). We can assume that f7 is positive away
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from the origin oo, of the fan ¥?. On any ray p = n° of 3, we have f"(eg) > 0. For any
effective nonzero Minkowski weight v = (X7, w) of dimension one supported on ¥7, we thus
get
{7y =Y wn))f(e7) >0
n=o

proving the forward direction for effective tropical curves in 3 which are given by an effective
nonzero Minkowski weight on some stratum of 3. The proof can be adapted to give positivity
of the pairing with more general effective nonzero tropical curves in ¥.. We omit the details.

Remark 7.1. Note that it follows from the theorem that the effective cone in H%'(X) is
generated by effective Minkowsi weights of dimension one in strata. A similar statement can
be proved in any dimension. o

For the other direction, proceeding by induction, we can assume that the restriction a” of
o to X7 is ample for any o # 0. Therefore, f is strictly convex at any cone o # 0 of ¥. We
show that it is also strictly convex at 0.

The following argument is due to Pierre-Louis Blayac. Consider the restriction f HE“)‘ of f

to the one-skeleton of Y. Take the graph I' of f||2( | in N x R. Let C be the convex hull of

I' U ({0} x R,). The origin is in C. Two cases can occur.
e Either, C contains a point of {0} x R.,. We find a collection (c,),ecx, of nonnegative

numbers such that
Z Cp(epa f(ep)) = (0,-1).

pEY]
We have found a Minkowski weight v € MW (X, R) given by the reals ¢, such that
(a,7) < 0. Since MW (X, Q) is dense in MW (X, R), this implies the existence of an
element # € MW, (X) with («, ) < 0, leading to a contradiction.

e Or, there is a support hyperplane H of C' at 0 separating {0} x R_, from C. If HNC'is
strictly convex, we can move H a bit such that HNC = {0}. In this case, we conclude
that f is strictly convex at 0, as required. Otherwise, HNC' contains a non-zero vector
subspace V. The space V is positively generated as the sum of rays of I' that lie in
V. We thus get an effective element v of MW (X) with (o, ) = 0, leading again to a
contradiction.

8. EXAMPLES AND DISCUSSIONS
In this section, we provide examples and discuss complementary results.

8.1. Torsion in the Chow ring of non-saturated fans and Theorem 1.1. The proof
of Theorem 1.1 gives results in the case where ¥ is unimodular but not saturated. In this
situation, we still have a surjective ring morphism A®*(X) — H®**(X) with a kernel that is
torsion and can be nontrivial, see Example 8.1 below. On the other hand, the kernel can be
trivial even though ¥ is not saturated, see |[AP23, Example 12.14|. In any case, as stated in
Theorem 1.1, we have an isomorphism for rational coefficients, as well as a dual isomorphism
with integral coefficients: A®(X)* ~ H**(X)*. The part of the theorem that concerns the
vanishing of cohomology groups for p < ¢ is still valid for any unimodular fan without the

saturation hypothesis, and for p > ¢ = 0 it is valid in full generality.

Example 8.1. We recall the example [AP23, Example 12.11]. Let (e1,e2) be the standard
basis of Z2 and let ¢g = —e1; — ¢2. Denote by p; = Roge;, i € {0,1,2} the corresponding rays.
In the following, we consider the lattice N = Ze; + %Z(el — ¢9) in R?. Note that 72 C N
is a sublattice of index three in N. The dual lattice M = N* is of index three in (Z?)*.
Let A be the one-dimensional fan in N with rays pg, p1, p2 and lattice Ny = N. The fan
A is tropical and unimodular but it is not saturated. Any element f of (Z2)* \. M induces a
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HY(Z) [ g=0] 1 2 HPY(X) | ¢=0 2
p= 0 0 VA p=0 7Z 0|0
1 0 |0 |Zxz/2z 1 0 |Z°]0
2 0 |z 7 2 0 |Z?|7Z

TABLE 1. Cohomology of the fan 3 over the one-skeleton of the cube.

meromorphic function on A which is linear but not integral linear. (The meromorphic function
3f will be integral linear.) As a consequence, A'(A) has torsion: the element z, — z,, is
non-zero, but 3 - (x,, — x,,) vanishes in A*(A).

However, F1(0) is by definition equal to Z? C N. Hence, F1(0) = (Z?)*, and a direct com-
putation shows that HY1(A) ~ Z. The map from A'(A) to HY'(A) is not an isomorphism.
It is surjective with kernel equal to the torsion part of A1(A). o

8.2. Torsion in integral cohomology of non-unimodular fans. The following example
shows that the unimodularity assumption is in general needed in the second part of Theo-
rem 1.1.

Example 8.2. Let ¥ be the complete fan in the plane R?, with N = Z?2, whose rays are the
pi defined as in Example 8.1. The fan ¥ is not unimodular. As for Example 8.1, A}(X) has
torsion. Moreover, the cohomology group H'?(¥) ~ Z / 37 is nontrivial even though we are
in bidegree (p,q) = (1,2) with p < gq. o

8.3. Necessity of being tropical homology manifold in Theorem 1.3. The assumption
made on ¥ being a tropical homology manifold in the statement of Theorem 1.3 is needed, and
the result is not true in general, even for a saturated unimodular tropical fan. Example 8.3 is
a saturated unimodular tropical fan ¥ with H?1(X) of rank two.

Example 8.3 (The fan over the one-skeleton of the cube). We consider the fan defined over
the 1-skeleton of a cube, thoroughly discussed in our work [AP23, Section 12.3]. We consider
the standard cube 0P with vertices (£1,+1,41), and let ¥ be the two-dimensional fan with
rays generated by vertices and with facets generated by edges of the cube. The fan ¥ is locally
irreducible and tropical but not unimodular. We obtain a unimodular fan by changing the
underlying lattice. In what follows, we work with the lattice N := 3" oen, Ley.

Table 1 summarizes the main cohomological data about the cube. We can compute the
homology via the universal coefficient theorem: the torsion part is shifted by one column
on the left, the rest remains unchanged. Moreover the image of A'(X) inside A'(X)* is a
sublattice of full rank of index two. o

8.4. Explicit description of Poincaré duality. Let ¥ be a unimodular fan of dimension
d. Assume that X is a tropical homology manifold with integral coefficients. By Poincaré
duality, there is an isomorphism PD: HPP(X) = Hy 4 p(X). We describe this map in two
different ways, as follows.

Let o € HPP(X) and choose a representative a = (as)5c5 5=, of @ in CP®(X). For any

o € %, denote by [X7] € Hy_|s)a-10/(X) the image of the fundamental class of ¥ in the
homology of ¥. Then, we have

PD(a) = 3 an(1)[Z]]
o€y

Alternatively, we describe PD(a) as a Minkowski weight, through the cycle class _map
MWy ,(2) = Hgpap(EX). Let w: $q_, — Z be the map defined by w(o) = (a, [X]]).
Then, w is a Minkowski weight and the corresponding cycle in Hy_,, 4—,(2) is PD(a).
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8.5. The case of non-rational simplicial fans. The results of this paper remain valid for
simplicial fans which are not necessarily rational, working with real coefficients. Let ¥ be a
simplicial fan in Ng. For each ray p € X, we choose a generator ¢, so that R e, = p. We
define the Chow ring A®(X3,R) of ¥ as quotient

A*(Z,R) = R[Xces, /(I + J)

where I is the ideal generated by the products X, ---X,,, for £ € N, such that py,..., p, are
non-comparable rays in X, and J is the ideal generated by the elements of the form

Z m(ec)Xe, m € M.
¢exq
Different choices of the generators ¢, for p € ¥ give isomorphic Chow rings.
Similarly, we define the sheaves FP( -, R) with real coefficients, and the cohomology groups
HP4(X R) := HI(X, FP(- R)).
All the theorems stated in the introduction remain valid with the above adjustment of the
coefficients.
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