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Noncommutative pfaffians associated with an orthogonal algebra
o are some special elements of the universal enveloping algebra U (o).
Using pfaffians we construct the fourth quantum number which to-
gether with the naturally defined three quantum numbers allow to
classify the states of a five-dimensional quasi-spin. The pfaffians are

treated as creation operators for the new quantum number.

1 The quasi-spin algebra

In many problems of quantum numbers there appears naturally an algebra of
observables whose elements are quadratic combinations of fermion creation
and annihilation operators. Such an algebra is called a generalized fermion
algebra. Some its particular cases are called the quasi-spin algebra [I].

For example, the three-dimensional quasi-spin algebra appears naturally
when one considers particles of the same type. The three dimensional quasi-

spin is constructed as follows. One takes the system of noninteracting fermions
+

m?
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with the fixed angular momentum j. Denote by a, a,,, m = —j, ..., j, the
creation and annihilation operators of particles with the projection m of the
angular momentum to the axes z.

Consider the operators
Sp = A Ay,

S, = Q_jQk,
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1
Y = §(a:ak —a_paty).
Let us construct a three-dimensional algebra of quasi-spin, isomorphic to

03 = sly, see [2],[3]. It is spanned by elements

Sy = Zs:,

k

S_ = Zs;,
k

So = 282
k

For the classification of states of the three-dimensional quasi-spin the
quantum numbers seniority and the number of particles are used. Note that
although the three-dimensional quasi-spin algebra is isomorphic to the spin
algebra the two quantum numbers mentioned above are different from the
quantum numbers used for the classification of the states of the spin algebra.

The three-dimensional quasi-spin algebra appears in the theory supercon-
ductivity, in description of pair correlations between nucleons, [3].

Suppose we have particles of two types, protons and neutrons. Then
the five-dimensional quasi-spin algebra naturally appears. Each creation and
annihilation operators has two indices. Let a,, a,}, be creation operators
of protons and neutrons with the projection m of angular momentum to
the z-axes, and apy,, anm, the corresponding annihilation operators. The
commutation relations between these operators are the following (the index
7T is either p or n):

ey + Gt Ay, = 0

ai_ma’:’m’ + aj/m’ai_m =0
+ +
Qrm Qs + A1yt Arm = 57,7’5m,m’

In this case one can naturally define the five-dimensional quasi-spin alge-
bra [4] (see also [2]), spanned by elements
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T+ = Za;_ma"m’ o= 92 Z(apmapm - apmanm)v - = ajz_mapm
1 27 +1
N = 5 zm:(apmapm +al anm) 5
—-m 1 —m
A =Y (1M al A) = —= > (1Y (@0 by,

B(1) = S (=17 ™0y iy, B(0) = % S () (it at),

m>0

B(=1) = 3" (~1) "y nau

m>0

These operators form a Lie algebra isomorphic to 05. Note that the
subalgebra o3 spanned by 7., 7, 7_ is the isospin subalgebra and N is the
number of particles plus a constant. But below for simplicity of terminology
we call N itself the number of particles. The reasons for the introduction of
this five-dimensional quasi-spin are discussed in [5].

One can obtain an explicit isomorphism of the quasi-spin algebra with the
algebra o5 in the split realization (see Sec. ) in the following way. First one
must establish a relation between the written above elements 7;, A(7), B(l)
and the Chevalley base of 05. Second one must establish a relation between
canonical generators of 05 and the Chevalley base of 05. The commutation
relation between elements 7;, A(j), B(l) that are necessary for the above pro-
cedure are given in [I]. As the result we have

T+
Fooy=—F% F1 9=A(-1), Foo =A(0), Fo1=—-A(1), F_1_1 = —T,
0-1 NG 1-2 (=1), Fo-z 0), Foy (1) 1-1 0

T_

Flq0 = NG

Fooy=B(=1), Fg0=B(0), Foip=-B(1), F32=-N,



where F;; are defined in Sec.

Now let us proceed to the problem of classification of states of a finite-
dimensional representation of the five-dimensional the quasi-spin algebra.

There are three natural quantum numbers indexing the base vectors of a
representation. They are the number of particles IV, the isospin T and the
projection of the isospin 7.

These numbers are not enough to classify the states, there are linear
independent states with the same collections of these three numbers.

Thus, in order to classify the states it is necessary to construct at least
one new quantum number k.

First construction of such a number in [6],[7] were of the following type.

At first one fixes the set of states, to which the zero value of the fourth
quantum number is assigned. Then the creation operator for the new quan-
tum number is introduced. Then one defines the fourth quantum number
inductively in the following manner. If a state is obtained from a state with
the fourth quantum number k& by application of the creation operator for the
fourth quantum number, then we assign to it the fourth quantum number
kE+1.

However, it turns out that the creation operator of the new quantum
number changes other quantum numbers in a not clear way.

Later other constructions of the fourth quantum number were given in
[5],[8],[9],[L0],[11]. There exist other solutions of the same classification prob-
lem that use the technique of the vector coherent states [12],[13],[14].

Note that the problem of classification of states of the five-dimensional
quasi-spin appears not only in the shell model of nuclear structure described
above but also in of classification of states of two-dimensional oscillator
[6],5],[8], in the description of states of the Bohr-Mottelson model [I5] in
the model of interacting bosons [16] and in others (see references in [14]).

In the present paper another solution of the problem of construction of
the fourth quantum number is given. The quantum number constructed in
the paper has several advantages over quantum numbers constructed earlier.
As in [6],[7] the fourth quantum number is introduces using the creation
operator for this quantum number. This allows to give a simple physical
interpretation for the new quantum number. But in contrast to [6],[7] our
creation operator changes other quantum numbers in a very simple way.

We use as creation operator the noncommutative pfafians associated with



the algebra o5.

The paper consists of two parts. In the first part we give a construction
of the fourth quantum number using noncommutative pfaffians. In this con-
struction and in the proof that our quantum number does solve the problem
of classification of states a technical theorem is used. The second part of the
paper, named the appendix, is devoted to the proof of this theorem.

2 The orthogonal algebra and nocommutative

pfaffians

To present our construction of the fourth quantum number we must introduce
noncommutative pfaffians and explain, what is the Gelfand-Tsetlin-Molev
base of a o5-representation.

Let ® = (), ¢,7 = 1, ..., 2n be a skew-symmetric 2n x 2n-matrix, whose
matrix entries belong to a noncommutative ring.

Definition 1. The noncommutative pfaffian of ® is defined by the formula

were o is a permutation of the set {1,...,2n}.

In the paper a split realization of o is used. To formulate it we use the fol-
lowing indexation of rows and columns of matrices from oy. When N is odd
the indices i, j of rows and columns belong to the set {—n,...,—1,0,1, ..., n},
where n = % When N is even the indices i, j belong to the set {—n, ..., —1,1, ..., n},
where n = % Shortly in both cases this set of indices is denoted in the paper
as {—n,...,n}.

Then the algebra oy is defined as the Lie algebra spanned by matrices
F;; = B;; — E_;_;, where E;; are matrix units.

One can prove that elements F_,,_,, ..., F_1_; form a base in the Cartan
subalgebra, and elements Fj;, 7 < —i are root elements.

The precise correspondence is the following. Let e; be the element F; in
the dual space to the Cartan subalgebra. Put e_, := —e, and ¢y = 0. Then
the element Fj; corresponds to the root e; — e;.

The commutation relations between the generators are the following



(Fij, Fra] = 0 Fi — 0aFry — 0k F_ji + 01 Flo—s.
In the paper the following noncommutative pfaffians are considered.

Definition 2. Let F' be the matrix F' = (F};). For every subset I C
{—n,...,n} which consists of an even number k of elements define a sub-
matrix Fy by the formulae F; = (F};)_; jer. Put

PfF; = Pf(F_ij)-ijer-

In [I8] the author in terms of these pfaffians defines some special elements
k=24,.., [%] It is proved that the elements Cj, bgl.é)ng to the center of
U(ON) .

In the case N = 2n + 1 put

PfF:\n::PfF{fnJrl n}andeFﬁ:PfF{fn ..... n—1}

.....

If one identifies o5 with the quasi-spin algebra then the pfaffians P fF5,
P fF— are written as follows

PfF; = A(~1) x == + A(0) % 70 + A(1) *

NG ek

PfF— = B(—1)* % + B(0) 70 + B(1) * %

where a xb = $(ab + ba).

3 The Gelfand-Tsetlin-Molev base of a 05-representation

For the construction of the fourth quantum number we use the Gelfand-
Tsetlin-Molev base of a o5-representation. In this section we give its definition
and describe the action of the pfaffian P fF5 in this base.

The Gelfand-Tsetlin-Molev base of a 04, 1-representation is a base of a
Gelfand-Tsetlin type, whose construction is based on restrictions 09,11
02,_1, in contrast to the classical Gelfand-Tsetlin base, whose construction
is based on restrictions oy | on_1.



One can give the following formal definition. The Gelfand-Tsetlin-Molev
base is a weight base of a 09, 1-representation and for different n the pro-
cedures of constructions of such bases must be coherent in the following
sense. A base of a 09, 1-representation must be a union of bases in 0g, 1-
representation, into which a 05, -representation splits when one restricts
02n41 4 021

Note that in the case sp,, an analogous base was firstly constructed by
Zhelobenko [17].

Describe a base of a os-representation. All notations are taken from [I§].
In construction of such a base only one restriction o5 | 03 appears. Hence
base vectors are weight vectors for the algebra o5 and every base vector is
contained in a os-representation that appears, when one restricts o5 | 03.

The base vectors of a o5-representation with the highest weight (A1, \2),

0>A > X\
are indexed by tableaus A of type
ALs A2
0, )‘/217 )‘/22
A1
01, )‘/11

Let us give an interpretation of these numbers and give inequalities for

them.

1. The number \q; is a weight of a 03-representation A\i; that contains the
base vector. This number must satisfy the inequalities

0> A 2 A > Ao
2. The numbers oy and \}; give an index of a base vector in a 03-representation

with the highest weight A;; that contains the considered base vector.
The constraints on these numbers are

0> Xy > Ay
and o1 =0, 1.

3. The numbers o, A, A, define an element of a base in the space of
03-highest vectors with the oz-weight A{;. These numbers satisfy the
constraints

02)\/212)\12)\/222)\27
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0> Xy > A1 > Ay,

o=0,1; if \y; =0, then o = 0.

All numbers A are simultaneously integer or half integer.

Let us establish a relation between quantum numbers N, T, 75 and ele-
ments of the tableau A.

The number T is a highest weight of a 03-representation that contains the

base vector. Thus
T = )\11.

The number 7y is the index of the base vector in it os-representation
that contains it. In the Gelfand-Tsetlin-Molev base an element of a o0s-
representation with the highest weight 0 > \q; is indexed by numbers o, =
0,1 and X}y, such that 0 > \}; > Ay;. Traditionally the elements of a weight
base are indexed by one number 7y, such that A\j; < 79 < —Ay;. The relation
between these approaches is the following

0= (—1)7 N

The number N = Fj; is expressed as follows [1§]

N=oc + 2()\I2,1 + )\/272) - ()\1 + )\2) - )\171

From the mathematical point of view the problem of construction of the
fourth quantum number is a problem of construction of an indexation of the
vectors of a base space of 03-highest vectors with the o3-weight 7" (this space
is called the multiplicity space) using the number N and some new quantum
number.

Using 0, A5 ;, Ay, one can solve the problem of construction of the fourth
quantum number. But then the physical interpretation of the obtained quan-
tum number is difficult.

Introduce notation p; =i — % for i > 0, and p_; = —p;.

Define ]

Vi = Xzﬁfﬂz‘*?
Also put
0 =0+ 1mod?2.



Theorem 1. On the vector §x the pfaffian PfFs acts as follows.

Let A = (N o, N, \'), where X\ is the first row of A, o, X is the second row
of A and N is the remaining part of A.

Let &5 x.ar be the corresponding base vector.

If 0 =0, then
PfFs&snn = Eopan-
If o =1, then
2
PfF§§U,>\’,A’ = ZHt 1,645 2 72£o>\+5 A

Where X' + §; is the row X' with 1 added to the j-th component.

The general form of the theorem [ (the theorem ) is proved in the ap-
pendix.

4 Construction of an additional quantum num-

ber using pfaffian

Let us show how to construct the fourth quantum number using pfaffians.
Denote as |ly, ..., [, > a vector corresponding to quantum numbers Iy, ..., l,,.
The main result of this section is the following.

Theorem 2. There exists an indexation of base weight vectors of a repre-
sentation of o5 by numbers T, 1y, N, k, where the additional number k is a
nonnegative integer. States which have different collections of indices are
independent.
If N <0, then PfFs maps |T, 79, N,k > to |T, 79, N+ 1,k +1>.
If N >0, then PfF= maps |T, 170, N,k > to |T,70, N — 1, k+1>.

All the rest part of the section is devoted to the construction of the
quantum number k with the prescribed properties and to the proof that the
numbers T, 7y, N, k are sufficient for the classification the base vectors of a
05-representation.

Proof. First of all we construct the additional number for the state for with
N < 0 and prove that the new quantum number solves the problem of



max(X11,A1)

’
L L L L v L Ao
min(Xq11,A1) Ao
’
>\21
o=0 o=1
e —o—o o oo e —o—o oo o
0 . ) o

Figure 1: The cases 0 = 0 and 0 = 1.

classification. Then for states with N > 0 the quantum number is constructed
using the reflection of the algebra os.

The construction of the quantum number and the proof that it solves
the classification problem is done by induction by N, the numbers T, 7 are
suggested to be fixed.

The base vectors of the Gelfand-Tsetlin-Molev base of a o5-representation
are encoded by tableaus, which include actually the numbers \};, o1 related
to T, 7y, and also the numbers o, A\ |, Ay ,. The restriction on o, Ay 1, A , are
the following

02 Xy 2 A 2 Xy 2
)\/271 > A > nga
oc=0,1.

In other words the point (X3, \; 5) belongs to the rectangle on the figure
4

If 0 = 0 then the points on the lower edge are included, and if ¢ = 1 then
they are not included, see figure [1l

The rectangle can have one of two forms, see figure

In the first case we say that the rectangle is narrow and in the second
case we say that the rectangle is wide.

10



Figure 2: A narrow and a wide rectangle.

N = const

oe——90o— o
*e—0—0— 0

Figure 3: Points corresponding to the fixed N
Write the formula for N = Fy, in the Gelfant-Tsetlin-Molev base [18§]

N =0 +2(Ny; +Nyp) = (A1 4 A2) — Ay

The point with fixed N belong to the line A}, + A, = const, see figure [3

The line N = 0 cuts the rectangle into two equal parts, see figure [l

Now we can begin the construction of the quantum number £ for the
vectors with V < 0.

Remind that the construction is inductive by N with fixed numbers T, 7.

Base of induction. Note that the state with N = N,,,;,, and fixed T', 7

N =0 N =0

N T

Figure 4: Line N =0
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is unique. This follows from the fact that to the minimal value of N there
corresponds the upper right angle of the rectangle. In other words for the
minimal N one has X ; = mar{Ai, A1}, Nyo = Ao, 0 = 0.

Thus all numbers in the tableau A are uniquely defined, hence the states
with N = N,.;n, and fixed T, 7y is unique.

Assign to this state the zero number k. Since for N = N,,;, there exist
only one independent state for N = N,,;, all states are classified by four
quantum numbers by obvious reasons.

Preliminary discussion of the induction process. Suppose that
for N = N* the states are classified by the number k. Consider the case
N =N*"+1.

A base in the space of states with fixed T', 79, N is formed by those vectors
of the Gelfand-Tsetlin-Molev base, for which the second row of the tableau
A has the form

(o, K —t,1),

where K and N* are related by N* =0 + 2K — (A1 + X\o) = T

Denote such vectors £V

Note that for fixed NV one has for all states either ¢ = 0, or ¢ = 1.

The index ¢ runs only the values for which the point (A, A;,) = (K —t,1)
belongs to the rectangle.

The action of the pfaffian Pf[5 on the second row of the tableau A is
given (see Theorem [I]) by formulae:

(07)‘/2,17>‘,2,2) = (17)‘/2,17)‘/2,2) (1)

(17 >‘,2,17 )‘/2,2) = 01(07 )‘/2,1 + 1, )‘/2,2) + 02(07 >‘,2,17 )‘/2,2 + 1)7 (2)
where ¢; = 2, ¢ = 7y 4y = N, =X, —1
LG @7 @3 T 2 12T Az T

If a row contained in these formulas does not satisfy the constraints on
the second row of a Gelfand-Tsetlin-Molev tableau (that is the corresponding
point does not belong to the rectangle), then it must be replaced to zero.

Since \j 5 is non-positive, then ¢y # 0, and ¢; = 0 if and only if Ay, = 0.
But then since \;; + 1 > 0 the vector (0, Ay, + 1, )\, ,) which is multiplied
by c; is zero. That is why we can put in this case ¢; = 1 in the formula
and suggest that always ¢; # 0.

12



N=N* =1

N=N*+4+1,0=0

Figure 5: The action of the pfaffian P fF5 in the case 0 =1

N=N*¢=0— N=N'+l,0=1

Figure 6: The action of the pfaffian P fF5 in the case o0 =0

To the formulas [Il and 2] for the action of the pfaffian P fF5 the following
figures correspond. To the formula [Il there corresponds the figure [5l

To the formula 2] there corresponds the figure

Thus, if one considers the vectors &N for all ¢, then one gets that the
matrix of mapping from the span < &V >,z to the span < & ™ >z,
defined by formula 2] is the following. If N = N* is such that ¢ = 0, then
the matrix is unit. If N = N* is such that ¢ = 1, then the matrix has
nonzero (7,7) and (7 + 1,1). elements.

At last we can do a step of induction. Consider the cases i)-iii) in de-
pendence of geometry of the figure which the line N = N* cuts from the
rectangle on the upper right corner.

For the a narrow rectangle there two different case and for a wide rectangle
there also two case. They are presented on the figure [1

The considerations in the cases A and C are similar, thus we actually
have three cases.

For a fixed N = N* we have that for all N either 0 = 0 or 0 = 1. Thus

in each of three cases above we have to consider two subcases.

13



Figure 7: The intersection of the rectangle and the line N = const.

N=N*6=0— o N=N't4l,0=1 — o

Figure 8: The action of the pfaffian PfF5 in the case o0 =0

Cases A and C.

Firstly consider the case o = 0. The pfaffian P fF5 acts as it is shown on
the figure [§] i.e. the pfaffian changes 0 =0 to o = 1.

Obviously in this case the space with N = N* is mapped isomorphically
to the space of states with N = N* + 1.

Using this isomorphism we assign to the states with N = N* + 1 the
fourth quantum number by the following rule. If a state with N = N* has
the fourth quantum number k£ then state’s image has the fourth quantum
number equal to k + 1.

By induction one immediately gets that the one can classify all states
with N = N* + 1 with four quantum numbers.

Consider now the case ¢ = 1. The pfaffian PfF; acts as it is shown on
the figure [0

Using the formulae of the pfaffian’s and information about the matrix
of this action we see that the pfaffian defines an injective mapping and the

14



N=N* oc=1

N=N*+10=0

Figure 9: The action of the pfaffian P fF5 in the case 0 =1

N=No0=0 — N=N'+10=1
o —————— [ ]
—

Figure 10: The action of the pfaffian P fF5 in the case o0 =0

codimension of the image equals 1.

Choose as a complementary vector to the image a vector corresponding
to the lower point on the line N = N* + 1. To the corresponding states
we assign zero value if the fourth quantum number. For the states from the
image of the pfaffian we use the following rule. If a state with N = N*
has the fourth quantum number k, then its image has the fourth quantum
number £k + 1.

One gets by induction that one can classify all states with N = N* + 1
with four quantum numbers.

Case B.

Consider the case when for N = N* we have o = 0, then the pfaffian acts
from the space of states with N = N* to the space of states with N = N*+1
as it is shown on the figure [I0l

One sees that the pfaffian is an isomorphism of these spaces.

If a state with NV = N* has the fourth quantum number k, then we assign
to its image the fourth quantum number &k + 1.

One gets by construction that one can classify all states with N = N*+1
with four quantum numbers.

15



e<e

N=N* o=1

. N=N*+1, 0=0

Figure 11: The action of the pfaffian P fF5 in the case o =1

N=N‘+1,0=0 eco——

W’%f |
‘4._ N=N*o=1

(0]

Figure 12: The action of the pfaffian P fF5 in the case o =1

If for N = N* we have ¢ = 1, then the pfaffian acts from the space of
states with N = N* to the spaces of states with N = N* 4+ 1 as it is shown
on the figure [Tl

Again using information about the action of the pfaffian one sees that the
pfaffian is an isomorphism of these spaces.

If a state with NV = N* has the fourth quantum number k, then we assign
to its image has the fourth quantum number & + 1.

One gets by construction that one can classify all states with N = N*+1
with four quantum numbers.

Since we consider only the states with N < 0, then the case of a wide
rectangle is considered completely.

Case D

Let N = N* be such that one has ¢ = 1. Then the pfaffian act as it
shown on the figure 12

One sees that the pfaffian is an injective mapping and the codimension
of the image equals 1. As a complimentary vector to the image we take a
vector corresponding to the lower point on the line N = N* + 1.

Assign to this state the zero fourth number, and to the vectors from the

16



N=N'o=00 ——— N=N'+4+1l,0=10e——

Figure 13: The action of the pfaffian P fF5 in the case o =1

image of the pfaffian assign the fourth number according to the following
rule. If a state with N = N* has the fourth quantum number k, then its
image has the fourth quantum number & + 1.

One gets by induction that one can classify all states with N = N* + 1
with four quantum numbers.

Now let N = N* be such that one has ¢ = 0. Then the pfaffian acts as it
is shown on the figure [13|

The pfaffian acts as a non-injective mapping, it has a one-dimensional
kernel. This kernel is generated by the state corresponding to the lower
point on the line N = N*. This is just the vector to which we have assigned
a definite quantum number on the previous step. The image is factor space
by the kernel, but since the vectors in the kernel have definite fourth quantum
number one can define correctly the fourth quantum number for the vectors
in the factor space. As usual if a state with N = N* has the fourth quantum
number k, then its image has the fourth quantum number £ + 1.

One gets by construction that one can classify all states with N = N*+1
with four quantum numbers.

Thus we have assigned the fourth quantum number for all states with
N < 0. The induction is completed.

Now let us construct the fourth quantum number for the states with
N > 0.

There exists a reflection w in the Weil group of the root system Bs, that
transforms x into —xz. This element acts on the algebra U(05), and maps Fj;

into F

i, one has

w(PfF~) = —PfF;.

Also w acts in every representation V' of the algebra o5. Under the action

17



of w in a representation a weight space V) is mapped into V_,.
The action of w on the algebra and in the representation are related by
the formula

w(g)w(v) = w(gv),

where g € U(o;), v € V.
Now let us construct for the states with N > 0 the fourth quantum
number by the formula

k(v) = k(wv).

Note that for the states with N = 0 one actually obtains two ways for
definition of the fourth quantum number. Fist time we have assigned the
quantum number when we have considered states with N > 0 and second
time we have assigned the quantum number when we have considered states
with N < 0. We are going to prove that they are equivalent.

This follows from the fact the the fourth quantum number together with
N give an indexation of 03-highest vectors with oz-weight 7T". If one considers
such o03-highest vectors with N = 0, then the mapping w acts on the space
of such o03-highest as multiplication by scalar. Indeed, since being restricted
on this space w turns into analogous os-reflection, then it preserves o3 repre-
sentations. Thus each 03-highest vector is mapped into itself multiplied by a
scalar. Since this is true for all 03-highest vectors these scalars are the same
for all 03-highest vectors.

That is why two way of construction of the fourth quantum number for

the states with NV = 0 are equivalent.
O

Thus for N < 0 the pfaffian PfF'~ acts as a raising operator for the
quantum number k, and for N > 0 the pfaffian PfF; acts as a raising
operator for the the quantum number &

The theorem 2] is proved.

Note that the numbers N and T give an indexation of base vectors in the
space of 03-highest vectors with the oz-weight 7.

5 Appendix. Proof of the theorem 4

To prove the theorem we need first to investigate the action of pfaffians in
representations.

18



5.1 Action of a pfaffian on a weight vector.

Remind that e; denotes the standard base vectors F}; of dual space to the
Cartan subalgebra.

Proposion 1. Let V be a representation of on. Under the action of the
pfaffian P fF; a weight vector with the weight v is mapped to a weight vector
with the weight p1— Y .. ;.

Proof. 1f v is a weight vector in a representation of oy with the weight pu, g,
is a root element in oy corresponding to the root «, then g,v, is a weight
vector of to the weight o + p.

Consider the vector P fFjv. By definition one has

1

DY
2.22

PfF; = D DT oiotia) Footin-p)otin)-

ocSk

To prove the proposition it suffices to show that every summand changes
the weight by subtracting of the same expression — ., e;. Using the cor-
respondence between roots and elements Fj; from the sec. 2lone gets the fol-
lowing. When one acts by F_; (i )o(is)--Fo(iy_1)o(i,) ON v then to the weight
the vector

C-a(i) = Coliz) = - T Colin_1) ~ Calin) = = ) €

is added. This proves the proposition.

U
Consider the most interesting case oy = 09,11 and || = 2n.
Corrolary 1. Let oy = 09,41-
The action of PfF=, adds the vector — ), , e; = —e, to the weight.
The action of PfF; adds the vector — Ziel e; = —e_, = e, to the weight.
5.2 Commutators of pfaffians and Fj;.
Lemma 1. Let I = {iy,...,ix}, where k is even. Then the commutator

[PfFy, Fj_j,] is calculated according to the following rule.

1. ]fjlva ¢ I7 then [PfFfaF’jl—jQ] = 0.
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2. ]f]l - ],jg ¢ I, then [PfFlaFjl—jg] = PfF]

J1——d2’

3. ]fjl ¢ ],jg € I, then [PfFlaFjl—jg] = —PfF[

Jo——i1’

— PfF}

J2—=—Jj1

4. If 1 €1,jo €1, then [PfF;, F;,_;,] = PfFy.

J1—=—7J2

Proof. The quadratic form is G = (§;_;). Hence one can identify E;; with
e; ® e_;. Then F;; is identified with e; A e_;. Remind that

1

bk
224

PfF; = > (D)7 Foiryotin) - Fatic_)atic):

€Sk

Thus P f F; with indexing set [ = {1, ..., i} is identified with the polyvec-
tore_;; A...ANe_,.
This identification is compatible with the action of oy. Thus

[PfFr Fjy—jp) = =[Fji—j, PFT] =
Fjl_heil AN €ig--- AN €iy, + €i1 A P}l—jge’ig"' N €y + € N Cigee- N Fjl_peik.

One has Fj _j,e_;, = ej, if jo =41 and Fj,_j,e_;; = —ej, if 1 = 141.

Suggest that {ji,jo} NI = 0. Then [PfFy, F},_;,] = 0.

Suggest that j; € 1,72 ¢ I. Then j; = i; and the only nonzero summand
is that containing Fj, j,e_;,. Thus we have [PfFy, Fy,_j,] = —PFy, . . Here
I;,_j, is obtained from I by replacing the index j; to jo.

The case j; ¢ I, jo € I is considered in the same manner.

Suggest that {j1,72} € I. That is j; = e;,, jo = €;,. Then in the sum
there are two nonzero summands one contains F} j,e;, the other contains
F} j,e;,. Each of them is a wedge product with a new indexing set. So one
gets that [PfFy, Fy ) = PfF, . —PfF, .

O

Corrolary 2. In the case 09,41 the pfaffians PfF;, PfF— commute with
elements Fij, —n < 1,j < n, that span the subalgebra 0z, 1

5.3 Some formulas involving pfaffians.

In this subsection some summation formulas are proved.
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(E) 2 A
Lemma 2. PfF[ 2(27 ZI ur |I’\—p |1u‘ q( 1)(11 )PfF]/Ppr/.

Here (—1)"'T) is a sign of a permutation of the set I = {iy,...,i} that
places first the subset I' C I and then the subset I" C I.

The numbers p, q are even fixed numbers, they satisfy p+ q =k = |I|.
Proof. By definition one has
1

PiFr = D (1 F oiyotia) Footin1)otin)-
27 (5) ocESK

The summand (—1)7F_ ;)0 (i)---Fo(ix_1),00,) Can be written as

I/I// 0_/ 0.//
<_1)( )<—1) Fio-/(z‘/l)o.l(ié)...Fiol(i;_l)’ol(i%)(_1> Ffo'”(illl)a'//(l'g)"'Ffo'//(ii;_l),o'”(ig)'

Here I' = {i},...,7,} is the set of indices {o(i1),...,0(ip)} placed in a
natural order, I" = {if,...;ig} is set of indices {0 (ips1),...,0(ix)} placed
in a natural order, ¢’ is a permutation {o(%1),...,0(i,)} of the set I and

o” is a permutation of the set I” defined in a similar way. Note that

(=D (D)7 (=) = (-1).
The mapping o — I', ", 0, 0" is bijective.
Thus the pfaffian can be written as

( )'( I 1 o’ o
) ZI rur | I=p,|1"|= q( 1)(11) k( e Zo"(_l) (—1) F*U’(i’l)o’(i’z)"'
“'Ffo'/(zp_l),ol(zp)Ffoll(zlll)o' (,[//2/)_,'F70.//(,[:// ), ”(Z”) pr—

q—1
&) '
= 2(3)? EI:I’LII”JI":])JI”‘:q(_]‘)(II )PfFyPfF 0
Corrolary 3. If |I| =k, then

1 I— '
PfFr =5 5 (D! )%P FFuPfEpm.

Lemma 3. Let —n € I. Then PfF; =

Ly iy
= 2ien{-n} 2un\{—miy=rur gy (—1) PfFpFniPfFp.
Here (—1)I'=71") s o sign of the permutation (I',—n,i,I") of the set I.

Proof. By definition one has

1

PfF, = (

X > (1) Footi)otin) - Folinr)tin)-
*0ESE

[

k
22(3
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Since Fj; = —F_;_; the summation can be taken only over such permu-
tation such that o(ig_1) < o(iy). But if the summation is done in such a
way the multiple QL% must be omitted.
Fix a such a permutation o and find a place such that (o (ig_1),0(is)) =
(—n,4). The summand (—1)7F_o(;,)o(ia)---Fo(ir_1),06,) Can be written as
(=D =D Fortyortigy - ot Foni (1) Fogrpyanti) - F om0t
Here I' = {ij,...,4,} is the set of indices {o(i1),...,0(i—2)} placed in
the natural order, I" = {if, ..., iy} is set of indices {0(22t+1), ..o (i)} placed
in the natural order, ¢’ is a permutation {o(i1),...,0(iy_2)} of the set I’
and o” is a permutation of the set I” defined in a similar way. Note that
(=)=l (1) (=1)"" = (=1)?. The permutation ¢’ satisfies the condi-
tion o’(ih,_,) < o'(i,) as well as the permutation o”.
The mapping o — I', 1", 0’, 0" is bijective (since o (ig—1) < o (ia)).
Thus the pfaffian can be written as

Ly 127y A o
Doiel\n} 2o\ {im=rrrn o L= (=) T (1) F ity i) -

(EhiEh:

.o F,o-( ) /(Z )F ( 1)0 F*O'”(illl)o”l(ig)"'F*O'//(Z';/_l),ou(ig) g

DD @ mir)
= D ien\in} 2N\ fim}=10l T(—l) PfFEpEFyPfF

5.4 The Mickelsson-Zhelobenko algebra and pfaffians.

In the construction of the Gelfand-Tsetlin-Molev base a key role is played by
the Mickelsson-Zhelobenko algebra.

There exist a projection from the algebra U (o) to the Mickelsson-Zhelobenko
algebra Z(02,.1,09,-1). To prove the theorem [ we must calculate the im-
age of pfaffians under this projection. The present section is devoted to the
calculation of this image.

5.4.1 The Mickelsson-Zhelobenko algbera

Remind the idea of the construction of the Gelfand-Tsetlin-Molev base of a
representation V' of the algebra 05,,1. An irreducible representation V' of the
algebra 05,1 becomes reducible as a representation 09, 1. According to the
idea of Gelfand and Tsetlin to construct a base in V', it is necessary to know
all possible highest weights i of 09, _1-irreps, into which V' splits. Also it is
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necessary to be able to construct a base in the multiplicity space, that is in
the space of 05, _1-highest vectors with the fixed 0, 1-weight pu.

The first problem is solved quite easily, for the solution of the second one
the Mickelsson-Zhelobenlo algebra is used.

Definition 3. Denote as Vj the space of 09, i-highest vectors with the
09,_1-weight o in the 0y, 1-representation V.

To construct a base in V;;L Molev has used the Mickelsson-Zhelobenko
algebra, acting on the space @uVj.

Let us give the definition of the Mickelsson-Zhelobenko algebra, see [19],[20].
Al facts and notations are borrowed from and [I§].

Let g be a Lie algebra and let £ be its reductive subalgebra. The main
example is g = 09,41 and £ = 09,_;. Let € = £~ + b + &7 be a triangular
decomposition. Let R(h) be a field of fractions of the algebra U(h). Denote

U'(g) = U(g) ®u) R(b).

Let
J =U'(g)t"

be the left ideal in U’(g), generated by €. Put
M(g.®) = U'(g)/"

For every positive root « of the algebra £ define a series

Y\ = 1 k k (
Po =1 2 R T ) T D+ 900 7 )

where e, is a root vector &, corresponding to «, h, is a corresponding
Cartan element, p is a half-sum of positive roots of €.

An order is normal if the following holds. Let a root be a sum of two
roots, then it lies between them. Chose a normal ordering a; < ... < ay, of
positive roots of &.

Put

P = Pa;---Pam, -
This element is called the extremal projector. It can be proved that never-

theless p is an infinite series it’s action on M(g,€) by left multiplication is
well defined [19].
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The following equalities hold: e ,p = pe_, = 0, where « is a positive root

of &.
Put

Z(g,8) = pM(g,¥).

This is the Mickelsson-Zhelobenko algebra. The multiplication in Z(g, ) is
defined using the isomorphism Z(g,t) = NormJ'/J', where NormJ' = {u €
U'(g) : J'u C J'}. Thus Z(g, ) is an associative algebra and a bimodule over
k() [19].

There exists a natural projection from U(oy) to Z(02,41,02,—1), which
sends z € U(oy) to pxmodJ'.

Choose linear independent elements vy, ..., v, € g, such that < vy, ..., v, >
@t = g as linear spaces over C. Put z; = pv;modJ’. It can be proved that
monomials 2{"...2" m; € 7", form a bases of Z(g, ) over R(b).

In the case Z(09y,41, 02,—1) put

y ;o
Zitn = pFi tomodJ', i = —n, .. n.

Notations are taken from [I8]. There exists an obvious symmetry %;; = 2_;_,.
From previous considerations it follows that Z(09,.1, 02,_1) is generated by
elements Z;,,, i1 =0,...,n,a=dnor Z,, 1 =0,...,n, a = £n.

Sometimes it is more useful to use the generators

Zitn = Ziwn(fi = fic1)--(fi = [=nt1),
where

1
fi=F;i+ pi, fori >0, fo:—é, Joi=—fi

and 1
pi:i—é for i > 0 and p_; = —p;.

In particular

n—1

1
Zon = Zon H(Fz +i—2).

i=1 2
The Mickelsson-Zhelobenko algebra Z(02,11,02,-1) acts on the space
©,V," (see [18]). A weight p changes under this action according to the
following rule. Let a be £n and u+ 8 = (41, oy fio1, fi + 1y fig1s ey fn—1)-
Then for 2 = 1,...,n — 1 the following holds
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Lyt + Lyt +

Elements zy, do not change a 05, ;-weight, that is they map Vj into
itself.

5.4.2 Images of pfaffians in the Mickelsson-Zhelobenko alebra

Definition 4. A product of root and Cartan elements in the universal en-
veloping algebra is called normally ordered if in it at first (from the left side)
the negative root elements occur, then Cartan elements occur and at the end
positive root elements occur.

Every product of root and Cartan elements equals to a sum of normally
ordered products.

Proposion 2. Let I C {—n+1,....,n—1} be a subset which is not symmetric
with respect to zero. Then pPfFr =0 in Z(02,41,09,-1) 0 in Z(02y,, 02, _2).

Proof. According to the definition a pfaffian a sum over permutations. The
summands are products of root vectors and Cartan elements of oy

The sum of root corresponding to element of each product equals — ) ., e;.
Since the set I is nonsymmetric one has —»,_, e; # 0.

Impose a normal ordering in every summand. When one does the normal
ordering new summands appear. But from the equality [en, es] = Na gea+ts
it follows that the sum of roots corresponding to the elements of these new
products is again — ). e;.

Since — ) .., € # 0 in every normally ordered summand in the pfaffian
there is a root element. These elements either are zero modulo J', if there
is a positive root element, or vanish after multiplication by p, if there is a

negative root element.
U

Let us give a formula for the image of a pfaffian whose indexing set [ is
symmetric and is contained in {—n + 1,...,m — 1}. In this case the calcula-
tion of the image in the Mickelsson-Zhelobenko algebra is equivalent to the
calcualtion of the image of the pfaffian under the Harish-Candra homomor-
phism. This calculation was done in [2I] (proposition 7.1), the result is the
following.
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Proposion 3. [21/ PfF; =
where D,(hy,...,h,) =11

),

(Sl
(S

(%) Dg(Fm'l, o, F;
1<h - % + Z)
Now let us find an image in Z(09,.1, 09,_1) of the pfaffian P fF;.
To formulate the next theorem define a polynomial C,,.
Definition 5. Let C,,_1(hy, ..Zhn,l) = (=D)"'D,_1(h1, .., 1) —
—43 ( DD, o (hyy ey By ooy )

Theorem 3. The image of P f I in Z(09n41, 00n—1) equals ZnoCr1(Fi1, ..., Fln_1yn-1))-

Proof. Take a set of indices of type I = {—n, —i%, ey —11, 0,11, ,z%}

By Lemma [3 the following equality takes place

I_/| ! |I//| ! / STl
M(—n” i) P fEy FoP fFp.

—~

IR YD

Y
iel\{—n} I'UI"=I\{i,—n} 2/

To find the image in the Mickelson-Zhelobenko algebra of the sum >/ ;v _ Ni—n}
divide the summands into three groups: 1) those for which i = 0; 2) those
for which ¢ < 0; 3) those for which i > 0.
Let us find the image of summands for which ¢ = 0. In this case PfFp
and PfFy, commute with F,y. Note that (—1)d'=0") = (—1)("I")(—1)2~1
(to prove this firstly move —n, 0 to two first places and then move 0 to the
right place, then the signs (—1)7'l, (=1)I'I=1, (—1)% appear).
Using the corollary [3 one gets that the image sum these summands equals

k_ % ! 1] 1
(1) e o GG )T Py Py Fy =
\{—n,0} (&)
(— ) PfFI\{ 0} Fno = (- )g_lpfFI\{ 1,01 Fno-

Since the sets of indices (I \ {—n0}) and {—n,0} do not intersect, one
can apply the projector p and equivalence mod.J’ to each multiple.

NEE

Thus the image of these summands is

Zn0(PP f1\{—noymodJ’).

Find the image of summands

I/
7!

—~

: <_1)(1’—m'1”)pfFI,Fmpfpp/’
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for which 7 # 0. Let ¢ > 0. Then change F,; and PfFj». One obtains an
expression
(gHulgh!
(5)!
Now let ¢ < 0. Change F,,; and P fF}, one gets

(=)= (P fFLPfFFy — PfEp[PfF, Fyl).

DD i
ﬁ(_l)(l —nil )(FninFI’PfFI” — [PfFI’aFni]PfFI”)-
5)

Consider the case ¢ > 0. In the last expression the first summand has
a zero image in the Mickelsson-Zhelobenko algebra by the following reason.
The sum of roots corresponding to the elements Fj; that participate in the
expression for PfFpF,;PfF equals to e,. The element F),; corresponds
to the root e, — ¢;. Thus the sum of roots corresponding to the elements
PfFpPfFp equals —e;. Express PfFpPfFpn as a sum of normally ordered
products. Since ¢ > 0 than in every obtained normally product there is a
negative root element of the algebra 0s, ;1. Thus after applying the extremal
projector p the expression P fFp P fF vanishes.

In the case i < 0 it is similarly proved that the first summand has a zero
image in the Mickelsson-Zhelobenko algebra.

Now consider the second summand

—PfFp[P[F, Fyl

in the case 7 > 0 or
—|PfFp, Fu|PfFp

in the case 7 < 0.
In the case i > 0 if —i ¢ I” the expression is zero and otherwise it equals

to
~PfEpPfFp | iy -

In the case i < 0 if —i ¢ I’ the expression is zero and otherwise it equals to
—PfFy | iy n PfEpm.

Thus the image of summands for which ¢ # 0 equals to the image of the

expression
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(S —7
B Eie[\{fn},i>0 Zl’ul”:l\{fn,i},fiel” Q(T( 1)(1 ! )PfFI’PfFI” ‘fmfn

( ) ) a—
= D eI\ {—n}i<0 2T =1\ {— i} —ic T’ ﬁ(‘l)(l "IPfFy | i

PfFp

w""
/:

[

Let us prove a proposition.

Proposion 4. The expression above equals

~—

: k (L,I (lJ”‘)' !
-2 Y (=t Y 22 (-)YYIPSF,PfFp. (3)

k NLT — . (g)'
t=—% +£0 J'uJ"=1\{%:}

Proof. To prove this let us firstly calculate the sign (—1)'=™!") The sign
(—1)I"=mI") differs from the sign (—1)77") by the sign of the permutation
which moves —n, i to their right places. This permutation can be done as
follows: first of all move —n, 7 to two last places, then move i to it’s right
place. If i = 4;, then

(_1)(1/—m1”) _ (_1)(1/1”)(_1)(|1/|+u'\+%—t) _ (_l)g—t—l(_l)(ﬁ[”)'

Secondly compare PfFp |_js_p, PfFp |_is—n and PfFn{—i})uf-n},
P fFpn{—ip)ug—n} respectively. Here it is assumed that ¢ € I" and ¢ € I".
In all these expressions at first, the index —i is changed to n, but then in
the last two expressions the new set of indices is naturally ordered. Thus
PfFy |—ib—>—n and PfF(I’\{—i})U{—n}a PfFp |—iv—>—n and PfF(I”\{—i})U{—n}a
differ by the sign of this ordering.

For summands in the sum Zie[\{fn},i<0 Zl,up/zl\{fm.}ﬁie[,, denote

=(["\{=}h)u{-n}, J":=
One obtains

<_1)(mn>pfpl, | isn PfEm = (_1)(]’]//)PfFJ/PfFJ”.

The sign that appears after the ordering is contained in (—1)¢"/").

Analogously for the summands in the sum Ziel\{_n} i<0 ZI’uI”:I\{—ni} el
denote

Jo=1, J" ="\ {-i}) u{-n}
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One obtains that
(_1)(1/[//)PfFI, |—’i'—)—n PfFIN — (_]-)(J/J“)PfFJ/PfFJN

In both cases one has J' U J" =T\ {£i}. Also |J'| = |I'|, |I"| = |J"|.

Note that a pair of sets J’, J” occurs twice. First as (I’ \ {—i}) U {—n},
I", second as I', (I"\ {—i}) U{—n}.

Thus one obtains that the considered sum of images of summands for
which ¢ # 0 is given by the expression [3]

: (2 o
2 Y (-nett N S22 ()P FELP

t=—k 40 JUJ"=1\{%ir} (
The proposition is proved. O

By Corollary [3] this expression [3 equals

[

k
2
2 ) (—1)2 7" P fFpqziy = 4Z<_1)§7t71PfFI\{j:it}-
t=1

__k
tf—iﬁéo

Finally in Z(09,41, 02,_1) one has

[STES

PfF; = (1) 0(pPfFronoymod ') — 43 (=1)5 7 P fFpaiy (4)

t=1

Note that PfFp{_p+i, is a pfaffian PfFy: for a new indexing set I' =

I\ {£it}.
This set is of the same type as I. Apply to each pfaffian PfF: the
equality (). For each ¢ there appears a summand

k=2

k=2 E_g.
(_1) 2 1ZnOppfF’It\{7110} = (_1)2 QZnoprFI\:I:i,O,fW
Also there appear summands
PfF\(4i,y = P fF (4,40}

But the sum of these summands over ¢t and s is zero. Let 0 < ¢t < s. If this
summand comes from the summand P fFp ;) in @), then it appears with
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k_

the sign (—1)2~5"1(=1)(E"D="=1_If it comes from the summand P fFn\ (i
in (@) then it has the sign (—1)2~1(=1)(z=Y=(=D=1 " The sum of these
signs is zero.
Hence in Z (09,41, 02,_1) one has
%
E_q. [ kg
PfF = (-1)2 1Z'nOPPfFI\{—n,O} _42(_1)2 ! 1(—1)2 2ZnoppfFf\jm‘,o,—n-
t=1
Apply the obtained formulae to I = n. Recall that according to Propo-
sition @ one has pPfFyr. = Dp_1(F11, ..., Fln—1)(n-1)), and pPfF = =
Dy _o(Fi, ...y ﬁ’;, <oy Fln—1)(n—1)). Thus one proves Theorem. O

5.5  Action of pfaffians in the Gelfand-Tsetlin-Molev
base.

The Gelfand-Tsetlin-Molev base of a 05,.1-representation is a base of a
Gelfand-Tsetlin type, whose construction is based on restrictions 09,1 {
02,1, in contrast to the classical Gelfand-Tsetlin base, whose construction
is based on restrictions oy J on_1.

One can give the following formal definition. The Gelfand-Tsetlin-Molev
base is a base of a 05, 1-representation, for different n the procedures of
constructions of bases must be coherent in the following sense. A base of a
09, 1-Tepresentation is a union a bases in 0y, i-representation, into which a
09,1 1-Tepresentation splits when one restricts 09,11 | 02, 1.

All notations below are taken from [I8].

Let V' be given a 09, 1-representation with the highest weight (Aq, ..., A,),
where

0> 2.2\,

Base vectors are indexed by tableaus A of type

>\n,17 >‘n727 sy An,n
/ I /
Ty An1s Anas o A

On—1, )‘n—l,la )‘n—1,27 cey )‘n—l,n—l

A1
o1, Ay
The restrictions on these numbers are the following:
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2. O'k:O,l

3. The inequalities hold:
Neg = Akl > Ng > >)\;€k1>)\kk>)\kkfork—1 ., n, and

4. If Xy =0, then oy, = 0.

The first row is the highest weight of a 05, 1-representation V.

The third row is a weight of a 04, _;-representation that appears if one
restricts 09,1 | 02,1 and that contains the base vector.

The second row is set of indices of base vectors in Vqu‘ And so on.

Now we obtain formulae of the action of PfF5; on a base in V" and then
in the Gelfand-Tsetlin-Molev base in V.

Write the equality V = V.F @V (u). From one other hand, the pfaffian
commutes with 0y,-1. Thus the action on V' =3 Vf @ V(u) is written as
> u(P[F5 [y+) ®id. From the other using the theorem we relate the action
of PfF; on V;f with the action of zg,. The action of 2y, on V[ is described
in [I8].

Using the description we obtain the following theorem.

Let p; :i—% for i > 0, and p_; = —p;,

1

’YZ:AIQi+pi+§7

o =0+ 1mod?2.

Theorem 4. On the vector §x the pfaffian PfFs5 acts as follows.
Let A = (X o, N, \'), where X\ is the first row of A, o, X is the second row
of A and N is the remaining part of A.
If 0 =0, then
PfFs&oxnn = Csan,s
where C' is some constant.
If o =1, then

2

PfFoan = (— Zﬂt L4 2 WQ@,MJ,A,
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Where X' + 9§, is the row X' with 1 added to the j-th component.

Here C' = C”ﬁtﬁjl(}l\""’l&:.l”gl) (see the definition[).
i=1 (An—1,47T0—

Note that in the case n = 2, which corresponds to o5 one has C' =
Ca(A1,1)

an) 1 and we obtain the theorem [Il

6 Conclusion

We have constructed a quantum number k. Using it together with the quan-
tum numbers N (the number of particles), T, 7, (the isospin and its pro-
jection) we can classify the states of the five-dimensional quasi-spin. The
quantum number k is defined through its creation operator. As the creation
operator we use the noncommutative pfaffian associated with the algebra o5,
which is isomorphic to the quasi-spin algebra. We describe the action of the
pfaffian on the other quantum numbers. In particular the pfaffian increases
by one the number of particles and conserves the isospin and its projection.
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