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We uncover emergent universality arising in the equilibration dynamics of multimode continuous-
variable systems. Specifically, we study the ensemble of pure states supported on a small subsystem
of a few modes, generated by Gaussian measurements on the remaining modes of a globally pure
bosonic Gaussian state. We find that beginning from sufficiently complex global states, such as
random Gaussian states and product squeezed states coupled via a deep array of linear optical el-
ements, the induced ensemble attains a universal form, independent of the choice of measurement
basis: it is composed of unsqueezed coherent states whose displacements are distributed normally
and isotropically, with variance depending on only the particle-number density of the system. We
further show that the emergence of such a universal form is consistent with a generalized maxi-
mum entropy principle, which endows the limiting ensemble, which we call the “Gaussian Scrooge
distribution”, with a special quantum information-theoretic property of having minimal accessible
information. Our results represent a conceptual generalization of the recently introduced notion of
“deep thermalization” in discrete-variable quantum many-body systems – a novel form of equilibra-
tion going beyond thermalization of local observables – to the realm of continuous-variable quantum
systems. Moreover, it demonstrates how quantum information-theoretic perspectives can unveil new
physical phenomena and principles in quantum dynamics and statistical mechanics.

Introduction.—Identifying universal behavior exhib-
ited by complex systems and simple, general principles
behind their emergence is an important goal of physics.
Quantum thermalization [1–3] is a prime example: under
dynamics of generic isolated quantum many-body sys-
tems, it is expected that local observables equilibrate to
thermal values, governed only by global properties such
as the conserved energy or charge. Underpinning this is
the relaxation of a local subsystem to a thermal Gibbs
state due to the build-up of entanglement between the
subsystem and its complement, whose appearance can be
argued for appealing to the principle of maximal entropy
in statistical physics [4].

Recently, a new form of universality in the equilibra-
tion dynamics of strongly interacting, isolated quantum
many-body systems was uncovered, dubbed deep ther-
malization [5–18]. This is the phenomenon of the en-
semble of pure conditional states of a local subsystem –
each of which is tied to a measurement outcome of the
complement – acquiring a distribution that is maximally
entropic over the Hilbert space (constrained by conser-
vation laws). This represents a novel form of equilibra-
tion beyond standard quantum thermalization, governed
by a generalized version of the second law of thermo-
dynamics [17]. So far though, investigations into deep
thermalization have focused on spin or fermionic sys-
tems. There, the finiteness of the local Hilbert space
allows for a straightforward construction of the expected
maximal-entropy state distributions: for instance, in the
absence of conservation laws, it is clear this should be the
uniform or Haar-distribution [7, 8]; while with conserva-
tion laws, it has been argued to be a Haar-distribution
distorted by the conserved charges [6, 17]. However, in
bosonic systems, the unboundedness of the Hilbert space
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FIG. 1. (a) Deep thermalization in multimode CV quantum
systems. Gaussian measurements on n − k modes are per-
formed on an n-mode global BGS (illustrated by squeezed
light coupled via linear optical elements). This results in out-

comes rB and projected pure BGS |ψ(rA(rB), ṼA)⟩ on the
remaining k modes, characterized by displacement rA and co-

variance matrix ṼA. (b-c): At small n, the distribution of rA
and ṼA are both non-universal. (d-e): At large n, universal-
ity arises: rA becomes distributed normally and isotropically
with variance set only by particle-number density ν, while

ṼA → IA. Data was generated from the PE of a random BGS
assuming coherent-state measurements.

of even a single bosonic mode poses a conceptual ob-
stacle to immediately generalizing similar constructions
(there is no normalizable uniform distribution [19]). It is
an open question whether similar universality like deep
thermalization can be expected too in the dynamics of
continuous-variable (CV) quantum systems.

In this Letter, we consider multimode CV systems and
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investigate the limiting form attained by the ensemble
of post-measurement states of a local subsystem, called
the projected ensemble (PE) [5, 6]. Concretely, we fo-
cus on the collection of pure states supported on a few
modes, generated from Gaussian measurements of the
complementary modes within a globally pure, entangled
bosonic Gaussian state (BGS) (Fig. 1a). We find that
for ‘complex’ enough global states, the ensemble tends
to a universal form: it is composed of unsqueezed (and
hence completely unentangled!) coherent states with dis-
placements distributed normally and isotropically, with
variance set only by the particle-number density. Re-
markably, this happens independently of measurement
basis. This is the manifestation of deep thermalization
in CV systems.

At first sight, the phenomenology of deep thermal-
ization between discrete-variable and CV systems seems
surprisingly strikingly different: in the former, the post-
measurement states – if close to Haar random – are near
maximally entangled; while in the latter, they are always
classical, with no quantum correlations whatsoever. De-
spite these apparent differences, we show that the lim-
iting form of the PE in the different physical systems
are in fact governed by the common principle of hav-
ing maximal entropy, such that they have special quan-
tum information-theoretic properties of possessing mini-
mal accessible information [17, 20, 21]. Thus, our work
illustrates that the fundamental physical principles un-
derlying deep thermalization are powerful and general,
and can be used to predict the emergent late-time uni-
versal behavior across distinct physical systems.

Projected ensemble in CV systems.—We first recap the
object of interest: the projected ensemble (PE), within
the context of extended spin systems. Consider a global
pure state |Ψ⟩ on a bipartite system AB, and measure-
ments of B (the ‘bath’) in the computational basis, which
yield bit-strings zB and corresponding pure projected
states |ψ(zB)⟩ = ÎA ⊗ ⟨zB |Ψ⟩/

√
p(zB) on A, occurring

with Born probability p(zB) = ⟨Ψ|(ÎA ⊗ |zB⟩⟨zB |)|Ψ⟩.
The PE is the set of all probabilities and associated
conditional states E := {p(zB), |ψ(zB)⟩}, and describes
a distribution of pure states over the Hilbert space of
A. As mentioned, it has been found that the PE at-
tains a universal, ‘maximally-entropic’ form for complex
enough global states, such as those arising in the dy-
namics of quantum chaotic many-body systems [5–18];
this is a novel form of equilibration called ‘deep thermal-
ization’ which goes beyond regular thermalization, as it
constrains the late-time behavior of local observables as-
suming some knowledge – as opposed to being agnostic
– of the state of the bath.

In this work, we study the PE arising in CV systems
of n bosonic modes. We abide by a convention (see the
Supplemental Material (SM) [22] for details) in which the
quadrature operators (i.e., position and momentum op-
erators) are grouped as a vector r̂ = (q̂1, p̂1, · · · , q̂n, p̂n)T

obeying the canonical commutation relations [r̂i, r̂j ] =

iΩij , with Ω =
⊕n

i=1

(
0 1
−1 0

)
being the n-mode sym-

plectic form. We adopt a phase space representation of
quantum states ρ̂ via the Wigner function of the state
W (x) where x = (q1, p1, ..., qn, pn)

T ∈ R2n (see [22] for
the precise definition), which is a real quasi-probability
distribution. We henceforth focus on bosonic Gaus-
sian states (BGS), whose Wigner functions are multi-
variate Gaussian functions fully characterized by their
first two statistical moments [23]: the displacement vec-
tor r := Tr(ρ̂r̂) ∈ R2n, which we will always set to 0 with-
out loss of generality (WLOG), and the 2n× 2n positive
covariance matrix Vij := Tr (ρ̂{r̂i − ri, r̂j − rj}), where
{·, ·} is the anti-commutator.
We construct the PE on a subsystem A of k modes

as the set of pure states arising from continuous posi-
tive operator-valued measures (POVM) on the comple-
mentary subsystem B of n− k modes. We will consider
specifically Gaussian measurements, defined by rank-
1 projectors {Π̂(rB , σB) ∝ |ϕ(rB , σB)⟩⟨ϕ(rB , σB)|}rB ,
where |ϕ(rB , σB)⟩ is a BGS on B with displacement
rB and covariance σB . Note that

∫
drBΠ̂(rB , σB) =

ÎB . A measurement outcome rB and an associated
projected state |ψ(rA(rB), ṼA)⟩ on A, which is also
a BGS, is obtained with probability density p(rB) ∝
e−rTB(VB+σB)−1rB . Here, the displacement and covariance
of the projected state is [23]

rA(rB) = VAB(VB + σB)
−1rB , (1)

ṼA = VA − VAB(VB + σB)
−1V T

AB , (2)

where we have used the block-matrix decomposition of
the covariance matrix of the global state

V =

(
VA VAB

V T
AB VB

)
(3)

into correlations VA(B) within subsystems A(B) and the
correlations VAB in-between. Since rA(rB) is a linear
transformation of rB , the distribution of displacements
p(rA) follows a multivariate normal distribution rA ∼
N (0,ΣA) with ΣA = 1

2VAB(VB +σB)
−1V T

AB ; while ṼA is
independent of measurement outcome. The PE in a CV
system assuming Gaussian states and measurements can
thus be compactly expressed as

EG = {p(rA), |ψ(rA, ṼA)⟩}, (4)

which we see requires two pieces of information: (i) the
distribution of displacements rA, captured by covariance
matrix ΣA; and (ii) the (common) quantum correlations
of quadratures of a projected state, captured by covari-
ance matrix ṼA. In principle, these depend on the mea-
surement basis through the choice of σB .
Our central claim is that for ‘suitably complex’ global

BGS, and in the thermodynamic limit (TDL) n → ∞
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with k fixed, the PE acquires a remarkably simple uni-
versal form, independent of measurement basis σB : the
projected states are all unsqueezed coherent states, whose
displacements rA are distributed normally and isotropi-
cally with variance set only by the particle-number den-
sity of the system ν := ⟨N̂⟩/n where N̂ is the number
operator, see Fig 1(b-e). Concretely, we claim

rA
d→ Nν := N (0, νIA), ṼA → IA, (5)

where IA is the identity matrix of size 2k. In what fol-
lows, we will support our claim of the emergence of such
universality through a combination of rigorous analyt-
ical statements and extensive numerical investigations,
considering both random BGS and a physical model of
squeezed light passed through a (fixed) array of beam-
splitters and phase-shifters, as well as across different
measurement bases.

PE from random BGS.– Consider first a random pure
BGS on n modes. Precisely, as we can write a pure
BGS’s covariance matrix as V = O(

⊕n
i=1 Zi)O

T where
Zi = diag(e2si , e−2si) (si ∈ R) and O belongs to the
real ortho-symplectic group Sp(2n,R) ∩ O(2n,R) which
is isomorphic to the complex unitary group U(n) [23], the
random BGS we consider will be defined as those where
si = s are fixed and O is drawn uniformly from the Haar
measure (on the ortho-symplectic/unitary group). Phys-
ically, Zi represents the covariance matrix of a one-mode
squeezed vacuum with squeezing parameter si, while O
represents a passive (particle-number conserving) Gaus-
sian unitary. Our choice of random states thus corre-
sponds to uniformly-squeezed product states evolved via
a Haar random particle-number conserving unitary, such
that the particle-number density ν = (cosh(2s)− 1)/2 is
fixed and well-defined in the TDL. We note that entan-
glement properties (e.g., Page curves) of such random
BGS have recently been studied in the literature [24–26].

We construct the k-mode PE on A assuming coherent-
state (heterodyne) measurements σB = IB on the com-
plement. Our first result pertains to the limiting form
of the covariance matrix of the Wigner function of each
projected state:
Theorem 1. The (common) covariance matrix ṼA of

the projected states |ψ(rA, ṼA)⟩ on k-modes, generated
from heterodyne measurements on the complement of a
random n-mode BGS, obeys for any ϵ > 0

P(∥ṼA − IA∥1 ≥ ϵ) ≤ C(1 + ϵ/(2k))/ϵ2n, (6)

where C is a constant depending on k, s but not n. Here
∥ · ∥1 is the trace norm.
Theorem 1 establishes that with unit probability in the
TDL, the projected states of the PE are all unsqueezed
coherent states on A. The next question is what the dis-
tribution of their displacements is. We have:
Theorem 2. The distribution NA = N (0,ΣA) of dis-

placements rA of the projected states |ψ(rA, ṼA)⟩ on k-
modes, generated from heterodyne measurements on the
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FIG. 2. Average KL-divergences of (a) the Wigner functions
of a 3-mode projected state from a coherent state of equal
displacement, and (b) distribution of displacements NA from
the expected distribution Nν , for various product squeezed-
state measurement bases sσ. The global state is a random
n-mode BGS with uniform squeezing s = 1/2. Note sσ = ±∞
corresponds to x̂/p̂ quadrature or homodyne measurements,
while general sσ to general heterodyne measurements.

complement of a random n-mode BGS, obeys for any
ϵ > 0

P(DKL(NA||Nν) ≥ ϵ) ≤ C
1 + νϵ′

2k

ν2ϵ′2n
+De−nν2ϵ′2F , (7)

where C,D, F are constants depending on k, s only, and

ϵ′ = 1
2

(√
ϵ/k
√
4 + ϵ/k − ϵ/k

)
. DKL is the Kullback-

Leibler divergence of NA with respect to Nν [22].
Theorem 2 expresses that with unit probability in the
TDL, the distribution of displacements rA of the PE is
statistically indistinguishable from those of an isotropic
normal distribution with variance ν. Together, Theorems
1 and 2 constitute a concrete realization of our claim of
universality: the PE constructed from a typical random
BGS has the limiting form Eq. (5).
We quickly sketch the logic behind the proofs of

Theorems 1 and 2, whose full details are presented
in the SM [22]. For Theorem 1, we first establish a

bound (Lemma 1 in [22]) that P(∥ṼA − IA∥1 ≥ ϵ) ≤
c(ϵ)E[Tr(ṼA − IA)], obtained from considering the eigen-

values of ṼA−IA and using a Markov-like inequality from
probability theory. We thus only need to estimate the ex-
pected value of the trace of ṼA − IA. Second, we expand
the (VB + IB)−1 term in ṼA as a convergent Taylor series
in powers of O and evaluate each term’s Haar average
using Weingarten calculus [27, 28], yielding the estimate
Eq. (6). For Theorem 2, we note the displacement covari-

ance matrix ΣA can be written (VA − ṼA)/2. We thus
first show (Lemma 2) that VA concentrates around its ex-
pected value E[VA] = (2ν+1)IA using Levy’s lemma [29];
this coupled with Theorem 1 provides a bound on the
probability of deviation of ΣA to νIA (Lemma 3). Fi-
nally, we relate the smallness of this deviation to the
smallness of the KL-divergence of the distributions them-
selves (Lemma 4).

However, we note that our rigorous results only per-
tain to coherent-state measurements σB = IB . An im-
mediate question is the dependence on general mea-
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surement bases. To this end, we numerically simulate
measurements in various product squeezed-state bases
σB =

⊕n−k
i=1 diag(e2sσ , e−2sσ ) with squeezing parameter

sσ. In Fig. 2(a) we plot the average KL-divergence of
the Wigner functions of a projected state with a coher-
ent state of identical displacement (in this case, they are
true probability distributions), which captures the two
states’ statistical distinguishability as well as the close-
ness of ṼA to IA; while in Fig. 2(b) we plot the average
KL-divergence of the distribution NA of displacements
rA from the expected isotropic distribution Nν . We find
both distances always decay to zero in the TDL, remark-
ably insensitively to the measurement basis.

PE from linear-optical circuit evolution.—Next, we
consider global states realized under more physical sce-
narios: namely, single-mode squeezed states coupled
through an array of local passive Gaussian unitaries, (i.e.,
beam-splitters and phase-shifters). This is reminiscent of
the set-up in Gaussian Boson sampling (though a crucial
difference is in the measurement bases) [30–34]. Con-
cretely, we imagine a linear array of n bosonic modes
each prepared in a squeezed vacuum with squeezing pa-
rameter s, and couple them by a t-layer (interpreted as
‘time’) brickwork circuit where one layer consists of iden-
tical beam-splitter+phase shift operations on odd pairs
of modes, followed by the same operations on even pairs
of modes (see Fig. 1a). We then construct the PE on
k-modes (see SM on details [22]). In Fig. 3(a-b) we plot
the KL-divergences of the Wigner function of the pro-
jected state and distribution of displacements from their
expected limiting forms, for a representative choice of
fixed local beam-splitter and phase-shift, uniform across
space and time. Despite the global state now being non-
random, we find again that both divergences vanish in
the TDL and large circuit-depth limit (taken in that or-
der). In [22] we provide yet more numerics detailing the
insensitivity of this outcome to other choices of system
parameters and measurement bases. Together with our
analytic and numerical results from the class of random
BGS, these investigations strongly support the universal-
ity of the limiting form of the PE Eq. (5).

Maximum entropy principle and Gaussian Scrooge
distribution.—We now expound on the physical princi-
ples underlying the emergence of the universal ensem-
ble. We first note that the PE can be understood as
a particular (physically-motivated) unraveling of the re-
duced density matrix (RDM) ρ̂A, specified by covariance
VA, into a collection of pure BGS with displacements dis-
tributed as N (0,ΣA) and common covariance ṼA, such

that VA = 2ΣA + ṼA. In the TDL, one can easily argue
for the limiting form of ρ̂A using the standard princi-
ple of entropy-maximization in statistical physics (sub-
ject to conservation laws; here, only particle number ν):

it should be a thermal Gibbs state ρ̂th ∝ e−βN̂A where
ν−1 = (eβ − 1), which has covariance Vth = (2ν + 1)IA.
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FIG. 3. KL-divergences over time of (a) Wigner functions
of a 3-mode projected state from a coherent state of equal
displacement, and (b) distribution of displacements NA from
the expected distribution Nν . The projected state is gener-
ated from a t-layer brickwork interferometric circuit acting
on an n-mode product squeezed state with uniform squeezing
s = 1/2, for n = 128, 256, 512, 1024, 2048 (light-dark; ‘Cir-
cuit’). Both KL-divergences decay as t−1 till they saturate
to values (brown/blue-dashed) in very good agreement with
those of a 3-mode projected state constructed from an n-mode
random BGS (black-dashed; ‘RMT’). Inset shows the satura-
tion scaling ∼ n−1.

The entropy in question in this maximization is the von
Neuman entropy of ρ̂A, which is related to the minimiza-
tion of the free energy of the local subsystem [35].

However, this max-entropy principle fixes only the lim-
iting form of VA, but not its constituents ΣA, ṼA. To
determine these, we propose a separate maximum en-
tropy principle that a state-ensemble E , obtained under
complex interactions, should typically obey. We argue
that the entropy of the ensemble is contained not only in
the state distribution, but also in the quantum measure-
ments one can perform on them. To that end we define
the entropy to be maximized as

S(E) := − sup
M∈POVM

DKL(pE,M∥pE ⊗ pM) (8)

where M runs over all POVMs, pE,M is the joint distri-
bution of states of E and measurement outcomes of M
within them, and pE , pM the marginals. In other words,
S(E) is the negative of the relative entropy of the joint
distribution from the product distribution. Note −S(E)
is in fact also the accessible information I(E) of the en-
semble [21], which is the maximum amount of classical
information extractable from measurements when infor-
mation is encoded with states of E . Thus, maximization
of S(E) amounts to minimization of I(E). In our context,
the physical meaning of the proposed principle applied
to the PE is therefore that measurements of local condi-
tional states on A yield minimal information about the
state of the bath B it is correlated with. In [22] we also
give an interpretation of the maximum-entropy ensemble
as one that is maximally difficult to encode.

In Theorem 3 in the SM [22], utilizing recent semi-
nal works by Holevo [36, 37], we show that the Gaussian
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state-ensemble which maximizes S(E) subject to its den-
sity matrix being the thermal state ρ̂th, is

EGSD =
{
drAp(rA),

√
ρ̂th|rA⟩/

√
⟨rA|ρ̂th|rA⟩

}
, (9)

where p(rA) = ⟨rA|ρ̂th|rA⟩/(2π)k and |rA⟩ is a (un-
squeezed) coherent state on A with displacement rA ∈
R2k, which we term the ‘Gaussian Scrooge distribu-
tion’ (GSD). We see this ensemble is composed of BGS
with displacements distributed as N (0, νIA) and covari-

ance ṼA = IA — precisely our claim Eq. (5)! The
emergence of the universal GSD from the PE can thus
be understood as the system striving to maximally hide
global information from a local subsystem, in line with
the intuition that complex dynamics scrambles informa-
tion, i.e., ‘deep thermalization’. We note that interest-
ingly, the form of the GSD bears striking similarity to the
Scrooge distribution of spin-systems [20, 38, 39] which
also exhibits minimal accessible information, both be-
ing ‘ρ̂-distortions’ of underlying uniform coherent/Haar
states [22].

Discussion and outlook.—Our work has uncovered a
novel form of universality in the equilibration dynamics
of Gaussian multimode CV quantum systems: the emer-
gence of a maximally-entropic, minimally-information-
yielding ensemble of local post-measurement Gaussian
states called the Gaussian Scrooge distribution. This
is the conceptual extension of the phenomenon of deep
thermalization, originally formulated in spin or fermionic
systems, for Gaussian CV systems. Intriguingly, the
same fundamental quantum information-theoretic prin-
ciple of maximization of entropy as the one discussed in
this work has been found to underpin the emergent uni-
versality in spin systems too [17], highlighting the gen-
erality and power of the principle across distinct phys-
ical systems. Moving forward, it would be very inter-
esting to understand what this principle predicts for the
universal form of the PE in other scenarios, such as if
the particle-number density ν grows with system size n,
or if we relax the assumption of Gaussianity (e.g., Fock
or Gaussian states with Fock-state measurements). An
analysis incorporating the effects of noise and loss, will
also be important for an experimental verification of the
phenomenon of Gaussian deep thermalization.
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In this supplemental material, we provide details on (i) statements and theorems of the limiting universal form
of the projected ensemble (PE) in random Gaussian states, (ii) numerical investigations involving random Gaussian
states and brickwork-circuit models, as well as (iii) a detailed discussion of the maximum entropy principle for state
ensembles in continuous-variable quantum systems which results in the Gaussian Scrooge distribution.

Specifically, the supplemental material is organized as follows. In Section I, we first introduce the basic notation
used to describe bosonic Gaussian states, Gaussian unitaries, and Gaussian measurements. In Section II, we define
the random bosonic Gaussian states we investigate, and compute some expectation values over the Haar measure
which will be useful for Theorems 1 and 2. In Section III, we present the proof of Theorem 1 in the main text,
namely that the common covariance matrix of the Gaussian projected ensemble converges to the identity matrix in the
thermodynamic limit. In Section IV, we present the proof of Theorem 2 of the main text, namely that the distribution
of the displacement vector of the Gaussian projected ensemble converges to an isotropic normal distribution in the
thermodynamic limit. In Section V, we provide details of the linear-optical brickwork model introduced in the main
text, and present further numerical investigations. In Section VI, we discuss the maximum entropy principle which
predicts the limiting universal form of the projected ensemble, in particular proving that this is the Gaussian Scrooge
distribution (GSD). Lastly, in Section VII, for completeness, we present the Wigner functions characterizing the higher
moments of the Gaussian projected ensemble and Gaussian Scrooge distribution.

I. GAUSSIAN STATES AND GAUSSIAN OPERATIONS IN BOSONIC CONTINUOUS-VARIABLE
QUANTUM SYSTEMS

In this section, we introduce the basic notation used to describe Gaussian states and Gaussian operations in bosonic
continuous-variable quantum systems. A definitive review of continuous-variable quantum information can be found
in [1].

A. Bosonic Gaussian states

Consider a continuous-variable quantum system composed of n bosonic modes, denoted by pairs of annihilation

and creation operators âi and â†i respectively. For each bosonic mode, we can define the position and momentum
quadrature operators as follows:

q̂i =
1√
2
(âi + â†i ), p̂i =

1

i
√
2
(âi − â†i ). (1)

We group these operators into a vector

r̂ = (q̂1, p̂1, ..., q̂n, p̂n)
T , (2)

whose elements satisfy the following canonical commutation relations:

[r̂i, r̂j ] = iΩij , (3)

where Ωij is the matrix elements of a 2n× 2n skew-symmetric matrix

Ω =
n⊕

i=1

(
0 1
−1 0

)
, (4)

∗ These authors contributed equally to this work.
† wenweiho@nus.edu.sg
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known as the n-mode symplectic form.
Given a bosonic state described by density matrix ρ̂, all physical information is contained in its Wigner characteristic

function χ, defined as: χ(ξ) = Tr(ρ̂D̂(ξ)), where D̂(ξ) = eir̂
TΩξ is the Weyl operator and ξ ∈ R2n. Indeed, the inverse

transformation is given by:ρ̂ =
∫

d2nξ
(2π)2nχ(ξ)D̂(−ξ). Equivalently, all physical information is contained in its Wigner

function too, which is defined as: W (x) = 1
πn

∫
Rn⟨q− q′|ρ̂|q+ q′⟩ei2q′·pdnq′, which is the Fourier transform of χ(ξ).

Here |q ± q′⟩ are eigenstates of the position operators x̂ with continuous eigenvalues q ± q′ with q,q′,p ∈ Rn, and
x = (q1, p1, ..., qn, pn)

T ∈ R2n.
The Wigner representation (χ or W ) can be characterized by their statistical moments. The first two moments,

known as the displacement vector and the covariance matrix, are defined as: r := ⟨r̂⟩ = Tr(ρ̂r̂) and Vij := ⟨{r̂i−ri, r̂j−
rj}⟩, where {, } is the anti-commutator. We see r is a 2n-dimensional real vector, and V is a 2n× 2n dimensional real
symmetric positive definite matrix which must satisfy the uncertainty principle V + iΩ ≥ 0.

Bosonic Gaussian states are defined as quantum states whose Wigner representation (either the Wigner character-
istic χ or Wigner function W ) describes a multi-variate normal distribution:

χ(ξ) = e−
1
4ξ

TΩTVΩξ+i(Ωr)T ξ, W (x) =
e−(x−r)V−1(x−r)

(2π)n
√
detV

, (5)

that is, they are both fully determined by the displacement vector r and the covariance matrix V . Higher moments
can be computed, as is standard, via Wick’s theorem. Note in our work, the generator state used to construct the
projected ensemble is always assumed, without loss of generality, to have zero displacement r = 0.

B. Gaussian unitaries

In this work, we focus exclusively on the manifold of Gaussian states. Therefore, we restrict our attention to unitary
dynamics that preserve the Gaussian nature of states, known as Gaussian unitary dynamics. Now, a Gaussian unitary
induces a transformation of the quadrature operators r̂ via an affine map (S,d) := r̂ → Sr̂+ d, where S ∈ Sp(2n,R)
is a 2n × 2n real symplectic matrix and d ∈ R2n. Consequently, the transformation of the statistical moments of
Gaussian states is given by:

r → Sr+ d. V → SV ST . (6)

Conversely, every pair (S,d) of symplectic transformations and displacements acting on the phase space corresponds
to some Gaussian unitary acting on the Hilbert space. Specifically, a Gaussian unitary is called passive when it

preserves the particle number density ν = ⟨∑n
i=1 â

†
i âi⟩/n = (Tr(V )/2n− 1)/2.

Note that every pure Gaussian state can be obtained by performing some Gaussian unitary on a vacuum state
(which has rvac = 0 and Vvac = I2n). It thus follows that the covariance matrix of a general pure Gaussian state can
be written as: V = SST , where S ∈ Sp(2n,R) is determined by the Gaussian unitary.

C. Gaussian measurements

In our work, we consider a bipartite CV system composed of a k-mode subsystem A and an n− k mode subsystem
B, and construct the projected ensemble on A. This involves measurements on B and conditional updates on A. We
describe here the formalism to understand its construction. Without loss of generality, we consider an initial Gaussian
state on n modes with zero displacement and covariance matrix V , which can be written as

V =

(
VA VAB

V T
AB VB

)
. (7)

Here, VA is the top-left 2k× 2k submatrix, VB is the bottom right 2(n− k)× 2(n− k) submatrix, and VAB = V T
AB is

a 2k× 2(n− k) submatrix. The decomposition reflects correlations within A(B), captured by VA(B), and correlations
between, captured by VAB . Note that VA and VB are the covariance matrices of the reduced density matrices on A
and B respectively, on the first k and last n− k modes respectively.

Next, we consider performing a Gaussian measurement on subsystem B. This is specified by a positive operator-
valued measure (POVM) specified by a set of rank-1 Gaussian state projectors

{Π̂(rB , σB) = |ϕ(rB , σB)⟩⟨ϕ(rB , σB)|/(2π)n−k}rB , (8)
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where |ϕ(rB , σB)⟩ is a bosonic Gaussian state with displacement rB and some fixed, common covariance matrix σB .
The choice of covariance matrix σB determines the basis of measurement. Note that

∫
drBΠ̂(rB , σB) = ÎB (9)

for any fixed σB . To see this, consider first the special choice of coherent-state (heterodyne) measurements σB = IB ,
so that the projector Π̂(rB , IB) = |rB⟩⟨rB |/(2π)n−k, where |rB⟩ is an unsqueezed coherent state with displacement
rB . It is well-known that the coherent states form an overcomplete basis

∫
drB

(2π)n−k
|rB⟩⟨rB | = ÎB . (10)

Next, we move to more general-dyne measurements representing measurements on B in general Gaussian states basis
[2]. The corresponding projectors Π̂(rB , σB) are then a Gaussian state with a covariance matrix σB = SST and
displacement rB ∈ R2n−2k, where S is a general 2(n− k)× 2(n− k) real symplectic matrix. It follows that

∫
drBΠ̂(rB , σB) =

∫
drB

(2π)n−k
D̂(rB)ÛS |0⟩⟨0|Û†

SD̂(−rB)

=

∫
drB

(2π)n−k
D̂(SrB)ÛS |0⟩⟨0|Û†

SD̂(−SrB)

=

∫
drB

(2π)n−k
ÛSD̂(rB)|0⟩⟨0|D̂(−rB)Û

†
S

=

∫
drB

(2π)n−k
ÛS |rB⟩⟨rB |Û†

S

= ÎB , (11)

where D̂(rB) is the Weyl operator, ÛS is a Gaussian unitary on subsystem B, which corresponds to the symplectic
matrix S. In the second step, we changed the integration variable and used the fact det(S) = 1 when S is a
symplectic matrix. Note that in our work, we focus only on Gaussian measurements in product squeezed states

basis, such that the Gaussian unitary is the squeezing operator ⊗n−k
i=1 exp (sσ,i(â

2
i − â†2i )/2) with squeezing parameter

sσ = (sσ,1, ..., sσ,n−k), and the corresponding covariance matrix is σB =
⊕n−k

i=1 diag(e2sσ,i , e−2sσ,i).

Under a Gaussian measurement {Π̂(rB , σB)}rB on a Gaussian initial state with zero displacement, we will get a

measurement outcome rB (i.e., the displacement on B) and a projected state |ψ(rA(rB), ṼA)⟩ on subsystem A, which

is again a bosonic Gaussian state, with displacement rA and covariance ṼA. Using the Wigner representation Eq. (5),
this can be computed as follows:

|ψ(rA(rB), ṼA)⟩⟨ψ(rA(rB), ṼA)| ∝ TrB(ρ̂|ϕ(rB , σB)⟩⟨ϕ(rB , σB)|)

=

∫
d2nξ

(2π)2n
χρ(ξ)TrB(D̂(−ξ)|ϕ(rB , σB)⟩⟨ϕ(rB , σB)|)

∝
∫

d2kξA
(2π)2k

e−
1
4ξ

T
A(VA−VAB(VB+σB)−1V T

AB)ξA+iξT
AVAB(VB+σB)−1rB , (12)

where ξ = (ξTA, ξ
T
B)

T ∈ R2n, so

rA = VAB(VB + σB)
−1rB , (13)

ṼA = VA − VAB(VB + σB)
−1V T

AB . (14)

We see that the displacement rA depends on the measurement outcome rB but not the covariance matrix ṼA. The
calculation also yields the corresponding Born probability of this outcome happening: the probability density p(rB)
is a Gaussian

p(rB) =
e−rTB(VB+σB)−1rB

πn−k
√

Det(VB + σB)
. (15)

It follows then that

p(rA) =
e−

1
2 r

T
AΣ−1

A rA

(2π)k
√
Det(ΣA)

, (16)

where ΣA = (VA − ṼA)/2.
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II. RANDOM PURE BOSONIC GAUSSIAN STATES

In this section, we define the class of random pure bosonic Gaussian states analyzed in the main text. Our setup
and notations are similar to models defined in [3, 4].

A. Definition

For simplicity, in this section we consider a rearrangement of the quadrature operators as

r̂ = (q̂1, ..., q̂n, p̂1, ..., p̂n)
T , (17)

which only differs from that in Eq. (2) of Section I by a change of basis, specifically, a permutation. The matrix
representation of the displacement vector and the covariance matrix then change correspondingly. Consider now the
covariance matrix V of a (zero-displacement) pure bosonic Gaussian state. As mentioned, it is decomposable into
V = SST , where S is a real symplectic matrix. We thus define random pure bosonic Gaussian states by randomly
sampling S from the symplectic group Sp(2n,R). However, owing to the non-compactness of this group, there is no
natural way to sample from this space in a canonical fashion, such as in a uniform way. To overcome this limitation, we
examine the Bloch-Messiah decomposition of a real symplectic matrix [5, 6], which states that S can be decomposed
as follows:

S = O1[D ⊕D−1]O2, (18)

where D is an n-dimensional diagonal non-negative real matrix, and O1, O2 are real symplectic and orthogonal
matrices, i.e., O1, O2 ∈ Sp(2n,R) ∩O(2n,R). It turns out that the latter space is compact, and in fact isomorphic to
the complex unitary group Sp(2n,R)∩O(2n,R) ∼= U(n), the complex unitary group of n-matrices, which does possess
a uniform, normalizable, Haar measure. Using this, we see that the covariance matrix of a pure bosonic Gaussian
state can be written

V = SST = O1[D
2 ⊕D−2]OT

1 . (19)

Physically, the diagonal matrices D represent the action of a tensor product of one-mode squeezing operations, which
changes the particle-number of the system, while O1 represents the action of a potentially entangling, passive (number-
conserving) unitary. We see the origin of the lack of compactness of the space of symplectic matrices: active unitaries
can change the particle-number of the system, which need not be bounded from above. Conversely, if we fix the
particle-number of the system, then the set of unitary operations that preserve this number does form a compact
group. This thus motivates us to define our random pure bosonic Gaussian states as follows: define an initial state
which is a tensor product of 1-mode squeezed states with a uniform squeezing strength s ∈ R (the assumption of
uniformity can of course be relaxed) and zero displacement, which has covariance matrix

V0 = D2 ⊕D−2 =

(
e2sIn

e−2sIn

)
. (20)

Then, randomly apply a passive (particle-conserving) unitary U transformation from the uniform Haar distribution
(on the unitary group) to the initial squeezed state to obtain |Ψ⟩. In phase space, this transformation corresponds to
the following symplectic-ortho matrix:

O(U) =

(
Re(U) Im(U)
−Im(U) Re(U)

)
. (21)

In other words, the random bosonic Gaussian states we consider in the main text are defined as uniformly random
states within the manifold of Gaussian states with fixed particle number. As we are in fact considering a family of
states (labeled by the system size n), we need also a way to specify how the particle number changes with n. In
our work, we adopt the conceptually simplest scenario where the particle-number density ν is constant across system
sizes.

To summarize, the random bosonic Gaussian states |Ψ⟩ we consider in this work are parameterized by a squeezing
parameter s and have zero displacement and covariance

V = OV0O
T = cosh(2s)I2n + sinh(2s)OY OT , (22)

where Y = In ⊕ (−In), and O(U) is a 2n × 2n real random ortho-symplectic matrix induced by an n × n complex

Haar random unitary U . These states all have particle number density ν = ⟨∑n
i=1 â

†
i âi⟩/n = (Tr(V )/2n − 1)/2 =

(cosh(2s)− 1)/2.
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B. Useful notation for averages over subsystems in random bosonic Gaussian states

In anticipation of our Theorems 1 and 2, it is useful to introduce some notation dealing with subsystems of the global
system and their Haar averages. Specifically, we introduce in this subsection the isometries PA, PB and projectors
ΠA,ΠB used to extract the submatrices VA, VB and VAB from V ; and we also demonstrate how to compute E[VA].

Define the isometries

PA :=
(
Ik 0k,n−k

)
⊕
(
Ik 0k,n−k

)
, PB :=

(
0n−k,k In−k

)
⊕
(
0n−k,k In−k

)
, (23)

and projectors

ΠA := πA ⊕ πA, ΠB := πB ⊕ πB , (24)

where πA, πB are defined as

πA :=

(
Ik 0k,n−k

0n−k,k 0n−k,n−k

)
, πB :=

(
0k,k 0k,n−k

0n−k,k In−k

)
= In − πA. (25)

Then the submatrices of V , Eq. (7), can be expressed

VA = PAV P
T
A , VB = PBV P

T
B , VAB = PAV P

T
B . (26)

For the random bosonic Gaussian states we introduce, using Eq. (21) and Eq. (22), we have

VA = cosh (2s)I2k + sinh(2s)PAOY O
TPT

A , (27)

where

PAOY O
TPT

A =
1

2
PA

(
(UUT + U∗U†) i(UUT − U∗U†)
i(UUT − U∗U†) −(UUT + U∗U†)

)
PT
A . (28)

We desire to understand E[VA], which is the covariance matrix of the averaged density matrix on A. Using
Weingarten calculus [7, 8] we can easily compute the expectation value over the Haar measure as

E[VA] =
∫

U∼Haar(2n)

dUVA

=

∫

U∼Haar(2n)

dU cosh(2s)I2k

= cosh (2s)IA, (29)

using that
∫
Haar

dUUUT =
∫
Haar

dUU∗U† = 0.

III. PROOF OF THEOREM 1

In this section, we provide a detailed proof of Theorem 1 in the main text, which states that in the TDL, the
projected state of the PE are all unsqueezed coherent states on A with unit probability. For convenience, we restate
Theorem 1:

Theorem 1. The (common) covariance matrix ṼA of the projected states |ψ(rA, ṼA)⟩ on k-modes, generated from
heterodyne measurements on the complement of a random n-mode BGS, obeys for any ϵ > 0

P(∥ṼA − IA∥1 ≥ ϵ) ≤ C(1 + ϵ/(2k))/ϵ2n, (30)

where C is a constant depending on k, s but not n. Here ∥ · ∥1 is the trace norm.

To prove Theorem 1, we first introduce the following Lemma to bound the probability:

Lemma 1. The (common) covariance matrix ṼA of the projected states |ψ(rA, ṼA)⟩ on k-modes, generated from
heterodyne measurements on the complement of a random n-mode BGS, obeys for any ϵ > 0

P(∥ṼA − IA∥1 ≥ ϵ) ≤ 4k2(1 + ϵ/2k)

ϵ2
E[Tr(ṼA − IA)] (31)
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where E[·] denotes the expectation value over the Haar measure.

Proof. Since the conditional state is pure, by considering the Bloch-Messiah decomposition of the positive, sym-

plectic covariance matrix ṼA we know that its spectrum consists of eigenvalues that come in pairs {xi, x−1
i }ki=1. We

can assume without loss of generality xi ≥ 1. The trace distance of ṼA to the identity has then a simple closed form
expression in terms of the spectrum:

∥ṼA − IA∥1 =
k∑

i=1

xi − x−1
i . (32)

This comes from observing that the singular values of the argument are {(xi − 1), (1− x−1
i )}ki=1. On the other hand,

Tr(ṼA − IA), has the explicit expression in terms of the eigenvalues

Tr(ṼA − IA) =
k∑

i=1

(xi + x−1
i − 2) =

k∑

i=1

(xi − 1)2

xi
. (33)

1. 1-dimensional base case

We first study the base case k = 1. Let ϵ > 0 and suppose x− x−1 ≥ ϵ. This is equivalent to

x ≥ 1

2
(ϵ+

√
4 + ϵ2). (34)

Now,

1

2
(ϵ+

√
4 + ϵ2) ≥ 1

2
(ϵ+ 2) =

ϵ

2
+ 1. (35)

Therefore,

P(x− x−1 ≥ ϵ) ≤ P(x ≥ ϵ/2 + 1) = P(x− 1 ≥ ϵ/2). (36)

Now, consider x− 1 ≥ ϵ/2. We have

(x− 1)2

x
≥ (ϵ/2)2

1 + ϵ/2
. (37)

This inequality holds because the function (x − 1)2/x is strictly increasing (in the domain x ≥ 1), so plugging in
x = 1 + ϵ/2 gives us a lower bound, i.e., the RHS.

Next, let A denote the event that x− 1 ≥ ϵ/2. We have

E
[
(x− 1)2

x

]
≥ E

[
1A

(x− 1)2

x

]
≥ (ϵ/2)2

1 + ϵ/2
P(A), (38)

where 1A is indicator function for event A, and in the last inequality we lower bound (x − 1)2/x by its minimum
value in A. Rearranging, we get

P(x− 1 ≥ ϵ/2) ≤ 1 + ϵ/2

(ϵ/2)2
E
[
(x− 1)2

x

]
. (39)

Therefore, we have shown for the k = 1 case

P(x− x−1 ≥ ϵ) ≤ 1 + ϵ/2

(ϵ/2)2
E
[
(x− 1)2

x

]
. (40)
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2. Higher-dimensions

Next, consider the higher dimensions k ≥ 2. We introduce the non-negative vector

z = (z1, z2, · · · , zk) (41)

where zi = (xi − x−1
i ). We consider vector p-norms for any p ∈ [1,∞]:

∥v∥p :=

(
k∑

i=1

|vi|p
)1/p

. (42)

In the context of our particular vector z, because each entry is non-negative,

∥z∥1 =

k∑

i=1

(xi − x−1
i ) (43)

which is the desired trace distance ∥ṼA − IA∥1. We will work with

∥z∥∞ = max
i

(xi − x−1
i ). (44)

Now, we note ∥z∥∞ ≥ ϵ if and only if zi ≥ ϵ for some i. Therefore

P(∥z∥∞ ≥ ϵ) ≤
k∑

i=1

P(xi − x−1
i ≥ ϵ)

<

k∑

i=1

1 + ϵ/2

(ϵ/2)2
E
[
(xi − 1)2

xi

]

=
1 + ϵ/2

(ϵ/2)2
E

[
k∑

i=1

(xi − 1)2

xi

]

=
1 + ϵ/2

(ϵ/2)2
E
[
Tr(ṼA − IA)

]
. (45)

Lastly, we note that all norms are equivalent and the inequality ∥z∥∞ ≥ ∥z∥1/k holds. Thus, we have

P(∥z∥1 ≥ ϵ) ≤ P(∥z∥∞ ≥ ϵ/k) ≤ 4k2
1 + ϵ/(2k)

ϵ2
E[Tr(ṼA − IA)]. (46)

This concludes the proof of Lemma 1. ■

Proof of Theorem 1. To prove Theorem 1, we use Lemma 1 and upper bound E[Tr(ṼA− IA)] by explicit calculation.

Consider the expression of the (common) covariance matrix ṼA,

ṼA = VA − VAB(VB + IB)−1V T
AB . (47)

In Section II, we have obtained the expectation value of the first term in Eq. (47), so its trace is

E[Tr(VA)] = 2kcosh(2s). (48)

Therefore we need only compute the expectation value of Tr(VAB(VB + IB)−1V T
AB). Consider

VB + IB = (1 + cosh(2s))IB + sinh(2s)PBOY O
TPT

B , (49)

where Y = In ⊕ (−In), O is a random symplectic-orthogonal matrix defined in Eq. (21), and PB is the matrix defined
in Eq. (23). Note that the second term is the principal submatrix of a real Hermitian matrix OY OT , whose eigenvalues
are ±1. Thus, we can conclude by the Poincaré separation theorem or Cauchy interlacing theorem that the eigenvalues
of PBOY O

TPT
B , denoted as yi, are bounded as

−1 ≤ yi ≤ 1. (50)
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Using this and noting that for any s ∈ R, since 1 + cosh(2s) > | sinh(2s)|, we can expand the term (VB + IB)−1 as an
absolutely convergent Taylor series

(VB + IB)−1 =
1

(1 + cosh(2s))

∞∑

m=0

(−u)m(PBOY O
TPT

B )m, (51)

where u := sinh(2s)/(1 + cosh(2s)) which satisfies −1 < u < 1. We have

Tr(VAB(VB + IB)−1V T
AB)

=
1

(1 + cosh(2s))
Tr(ΠAVΠB

∞∑

m=0

(−u)m(ΠBOY O
TΠB)

mΠBVΠA)

=
sinh2(2s)

(1 + cosh(2s))

∞∑

m=0

(−u)mTr(ΠAOY O
TΠB(ΠBOY O

TΠB)
mΠBOY O

TΠA), (52)

where ΠA,ΠB are projctors defined in Eq. (24). Since we only consider the trace, we can use projectors ΠA,ΠB to
replace PA, PB . In the last equality, we use the fact that ΠAΠB = 0.

Define the matrices

Aj := ΠAOY O
TΠBX

jΠBOY O
TΠA, (53)

where X = ΠBOY O
TΠB . Since the power series converges absolutely, we can exchange the sums to get

E[Tr(VAB(VB + IB)
−1V T

AB)] =
sinh(2s)2

(1 + cosh(2s))

∞∑

m=0

(−u)mE[Tr(Am)]. (54)

Therefore, we only need to compute E[Tr(Am)]. We first consider the odd terms E[Tr(A2j+1)]. We observe that
matrix X = ΠBOY O

TΠB can be written as

X =

(
a0 b0
b0 −a0

)
, (55)

where a0, b0 are n − k × n − k dimensional matrices. Then, employing induction and matrix multiplication, we can
establish a similar expression for A2j+1:

A2j+1 = ΠAOY O
TΠBX

2j+1ΠBOY O
TΠA

=

(
cj dj
dj −cj

)
, (56)

where cj and dj represent n− k × n− k dimensional matrices. Consequently, we deduce the vanishing of odd terms:

E[Tr(A2j+1)] = 0. (57)

Next, we consider the even terms. we have

Tr(A2j) = Tr((IB −ΠB)OY O
TΠB(ΠBOY O

TΠB)
2jΠBOY O

T )

= Tr(ΠB(ΠBOY O
TΠB)

2j)− Tr((ΠBOY O
TΠB)

2j+2)

= Tr(X2j)− Tr(X2j+2)

=
∑

i

(y2ji − y2j+2
i ) ≥ 0, (58)

where yi denotes the eigenvalue of PBOY O
TPT

B , satisfying the inequality −1 ≤ yi ≤ 1. In the first line, we used that
ΠA = I2n − ΠB ; and in the last line, we used the fact that the non-zero eigenvalues of matrix X are same as that of
matrix PBOY O

TPT
B .

We can show Tr(A2j) decreases with j, viz

Tr(A2j)− Tr(A2j+2) =
∑

i

((λ2ji − y2j+2
i )− (y2j+2

i − y2j+4
i ))

=
∑

i

(y2ji + y2j+4
i − 2y2j+2

i ) ≥ 0. (59)
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Next, using the Weingarten calculus, we evaluate the second two terms,

E[Tr(A0)] = 2k − 2k(1 + k)

n+ 1
, (60)

and

E[Tr(A2)] =
2k(1 + k)(n+ 1− k)(n− k)

n(n+ 1)(n+ 3)
<

2k(1 + k)

n+ 3
<

2k(1 + k)

n
. (61)

Therefore in the TDL, for any j ≥ 1 we have the following bound,

0 < Tr(E[A2j ]) <
2k(1 + k)

n
. (62)

This allows us to bound the expectation value of E[Tr(ṼA − IA)] as

E[Tr(ṼA − IA)] = E[Tr(VA)]− E[Tr(VAB(VB + IB)
−1V T

AB)]− 2k

=2k(cosh(2s)− 1)− sinh2(2s)

(1 + cosh(2s))

(
Tr(E[A0]) +

∞∑

m=1

(−u)2mTr(E[A2m])

)

≤2k(cosh(2s)− 1)− sinh2(2s)

(1 + cosh(2s))
Tr(E[A0]) +

sinh2(2s)

(1 + cosh(2s))

∞∑

m=1

u2mTr(E[A2m])

<2k(cosh(2s)− 1)− sinh2(2s)

(1 + cosh(2s))

(
2k − 2k(1 + k)

n+ 1

)
+

sinh2(2s)

(1 + cosh(2s))

∞∑

m=1

u2m
2k(1 + k)

n

<(cosh(2s)− 1)
2k(k + 1)

n

(
1 +

∞∑

m=1

u2m

)

=(cosh(2s)− 1)

(
2k(k + 1)

1− u2

)
1

n
, (63)

where u = sinh(2s)/(1 + cosh(2s)). In the second line, we used the series expansion in Eq. (54); in the third line, we
used the fact that u2 ≥ 0 and Tr(E[A2m]) > 0; and in the fourth line, we used the bound of Tr(E[A2m]).

Finally, by combining Lemma 1 and Eq. (63), we get

P(∥ṼA − IA∥1 ≥ ϵ) ≤ 4k2(1 + ϵ/(2k))/ϵ2)E[Tr(ṼA − IA)] ≤ C(1 + ϵ/(2k)/ϵ2n, (64)

where C = 4k2(cosh(2s)− 1)( 2k(k+1)
1−u2 ) is a constant which we note only depends on k, s but not n.

IV. PROOF OF THEOREM 2

In this section, we prove Theorem 2 of the main text, which establishes that with unit probability in the TDL, the
distribution of displacements of the PE is statistically indistinguishable from those of an isotropic normal distribution
with variance ν. For convenience, we restate Theorem 2 here:

Theorem 2. The distribution NA = N (0,ΣA) of displacements rA of the projected states |ψ(rA, ṼA)⟩ on k-modes,
generated from heterodyne measurements on the complement of a random n-mode BGS, obeys for any ϵ > 0

P(DKL(NA||Nν) ≥ ϵ) ≤ C
1 + νϵ′

2k

ν2ϵ′2n
+De−nν2ϵ′2F , (65)

where C,D, F are constants depending on k, s only, and ϵ′ = 1
2

(√
ϵ/k
√
4 + ϵ/k − ϵ/k

)
. Above, DKL refers to the

Kullback-Leibler divergence [9] of NA with respect to Nν = N (0, νIA). In full generality, the KL-divergence of
distribution p from q is defined as

DKL(p∥q) =
∫

drp(r) log

(
p(r)

q(r)

)
, (66)
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and for two d-dimensional multivariate normal distributions, denoted as N (µp,Σp) and N (µq,Σq), the KL divergence
has a closed form expression,

DKL(N (µp,Σp)||N (µq,Σq)) =
1

2

(
log

det(Σq)

det(Σp)
− d+ (µp − µq)

TΣ−1
q (µp − µq) + Tr(Σ−1

q Σp)

)
. (67)

Thus, in our case

DKL(NA||Nν) =
1

2

(
log

det(νIA)
det(ΣA)

− 2k +Tr(ΣA/ν)

)
. (68)

As sketched in the main text, the proof of the theorem follows the following logic. We show (Lemma 2) that
covariance matrix of the projected state VA is concentrated around its expected value E[VA], as a result of Levy’s
lemma. Then we show (Lemma 3) that the covariance matrix ΣA governing the spread of displacements rA is close

to νIA, using that ΣA = (VA − ṼA)/2. Lastly, (Lemma 4) we related closeness of ΣA to νIA to smallness of the KL
divergence itself. To that end, we introduce the lemmas.

Lemma 2. The covariance matrix VA of the reduced density matrix on A, generated by a random n-mode BGS,
obeys for any ϵ > 0

P(∥VA − E[VA]∥1 ≥ ϵ) ≤ 8k2 exp

(
− nϵ2

1024e4sk2

)
. (69)

Proof. We desire to prove that with high probability, VA concentrates around E[VA] = cosh(2s)IA in the thermo-
dynamic limit. We first consider the following sequence of inequalities:

P(∥VA − E[VA]∥1 ≥ ϵ) ≤ P(∥VA − E[VA]∥Entry-wise, 1 ≥ ϵ)

≤ P(|(VA − E[VA])ij | ≥ ϵ/4k2 for some i, j)

≤ 4k2P(|(VA − E[VA])ij | ≥ ϵ/4k2). (70)

In the first line, we used that ∥A∥1 ≤ ∥A∥entry-wise,1 :=
∑

ij |Aij |; in the second line, we used that
∑2k

i=1

∑2k
j=1 |Aij | >

ϵ =⇒ |Aij | > ϵ/4k2 for some i, j; and in the third line, we used the union bound.
Note that (VA)ij(U) is a function of the n× n Haar random unitary U , and is Lipschitz continuous with Lipschitz

constant 4e2s:

|(VA)ij − (V ′
A)ij | ≤ ∥VA − V ′

A∥2
≤ ∥V − V ′∥2 = ∥O(U)V0O

T (U)−O(U ′)V0O
T (U ′)∥2

≤ ∥O(U)V0(O
T (U)−OT (U ′))∥2 + ∥(O(U)−O(U ′))V0O

T (U ′)∥2
≤ 2∥V0∥∞∥(O(U)−O(U ′))∥2
≤ 4e2s∥U − U ′∥2. (71)

In the second inequality we used that VA = PAV P
T
A , and that the projection cannot increase norm. In the third

inequality, we used

∥ABC∥p ≤ ∥A∥∞∥B∥∞∥C∥p, (72)

for p ∈ [1,∞). The last inequality comes from

O(U) =

(
Re(U) Im(U)
−Im(U) Re(U)

)
= F

(
U

U∗

)
F−1, F =

1√
2

(
In iIn
iIn In

)
. (73)

Therefore using Levy’s lemma, Corollary 4.4.28 of [10], we have

P(|(VA − E[VA])ij)| ≥ δ) ≤ 2 exp

(
− nδ2

64e4s

)
. (74)

Putting it all together, we have for any ϵ > 0,

P(∥VA − E[VA]∥1 ≥ ϵ) ≤ 8k2 exp

(
− nϵ2

1024e4sk2

)
. (75)
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This concludes the proof of Lemma 2. ■

Lemma 3. Let NA = N (0,ΣA) be the distribution of displacements rA of the projected states |ψ(rA, ṼA)⟩ on
k-modes, generated from coherent-state measurements on the complement of a random n-mode BGS. Its variance ΣA

obeys for any ϵ > 0

P(∥ΣA − νIA∥1 ≥ ϵ) ≤ C(1 + ϵ/(2k))/ϵ2n+ 8k2 exp

(
− nϵ2

1024e4sk2

)
. (76)

where C is a constant depending on k, s but not n. Here ∥ · ∥1 is the trace norm.
Proof. We first note that

ΣA = (VA − ṼA)/2. (77)

Then, using the triangle inequality of the trace norm, we have:

∥ΣA − νIA∥1 ≤ 1

2
∥VA − (2ν + 1)IA∥1 +

1

2
∥ṼA − IA∥1. (78)

Therefore, we can bound the probability as follows:

P(∥ΣA − νIA∥1 ≥ ϵ) ≤ P
(
1

2
∥VA − (2ν + 1)IA∥1 +

1

2
∥ṼA − IA∥1 ≥ ϵ

)

≤ P
(
1

2
∥VA − (2ν + 1)IA∥1 ≥ ϵ

2
∪ 1

2
∥ṼA − IA∥1 ≥ ϵ

2

)

≤ P
(
1

2
∥VA − (2ν + 1)IA∥1 ≥ ϵ

2

)
+ P

(
1

2
∥ṼA − IA∥1 ≥ ϵ

2

)

≤ C(1 + ϵ/(2k))/ϵ2n+ 8k2 exp

(
− nϵ2

1024e4sk2

)
. (79)

In the last inequality, we used Theorem 1 and Lemma 2. ■

Lemma 4.The normal distribution N (0,ΣA) obeys for any ϵ > 0

P(DKL(N (0,ΣA)||N (0, νIA)) ≥ ϵ) ≤ P(∥ΣA − νIA∥1 ≥ νϵ′(ϵ, k)) (80)

where ϵ′ = 1
2

(√
ϵ/k
√
4 + ϵ/k − ϵ/k

)
.

Proof. First we consider the explicit expression for the KL divergence of N (0,ΣA) with respect to N (0, νIA):

DKL(N (0,ΣA)||N (0, νIA)) =
1

2
(− log det(ΣA/ν) + Tr(ΣA/ν)− 2k)

=

2k∑

i=1

1

2
(− log λi + λi − 1) , (81)

where λi are the non-negative eigenvalues of ΣA/ν. Note each term in the sum is non-negative. Next we note the
condition that

2k∑

i=1

1

2
(− log λi + λi − 1) ≤ ϵ (82)

implies

1

2
(− log λi + λi − 1) ≤ ϵ

2k
(83)

for at least one i (because if this were not true for all i, their sum would be < ϵ, a contradiction of the premise). Now
because

1

λi
+ λi − 2 ≥ − log λi + λi − 1 (84)



12

at least for one i we have that

|λi − 1| ≥ 1

2

(√
ϵ/k
√

4 + ϵ/k − ϵ/k
)
≡ ϵ′(ϵ, k), (85)

which further implies

∥ΣA − νIA∥1 =
∑

i

ν|λi − 1| > νϵ′. (86)

We therefore have that

P(DKL(N (0,ΣA)||N (0, νIA)) ≥ ϵ) ≤ P(∥ΣA − νIA∥1 ≥ νϵ′(ϵ, k)). (87)

This concludes the proof of Lemma 4. ■

Proof of Theorem 2. Finally, by utilizing Lemma 3 and Lemma 4, we can prove Theorem 2,

P(DKL(NA||Nν) ≥ ϵ) ≤ P(∥ΣA − νIA∥1 ≥ νϵ′(ϵ, k))

≤ C
1 + νϵ′

2k

ν2ϵ′2n
+De−nν2ϵ′2F . (88)

Here C is the same constant in Theorem 1, D = 8k2, and F = 1/(1024e4sk2).

V. DETAILS OF NUMERICS IN BRICKWORK LINEAR-OPTICAL CIRCUIT MODEL

In this section, we provide details on the numerics involving the brickwork linear-optical circuit model which gave
rise to Fig. 3 of the main text. We also provide additional numeric simulations supporting the universality of deep
thermalization to the Gaussian Scrooge distribution in Gaussian continuous-variable systems, as well as investigations
into when it breaks down.

A. Linear-optical circuit model

As described in the main text, the linear-optical circuit model consists of a 1d array of n bosonic modes, initially
prepared in a product squeezed state with uniform squeezing s (we always pick s = 1/2 in what follows), and coupled
via repeated applications of beam-splitters and phase-shifters. Specifically, we consider a brickwork architecture
wherein odd pairs of nearest-neighbor modes first couple via two-mode beam-splitters, followed by a single-mode phase-

shift on the left mode (denoted by the ortho-symplectic operators BSi,i+1 and PSθi =

(
cos θi − sin θi
sin θi cos θi

)
respectively

in phase space; here θi is the value of the phase shift). Then, even pairs of nearest-neighbor modes couple in an
identical fashion. This defines one ‘layer’ of the circuit. The overall circuit then consists of t applications of such
layers, which we interpret as ‘time’. We will consider different scenarios of uniform beam-splitting and phase-shifts
within each layer or not (i.e., spatial uniformity/randomness), across layers (i.e., temporal uniformity/randomness), or
a mixture of both (i.e., spatio-temporal uniformity/randomness). We will also consider different boundary conditions
(open vs periodic). The projected ensemble is constructed from the middle k modes of the chain, assuming Gaussian
measurements on the complementary subsystem parameterized by squeezing parameter sσ. In our numerics, we always
pick k = 3.

B. Open boundary conditions, 50:50 beam-splitter, uniform phase-shift in space and time

To begin, we consider the simplest scenario of circuit evolution with equal-weight (i.e., 50:50) beam-splitters

BSi,i+1 =
1√
2




1 1 0 0
−1 1 0 0
0 0 1 1
0 0 −1 1




i,i+1

, (89)
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Figure S1. KL-divergences over time of (a,c,e) the Wigner functions of a 3-mode projected state WA(t) from a coherent state
of equal displacement Wvac, and (b,d,f) distribution of displacements NA(t) from the expected universal distribution Nν , with
generalized heterodyne measurement bases characterized by sσ = 1, 2,∞, respectively. Here the brickwork-circuit model is
defined with open boundary conditions, equal-weight (50:50) beam-splitters, and uniform phase shift θ = π/8 across space and
time. Lighter to darker shades represent data for different system sizes n = 64, 128, 256, 512, 1024, 2048. Insets show comparison
of the saturated values to those generated from corresponding globally random bosonic Gaussian states; the agreements are
excellent.

(expressed under the basis (q̂i, q̂i+1, p̂i, p̂i+1)) and phase shift θi = θ = π/8, uniform across both space and time.
These are the parameters used to generate Fig. 3 of the main text, where the measurement basis is that of unsqueezed
coherent states sσ = 0. There we found that our claim of the limiting form of the PE to the Gaussian Scrooge

distribution NA(t) → Nν , ṼA(t) → IA arises in the large n and large t limit (taken in that order). Specifically, we
saw that for any fixed n, the KL divergences of either the Wigner function of the projected state from an unsqueezed
coherent state of equal displacement, or the distribution of displacements NA from the expected Nν , decay as ∼ 1/t,
before saturating to a value scaling as 1/n. Moreover, we find that this saturation value agrees very well with that
of the average KL divergences from the PE generated from an n-mode random BGS. In Fig. S1, we repeat the same
analysis for other measurement bases sσ = 1, 2,∞. Again, we observe similar behavior as in Fig. 3 of the main
text, showing the independence of the phenomena to measurement bases and hence supporting the universality of
our claim. We also note that this behavior is insensitive to the value of the phase shift (modulo special values like
θ = mπ/4,m ∈ Z where the system is integrable).

C. Open boundary conditions, 30:70 beam-splitter, uniform phase-shift in space and time

To further corroborate the universality of our claim, we investigate the sensitivity of the limiting ensemble of the
PE to different choices of beam-splitters. In Fig. S2, we repeat the same analysis as in Sec. VB, but assume a biased
30:70 beam-splitter defined by

BSi,i+1 =




cosϕ sinϕ 0 0
− sinϕ cosϕ 0 0

0 0 cosϕ sinϕ
0 0 − sinϕ cosϕ


 , (90)

where ϕ = arccos(
√
0.3). Again, we see similar behavior of convergence to the limiting behavior of the Gaussian

Scrooge distribution as in Fig. S1.
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Figure S2. KL-divergences over time of (a,c,e) the Wigner functions of a 3-mode projected state WA(t) from a coherent state
of equal displacement Wvac, and (b,d,f) distribution of displacements NA(t) from the expected universal distribution Nν , with
generalized heterodyne measurement bases characterized by sσ = 0, 1,∞, respectively. Here the brickwork-circuit model is
defined with open boundary conditions, biased (30:70) beam-splitters, and uniform phase shift θ = π/8 across space and time.
Lighter to darker shades represent data for different system sizes n = 32, 64, 128, 256, 512, 1024. Insets show comparison of the
saturated values to those generated from corresponding globally random bosonic Gaussian states; the agreements are excellent.

D. Periodic boundary conditions, 50:50 beam-splitter, uniform phase-shift in space and time

We also investigate the role of boundary conditions in determining the convergence of the PE to the expected
limiting form of the Gaussian Scrooge distribution. Here we repeat the same simulations as in Sec. VB but assume
periodic boundary conditions. Fig. S3 shows the results. Intriguingly, while for measurement basis sσ = 0 we again
see convergence, for measurement bases sσ ̸= 0 we observe deviations. In particular, we note that the KL divergences
(of either the Wigner function or the distribution of displacements) are not decaying to zero for large n and large t,
but rather appear to be saturating to a non-zero value. This suggests that the limiting form of the PE is not the
Gaussian Scrooge distribution in those cases.

What could be the physical reason for the observed deviations? Let us first note that the reduced density matrix ρ̂A
is identical in all cases (as it is the state of the subsystem ignorant of the measurement outcomes), and is characterized
by the convergence of its covariance matrix to VA → (2ν+1)IA (we numerically find this to be true always). Thus, the
lack of convergence of the projected ensemble to the Gaussian Scrooge distribution cannot be explained by the system
not thermalizing in the ‘regular’ sense; instead, it is the failure to deep thermalize. Note that one of the special
properties of the Gaussian Scrooge distribution is that measurement outcomes rB on the bath B are minimally

correlated with the projected state |ψ(rA(rB), ṼA)⟩ (a consequence of the quantum information-theoretic property
of having minimal accessible information, see Section VI). The lack of emergence of the GSD suggests that in the
case of the circuit with periodic boundary conditions, the measurements on B in squeezed bases sσ ̸= 0 are somehow
learning about the state of A. Now, the only difference between the OBC case of Sec. VB and the PBC case of this
section, is in the translational symmetry (or lack thereof) of the circuit: in the latter, we expect that eigenstates
of the circuit can be further labeled by quasimomenta, while in the former they cannot. We thus hypothesize that
the reason for the lack of convergence to the Gaussian Scrooge distribution observed here is that measurements in
the squeezed-state bases sσ ̸= 0 have non-trivial overlap with the momentum modes of the system, much like how
measurements in spin-systems with energy conservation, in a basis which is correlated with the energy operator, will
not produce a projected ensemble that tends to the (spin) Scrooge distribution but rather the ‘generalized Scrooge
distribution’ [11]. We leave further investigation of this interesting generalized-deep-thermalizing scenario to future
work.



15

(a)

(b)

(c)

(d)

(e)

(f)

100 101 102 103 104

t

10°5

10°4

10°3

10°2

10°1

100

D
K

L
(N

A
(t

)k
N
∫
)

sæ = 0

102 10310°3

10°2

n
RMT

Circuit

100 101 102 103 104

t

10°4

10°3

10°2

10°1

100

D
K

L
(
f W

A
(t

)k
W

v
a
c
)

sæ = 0

102 103

10°2

10°1

n
RMT

Circuit

100 101 102 103 104

t

10°3

10°2

10°1

100

D
K

L
(N

A
(t

)k
N
∫
)

sæ = 1

103
10°3

10°2

10°1

n
RMT

Circuit

100 101 102 103 104

t

10°3

10°2

10°1

100

D
K

L
(
f W

A
(t

)k
W

v
a
c
)

sæ = 1

102 103

10°2

10°1

n
RMT

Circuit

100 101 102 103 104

t

10°2

10°1

100

D
K

L
(N

A
(t

)k
N
∫
)

sæ =1

103
10°3

10°2

10°1

n
RMT

Circuit

100 101 102 103 104

t

10°2

10°1

100

D
K

L
(
f W

A
(t

)k
W

v
a
c
)

sæ =1

102 103
10°2

10°1

n
RMT

Circuit

Figure S3. KL-divergences over time of (a,c,e) the Wigner functions of a 3-mode projected state WA(t) from a coherent state
of equal displacement Wvac, and (b,d,f) distribution of displacements NA(t) from the expected universal distribution Nν , with
generalized heterodyne measurement bases characterized by sσ = 0, 1,∞, respectively. Here the brickwork-circuit model is
defined with periodic boundary conditions, equal-weight (50:50) beam-splitters, and uniform phase shift θ = π/8 across space
and time. Lighter to darker shades represent data for different system sizes n = 64, 128, 256, 512, 1024, 2048. For general
squeezed measurements sσ ̸= 0, the system apparently fails to deep thermalize, even though it thermalizes ‘regularly’. Insets
show comparison of the saturated values to those generated from corresponding globally random bosonic Gaussian states.

E. 50:50 beam-splitter, phase-shift random in space but uniform in time

Finally, we study a circuit with 50:50 beam-splitters, but assume the phase-shifts are random (θi ∼ Uniform[0, 2π))
across space while fixed over time. We find boundary conditions do not matter in this scenario. Fig. S4 shows the
results. We observe that the system does not thermalize in the regular sense (VA ̸→ (2ν + 1)IA), let alone deep
thermalize. We attribute this to localization of the eigenmodes of the 1-layer evolution operator (of the circuit)
due to the disorder. Interestingly, we find that localization as a failure mode for the system to thermalize (or
deep-thermalize) is sensitive to the fact that the circuit is comprised of identical layers repeated in time, i.e., has
discrete-time periodicity. In such a case, the system can be viewed as ‘Floquet’, and has a conserved quasi-energy
operator due to Floquet’s theorem. If we instead break this time-periodicity (such as with temporal randomness; or
by using a deterministic but aperiodic drive, like a circuit wherein different layers correspond to one of two fixed but
distinct evolution operators, alternating according to the characters of the Fibonacci word [12]), then convergence to
the Gaussian Scrooge distribution will be seen again (data not shown). This is despite the fact that within each layer
there can still be spatial randomness in the phase shifts resulting in localization. That is, the presence of localization
and quasi-energy conservation is necessary for regular thermalization (and deep thermalization) to be arrested; while
just localization (of the single-layer evolution operator at every time-step) is not sufficient (indeed note that Ref. [12]
rigorously showed that the Fibonacci drive, despite being quasiperiodic, does not admit a conserved quasi-energy
operator).

VI. MAXIMUM ENTROPY PRINCIPLE AND GAUSSIAN SCROOGE DISTRIBUTION

In this section, we provide a detailed discussion of our proposed maximum entropy principle, which is used to
predict the limiting form of a quantum state ensemble arising from suitably complex interactions/dynamics. We
will first restate the principle for general physical systems, recap what it predicts for finite-dimensional (i.e., spin)
quantum systems — namely, the emergence of the so-called Scrooge distribution, before analyzing the case of Gaussian
continuous-variable quantum systems, where we show that the maximum-entropy ensemble is the so-called Gaussian
Scrooge distribution (Theorem 3).
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Figure S4. KL-divergences over time of (a) the Wigner functions of a 3-mode projected state WA(t) from a coherent state
of equal displacement Wvac, and (b) distribution of displacements NA(t) from the expected universal distribution Nν , with
coherent-state measurement bases sσ = 0. Here the brickwork-circuit model is defined with periodic boundary conditions,
while phase shifts θ are uniformly random in space but constant over time. Lighter to darker shades represent data for different
system sizes n = 64, 128, 256, 512, 1024. In this scenario, the system does not regularly thermalize, let alone deep thermalize.
Insets show a comparison of the saturated values to those generated from corresponding globally random bosonic Gaussian
states.

A. Maximum entropy principles in thermalization and deep thermalization

Maximum entropy principles correspond to general powerful propositions allowing one to predict the state of a
system with incomplete data: they assert that the probability distribution that best describes a system should be the
one that agrees with given available knowledge, but assumes the least about other properties, quantitatively captured
by the maximization of some information entropy. Such principles appear in many different contexts, like information
theory and statistical thermodynamics. A key aspect governing the success of maximum entropy principles is in
identifying and justifying the appropriate information entropy to use in different physical scenarios.

In the context of quantum statistical physics — the arena of this work, the physical question that naturally arises
where a maximum entropy principle is useful is this: given a global quantum state on many constituents, arising from
some complex set of interactions (like eigenstates of a quantum many-body Hamiltonian or states evolved for long
times under quantum chaotic dynamics), what is the local state of a system? In other words, what form does the
reduced density matrix (RDM) ρ̂A on a local subsystem A assume? This is the question of quantum thermalization.
The information entropy which has been understood to be relevant in this scenario, is that of the von Neumann
entropy S = −Tr(ρ̂A log ρ̂A), since this is relevant to the thermodynamic free energy of subsystem A [13]. Then, the
maximum entropy principle for regular quantum thermalization states: the subsystem A should be described by a
density matrix which maximizes the von Neumann entropy S subject to any conservation laws (like conservation of
charge or energy). Predictions about the equilibrium expectation values of any local observables then follow. For

example, it is a standard textbook exercise to derive that the thermal Gibbs state ρ̂th ∝ e−βĤ at inverse temperature

β defined as E = −∂β log Tr(e−βĤ), is the unique density matrix maximizing the entropy over all density matrices ρ̂

with the same mean energy E = Tr(ρ̂Ĥ). Note importantly that the maximum entropy principle is but an appealing
guiding principle and not derived from first principles, so may not hold in all cases. As it is believed that ergodicity
of dynamics is what microscopically underpins the success of the principle, exceptions to the predictions of the
maximum entropy principle are typically attributed to a breaking of ergodicity due to some physical mechanism (such
as localization, quantum many-body scarring, or Hilbert space fragmentation/shattering).

Turning now to the projected ensemble (PE) E , which is a collection of pure quantum states of a local subsystem
each of which represents the subsystem’s state conditioned on a measurement outcome on the complement, the physical
question is: what should the limiting form of the PE be under complex interactions or dynamics? This is the question
of deep thermalization. Note that even though the PE is technically constructed by associating each pure state |ψ⟩
on A with a measurement outcome on B, it is mathematically equivalent to consider the PE simply as a distribution
solely on A,

E = {pE(ψ), |ψ⟩}, (91)

where pE(ψ) is underlying probability distribution on the states (formally, we construct pE(ψ) via pE(ψ) =∑
z p(z)δ(|ψ⟩⟨ψ| − |ψz⟩⟨ψz|) where p(z) is the Born probability of measurement outcome z and |ψz⟩ the corre-

sponding conditional state). We wish to formulate a maximum entropy principle for the projected ensemble too, but
two questions immediately arise: (i) what is the appropriate information entropy to use? (ii) what is knowledge that
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can be assumed already known, which constrains the optimization problem?
To answer the first question, we argue that information of the pure state ensemble Eq. (91), a classical-quantum

object, is contained naturally in two places: (a) the distribution pE(ψ) of states over the Hilbert space, and also (b)
information extractable from a quantum measurement on the conditional quantum states itself. That is to say, we can
define a joint probability distribution pE,M of the ensemble and some choice of measurement (a POVM) M = {M̂j}

pE,M(ψi, M̂j), (92)

from which we can also define the marginal distributions pE(ψi) and

pM(M̂j) = Tr(ρ̂EM̂j), (93)

where ρ̂E =
∑

i pE(ψi)|ψi⟩⟨ψi| is the first statistical moment of the state ensemble, i.e., its density matrix. (Note the
indices i, j can take discrete or continuous values; here we temporarily switch to a discrete notation for convenience).
Now, we appeal to the physical intuition that if interactions or dynamics are complex enough, measurements on a
conditional state |ψ⟩ should reveal very little about which measurement on the bath (the complementary subsystem
where measurements are performed) produced it in the first place, due to information scrambling; in other words, the
state ensemble E and measurement apparatus M should be least correlated. This motivates us to define the ensemble
entropy that should be maximized in a maximum entropy principle to be

S(E) := − sup
M∈POVM

DKL(pE,M∥pE ⊗ pM), (94)

whereM runs over all POVMs. HereDKL(pE,M∥pE⊗pM) refers to the Kullback-Leibler divergence, or relative entropy
of the joint distribution pE,M from the product distribution pE ⊗ pM = pEpM. We note that −DKL(pE,M∥pE ⊗ pM)
can be interpreted as the number of classical bits needed to encode the joint distribution of pE,M, according to an
optimal scheme assuming prior knowledge only of the marginals (more precisely, after adding an appropriate positive
constant, see [11]). The supremum over POVMs has the effect of ensuring the entropy so-defined is a property solely
of the state ensemble, wherein we choose the optimal POVM to give the best distinguishability. Note that S(E) ≤ 0
and is zero if and only if pE,M = pEpM.

We turn next to the question of how much knowledge should be deemed available in the application of the
maximum entropy principle for deep thermalization. We note that under similar considerations of complex interac-
tions/dynamics, the maximum entropy principle for regular quantum thermalization already fixes the density matrix
ρ̂A of the subsystem (see above discussion; for example, it should be the thermal Gibbs state in the presence of energy
conservation), so it is natural to take this information as a constraint in the optimization.

To recapitulate, we therefore propose that the maximum entropy principle for deep thermalization is as such:
the limiting projected ensemble E obtained under complex interactions should have maximal ensemble entropy S(E),
subject to fixed first moment ρ̂A, determined by regular thermalization.

Before deriving the consequences of this principle, we note that there is an intimate connection between the ensemble
entropy S(E) and a quantum information-theoretic property of the ensemble of states called the accessible information
I(E). Indeed, −S(E) is nothing more than the ensemble’s accessible information, defined as

I(E) := sup
M∈POVM

I(E : M), (95)

where I(E : M) is the mutual information

I(E : M) := H(ψ) +H(M)−H(ψ,M) (96)

= DKL(pE,M∥pEpM) (97)

and H(·) is the Shannon entropy. The accessible information of the ensemble E has the operational meaning of
the maximum amount of classical information extractable from quantum measurements on quantum states of E ,
when they are used to encode a message through a quantum channel. Thus, we may gain an alternative quantum-
information perspective to the proposed maximum entropy principle of deep thermalization: the bath B is encoding
information about its particular state within the conditional states |ψ⟩ and sending it to A, but it does so in a way in
which information is maximally difficult to extract from the local subsystem, in line with the intuition that complex
quantum dynamics scrambles information and hides it very well from local observers.
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B. Scrooge distribution maximizes the ensemble entropy in finite-dimensional (spin) systems

As a warm-up, we first apply the maximum entropy principle for state-ensembles in finite-dimensional (i.e., spin)
systems, to determine the universal form of the projected ensemble that emerges. It turns out that the question
of the pure state ensemble E whose first moment is ρ̂ and which minimizes its accessible information (equivalently,
maximizes its ensemble entropy) was solved already by Jozsa et al. [14] for spin systems. They showed that a quantity
known as the subentropy Q(ρ̂) (a function only of ρ̂) lower bounds the accessible information I(E) for any ensemble
E under the constraint that they have the same first moment ρ̂E = ρ̂,

Q(ρ̂) ≤ I(E), (98)

and they also showed that this lower bound is attained within the Scrooge distribution (so-called because it is most
‘stingy’ with its information):

EScr. =
{
dϕD⟨ϕ|ρ̂|ϕ⟩,

√
ρ̂|ϕ⟩√

⟨ϕ|ρ̂|ϕ⟩

}
, (99)

where dϕ is the uniform Haar measure on the Hilbert space and D the dimension. Note the Scrooge distribution
has a number of equivalent forms, one of which is the Gaussian adjusted projected (GAP) measure [14–16]. From
the expression, we may understand the Scrooge distribution as a ‘ρ̂-distortion’ of the uniform Haar distribution (for

example, set ρ̂ = Î/D as the limiting case to see this).
In the context of complex dynamics, since we expect ρ̂ to be a thermal Gibbs state arising from regular thermaliza-

tion, the limiting ensemble in deep thermalization should thus be the Scrooge ensemble wherein its first moment is the
thermal density matrix. Indeed, previous studies [11, 17–19] have corroborated the emergence of such a distribution,
in line with the predictions of the proposed maximum entropy principle. We stress though that just like in the case of
the maximum entropy principle of regular thermalization, the maximum entropy principle for state ensembles cannot
be expected to hold in all cases, and elucidating when and why it fails is an interesting direction of exploration (for
example, [11] showed that if the measurement basis on B has a large overlap with eigenstates of conserved quantities
of the system, such that the hypothesis of the system and bath becoming uncorrelated should not be expected to
hold, then a generalized version of the Scrooge distribution instead appears).

C. Gaussian Scrooge distribution maximizes the ensemble entropy in Gaussian CV systems

We now return to the focus of this work: the form of the deep thermalized projected ensemble in continuous-
variable (CV) quantum systems, assuming Gaussian states and Gaussian measurements. We wish to employ our
aforementioned maximum entropy principle to predict the limiting state ensembles in this setting. However, Jozsa et
al.’s construction of the Scrooge ensemble does not generalize, as there is no obvious notion of a uniform (normalized)
distribution of bosonic Gaussian states in Hilbert space, owing to the unboundedness of the Hilbert space.

Nevertheless, building off recent seminal works of Holevo [20, 21] bounding and computing accessible information of
Gaussian state ensembles, we are able to ascertain the Gaussian pure state ensemble which minimizes the accessible
information (equivalently, maximizes the ensemble entropy), in the case that the reduced density matrix is a thermal
Gaussian state (i.e., its covariance matrix is proportional to I), which we call in analogy the Gaussian Scrooge
distribution. Concretely, we have:

Theorem 3. Consider the set of k-mode bosonic Gaussian pure state ensembles of the form EΣ,Ṽ = {pΣ(r)dr, |ψ(r, Ṽ )⟩}
such that each ensemble’s density matrix ρ̂ is equal, characterized by having zero displacement and covariance

2Σ + Ṽ = (2ν + 1)I for some ν ≥ 0. Here pΣ(r) denotes the probability density of a centered multivariate Gaussian

distribution with covariance matrix Σ over the phase space, and |ψ(r, Ṽ )⟩ the bosonic Gaussian pure state with random

displacement r and common covariance matrix Ṽ . Then the ensemble which maximizes [22] the ensemble entropy
S(EΣ,Ṽ ) is given by

Σ = νI, Ṽ = I, (100)

which we call the Gaussian Scrooge distribution (GSD), and the maximum entropy is

Smax(EΣ,Ṽ ) = −k log(1 + ν). (101)
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Equivalently, the GSD can be written as a ‘ρ̂-distortion’ of unsqueezed coherent states

EGSD =
{
drp(r),

√
ρ̂|r⟩/

√
⟨r|ρ̂|r⟩

}
, (102)

where p(r) = ⟨r|ρ̂|r⟩/(2π)k and |r⟩ = |ψ(r, I)⟩ is an unsqueezed coherent state on with displacement r ∈ R2k.
Here, we have framed the theorem directly in terms of the expected thermal Gaussian density matrix ρ̂ = ρ̂th

arising from regular thermalization, which has covariance 2Σ + Ṽ = (2ν + 1)I (ν being the particle-number density).
Note that the set of Gaussian ensembles EΣ,Ṽ we optimize over, reflects the best of our knowledge of what its form

should be while being completely ignorant of what the precise global generator state: we only know that (i) the

particle-number is conserved, captured by ν; (ii) the projected states |ψ(r, Ṽ )⟩ are pure due to the choice of rank-1

measurements, captured by the covariance matrix Ṽ being both positive and symplectic; and (iii) the covariance
matrix of the projected states are common, i.e. independent of displacement r (which happens to follow a multivariate
normal distribution), easily seen from its defining expression from the Born rule. To solve the constrained optimization
problem, we exploit the following result of Holevo’s, which explicitly computes the accessible information for a Gaussian
state ensemble, not necessarily pure:

Lemma 5. (Theorem 2, Holevo [21]). For a k-mode Gaussian state ensemble EΣ,Ṽ = {pΣ(r)dr, ρ̂(r, Ṽ )},
where pΣ(r) is a centered multivariate normal distribution with covariance Σ and ρ̂(r, Ṽ ) are Gaussian states (not

necessarily pure) with displacement r and common covariance Ṽ , its accessible information is equal to

I(EΣ,Ṽ ) =
1

2
log det (V + Ξ) (Ξ + ΩJΞ)

−1
, (103)

where

V = Ṽ + 2Σ, Ξ =
1

2
VΥTΣ−1ΥV − V, Υ =

√
I2k + (V Ω−1)−2, (104)

given that the threshold condition

V − ΩJΞ ≥ 0 (105)

holds. Here, JΞ denotes the complex structure of Ξ.
The complex structure of a positive operator is discussed in Section VIE, and is related to the Williamson decom-

position (also known as symplectic diagonalization) of a positive matrix. If Ξ is the covariance matrix of a Gaussian
state (which turns out to be true for our case of interest), the Heisenberg uncertainty relation can be equivalently
written as Ξ − ΩJΞ ≥ 0, with the inequality saturated (i.e., Ξ = ΩJΞ) if and only if Ξ is the covariance matrix of a
Gaussian pure state. We will make use of this fact in the following derivations.

Proof of Theorem 3. Consider the special case of Gaussian pure state ensembles EΣ,Ṽ = {pΣ(r)dr, |ψ(r, Ṽ )⟩} in

Lemma 5. The constraint of quantum thermalization in the premise of Theorem 3 reads V = Ṽ + 2Σ = (1 + 2ν)I
which implies

Υ =

√
1− 1

(1 + 2ν)2
I, (106)

and

Ξ = 2ν(1 + ν)Σ−1 − (1 + 2ν) =
−1 + (1 + 2ν)Ṽ

1 + 2ν − Ṽ
. (107)

We know both Σ and Ṽ are positive, so Ṽ ≤ (1 + 2ν)I. We claim that Ξ is the covariance matrix of a Gaussian pure
state. This can be argued in two steps:

• Since Ṽ represents a pure state (positive and symplectic) with constraints, by the Bloch-Messiah decomposition,

Ṽ can be diagonalized as Ṽ = O[D ⊕D−1]OT where D = diag(x1, x2, · · · , xk) with 1 ≤ xi ≤ (2ν + 1) for each

i, and O is an ortho-symplectic matrix. It follows that the eigenvalues of Ṽ come in pairs {xi, x−1
i }ki=1.
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• By Eq. (107), we know that Ξ and Ṽ are simultaneously diagonalizable. We may thus directly calculate
Ξ = O

(
diag

[
ξ(x1), · · · , ξ(xk), ξ(x−1

1 ), · · · , ξ(x−1
k )
])
OT where

ξ(x) ≡ −1 + (1 + 2ν)x

1 + 2ν − x
. (108)

It can then be easily checked that for any x ≥ 1, ξ(x) ≥ 1, and that ξ(x) · ξ(x−1) = 1.

Therefore, Ξ is both symplectic and positive, and could represent a pure Gaussian state. Thus ΩJΞ = Ξ. But the
threshold condition Eq. (105), which in this case can be written as (1 + 2ν)I ≥ Ξ, is not necessarily true since ξ(x) is
unbounded on x ∈ [1, 1 + 2ν]. By substituting ΩJΞ with Ξ, the accessible information of EΣ,Ṽ is

I(EΣ,Ṽ ) =
1

2
log det

(
V + Ξ

2Ξ

)
=

1

2
log det

(
2ν(1 + ν)

(1 + 2ν)Ṽ − 1

)

=
1

2
log

(
k∏

i=1

2ν(1 + ν)

(1 + 2ν)xi − 1

2ν(1 + ν)

(1 + 2ν) 1
xi

− 1

)

=
1

2
log

(
k∏

i=1

4ν2(1 + ν)2

(1 + 2ν)2 − (1 + 2ν)(xi +
1
xi
) + 1

)
≥ k log(1 + ν),

(109)

where the inequality in the last line is saturated if and only if xi = 1 for all i (i.e., Ṽ = I, and consequently, Σ = νI).
This is equivalently S(EΣ,Ṽ ) ≡ −I(EΣ,Ṽ ) ≤ −k log(1 + ν). Furthermore, one can easily check that the threshold

condition holds in the vicinity of the optimal solution (Σ = νI, Ṽ = I).
Finally, we prove the last statement of the theorem, that the GSD can be written as

EGSD =
{
drp(r),

√
ρ̂|r⟩/

√
⟨r|ρ̂|r⟩

}
(110)

where ρ̂ = ρ̂th ∝ e−βN̂ is the thermal Gaussian state with ν−1 = (eβ − 1) such that it has zero displacement and
covariance (2ν + 1)I, while |r⟩ is an unsqueezed coherent state with displacement r ∈ R2k. To see this, we note that
the ρ̂th-distortion of a coherent state |r⟩ remains an unsqueezed coherent state:

√
ρ̂th|r⟩ ∝ |re−β/2⟩. (111)

We can then calculate

p(r) ∝ exp

(
− 1

2(ν + 1)
rT r

)
. (112)

By doing a simple change of variables we can equivalently write

EGSD = {drp′(r), |r⟩} (113)

where

p′(r) ∝ exp

(
− 1

2ν
rT r

)
, (114)

and so we see the GSD is composed of unsqueezed coherent states with displacements distributed as N (0, νI) and

covariance Ṽ = I.

It is interesting to note that despite the construction of the Scrooge distribution in spin systems not a priori
straightforwardly generalizing to CV systems, the form of the Scrooge distribution Eq. (99) and Gaussian Scrooge
distribution Eq. (102) nevertheless bear similarities: both being ‘ρ̂-distortions’ of some underlying ‘uniform’ distribu-
tion of states. For the former, it is the uniform, Haar distribution on the Hilbert space, which is normalizable, while
in the latter, it is the uniform collection of all unsqueezed coherent states (which does form a resolution of the identity
but is not normalizable). We stress though that it was not clear prior to the statement of Theorem 3 that this should
have been the case, as a uniform collection of any squeezed coherent states also forms a resolution of the identity; one
could have also easily argued for a ρ̂-distortion of such an ensemble as the limiting form of the PE, though this would
give the wrong result.
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D. Principle of maximum entropy in terms of the mixing entropy

In this section, we consider a possible alternative formulation of the maximum entropy principle for Gaussian CV
systems which does yield the Gaussian Scrooge distribution as the limiting form of the projected ensemble.

From the point of view of classical encoding, the Gaussian Scrooge distribution also has the property of maximizing
the mixing entropy – a quantity related to the number of classical bits needed to encode the quantum state ensemble.
Concretely, the mixing entropy (or the differential entropy) for a multivariate normal distribution is

h(pΣ) =
1

2
log detΣ + C, (115)

where C is a constant depending on the choice of Lebesgue measure. Since the Gaussian projected ensemble discussed

in the main text has the form EΣ,Ṽ = {pΣ(r)dr, |ψ(r, Ṽ )⟩}, where Ṽ is the common covariance matrix for the ensemble,

the only random information needed to encode classically is the random displacement r for each sample drawn from
the ensemble. Hence, asymptotically the number of classical bits needed to encode the Gaussian projected ensemble
is captured by the mixing entropy of pΣ.

If we consider maximizing the mixing entropy subject to the constraint that 2Σ + Ṽ = (1 + 2ν)I, and that Ṽ
represents a pure Gaussian state, we would again obtain

argmax
Σ

h(pΣ) = argmax
Σ

detΣ = νI. (116)

Then Ṽ = I. This is the Gaussian Scrooge distribution.
However, we argue in favor of using the ensemble entropy as the appropriate information entropy to maximize, as

opposed to the mixing entropy, even though it does work in the present case. For example, it is known that maximizing
the mixing entropy in a spin system (equivalently, the relative entropy of a pure state distribution to the uniform
one −DKL(p(ψ)∥Haar)) with the constraint of energy conservation does not produce the expected finite-temperature
Scrooge ensemble seen in numerics, while the use of the ensemble entropy does. We attribute this to the fact the
mixing entropy is sensitive only to the information contained in the distribution p(ψ) of the projected ensemble and
neglects the information contained within the quantum states themselves due to measurements, while the ensemble
entropy captures both.

E. Complex structure induced by Gaussian state and Williamson decomposition

For completeness, we include a discussion on the complex structure of positive matrices that is necessary to under-
stand Theorem 2 of Holevo [21] (Lemma 5 above). An operator J on the 2n-dimensional phase space is said to be an
operator of complex structure if

J2 = −I2n, (117)

where Ω is evidently an exemplary case of such operators, since Ω−1 = −Ω = ΩT . As we will explicitly show below,
every Gaussian state with covariance matrix V can induce a complex structure on the phase space, denoted by JV .

Denote the symplectic bilinear form as ω(x,y) ≡ xTΩy, and consider the inner product V (x,y) ≡ xTV y induced
by the positive-definite real matrix V . Since these two bilinear forms are both non-degenerate, there exists a unique
invertible operator A = Ω−1V that satisfies

V (x,y) = ω(x, Ay), (118)

which holds for any x,y ∈ R2n. Next, consider the natural complexification C2n of the 2n-dimensional phase space,
and the inner product becomes V (x,y) = x†V y. In this complex vector space, it can be shown that ATV = ΩV = −A,
where ATV denotes the adjoint of A under the V -inner product, defined by V (Ax,y) = V (x, ATV y). Due to this
anti-hermiticity, one may then conclude that the operator A has eigenvalues of the form {±iλj}nj=1 with λj > 0, and
that the eigenvectors come in conjugate pairs as

{
A(ej + if j) = −iλj(ej + if j)

A(ej − if j) = iλj(ej − if j)
⇔

{
Aej = λjf j
Af j = −λjej

. (119)

For simplicity, we assume that A is non-degenerate, and one may thus select a V -orthogonal basis {ej , f j} such
that V (ej , fk) = 0 and V (ej , ek) = V (f j , fk) = δjkλj . This forms a symplectic basis as ω(ej , fk) = δjk and



22

ω(ej , ek) = ω(f j , fk) = 0. Therefore, the basis transformation S2n×2n from the canonical basis to {ej , f j} is symplectic,
which we denote explicitly as

(e1, · · · , en, f1, · · · , fn) = (q̂1, · · · , q̂n, p̂1, · · · p̂n)S, with STΩS = Ω. (120)

Consider the polar decomposition of A in the new basis – it consists of two commuting parts:

A = |A|JV = JV |A|, (121)

where |A| =
√
ATV A =

√
AATV =

√
−A2 is positive, and JTV

V JV = JV J
TV

V = I. Explicitly, we have

{
|A|ej = λjej
|A|f j = λjf j

and

{
JV ej = f j
JV f j = −ej

, (122)

and we say JV is the operator of complex structure induced by the positive-definite V . Under the canonical basis
representation, we can write the operators as

|A| canonical=== SΛS−1, JV
canonical
=== −SΩS−1, (123)

where Λ = diag(λ1, λ2, · · · , λn, λ1, λ2, · · · , λn) is a diagonal matrix. Substituting back to Eq. (121), one can show
that

STV S = Λ, (124)

which is known as the Williamson decomposition of a positive-definite real matrix V . This procedure is also known
as a symplectic diagonalization of V , and {λj}nj=1 are the symplectic eigenvalues of V . Notably, the symplectic
eigenvalues of V are unique up to reordering, while the symplectic matrix S diagonalizing V is not unique, as seen by
the non-uniqueness of the V -orthogonal basis {ej , f j}.

Recall that the uncertainty relation satisfied by any Gaussian state is V ≥ ±iΩ, which is equivalent to Λ = STV S ≥
±iSTΩS = ±iΩ, and this amounts to the inequalities

λj ≥ 1, ∀j, (125)

which is just Λ ≥ I. This inequality is also equivalent to

V ≥ ΩJV . (126)

By definition, a pure Gaussian state is a state with covariance matrix V saturating the above uncertainty relations,
i.e., for pure states, V = ΩJV and the symplectic eigenvalues of V are strictly 1. In the gauge-invariant Gaussian
states that [20] considered, the complex structures are always JV = Ω−1. However, for general cases, the complex
structure JV is not so simple and varies with V .

VII. WIGNER REPRESENTATION OF m-TH MOMENT OF THE GAUSSIAN PROJECTED
ENSEMBLE AND GAUSSIAN SCROOGE DISTRIBUTION

In this section, though we never use it in the main text, we provide explicit expressions for the Wigner functions of
the m-th moment of the Gaussian projected ensemble and Gaussian Scrooge distribution for completeness. The m-th
moment ρ̂(m) of the Gaussian projected ensemble EG is defined as

ρ̂(m) =

∫
drBp(rB)ρ̂

⊗m(rA(rB), ṼA) (127)

where ρ(rA(rB)) = |ψ(rA(rB), ṼA)⟩⟨ψ(rA(rB), ṼA)|. The Wigner characteristic function of ρ̂(m) is given by

χ(m)(ξ1, ..., ξm) =

∫
drBp(rB)Tr(ρ̂

⊗m(rA(rB), ṼA)D̂(ξ1)⊗ ...⊗ D̂(ξm)) (128)

=

∫
drB

e−ξT
B(VB+σB)−1ξB

π(2n−2k)
√
Det(VB + σB)

χρ(rA(rB),ṼA)(ξ1)...χρ(rA(rB),ṼA)(ξm), (129)
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where the characteristic function of the single copy density matrix ρ̂(rB) is given by

χρ(rA(rB),ṼA)(ξi) = e−
1
4ξ

T
i ΩT ṼAΩξi+iΩrA(rB)T ξi . (130)

Integrating out ξB , we obtain

χ(m)(ξ1, ..., ξm) = e−
∑

i
1
4ξ

T
i ΩT ṼAΩξi

∫
drB

e−rT
B(VB+σB)−1rB

π2n−2k
√

Det(VB + σB)
ei(ΩrA(rB))T

∑
i ξi (131)

= e−
∑

i
1
4ξ

T
i ΩT ṼAΩξi− 1

4 (
∑

i ξ
T
i )ΩTVAB(VB+σB)−1V T

ABΩ(
∑

j ξj) (132)

= e−
1
4Ξ

(m)T (Ω
⊕

m)TV (m)Ω
⊕

mΞ(m)

, (133)

where

Ξ(m) = (ξT1 , ξ
T
2 , ..., ξ

T
m)T , (134)

V (m) =




VA ... VAB(VB + σB)
−1V T

AB
...

. . .
...

VAB(VB + σB)
−1V T

AB ... VA


 . (135)

Notice that the Wigner characteristic ρ̂(m) is again a Gaussian function, which implies its Wigner function is too.
We thus conclude that the higher moments ρ̂(m) of the Gaussian projected ensemble is a mixed Gaussian state which
has a zero first moment and covariance matrix V (m). By similar calculation, the Gaussian Scrooge distribution has
zero first moment and covariance matrix

V
(m)
GSD =




(2ν + 1)IA ... 2νIA
...

. . .
...

2νIA ... (2ν + 1)IA


 . (136)
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